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Introduction
This contribution presents a Yukawa-Calderon time-domain 
combined field integral equation for scattering by a perfect 
electric conductor, which has the following properties:
Ø immune to resonant frequencies
Ø well-conditioned when the mesh is fine
Ø well-conditioned at large time steps
Ø free from late time (dc) instability. RWG basis function 𝒇! 𝒓 BC basis function 𝒈!(𝒓) Temporal basis function ℎ" 𝑡

A. Time-domain integral equations
Let Γ be the closed boundary of a perfect electric
conductor. The surface current density 𝒋 on Γ satisfies the
time-domain EFIE and MFIE

𝒯𝒋 𝒓, 𝑡 = −𝐧×𝒆"! 𝒓, 𝑡 ,
1
2
𝐼 + 𝒦 𝒋 𝒓, 𝑡 = 𝐧×𝒉"! 𝒓, 𝑡 .

Here, 𝐼 is the identity operator, 𝒆"! , 𝒉"! is the incident
electromagnetic wave, and

𝒯𝒋 =
𝜂
𝑐
𝒯#𝒋 + 𝜂𝑐 𝒯$𝒋 ,

𝒯#𝒋 = −𝐧×:
%

𝜕&𝒋 𝒓', 𝜏
4𝜋𝑅

d𝑠' ,

𝒯$𝒋 = 𝐧×𝐠𝐫𝐚𝐝𝐱:
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+
:
%

div%' 𝒋(𝒓', 𝑡)
4𝜋𝑅

d𝑠'd𝑡 ,

𝒦𝒋 = −𝐧×𝐜𝐮𝐫𝐥𝐱:
%

𝒋 𝒓', 𝜏
4𝜋𝑅

d𝑠',

where 𝑅 = 𝒓 − 𝒓' and 𝜏 = 𝑡 − 𝑅/𝑐.

Numerical issues:

Ø Resonant and late-time instabilities

Ø Dense discretization and large-time step breakdowns.

B. Yukawa-type integral operators
The “frequency-domain” operators of wave number −𝑗𝜅

𝑇),-𝒋 = 𝜂𝜅 𝑇),-# 𝒋 +
𝜂
𝜅
𝑇),-$ 𝒋 ,

𝑇),-# 𝒋 = 𝐧×:
%

𝑒)-.

4𝜋𝑅
𝒋 𝒓' d𝑠' ,

𝑇),-$ 𝒋 = −𝐧×𝐠𝐫𝐚𝐝𝐱:
%

𝑒)-.

4𝜋𝑅
div%' 𝒋 𝒓' d𝑠' ,

𝐾),-𝒋 = −𝐧×𝐜𝐮𝐫𝐥𝐱:
%

𝑒)-.

4𝜋𝑅
𝒋 𝒓' d𝑠'.

Advantage: do not exhibit resonances.

D. Discretization
The unknown 𝒋 is expanded as follows

𝒋 𝒓, 𝑡 = Q
!/0

1!

Q
"/0

1"

j" ! 𝒇! 𝒓 ℎ" 𝑡 .

The identity and Yukawa-type operators are discretized as
𝔾 2! = 𝐧×𝒈2 , 𝒇! ,
ℤ 2! = 𝐧×𝒈2 , 𝑇),-𝒈! ,
𝕄 2! = 𝐧×𝒈2 , 𝐾),-𝒇! .

The time-domain operators and sources are discretized as

e" 2 = W𝐧×𝒇2 , 𝐧×𝒆"!
&/"3&

,

h" 2 = W𝐧×𝒈2 , 𝐧×𝒉"!
&/"3&

,

𝐙" 2! = W𝐧×𝒇2 , 𝒯 𝒇!ℎ"
&/4

,

𝐌" 2! = W𝐧×𝒈2 , 𝒦 𝒇!ℎ"
&/4

.

Marching-on-in-time system of the YC TD-CFIE reads as

ℤ𝔾)5𝐙 + 𝜂6
1
2
𝔾 −𝕄 𝔾)0

1
2
𝔾 +𝐌 j

= −ℤ𝔾)5e + 𝜂6
1
2
𝔾 −𝕄 𝔾)0h.

Conclusions
This contribution has introduced a Yukawa-Calderon TD-
CFIE formulation for electromagnetic scattering by a perfect
electric conductor. The proposed formulation is:
Ø immune to resonant and dc instabilities
Ø well-conditioned at all regimes
Ø applicable for different geometries.

Several numerical results have corroborated the superiority
of the Yukawa-Calderon TD-CFIE.

Future works
In a forthcoming work, the proposed Yukawa-Calderon TD-
CFIE should be combined with the quasi-Helmholtz
projectors and a rescaling procedure to render a stabilized
TD-CFIE formulation, which yields accurate solutions at
moderately to extremely low frequencies.
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C. Yukawa-Calderon time-domain CFIE
The Yukawa-Calderon (YC) TD-CFIE reads as

−𝑇),-𝒯 + 𝛼
1
2
𝐼 − 𝐾),-

1
2
𝐼 +𝒦 𝒋 𝒓, 𝑡

= 𝑇),- 𝐧×𝒆"! + 𝛼 0
6
𝐼 − 𝐾),- 𝐧×𝒉"! .

Optimal parameters: 

Ø Wave number: 𝜅 = 𝑐. Δt )0

Ø Coupling parameter: 𝛼 = 𝜂6.


