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Problem formulation. Although the reproducing kernels were introduced at the beginning of the 19th century, a huge breakthrough has been done by Aronszajn who systematically organized the theory of reproducing kernels in his paper [1] in the early 1950s.
Since then, the theory of reproducing kernels evolved, finding applications in many disciplines. More recently, theory of reproducing kernels gained huge popularity in Machine
Learning in the context of Support Vector Machines [2,11]. This powerful tool allows one
to treat a wide class of different nonlinearities in a unifying way. In particular, the idea is
in obtaining the feature map that allows us to solve an equivalent linear task in a space
different than the one where the original measurements lie (Figure 1).
In linear algebra, a frame theory exists already for a very long time, but was brought
to a broader audience by Daubechies, Grossmann and Meyer in their seminal paper [4]
in 1986. Frames represent generalization of orthonormal basis. The linear independence
property for a basis, which allows every vector to be uniquely represented as a linear
combination, is very restrictive for practical problems. A frame on the other hand allows
each element in the space to be written as a linear combination of the elements in the
frame, but linear independence between the frame elements is not required. This means
that there exists more than one representation of a given signal and this fact becomes
important in signal and image processing, coding theory, sampling theory etc. In the last
decade the frame theory found a huge application in image processing, although under
the name of dictionary learning.
On one hand we have reproducing kernel theory and on the other hand frame theory,
each spectacular in its own way. As shown in [3, 7, 8] the two can be combined. A recent
trend in signal processing and machine learning attempts to build an improved version of
reproducing kernels by introducing the frame theory techniques into kernel construction.
More precisely, it has been shown that there exist methods for building a reproducing
kernel Hilbert space (RKHS) from a Hilbert space with frame elements having special
properties [8]. The potentials of the frame-based kernels are yet to be explored, starting
from the first encouraging results on toy and real-world problems.
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Figure 1. Mapping a nonlinear to a linear task

Goal of the thesis. The first goal of this thesis is to study and understand well the construction of both the reproducing kernel Hilbert spaces and the frame/dictionary learning
techniques [5, 6, 9, 11]. A recent application of frame based reproducing kernels showed
compelling results in efficiency over the classical kernel based theory [8, 10]. Starting
from the already existing literature and developed algorithms [7–10], the main goal of
the thesis is to further investigate the potential of frame-based kernel techniques. This
thesis should combine most popular and emerging machine learning algorithms with the
solid mathematical theory of frames and functional analysis in order to build a sound
theoretical framework with concrete practical applications. Practical applications should
be demonstrated for the concrete image processing problems instead of just artificially
and toy made examples. Those will be chosen in the agreement with the student.
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