DEPARTMENT OF INFORMATION TECHNOLOGY
IDLAB - INTERNET TECHNOLOGY AND DATA SCIENCE LAB

The 8th international conference on Advanced Computational Methods in Engineering (ACOMEN2022)

A SPACE-TIME DISCRETIZATION FOR THE MIXED
VARIATIONAL FORMULATION OF AN ELECTROMAGNETIC
PROBLEM WITH A MOVING NON-MAGNETIC CONDUCTOR

VAN CHIEN LE September 1, 2022

S RsiTy “umec



Outline

@ Mathematical model

© Space-time discretization

© Error estimates

Van Chien Le

Space-time discretization for the mixed formulation

September 1, 2022

_—
[T}

GHENT
UNIVERSITY

0/17



Mathematical model

Eddy current equations

V-B=0, (Gauss's law)
Vx E=-0B, (Faraday’s law)
VxH=J, (Ampére’s law)

with the constitutive relations
B =uH, J=0(E+v x B).

Boundary condition

Interface conditions
[B-n] =0, [H x n] =0, [(E+vx B)xn]=0.
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Material coefficients

The subscripts 3,11 and = are used to distinguish the value of material coefficients on
subdomains. For instances,

T in II, o in II,
W= px in X, and o=« o0yx in X,
U= in =, o= in =

In general, material coefficients have jumps at the interfaces of different subdomains

[o]os == 0= — 05 #0,

[o]omr = 0= — on # 0.
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Assumptions: o= = 0 and p = pgp in €. oV ERsiTy
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A — ¢ potential formulation

The BVP for the electric scalar potential ¢

V. (=onVe¢)=0 in I x (0,7),
—onVe-n=0 on (OII\T) x (0,7),
—onVeo-n=j on T'x(0,7).

The IBVP for the magnetic vector potential A (B :=V x A)

(JatA—k,uglVXVxA

+xmoVep —ovx (VxA)=0 in Qx(0,7),
V-A=0 in Qx(0,7),
Axn=0 on 00 x(0,7), N
[(VxA)xn]=0 on (90\I)x (0,7), =&
A(-,0) = Ay in ©(0) := $(0) UIL UNIVERSITY

\
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Function spaces

Goal: proposing a finite element (FE) space-time discretization for the variational problem.
Let us introduce the following Hilbert spaces
W = H(div, Q2) N Ho(curl, ),
Wo={feWw: V. f=0},
equipped with the norms
lellw =llellLz@ IV < ellLz) 1V - el
lellw, =11V x @l q) -
In addition, we introduce the spaces

z = H\(II)/E,
L3() = LX(Q)/R, &
GHENT
H}(div, Q) = {cp EH{(Q):V-p= 0} ] UNIVERSITY
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Motivation

The mixed variational formulation for A reads as: find A € W and p € L%(Q) such that

(0O A, @)gu + ot (V x AV x @) + o (Vé, o)y
—os (VX (VxA) @)+ (V- p)g=0 VYpeW,
(V-A,q)qg=0 Vg € L3(Q).

Let V" be a FE subspace of L2(€2). Since

(V-Ah,qh)Q:O, Vihevh o5 V.AM=0 in LAQ),

in general, A" ¢ W . The solvability of the discretized system is not guaranteed. =
Therefore, this approach is impractical. ONIVERSITY
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Modified problem for A

Based on the vector identity
AA=V(V-A) -V xVxA,

we propose the following modified IBVP for the magnetic potential A

/

0O A — g "AA + xioVe — ov x (V x A) =0 in Qx(0,T),

V-A=0 in Qx(0,7),

A=0 on 90 x(0,7),

[(VA)n] =0 on (00\T) x (0,7),

A(-,0) = Ag in ©(0). -
ONIVERsITY
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Mixed variational formulation

Find ¢ € Z, A € H}(Q) and p € L3(Q) such that

on (Vo, Vi) + (4, %) = 0,
(0O A, @)ow) + 1o (VA,V)g + on (Vo, )y

— oy (vx(Vx A),cp)z(t) + (P, V- )y =0,
(V-A q)q=0.

for any ¢ € Z, o € H(Q) and any ¢ € L().
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Well-posedness

Theorem (Well-posedness)

Let us assume

v e Cl(Qx[0,T)), j € Lip([0, T), HV/(T)),
Ap € Hi(div, Q) N H*(Q), AAyg=0 on Q\ 6.

Then, the mixed variational system admits exactly one solution (¢, A, p) satisfying

¢ € Lip([0,T],7), A € C([0, T], H)(div, Q)), p € L2((0,7),L3(Q)).

Proof: Using Brezzi's theorem combined with the Reynolds transport theorem

d _
dt/fd:c:/atfdm—k / fv-nds. e
w(t) w(t) Bw(t) UNIVERSITY
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Space-time discretization
The time interval [0, T] is partitioned into n equidistant subintervals with time step

T=—.
n

Let U € Z, VI c H}(Q) and V" € L3(Q) be FE spaces with projection operators
Q" e L(z,U"), P" € L(H(Q), V), Pt e LLF(), V").

According to Céa's lemma, there exists a constant C' > 0 such that

-, e, Jo o
whEUh Z
ph ’ <C inf
o -P"a]., <€ nt, _
Hcp — P <p‘ Hi@) < C({,gg{;h w—p ‘ Q) URIVERSITY

Van Chien Le Space-time discretization for the mixed formulation September 1, 2022 9/17



Space-time discretization scheme

Let qb?, A? and p? be approximations of ¢, A and p at time t; := i7. Moreover, we introduce

A} — AL,

SAl = . AM=P"A,,  Li=3), ©6;=0().
-

Find ¢ € U", A" € V! and pP € V" such that
h h o h)
on (Vol, vt) + (G vt) =0,
(O—iéA? (Ph)@ + ’ual <VA?’V<P}L>Q +on (ng?’ Lph)n

—os (vix (VxAl.") 4 0V ") =0,

(V-alq") =0 i
Q GHENT
UNIVERSITY
for any ¢" € U, ph e Vg,qh eV"and foranyi=1,2,...,n.
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Solvability of the discretized problem

Lemma (Solvability)

We assume that the discrete inf-sup condition is satisfied, i.e.

(v ’ (Phaq )
i = el
erevi, hro || HHg(

Vg e Vi
L2(Q)

Then, for any i = 1,2, ...,n, there exists a solution ((blh, A?,p?) e Uh x Vg x VP to the
discretized variational problem. Moreover, there exists a constant C' > 0 such that

2 2
max

1<I<n

vost|.

4+ max
L2(Q) 1<i<n

2
SAD H(SA’-‘ _sAl ‘
+Z_21Hv 7 L2(Q)T+; % 1—1

L2(1I) T2 1<l<n pl

SAl ‘

L*(ey)
2

<C.
L2(©; 1)
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Rothe’s functions

Un, tn
+ t
0 tl t2 t3 tn—2 tn—l tn 0 tl t2 t3 tn—2 tn—l tn
Un(t) =ui,  tE€ (tim1, ) un(t) = wizy + (£ = ti-1)0ui- ZR
UNIVERSITY
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Discretized problem in the continuous sense

The following identities are valid for any ¢ € U, " € V’g and ¢" e V"
B V0 )+ (") =
Vao,,V =0
o1l ( ¢na ,(b I + In> sz) r )
<5n3tAZ, <ph)§ +pg (VZfL Vsoh) , Tom (vaii, soh)n

— oy (Vn x (V x Zﬁ)mohﬁ + (ﬁZ,V : <Ph>

=0,
P Q

(V -ZZ, qh)ﬂ =0.
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Error estimates

Theorem (Error estimates)

The following relations hold true for any & € [0, T

an(e) - V¢><§>H2 <€ (72 #vo© - v qb(f)H; o)

3
. /H@Ah A 740 =746 [P0 -0
<c <7‘+HVA()—VP}LAOH +HV¢ th¢(€)"L(H)

3
+J/up<t>w;w/rw a8
0 0
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Some finite element pairs

JANVANRVANVAN

) P2 — Po elements ) Taylor-Hood elements
L
—
(c) Mini elements (d) Pap — P1 elements I
GHENT
UNIVERSITY
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Convergence rate for Taylor-Hood elements
Let
U =P nZ, Vi=(P)¢nHQ) and V=P NL3Q).
In addition, we assume that
¢ € Lip([0,T],2) N C([0, T], H*(I)), A € C([0, 7], Hj(div,2)) N L*((0, T), H*(Q2)).

Then, there exists a constant C' > 0 such that

2

|Vone) - voro)|

< C(m% 4+ h?),
L?(II)

2
[ vaie - vae)

b S O(r + h?).
L?(Q2) =

GHENT
UNIVERSITY

ot

£
[tz - a0,
0

The convergence rate: O(\/7 + h).
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