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Abstract

Although most of the symmetry groups or “invariance groups” associated with two term
transformations between (basic) hypergeometric series have been studied and identified, this
is not the case for the most general transformation formulae in the theory of basic hyper-
geometric series, namely Bailey’s transformations for 1g¢g-series. First, we show that the
invariance group for both Bailey’s two term transformations for terminating ;o¢g-series and
Bailey’s four term transformations for non-terminating 19¢pg-series (rewritten as a two term
transformation of a so called ®-series) is isomorphic to the Weyl group of type Eg. We
continue our recent research concerning the group structure underlying three term transfor-
mations [10] and demonstrate that the group associated with a three term transformation
between these ®-series, each admitting Bailey’s two term transformation, is the Weyl group
of type E7. We do this by giving a description of the root system of type E7 that allows
to find a transformation between equivalent three term identities in an easy way. A com-
putation shows that there are five, essentially different, three term transformations between
these ®-series; we give an explicit form of each of these five transformations in an elegant
way. To our knowledge only one of these transformations has appeared in the literature.
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1 Introduction

This article deals with transformations between basic hypergeometric series, and we use the
(standard) notation of [3] when working with such series. The g-shifted factorial is

n—1
(a;9)o =1, and (a;q), = H(l —agh), forn=1,2,... 00,
k=0
and (a1,...,am;q)n = (a1;Q)n -+ (am;q)n. To ease notation, from Section 4 onwards, it will

prove convenient to introduce the following shorthand notation, which is inspired by [3, Exercise
2.16]
S(a17"‘7an) = (alu" . 7an)Q/a17“ . 7Q/an7Q)oo

In this article, we only work with very-well-poised basic hypergeometric series of the form

riWe(ar; as, as, . .. arg15 q, 2)
a,a a > (a1,a ar41;9q) (1)
1,825y Up41 1,42y .-, Ur4+1,49)k [
= 1¢ 4,2 ) = Z,
’“+ < b1, b, ... by ) > (q,b1, b2, -, br; Q)

k=0

where, by definition of a very-well-poised series, the following relations between the parameters

hold

1/2 1/2
qai = azby = azby = -+ = a,41b, and a2 =qa;'", a3 = —qa;’".



A basic hypergeometric series is balanced if by ---b, = qa1---a,4+1 and z = ¢; all encountered
series will be balanced. In general, a hypergeometric series is terminating when one of its
numerator parameters a; equals ¢, where n is a nonnegative integer. If this is not the case, then
the series is non-terminating; we assume that the convergence conditions for non-terminating
series are always satisfied.

A very-well-poised basic hypergeometric series has so called trivial transformations, i.e. one
can freely permute the parameters a4 up to a,41 without changing the series. Some very-well-
poised basic hypergeometric series, however, also satisfy non-trivial transformations. A well
known example is Bailey’s transformation formula for a terminating balanced very-well-poised
10¢9-series, see e.g. [3, Eq. 2.9.1] or [9, T10901]:

lOWQ(a;q—nacudae7fagvh’;Q7Q)
(ag,aq/ fg,a*q*/cdef, a*q® [cdeg; q),, o (@, _n aq aq ag
(aq/f,aq/g,a2q?/cdefg,a’q?/cde; q),,

Nede'? de e’ ed

where a?¢?> = ¢ "cdefgh. This last condition expresses the balancing requirement. It is easily
verified that the series on the right hand side of this identity is balanced as well, and hence,
this identity can be iterated. In this case, direct iteration would simply yield the identity
transformation. One can however also include permutations of ¢ up to h and then one gets an
interesting group of parameter transformations denoted by H. This group will be studied here
and identified as the Weyl group of type Eg. We point out that ¢=" may not be included in
the permutations as it plays a special role, ensuring the termination of the series. For similar
examples of such symmetry groups of basic hypergeometric series transformations, see [11].

The arguments of the series on the right hand side of (2) are “linear” combinations of the
arguments of the series on the left hand side, albeit in multiplicative form. Nevertheless, it
is very easy to translate these linear combinations into matrix form. For the transformation
at hand, one would write the following nine-dimensional matrix acting on a nine-dimensional
vector in the following way

fh9,hiq,q),

20 -1 -1 =100 0 1 a a’q/cde
01 0 0 0 0000 q" q"
10 0 -1 -1 0 0 0 1 c aq/de
10 -1 0 -1 00 01 d aq/ce
10 -1 -1 0 0O0O0 1fo] e |=] ag/cd |. (3)
00 0 0 0 1000 f f
00 0 0 0 0100 g g
00 0 0 0 O0O01PO0 h h
00 0 0 0 000 1 q q

One sees that this is ordinary matrix vector multiplication with addition replaced by multipli-
cation and multiplication by exponentiation. Since we act on vectors from the left, composition
of group transforms will be done right to left; in this way composition of group transforms
corresponds to ordinary matrix multiplication.

In [10] we started our study of “invariance groups of three term transformations”, and there
it is clearly explained what we mean by this concept. For now, it suffices to say that for a certain
linear combination, denoted by ®, of two 19Wy-series there exists a known identity containing
three of these ®-series [4, Eq. 6.5]. It is important to remark that this ®-series satisfies a two
term identity that is structurally identical to (2), implying that the invariance group for ® is H



as well. The arguments of each of the ®-series in the three term identity are regarded as group
element transforms of the “original” arguments, and these are added to the group H to form
a bigger group G, which will be identified as the Weyl group of type E. In [4], a particular
three term transformation between ®-series is given. It also follows from the analysis in [4] that
there exists a three term transformation for any set of three ®-series from a set of 56 ®-series.
This set of 56 ®-series is constructed in [4] as a set of solutions of a complicated second order
difference equation. Although the construction in [4] is ingenious, it is not clear why the number
of solutions is 56. Here, we show that this is related to the 56 = |E7|/|Es| cosets of Eg in E7.
Between any three of the 56 cosets there exists a three term transformation. We show that there
are five essentially different three term transformations, and we give these five transformations
explicitly.
For completeness, we also introduce the notation for g-integrals [3]:

b b a
/ £(t), dg(t) = / F(t) do(t) — / £t dy(t),

where

| @ = a1 =) ey
n=0

The structure of this article is as follows. In Section 2, we study the relevant two term
transformations, showing, by given an explicit description, that the invariance group of these
transformations is the Weyl group of type Eg. In the next Section, we study the group structure
of a three term transformation connecting three ®-series. This is an entirely different concept
from that of an invariance group of a two term transformation; in a previous article studying
(different) three term transformations [10], it is clearly explained what is meant by this concept.
We will show that of the 27720 three term transformations, there are only five that are essentially
different from each other, meaning that these five cannot be obtained from each other using
substitutions. All five can however be derived from one by using an elimination procedure. In
Section 4, we give these five identities, paying special attention to get the coefficients in these
identities as simple as possible.

Finally, we remark that although in principal the order of the numerator parameters in a very-
well-poised basic hypergeometric series is immaterial (but for the first parameter), throughout
this article, we consider the parameters to be fixed in the order given.

2 Bailey’s Two Term Transformations

Transformation for terminating series. = We repeat Bailey’s transformation for terminat-
ing balanced very-well-poised 1g¢g-series:

IOWQ(a; qina C, d7 €, f7 g, h7 q, q)

_ (aq,aq/fg,a*¢?/cdef, a’q? /cdeg; q),, (@_q_n 0q 49 ag o
(aq/f,aq/g, a2?/cdefg,a2q? [cde;q), " " cde’ A

cde "de’ ce’ ed’

where n is a nonnegative integer and the parameters satisfy the following restriction a3¢? =
q "cdefgh. Besides this transformation, also permutations of the parameters ¢, d, e, f, ¢
and h are allowed; or more correctly, permutations of the third up to the eighth argument
of the 19Wy-series are allowed. We now introduce a rescaling of the 19Wy-series for which the



transformation (4) can be written more naturally. Using the restriction between the parameters,
one rewrites part of the factor in (4) as follows:

(aq/fg; q)n _ (¢%a?/cdeh; q)n <%>"
(a?q*/cdefg; q)n (aq/h; q)n aq )

This allows one to rewrite (4) as:

a’q ag aq aq
o e d B) — LT h
w(aaq y Gy ae7f)gv ) w(cdeaq ade7cevcd7f7g7 )7 (5)
with
w(a;q "¢ d,e, f,g,h)

aq/c,aq/d,aq/e,aq/f,aq/qg,aq/h;q)n n (6)
( q/ Q/ q(/(lq (;])/Lin Q/g Q/ q> 10W9(a7q , C, d7 €, f7g7h7 q, q)

In the notation of (6), we have used two semicolons to indicate that the first and second argument
play a special role, while the function w is symmetric in its last six arguments.
Transformation for non-terminating series.  Bailey’s four term transformation formula
is also known, see e.g. [3, Eq. 2.12.9]. The equation given there however is written in a rather
non-symmetric way; to devise a more symmetric form of this identity, we start with the more
compact way of writing this transformation formula using ¢-integrals [3, Eq. 2.12.10]:

/b (gt/a,qt/b,t/\a, —t/v/a, qt/c, qt/d, gt e, at/ [ at/g, at/hi D)oo,
a (ta bt/aa qt/\/aa _qt/\/aa Ct/a’v dt/av et/a, ft/(l, gt/aa ht/a; Q)oo
_a(b/a,aq/b, Ac/a, Ad/a, Ae/a,bf /A, bg/A, bh/X; q)so -
TN (/A Aafb.c.d.e.bf [a,bg]a, bh]a; g)es @)
y /” (at/ X, qt/b,t/ VN, ~t/ VX, aqt/cA, aqt/dN, agt/e), gt/ £, qt/g, 4t/ @)
Ao (BN gt/ =gt/ ct/a,dtfa et]a, [t/ gt/A hE/X; @)oo
where \ = ga?/cde and a®q? = bedefgh. By redistributing the factors in front of the g-integrals
(and adding some extra factors for symmetry reasons), it is clear that one should consider:

1(e,d,e, f,g,h,bc/a,bd/a,be/a,bf /a,bg/a,bh/a;q)x
I(avbac)d7eaf7gah)za (b/a aq/bq)

y /b (gt/a, qt/b,t/\/a, —t/v/a, qt/c, qt/d; qt /e, at/ [ at/g, at/hi D)oo,
o (tbt/a,qt/\/a,—qt/\/a,ct/a,dt/a,et/a, ft/a,gt/a, ht/a;q)so

Using this notation, the identity (7) becomes:

qt

dyt,

ot

2
aq , aq aq aq
I(a;b;c,d h)=I(—;b;—, —, — h 8
(a7 G, 7e7f7g7 ) (Cde’ 7d€’C€’Cd7f’g7 )7 ()
with a3¢® = bedefgh. Note that this identity, including the restriction, is structurally identical

to the two term transformation of terminating 19¢g-series (5) (with b playing the role of ¢=™).
Using the definition of the ¢-integral, one rewrites I as a difference of two very-well-poised
10¢9-series; after cancelling common factors on the left and right hand side of (8), one finds that:

2
a~q , aq aq aq
D(a;b;c,d h)=®(—;b;—, —, — h 9

(a7 7C7 7e7f7g7 ) (Cde’ 7d€7ce7cd?f7g? )7 ( a)
where a®¢?® = bedefgh, (9b)



and
®(a;b;c,d,e, f,g,h)
_ (ag/c,aq/d,aq/e,aq/ f,aq/g,aq/h,bc/a,bd/a,be/a,bf /a,bg/a,bh/a;q)xo
(b/a,aq; )
x 10Wo(a; b, c,d,e, f,9,h;q,q) (9¢c)
(bg/c,bg/d,bg/e,bq/f, bq/g,bq/h.c,d.e, f,g,h; @)oo
(a/b,b*q/a,;q)c
x 10Wo(b?/a; b, be/a, bd/a, be/a,bf /a,bg/a,bh/a;q,q).

+

One can perform on ® the transformation (9a), together with permutations of the last six
arguments. Repeated application of (9a) together with the mentioned permutations yields (as
in the terminating case) an invariance group of order 51840. Given that both transformations are
structurally identical, their invariance groups will be isomorphic. The study of this invariance
group is our next subject. Note that although (9a), when expanded, actually comprises four
10Wo-series, we still consider it to be a two term transformation, as the natural object now is
no longer a single (possibly rescaled) 19Wy-series, but the linear combination (9c) of two such
series.

Invariance group of Bailey’s two term transformations. To study the invariance group
of Bailey’s two term transformations, we consider six transformations (reflections) 1 up to 7.
The first five of which simply correspond to swapping two adjacent arguments of (a, b, ¢, d, e, f, g, h, q):

r=cod m=deoe mz=eof, rn=fog rs=goh
More rigorously, one writes

Tl(aubvcvd7eufvg7h7Q) = (Q,b,d,C,G,f,g,h,q),

and analogously for 73 up to 5. The sixth transformation corresponds to (9a):

2
Tﬁ(a7b7cvda €, f?gvh7Q) = (%7@ %7 %a %7fagvh7q)'

Using the GAP-program [2], one verifies quite easily that |H| = |(r1,r2, 73,74, 75,76)| = 51840.
We will now show that the group H is isomorphic to the Weyl group of type Fg. First, we
shall give a description of this Weyl group, and since the Lie algebra Eg plays no role here,
the Weyl group itself will be denoted by FEg. For ease and familiarity of notation however, the
description and especially the action of group elements on vectors of the relevant vector space
will be given in the usual additive form, i.e. using ordinary matrix vector multiplication, and
not the action used in (3). When connecting this description with the series transformations,
we will “translate” these results — very straightforwardly — into multiplicative form.

In the literature one can find many descriptions of the root system of type Fg [1, 5, 6].
For our purposes, it will be crucial to have a description of the Weyl group FEg for which the
symmetric subgroup Sg is evident (note how the reflections 1 up to r5 generate the symmetric
group Sg). In terms of root systems, this implies that the root system of Eg should have a
natural subsystem of type As.

To describe the appropriate root system and Weyl group of type Ejg, consider the 8-dimensional
real vector space R® with orthonormal basis vectors ¢; (i = 1,...,8), i.e. with inner product

<Ei,6j> = 5” (10)



The roots of Eg will be elements of the 6-dimensional subspace V of R® consisting of those
elements Z§:1 c;€; with ¢1 + ¢o = 0 and Z§:3 ¢; = 0. A set of simple roots of Fg is then given
by the elements

1
o =¢€42 — €43 (1=1,...,5) and a6=5(—61+62—63—64—65+66+€7+68). (11)

The corresponding Dynkin diagram is given in Figure 1(a); using the inner product (10) it is
easy to check that the Cartan matrix of Eg arises. Also the A5 subsystem is evident. Note that
all 72 non-zero roots (and their number) are given by

+ (e — €j), (1<i<j<2 or3<i<j<8) 32 (12a)

1 8 2 8

FQoCD%a) (@ e{01) 3 ai=Tand 3 oai=3). 0w
i=1 =1 1=3

So all coefficients in Zle(—l)“i €; are =1, and the condition is equivalent to saying that among
the first two coefficients there is one +1 and one —1, and among the last six coefficients there
are three +1’s and three —1’s.

ay a2 as o7 Qs Qo Q1 a2 a3 Q4 Qs
O (L O O (L O
o7 (&7

@ (b)

Figure 1: Dynkin diagrams of the root systems of type Fg and Ex.

The Weyl group Ej is now generated by the six simple reflections 7; = 7, with i € {1,...,6},

where
ri(z) =x — 2 {z, i)
<Oéi,Oéi>

o =1 — (x, ). (13)

Herein, x = Zle x;€;, sometimes denoted by its coordinates © = (x1, xo; x3, x4, T5, T6, T7,T8),
and since each such reflection keeps both z1 4+ x2 and 223:1 x; fixed one can think of the Weyl
group acting in the 6-dimensional hyperplane of R® with

8
lr)=x1+x2=C, and |z|= sz =C (14)
i=1

for some constants C' and C’. Note that the subgroup Sg of Fg, generated by 7; with 1 <4 <5,
acts on x by permuting the coordinates z;, with j € {3,...,8}; more particularly 7;, with
i€{1,2,3,4,5}, acts on = by swapping the coordinates at positions i + 2 and i + 3. For further
reference we give the action of 7 here explicitly: 2’ = 7g(x) with

By=x 4y, wy=x2-y, Ty=a3+y, wi=14+Y,

(15)
$/5:-’L'5+y7 x%:xﬁ_y7 .’E{7:$7_y7 .’Iié:l'8_y7

where y is a shorthand for %(—ZL‘l + x9 —x3 — x4 — x5 + T6 + T7 + T8).



The order of the Weyl group Fj is 51840. It will be useful to describe the orbit of a general
element z (that is, an element not on one of the reflection planes of the Weyl group). To list
the 51840 images of z, it is sufficient to list the 51840/6! = 72 Sg orbits by their representing
elements. T'wo of these orbits are represented by

(21,25 3,24, 25, T6, x7,x8) and (z2,x1; 3,4, L5, Te, T7,28). (16)

The next 20 Sg orbits are directly represented by an element 7, (), where « is one of the 40 roots
given in (12b). More concretely, if a = %(Zle(—l)‘“ei), with the conditions given in (12b),
then the components of 2’ = 7, (z) are given by

8 al—s—aj
5is —)xj, forie{1,...,8}. (17)

i 1

We only have 20 of these orbits since 7 (z) = 7 (). One finds another set of 20 orbits by acting
with 7, on the representative of the second orbit given in (16), or stated otherwise, one acts
first with 7, ., on x and then with 7, on the result. A representing element x’ = 74 7¢, e, ()
has the following coordinates:

(_1 a;+al
4

_1)aitaz 8 _1\aita;
a0~ T e 03, - E ey
i=3

;= (0 —

Finally, the remaining 30 Sg orbits are found by reflections of the type rorg(x), with both o and
B of type (12b). These 30 orbits are determined by two indices (4, j) with {i, 5} C {3,4,5,6,7,8}.
More, explicitly, let

l\D|P—‘
Mw
O"
3
N

8
1
52 )€p) and (=

p=1 p=1

with the same conventions as in (12b), and where the coefficients of o and 3 overlap in the
positions {1,2,14,7} and differ in the other positions, or more explicitly

alzblzaj:bj, agzbzzai:bi, akzl—bk, alzl—bl, amzl—bm, anzl—bn,

where {k,l,m,n} = {3,4,5,6,7,8} \ {i,j}. A representing element =’ has the following coordi-
nates:

Ty = —x; l(w1+x2+:ci+a:j) xgz—wk+1(azk+xz+:cm+:cn)
zh = —xj + 5(x1 + 2 + i + ;) x) = —xy + 5Tk + T + Ty + T) (19)
L= -z + 5(z1 + 22 + 7 + 7)) Thy = —Tm + 5 (@) + T + Ty + Tn)
:L“; —x2+ 5 (331+:L“2+xi+xj) xl, = —xn+%(:vk+xl+xm+xn).

Thus the Eg orbit of x, of size 51840, consists of the 72 Sg orbits (16), (17), (18) and (19)
(each of size 720).

With this description of the Weyl group FEg, we can now prove our statements about the
invariance group of ® (and of w). Furthermore, the description of a general orbit under the
action of Fg will allow us to list all distinct forms of the ®-series.



Lemma 1 The invariance group H = (ri,r2,73,74,75,76) of both (5) and (9a) is isomorphic to
the Weyl group of type Fg.

Proof: Let z1 up to xg be eight variables subject to the condition that their product equals
one, i.e. Hle z; = 1, and let

1/2

2 1/2 1/2 1/2
a=q"%22  b=q"uxy, c=q¢Prixs, d=q"*zi04,

(20)

e=q"uxs, f=q"n1z6, g=q" w127, h=q" w125,
which are invertible relations, satisfying the constraint (9b) between a up to h, due to the fact
that H§:1 x; = 1. In terms of the variables z;, the arguments on the right hand side of (9a) are

2
aqg 172 L1

aq 12 1 aq 12 1
= b=q"Prizy, — =g/?—— L =gl —_
cde x3x4:n5’ q 1 de 7 SE4$5’ ce 1 -’E3$5’ (21)
1
wq _ 12 , f= g Pxy 26, g= g Paqay, h = q"?x 5.
cd T3T4

It is easily verified that the transition from (20) to (21) is indeed realized by transformation (15),
written in multiplicative form. It is even easier to see that swapping two adjacent parameters
of (¢,d,e, f,g,h) corresponds to swapping ;2 and x;;3, where i gives the position of the first
parameter to be swapped. This completes the proof. O

Since we have used the fact that Hle x; = 1 in the proof of this lemma, from now on we
assume that the constant C’ appearing in (14) equals zero:

C'=0. (22)
We now introduce a new function ® of eight arguments:
O(x) = ®(q" %07 ¢ Pwrwe; ¢ Parws, ¢ Parwa, ¢ Paras, ! P, ¢ Pair, g Paas),  (23)
which is simply the ®-function (9c), but rewritten using the realization (20).

Theorem 1 Let x1 up to xg be eight variables satisfying H§:1 z; = 1. The function ®(z)
is then invariant under the Weyl group of type Eg acting multiplicatively on the wvariables
(z1, 22,23, T4, 5, X6, T7,x8). Stated otherwise, it holds that

O(z) = ¢ (h(x)),
for each element h of the group H = (T1,T9,73,T4,T5,76) = Eg.

The description of the 72 Sg orbits of a general element z, given in (16)—(19), enables us to
list all 72 distinct forms of the ®-series (each form still having the 720 “trivial” permutation
symmetries of the last 6 variables):

2

:‘P(b—;b;%,%,b—e,g,b—g,%) 1 (24b)
a a a a a a a
2

= (L1, % 0 M g g 20 (24c)

cde’ ' de’ ce’ cd

— P h—=, =2 £ 2 2 2 24d

(cde”de’ce’cd’a’a’a) 0 (24d)
be bc aq aq aq aq

=®(—;bjc,—, —, —, —, — 30 24
(d’ ’C’ a’de’df’dg’dh) ( e)



Here, the first two orbits, represented by (24a) and (24b), refer to the two orbits given in (16).
The next 20 orbits, represented by (24c) correspond to a reflection over a root «, see (17); for
this particular case the reflection 7, is determined by the fact that ao = ag = a7 = ag. The
next 20 orbits, represented by (24d), are also determined by a root « and correspond to (18);
in this particular case the same root « as before will do the trick. The last 30 orbits correspond
to (19); in this particular case one has ay = by = ag = b3 and a; = by = aq = by.

The fact that there are 20 different forms of type (24c), for example, can also be seen from
the ®-arguments: there is a form of this type for any set of 3 elements (like {c,d, e}) out of the
six elements {c,d, e, f, g, h}, thus there are (g) = 20 such forms.

An important observation is that all 72 distinct forms of the ®-series (or, disregarding the
trivial permutation symmetries, all 51840 forms) all have the same second parameter b. When
no confusion is possible, we shall sometimes refer to this set (or to one of its representatives) as
Pb.

As a final remark regarding the two term transformations we finish by saying that equa-
tions (24) are also valid in the terminating case, provided one changes ® to w and b to ¢”". In
this case (24b) corresponds to a reversal of series.

3 Three Term Transformations

In [4] it is shown that a certain linear combination of two very-well-poised balanced 19¢g-series
satisfies a three term transformation. This linear combination is the one given in (9c) but
multiplied by the inverse of the coefficient in front of the series 10Wy(a;b, c,d, e, f,g,h), so that
the coefficient of this series equals 1. This immediately implies that ® also satisfies a three term
transformation. We will study the group structure underlying this three term transformation,
allowing us to characterize the different types of three term transformations that exist between
P-series. If we swap G and C in formula [4, Eq. 6.5] (and write it with lower case parameters),
then it is of the following form:

b d h
Cl(b(a;c;bvdaevfhgvh)+02(I>(g;g.g g g g g §)+C3(I)(%azcvcac_7§7ivﬁ7c_): )

(25)
where a?¢®> = bedefgh and where the coefficients C; and Cy are infinite products, while the
coefficient Cjs is a difference of two infinite products.

We now regard the arguments of these ®-series as group element transforms of the “original”
arguments of the ®-series; e.g. we let

2 be  ed ce cf cg ch
rO(aabacvd7€7fag7h7q):(;7;767_7_7_f7_ga_7Q)' (26)

If we add r¢ as a generator to the group H, and call the resulting group G, then one verifies, using
GAP [2], that |G| = |(ro,71,72,73,74,75,76)| = 2903040, which is the order of the Weyl group
FE;. The arguments of the first two ®-series do not contribute anything new; when regarded as
group transforms, they are already included in the group G. This is easily checked by noting
that the group size does not increase when the corresponding group transforms are added; it
will also be immediately clear once the group G has been studied.

The three term transformation (25) can be written in many different ways, keeping the
coefficients C1, Co and ('3 fixed. Indeed, on each of the series one can apply an element of the
group H (isomorphic to Fg) without changing the identity. In this sense, formula (25) may be



regarded not only as an identity connecting three ®-series, but as an identity connecting three
different sets of ®-series, each of size 51840. We repeat here that applying an element of H on a
®d-series preserves its second argument, so following the short hand notation introduced at the
end of the previous section, one can write (25) as:

C1 B¢ + Cy Y 4 C3 /7 = 0. (27)

We would like to prove that the group involved with the three term transformation is indeed
the Weyl group F7, and for the reason just stated, we need a description of the group E7 for
which its subgroup Ej is evident; in terms of root systems this means that the root system of Er
should have that of Fg as a natural subsystem. As in the case of Eg we use an additive notation
when describing the root system.

The roots of E7 can be described in the same space R® as the roots of Eg with inner
product (10); they will now be elements of the 7-dimensional subspace V' consisting of elements
Z?:l ci€; with Z?:l c¢; = 0. A set of simple roots of E7 consists of the six simple roots «;, with
i€ {l,...,6}, of Eg given in (11) plus the extra root

Qo = €] — €3. (28)

The corresponding Dynkin diagram can be found in Figure 1(b). By construction, the Fj
subsystem of Fr is evident. The 126 non-zero roots of E7 consist of

T (<i<i<®) 6 (200)
8 8
%(Z(—l)‘”ei), (aie {01 S a=4). 70 (20b)
i=1 =1

Note that the 72 non-zero Eg roots given in (12) are indeed part of the 126 non-zero roots
of (29).

The Weyl group FE7, generated by the seven reflections 7;, with 0 < ¢ < 6, acts on elements
T = 21821 z;¢; of RS, The quantity |z| = Zle x; is invariant under the action of E7, so it is a
fixed constant C” as in (14). In accordance with the choice (22), we shall assume that C’ = 0 or
Zle x; = 0. If we define the Fg-level of x by

Uz) = 21 + x2, (30)

then the action of the Eg subgroup will keep the level fixed, see (14), whereas the remaining
FE; reflections will change the level. The order of the E7 Weyl group is 2903040. Since we have
already described the Fj orbit of a general z, it is now sufficient to list the 2903040/51840 = 56
representing elements of the 56 Ejg orbits in the Fr orbit of . By performing the reflections 7,
with 0 <1¢ <5, and 7, _, repeatedly, one can see that there are 28 orbits of the following type:

U = (xilawiz; x’i3)xi4ul‘i57$i67xi7axis)7 g(u) = T4, + Lig, (31)
where (i1,142,...,1g) is a permutation of (1,2,...,8) with i1 < ig and i3 < i4 < --- < ig. Hence

the orbit is characterized by the two numbers 1 < i; < 19 < 8, or equivalently by its FEg-level
Tip + Ty

10



To find the remaining 28 orbits, we consider the three roots

Oé:§(€1+€2+63+64—65—66—67—68),
1
ﬁz§(€1+62—63—64+€5+66—€7—68), and
1
’YZ5(61+62—63—64—65—66+67+68).

One verifies easily that
Ter—esTes—egTes—eaTer—eaTTTa(T) = (=1, —X2; —T3, —T4, —T5, —T6, —T7, —Tg). (32)
In view of the first 28 orbits, it it clear that the remaining 28 orbits are of the type
U= (—Tiy, —Tiy; —Tig, —Tiys —Tig, —Tig, —Tin, —Tig), With L(u) = —x; — 4y, (33)

where again (i1, 49,...,1g) is a permutation of (1,2,...,8) with i; < ig and i3 < ig < --- < ig.
Hence, also these orbits are characterized by two numbers 1 < 47 < i < 8, or equivalently by
their Eg-level —z;, — x4,.

Thus the E; orbit of z, of size 2903040, consist of 56 Eg orbits (each of size 51840); observe
that each such Ejg orbit is uniquely characterized by its level.

The following lemma is now very easy to prove.

Lemma 2 The group G = (rg,r1,72,73,74,75,76) associated with the three term transforma-
tion (25) is isomorphic to the Weyl group E7.

Proof: We return to the realization (20) already used in proving that H is isomorphic to the
Weyl group FEg. Given the description of E7 above, all we need to do is verify that rg given
in (26) indeed corresponds to 7y with 7o(z) = (x3, x2, 1, 24, T5, T6, 7, Ts), Which is trivial. O

We have seen that each of the 56 Eg orbits of a general element x is characterized by two
numbers 1 < iy < ig < 8, and that there are 28 orbits of type (31) — which we shall label by
(i1,12) — corresponding to the Eg-level x;, + x;,, and 28 of type (33) — which we shall label by
(i1,12)* — corresponding to the Eg-level —x;, —z;,. The description of the 56 Fj orbits can now be
used to list the corresponding 56 sets of ®-series. In this process, we can use the realization (20),
and work as before with the multiplicative form of the transformations. As an example, let us
identify the sets corresponding to the three terms of (25). The first series, ®(a;c;b,d, e, f, g, h),
can be written as @(fQ_Q (a:)) = &(21; 3; 29, T4, T5, T6, T7, Tg) in this correspondence. Hence,
it is labelled by (1, 3). Note that it is also characterized by its second parameter ¢ = 2z x5,

The second series, ®(q/a;q/h;q/b,q/c,q/d,q/e,q/f,q/g), can be written as

Blay g tay eyt ay s ag e
in the correspondence governed by (20) and (23). Hence, it is labelled by (1,8)*. Note that the
second parameter of this ®-series is q/h = ¢'/?/z zs.

The third series, ®(c?/a;bc/a;c, cd/a, ce/a,cf/a,cg/a,ch/a), has just been identified in the
proof of Lemma 2 as ‘f(xg;xg;xl,x4,x5,$6,m7,x8) under the correspondence (20). Thus it is
labelled by (2,3). The second parameter of ® is be/a = q*/?x923, so again there is an obvious
relation between the characterizing parameter of ® and the corresponding orbit label.

11



Thus we see that (25) connects three orbits (in this context thought of as sets of ®-series,
each of size 51840) determined by (1,3), (1,8)* and (2,3). Equation (27) could now also be
rewritten as

Ch ‘i)(l,s) + Oy ‘i’(l,s)* +C ‘i)(2,3) =0.

The relation with the previously introduced short hand notation is clear:
é(iu‘) — @ql/Qxi$j and (i)(i,j)* PN (I)ql/2/ximj’

where the superscripts should be rewritten in terms of a up to h using (20). In this notation,
the 56 series are denoted by ®“ with v € U. Herein, U = U; U Us, where

ab ac gh

Ur={—.—....%"} and v, ={4 4 U

ab’ac’ 7 gh’”’

both sets containing 28 elements.
The 56 series considered here correspond precisely with a set of 56 solutions of a second order
difference equation determined in [4]. It follows that there exists a three term transformation
connecting any three of the 56 series. Since (536) = 27720, there are thus 27720 three term
transformations between ®-series. Of course, many three term transformations are equivalent
with (25), since one can act on it with an arbitrary element of G to obtain a different looking, but
equivalent, identity. For instance, applying the element of G corresponding to the transformation
acq aq aq ce cf cg
—c,d— —, e— — —>—g—>—7h—>
a

— — — —
bdh’ dn’ € bh’ a’

aq
— 4
Y

yields a relation between the series ®°, ®¢ and ®/?, or stated otherwise between <I>(1 2)» (1 3)
and (I>(274) respectively. It is however impossible to obtam the identity connecting the series ®°,
®° and /¢ by acting on (25) with an element of E7. The question thus arises how many
“prototype” relations one needs so that each of the 27720 relations is connected with such a
prototype relation through the action with an element of F;. To put it differently, we would
like to determine the number of E; orbits when acting on three term identities.

Let ¢1, co and c3 denote three different elements from {(i, 5), (¢,7)*} with 1 <i < j <8, and
let X denote the set of all sets of the form {c1, c2,cs}. The E7 orbits when acting on X can be
computed using GAP. In Appendix I we describe an elegant way of achieving this. One finds
that there are five orbits, and thus one needs five prototype relations. In Table 1 we summarize
the sizes of these orbits, together with a list that enables to determine for any {ci,co,c3} the
orbit it belongs to. In Table 1, 4, j, k, I, m and n stand for different numbers between 1 and 8.
With each orbit the patterns determining the three term identities belonging to that orbit are
given. These patterns are given in two columns, where the pattern in the right column is the
complement (obtained by replacing each x; by 1/x;) of the pattern in the left column (and vice
versa). The numbers given in the rightmost column are for one pattern.

Using this table one sees that (25) belongs to the second orbit since {(1,3), (1,8)*, (2,3)}
matches {(4, 7), (4, k), (j,1)*} by setting i = 3, j = 1, k = 2 and [ = 8. Likewise, {(1,2),(1,3),(2,4)}
matches {(4,7), (i, k), (4,0)} and hence also belongs the the second orbit (an already known fact
since we have explicitly given a transformation between the two identities). On the other
hand, the identity connecting the series ®°, ®¢ and ®*/® belongs to the first orbit since
{(1,2),(1,3),(2,3)} matches the pattern {(¢,7), (¢, k), (4,k)}; a confirmation of the fact that
this identity cannot be reached by transforming (25).

12
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Table 1: Characterization of the five orbits.

In the next section, we will give an identity for each of the five orbits given in Table 1. It
is however, also interesting to know how to move around within each of the orbits. This is, one
would like to be able to find transformations as (34) without relying on a computer program.
To this end, we investigate how a sum of two x-variables, e.g. x; + x;, transforms when acted
upon with an element of E7, and more specifically with an element of the form 7., where « is
a non-zero root of type (29b) of E;. This is, we investigate how the Eg-level transforms under
reflections of the form 7,. Using (17) it is easy to show that x; + x; remains invariant under 7,
whenever {a;,a;} = {0,1}. On the other hand, whenever a; = aj, then x; + 2’ = —(7x + ;)
where k and [ are such that a; = a; = ar = a;.

It is clear that within each pattern, one can simply permute the indices to go from one
identity to another; moreover using (32) one can also go from a pattern to its complement
pattern on the other side of the table. In Table 2 we indicate how to move around within each
orbit using reflections through roots a of type (29b), and, in some cases, the reflection (32). In
this table, the primed indices such as (i, ') in the top rows are independent of the indices in
the columns. They are included only to indicate the goal pattern; the source pattern is given
in the first column. The subscripts used inside the table, e.g. a;, refer to the indices in the first
column. This table has a twofold purpose. First, it proves that the patterns given in Table 1
are indeed divided over the orbits as is given there. (The calculation given in Appendix I does
not show this.) Secondly, it gives a means of transforming identities without having to rely on
a computer program.

As an example, let us show how to find (34). We start with an identity connecting i)(l,ii)’

@(273) and @(178)*, and we would like to find an identity connecting @(172), §>(173) and &%274). In a
first step, we apply 7, where a1 = a2 = a4 = ag; this gives an identity connecting <i>(1’3), <i>(2,3)
and &3(274). A simple observation now shows that one only has to swap z; and x3 to reach the
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Table 2: Transitions between the patterns in the orbits. We use reflections through a root a of type (29b), sometimes followed by (32).




desired identity. This means once has to perform the following substitution
Th=x34y, b =x1—vy, ¥, =x;+vy, i € {2,4,8}, ¥; =z, —y, i € {5,6,7},

with y = i(ml — 9 — X3 — x4 + T5 + x6 + ©7 — xg). Translating this into a transformation for a
up to h in multiplicative form, using (20), gives exactly the transformation (34).
We summarize the main results of our analysis:

Theorem 2 Let G = F; and H = Eg. The series ®(x) satisfies ‘i’(il(l‘)) = &(z) for each
h e H. The 2903040 series é(g(x)), with g € G, can be divided in 56 sets corresponding to the 56
cosets of Eg in E7. Of these sets, 28 are represented by (i)(ilﬂé)
and 28 by (i(imé)* = @(xal;x_l'x_l o e et :c;l), where 1 < iy < iy < 8; (i1,12)

iz 1 Vig 2Ty s Vg s Lig s iy 5 Ty
and (i1,12)* are referred to as the orbit labels of the (set of) ®-series. For any three distinct or-
bit labels, there exists a relation (three term transformation) between the corresponding ®-series.
There are five different types of three term transformations, according to the combinations of
orbit labels: these five types are summarized in Table 1. The action of an element g € G on a
three term transformation of type K, with K € {1,2,3,4,5}, yields another three term trans-
formation of the same type. The element g turning one particular three term transformation of

type K into another given one of type K can be determined from Table 2.

= q)(wil;miz;xi:s? Liyy Ligs Ligy Lin, xis);

4 Prototypes of the transformations

It is one thing to know the number of orbits and their sizes, it is another to effectively know
the coefficients of the transformation formulae. It is the purpose of this section to construct one
three term transformation for each of the five different types K, with K € {1,2,3,4,5}. These
five three term transformations shall be referred to as the prototypes: all 27720 three term
transformations can be deduced from these prototypes by Theorem 2. To derive these identities
explicitly, we (mainly) use the method that was already employed in [4] to derive formula (25).
They show that certain multiples of (9¢) (subject to the replacement (g, h) — (gq™, hq™™)) are
solutions of a second order difference equation in n, i.e. a difference equation of the form

Xn+1 — o Xy + ﬁn Xp-1=0, (35)

where «,, and (3, are complicated expressions given in [4, Eq. 3.2]. Since we are dealing with
a second order difference equation, any three solutions of this difference equation are connected
by a three term identity in which the coefficients are independent of n. In some cases, letting
n tend to infinity yields a three term relation connecting three very-well-poised gW7r-series, for
which the three term transformation is known. Identification of the corresponding coefficients
then gives the desired transformation formula.

Since one is considering solutions of the difference equation (35), one has to introduce the
parameter n (a nonnegative integer) into the set of parameters a up to h, and this is done by
replacing g and h respectively by gq™ and hq~"; this leaves the condition (9b) intact. Using the
notation of [4], the following series is a solution of the difference equation at hand:
9y 1
a’ (bgq"/a,cgq"/a,dgq"/a,egq"/a, fgq" /a, gq",bhq" /a, b, q"+1 [h; q)o
y (9a°"/h,ba" /g, 94" /b; @)oo (36)

(be/a,bd/a,be/a,bf /a,aq?tt/bh, aq"tt /ch,aq" 1 /dh, aqg" T [eh, ag" 1/ fh)so
(qQ”gQ, bgq" cgq" dgq" egq” feqd" . gh )

’ ) ) ) ) )
a a a a a

Xboa"/a — (

X O
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The superscript indicates that bgq™/a plays a special role: it is the characterizing argument
(i.e. the second argument) of the ®-series. Quite general, each of the 56 solutions X} of (35)
constructed in [4] is proportional to the ®-series ®* under the appropriate replacement:
u u
Xp ~ @ ‘(gﬁ)—*(gq"ﬁq*")’
with u € U.
It can be seen that swapping the parameter bgq™/a in (36) with one of the last six arguments
of the ®-series also gives solutions to the difference equation. More in particular, the series
X4 /a and ng q"/a are solutions as well. It is these three series that we assume to be connected

in the following way:
P Xba"/a 4 Q X91"/a 4 R x199"/a = 0, (37)

where, as stated before, P, () and R are independent of n. The large n asymptotics of X,gg a"/a

is fairly easy to determine and one finds that

lim XP9a"/a

n—oo

_ (gh/a,bg/c,bq/d,bq/e, bq/ f,bq/a,b/g, 9q/b; @)oo W(g . be @ bj bf . @)
(b2q/a, be/a, bd/a, be/a, bf /a,b,bh/a,aq/bh; ¢)es © a’  a’ a’ a PR

provided that |gh/a| < 1. The asymptotics for the other two series are obtained by interchanging
the role of b and ¢, respectively of b and d. One sees that the limiting relation of (37) yields
a three term relation between three gWr-series. The relation between the three gWr-series at
hand is known, and it reads:

b cg ¢ dg cd q aqg aqg bg bg bg bg bg *q d’q b>  bc bd be bf gh

R I R R T oo W _7b7 ’_ _’_7 7_
(c’b’d’c’abbe bf' a’ ’d’e’f’a’a’q) 8 7(a a’a’ a aqa)
c bq b dq bd q aq aq cq cq cq cq cq b*q d%q c? bc cd ce cf gh
+( __________ s T30 9y Ty T T q>008W7(_a c, Ty T _7qa_)
b ec’d b a’'cece’cfa’bd e fla a a’a’a’ a a
bc c bg bc aq aq dq dq dg dg dq b’q & d>  bd cd de d h
_(_ _q 7 _q _ g _q _q _q7_q7_q7_qa_q7_q7 q )008W7( d 7_7_a17Q7g_):O'
¢ b’b ¢’ a’d de’ df’ a c e’ fla’ a a a a’ a a

This identity is equivalent with identity [10, Theorem 3] with £ =1, [ = 2 and m = 3. Compar-
ison of coefficients first yields an identity connecting the three X,,-series; rewriting this identity
in term of the ®-series (and replacing gq¢™ and hg~" back by g and h) results in the following
identity:

(bocacdq g agagagcd ) g 9" by cg dg eg fg hg

¢c’b’d ¢’ b be bf bh *Ya’a’a’a’a a a’
¢ bg b dg q ag aq aq bd 9> ¢cg by dg eg fg hg
————————— @)oo ®(9-: 9.0 29 €9 9 38
(b dbccecf’cha>oo(aaaaaaa’g) (38)

_(c babcqqaqaq ag be (gd_gﬁb_gﬁﬁhg ) =0
b’C’C’bjdjdejdf’dh’a’qoo a’a,ajaja’a’CL,g - *

This identity thus connects the three series ~(2 ) (3 7) and <I>(4 7); this is thus an identity
corresponding to the first pattern of the first orbit (there are 280 identities of this sort). To
transform it to an identity connecting @(1,2) <I>(1 3) and <I>(1 4) all one needs to do is swap z; and
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x7 in the realization (20). This is, one replaces a by ql/2 2 = ¢%/a, and b by ¢"/%zex7 = bg/a,
etc.; the complete transformation is given by:

a—g*/a, b—bg/a, c—cgfa, d— dg/a, e — eg/a, f— fg/a, g— g, h— hg/a.
Applying this transformation on (38) gives, after some trivial manipulations on the coefficients:

cd ¢ dqg aq aq aq aq
bd(—, -, —, —, —, —, — D(a:b:c.d h
(a "d’ ¢’ be’bf bg’ bh’ Qoo B(asbsc,dye, f, g, h)

bd d b
—l—bC(— - —q ﬂ % ﬂ % ) (a;c§d7ba€7f?gvh) (39)

+Cd(—z ? % ﬁ d_ dh ) (a;d;bacve7fagah):0'
Each of the three ®-series in this identity is symmetric in {e, f, g, h}, and one sees that the three
coefficients obey this symmetry in a way that is clear by simple inspection. Furthermore, one
sees that the second and third coefficient are simply cyclic permutations of (b, ¢, d) of the first
coefficient. This is thus a very elegant way to represent this identity.
One can also write this identity completely in terms of the variables x; this is one writes:

a(z) @(x) + B(x) (i)(fez—ezﬂzez—q (x)) + () (i)(f62—647:62—63 (x)) =0, (40)
with

/2 1/2

1/2 1/2
€z3 qﬂli q q q q

OZ(.’,U) = T2X4 (q1/2$33§' ) > 3 ) )
T4 X3 1‘23}5 To2Xg X2X7 T2X8

(F€2—€3f52—54 (.’L')) = Oé(.’L'l, T3,T4,T2,T5,L6, L7, x8)7

(F€27€47z62763 (.%')) = Oé(.%'l, L4y X2, T3, T5, L6, LT, xS)'

o0y

To transform (39) to an identity connecting the series ®°, ®¢ and ®"/¢ or, stated other-
wise the series ®(; ), ®(13) and ®(33), we can follow the procedure outlined in Table 2. In
multiplicative notation this means one has to perform the following substitution in (40):

Ty =ylrs, wy=y/re, wy=ylrs, Ty =y/n
I =1 =1 =1 =1
T5 = /5y, Lg = /x6Y, L7 = /x7y, Ty = /x8Y,
with y = (x1x2x3m4)1/2 = (305556337958)_1/2
into:

. The coefficient  for instance is then transformed

ay/xa,y/w3,y/21,y/ 72,1/ 25y, 1/ 26Y, 1/ 27y, 1/ 28Y)

1 T2 41 1/2 1/2 1/2
=x124 (¢ /2 T34, o 7q 1/2 T3T5,q / T3%6,q / T3%7,q / L3785 ) oo
1

Doing this for the three coefficients and the three series, and translating everything back to the
parameters a up to h yields, with a minor rewriting of the coefficients:
a bg cd ce cf cg ch

_______ @ - k-
b(b7a7a7a7a7a7a7Q) (a?b7c7d7e7f7g7h)

_C(_7_7_7_7_7_7 aQ)OO(b(a;C;b7d7e7fagvh) (41)
cC a a a a a a
b2 h
F e d e, £, b g (s 250, 20 00 BT b By
¢ b a’ a a a a a a
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Thus, identities (38), (39) and (41) are all three term transformations of the first type, trans-
ferable into each other by the action of an element g € G.

We now give a relation belonging to the second orbit, satisfying the first pattern. Applying
the relevant transformation on (25) gives, after some (non-trivial) manipulations the following
identity, symmetric in {e, f, g, h}:

ab cd c d ce ¢f cg ch d a .
a( ) ( ( fg7 ) 7 ) 5(57;7;7;7575))(D(a7bac7dae7f7gvh)
bebfbgbhaqaqaqaqbdacqadq
—————————————— P(a;c;b,d h
((I’ CL7 CL7 CL7C€ Cf g Ch CL C a d 7q) (Q,C, 9 7€7fag7 ) (42)
aq aq aq aq a cq b cq b> bd . bc be bf bg bh
-, — S(—; —;b,—, —, —, = 0.
(e, ddfdgdh”cacb @)oo (aa “a’ a’a’a’a)

An easier way of finding the same transformation, is eliminating the series ¢ from two identities,
both belonging to the first orbit. One of these connects the series ®°, ®¢ and &%, see (39), while
the second one connects the series ®°, &4 and ®"¥/, see (41) with ¢ and d interchanged.

In order to find a relation belonging to the third orbit, we start with the three series Xﬁh/ ‘.
X9 and X,‘{"“/ " from the article [4]. Using the same limit process one arrives at an identity
connecting three gWr-series, namely, with the notation of [10], wo, wo~ and ws; identification of
coefficients yields a relation between ®9"/¢ ®9 and ®%/". This identity clearly belongs to the
third orbit, as it satisfies the second pattern of this orbit. The simplification of this identity is
however not trivial, and as an example of how to manipulate the coefficients in these identities
we included an appendix showing the various steps required in the simplification process; these
can be found in Appendix II. In the end one arrives at:

cd ce cf cg ch bc? >)
c'c’c’ce a' a'a’ a a a

aq aq aq aq aq c® aq
X (= — = — 5 ®(a;c;b,d h
(Cd ce’cf’cg’ ch’ a c2’q)°° (a;¢:0,d,e, f,g,h)

aq(aq aq aq aq aq aq aq aq aq aq bc b2 aq c aq ¢ bq

Notice the symmetry in {d,e, f,g,h} and how swapping b and ¢ changes the sign of the last
coefficient, due to the presence of the factor (¢/b,bq/c; q)s0, whilst interchanging the first two
coefficients.

As a remark, we note that we could also have derived this identity be eliminating ®¢ from
the two identities connecting ®°, ®¢, &% and ®°, &%, /b4 regpectively. The first one belongs
to the first orbit, the second one to the second orbit. There would still remain some serious
simplification to do, as this yields an identity where the coefficient of ®° is a sum of three
products. The point is, however, that we could have found identity (43) by a double elimination
procedure starting from the first orbit.
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For the fourth orbit, one can once more use a limiting process, this time starting from the

. f gh/a aq"tl/fh . . . . .
three series X;, Xy and X, . Again, after some considerable simplification resem-
bling the calculations given in Appendix II, one arrives at the following identity, symmetric in

{e, f.g,h}:

be bf bg bh 2d de cdf cdg cdh be b
(bg(_e b by bh y cdy  ggcde cdf cdg cdh be by
a a’ a’ a a a’ a  a a a’c
a by qqde df dg dh q q q ¢
b A Bt et S S S 1 b:e.d
(b7 bt} 7b7a/7a7a a’e’f7g’h’q) (a ’C’ 6f’g7)
e f g h bcd
h,d,b - ==, —, =
( ( f7gu s Uy C) S(CL7CL’6L7(L7CL CL))
(cd bqéaq aq be bf bg bh aq aq aq aq.) @(02 cd be ce cf cg ch)
b’cd’a,’b’cd’a’a’a’a’ce’cf’cg’ch’qoO 0% adaaa a
q be bf bg bh d a b d
2(g= 2L 27022 z
+cd( (a’a’a’a’a’c) S, f.9,h b))

q cd bg bc aq aq aq aq aq aq Do q)(q_q_qqqqqq)_o
) ) - Y-

(44)

In this case, one could obtain this identity be an elimination procedure using two identities from
the second orbit.

An element of the fifth orbit, finally, cannot be reached using the limit process which was
used for the previous four orbits. In this case, we have to rely on an elimination procedure. This
is, we eliminate ®¢ from the identities (41) and (43); this will result in an identity connecting
the series ®°, ®b¢/¢ and ®*/¢, From the structure of the identities (41) and (43) it is clear that
at first the coefficient of ®° will involve a sum of four S-products, that the coefficient of ®b</@
will involve a sum of two S-products, while the coefficient of ®%/%¢ will simply be an infinite
product. Since we started with two identities symmetric in {d, e, f, g, h} the resulting identity
too will have this desirable property. One obvious simplification can be made using (46), after
multiplying all coefficients by S(a/bc):

& a bc a ch02a62 a . a? b

(37577’%)_5 (— _’_7_)__5(192 27 . bC)
This allows to reduce the sum of four S-products to a sum of three S—products. The resulting
identity is:

bd be bf bg bh d e f g h b* a bec cd ce ¢f cg ch d e f g h ¢ a be

____________ — 3 _ — — — — _ — —_— — — — —
(cS(a a’a’a’a’cccccacab) bS(a a’a’a’a’b’b’b’b’b’a’b’a’c)
2.2
70165(% b_e ﬂab_g7%>c_d gaia%a@aéabvcab_g)) (I)(a;b;cad,eafaga )
a’a’ a’a’a’a’ a’ a’a a’c a
bd be bf bg bh b’ 94,d e f g h
te(asCr ) TS o)
2 2
aq aq aq aq aq c“ aq b cq bc aq b bc . bd be bf bg bh
_____ d Ty T oy Ty Ty T OO(P_;_;ba_7_a_7_7
(cd7ce7cf7cg’ch ¢ f:9.h ’CQ’C’b’a’bc’q) (a a a ' a a’ a a)

de’df’dg’dh’ef’eg’eh’fg’fh’gh’a’a’a’a’a'q

(¥ 0a @ ag ¢ bgacqbeag, b 0009 g ag ag ag aq oq)

a’b? a’c2’bc’c’a’a’be’ T a’ b2  be’ b bd’ be’ bf’ bg’ bh’
(45)
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Theorem 3 Following the notation and description of Theorem 2, all 27720 three term trans-
formations between the 56 different ®-series are equivalent to one of the five prototypes (39),

(42), (43), (44) or (45).

5 Conclusion

In this article, we have studied Bailey’s transformations for both terminating and non-terminating
series. We have shown, by given an explicit description of the root system Fg, that the invariance
group for the two term transformations for both the terminating balanced very-well-poised 19¢g
and the non-terminating ®-series is the Weyl group of type Fg, a fact maybe known to some in
the field but, to our knowledge, never written down explicitly.

Secondly, we have studied the group structure underlying the three term transformations for
®-series, which we have unravelled. The group involved is the Weyl group of type E7, again
shown using an explicit description of the appropriate root system. An identity involving three
d-series can be seen as connecting three sets (each of size 51840) of these series; they can be
seen as Fjg cosets in Fy. Between any three of these 56 cosets there exists a three term identity,
and we have shown that one needs five prototypes in order to describe each of the (536) = 27720
relationships. We have given an example of each of these prototypes, and we have given a table
indicating how to obtain all other three term transformations.

The explicit identification of the symmetry groups for the two term transformations and
for the three term transformations is of importance in itself. A significant consequence is the
unravelling of the five different types of three term transformations. Our study of the symmetry
groups and the three term transformations should also be of interest in the construction of hy-
pergeometric solutions to the ¢g-Painlevé equations, where similar affine Weyl group symmetries
have been encountered [8, 7].

I Calculation of the orbits using GAP

We know that there are 56 cosets of Fg in F7, and our goal is to find out how many different
orbits there are when F7; acts on sets consisting of three cosets each; the number of such sets
is (536) = 27720. To this end, we will construct a permutation group P3 C Sao7790, and we will
use GAP to determine the different orbits when Pj acts pointwise on the set {1,2,...,27720};
the underlying idea being that each set {¢;,c;, cx} consisting of three cosets is mapped onto an
element of {1,2,...,27720}. As an intermediate step however we first construct a permutation
group P» C Ss¢ that acts naturally on each of the 56 cosets, i.e. each cosets is assigned a number
between 1 and 56 and the group P, then sends ¢ to j if and only if the i-th coset is mapped
onto the j-th coset using the natural action of E7 on cosets. The GAP-code implementing this

strategy is the following:

E7 := Group(mO,ml,m2,m3,m4,m5,m6);

E6 := Group(ml,m2,m3,m4,m5,m6);
rc := RightCosets(E7,E6);;
P2 := Action(E7, rc, OnRight);;

comb := Combinations([1..56],3);;
P3 := Action(P2,comb,0OnSets);;
orb := Orbits(P3,[1..27720],0nPoints);;
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Herein, my up to mg are eight-dimensional matrices corresponding to the reflections 7o up to
7¢. Examining the object orb yields that there are indeed five orbits, and that their sizes are as
given in Table 1. This is shown here:

gap> Size(orb);

5

gap> [Size(orb[1]), Size(orb[2]), Size(orb[3]), Size(orb[4]), Size(orb[5]1)];
[ 4032, 7560, 12096, 1512, 2520 ]

One sees that the order of the orbits given here is different from the order in Table 1; we have
chosen to sort the orbits in order of increasing complexity of their identities.

II Calculation of an element of the third orbit

During the course of the manipulations, we will need some product identities; these are known
and are already given in [3, Exercises 5.21 and 5.22|, albeit in a different form, less suitable for
direct application of the identities. The identities are respectively:

bed acd abd abe cd bd be

S(a® v, 2, d%) = S(—, —,—,—) —a’ S(— , abed). (46)

ab’ ac’ ad’
and

bedf? acdf? abdf? abef? abed 3 e2abed
a2 ) b2 ) C2 ) d2 ) ef ) b} f
2 bede? acde? abde® abce’ abed ) f2abed

3
S(a® 0, ¢, 12, Ly = s )

_ 47
e3S( Q2f 0 V2f 0 2f ' d2f ' ef’ e ) (47)
abed S(aQef b2ef cef d’ef f_3 abcde? abcdfz)
ef bed ' acd’ abd’ abc e’ f T e 7

We will also use the following trivial identities very frequently:
S(a) = S(q/a), and S(a)=—aS(aq).

To find a three term identity belonging to the third orbit, we start with the three series Xﬂh/ “

n n+1
X219 and X/ /h Using the described limit process one arrives at an identity connecting wy,
wo+ and ws [10]; identification of coefficients yields:

(S(b, e, L, O Joly g b be de o ¢ ghy)
a’ aq’ a a a a f'a a

(%4 04 a9 0q 0q . f aq .\ o " gh by cg dg cg fg

bh’ ch’dh’ eh’ fh'" a e a' aaa a a’?

bde bf d h h h fgh
(S( ‘ _f _fvg fiagag>h)_S(f—>£7b7d7evgagafi)
a a' a a a  a’h a’ h a’ aq’ a (48)
fhfbdbedeacgh q q q q
______ Ty T T30 o c>o<I> 3950,C,a,€, 7h
+S( h’ a7a’ a’f’@? a))(b’c’d,e’q) (agdeef )
+ 99 9h%%%%%%%%%%i%%ﬂ3@)
Fgh 9 be bd be bf ed ce cf de’ df ef a’ f bde' ' o T
9 49 949 949 q(q
O(=; ==, 5,5, =, =, = =0
X (a?h7bﬂc7d’e’f7g)
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We will now rewrite identity (48) as a relation between ®°, ®¢ and paa/be where we keep a
twofold goal in mind; firstly we would like to reduce the sum of three S-products in the coefficient
of ®¢ to a sum (or difference) of two S-products, and secondly, we would like that the identity
shows symmetry in {d, e, f, g, h} in a trivial way. After applying the transformation:

c? cd ce cf be

a—>—,b—>—,c—>—,d—>—,e 7f ,g—>C h_)_7
a a a a

we will roughly perform the following steps:
e Use a double application of (46) on both the coefficients of ®° and ®°.

e Apply (47) on the resulting coefficient of ®¢, which will then allow to use (46) once again.
This will realize the requested simplification.

e Apply (47) once more on the (now simplified) coefficient of ®¢ which will establish the
required symmetry in {d, e, f, g, h}.

The coefficient of ® is

cd cf cg bce bch eh fg df dg c aq aq aq aq aq ch h cq
(S(_7_7_7_7—7_)_ ( ) ) ) 7_))( ________ 7‘])007 (49)
a " a a aqg’ a  a a a’h bd’ be’ bf bg bh’ a’ ¢’ h
while those of ®¢ and ®@4/b¢ g
fg df dg c e cd cf cg bce bch eh h bh
h.2) — §(— = = == Tr e o
<((a’ "a’ h”) S(a’a’a’aq’a’a))s(b’a)
beh dh eh fh gh bch c bc)>(aq aq aq aq

g(oer € cn TR gh oeh ¢ ke
+ (aq a’a’a’a’ a’'b a @)oo

aa Ea 3’ @
respectively

aq ,ch h cq beh aq® be aqg aq aq aq aq aq aq aq aq aq ¢ bq

beh e e h g bk @ de A dg A ef eg” el fg i gh' b ¢ Ve OV
One sees that coefficient (51) is symmetric in {d,e, f, g, h} but for the factors (ch/a;q)o,

S(h/c) and S(beh/aq). Furthermore, one notices that the first two of these factors also ap-

pear in (49). It is obvious that (50) lacks the product (ag/ch;q)s to make its common factor

symmetric. Our first goal is now to rewrite the difference in (49) so that it contains the factor

S(beh/aq). In a later stage we would like to extract S(ch/a,h/c) from (50) as well.

Multiply all coefficients by S(a/c?) and apply the following double application of (46) twice,
i.e. on both the coefficient of ®° and ®°:

fg df dg a c , e c ., de f gh  beh a cd cf cg dfg ¢ | e
-, =, =,,b,-)=—=85(-,-,=,=,— b,—)— 55(—,—,—,—,—,b, -
(a’a’a’cz’h”c) h (c’c’c’c’c”aq) c? (a’a’a’ac’h”c)
:_ES(C_{E,LQ,E,@@)+S(z{ig%’%,@’bce)+ S(ﬁ ce cf cg ch be beh,
h “c'cc'c' ¢’ aq a’ a a’ ¢t a’ a ch a a’ a a a aq

First, we applied (46) on S(fg/a,df/a,dg/a,a/c?) and then on S(dfg/ac,c/h,b,e/c). After this
a factor S(beh/aq) can be cancelled out from each of the three coefficients, and the coefficient
of ®€ is:
cd ce cf cg ch bc? c,.de f gh h bh
(G5 o e e ) G e e e WSG )
dh eh fh gh bch ¢ bc a aq aq aq aq
S(—,—, —, —, —, -, —, =) (=, —, =, —@)oo-
-5 S )i oo of og’ D



Multiply all coefficients by S(bc/h)! and apply (47) on the coefficient of ®°:
—@S bed bece bef becg a h a

eg’c’cc e h aq a a’  a’ a’'chce
d . dh eh fh gh . a bc? ad _ cd ce c¢f cg ch be be?
_75(7777777713772)7)_75(777)7)7777377)'
cg “a’ a a a c?’a g "a a a’ a a a

At this point the coefficient of ®¢ is:

(555555576_277’(] _E (CL’ CL’ a ) a 7%7;)37;
dh eh fh gh bch ¢ bc be c bc?> h bh
+S(;7;7?7;)( (775733%)_55(@7737;)))

2 3
aq aq aq aq a c°q bc® _ bed bee bef beg a h h bh
@)oo x (o §(n, 20, 2 2 )

It is now clear that one has to apply (46) again:

beh ¢ be bey ¢ o a &E)Jrfg(b@ﬁ@)
e’V a R e e TR e
in order to reduce the sum of three S-products. At this point S(a/ch,h/c) can be factored
out of the difference; all three coefficients now have (h/c,qc/h,ch/a;q)~ as a factor, and the

coefficient at hand becomes:

be3 |, bed bee bef beg h bh c? dh eh fh gh bc
(——S(—,—,—,—,—,—)+—S(—,—,—,—,C,—))
ah a a’ a a b a a a’ a a’ a a
2
aqg aqg aq aq aqg a ¢
« (%9 09 09 09 a9 a c’q .

cd ce’cf’ cg’ch’ 2’ a

Finally, we apply (47) once again, after multiplying each coefficient by S(b?/a), to make the
symmetry in {d,e, f, g, h} clear:

Sdhqehfh@ &g ¥ de fgh b

(77;777 CL’C’ aaa):%s(gvgag’gagacaﬁ)
g be bF by Bh W be, abe o bed bee bef beg b bh B,
dh *a’a’a’a’a’ a’h dh? a a’ a a’b a’ a’

After some final trivial simplifications the identity (48) finally becomes the already given
identity (43).
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