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Abstract. An explicit construction of all finite-dimensional irreducible representations of clas-
sical Lie algebras is a solved problem and a Gelfand-Zetlin type basis is known. However the
latter lacks the orthogonality property or does not consist of weight vectors for so(n) and sp(2n).
In case of Lie superalgebras all finite-dimensional irreducible representations are constructed ex-
plicitly only for gl(1|n), gl(2]2), 0sp(3|2) and for the so called essentially typical representations
of gl(mn). In the present paper we introduce an orthogonal basis of weight vectors for a class of
infinite-dimensional representations of the orthosymplectic Lie superalgebra osp(1]2n) and for
all irreducible covariant tensor representations of the general linear Lie superalgebra gl(m|n).
Expressions for the transformation of the basis under the action of algebra generators are given.
The results are a step for the explicit construction of the parastatistics Fock space.

1. Introduction. The representation theory of simple Lie (super)algebras and in par-
ticular of classical Lie algebras A,, B,,C,, D, and basic classical Lie superalgebras
A(m|n), B(m|n),C(n), D(m|n) is a central topic in mathematics and physics. A lot is
known about finite-dimensional irreducible representations of Lie algebras. The charac-
ters and dimensions are given by the Weyl formula. As far as for the explicit construction
of the representations the first results were given by Gelfand and Zetlin in two short
papers [3,4]. They solved the problem for the general linear Lie algebra gl(n) [3] (=
for the algebras of class A,) and the orthogonal Lie algebras B, = so(2n + 1) and
D,, = s0(2n) [4]. The possibility to introduce a basis in any finite-dimensional irreducible
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gl(n) module V stems from the fact that each such module V is a direct sum of irreducible
gl(n — 1) modules V' = >, ®V;, where the decomposition is multiplicity free. Consider
now the chain of subalgebras

gl(n) Dgl(ln—1) D ... Dgl(1) (1)
and let
V=Vn)oV(n-1)>...0V(1) (2)

be a flag of subspaces of the gl(k) finite-dimensional irreducible modules, for each k =
1,...,n. Since any irreducible gl(1) module V(1) is a one dimensional space the flag (3)
determines a one dimensional subspace in V. Denote an arbitrary vector in this subspace
by |m) and let A(k) = [m1g, Mok, ..., mgk] be the highest weight of V(k). The highest
weights A(n), A(n —1),...,A(1) determine the vector |m)

Min e e Mp—1,n Mpn
min—1 -+ = Mp_1n-1

m) = | . ) . (3)
mi

The vectors (3) corresponding to all possible flags (2), constitute a basis in V', which was
introduced by Gelfand and Zetlin [3] and is now called a Gelfand-Zetlin (GZ) basis in the
gl(n) module V.

In a similar way one can introduce a basis in each finite-dimensional so(n) module [4]
considering the chain of subalgebras

s0(n) Dso(n—1) D... Dso(2). (4)

Contrary to gl(n), where the basis consists of orthonormal weight vectors, the GZ-basis
vectors for so(n) [4] are not eigenvectors for the Cartan subalgebra.

This approach does not work for the symplectic Lie algebras C,, = sp(2n) since the
restriction sp(2n) | sp(2n — 2) is not multiplicity free. Since the two short papers of
Gelfand and Zetlin [3,4] were published in 1950, many different methods were developed
to construct bases in the modules of the classical Lie algebras (see for instance the review
paper [10]). A complete solution of the problem for the sp(2n) modules was eventually
given by Molev [11] in 1999. He used finite-dimensional irreducible representations of
the so called twisted Yangians. The paper of Molev [11] together with the papers of
Gelfand and Zetlin [3,4] provide explicit realizations of all finite-dimensional irreducible
representations of the classical Lie algebras. Molev applied the approach based on the
twisted Yangians also to the orthogonal Lie algebras [12,13]. The new basis consists of
weight vectors but in turn lacks the orthogonality property of the GZ basis. In such a
way the problem to construct a natural basis for the Lie algebras so(n) and sp(2n), which
accomodate the two properties is an open one.

Contrary to the classical Lie algebras, the finite-dimensional irreducible modules over
any basic Lie superalgebra are fully classified [6] but so far it is not known how to construct
explicitly all such modules and especially the so called indecomposible modules. Some
steps towards a generalization of the concept of the GZ basis have been done (see [15-17]).
Irrespective of the progress, there is still much to be done in order to complete the
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representation theory of the basic classical Lie superalgebras. In the present paper we
make a step further in this respect not for finite-dimensional but for a class of infinite-
dimensional irreducible representations of the Lie superalgebra B(0|n) = osp(1]2n) and
also for a class of finite-dimensional irreducible representations of the general linear Lie
superalgebra gl(m|n), the so called covariant tensor gl(m|n) representations. In both cases
the corresponding basis vectors are orthonormal and weight vectors.

2. Explicit representations of the Lie superalgebra osp(1|2n). The orthosymplec-
tic Lie superalgebra osp(1|2n) [6] consists of matrices of the form

0 a a1
ag b |, (5)
—at d bt

where a and ay are (1 X n)-matrices, b is any (n X n)-matrix, and ¢ and d are symmetric
(n x n)-matrices. The even elements have a = a; = 0 and the odd elements are those
with b = ¢ = d = 0. Denote the row and column indices running from 0 to 2n and by
e;; the matrix with zeros everywhere except a 1 on position (7, j). Then as a basis in the
Cartan subalgebra b of osp(1|2n) consider

hj = €55 — €ntjn+tj (j = ].,...,TL). (6)
In terms of the dual basis §; of h*, the root vectors and corresponding roots of osp(1|2n)
are given by:

€0,k — En+k,0 < _5k7 €0,n+k + €k,0 < 5k7 k=1,...,n, odd,
€jnt+k T €kntj < (Sj + O, €ntjk T €ntk,j <> —6j — 0, j<k=1,...,n, even,
€k — Enthntj <0 — 0k, JjFk=1...,n, even.

Introduce the following multiples of the odd root vectors
b = V2(eontn + €xo), by = V2(e0k — €ntho) (k=1,...,n). (7)
Then the following holds [2]:

THEOREM 2.1. As a Lie superalgebra defined by generators and relations, osp(1|2n) is
generated by 2n odd elements bki, subject to the following relations

Hb?v bi} 0] = (€ = §)dub] + (e — n)&dbg. (8)

We can construct representations of 0sp(1]2n) using an induced module construction
with an appropriate chain of subalgebras (see [7] for more details).

PROPOSITION 2.2. A basis for the even subalgebra sp(2n) of osp(1|2n) is given by the
2n2 + n elements {bji,bki,},l <j<k<n, {bj',b,;},l < j,k < n. The n? elements
{b;‘,b;},j, k=1,...,n are a basis for the sp(2n) subalgebra gl(n).

Define a one-dimensional gl(n) module V'(p), spanned on a vector |0), setting {b;, by o)
=pdjx|0), 4,k =1,...,n, and p an arbitrary parameter. The subalgebra gl(n) can be
extended to a parabolic subalgebra P = span{{bj', b }, by, {bj_, b}, g,k =1,...,n} of
0sp(1[2n) and V(p) to a P module requiring b, |0) =0, j =1,...,n. Now we define the
induced 0sp(1]2n) module W (p): W (p) = Ind;fp(ll%)V(p).
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By the Poincaré-Birkhoff-Witt theorem [6], it is easy to give a basis for W (p):

(O™ - (o) ({of, b3 PP (b, b3 )™ - ({o_y b ) 0),

n—1"Yn

where k1, ..., kn, k12, k13, ..., kn—1,n € Z4. However in general W(p) is not an irreducible
module and let M (p) be the maximal nontrivial submodule of W (p). The purpose is now
to determine the vectors belonging to M (p) and also to find explicit matrix elements of
the osp(1]2n) generators b;-t in an appropriate basis of W (p) = W (p)/M (p).

From the basis in W (p), it is easy to write down the character of W (p):

(1 - ..xn)p/2
H?:1(1 — ;) H1§j<k§n(1 —zjzy)

char W (p) =

Such expressions have an interesting expansion in terms of Schur functions.

PROPOSITION 2.3 (Cauchy, Littlewood). Let x1,...,2, be a set of n variables. Then [8]

1
o (U= 2) Tl <jcnen (D — 2jzn) ;sk(ml’ srTn) = z; sx(@)- (10)

i=1

Herein the sum is over all partitions A and sx(x) is the Schur symmetric function [9].

The characters of finite dimensional gl(n) representations are given by such Schur
functions sy (z). Therefore we can use the gl(n) GZ basis vectors as our new basis for
W (p). Thus the new basis of W (p) consists of vectors of the form

Min U o Mp—-1,n Mpn
. Mip-1 “+ “° Mp_1np-1 [m]™
m)=|m)" = | . ) = 1 ;o (11)
: ) m
mii

n

where the top line of the pattern, also denoted by the n-tuple [m]
(consisting of non increasing nonnegative numbers) with length ¢(\) < n. The label p
itself is dropped in the notation of |m). The remaining n — 1 lines of the pattern will
sometimes be denoted by |[m)"~!. So all m;; in the above GZ pattern are nonnegative
integers, satisfying the betweenness conditions m; j11 > mi; > Myy141,1 <@ <7 <

, is any partition A

n — 1. The task is now to give the explicit action of the generating elements b;t of
osp(1|2n) (40). For this purpose, we introduce the following notations : l;; = m;; — @
for i = 1,...,n, and let each symbol +ij,k attached as a subscript to |m) indicate a
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replacement m;,  — m;, 1 = 1. Then this action is given by:

+ —
b |m) =
n—1

S S I T
Z Z ZSZnaln 1 Zn 1aln 2) S<Z]+1alj)< il ek ) )

n=lip_1=1 i;j=1 k#ijzl(lkj - lij,j

.

_ _ 1/2
Hk;ﬁzn = lk n—r = linfr,~+1,nfr+1 - 1) HZ;&Z'TIITH:1(ZIC,7HT+1 - linﬂ-,nfr)
« H -
r=1 HZ;&Z;IT+1:1(lk,n*T+1 - lin—r+17n77’+1) HZ;A;L_T:Alk,nfT - lin_r,nfr - 1)

X Fi, (Man, Many - oy Man) 110 iy nitin 1 n—15.445.,55 (12)

n—1

! j—1 1/2
g1 — i
Yo > Slinyin—1)S(in-1,in-2).. S(z‘jﬂ,ij)( JHk_l(kJ S ))

k;éijzl(lkj =l +1

>

in=1%p_1=1 ij=1
_ _ 1/2
H k;ﬁzn ,:1 lk n—r — lin,wrl,n—r-‘rl) HZ#;:E{,Jrl:l(lk,n—r-i-l - lin,r,n—r + 1)
r=1 Z;é::lr“ 1 lk,nfrﬁtl - lin7r+17n77”+1 + 1) HZ;:TL_Tzl(Zk,n*T - linfr,nfr)
mlnv-- s M — 17~--amnn) ‘m)—inn—in 1m—15..5—i5,55 (13)
where
—(_1\Mk+1,nt Mg _ _ 1/2
Fr(min, Mo, ...y Mpn) =(—1) (mgn +n+1—k+&En,, (p—n))
. 1/2
— Mgp — ) + k >
X (14)
J};[ 1 <mjn My — J + k — Omw—mkn ’
with
&; =11if j is even and 0 otherwise,
O; =1if j is odd and 0 otherwise, (15)
and
1 for k<r
k,r)= - 1
S(k.m) { -1 for k>r. (16)

Note that, {b

],J}—th,j—l ,n and

hjlm) = < —|—ka] me-_l) |m). (17)
k=1

The proof that (12)-(13) do give a representation of osp(1|2n) consists of verifying that
all triple relations (8) hold when acting on any vector |m). Each such verification leads to
an algebraic identity in n variables my,, ..., Myy,. Consider now the factor (my, +n+1—
k+E&m,, (p—n)) in the expression of Fj,([m]™) (14). This is the only factor in the right hand
side of (14) that may become zero. If this factor is zero or negative, the assigned vector
|m’) belongs to M (p). Recall that the integers m;, satisfy mi, > map > -+ > My, > 0.
If my, = 0 (its smallest possible value), then this factor in Fj, takes the value (p—k+1).
So the p-values 1,2,...,n — 1 play a special role leading to the following result:
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THEOREM 2.4. The osp(1|2n) representation W (p) is an irreducible representation if
and only if p € {1,2,....,n—1} orp >n—1. Forp >n—1, W(p) = W(p) and for
p€{1,2,....,n— 1}, W(p) = W(p)/M(p) with M(p) # 0. The explicit action of the
osp(1|2n) generators in W (p) is given by (12)-(13), and the basis vectors are orthogonal
weight vectors. For p € {1,2,...,n — 1} this action remains valid, provided one keeps in
mind that all vectors with mpi1 n, # 0 must vanish.

3. Explicit representations of the Lie superalgebra gl(m|n). The Lie superalgebra
gl(m|n) can be defined [6] through its natural matrix realization

al(mln) = {z = ( é g ) A € My, B € Mipn, C € My D € My}, (18)

where M, is the space of all p X ¢ complex matrices. The even subalgebra gl(m|n)g
has B = 0 and C' = 0; the odd subspace gl(m|n); has A = 0 and D = 0. A basis for
gl(m|n) consists of matrices e;; (4,5 = 1,2,...,7 = m + n) with entry 1 at position
(,7) and 0 elsewhere. A Cartan subalgebra b of gl(m|n) is spanned by the elements e;;
(j =1,2,...,r), and a set of generators of gl(m|n) is given by the Chevalley generators
ej; (7 =1,...,7), e i+1 and e;41; (¢ = 1,...,7 —1). Then gl(m|n) can be defined as
the free associative superalgebra over C and generators e;;, (j = 1,2,...,7 = n+m)
and e;it1, €i+1,, (¢ = 1,2,...,r — 1) subject to the following relations (unless stated
otherwise, the indices below run over all possible values) :

o The Cartan-Kac relations :

[eii, €55] = 0; (19)
[€iis €5,5+1] = (055 — bij+1)€j,5+1, (20)
[eiis €j41,5] = —(0ij — G j+1)€j41,55 (21)
leiiv1,€511,5] = 0 if i # 5 (22)
[€i,i+1, €i+1,i]) = €is — €i41,441 if © F# my; (23)
{em,m+1, em+1,m} = €mm T em+1,m+1; (24)
o The Serre relations for the e; ;41 :
€iit1€ 41 = €ttt if [i —jl #1; e g =0; (25)
€] i 11€it1,i42 — 2€ii41€i41,i+2€ii+1 + €iy1,i42€5 141 =0,
forie{l,....m—-1}U{m+1,....,n+m—2} (26)
612+17¢+26i,i+1 - 2ei+1,i+2ez’,i+lei+l,i+2 + €i,i+1€12+1,¢+2 =0,
forie{l,....m—=2}U{m,...,n+m —2}; (27)
em,m+1€m—1,mCm,m+1€m+1,m+2 t €m—1,mem,m+1€m+1,m+2€m,m+1+
Em,m+1€m+1,m+26m m+1€m—1,m + Em+1,m+26m,m+1€m—1,mEm m+1
—26m7m+1em_17m€m+17m+2€m,m+1 = 0; (28)

o The relations obtained from (25)-(28) by replacing every e; ;11 by €i41,.
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We will consider a class of irreducible finite-dimensional gl(m|n) modules, namely the
so called covariant simple modules V ([u],-) [1,18]. They are in one-to-one correspondence
with the set of all nonnegative integer r tuples

(e = [par, s - o prrr] (29)
for which
Wir — Pit1r €Ly, Vi#Em, i=1,...,r—1 (30)
and
o = #00 par > 0, m 1< < 1), (31)

Within a given gl(m|n) module V ([u],) the numbers (29) are fixed. The possibility of
introducing a Gel’fand-Zetlin basis in any covariant simple gl(m|n) module V([u],) stems
from the following propositions.

PROPOSITION 3.1. Consider the gl(m|n) module V ([u],) as a gl(m|n — 1) module. Then
V([u]r) can be represented as a direct sum of covariant simple gl(m|n — 1) modules,

V(lulr) = Z@Vi([ﬂ]r—l)a (32)

where

L Al Vi([pe]r—1) carry inequivalent representations of gl(m|n — 1)

Wr—1 = [B1r—1s 2,1y - oo for—1,r—1)5 (33)
Hir—1 — Mit+1,r—1 €Z+, Vz;ﬁm, t=1,...,r—2, (34)
mr—1 = F#{0 phip—1 >0, m+1<i<r—1} (35)

11
Pir — fip—1 =0;r—1 € {0,1}, 1<i<m, (36)
2. Mir — Mir—1 € Z+ and Wir—1 — Mi+1,r € Z+, m+1<i1<r—1,

PROPOSITION 3.2. Consider a covariant gl(m|1l) module V ([]m+1) as a gl(m) module.
Then V([tlm+1) can be represented as a direct sum of simple gl(m) modules,

Vilthmi) = 3 @Villahn) (37)

where
L AllVi([pe]m) carry inequivalent representations of gl(m)

[,u]m = [Mlmaﬂ?ma cee 7Mmm]7 Him — Hi+1,m € Z-i-' (38)
1I.
1. Him+1 — Him = Oim € {0, 1}, 1<i<m,

2. if pmmt1 =0, then Oy, = 0. (39)

Both propositions follow from the character formula for simple covariant gl(m|n)
modules [1,18].
Using Proposition 1, Proposition 2 and the gl(m) GZ-basis we have:
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PROPOSITION 3.3. The set of vectors

Hir e Hm—1,r Hmr Hm+1,r e Hr—1,r Hrr
H1r—1 e Hm—1,r—1 Hom,r—1 Hm41,r—1 e Hr—1,r—1
_ ,Ul,m-i-l T Um—l,m+1 ﬂm,m-&-l Nm+1,m+1
) = (40)
Him ot Hm—1m Hmm
,ul,m—l e ,Ufm—l,m—l
H11

satisfying the conditions

1. pir € Zy are fized and pjr — prji10 € Zy, j#m, 1 <j<r-—1,
P > #{i i >0, m+1<i <7}

Hip — Hip—1 = 0;p—1 €{0,1}, 1<i<mym+1<p<m;
fmp = #{i pip >0, m+1<i<p}, 1<m+1<p<r;

Zf Hm,m+1 = O, then 97n’m = O;

Pip — Hit1p €Ly, 1<i<m—-1L,m+1<p<r—1

Wi j+1 — tij € Ly and p; j — iy j+1 € Ly,
1<i<j<m—-lorm+1<i<j<r—1.

(41)

S ot Wi

constitute a basis in V([u],).

The last condition corresponds to the in-betweenness condition and ensures that the
triangular pattern to the right of the n x m rectangle p;, (1 <i<m;m+1<p<r)
in (40) corresponds to a classical GZ pattern for gl(n), and that the triangular pattern
below this rectangle corresponds to a GZ pattern for gl(m).

We shall refer to the basis (40) as the GZ basis for the covariant gl(m|n) represen-
tations. The task is now to give the explicit action of the gl(m|n) Chevalley genera-
tors on the basis vectors (40). For this purpose, we introduce the following notations :
lij=pij—t+m+1for 1 <i<m,lp; =—pp; +p—miform+1<p<r, and |u)+; is
the pattern obtained from |u) by replacing the entry p;; by p;; = 1. Then this action is
given by:

k k—1
exklr) = [ D ik =D pika | ), 1<k < (42)
j=1 j=1

k

_ 1/2

1 ik = L) TS (s — Ly — 1))

ek kr1|1t) = (‘ " = |2 ik,
3221 Hf;éj:l(lik —Lig)(lik — Lk — 1)

1<k<m-1; (43)
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a i Lk + DT Gk — Lig) i
lik1 — i=1 \",k—1 — U5
ekl => | - iz Uikes =1y - : )= jik
[T ik — L + 1) ik — i)

1<k<m-1; (44)

Jj=1

em,m+1|u) = Zaim(_l)i_l(_1)01m+ i, m(lz m+1 — lm—i—l m+1) 1/2
i=1

m—1 I I 1/2
X ( . 1 z’mﬂ))) |14) i (45)

Hk;&i:1 (lk,m+1 - li,m+1

m

6m+17m|/ﬁ) = Z(l - eim)(_l)i_l(_1)01m+ i, m(lz m+1 — lm+l m+1) 1/2

=1
m—1 1/2
et — limst)
% nl’f_l ( k.m—1 i,m+1 i 46
(Hk¢i—1(lk,m+1 —limt1) ) (46)

ep7p+1‘lu) = Z eip(_1)91p+-.~+97‘,—1,p+07‘,+1,1)—1+...+9m,,p—l (1 _ ei,p—l)

X H (( iptl lkp)(lz:,pﬂ — ey — 1) ))1/2

pgimt \iptt = beprn) (liprr = lep—1 =1

1/2
]._[q m+1( i,p+1 = qm 1= 1) H]q)+71n+1( i,p+1 T lq,p-i-l) |M)
H§7m+1(li,p+1 - lqp - 1)(lz7p+1 - lqp) *

1/2
n zp: Hq m+1( q,p—1 — sp + 1) H5+11n+1( q¢,p+1 — lsp)
Hq;&s:m+1(lqp - lsp)(lqp lSP + 1)

m /2
(lkp = Lsp) Uiy — lsp + 1) >
x . mA1<p<r—1;
1 <<lk,p+1 R (Y R P

s=m-+1

ep_H’p‘,u,) = Z 0i7p_1(_1)91p+...+9i71,p+6i+1,p71+>..+0m,p—1 (1 _ 01';0)
1/2
X H ( xPJrl - lkp)(li,p+1 - lkp - 1) ) /
pzim \ipr1 = leps1) (lipr = lip—1 = 1)

1/2
Hq 7rL+1( i,p+1 = ll]vp—l - 1) HZI:,L+1(Zi7P+1 - lq,p+1) |,LL) )
H§7m+1(li,p+l - lqp - 1)(li,p+1 - lqp) *

H§¢s:m+1(lqp - lSP 1)(qu> - lsr))

lkp Sp - )(lkp - lsp) )1/2
—sp, mMmFH1I1<p<r-—1,;
H ( U ,p+1 ZSp )(lk,p—l - ZSp) |Iu) i P

P p—1 p+1 1/2
i Z (_ Hq=m+1(lq,p—l SP) q= m+1( ,p+1 *lsp - 1)) (48)

s=m-+1
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In the above expressions, E;’;izl or Hz;izl means that k takes all values from 1 to
m with k # 4. If a vector from the rhs of (42)-(48) does not belong to the module
under consideration, then the corresponding term is zero even if the coefficient in front is
undefined; if an equal number of factors in numerator and denominator are simultaneously
equal to zero, they should be cancelled out.

To prove that the explicit actions (42)-(48) give a representation of gl(m/|n) we showed
that (42)-(48) satisfy the relations (19)-(28). The irreducibility follows from the fact that
for any nonzero vector x € V([u],-) there exists a polynomial f of gl(m|n) generators such
that fz =V ([u];).

4. Comments. The motivation for the present work comes from some physical ideas.
The constructed osp(1]2n) modules in Section 2 are actually state spaces of a system
of n pairs of paraboson operators bji, j=1,...,n [5]. The latter are generalizations of
ordinary Bose statistics. Similarly Green [5] generalized Fermi statistics to parafermion
statistics. On the other hand it is known that the Fock space corresponding to a system of
m pairs of parafermions and n pairs of parabosons corresponds to an infinite-dimensional
unitary representation of the Lie superalgebra osp(2m + 1|2n) [14]. In order to construct
it explicitly the branching osp(2m + 1|2n) D gl(m|n) should be known as well as a basis
description for the covariant tensor gl(m|n) representations. In such a way the results of
Section 3 are a first step for the explicit construction of the parastatistics Fock space.

Acknowledgments NIS was supported by project P6/02 of the Interuniversity Attraction
Poles Programme (Belgian State — Belgian Science Policy)
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