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‘We present systems of parabosons and parafermions in the context of Lie algebras, Lie
superalgebras, Zg X Z2-graded Lie algebras and Zg X Za-graded Lie superalgebras. For
certain relevant Zg X Za-graded Lie algebras and Zsa X Za-graded Lie superalgebras, some
structure theory in terms of roots and root vectors is developed. The short root vectors
of these algebras are identified with parastatistics operators. For the Zg X Zo-graded
Lie algebra s04(2n + 1), a system consisting of two ensembles of parafermions satisfying
relative paraboson relations are introduced. For the Zg X Za-graded Lie superalgebra
0sp(1,0]2n1, 2n2), a system consisting of two ensembles of parabosons satisfying relative
parafermion relations are introduced.
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1. Introduction

Quantum physics, and in particular quantum statistics, is governed by commutators
[, y] and anticommutators {z,y} between operators x and y. Hence there is a nat-
ural relation with Lie algebras and Lie superalgebras. Given an associative algebra,
the bracket [z,y] = zy — yz turns it into a Lie algebra. And for a given Zs-graded
associative algebra, the bracket [z,y] = zy — (—1)$"yx (where ¢ is the degree of =
and 7 the degree of y) turns it into a Lie superalgebra. So why is it meaningful to
go beyond the familiar structures of Lie algebras and Lie superalgebras, and turn to
Zo X Zo-graded structures? One of the reasons comes from the Jacobi identity. For
a Lie algebra, this reads [z, [y, z]] + [y, [2, z]] + [2, [z, y]] = 0. If the Lie algebra stems
from an associative algebra, these nested brackets correspond to 12 terms, cancel-
ing each other two by two. This trivial identity for the 12 terms can be rewritten
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in various ways. One way is, for example, [z, {y,z}] + {v, [z, 2]} — {z [z, y]} = 0.
Clearly, this corresponds to the Jacobi identity for a Lie superalgebra, where y and
z are odd elements, and z is an even element. There are many other ways to rewrite
the 12 terms as nested (anti-)commutators, and most of them correspond to the
Jacobi identity for a Lie superalgebra. But there are also other forms, for example
[z, [y, 2]] + {y, {2z, 2}} — {2,{z,y}} = 0. This form does not appear as the Jacobi
identity for a Lie algebra or a Lie superalgebra; it can appear only as the Jacobi
identity for Zo x Zso-graded Lie algebras or Zs X Zo-graded Lie superalgebras.

Hence it is not surprising that Zs x Zs-graded Lie algebras or superalgebras, de-
veloped already in the 1970’s [1-3], made their appearance in mathematical physics.
In recent years, this started with the symmetries of Lévy—Leblond equations [4, 5].
The Z9 x Zs-graded structures also appeared in graded classical mechanics [6] and in
graded quantum mechanics [7-10]. Graded superspace was investigated in [11-14],
and graded bosonization in [15]. Some recent work focused more on the algebraic
structure or on representation theory [16-27].

Our interest in Zy x Zg-graded Lie algebras or superalgebras stems from its
relation with parastatistics. This was already recognized in [28-30], and further
developed in [31-33]. In the current paper we will recall the definition of parabosons
and parafermions, and how a mixed system leads to an orthosymplectic Zo X Zo-
graded Lie superalgebra. In view of this, we investigated some classes of classical
Zo X Zo-graded Lie algebras [34,35] and Lie superalgebras [36]. We will briefly recall
some of the results of these papers here, but focus more on certain examples and the
underlying algebraic structure. Moreover, our examples will provide new systems
of mixed parabosons and/or parafermions with an underlying Zs x Zo-graded Lie
algebra or superalgebra.

Note that another approach to parastatistics, also in the context of Zo X Zo-
graded Lie (super)algebras, has been quite successful in particular in investigating
its physical consequences [37,38]. There, the construction of multi-particle states of
Zs x Zo-graded paraparticles uses the braided tensor product of Hopf algebras [39,
40]. This alternative approach to Zy x Zs-graded parastatistics offers an interesting
framework for investigating experimentally the existence of such paraparticles.

2. Bosons, fermions, parabosons and parafermions

Bosons or Bose creation and annihilation operators B (where i runs over an in-
dex set) satisfy the so-called Bose-Einstein statistics, governed by the commutator
relations [B;, Bj'] = 0;5, and all other commutators are zero. Fermions or Fermi
creation and annihilation operators FijE satisfy the so-called Fermi-Dirac statis-
tics, governed by the anti-commutator relations {Fi_,FjJr} = ¢;5, and all other
anti-commutators are zero. It has been known for a long time that quantum the-
ory allows for the existence of infinitely many families of paraparticles, obeying
mixed-symmetry statistics. Among the most interesting structures in generalized
quantum statistics are parabosons and parafermions, introduced by Green [41].
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Contrary to bosons and fermions, where the defining relations are simply commu-
tators or anti-commutators, the defining relations for parabosons and parafermions
are triple relations as nested (anti-)commutators. A system of paraboson creation
and annihilation operators bj-[ (j =1,...,n) is defined by the following relations:

[{bﬁ’ bz}v ble] = (6 - n)éklb§ + (6 - f)éﬂbz (1)

In the right hand side of this equation, &, n and e should be treated as £1 (corre-
sponding to +). Whereas a system of bosons has only one Fock space (characterized
by a vacuum vector |0) and B; |0) = 0), the system of parabosons has an infinite
number of Fock spaces V(p), each determined by a positive integer p. This Fock
space is not only characterized by the relations b; |0) = 0, but also by [42]

{05, 5 H0) = p & 0). (2)

In a similar way, a system of parafermion creation and annihilation operators
fji (j =1,...,m) is defined by the following relations:

7S, £ 551 = le — mldwa fS — le — €167 ®)

There are again an infinity number of Fock spaces W (p), where p is a positive
integer, characterized by f;|0) = 0 and

[f5 5 i 110) = pdjx [0). (4)

In both cases, p is referred to as the order of parastatistics. For p = 1, the relations
for parabosons (resp. parafermions) in the Fock space V(1) (resp. W (1)) reduce to
the relations for ordinary bosons (resp. fermions).

The algebraic structure underlying parafermions was soon discovered in [43,44].
It was shown that the Lie algebra generated by 2m elements fji subject to the
parafermion triple relations is the orthogonal Lie algebra so(2m—+1). The generators
fji correspond to the short (positive and negative) root vectors of s0(2m +1). The
Fock space W (p) is the unitary irreducible representation of so(2m + 1) with lowest
weight (=5, —%,..., —%) and highest weight (£,%,...,%).

Many years later it was discovered that the algebraic structure underlying para-
bosons is a Lie superalgebra [45] rather than a Lie algebra. The Lie superalgebra
generated by 2n odd elements b?[ subject to the paraboson triple relations is the
orthosymplectic Lie superalgebra osp(1]2n). In this case, the generators bj[ corre-
spond to the odd (positive and negative) root vectors of osp(1]2n). The Fock space
V(p) is the unitary irreducible infinite-dimensional representation of 0sp(1]|2n) with
lowest weight (§,5,...,5).

Already in the early days of parastatistics, simultaneous systems consisting of
m parafermions and n parabosons were studied [42]. Apart from trivial ways of
combining these, it was discovered that there are two non-trivial ways of combining

parafermions and parabosons by means of relative triple relations [42]. The first of
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these are called the relative parafermion relations, and are determined by:

[[ff)fl?])bﬂ :0’ [{bg’bz}afle] :07
055000, 1) = —le = €logby, A5, B0} = (e = mbuf. ()

The algebra generated by 2m even elements fjjE and 2n odd elements b;t subject
to the set of relations (1), (3) and (5) was discovered to be the Lie superalgebra
osp(2m + 1|2n) [46].

The second of the possible relative relations, the so-called relative paraboson
relations, are given by

(L5, f2 651 =0,  [{85. 50} ] =0,
L5 000 £ = le = €loubil, 15613, 0] = (e = ) f5. (6)

In this case, the algebra generated by the 2m elements fji and the 2n elements
bji subject to the set of relations (1), (3) and (6) is not a Lie algebra nor a Lie
superalgebra. It turns out to be a Zs x Zs-graded Lie superalgebra denoted by
osp(1,2m|2n,0) in [30], or by pso(2m + 1|2n) in [31].

The appearance of a “classical” Zs X Zo-graded Lie superalgebra in this paras-
tatistics system, for which also Fock representations were studied [31], led us to the
investigation of classical Zy X Zg-graded Lie algebras and superalgebras. In [34,35],
four classes of Zy x Zo-graded Lie algebras were constructed. We shall not repeat
this construction here, but focus on two classes in Section 3. In particular, we de-
velop some new structure theory for the orthogonal Zs x Zs-graded Lie algebra
$04(2n + 1). The case of s04(2n + 1) is of particular interest, since it will be re-
lated to a mixed system of two ensembles of parafermions with relative paraboson
relations.

In Section 4 we reconsider the orthosymplectic Zs X Zs-graded Lie superalge-
bra osp(2my + 1,2ms|2n4, 2n3), defined for the first time in [36]. We also develop
some structure theory for this algebra. A special case of this Zs X Zs-graded Lie
superalgebra will be related to a mixed system of two ensembles of parabosons with
relative parafermion relations.

3. Za X Zg-graded Lie algebras
3.1. Definition

The definition of Zg x Zsy-graded Lie algebras goes back to [1,2]. As a linear space,
the Zy x Zso-graded Lie algebra g is a direct sum of four subspaces:

g= @ga = 8(0,0) D 8(0,1) D 8(1,0) D 8(1,1) (7)
a

where a = (a1, a2) is an element of Zy X Zs. Elements of g, are denoted by 4, ya, - - -
and a is called the degree, deg x4, of 4. Such elements are homogeneous elements.
Then g is a Zy X Zo-graded Lie algebra if it admits a bilinear operation [-, -] which
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satisfies the grading, symmetry and Jacobi identities:

[[xlhyb]] € Ga+b; (8)
[a,y6] = —(=1)**[yp, za], 9)
[za: [Yo, 2el] = [[za Yol ze] + (=1)*°[ys, [Za, 2]l (10)
where
a+b:(a1+b1,a2+b2)€Z2xZQ, a-b=aiby — asb;. (11)

By (9), the bracket corresponds to a commutator or anti-commutator for homoge-
neous elements.

Note that in general a Zs X Zo-graded Lie algebra is not a Lie algebra nor a Lie
superalgebra, but clearly g(,0) is a Lie subalgebra, and g(9,1), 8(1,0) and g(1,1) are
8(0,0)-modules. Furthermore, [ga,8a] C 8(0,0) for @ € Zy x Zs, and {ga, g6} C ge if
a, b and ¢ are mutually distinct elements of {(1,0), (0,1),(1,1)}.

Any associative Zo X Zo-graded algebra can easily be turned into a Zs X Zo-
graded Lie algebra. Indeed, let g be an associative Zo x Zs-graded algebra, with a
product denoted by x - y:

Ja " 9b C Ga+b- (12)
Then (g, [-,]) is a Za x Zs-graded Lie algebra by the bracket

[Za,ub] = Za - b — (—1)*Pyp - 24, (13)

with a - b = (llbg — agbl.

3.2. g[p’q’,,.’s(’n) and 5[p,q,r,s(n)

General and special linear Zo X Zo-graded Lie algebras were already constructed
in [1,2]. Let V be a Zy x Zy-graded linear space of dimension n: V' = Vg 0y ®V{0,1) @
Vi1,00®V(1,1), with subspaces of dimension p, ¢, 7 and s respectively (p+g+r+s = n).
End(V) is then a Zy x Zs-graded associative algebra, and turned into a Zs X Zs-
graded Lie algebra by the bracket (13). This algebra is denoted by gl, , . (n). Its
elements are of the following matrix form:

D q r s
a(0,0) @(0,1) @(1,0) (1,1)
bo,1) b0,0) b(1,1) b(1,0)
€(1,0) €(1,1) €(0,0) €(0,1)
d1,1y de1,0y do,1) 4(0,0)

(14)

n I Q3

)
)
)
)

The indices of the matrix blocks refer to the Zy x Zs-grading. The borders of the
matrix keep track of the size of the blocks. The order of the blocks labeled by (g, r, )
can be simultaneously permuted in rows and columns, giving rise to an equivalent
form of gl, , . ;(n). Note that the defining matrices of gl, , . ((n) are the same as
the defining matrices of gl(n), but the brackets are different.
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One can check that tr[A, B] = 0 (tr stands for the ordinary trace), hence g =
slp.q,rs(n) is the subalgebra of traceless elements of gl, . (n), and it is also a
Zo X Zo-graded Lie algebra.

3.3. Subalgebras of sl g.r.s(n)

For an element A € sl, ., s(n) C End(V) with deg(A) = a, one can define the
conjugate (or dual) A* € End(V*) by the following requirement:

(A*yp, x) = (—1)‘1‘l’<yb,A;v>7 Ve eV, Yy, e V. (15)

Herein (-, -) is natural pairing of V' and V*. In matrix form, this leads to the Zy x Zo-
graded transpose AT of A:

at bt ct dt
@(0,0) 4(0,1) @(1,0) G(1,1) (;),0) (to,l) <1t,0) (1£1)
A — | b boo) bay bao AT = | @0 Poo) —Can dao | g
- ’ - t —pt ct —dt ’
€(1,0) €(1,1) €(0,0) €(0,1) %100 791,10 0,0 (0,1)
d(1,1) d1,0) d(0,1) d(0,0) ali 1y =bloy —¢l1y b0

where a' is the ordinary transpose of a. The following property is easy to check by
means of a case by case examination of the degrees:

(AB)T = (-1)2®BT AT, (17)

where a = deg A and b = deg B.
For ordinary Lie algebras, one can define so(n) as the subalgebra consisting of
matrices X € sl(n) with X* + X = 0. In the current situation, one defines

g =50p4.s(n) ={AEsl,,,sn)| AT+ A=0}. (18)
If A, B € g are homogeneous elements, then
[A4,B]T = (AB — (-1)*®BA)T
= (-1)*PBTAT — ATBT = (-1)*?BA - AB = —[A, B]. (19)
Hence s0,, - s(n) is indeed a subalgebra of sl, ;. s(n), and a Zs X Za-graded Lie

algebra. The matrices so0, 4. s(n) are of the following form:

p q T S
@(0,0) @(0,1) @(1,0) &(1,1)

—a 1y bo,0) ba,1) bio)
*a(tLo) b(t1,1) €(0,0) €(0,1)

_a(tm) b(t1,o) 0(5,1) d0,0)

(20)

w I QR

where a(g,0), b(0,0), ¢(0,0) and d(g,9) are antisymmetric matrices.

However, it will be useful to introduce a different orthogonal subalgebra of
sl q.r.s(n). The reason is the following: in the matrix definition of the Lie algebra
so(n) as the set of anti-symmetric matrices X (with X* + X = 0), the Cartan
subalgebra does not consist of diagonal matrices. For Lie algebras, this is no problem
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and for many purposes one can continue to work in this matrix form. For the Zo X Zo-
graded Lie algebra so, , - s(n), this gives rise to complications. To illustrate this,
consider g = 501 1,2,2(6). The analog of the Cartan subalgebra basis of s0(6) would
now counsist of the following elements of 601 1 22(6): h1 = e14—e41, ho = ea5+es52
and hs = e3¢ + €6,3, where as usual e;; is the matrix of the relevant size with zeros
everywhere except a 1 on the intersection of row ¢ and column j. Although in this
example [h;, h;] =0 for 4,5 € {1,2,3}, note that

h1 € 9(1,0), ha € 9(1,0)s h3 € g(0,1) (21)

hence the bracket between h; and hg (or hy and hs) is an anti-commutator:
[h1,h2] = 0, {h1,hs} = 0, {ha,hs} = 0. Clearly, for the development of further
structure theory, this is not desirable, and one would prefer to have a Cartan sub-
algebra basis consisting of commuting elements.

For this reason, it will be advantageous to introduce a different matrix form of
orthogonal Zy x Zo-graded Lie algebras, as has been done in [34,35]. Recall that for
classical Lie algebras of type B, C and D, such matrix forms in which the Cartan
subalgebra consists of diagonal matrices is well known. For type B, i.e. the Lie
algebra so(2n + 1), this matrix form is given by

n n 1

a b c\n

d —ateln (22)
—et —ct0/1

where the size of the block matrices is again determined by the borders, and b and d
are anti-symmetric matrices. The Zy X Zo-graded analog of this has been constructed
in [34,35]: the Zy x Zs-graded Lie algebra g = so,(2n + 1), with 1 < ¢ <n —1,
consists of all matrices of the following block form:

¢ mn—-q g n—q 1
a0 a1 1 boo  ba1 o)) ¢

|
(0,0) 1€(1,0) |n —gq

[

Q
8
=
2
=
Q
8
S
o
2
o
==
=
=
foaki
(=}
[}

dio,0) da) ‘—a(%,m ad ) con | @

dé;) d@ﬁ)‘aég) _d&pw600)71—q
,,,,,,,, P b 00 TR

t_t‘_t _t‘o 1
s sU), s

where b o), B(o,o), d(o,0y and (1(0,0) are anti-symmetric matrices. There exist some
other matrix forms for g = so04(2n + 1), see [34]. Contrary to the gl-case, the
defining matrices for so4(2n + 1) and so(2n + 1) are not the same. In (23), the
four blocks a(‘il), d(tm), b(tl,l) and d(tM) would appear with opposite signs in the



January 14, 2025 11:42 WSPC/INSTRUCTION FILE
anderjeugt-group35-2

8 N.I. Stoilova and J. Van der Jeugt

defining matrices of s0(2n + 1). Note that
dim g0y = 2n% —n —4q(n — q)?
dimg,1) = 2¢, dimgq,) =2(n—q)
dimg(l,l) =4q(n — q),

hence the dimension of s0,(2n + 1) is the same as that of s0(2n + 1).
The elements of g = s0,4(2n + 1) can also be characterized in a different way: g
consists of all matrices A of §lz4.1,0.2n—24(2n + 1) that satisfy

ATK + KA=0 (24)

where

OO\I 0\0 q
0

K=|T 00 0'0]| ¢ (25)
0

000 01) 1

and I is the identity matrix of appropriate size. Note that K7 = K and K~ = K*.
It is easy to show that if A and B satisfy (24), then also [A, B] satisfies (24), thus
confirming the alternative characterization of so,(2n + 1).

The advantage of this matrix form (23) is that the definition of a Cartan
subalgebra is straightforward, as it consists of the set of diagonal matrices. For
g = 504(2n + 1), a basis for the Cartan subalgebra b is given by

hi =€ — entinti i1=1,...,n. (26)

Now b C g(0,0), i-e. the Cartan subalgebra is just the Cartan subalgebra of the Lie
algebra g(,0), which makes further structure theory feasible. In terms of the dual
basis €; (j = 1,...,n) of h* the roots and corresponding root vectorss of so,(2n+1)
are given by:

root, deg root vector

€j (0,1) €j.2n+1 — €2n+1,j+n J=1,...,¢

€5 (170) €j.2n+1 — €2n41,5+4n ] =q + ].7 o5

€ (0,1) €n+j,2n+1 — €2n+1,5 i=1...,q

—€j (1,0)  entjont1 —€amg1; J=q+1,....n

e —e (0,0)  ejr — €rtnjtn jEk=1,....qorj#*k=q+1,...,n

e —e  (1,1)  ejr+ €erinjtn j=1,...,¢; k=q+1,...,no0r
j=q+1,...,n k=1,...,q

ej+e (0,0)  €rtn — €hjin j<k=1,...,qorj<k=q+1,....n

e+e  (1,1)  €jpin+e€hjin j=1,...,q¢; k=q+1,...,n

—€; — € (0,0)  €jink — €hin, j<k=1,...,qorj<k=q+1,...,n

—€;—er (1,1)  €jink + €htn, j=1,...,¢; k=q+1,...,n
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The positive roots are given by
AT ={e; (j=1,....,n)¢; —er, 6 +exr (1< j<k<n)} (28)
but note that there are four different types of roots, according to the Zs x Zo degree:
AEBJ) ={e (G=1....,9)}
Al =1 G=a+1....,n)}
A?E)’O) ={¢j—en,e5+e, (J<k=1,...,qorj<k=gq+1,...,n)}
Al ={g—emegta (=1, ak=qg+1,...,n)}
A set of simple roots (with their degrees) is given by
€1 —€2 ... €1 — €g €q — €q1 Eq+1 — €q+2 - - En—1 — €n €p (29)
(0,0) ... (0,0) (1,1) (0,0) ... (0,0) (1,0)

In other words, for the Zs x Zs-graded Lie algebra so,(2n + 1) we have the same
root space decomposition as for the Lie algebra so(2n+1), the main difference being
the degree of the roots, and the fact that both commutators and anti-commutators
appear among the brackets between root vectors.

In this contribution, we have concentrated on the Zs X Zs-graded Lie algebra of
type B. Appropriate matrix forms for Zs x Zs-graded Lie algebra of type C' and D
(analogs of the Lie algebras sp(2n) and so(2n)) have been given in [34,35] and also
allow a similar structure analysis.

3.4. Za X Za-graded parafermions

Just as for so(2n+1), one can generate g = s0,(2n+1) by means of the root vectors
corresponding to the short roots. Let us consider (the factor V2 is for convenience,
to make the identification with ordinary parafermions):

fi =V2ejoni = eonrmss),  fif = V2ezni1y — ensionrr)  (k=1,....n)
(30)

In terms of these generators, the relevant subspaces of g are given by:

g0.1) =span{fi, k=1,....q}

9(1.0) =span{fi, k=q+1,...,n}

9(0.0) = span{[f5, f'], &m =+, k,l=1,...,qand k,l =q+1,...,n}

g(l’l) :Span{{flf’fln}’ 5’77: :I:’ k= 1;"'3Q7 l:quLn}
Thus we are dealing with two ensembles of parafermions, those of degree (0, 1) and

those of degree (1,0). Within one of these ensembles, the common parafermion
relations (3) are valid:

(L5, £ J1 = le =l f5 — le — Eldu
either j,k,l=1,...,qorelse j,k,l=q+1,...,n. (31)
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But the “relative commutation relations” between the two ensembles of
parafermions are of the following type:

{5 £ 15} = le = mldwff + le = €l0n £y,
either j=1,...,q, k=q+1,...,norelse j=q+1,....,n, k=1,....q;
l=1,...,n. (32)

The situation is similar to the one described in Section 2, where a simultaneous
system of parabosons and parafermions exists with so-called relative paraboson
relations, for which the underlying algebraic structure is a Zs X Zs-graded Lie
superalgebra. Here, we are dealing with a simultaneous system of two ensembles
of parafermions with “relative paraboson relations” (32), for which the underlying
algebraic structure is the Zy x Zy-graded Lie algebra so4(2n + 1).

4. Zo X Zo-graded Lie superalgebras
4.1. Definition

The definition of a Zy x Zy-graded Lie superalgebra is the same as in subsection 3.1,
equations (7)-(11), except that the dot product in (11) should be changed to

a-b=ab + asbs. (33)

In general a Zs X Zs-graded Lie superalgebra is not a Lie superalgebra, since the
bracket properties are different.

Just as for Zy x Zs-graded Lie algebras, any Zs X Zs-graded associative algebra
g, with a product denoted by -y, can be lifted to a Zs X Zo-graded Lie superalgebra
by the bracket

[Za, y6] = Ta - Yo — (—1)*Pyp - 74 (34)

where the sign is now given by (33).

4.2. gl(mi, ma|ni,n2) and sl(my, ma|ng,ns)

The construction is very similar to the one in subsection 3.1. Let V be a Zy X Zo-
graded linear space, V' = V(o,0)® V(1,1)® V(1,0) ® V(0,1), With subspaces of dimension
my,ma,ny and ng respectively. End(V) is then a Zs x Zo-graded associative algebra.
By the bracket (34) this is turned into a Zs x Zs-graded Lie superalgebra, denoted
by gl(mq,ma|ni,n2). In matrix block form, the elements are given by

mi Mo N1 N9
a(0,0) @(1,1) 4(1,0) @(0,1) \"1
A=|ba boo by bao [m2 . (35)
€(1,0) €¢(0,1) €(0,0) €(1,1) ™1

deo,1) d(1,0) d(1,1) d(0,0) ) N2
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As before, the indices of a block refer to the Zy x Zs-grading and the size of the
blocks are indicated in the border. Clearly, the set of matrices of the Lie algebra
gl(m1 +ma 4+ ny 4+ na), of the Lie superalgebra gl(my +ma|ni +ns), of the Zg x Zo-
graded Lie algebra gl,,. .. 1, n, (M1 + M2 + 1y + n2) and of the Zy x Zs-graded
Lie superalgebra gl(my, ma|ni,ne) are all the same, but of course the bracket is
different in all of these cases.

It is easy to check that Str[A, B] = 0, where Str(A) = tr(a,0)) + tr(bo,0)) —
tr(ce,0y) —tr(d(o,0)) is the graded supertrace in terms of the ordinary trace tr. Hence
sl(mq, ma|ny, na) is defined as the subalgebra of elements of gl(my, ma|ny, ne) with
graded supertrace equal to 0.

4.3. Subalgebras of sl(mq, ma|ny, ny)

For an element A € sl(mq1,ma|ng,n2) C End(V) with deg(A4) = a, the conjugate
A* € End(V*) is defined by (15), except that now the sign in (—1)®? is determined
by (33). In matrix form, this yields the Zy x Zs-graded supertranspose A7 of A:

at bt —ct . —d}t
@(0,0) @(1,1) 4(1,0) @(0,1) (fo,O) (tl’l) f(LO) t(071)
A b1,1) b0,0) beo,1) b0 45T _ | % bo,o) o1 910
€(1,0) €0,1) €(0,0) €(1,1) C‘(tl.,o) _b(to,1) C(to,o) _d(t1,1)
do,1) d(1,0) d(1,1) d0,0) ag.1) —bh0 —¢h1y 400
(36)

The main property is again:
(AB)ST — (71)a-bBSTAST (37)

with the sign determined by (33).
The orthosymplectic Zg X Zo-graded Lie superalgebra osp(2m1+1, 2ms|2n4, 2ns)
can be defined as the set of matrices A from sl(2m + 1,2m2|2n1, 2n2) such that

AST T+ JA=0 (38)
where
0 Im1+m2 0 0 0
Im1+m2 0 0 0 0
J= 0 0 1 0 0 . (39)
0 0 0 0 In1+7l2
0 0 0-Iy4n, O

The general matrix form of osp(2my + 1,2ms|2n1, 2n2) has been given in [36],
and we do not repeat it here, but we shall study the structure of the special case
g = o0sp(1,0|2n1,2n2), because of its significance for parastatistics. The defining
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1 ni N9 ni ng
0 ago @01 410 aou \ 1
aho boo bayy beo bay |[m

ag1y  ca) €0 b1y Coo) | ne

_a(tm) dio,0) d(1,1) _b(to,o) C(t1,1) ni

it

_a(to,m _d(m) d(0,0) b(t1,1) _C(to,o) n2

where 5(070), €(0,0)> d(0,0) and Ci(o’o) are symmetric matrices.

(40)

The matrix form of g is such that the definition of a Cartan subalgebra b is easy

and consists of the set of diagonal matrices. A basis for § is given by

hi = €i11,i+1 = €ni4notitl,nitnotitl 1=1,...,n1 + na.

(41)

The Cartan subalgebra is then a subalgebra of the Lie algebra g(o,). In terms of
the dual basis §; (i = 1,...,n1 +mns) of h* the root vectors and corresponding roots
of g can be determined. The short roots and root vectors are given by

root  deg

root vector

€141 — Enytnatjt1,l J=1,...,m
€1,j+1 = €nidnatj+1,1  J=n1+1,...,n1 +no
€1 m+natj+1 T €111 J=1,...,m
€1,n1+na+j+1 +ej+1,1 ] =nq + 1,...,?11 —+ no

The long roots (and root vectors) are

root deg

0; —6r  (0,0)
9, — 0 (1,1)
d; + 0 (0,0)
d;+0  (1,1)
—d0; — & (0,0)
—0; — o (1,1)

The positive roots

root vector

€j+1,k+1 — €ni+notk+1,ni+na+j+1

j#Fk=1....mqorj#k=n1+1,...,n1 +ny
€j+1,k+1 T €ny4notk+1,n1+na+j+1

j=1,...,n1; k=n1+1,...,n1 +ng or

j:nl—f—l,...,nl +n2; k= 1,...,77,1
€j+1,n1+no+k+1 T Ckt1,ni+natj+1

j<k=1,....nporj<k=n1+1,...,n1+n9
€i+1,m1+no+k+1 — Ck4+1,n1+no+j+1

ji=1...n; k=n1+1,....,n1 +no
€ni+notit+lhk+1 T €ngtnotk+1,5+1

i<k=1l,....nmporj<k=ni+1,...,n1+no
€ni+na+j+1,k+1 = Eni4nat+k+1,5+1

i=1...n; k=ni+1,...,n1 +no

are given by

A+:{(5j (G=1,...,n1+n2);9; =0 (1 <j<k<ng+na);
0j+ 0k (1 <j<k<n+no)},

(42)

(43)

(44)



January 14, 2025 11:42 WSPC/INSTRUCTION FILE
anderjeugt-group35-2

Za X Za-graded Lie (super)algebras and generalized quantum statistics 13

and there are again four different types of roots, according to the Zs x Zs degree:

Aboy =10 G=1,....m)}

Apyy =10 G=nm+1....,n+n2)}

Aoy =85 =0 (G <k=1...morj<k=m+1l...,n+n)
540k (j<k=1,...,nporj<k=ny+1,...,n1 +n)}

Aa’l):{éj_ék’6j+6k G=1,...;n3k=n1+1,...,n1 +n2)}

A set of simple roots (with their degrees) is now given by

01 — 02 ... 5”1*1 - 5n1 5711 - 5n1+1 6’ﬂ1+1 - 6n1+2 s 6n1+n2*1 - 5n1+n2 §n1+ﬂ2
0,0) ... (0,0 (1,1) 0,00 ... (0,0) (0,1)
(5)
Again, we see that the root space decomposition of 0sp(1,0|2n1, 2n9) is very similar
to that of asp(1|2ny + 2n3), but the degree of the roots is different, and of course
the bracket between root vectors is also different.

4.4. Zo X Zo-graded parabosons

Ordinary parabosons are realized as the root vectors of the Lie superalgebra
osp(1|2n), corresponding to the short roots. Here, for g = osp(1,0]|2n1, 2n2), we
can realize Zy X Zo-graded parabosons by means of the following root vectors (the
factor v/2 is again chosen for convenience):

by = V2(e1 k41 — nitnatki11), b = V2(€1m,tnpthtt T €kt11), (46)

where k = 1,...,n1 + no. The graded subspaces of g are:

9(1,0) = span{bf7 k=1,...,n1}

90,1 = span{bf, kE=n+1,...,n1 +no}

900,0) = span{{bi,b?}, En=4, kil=1,....nyand k,l=mn1 +1,...,n1 +n2}
901,1) = span{[bi,b?], En==x,k=1,...,n1, l=n1+1,...n1 +ng;

orkznl—l—l,...,nl—i—ng, l:l,...,nl}.

In other words, we are dealing with two ensembles of parabosons: those of degree
(1,0) and those of degree (0,1). Within one of these sets, the common paraboson
relations (1) are valid:

{65, b7}, b5] = (e — )80} + (€ — n)6wib$,
either j, k,l € {1,2,...,n1} orelse j,k, 1 € {ny1 +1,...,n1 + na}. (47)
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However, between the two sets of parabosons, the “relative commutation relations”
are of a different type:

{[bﬁ,b}l}, it =—(e=&dubl + (e — "7)5kzb§,

either j=1,...,n1, k=n1+1,...,n1 + ng,

orelse j=ni1+1,....,n1+ns, k=1,...,n1;

l=1,...,n1 +no. (48)

This describes a simultaneous system of two sets of parabosons with “relative
parafermion relations” (48), for which the underlying algebraic structure is a
Zo X Zo-graded Lie superalgebra.

5. Conclusions

Since their introduction by Green [41], parabosons and parafermions have contin-
ued to inspire physicists and mathematicians. The relation of these parastatistics
operators with Lie algebras and Lie superalgebras dates from decades ago. But only
recently it was realized that a system of parafermions and parabosons satisfying
so-called relative paraboson relations is no longer governed by a Lie algebra or a
Lie superalgebra, but by a Zs x Zs-graded Lie superalgebra [30]. This raised the
interest in Zo X Zo-graded Lie algebras and Zy X Zs-graded Lie superalgebras.

In the current paper, we describe some classical Zs x Zs-graded Lie algebras and
superalgebras. For the orthogonal Zy x Zs-graded Lie algebra so,(2n + 1) we give
a description of its roots and root vectors. These are now graded by an element of
Zo X Zs, in other words, there are four types of roots and root vectors. As far as we
know, this is the first time that some structure theory is developed for a Zy X Zo-
graded Lie algebra. The algebra so,(2n + 1) is also relevant for parastatistics: if the
creation and annihilation operators of parafermions are identified with the short
root vectors of s0,(2n + 1), one obtains a system of two ensembles of parafermions.
Each ensemble itself satisfies the standard parafermion commutation relations. But
the relations mixing these two ensembles are in terms of nested anti-commutation
relations.

In a similar way, we describe the roots and root vectors of the Zy X Zs-graded
Lie superalgebra osp(1,0|2n1,2ns). Also this algebra is relevant for parastatistics:
identifying the creation and annihilation operators of parabosons with the short
root vectors of osp(1,0|2n1,2n2) leads to a system of two ensembles of parabosons.
Each ensemble itself satisfies the standard triple relations of parabosons, but the
relations mixing these two ensembles are triple relations with commutators replaced
by anti-commutators and vice versa.

It should be clear that one can continue along these lines. In particular, it should
be possible to relate the general orthosymplectic Zo X Zo-graded Lie superalgebra
0sp(2my +1,2mg|2n1, 2ng) described in [36] to a system consisting of two ensembles
of parafermions and two ensembles of parabosons with proper mixed relations.
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These examples show that the study of Zy X Zs-graded Lie algebras and super-
algebras lead to new and interesting parastatistics systems which are at first sight
similar to the classical ones [41,42], but which are fundamentally different. The
study of further properties of these new systems would be interesting, but requires
representation theory (i.e. the construction of Fock spaces) of the algebras involved.
In general, the explicit construction of parastatistics Fock spaces is a very difficult
and involved problem [31,47,48].
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