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Why Time-Domain FEM-BEM?

Goal: to investigate potential issues of the time-domain FEM-BEM coupling.

Why time-domain formulation?

(ein’ hzn) (60, ,uo)
v to model broadband systems
V" to allow coupling with non-linear systems. T
m
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Why Time-Domain FEM-BEM?

Goal: to investigate potential issues of the time-domain FEM-BEM coupling.

Why time-domain formulation?

(em’ hin) (‘507 MO)

v to model broadband systems

V" to allow coupling with non-linear systems. T

Why FEM-BEM coupling?

v" FEM to capture inhomogeneous interior coefficients

v" BEM to model homogeneous exterior material -
i
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Interior (FEM) formulation

Maxwell’s equation for interior electric field e

VX/L_IVXQ—I-U@Q-I-G@H&:O in .
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Interior (FEM) formulation

Maxwell's equation for interior electric field e

Vxu'Vxe+ocoe+cOe=0 in Q.
Variational formulation: for any ¢(t) € H(curl, Q)
(V X @, 1 'V x e)Q + (@, 0 0ie)q + (p, € 0ne)q — <(n X ) X n,n X 8th_>r =0,

where n is the outward unit normal of I, and

P

Fgha= [ gd o= [ 5o S
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Exterior (BEM) formulation

Maxwell’s equations for exterior e and h

(ein’ hzn) (607H0)
/,Lalv x V x €+€Oatt6 :0,
ESIVXVXh—FMOaﬁh:O. r
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Exterior (BEM) formulation

Maxwell’s equations for exterior e and h

MEIVXVXG—FEOaﬁe:O,
EEIVXVXh—F/,LOatth:O.

Calderén formula

—nxet) IC—i—% —noT\ [—n x et n
nxht ) =T K+3)\nxht
where 19 = /po/€0, co = 1/\/Hoco.
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Exterior (BEM) formulation
Time-domain boundary integral operators
Kj =nxcurl (Gx*j),

1
sz—c—nxﬁt(G*j)—i-conxgrad
0

(G xdivrg)d

o\N

where the kernel

(G *§)(a.1) :—/Fj(y’t_ = sl/0) 4,

4 |z — y| =
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Costabel's symmetric coupling

Boundary conditions
(em hin) (€0, H0)

nxe =nxe" on T,

nxh™=nxh" on T.

Volumetric variational formulation

(Vxe,u'Vxe),+ (p,00€)+ (p,edue)g — ((nx @) xnnxdh ), =0.

Boundary integral formulation

—nxet\ [ K+3 —-nT\ [-nxe" n —n x e

nxht )~ %’T K+31)\nxht nxh" | i}
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Costabel’s symmetric coupling

Set 5 = n x h. Coupled FEM-BEM system reads

aq(p,e) + 1 ((nx ) xn, 0T (nxe)
o

— <(n X ) X n, (6th + ;@) j> =—(nxp,0h").,
r
1 )
<n X A, (&JC — 2&) (n x e)> +n0(n XX, OTJ)r = <)\,8te”‘>r,
r

for any ¢ € H(curl,Q) and A € H™'/2(div,T), where

P

aQ(‘P7 6) = (v X P, /'Lilv X e)Q + (‘Pa Uate)Q + ((107 68tte)Q . I}
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Costabel’s symmetric coupling

In the matrix form

(

®
A

)

1
AQ—i-n*%foatTOVD
0

1
vh o (8t]C — 2&5) °Yp

where 1,0 = (N X @) x nand Yypp =n X .
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Discretization

Spatial and temporal trial functions

Nédélec element f(x) RWG function g(x) Temporal function ¢(t)

N—
1 0 1 2 t/At
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Discretization

Spatial and temporal trial functions

Nédélec element f(x)

Ny N3

RWG function g(x)

—_—

Temporal function ¢(t)

N—"
-1 0 1 2

e@.t) =Y > lel, alt) £,(@),

Van Chien Le

A time-domain FEM-BEM symmetric coupling

Nr NE

i@~ 303" i, a(t) g,(@).

July 15, 2025

t/At

_—
[T

GHENT
UNIVERSITY

8/16



Discretization

Collocation-in-time Galerkin-in-space testing

Test functions
Pim = 6J(t)fm(m)a )‘j,m = 5j(t) gm(m)

Testing scheme results in the marching-on-in-time system

L(] up I

L, Lo ug ro

LNT—l LNT—2 LO UN, N,

where the matrices
~ 1<

A; +ny T —K;+ 511- €;
L’i - By 1/\ . ) u; = .
Ki - ili —1oT; Ji
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Numerical results

Zero-contrast dielectric scattering

Incident electric field e Numerical electric field e

Q (EO:MO)

(€0, 110)
I

Plane-wave excitation:

m Direction: (&4 2)/v/2

m Polarization: ¢

m Gaussian-in-time.
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Numerical results

Zero-contrast dielectric scattering

10°
Q (607 IUO)
(€0, 110)
r 1075
Properties of the system:
. —10 |
v Likely free of resonance 10 oo et _ gin
.. —— Numerical e
x lll-conditioned oo g — g
x Unstable at late times. —— Numerical j
10715
0 600
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Numerical results
Scattering by Luneburg lens

(€0, 110)

Material coefficients:
m Permeability: p = pg
m Permittivity:

2
6260(2—ﬁ). &
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Numerical results
Scattering by Luneburg lens

(e ) 100
0; 10 —— Numerical e
——— Numerical j
T
Material coefficients: 10

m Permeability: p = pg
m Permittivity:

r2
€=¢€p (2 — —) .
R? —10
10
0
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Numerical results

Scattering by lossy medium

0 10°
(607 ,UO) —— Numerical e
——— Numerical j
(e, 1, 0)
r
107+
Material coefficients:
m Permeability: p = po
10710.
m Permittivity: e = 8leg
m Conductivity: o = 0.05S/m.
Property: slowly decaying. 10-15 ,
0 400 800

t/At
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Conclusions and future work

We have proposed a time-domain FEM-BEM coupling scheme to
v model broadband and non-linear systems
v accommodate inhomogeneous dielectric and lossy medium

v serve as a benchmark for other solvers for lossy electromagnetic problems?.

Future work:
m to further investigate the late-time behaviour of the solution

m to propose efficient preconditioners for the FEM-BEM coupling.
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