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Mathematical problem

We consider the following degenerate parabolic
problem

α∂tu− β∆u+ χΣAu = f in Ω× (0, T ),

∇ · u = 0 in Ω× (0, T ),

u = 0 on ∂Ω× (0, T ),

u(·, 0) = u0 in Σ0,
Ω

Σ(t)
v

where

α =

{
αΣ in Σ(t)

0 in Ω \ Σ(t)
, Au =

 d∑
j,k=1

aijk
∂uj

∂xk
+

d∑
j=1

bijuj

d

i=1

.
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Mixed variational formulation

Let us introduce the following Hilbert spaces

L2
0(Ω) := L2(Ω)/R,

H1
0(div,Ω) :=

{
φ ∈ H1

0(Ω) : ∇ ·φ = 0
}
.

Find u ∈ H1
0(Ω) with ∂tu ∈ L2(Σ(t)) and p ∈ L2

0(Ω) such that

αΣ (∂tu,φ)Σ(t) + β (∇u,∇φ)Ω + (Au,φ)Σ(t) + (p,∇ ·φ)Ω = (f ,φ)Ω ,

(∇ · u, q)Ω = 0.

are valid for any φ ∈ H1
0(Ω) and any q ∈ L2

0(Ω).
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Well-posedness

Theorem (Well-posedness)

Let us assume

u0 ∈ H1
0(div,Ω) ∩H2(Ω), ∆u0 = 0 on Ω \ Σ0, v ∈ C1(Ω× [0, T ]),

f ∈ Lip([0, T ],L2(Ω)), aijk, bij ∈ Lip([0, T ],L∞(Ω)), i, j, k = 1, . . . , d.

Then, the mixed variational system admits exactly one solution (u, p) satisfying

p ∈ L2((0, T ),L2
0(Ω)), u ∈ C([0, T ],H1

0(div,Ω)), ∂tu ∈ L2((0, T ),H1
0(div,Ω)).

Proof: Using Brezzi’s theorem combined with the Reynolds transport theorem

d

dt

∫
ω(t)

f dx =

∫
ω(t)

∂tf dx+

∫
∂ω(t)

fv · n ds.
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Space-time discretization

The time interval [0, T ] is partitioned into n equidistant subintervals with time step

τ =
T

n
.

Let Vh
0 ⊂ H1

0(Ω) and Vh ⊂ L2
0(Ω) be FE spaces with orthogonal projection operators

Ph ∈ L(H1
0(Ω),V

h
0), Ph ∈ L(L2

0(Ω),V
h).

According to Céa’s lemma, there exists a constant C > 0 such that∥∥∥q − Ph q
∥∥∥
L2(Ω)

≤ C inf
qh∈Vh

∥∥∥q − qh
∥∥∥
L2(Ω)

,∥∥∥φ−Phφ
∥∥∥
H1

0(Ω)
≤ C inf

φh∈Vh
0

∥∥∥φ−φh
∥∥∥
H1

0(Ω)
.
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Space-time discretization scheme

Let uh
i and phi be approximations of u and p at time ti := iτ . Moreover, we introduce

the following notations

δuh
i =

uh
i − uh

i−1

τ
, uh

0 = Ph u0, Ai = A(ti), Σi = Σ(ti).

Find uh
i ∈ Vh

0 and phi ∈ Vh such that

αΣ

(
δuh

i ,φ
h
)
Σi

+ β
(
∇uh

i ,∇φh
)
Ω
+
(
Aiu

h
i ,φ

h
)
Σi

+
(
phi ,∇ ·φh

)
Ω
=

(
f i,φ

h
)
Ω
,(

∇ · uh
i , q

h
)
Ω
= 0

are valid for any φh ∈ Vh
0 , q

h ∈ Vh and for any i = 1, 2, . . . , n.
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Solvability of the discretized problem

Lemma (Solvability)

We assume that the discrete inf-sup condition is satisfied, i.e.

sup
φh∈Vh

0 , φh ̸=0

(
∇ ·φh, qh

)
Ω∥∥φh

∥∥
H1

0(Ω)

≥ C
∥∥∥qh∥∥∥

L2(Ω)
∀qh ∈ Vh .

Then, for any i = 1, 2, . . . , n, there exists a unique couple (uh
i , p

h
i ) ∈ Vh

0 ×Vh solving
the discretized variational problem. Moreover, there exists a constant C > 0 such that

max
1≤l≤n

∥∥∥δuh
l

∥∥∥2

L2(Σl)
+

n∑
i=1

∥∥∥∇δuh
i

∥∥∥2

L2(Ω)
τ+

n∑
i=1

∥∥∥δuh
i − δuh

i−1

∥∥∥2

L2(Σi−1)
+max

1≤l≤n

∥∥∥phl ∥∥∥2

L2(Ω)
≤ C.
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Solvability of the discretized problem (cont.)

Proof

The solvability of the mixed variational problem is guaranteed by Brezzi’s theorem.

We subtract the discretized problem for i = i− 1 from itself, then set
φh = δuh

i , q
h = δphi to get the a priori estimate.

Remarks:

The discretized inf-sup condition depends on the choice of FE spaces.

The Reynolds transport theorem and the following estimate are crucial

n∑
i=1

∥∥∥∇uh
i

∥∥∥2

H1(Ω′)
≤ C(Ω′) ∀ Ω′ ⊂⊂ Ω (Ω′ ⊂ Ω).
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Rothe’s functions

t

un

0 t1 t2 t3 tn−2 tn−1 tn

un(t) = ui, t ∈ (ti−1, ti].

t

un

0 t1 t2 t3 tn−2 tn−1 tn

un(t) = ui−1 + (t− ti−1)δui.
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Discretized problem in the continuous sense

The following identities are valid for any φh ∈ Vh
0 and qh ∈ Vh

αΣ

(
∂tu

h
n,φ

h
)
Σn

+ β
(
∇uh

n,∇φh
)
Ω
+
(
Anu

h
n,φ

h
)
Σn

+
(
phn,∇ ·φh

)
Ω
=

(
fn,φ

h
)
Ω
,(

∇ · uh
n, q

h
)
Ω
= 0.
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Error estimate

Theorem

The following relation holds true for any ξ ∈ [0, T ]

ξ∫
0

∥∥∥∂tuh
n(t)− ∂tu(t)

∥∥∥2

L2(Σ(t))
dt+

ξ∫
0

∥∥∥phn(t)− p(t)
∥∥∥2

L2(Ω)
dt

+
∥∥∥∇uh

n(ξ)−∇u(ξ)
∥∥∥2

L2(Ω)
≤ C

(
τ +

∥∥∥∇u0 −∇Ph u0

∥∥∥2

L2(Ω)

+

√√√√√ ξ∫
0

∥∥∥p(t)− Ph p(t)
∥∥∥2

L2(Ω)
dt+

ξ∫
0

∥∥∥∇∂tu(t)−∇Ph ∂tu(t)
∥∥∥2

L2(Ω)
dt

 .
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Some finite element pairs

(a) P2 − P0 elements (b) Taylor-Hood elements

(c) Mini elements (d) P2b − P1 elements
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P2 − P0 elements

Let
Vh

0 = (P2)
d ∩H1

0(Ω) and Vh = P0 ∩ L2
0(Ω).

In addition, we assume that

u ∈ C([0, T ],H1
0(div,Ω)) ∩ L2((0, T ),H2(Ω)), p ∈ L2((0, T ),H1(Ω) ∩ L2

0(Ω)).

Then, there exists a constant C > 0 such that

ξ∫
0

∥∥∥∂tuh
n(t)− ∂tu(t)

∥∥∥2

L2(Σ(t))
dt+

∥∥∥∇uh
n(ξ)−∇u(ξ)

∥∥∥2

L2(Ω)

+

ξ∫
0

∥∥∥phn(t)− p(t)
∥∥∥2

L2(Ω)
dt ≤ C(τ + h).

The convergence rate: O(
√
τ +

√
h).
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Taylor-Hood P2 − P1 elements

Let
Vh

0 = (P2)
d ∩H1

0(Ω) and Vh = P1 ∩ L2
0(Ω).

In addition, we assume that

u ∈ C([0, T ],H1
0(div,Ω)) ∩ L2((0, T ),H2(Ω)), p ∈ L2((0, T ),H2(Ω) ∩ L2

0(Ω)).

Then, there exists a constant C > 0 such that

ξ∫
0

∥∥∥∂tuh
n(t)− ∂tu(t)

∥∥∥2

L2(Σ(t))
dt+

∥∥∥∇uh
n(ξ)−∇u(ξ)

∥∥∥2

L2(Ω)

+

ξ∫
0

∥∥∥phn(t)− p(t)
∥∥∥2

L2(Ω)
dt ≤ C(τ + h2).

The convergence rate: O(
√
τ + h).
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Stokes equations

Let us consider the following Stokes equations
∂tu− ν∆u+∇p = f in Ω× (0, T ),

∇ · u = 0 in Ω× (0, T ),

u = g on Γ× (0, T ),

u(·, 0) = u0 in Ω.

Γ

Ω
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Error estimates

The present estimate for mini elements

ξ∫
0

∥∥∥∂tuh
n(t)− ∂tu(t)

∥∥∥2

L2(Ω)
dt+

∥∥∥∇uh
n(ξ)−∇u(ξ)

∥∥∥2

L2(Ω)
≤ C(τ + h2).

Convergence rate: O(
√
τ + h).

The existing error estimate for mini elements (Acevedo et al. 2021)

∥∥∥uh
n(ξ)− u(ξ)

∥∥∥2

L2(Ω)
+ τ

ξ∫
0

∥∥∥∇uh
n(t)−∇u(t)

∥∥∥2

L2(Ω)
dt ≤ C(τ 2 + h2).

Convergence rate: O(
√
τ + h/

√
τ).
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