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Time-domain PMCHWT equation
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n× ein
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where η =
√

µ/ϵ, c = 1/
√
µϵ, and

T j = ∂tT sj + ∂−1
t T hj, Kj = −n× curlx(G ∗ j),

T sj = −1

c
n× (G ∗ j), T hj = cn× gradx(G ∗ divΓj).

(G ∗ j)(x, t) :=
∫
Γ

j(y, t− |x− y| /c)
4π |x− y|

dsy.

Why Time-domain? TD allows coupling to non-linear systems.
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Numerical issues

□ Late-time (DC) instabilities

□ Ill-conditioning at dense meshes

□ Ill-conditioning at low frequencies
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Dense-mesh preconditioner

The “static EFIE” operator
T0 = T s

0 − T h
0 ,

where

(T s
0 j)(x) = n×

∫
Γ

j(y)

4πR
ds′y,

(T h
0 j)(x) = n× gradx

∫
Γ

divΓ j(y)

4πR
ds′y.

Properties of T0:

✓ is independent of time

✓ is an elliptic operator ⇒ free from resonant frequencies

✓ can serve as a preconditioner at dense meshes

□ does not precondition at low frequencies.
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Dense-mesh preconditioner (cont.)

The bilinear form of T0

⟨g, T0f⟩ := (n× g, T0f)L2(Γ) ,

can be Helmholtz decomposed into loop and star components

⟨g, T0f⟩ =
PL PS[ ]

PL T s
0 T s

0

PS T s
0 T s

0 − T h
0

=⇒
PL PS[ ]

PL T s
0 0

PS 0 −T h
0

= ⟨g, Z0f⟩ ,

✓ Z0 inherits all properties of T0, but it is “diagonal”.

The preconditioned TD-PMCHWT formulation

Z0

(
ηT + η′T ′ K +K′

−K −K′ 1
ηT + 1

η′T ′

)(
j
m

)
= −Z0

(
n× ein

n× hin

)
.
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Late-time (DC) instabilities
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Late-time (DC) instabilities (cont.)

The TD-PMCHWT operator

Q :=

(
ηT + η′T ′ K +K′

−K −K′ 1
ηT + 1

η′T ′

)
.

The origin of DC instabilities:

□ In theory, there is no sourceless nullspace

□ In practice, it is observed (on sphere)

Npoles at 1 = 2Nsol.

Hypotheses:

✓ The impacts of K and K′ are insignificant

✓ DC instabilities of TD-PMCHWT are of TD-EFIE.
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Rescaling procedure

The preconditioned TD-PMCHWT operator

Z0Q := Z0

(
ηT + η′T ′ K +K′

−K −K′ 1
ηT + 1

η′T ′

)
.

Rescaling procedure 〈(
PL+∂−1

t PS
)
g, Z0Q

(
PL+∂tP

S
)
f
〉
.

The diagonal blocks

PL ∂tP
S[ ]

PL Z0T Z0T

∂−1
t PS Z0T Z0T

=

PL PS[ ]
PL T s

0 P
L ∂tT s T s

0 P
L
(
∂2
t T s + T h

)
PS −T h

0 PS T s −T h
0 PS ∂tT s
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Truncating the infinite tail

The off-diagonal blocks

PL ∂tP
S[ ]

PL Z0K Z0K

∂−1
t PS Z0K Z0K

=

PL PS[ ]
PL Z0K Z0 ∂tK

PS Z0 ∂
−1
t K Z0K

which give rise to the infinite tail.

Fortunately, the tail has the property

PS Z0K0P
L = −PS T h

0 PS K0P
L = 0,

where

(K0j)(x) = −n× curlx

∫
Γ

j(y)

4πR
ds′y.

✓ The infinite tail can be truncated.
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Low-frequency ill-conditioning

⟨g, Qf⟩ =⇒
〈(
PL+∂−1

t PS
)
g, Z0Q

(
PL+∂tP

S
)
f
〉

∥ ∥

O



ω ω ω ω2 ω2 1
ω ω ω ω2 1 1
ω ω ω−1 1 1 1

ω2 ω2 1 ω ω ω
ω2 1 1 ω ω ω
1 1 1 ω ω ω−1

 =⇒ O



1 1 ω ω ω 1
ω ω 1 1 1 ω
ω ω 1 1 1 ω

ω ω 1 1 1 ω
1 1 ω ω ω 1
1 1 ω ω ω 1

 .

✓ The rescaled TD-PMCHWT equation is well-conditioned at low frequencies.
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The regularized TD-PMCHWT formulation

The standard TD-PMCHWT equation

Q
(
j
m

)
= −

(
n× ein

n× hin

)
.

The regularized TD-PMCHWT equation〈(
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)(φ

ξ

)
, Z0Q

(
PL+∂tP

S
)(p

q

)〉
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)(φ

ξ

)
, Z0

(
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)〉
,

where (
p
q

)
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(
PL+∂tP

S
)−1

(
j
m

)
=

(
PL+∂−1

t PS
)( j

m

)
.
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Discretization

RWG function fm(x)

em

Temporal function hi(t)

0

1

hi(t)

ii− 1 i+ 1 t/∆t

Temporal function pi(t)

0

1

pi(t)

ii− 1 t/∆t

p(x, t) ≈
NT∑
i

NE∑
m

[pi]m
(
PΛH hi(t) +PΣ pi(t)

)
fm(x),

q(x, t) ≈
NT∑
i

NE∑
m

[qi]m
(
PΛH hi(t) +PΣ pi(t)

)
fm(x).
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Testing scheme

The regularized TD-PMCHWT equation〈(
PL+∂−1

t PS
)(φ

ξ

)
, Z0Q

(
PL+∂tP

S
)(p

q

)〉
= −

〈(
PL+∂−1

t PS
)(φ

ξ

)
, Z0

(
n× ein

n× hin

)〉
.

Tesing functions

φ = ξ =

(
pj(t)

∆t
PΣH + δj(t)PΛ

)
gn(x).

Marching-on-in-time system:
L0

L1 L0
...

...
. . .

LNT−1 LNT−2 . . . L0




u1
u2
...

uNT

 =


r1
r2
...

rNT

 .

BC function gn(x)

en
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Post-processing

Starting from

(
p
q

)
=

(
PL+∂−1

t PS
)( j

m

)
, or

(
j
m

)
=

(
PL+∂tP

S
)(p

q

)
,

we get back the physical unknowns

ji = PΛH xi+∆t−1PΣ
(
pi−pi−1

)
,

mi = PΛH yi+∆t−1PΣ
(
qi−qi−1

)
.
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Numerical results
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Numerical results
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Conclusions and future work

We have proposed a stable and well-conditioned time-domain PMCHWT equation,

which is:

✓ late-time (DC) stable

✓ well-conditioned at all regimes

✓ free from infinite tail behavior

✓ applicable for different surfaces.

Future work: to further investigate the origin of late-time (DC) instabilities.
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