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Why Time-Domain FEM-BEM?

Goal: to investigate potential issues of the time-domain FEM-BEM coupling.

Why time-domain formulation?

✓ to model broadband systems

✓ to allow coupling with non-linear systems.

(ein,hin) Ω

(ϵ, µ, σ)

(ϵ0, µ0)

Γ

Why FEM-BEM coupling?

✓ FEM to capture inhomogeneous interior coefficients

✓ BEM to model homogeneous exterior material

✓ to easily accommodate lossy medium.
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Interior (FEM) formulation

Maxwell’s equation for interior electric field e

∇× µ−1∇× e+ σ ∂te+ ϵ ∂tte = 0 in Ω.

(ein,hin) Ω

(ϵ, µ, σ)

(ϵ0, µ0)

Γ

Variational formulation: for any φ(t) ∈ H(curl,Ω)

(
∇×φ, µ−1∇× e

)
Ω
+ (φ, σ ∂te)Ω + (φ, ϵ ∂tte)Ω −

〈
(n×φ)× n,n× ∂th

−〉
Γ
= 0,

where n is the outward unit normal of Γ, and

(f , g)Ω =

∫
Ω
f · g dx, ⟨f , g⟩Γ =

∫
Γ
f · g dsx.
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Exterior (BEM) formulation

Maxwell’s equations for exterior e and h

µ−1
0 ∇×∇× e+ ϵ0 ∂tte = 0,

ϵ−1
0 ∇×∇× h+ µ0 ∂tth = 0.

(ein,hin)
(ϵ0, µ0)

Γ

Calderón formula(
−n× e+

n× h+

)
=

( K + 1
2 −η0T

1
η0
T K + 1

2

)(
−n× e+

n× h+

)
+

(
−n× ein

n× hin

)
,

where η0 =
√

µ0/ϵ0, c0 = 1/
√
µ0ϵ0.
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Exterior (BEM) formulation

Time-domain boundary integral operators

Kj = n× curl (G ∗ j),

T j = − 1

c0
n× ∂t(G ∗ j) + c0 n× grad

t∫
0

(G ∗ divΓj) dt,

where the kernel

(G ∗ j)(x, t) :=
∫
Γ

j(y, t− |x− y| /c0)
4π |x− y| dsy.
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Costabel’s symmetric coupling

Boundary conditions

n× e+ = n× e− on Γ,

n× h+ = n× h− on Γ.

(ein,hin) Ω

(ϵ, µ, σ)

(ϵ0, µ0)

Γ

Volumetric variational formulation(
∇×φ, µ−1∇× e

)
Ω
+ (φ, σ ∂te)Ω + (φ, ϵ ∂tte)Ω −

〈
(n×φ)× n,n× ∂th

−〉
Γ
= 0.

Boundary integral formulation(
−n× e+

n× h+

)
=

( K + 1
2 −η0T

1
η0
T K + 1

2

)(
−n× e+

n× h+

)
+

(
−n× ein

n× hin

)
.
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Costabel’s symmetric coupling

Set j = n× h. Coupled FEM-BEM system reads

aΩ(φ, e) +
1

η0
⟨(n×φ)× n, ∂tT (n× e)⟩Γ

−
〈
(n×φ)× n,

(
∂tK +

1

2
∂t

)
j

〉
Γ

= −
〈
n×φ, ∂th

in
〉
Γ
,〈

n× λ,

(
∂tK − 1

2
∂t

)
(n× e)

〉
Γ

+ η0 ⟨n× λ, ∂tT j⟩Γ =
〈
λ, ∂te

in
〉
Γ
,

for any φ ∈ H(curl,Ω) and λ ∈ H−1/2(div,Γ), where

aΩ(φ, e) :=
(
∇×φ, µ−1∇× e

)
Ω
+ (φ, σ ∂te)Ω + (φ, ϵ ∂tte)Ω .
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Costabel’s symmetric coupling

In the matrix form

〈(
φ

λ

)
,

 AΩ +
1

η0
γ∗t ◦ ∂tT ◦ γD −γ∗t ◦

(
∂tK +

1

2
∂t

)
γ∗D ◦

(
∂tK − 1

2
∂t

)
◦ γD η0γ

∗
D ◦ ∂tT


(
e

j

)〉

=

〈(
φ

λ

)
,

(
γ∗t γD∂th

in

∂te
in

)〉
,

where γtφ = (n×φ)× n and γDφ = n×φ.
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Discretization
Spatial and temporal trial functions

Nédélec element f(x) RWG function g(x) Temporal function q(t)

0

24

13

5

1

0−1 1 2 t/∆t

e(x, t) ≈
NT∑
i

NΩ
E∑
n

[ei]n qi(t)fn(x), j(x, t) ≈
NT∑
i

NΓ
E∑
n

[ji]n qi(t) gn(x).

Van Chien Le A time-domain FEM-BEM symmetric coupling July 15, 2025 8 / 16



Discretization
Spatial and temporal trial functions
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Discretization
Collocation-in-time Galerkin-in-space testing

Test functions
φj,m = δj(t)fm(x), λj,m = δj(t) gm(x).

Testing scheme results in the marching-on-in-time system
L0

L1 L0
...

...
. . .

LNT−1 LNT−2 . . . L0




u1
u2
...

uNT

 =


r1
r2
...

rNT

 ,

where the matrices

Li =

 Ai+η−1
0

˙̃
Ti − ˙̃

Ki +
1

2
˙̃
Ii

˙̂
Ki −

1

2
˙̂
Ii −η0Ṫi

 , ui =

(
ei

ji

)
.
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Numerical results
Zero-contrast dielectric scattering

Ω

(ϵ0, µ0)

(ϵ0, µ0)

Γ

Plane-wave excitation:

Direction: (x̂+ ẑ)/
√
2

Polarization: ŷ

Gaussian-in-time.
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Numerical results
Zero-contrast dielectric scattering

Ω

(ϵ0, µ0)

(ϵ0, µ0)

Γ

Properties of the system:

✓ Likely free of resonance

x Ill-conditioned

x Unstable at late times.
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eexct = ein

Numerical e

jexct = n× hin

Numerical j
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Numerical results
Scattering by Luneburg lens

Ω

(ϵ, µ)

(ϵ0, µ0)

Γ

Material coefficients:

Permeability: µ = µ0

Permittivity:

ϵ = ϵ0

(
2− r2

R2

)
.
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Numerical results
Scattering by lossy medium

Ω

(ϵ, µ, σ)

(ϵ0, µ0)

Γ

Material coefficients:

Permeability: µ = µ0

Permittivity: ϵ = 81ϵ0

Conductivity: σ = 0.05 S/m.

Property: slowly decaying.
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Conclusions and future work

We have proposed a time-domain FEM-BEM coupling scheme to

✓ model broadband and non-linear systems

✓ accommodate inhomogeneous dielectric and lossy medium

✓ serve as a benchmark for other solvers for lossy electromagnetic problems1.

Future work:

to further investigate the late-time behaviour of the solution

to propose efficient preconditioners for the FEM-BEM coupling.

1V. Giunzioni, A. Scazzola, A. Merlini, F. P. Andriulli, Low-frequency stabilizations of the PMCHWT equation for
dielectric and conductive media: On a full-wave alternative to eddy-current solvers, IEEE Trans. Antennas Propag., 2025.
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