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Electromagnetic scattering problem

Exterior electric wave equation

curlcurle — k%e = 0 in  Q°,

exn=—e'xn on T,
with the Silver-Miller condition

lim lcurle x n+ik(n x e) x n|* ds = 0.
r—00 aBT

The wave number kK = w,/ep > 0, with w angular frequency.
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Electromagnetic scattering problem

Exterior electric wave equation

curlcurle — k%e = 0 in  Q°,
exn=—e'xn on T Qc
; (e, )
with the Silver-Miiller condition €
lim lcurle x n+ik(n x e) x n|* ds = 0. r
r—00 aBT
The wave number kK = w,/ep > 0, with w angular frequency.
Well-posedness:
m The exterior problem has a unique solution (Rellich’s lemma). m
GHENT

m The solution to the interior problem is not unique at some resonant frequencies. uNversiTY
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Trace operators and spaces

The space of tangential functions

L) ={uel*I):u-n=0}.

Tangential (Dirichlet) trace vp : H(Q) — H1X/2(F) C L(T") is defined by

YDt u— y(u) X n.

The dual space H;1/2(I‘) of HIX/Z(I‘) with respect to

(w,v), = /F(ux n)-vds, u,v € LZ(T). -

GHENT
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Trace operators and spaces (cont.)

The surface operator curlp : H¥/2(I') — Hlx/Q(F)

curlpv(p) = yp(grad ¢), Yo € H2(Q)

The surface divergence divr : H;l/Z(F) — H*3/2(F)

(divru, @)3 /5 = — (u, curlrg) 1, Vu e H 1/2( I), ¢ € H/2(D).

Let the trace space

2(divp, T) = {u e H YD) : divru € H—1/2(r)} ,

with the graph norm

—_—

2 2 : 2
HuHH;l“(divF,l") = HuHH;lﬂ(F) + ”leFUHH*lﬂ(I‘) : ﬁnf\;\‘ETRS[TY
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Trace operators and spaces (cont.)
Self-duality and integration by parts

m The Dirichlet trace vp can be extended to the following continuous and surjective mapping

vp : H(curl, Q) — H,*(divp, T).

m The Neumann trace vy : H(curl?, Q) — H;1/2(divF,F) is defined by

YN = YD © curl.

m The space H;l/z(divr,I‘) becomes its own dual with respect to (-,-)x r, and

GHENT

/Q(curlu ‘v —wu-curlv)dz = — (ypu,pv), r, Yu,v € H(curl, Q)%
UNIVERSITY
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Potentials

Let G, (x,y) be the fundamental solution associated with the operator A + o2

exp(io @ — y|)

Gﬂ(m’y) = ’ iy #y’
Ar |z — y

where 0 = K, or 0 = ik with k > 0. The scalar and vectorial single layer potentials

Y (o) () 1=/w(y)Ga(w,y)d8(y)» W (u)(z) iZ/FU(y)Go(%y) ds(y).

r

Maxwell single and double layer potentials

GHENT
UNIVERSITY

1 .
S (u) == ¥% (u) + Pgrad VY (divru), Sp(u) = cul % (u). W
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Potentials (cont.)

The potentials
w5, , W9, H,*(divp,T) — Hiec(curl2, Q U Q°)
are solutions to the “wave’ equation and fulfill the radiation condition

curlcurlu — o?u =0 in QUQ°,

lim lcurlu x n +io(n x u) x n|*> ds = 0.
r—00 8Br

Note: curlo ¥, = ¥%,, and curl o ¥F,, = 02W¥g,.
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Integral operators

For 0 = k or 0 = ik with kK > 0, the following integral operators are continuous

Vo= {7} oWy 1D - BT,
Ay = {1p}p o Ty FH () — HYA(D),
Sy = {yp}p 0 ¥Iy, CH Y2 (dive, T) — H*(divr, T),
Cy = {yn}p 0 ¥Ty, cH Y (dive, T) — HL*(divp, T).

The jump relations

blp o 27 =0, (ol o % =0, [wp o ¥y, = —1d
imply that _
+ o + o 1 IR
oo WE=Sor Ao W= FRld+ Co R

Van Chien Le A well-conditioned CFIE for electromagnetic scattering October 3, 2023 7/25



Integral operators (cont.)

Integral operators V;,; and A;,

For k > 0, the operators V;,; and A;. are self-adjoint

<d}7 VEHSO)I/Z,F = <907 ‘/ili¢>1/27r ) V¢; @ € H—l/?(r)’
(v, Aiptt) = (uy Aig) 1, o, u e H V().

In addition, they are elliptic operators

(0, Viep)1j2r 2 C l@llrrary » Vp € HV2(D),

(u, Aiw) 1 = C l[ullfyoe gy Vu € H,?(divp, T).

Consequence: The integral operator S is self-adjoint and elliptic on H;l/Q(divF,I‘)
I}

1 ) GHENT
Sir = Aix — —curlp o Vj,; o divr. UNIVERSITY
K
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Representation formula

Any solution e € Hyoc(curl?, Q U Q°) satisfies the Stratton-Chu representation formula
e(x) = -5 ([yplre)(x) — ¥g([yw]re)(x), xz e QU

Taking the exterior traces 775 and fyj{, gives

EFIE : Sy (N e) = vhe',
1 .
MFIE : (21d+0n> ([yvlpe) = —yye".
i
GHENT
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Motivations

Numerical issues:
m EFIE yields ill-conditioned linear system when the surface mesh is fine
m EFIE and MFIE exhibit ill-conditioning when 2 is close to a resonant frequency

m C, is compact when I' is smooth, but it does not hold when I" is non-smooth.

Literature:
m A. Buffa and R. Hiptmair, 2005: to introduce a "smooth operator” M

~inS,(€) + (310-C ) (41€) = e,

m O. Steinbach and M. Windisch, 2009:

_—
[T

, 1 w1 (1 i
—insu(©)+ (310~ C) 557 (310 + ) © =be. Bl

Van Chien Le A well-conditioned CFIE for electromagnetic scattering October 3, 2023 10 /25



Combined field integral equation

Formulation
Goal: to introduce a well-conditioned CFIE for Lipschitz domains.
We consider the ansatz
e = (in ¥y, ovp o W&, + Why oy 0 ¥y ) (£),
where & € H;1/2(divF,F) and n € R\ {0}. Taking the exterior Dirichlet trace v}, gives
L.(§) = —fyi;ei,
where

1 1
Ly =115, 0 Sy + <—21d+C,.@> o <21d—|—0m> .

Variational formulation: find £ € H;l/Q(divF,I‘) such that, for all v € H;1/2(divF,I@
GHENT

(v, Em(g»x,p = — <v, ’yBei>X7F . UNIVERSITY
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Combined field integral equation

Uniqueness

For any n € R\ {0} and any k > 0, the CFIE has at most one solution & € H;I/Q(divr, r).

Sketch of the proof:

Let £ be the solution to the homogeneous problem. By means of the Stratton-Chu formula
e = (vp o ¥hL) (8), vve =i (vp o Ulr) (€).

It holds that

<756,7]§6>X7F = /Q (/e2 |e(:c)|2 — |cur|e(m)|2) de € R

:z’n/ﬂ(/12’\1”5’11(5)(%)‘24—|cur|W?L(§)(m)’2> dv iR B

L. UNIVERSITY
Based on the ellipticity of 5;,, we can conclude that £ = 0.
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Combined field integral equation

Coercivity

Some comments:
m The ellipticity of £ is not available,
m If £, is a Fredholm operator of index 0, then the injectivity implies its surjectivity,

m The coercivity can be reached via a generalized Garding inequality.

For any wave number x > 0, there exist a positive constant C, an isomorphism mapping
O: H;l/z(divF, ) — H;1/2(divF, I'), and a compact sesquilinear form
c: H*(divr,T) x H,*(divp,T) — C such that

‘(@u,ﬁnu)xr n c(u,u)‘ > Cllulfp e v € H*(divp, T).

(divp,T) ?
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Combined field integral equation

Coercivity

Sketch of the proof: Let us rewrite L, as follows
. 1 1
Ly =18, 08 + (—2Id+ C,.;) ) (21d+ C'm)
L~ 1 1
=11 Sk © Sik + (—2Id + Cm) o (21d + Cm) +c1
= (”7 Sir + Kzsm) 0 Six +c1 = My, 0 Sig,
where the operator

My = in Si + K2Six + €1 0 St
= (in + I€2) A — (1 — iT]H_Q) curlp oV, odivp + ¢ o SZ-;l.

By means of the Hodge decomposition, we get the generalized Garding inequality.
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Combined field integral equation

Well-posedness

The CFIE has a unique solution & € H;I/ 2(divF, I). In particular, the following inf-sup

condition holds for all u € H;l/Q(divr, I)

‘<'U7 »Cnu’>><,1"
sup -~ >C ||’u||H71/2
veH;1/2(divr,F) “vHH;l/Q(diVF’F) :

for some constant C' > 0 independent of u.

(din7F) ’

Proof: by a Fredholm alternative argument.
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Galerkin discretization

Let (I'y)n>0 be a family of triangulations, and 7, and &, the sets of triangles and edges of I'j,.
On each triangle T' € Ty, we equip the lowest-order triangular Raviart-Thomas space
RTo(T) := {mr—>a+bm:a€C2,b€C}.

This local space gives rise to the global divp-conforming boundary element space
V), = {uh e H;"*(dive,T) : uply € RTo(T), VT € Th} ,

endowed with the edge degrees of freedom

GHENT
UNIVERSITY

de(up) := /(uh xnj) - ds, Ve € &. =
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Discrete inf-sup conditions

Let us recall that
Ly = M;y; 0 Si.

For any x > 0 and any h < hg, the following discrete inf-sup condition is satisfied

(On, Mixun) 1

sup

Z C HUh” —1/2( 4. V’U;h S Vh .
vREV), HUhHH;l/?(divr,r) L (diveT)?

We follow the approach of operator preconditioning in (Hiptmair, 2006).
Problem: search for a subspace W, C H;l/2(divr,F) such that dim W}, = dim V}, and

’(wm vh)x,l“’

sup

v H Lo Z C Hwh”H;1/2(divF,F) 5 th S Wh . @
on €V ITATEL (ive. ) GHENT

UNIVERSITY

Solution: W}, = space of the Buffa-Christiansen (BC) basis functions.
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Basis functions

€n

Raviart-Thomas (RWG) function
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Well-conditionedness

Let {v1,v2,...,vn} and {wi,wa, ..., wy} be bases of Vi, and Wy, respectively.

We introduce the Galerkin matrices

M, = (Vs MinVn) s rs - [Swlyn = (W Sixwn) e ps - (Gl 7= (Wi Un) -

Then, the condition number is uniformly bounded

cond (G—l MG T sw) <C.

Problem: M;, consists of ¢ o Si;l.

Solution: rewrite the operator L in the equivalent form

_—
[T

1 Iy
Ly, =11 S, 0 S + k28, 0 Six + 6C,; 0 (21d + Cm> . GHENT

UNIVERSITY
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Numerical results

Geometries
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Numerical results
Sphere: scattered fields
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Numerical results

Sphere: condition numbers
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Numerical results

Cube: condition numbers
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Conclusions

m The proposed CFIE yields a unique solution for all wave numbers.
m The proposed Galerkin discretization scheme produces well-conditioned linear

systems regardless the numerical resolution to the problem.

This discretization scheme differs from what practitioners typically use
.. . 1 1
Original: L,=1S5,0 S + <_§[d + Cﬂ> o <§[d + C’m>

GHENT
UNIVERSITY

1
Discretized: Ly =15y 0 Six + K°Si © Sin + 0C, 0 (ifd + C’w) .2
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