DEPARTMENT OF INFORMATION TECHNOLOGY
ELECTROMAGNETICS RESEARCH GROUP

Symposium of IABEM 2024

A BOUNDARY ELEMENT METHOD FOR THE MAGNETIC
FIELD INTEGRAL EQUATION IN ELECTROMAGNETICS*

VAN CHIEN LE December 6, 2024

CHEN - *A joint work with Prof. Kristof Cools
UNVERsITY mmec



Electromagnetic scattering by perfect conductors

The scattered electric field e satisfies

curlcurle — ke =0 in Q° Q°
; in
exn=—e" xn on T, €
and the Silver-Miiller radiation condition T
lim lcurle x n +ik(n x e) x n|*> ds = 0.
T—00 8BT
Relich’s lemma: The exterior problem has a unique solution for all k¥ > 0. i
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Electric vs. magnetic field integral equations

EFIE (first-kind): MFIE (second-kind):
v’ satisfies the strong ellipticity v produces well-conditioned matrices
x produces ill-conditioned matrices x does not satisfy the strong ellipticity
x suffers from resonant instability. x suffers from resonant instability.

Why MFIE? Both EFIE and MFIE are crucial in
m combined field integral equations

m Maxwell transmission problems.

_—
[T
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Outline

© Function spaces

© Potential and integral operators

© The magnetic field integral equation

@ Galerkin discretization

Van Chien Le BEM for the magnetic field integral equation

December 6, 2024

GHENT
UNIVERSITY

2/20



Function spaces

The Dirichlet and Neumann trace operators
Ypu = u X N, N := YD o curl.

The trace space
H, (T) := yp(H*T'/2(Q2)), s € (0,1),

and its dual H  *(T"), whose elements are identified via

(0,0}, = /F(u n) - vds.

The natural trace space

_—
[T

H,?(divr,T) 1= {u € HZYA(T) s divew € H7Y2(D) | it

UNIVERSITY

Van Chien Le BEM for the magnetic field integral equation December 6, 2024 3/20



Potential operators

Let 0 = k or 0 = ix/, with k, k" > 0. The fundamental solution associated with A + o2

_ exp(io |z — yl)
Gﬂ(m’y) T 47T|m—y‘ 9 £ #y.

The scalar and vectorial single layer potentials

U7 (o) () rz/w(y)Ga(w,y)dS(y), a(u)(x) rz/ru(y)Ga(w,y)dS(y)-

r
The Maxwell single and double layer potentials

]. . lo (o} _
S (u) :=¥% (u) + ggrad Ve (divru), Sr(u) = curl % (u). wm
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Potential operators (cont.)

For any u € H;l/Q(divF,I’), the potentials ¥, (u) and ¥4, (u) are solutions to
curlcurle — 6% =0 in QuUQ°,

lim lcurle x n+io(n x e) x n|*> ds = 0.
r—00 8B7«

Every solution e € H|0c(curl27 QU Q°) satisfies the Stratton-Chu representation formula

e(z) = —¥9 ([l e)(x) — gL ([ywlp e) (), z € QU
where [y]p =T — 4. i
GHENT
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Boundary integral operators

Definitions
Let us define
So = {10}r o ¥y CHLP(dive, T) — B (dive, 1),
Cy = {yn}p 0 ¥Ty, L H, ' (dive, T) — Hy 2 (divp, T).
Taking into account the jump relation

[’VD]F © ‘I’ng =0, [FVN]F ° ‘IlgL = —1d,

we end up with

1
YLi) oW, = p%j\tf oWh, =Sy, _

1
7]%[ oWy, = %ij oWy, = :|:§Id + C,. ONIVERSITY
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Boundary integral operators

Properties of ;.
Symmetry:

(v, Siwtt)  p = (W, Sirw V) 1 Yu,v € H;l/z(divF,F).
Ellipticity:

(u, Sin) 1 = C l[ulFy-vr2 vu € H 2 (divp, T).

divp,I)

Consequently, H;l/Q(divF,F) is a Hilbert space equipped with the inner product

_ —1/2, ..
(u,v)x , == (U, Six' V), 1 u,v € H, / (divp, T').
I
Its induced norm is denoted by ||-||x ,- GHENT
" UNIVERSITY
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Boundary integral operators

Properties of C;,./

Compactness: the operator C,; — Cj, is compact.

Symmetry:
<’U,Cm/u>><7p = <u,C’m/v)X7F, Yu,v € H;1/2(divF,F).
Contraction:
|Cinullx,, < Blulx,, Vu € B/ (dive, T),
where )
1 K21 155wl x
B\ T) =]~ — = < =, Cs(k/,T):= sup —————=.
4 Cg 2 ueX, HUHXK/ I
GHENT
Sketch of proof: to use the Calderén projection formulas. UNIVERSITY
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Boundary integral operators
Properties of %Idi Cinr

1 1
(7)o, = | (g1

S x/-Coercivity:

Contraction:

1
<(5+6) lul

X

w!

1 1 : _
<<2Idi c> u, Su> > <4 - 52> lulk . YueH; " (divr,).
x,I ’

Proof:
1 1
((3ra2 0 )u) = Jluli, ~ [Coul, ulx,
X .t ) . @
> Ll Sl — (Coulk, . e
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The magnetic field integral equation (MFIE)
The Stratton-Chu representation formula
e(z) = —¥h([wplre)(x) — g (hwlpe) (@), x e QU
Taking the exterior Neumann trace 7]‘\*} gives the MFIE
1

where u := yle € H;1/2(divF,F) is the unknown, and

I = r2S.(vhe™).
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Variational formulation

Flawed idea: using the X, /-inner product

1 - .
<<2Id + C’K> u, Sm,v> = (£, Siw )y 1, Yo € H'*(divp, T).
x,T
v Advantage: forming a compact perturbation of a X, -elliptic operator.
x Drawback: involving three boundary integrals, making it undesirable in practice.

Appropriate form: using the duality pairing (-,)

)

1 _
b(u,v) := <<2ld+ Cﬂ> u,'v> = {f.O)ur, Yo € H ' (divp, ).
X 1" P

’ [T
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Unique solvability

Assumption 1: k2 is bounded away from the spectrum of the interior Maxwell's problem.

= the MFIE operator is injective.

For any k, k’ > 0, the following generalized G&rding inequality holds

1 _
b(u, Sirw ) — t(u, Sipu)| > <4 - B2> lulk,.  VueH(div,D),

where the compact sesquilinear form

Theorem (Unique solvability)

Let Assumption 1 be satisfied. Then, there exists a unique u € H;l/z(divr, I') that solves the
variational problem.
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Boundary element method

Let us consider the boundary element space
U, = {uh e H.?(divp,T) : uply € RTo(T), VT € Th} :

Flawed idea: find uj;, € Uy, such that

1
<<2Id+0,.@> uh,'wh> = (f,wn)y 1> Vwy, € Uy,
x,I'

)

There exists Wy, C Uy, such that

‘<uh7Wh>X,F‘ 1/2 -
sup  sup — < Ch'/=. T
un €U, wph €Wy, HUhHXK/ |S,;,4’whHX , GHENT
" UNIVERSITY

Van Chien Le BEM for the magnetic field integral equation December 6, 2024 13 /20



Boundary element method (cont.)

We choose V, C H;l/Q(divF,F) that

(2, ) .|
inf  sup

-1
SM,U}L

up,eUy, v EV) ”U]IHXN/ HX“/

and dith = dimUh.

= V}, is the space of Buffa-Christiansen

basis functions.

Please note that a(x/,T") < 1.
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Petrov-Galerkin discretization
Find uj, € U}, such that!

1
b(uh,'vh) = <(2Id+0,€) uh,'vh> = <f’Th>X,F7 Vv, € Vy,.
x, I
For any x’ > 0, it holds
1
< (Id + Cm’) uhavh>
. 2 x,I’ [e%
I:= inf sup — > ——p.
un€Un y,ev, HuhHXN/ ‘Sm' vh”xn, 2
Proof:
; [Can w7 | (o, 1) |
I> 3 inf  sup sup sup

un€Un v, €V, ”uhHXW, HSZ';/lvhHXK, - ur €Uy v, EV), |uhHXN, HSi;’lvhHXK, . W

GHENT
UNIVERSITY

1K. Cools et. al., Accurate and conforming mixed discretization of the MFIE, IEEE Antennas Wirel. Propag. Lett., pp.
528-531, 2011.
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Unique solvability
Assumption 2: There is a k(, > 0 such that

a(ko, ) > 2B(kp, T).

If Assumptions 1 and 2 are satisfied, then

inf  sup |b(wn, va)| >v>0 Vh < hg.

0V a5t
"o

/7
"o

Theorem (Unique solvability)

Let Assumptions 1 and 2 be satisfied. Then, there exists an hg > 0 such that for all h < hg,
the discrete problem has a unique solution uy, € Uy, satisfying the quasi-optimal convergence

u— uh||H;1/2(divF,F) < CwiIEI%h |u— whHH;l/Q(diVF’p) c
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Matrix representation
Let {u1,ug,...,un} and {v1,v2,...,vN} be bases of Uy, and V,, and

[B],,,,, = b(tn,vm), D], = <umm>x,r'

Let the solution

m=1
The coefficient vector uy, := (U, s, ..., uN T is the solution to
Bu,=0>5
If Assumptions 1 and 2 are satisfied, then
1 i}
cond(D™"B) < C, Vh < ho. GHENT
UNIVERSITY
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Numerical results?
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2K. Cools, BEAST.jl: Boundary Element Analysis and Simulation Toolkit, 2020.
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Conclusions and future work

For the MFIE, we have shown that

V' the continuous variational problem is uniquely solvable, under the uniqueness

V' the Petrov-Galerkin discretization is uniquely solvable, under an additional
assumption depending only on the geometry

V' the numerical solutions satisfy the quasi-optimal convergence

v the Galerkin matrix system is well-conditioned.

Future work: to apply the proposed discretization scheme to

m combined field integral equations =

m single source formulations. ONIVERsITY

Van Chien Le BEM for the magnetic field integral equation December 6, 2024 19/20



References and acknowledgment

K. Cools, F. P. Andriulli, D. De Zutter, and E. Michielssen
Accurate and conforming mixed discretization of the MFIE.
IEEE Antennas Wirel. Propag. Lett., pp. 528-531, 2011.

A. Buffa and S. H. Christiansen

A dual finite element complex on the barycentric refinement.
Math. Comp., vol. 76, no. 260, pp. 1743-1770, 2007.

This project has received funding from the European

. . i * X %
Research Council (ERC) under the European Union's * Tk
. . . * *
Horizon 2020 research and innovation programme * o *
*
(Grant agreement No. 101001847). Sl el Sl

Van Chien Le BEM for the magnetic field integral equation December 6, 2024 20/20



THANKS FOR YOUR ATTENTION!




How to approximately compute oo and (37

‘(’U,h,’vih>>< 1—\‘ ’<Ciﬁ’uh7’v7h>><,1"‘
inf  sup > «Q, sup sup =1 <
ur €Uy 'uhth ||uh||x HS /UhHX , up, €U, v, €V, HuhHX HSZ‘H”UhHXN/

Let I~Jh be the RT space on the barycentric refinement fh of T';,. We find wy, € ﬂ'h such that

<{I7h75’in’$h>>< r = - <vh7$h> Fv v‘zh € ﬁh'

) )

Let S, and §,{r be the Galerkin matrices of the X,/ -inner product, G be the Galerkin matrix
of (-,-), r between V), and Uy. Then,

i, = /AT e in = |24,
Isunll, = orSom - | (678, ¢) s

—_—

GHENT
UNIVERSITY

2

=: HMl/QG
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How to approximately compute oo and (37

Substituting into the formulations

AT 1~ ~T/2 1/2
‘vh Duh‘ ‘wh / DS, / gh‘
a < inf sup T2 173 = inf _sup = )
S YN T R A
AT ~ T 2 /2%
"vh Cy uh‘ 'l/’h / CwSy / &n ‘
8> sup sup 2 /2 = Sup sup ~

Thus, a and 3 can be approximated by

K’

GHENT
UNIVERSITY

e ‘Amm <M_T/2 D S‘I/Z)

B~ ’)\max (M‘T/2 K, s;,m) ‘ W
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