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Mathematical problem

We consider the following degenerate parabolic

problem
adu — fAu+ xsAu=f in Qx(0,7), v
V-u=0 in Qx(0,7),
u=0 on 00 x(0,7), 0
u(-,0) = ug in X,
where
; d
ay, in E(t) k
a = —, Au = i + b7 —
f Seeyie) o

t=1 UNIVERSITY
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Mixed variational formulation

Let us introduce the following Hilbert spaces

L3(Q) = LA(Q)/R,

H(div, ) == {p € Hy(®): V- = 0}
Find w € H}(Q) with d,u € L*(X(t)) and p € L2(Q2) such that

as (Oyu, ‘P)z(t) + 8 (Vu, Vo), + (Au, So)z(t) + (0, V-p)g=(f.¢)q;

(V-u,q)g =0.
are valid for any ¢ € H{(Q) and any ¢ € L3(Q). W
CNiVERsiTy
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Well-posedness

Theorem (Well-posedness)

Let us assume

uo € Hi(div,Q) NH2(Q), Aug=0 on O\, v e CHQ x [0, 7)),
f € Lip([0, T],L*(2)), a’*, b7 € Lip([0, T],L*(Q)), 4,5,k=1,...,d

Then, the mixed variational system admits exactly one solution (wu,p) satisfying

p € L*((0,7),L3(Q)), u € C([0, 7], Hy(div, Q)), Ou € L*((0,T), Hy(div, ©2)).

Proof: Using Brezzi's theorem combined with the Reynolds transport theorem

%/fda::/c‘?tfder / fv-nds. g

UNIVERSITY
w(t) w(t) duw(t)
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Space-time discretization
The time interval [0, T7] is partitioned into n equidistant subintervals with time step

T=—.
n

Let Vi € H}(Q) and V" € L2(Q) be FE spaces with orthogonal projection operators
"€ L(Hy(Q), Vp), P" e L(LG(92), V).
According to Céa's lemma, there exists a constant C' > 0 such that

Hq—Pth 2 < C inf

ghevh
P" < C inf h I
Y- el It @ =@ GHENT
H{(Q) phevh H5(2) UNIVERSITY
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Space-time discretization scheme

Let u! and p” be approximations of u and p at time t; := iT. Moreover, we introduce
the following notations

h_
uj = wa ug =Plug, A= Al),  Bi=3X(t).

Find u? € V[ and p? € V" such that
Qs <5u?, goh> + 0 (Vuf, Vgoh> + (Aiuz’.‘, goh>
o Q o

- (p?,V : wh)Q = (fi,cph)g,
<V-u?,qh> =0 =

0 m

GHENT
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are valid for any ¢" € Vg,qh e V"and foranyi=1,2,...,n.
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Solvability of the discretized problem

Lemma (Solvability)

We assume that the discrete inf-sup condition is satisfied, i.e.

AV h) h
sup w > C’thH Vgt e V.
L2()

oheVE, oh£0 HQOhHH(l)(Q)

Then, for any i = 1,2,...,n, there exists a unique couple (ul, p?) € Vg x V" solving
the discretized variational problem. Moreover, there exists a constant C' > 0 such that

2 n
5 sy 2 70
ul LQ(EI)—‘F; ul

2
max

1<I<n

2
-+ max
L2(Z;_) 1<i<n

2 n
h h

h
Pi ‘ L2(Q)

<C
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Solvability of the discretized problem (cont.)

Proof

m The solvability of the mixed variational problem is guaranteed by Brezzi's theorem.

m We subtract the discretized problem for i = ¢ — 1 from itself, then set
oM = dul, ¢" = 5p! to get the a priori estimate.

Remarks:
m The discretized inf-sup condition depends on the choice of FE spaces.
m The Reynolds transport theorem and the following estimate are crucial

e
=1

2 —
< C(Y) VQ cc(YcQ).
H(€)
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Rothe’s functions

U, o
Pt > ¢
0 t1 to t3 th2 tn_1 tn 0 t1 b s b1t
Un(t) = u t e (tii,ti] wn(t) = i1 + (£ — t;_1)0u;. L
n 1) i—1y bi]- n i i i
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Discretized problem in the continuous sense

The following identities are valid for any " € VI and ¢" € V"
Qs (8t'u,ﬁ, goh)f + 5 (Vﬂz, V(ph> + (Znﬁﬁ, Lph)i
8 n

(pmV 90> = <7n,soh>ﬂ,
(V-ﬂﬁ,qh>g = 0.

—_—
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Error estimate

The following relation holds true for any & € [0, T

[

2

dt
L2<Q>

dt +
L%(3(t))

(9tu a{LL(

2

+||Vu(e) - vu(e)

2
SC 7'+HV’U;0—VP}Z’U,OH
L2(Q) L2

L2(Q)

; ;
/Hp(t) - Php(f)H;(m dt + /Hvatu(t) ~ VP ),
0 0
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Some finite element pairs

JANVANRANVAN

) P2 — Po elements ) Taylor-Hood elements
L
—
(c) Mini elements (d) Pap — P1 elements IR
GHENT
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Py — Py elements

Let
Vi=(P)iNnHLQ) and  VP=PyNLAQ).

In addition, we assume that
u € C([0, T], Hy(div, 2)) N L*((0, T), H*(Q2)),

p e L*((0,7),H'(Q) NL(Q)).
Then, there exists a constant C' > 0 such that

£
2 2
20 = 0] O [V20E) = Tt
oty = o], | vulie) - vuie)],
0
‘ 2
—h
4 / [P -s],, w<ce+hg
0 GHENT
UNIVERSITY
The convergence rate: O(y/7 + V).
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Taylor-Hood Py, — P; elements
Let
= (P)NHL(Q)  and Vi =P NLA(Q).
In addition, we assume that
u € C(0, ), Hy(div, ) N LA((0, T), H(2)),

p e L2((0,T7),H*(Q) NL§(Q)).
Then, there exists a constant C > 0 such that

2
/ |ty - due )HLQ(E( at+ | vule) - o), |
: 2
+ /‘ ﬁh(t) - L2(Q) dt < C(T + h2) m
0 GHENT
UNIVERSITY

The convergence rate: O(\/7 + h).
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Stokes equations

Let us consider the following Stokes equations L,
ou—vAu+Vp=f in Qx(0,7), —
—p
V-u=0 in Qx(0,7), =
u=g on I'x(0,7),
u(-,0) = uy in Q.
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Error estimates

m The present estimate for mini elements
j
0

Convergence rate: O(y/7 + h).
m The existing error estimate for mini elements (Acevedo et al. 2021)

2
(91/’11; (9tu( ) L2(0) S C(T + h2)

dt +||Vuh(€) - Vu(©)

L%(Q)

9
2 2

—h h 2, 72
u —u 7 | [|Vu,(t) — Vu(t dt < C(7° + h°).
) ot /H A0 = Vul)| , At <O+ n)

0 W

GHENT
Convergence rate: O(+/7 + h/\/T). UNIVERSITY
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