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Induction hardening

Electro-

magnetism

latent heat
phase-dependent param.
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Jumping material coefficients

The subscripts 3,11 and Z are used to distinguish the value of material coefficients on
subdomains. For instances,

M1 in H, 11 in H,
B= < s in X, and 0 =1 o0y% in 3,
U= in Z=. 0 in Z.

In general, material coefficients have jumps at the interfaces of different subdomains.

[1]os == p= — ps # 0,

[]omr = p= — pm # 0. T
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Electromagnetic subproblem

Maxwell’s equations

V.B=0,
VXE:—atB,
VxH=J,

with the constitutive relations

B =uH,
J=ocF.
Boundary condition
B-n=0
Interface conditions
[B-n] =0, [H x n] =0,
Nonlinear induction hardening problem

(Gauss's law)
(Faraday’s law)
(Ampeére’s law)

(Ohm’s law)
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Nonlinear B — H relation

Suppose that

ps(B) = fis m™'(BJ),

then the magnetization curve
H =i 'M(B),

where

Van Chien Le
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Assumptions on the function m

The function m : R™ — R™ is supposed to be differentiable and satisfy
m(s) +|m’(s)| s < Cu Vs € RT.
In addition, for each s € R™, one of the following conditions is satisfied

m(s) —‘m'(s)| s>cpy >0,
or

m(s) >cpy  and  m/(s) > 0.

Under these assumptions, the nonlinear operator M s strongly monotone, coercive and
Lipschitz continuous.
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A — ¢ potential formulation

The BVP for the electric scalar potential ¢

V- (—onVe)=0 in I x (0,7),
—onVe-n=0 on (OII\T) x (0,7),
—onV¢ -n=j on I'x(0,7).

The IBVP for the magnetic vector potential A (B :=V x A)

(

oHA+V x f7IM (V x A) +xnoVeo =0 in Qx(0,7),

V-A=0 in Qx(0,7),

Axn=0 on 00 x (0,7,

[A'M(V x A) x n] =0 on (0O\T)x (0,T), Tm
A(-,0) = Ap in ©:=XUIL ONERSITY
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Energy balance in the steel workpiece

A
The Joule heat caused by the eddy /,’"\\ /,’"\\g(x)
current / K% r /
Ry
T = ox] @Al \ (9)
0 o
The IBVP for the temperature 7
pep(1NOT =V - (5(T)VT) = Ry (05l A) —pf(- )0 in Bx (0.7)
—k(TVT -n=a(T —u) on 9% x (0,7),
T7(+0)="To in X,
T
where GHENT
£ T) = =L (2e(T) = 2 = Tolo(T))

Van Chien Le Nonlinear induction hardening problem August 2, 2022 7/22



Kirchhoff transformation

We introduce the primitive function & from

i(z) = / K(s) ds.
0

Let v := &(7) and ug := R(Tp). The IBVP for the transformed temperature «

B(R1(1)) — Au =R, <Jg|8tA|2> —pf (2 A1), in 2 (0,T),
~Vu-n=ali (1) —u) on 9% x (0,7),
u(-,0) = up in . e
m
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Leblond-Devaux model

Leblond-Devaux model for the austenite proportion z

Oz = Zeqf:(;)_z in X x(0,7),
2(+,0) =20=0 in 3.
or with the transformed temperature «
Zeq (A1 (1)) — :
Oz = in X x(0,7),
t G ))

2(,0)=20=0 in .
m
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Induction hardening problem

Electric potential ¢ Temperature «
V. (-onVe) =0, Bz, &= (1))0pu — Au
—onVé-n =0, =Ry (o5 (NOAP) = p(2)f (2,574 (1)) 2,
—onVe-n=j. ~Vu-n=alt (1) —u°),
Magnetic potential A (-, 0) = up.
'U(z)(“)tA FV X g IM(V x A) Austenite proportion z
+xnoVe =0, s — Zeq(R1(1)) —
V-A=0, T TG
Axn=0, 2(50) =20 =0. o
[A71M(V x A) x n] = 0, ﬁ::wgasnv
| A(-,0) = Ao.
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Function spaces

Let us introduce the following Hilbert spaces

7 :=HYI)/R,
W = {f € H(div, Q) N Hy(curl, Q) : V- f =0},

equipped with the norms

1fllz = ||VfHL2(H) )
[ £llw, =V x Flliz ) -

Remark: The space W is continuously embedded into H'(Q) if the domain © is bounded
and either the boundary 9 is of class C'' or Q is a convex polyhedron. T
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Variational formulation

Find ¢ € Z,z € LX), A € Wy and u € H'(X) such that

on (Vé, Vib)y + (4, ) = 0,
Zeq (R (W) — 2
(O2,6)s = ( qé g—(l(i))) ’§>E’
(0(2)0:A,9) o + (" M(V x A),V x cp) (Vé, @)y =0

—_—

are valid for any v € Z,¢ € L2(X), ¢ € Wy and w € HY(X). GHENT
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Time discretization

Let [0, 7] be partitioned into n equidistant subintervals with time step

T=—.
n

For any function v, we introduce the notations

v = v(t;), dv; = ¥,

which stand for the value of function v and the approximation of its time derivative at the

time-point t; :==17,0 =1,2,...,n.
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Time discretization (cont.)

Forevery i =1,2,...,n, find ¢; € Z,z € L*(X), A; € W and u; € H'(X) such that
011 (V¢Z7 v¢)H + (.]’L:w)l‘ = 07
=1, .
b

(A (ui-1))
(0(2)0A;, SO)@ + <ﬂ_1M(V x A;),V x <P>Q +on (Véi, ) =0,

(ﬁ(zi, /%_l(ui,l))dui, w)z + (Vu;, Vu)y. + a (/%_l(ui,l) — uf,w)az

_ (R (ag(zi)|5A,~\2) ,w)z — (p(zi)f(zi, £ (wim1)) 5Z¢,w)2

_—
[T

are valid for any ¢ € Z,¢ € L%(X),p € W and w € H(X). -
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Solvability of the discretized problem

There exists a unique solution (¢;, z;, A, u;) € Z x L2(X) x W x HY(X) to the discretized
variational problem for any i =1,2,... n.

Proof:

m The existence of a unique solution (¢;, 2;, u;) is guaranteed by using the Lax-Milgram
lemma.

m Thanks to the properties of the nonlinear operator M, we invoke the Browder-Minty
theorem to prove the existence of a unique solution A;.
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A priori estimates

There exists a constant C > 0 such that

. e
(i) mx V8l < C.

(1) 0<z(x) <1, ‘522(51:)‘ <C, IIEla<X ||V21HL2 <C,

D) fglagjzll&‘ll”i%@) + Z||5Ai — 84 1|lf2e) + ZHV X 6 Aillf2y T < C,
- ] =1

2
(iv) Z\\5quL2(2)T+ max HVU1“L2(2) + ZHV% Vi llfam) + mﬂ’;HUlHLz(az) <C.
=1 =1 -
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Rothe's piecewise constant in time functions

Un Uy,
> t > t
0 t1 to t3 th—2 tn-1 tn 0 t1 to t3 th—2 tn-1 tn
Un(t) = uy, t € (tio1,ti). Uy, () = ui1, t € [tio1,ti )
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Rothe's piecewise affine in time function

Un
t
0 t1 t2 t3 th—2 Tn—1 In
un(t) = U;—1 + (t — ti_l)dui, te [ti—l, tz‘]. @
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Discretized problem in the continous sense

The following identities are valid for any 1 € Z,s € L%(%), € Wy and w € H'(X)

(5570, ),

(Orzn,S)y, = (Zeq(g( _ Zn )

(U(Zn)&gAn,go) ( _1M(V x Ay),V x cp) + o (V@n,cp)n =0,

(5(% 77 (w,))Ortn, w)z + (Vi V)s + a (fa—l(gn) _ T, w)

_ (R CEHEYHY ,w)

ox

5 (P Gos ™ (w,)) %“’)z i)
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Existence of a weak solution

There exists a weak solution
(6, 2,u, A) € Lip([0,T], Z) x [C([O,T],LQ(E)) N L<><>((0,T),Hl(z))]2 % C([0,T], Wo)

to the variational system. Moreover, the following convergences hold for subsequences

By — b in C([0,T],2),

Zny = 2, Up, — U in  C([0,T],LA(%)),
Otzn, — Oz, Oy, — Oru in L2((0,T),L%(%)),
Zn, = 2%, Up, — U, Uy —>U in  L2((0,7),L3(%)),
A, — A in  C([0,T], L3(Q)),
A, - A A, — DA in L2((0,T), Wy).
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Conclusions

m A mathematical model has been introduced for the induction hardening process.
m A time discretization scheme has been proposed.

m Numerical analysis have been performed, and the existence of a weak solution has

been proved.

m The uniqueness of a solution to the nonlinear induction hardening problem is still a

challenge.
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