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Electromagnetic contact problem

Let us consider the eddy current equations

V-B =0,
VXE:—atB,
VxH-=J,

with the constitutive relations
B =uH, J=0(E+vxB).
We acquire the following interface conditions

[[B-n]]:O,
[H x n] =0,
[(E+vxB)xn]=0.
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The jumping material coefficients

The material coefficients ¢ and p are defined by

ox(x,t) in X(t),
o(x,t) = on(x,t) in II,
0 in Q\O(t),

and
ps(@t) in (),
wlx,t) = < pn(zx, t) in II,

tair(x,t) in Q\ O().

At the interfaces of the different materials, o and p have jumps, i.e.

[o] 0, [u] # 0.
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A — ¢ formulation

Since V- B = 0, there exists a unique vector potential A € H'(2) of B such that
B=VxA, V-A=0, Axn=0 on 09.
Therefore, from V x E = —0; B, we get that
V x (E+8A)=0

or
E +0,A=—-Vo.

Thanks to J = o(E + v x B), the total current density J can be split into

J = Jsource + Jeddy7

where
Jsource = _UVQS, Jeddy = —O'atA + ov X (V X A)
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A — ¢ formulation (cont.)

The boundary value problem for the scalar potential ¢

V- (-=oVe¢)=0 in IIx (0,7),
—oVé-n=0 on (9II\T) x (0,7),
—oVe-n=j on I'x(0,7),
where
/j(s,t)ds:O.
r

From V x H = J and B = uH, we derive the initial-boundary value problem for
the vector potential A

00 A+ V x (p'V x A) + xnoVe

—ovx (VxA)=0 in Qx (0,7),
Axn=0 on 9 x (0,T),
A(x,0) = Ay in ©(0).
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Functional setting

Let us consider the following Hilbert spaces
z={yeH'I): (v, )n =0},

Woz{goeL?(Q):VX<peL2(Q),v-<p=0,¢xn=00n aQ},
with the equipped norms
191z =1Vl »
lellw, =V <@l q)-
We recall the well-known Reynolds transport theorem

%/fdm:/atfdil?'i‘ / fv-nds.

w(t) w(t) Ow(t)

GHENT
UNIVERSITY

V.C. Le (Ghent University) Electromagnetic problem with moving conductor EMF 2021 7/20



Weak formulation

The weak problem for ¢ reads as:

(c(®)Ve(t), Vo) + (3(1), ) =0 VipeZ.
For any ¢ € Wy, it holds that

(c(AA(R), @)y + (1T OV X A®), V <p>Q
T ((OV(E),0)y — (VD) X (T x A1), @)y = 0.
Using the Reynolds transport theorem, the variational formulation for A is defined
as: Find A(t) € Wy such that the following identity holds true for any ¢ € Wy

% (oA, ) gy — (T AR), @ (v - n)(1)) o

~ (1AW @)y + (1 OV x AWV x o)
+(e(OV6(1),0) — (o (v(0) x (VX A1), 0) o) =0,
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Uniqueness

Theorem

Let the material functions . € C* and o € C? on each component (in all
variables). Moreover, assume that Ay € L (9y), € Lip ([O, 7], H_1/2(F)>,
v € CHQ x [0,T]) and

0<o.<o<o" in 6; o=0 inair

and
0< o <p<p* in Q.

The variational system admits at most one solution (¢, A) satisfying
¢ €L?((0,7),2), A€ L?((0,T), Wo) and|va Az, € C([0,T)).
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Time discretization

We partition the time range [0, 7] into n € N equidistant subintervals with the
time step

T=—.
n

The time discretization scheme is defined as: Find ¢; € Z and A; € W such
that the following identities are valid for any ¥ € Z and ¢ € W,
(Uiv¢ia VTZJ)H + (.7’” w)l" = 07
é (UiAi7 90)@1 - (O-iAia (P(vl . n))a@i - ('YiAiy 90)(—)1
+ (Mflv X A,V X <P)Q + (0:Voi, @) — (0ivi x (V x Ai), ) =0,

i
where

((Uz‘Ai,SO)@i - (Uz'—lAi—lﬁP)@i,l) :
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Time discretization (cont.)

For any 7 < 1y and for any i = 1,2, ..., n, there exists a unique couple
(¢i, Ai) € Z xW solving the time discrete system.

Lemma

| \

There exist positive constants C' and 1q such that the following estimates hold
true for any T < ¢

(i)  max [[Vesl|taq < C,

1<i<n

.. 2 2 2
() max |tz e, + DIV X Aillia) 7+ DI Ai — Aicilae, ) < C.
- =il i=1
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Rothe's method

We introduce the following Rothe's functions and domain

9n(t) = (0i-1Ai—1,9)g, , +(t —ti-1) 6 (0iAi, @), »
with the initial data ¢,,(0) = ¢o, A,,(0) = Ao, gn(0) = (0040, g, -

The discrete problems can be rewritten in the continuous sense: for any @ € Z
and ¢ € Wy, it holds that

- (En(t)vn(t) % (V x An (1)), <p)7 = 0. 5
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Convergence on given data

There exists a constant C' > 0 such that the following relations hold true
e 7,0 = 50|,y <O
t§g§]||vn(t) - V(t)HH(div,Q) =Cm,
t§3§]llﬁn(t) — )| 20y < CVT,
t§3§]||7n(t) — Y )| L2y < CVT,
tg&}}]HEn(t) - U(t)HLz(Q) <OV,
tgﬁ)%]HVEn(t) - VJ(t)HL2(Q) < Cy7.

.
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Existence

Theorem

There exists a unique weak solution (¢, A) to the variational system satisfying
¢ € L*((0,T),Z) and A € L*((0,T), Wo) with ||/ A o, € C([0,T)).
Moreover, the following convergences hold true

(@) dp o in L*((0,7),2),
(i) A,—~A in L ((0,7), W),
gn = (0A,9)g in L'((0,7)).

GHENT
UNIVERSITY

V.C. Le (Ghent University) Electromagnetic problem with moving conductor EMF 2021 14 /20



Proof of the existence

Proof. The boundedness of {&n} and {Zn} implies the existence of
€ L2((0,T),Z) and A € L*((0,T), W) such that

b — 0 in L*((0,7),2),
A, — A in L?((0,7),Wy).

Thanks to the stability of A,,, the following strong convergence holds true

In — (Enzn,cp)6 =0 in  L'((0,7)).

n
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Proof of the existence (cont.)

Moreover, we can also deduce the following convergences in L' ((0,7))

(%Zm so)é — (YA, ¢,

n

'V x A,V x <p>Q — (/flV x A,V x @)Q,

(Jnvn,v (Zn . <p> . — (UV,V (A- <p))® ,
(Envn x (V x Zn),cp)i = (ov x (VX A),¢)g-

n

Therefore, we can pass to the limit and use the Reynolds transport theorem to
conclude that (¢, A) solves the variational system. o
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Proof of the existence (cont.)

Finally, the following relation can be obtained
[(0A,A)g (1) — (A, A)g (§)| SIn — &l + /;IIV x Allgeq) dt
which implies the continuity in time, i.e.
7171_{% (0 A, A)g (n) =(0A, A)g (€)

and thus HﬁA’|L2(Q) € C([0,T7).
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Conclusion

A mathematical model for an electromagnetic contact problem with moving
conductor is investigated.

A time discretization for solving the variational problem is introduced.

The convergence of the numerical scheme is shown.

The existence of a unique weak solution is present.
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Thank you for your attention!
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