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Mathematical model

Eddy current equations

∇ ·B = 0, (Gauss’s law)

∇×E = −∂tB, (Faraday’s law)

∇×H = J , (Ampère’s law)

with the constitutive relations

B = µH, J = σ(E + v ×B).

Boundary condition

B · n = 0.

Interface conditions

Σ
v

Ω

Π

Ξ

Γ

Γ

[[B · n]] = 0, [[H × n]] = 0, [[(E + v ×B)× n]] = 0.
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Material coefficients

The subscripts Σ,Π and Ξ are used to distinguish the value of material coefficients on
subdomains. For instances,

µ =


µΠ in Π,

µΣ in Σ,

µΞ in Ξ,

and σ =


σΠ in Π,

σΣ in Σ,

σΞ in Ξ.

In general, material coefficients have jumps at the interfaces of different subdomains

[[σ]]∂Σ := σΞ − σΣ ̸= 0,

[[σ]]∂Π\Γ := σΞ − σΠ ̸= 0.

Assumptions: σΞ = 0 and µ = µ0 in Ω.
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A− ϕ potential formulation

The BVP for the electric scalar potential ϕ
∇ · (−σΠ∇ϕ) = 0 in Π× (0, T ),

−σΠ∇ϕ · n = 0 on (∂Π \ Γ)× (0, T ),

−σΠ∇ϕ · n = j on Γ× (0, T ).

The IBVP for the magnetic vector potential A (B := ∇×A)

σ∂tA+ µ−1
0 ∇×∇×A

+χΠσ∇ϕ− σv × (∇×A) = 0 in Ω× (0, T ),

∇ ·A = 0 in Ω× (0, T ),

A× n = 0 on ∂Ω× (0, T ),

[[(∇×A)× n]] = 0 on (∂Θ \ Γ)× (0, T ),

A(·, 0) = A0 in Θ(0) := Σ(0) ∪Π.
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Function spaces

Goal: proposing a finite element (FE) space-time discretization for the variational problem.

Let us introduce the following Hilbert spaces

W = H(div,Ω) ∩H0(curl,Ω),

W 0 = {f ∈ W : ∇ · f = 0} ,

equipped with the norms

∥φ∥W =∥φ∥L2(Ω) +∥∇ ×φ∥L2(Ω) +∥∇ ·φ∥L2(Ω) ,

∥φ∥W 0
=∥∇ ×φ∥L2(Ω) .

In addition, we introduce the spaces

Z = H1(Π)/R,
L2
0(Ω) = L2(Ω)/R,

H1
0(div,Ω) =

{
φ ∈ H1

0(Ω) : ∇ ·φ = 0
}
.
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Motivation

The mixed variational formulation for A reads as: find A ∈ W and p ∈ L2(Ω) such that

(σ∂tA,φ)Θ(t) + µ−1
0 (∇×A,∇×φ)Ω + σΠ (∇ϕ,φ)Π

− σΣ
(
v × (∇×A),φ

)
Σ(t)

+ (p,∇ ·φ)Ω = 0 ∀φ ∈ W ,

(∇ ·A, q)Ω = 0 ∀q ∈ L2(Ω).

Let Vh be a FE subspace of L2(Ω). Since(
∇ ·Ah, qh

)
Ω
= 0, ∀qh ∈ Vh ≠⇒ ∇ ·Ah = 0 in L2(Ω),

in general, Ah /∈ W 0. The solvability of the discretized system is not guaranteed.

Therefore, this approach is impractical.
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Modified problem for A

Based on the vector identity

∆A = ∇(∇ ·A)−∇×∇×A,

we propose the following modified IBVP for the magnetic potential A

σ∂tA− µ−1
0 ∆A+ χΠσ∇ϕ− σv × (∇×A) = 0 in Ω× (0, T ),

∇ ·A = 0 in Ω× (0, T ),

A = 0 on ∂Ω× (0, T ),

[[(∇A)n]] = 0 on (∂Θ \ Γ)× (0, T ),

A(·, 0) = A0 in Θ(0).
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Mixed variational formulation

Find ϕ ∈ Z,A ∈ H1
0(Ω) and p ∈ L2

0(Ω) such that

σΠ (∇ϕ,∇ψ)Π + (j, ψ)Γ = 0,

(σ∂tA,φ)Θ(t) + µ−1
0 (∇A,∇φ)Ω + σΠ (∇ϕ,φ)Π

− σΣ
(
v × (∇×A),φ

)
Σ(t)

+ (p,∇ ·φ)Ω = 0,

(∇ ·A, q)Ω = 0.

for any ψ ∈ Z,φ ∈ H1
0(Ω) and any q ∈ L2

0(Ω).
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Well-posedness

Theorem (Well-posedness)

Let us assume

v ∈ C1(Ω× [0, T ]), j ∈ Lip([0, T ],H−1/2(Γ)),

A0 ∈ H1
0(div,Ω) ∩H2(Ω), ∆A0 = 0 on Ω \Θ0.

Then, the mixed variational system admits exactly one solution (ϕ,A, p) satisfying

ϕ ∈ Lip([0, T ],Z), A ∈ C([0, T ],H1
0(div,Ω)), p ∈ L2((0, T ),L2

0(Ω)).

Proof: Using Brezzi’s theorem combined with the Reynolds transport theorem

d

dt

∫
ω(t)

f dx =

∫
ω(t)

∂tf dx+

∫
∂ω(t)

fv · nds.

Van Chien Le Space-time discretization for the mixed formulation September 1, 2022 8 / 17



Space-time discretization

The time interval [0, T ] is partitioned into n equidistant subintervals with time step

τ =
T

n
.

Let Uh ⊂ Z,Vh
0 ⊂ H1

0(Ω) and Vh ⊂ L2
0(Ω) be FE spaces with projection operators

Qh ∈ L(Z,Uh), Ph ∈ L(H1
0(Ω),V

h
0), Ph ∈ L(L2

0(Ω),V
h).

According to Céa’s lemma, there exists a constant C > 0 such that∥∥∥ψ −Qh ψ
∥∥∥
Z
≤ C inf

ψh∈Uh

∥∥∥ψ − ψh
∥∥∥
Z
,∥∥∥q − Ph q

∥∥∥
L2(Ω)

≤ C inf
qh∈Vh

∥∥∥q − qh
∥∥∥
L2(Ω)

,∥∥∥φ−Phφ
∥∥∥
H1

0(Ω)
≤ C inf

φh∈Vh
0

∥∥∥φ−φh
∥∥∥
H1

0(Ω)
.
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Space-time discretization scheme

Let ϕhi ,A
h
i and phi be approximations of ϕ,A and p at time ti := iτ . Moreover, we introduce

δAh
i =

Ah
i −Ah

i−1

τ
, Ah

0 = PhA0, Σi = Σ(ti), Θi = Θ(ti).

Find ϕhi ∈ Uh,Ah
i ∈ Vh

0 and phi ∈ Vh such that

σΠ

(
∇ϕhi ,∇ψh

)
Π
+
(
ji, ψ

h
)
Γ
= 0,(

σiδA
h
i ,φ

h
)
Θi

+ µ−1
0

(
∇Ah

i ,∇φh
)
Ω
+ σΠ

(
∇ϕhi ,φh

)
Π

− σΣ

(
vi × (∇×Ah

i ),φ
h
)
Σi

+
(
phi ,∇ ·φh

)
Ω
= 0,(

∇ ·Ah
i , q

h
)
Ω
= 0

for any ψh ∈ Uh,φh ∈ Vh
0 , q

h ∈ Vh and for any i = 1, 2, . . . , n.
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Solvability of the discretized problem

Lemma (Solvability)

We assume that the discrete inf-sup condition is satisfied, i.e.

sup
φh∈Vh

0 , φ
h ̸=0

(
∇ ·φh, qh

)
Ω∥∥φh∥∥

H1
0(Ω)

≥ C
∥∥∥qh∥∥∥

L2(Ω)
∀qh ∈ Vh .

Then, for any i = 1, 2, . . . , n, there exists a solution (ϕhi ,A
h
i , p

h
i ) ∈ Uh×Vh

0 ×Vh to the
discretized variational problem. Moreover, there exists a constant C > 0 such that

max
1≤l≤n

∥∥∥∇δϕhl ∥∥∥2
L2(Π)

+ max
1≤l≤n

∥∥∥phl ∥∥∥2
L2(Ω)

+ max
1≤l≤n

∥∥∥δAh
l

∥∥∥2
L2(Θl)

+

n∑
i=1

∥∥∥∇δAh
i

∥∥∥2
L2(Ω)

τ +

n∑
i=1

∥∥∥δAh
i − δAh

i−1

∥∥∥2
L2(Θi−1)

≤ C.
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Rothe’s functions

t

un

0 t1 t2 t3 tn−2 tn−1 tn

un(t) = ui, t ∈ (ti−1, ti].

t

un

0 t1 t2 t3 tn−2 tn−1 tn

un(t) = ui−1 + (t− ti−1)δui.
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Discretized problem in the continuous sense

The following identities are valid for any ψh ∈ Uh,φh ∈ Vh
0 and qh ∈ Vh

σΠ

(
∇ϕhn,∇ψh

)
Π
+
(
jn, ψ

h
)
Γ
= 0,(

σn∂tA
h
n,φ

h
)
Σn

+ µ−1
0

(
∇A

h
n,∇φh

)
Ω
+ σΠ

(
∇ϕhn,φh

)
Π

− σΣ

(
vn × (∇×A

h
n),φ

h
)
Σn

+
(
phn,∇ ·φh

)
Ω
= 0,(

∇ ·Ah
n, q

h
)
Ω
= 0.
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Error estimates

Theorem (Error estimates)

The following relations hold true for any ξ ∈ [0, T ]

i.
∥∥∥∇ϕhn(ξ)−∇ϕ(ξ)

∥∥∥2
L2(Π)

≤ C

(
τ2 +

∥∥∥∇ϕ(ξ)−∇Qh ϕ(ξ)
∥∥∥2
L2(Π)

)
,

ii.

ξ∫
0

∥∥∥∂tAh
n(t)− ∂tA(t)

∥∥∥2
L2(Θ(t))

dt+
∥∥∥∇Ah

n(ξ)−∇A(ξ)
∥∥∥2
L2(Ω)

+

ξ∫
0

∥∥∥phn(t)− p(t)
∥∥∥2
L2(Ω)

dt

≤ C

(
τ +

∥∥∥∇A0 −∇PhA0

∥∥∥2
L2(Ω)

+
∥∥∥∇ϕ(ξ)−∇Qh ϕ(ξ)

∥∥∥2
L2(Π)

+

√√√√√ ξ∫
0

∥∥∥p(t)− Ph p(t)
∥∥∥2
L2(Ω)

dt+

ξ∫
0

∥∥∥∇∂tA(t)−∇Ph ∂tA(t)
∥∥∥2
L2(Ω)

dt

 .
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Some finite element pairs

(a) P2 − P0 elements (b) Taylor-Hood elements

(c) Mini elements (d) P2b − P1 elements
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Convergence rate for Taylor-Hood elements

Let
Uh = P1 ∩ Z, Vh

0 = (P2)
d ∩H1

0(Ω) and Vh = P1 ∩ L2
0(Ω).

In addition, we assume that

ϕ ∈ Lip([0, T ],Z) ∩ C([0, T ],H2(Π)), A ∈ C([0, T ],H1
0(div,Ω)) ∩ L2((0, T ),H2(Ω)).

Then, there exists a constant C > 0 such that∥∥∥∇ϕhn(ξ)−∇ϕ(ξ)
∥∥∥2
L2(Π)

≤ C(τ2 + h2),

ξ∫
0

∥∥∥∂tAh
n(t)− ∂tA(t)

∥∥∥2
L2(Θ(t))

dt+
∥∥∥∇Ah

n(ξ)−∇A(ξ)
∥∥∥2
L2(Ω)

≤ C(τ + h2).

The convergence rate: O(
√
τ + h).
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