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Abstract. In this paper, we define twisted Rarita-Schwinger operators RZ and explain how
these invariant differential operators can be used to determine polynomial null solutions of the
higher spin Dirac operators Qy, i,.



1 INTRODUCTION

Classical Clifford analysis is usually defined as a function theory generalizing complex anal-
ysis to the case of arbitrary dimension m € N, where the role of the Cauchy—Riemann operator
is played by an elliptic first order differential operator, see e.g. [4,[7,19,110]. One of these opera-
tors is the Dirac operator, being invariant with respect to the spin group. This operator is acting
on spinor-valued functions, see e.g. [1} 16, 8].

Clifford analysis also offers an elegant framework to study function theoretical problems not
only for the classical Dirac operator, but also for generalizations of it, acting on functions which
take their values in arbitrary half-integer irreducible spin-representations, higher spin Dirac op-
erators (HSD operators for short).

In a previous paper [11], we have already established their explicit definition. A special case
is the operator Q;, ;,, studied in depth in e.g. [2| 3], which acts on polynomials taking values
in irreducible Spin(m)-representations with highest weight (l1 + 3 2, 12 + 3 3 5 IR 2) We will
introduce an alternative method to determine the polynomial null solutions for these operators,
which can then be translated to the most general case.

The outline of this paper is as follows. In section 2, we will give some general Clifford
analysis background in order to define the higher spin Dirac operators Q;, ;, and the twisted
Rarita-Schwinger operators R;{. In section 3, we will then determine the structure of the poly-
nomial null solutions of Qy, ;,.

2 CLIFFORD ANALYSIS BACKGROUND

Let R,, be the Clifford algebra generated by an orthonormal basis (e, ..., ¢,,) for the m-
dimensional vector space R™ and let C,,, = R,,, ® C be its complexification. The multiplication
is governed by the relations

ee;+ee; = —20;, foralle,j=1,...,m

If m = 2n + 1 is odd, we denote the unique spinor space, which can be realized as a minimal
left ideal inside C,,, by S. In case m = 2n, we have S = ST @& S~ with S* the space of posi-
tive (resp. negative) spinors. Unless explicitly stated otherwise, we will disregard the parity of
the spinors in even dimension, and we will speak, with a slight abuse of language, about ‘the’
spinor space.

€;0x,

The Dirac operator, acting on S-valued polynomials f(z), is defined as 0, = > 7" ¢;

For odd dimensions, the vector space S defines the basic half-integer representation for the
spin group Spin(m), described by the highest weight (3,1, ,3). In even dimensions, the
spinor space S is reducible, with the spaces S* both irreducible representations of Spin(m) with
highest weights (3, 3,--- ,3)and (5,3, , 3, —3). Itis crucial to mention that in the language
of Clifford analysis, other 1rredu01ble half-integer Spin(m)-representations can be characterized
as spaces of polynomials, see e.g. [S]. This is done using several vector variables v, € R™. In
particular, these irreducible modules will be modelled in terms of the following spaces, where

we will denote the Dirac operators 9, by 9.



These spaces will be characterized as particular classes of polynomials, which are introduced
in the following definitions.

Definition 1. A function f : R* — S : (uy,...,u,) = f(uy,...,u,) is called simplicial
monogenic if it satisfies the system
o, f = 0, foralli=1,... k
(uj, 0;)f = 0, forall1 <i<j<k
The vector space of S-valued simplicial monogenic polynomials which are /;-homogene-
ous in u; will be denoted by &;,, . ;,, where we assume that [; > --- > [, (dominant weight

condition). The following definition involves weaker conditions on the S-valued functions, but
will nevertheless be crucial in what follows.

Definition 2. A function f : R¥™ — S : (uy,...,u) — f(uy,...,u,) is called monogenic if it
satisfies 0,f =0, forall 1 <i < k.

The vector space of S-valued monogenic polynomials which are /;-homogeneous in u; will
be denoted by M;, ;. again with [y > --- > [;. Each of these polynomial vector spaces
can be seen as a module for the spin group, under the regular representation (or so-called L-
representation) given by

L(s)P(xy,...,x;) := sP(5x;s,...,52,8), s € Spin(m)

In e.g. [S], it was proven that under this action, the Spin(m)-modules Sy, ... ;, define a model for
the irreducible highest weight representation characterized by means of

1 11 1
Sll,"',lk - <l1+§7 7lk+§7§7"' 75) = (lla"' 7lk>/'

Note that when m = 2n, one should also add a parity index to the spaces of simplicial mono-
genics, according to the one for spinors.

On functions taking values in the space S, one can define operators playing the role of 0,
for S-valued functions. These operators are precisely the HSD operators. These are first order
Spin(m)-invariant differential operators Q,, where A = ({1, ..., l)), which are uniquely defined
up to a multiplicative constant:

The existence and uniqueness of these invariant differential operators follows from Fegan’s
result [[7]]; their explicit form was determined in [[11] as

k
%= (H (“m)) 2

Let us now define the twisted Rarita-Schwinger operator as follows:
Definition 3.
R, =1@ Ry, : C¥(R"™, My, ® Hy,) = CZ(R™, M, @ Hy,), (M

where H,, is the space of harmonic polynomials in w;, homogeneous of degree [;.
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Remark 1. We call this operator twisted, as it is acting on spaces with the "wrong’ values.
In [11] the following result has been proven.

Proposition 1. For each [ € C*(R™,S,, 1,), it holds that

le;f - Qll,lzf +7Tl1[g2]<Q27Q:c>f 2)

where m;,[uy] is an embedding operator, mapping S, 1,—1-valued polynomials to H;, ® S, -
valued ones.

We will use this last result to determine the polynomial null solutions of the operator Q;, ;, in
the next section.

3 POLYNOMIAL SOLUTIONS IN THE CASE OF ORDER TWO

In view of the fact that §;, ;, C M;, ® H,,, the following holds:

C> (Rma Sl1,lg) _Rlz;> COO<Rm7 HZZ ® Mll)

C>® (Rm, 811712) —Qiy 1> COO(Rm7 SllJz)

\QQ ’Qx g

COO(Rmv Sh,lz—l)

We may then define two types of solutions. The type I solutions will be the solutions both in the
kernel of lei and (0,, 0,). The type II solutions are the remaining polynomial null solutions of

Zx

Q1. .1, Which aren’t of type L.
Lemma 1. Forany f € C*(R™, S, 1,) with R'f;f = 0, one has that (0,,0,)f = 0.

Proof. Suppose f € C*®(R™ S, ,) and R{ f = 0. As (u;,0,)f = 0, one also has that
9,R] f = 0. In view of the fact that

0,RIf = (—2 - (0, 0.)f

where the constant is always different from 0, this proves the lemma. [

From this lemma, it follows that the type I solutions of Q;, ;, may be recharacterized as follows:
feC®R™ S8,,,)is of type Iif f € R].

Next, it is our goal to reveal more of the structure of the set of these type I solutions. There-
fore, we need the following two lemmata. From now on, we will denote the degree of homo-
geneity in the variable z by h. From now on, when acting on the function space C*(R™, S}, ;,),
we will use the notation [s, , .

Lemma 2. For each f belonging to ker R] |s,, , , one has that (9,,0,) f belongs toker R, _,|s, ., .



Proof. Suppose that f € ker Rf |s, , . We can verify that (0,,0,)f € C*(R™, S}, 11,):

91001, 0,)f = 25(01,0,)f =

since both sets of operators commute, and

<Q1,a ><al7ax>f <8278m>f =0

due to Lemma I] We then get that

lei 1<alaax>f = (1 _l - > 17 a:

m+ 20, — 2 uy 04
= (0,,0 1+ —10,f=0
<1’_x>m+211 4( +m+211—4 o
which proves the lemma. 0

Lemma 3. For each f belonging to kery, RZ | Si,.1,» ONe has that

(0,,0,)1 =+ f =0

1) Zx

Proof. Suppose that f € ker, R |s,, . - Lemmatells us that (0,,0,)f € kerp 1 R _1]s,, 1, -
Recalling that [; > [5, we thus get

<Q1>Qm>l1_lzf € ker R£|$l2,l2
Since (9y,9,)(0;,0,)" 2 f = 0 in view of Lemma 1} we also have that

0 = (uy,9;)(05,9,)(0s, x)ll l2f = (—(01,9;) + (92, 90,)(uy,01)){9s, ;p>l1 l2f
= <al>ax>ll_l2+1f

which proves the lemma. [

From Lemma 2] we get that

kery, RZ!SMQ D (kerh RZ N ker,(0;,0 >) ‘Sll’l (0,,0,) ' ker_4 RZ

1Y%z 1> Yz |51171,12

where we use the notation (9,,9,)~" for the (not necessarily surjective) inverse operator of
(01,9,). Note that

kery, Qlj; N ker<Q17Q:c>|Sll,12 = {f S COO(Rm7Sll7l2) : Qxf = O} = Mh,lhlz n ker<ﬂlaQ2>
We will denote the latter space by M;, ; ;. Using Lemma@ inductively, we get that
li—lo

S
kery R, 2 @ 91, 9,) h—jh il

where the sum stops at /; — l», because of Lemma 3]

Finally, we have that



Lemma 4. For each f € C*(R™, S, 1,), one has:

f € ker Qh,lQ = <Q27Qx>f € ker Qll,lzfl
Proof. Suppose f € C*(R™, S, ,,) and f € ker Q;, ;,. Then, direct calculations yield that

Qll,lzfl <Q27 Qx)-f = m

<Q27 Qx> Qll,l2f

which proves the lemma. ]

Lemma 5. Suppose f € C*°(R™, S}, 1,) and f € ker Q,, ;,. One then has that
f S k6T<Q27Qx>j+l\ker<Q27Qx>j = <Q17Qz>l1_l2+1<Q27Qx>jf =0
Proof. Define the twistor operator 7;12”2 as follows:

<H27Q1><Q27Q3&>

11—1,1
LR =1(0,,0
T <—17_:E> + ll —l2+2

l1,l2

It has been shown in e.g. [3] that 7?,[;”2 : C*(R™, 8y,1,) = C¥(R™,S),-14,). We thus get,
for each f € C*(R™, S, 1,) Nker Q,, 4,, that

Io,l 112,00 411 —1,1
EIJQf = 7;24-12,l2 e l11—17l227;11,12 2f € COO(Rm7 Sl2712)

2

Therefore, we have that
<227al>7}1,12f20 (3)

It can be shown by means of direct calculations that for all g € C>°(R™, Smb),

(09, 03T g = T4 710,,0,)9

a,

where ¢ = =222 Since (9, ,)" "' f = 0, we then have that

(02, 0,0) T o f = C Ty {0, 00) f = € (04,0,)" 72(05,0,)" f (4)

1) Zx

where the constant C' is not further explicited. On the other hand, we have that
(0,0,)" T, 1, f =0
whence also (u,, 9,)(0y, 0, ) T}, 1, f = 0. Now,
<227Q1><Q27Qx>j+1Tll,lzf = (=0 + 1)(01,0,)(02,0,.)" + <Q2an>j+1<QzaQ1>)7}1,lzf
Due to (3)) and (@), we thus have that
<Q17Qx>h_l2+1<Q2an>jf =0

which completes the proof. 0



We define the following grading on ker;, Q;, ;,. If we set

ker‘,’; Qllh = kerh(Qll,lzv <Q2’Qm>a)\ kerh(gll,lw <Q27Q:p>a_l)

we get that

l2
_ j
kery, Q1 = EP ker], Qi
§=0

On account of Lemma|[5] we then obtain, omitting the embedding factors,

li—=la 1o

S
kerp, Qp, 1, 2 @ @ Mh—i—j,ll—i,lg—j

i=0 j=0

Dimensional analysis done in [3]] then reveals that the above inclusion in fact is an equality.
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