Realizations of coupled vectors in the tensor product of representations of su(1, 1) and su(2)

S. Lievens, J. Van der Jeugt ∗

Ghent University, Department of Applied Mathematics and Computer Science, Krijgslaan 281-S9, B9000 Gent, Belgium

Abstract

Using the realization of positive discrete series representations of su(1, 1) in terms of a complex variable z, we give an explicit expression for coupled basis vectors in the tensor product of ν +1 representations as polynomials in ν +1 variables z_1, . . . , z_{ν+1}. These expressions use the terminology of binary coupling trees (describing the coupled basis vectors), and are explicit in the sense that there is no reference to the Clebsch-Gordan coefficients of su(1, 1). In general, these polynomials can be written as (terminating) multiple hypergeometric series. For ν = 2, these polynomials are triple hypergeometric series, and a relation between the two binary coupling trees yields a relation between two triple hypergeometric series. The case of su(2) is discussed next. Also here the polynomials are determined explicitly in terms of a known realization; they yield an efficient way of computing coupled basis vectors in terms of uncoupled basis vectors.

Key words: multiple hypergeometric series, tensor products, realizations, coupling coefficient 1991 MSC: 33C70, 33C80, 17B15, 81R05

1 Introduction and notation

The relation between so-called coupling coefficients of the Lie algebras su(2) or su(1, 1) and orthogonal polynomials is well established [1–5]. The main activity in this area was stimulated by applications in quantum theory of angular momentum [6,5,7], as the angular momentum algebra coincides with the ∗ Corresponding author.

Email addresses: Stijn.Lievens@rug.ac.be (S. Lievens),

Joris.VanderJeugt@rug.ac.be (J. Van der Jeugt).

Preprint submitted to Elsevier Science 7 October 2002

Lie algebra su(2). The notion of “coupling of angular momentum” is equivalent to taking tensor products of irreducible representations of su(2). The intertwining or coupling coefficients appearing in tensor products of two or three representations have been studied considerably. The 3j-coefficients can be expressed in terms of a_3F_2 hypergeometric series of unit argument, leading to their relation with Hahn polynomials [1,3,7]. The 6j-coefficients are expressed in terms of a balanced_4F_3 hypergeometric series of unit argument, due to Racah [8], and led to a new class of orthogonal polynomials [4] now referred to as Racah polynomials [9]. For the Lie algebra su(1, 1), the 3j- and 6j-coefficients for the positive discrete series representations are closely related to those of su(2) [1,10,11].

The tensor product of an arbitrary number of representations has been given less attention in the literature. For the tensor product of ν + 1 representations of su(2), the standard method is that of binary coupling [5]. Most of the attention went to the study of related 3νj-coefficients for su(2), for which a powerful graphical method was developed by Yutsis et al [12]. The method of binary coupling however, has the advantage that it works both for su(2) and su(1, 1) [13,14]. There are a few papers dealing with the relation between ν + 1 fold tensor products (or 3νj-coefficients) and orthogonal polynomials or hypergeometric series in several variables. For 9j-coefficients of su(2), a relation with a triple hypergeometric series was given by Ališauskas [7,15–17]. Orthogonal polynomials in several variables, appearing in the context of binary couplings for su(1, 1) representations, appear in the work of Rosengren [18] and in [19].

In the present paper we reconsider the classical realization of positive discrete series representations of su(1, 1), and study the corresponding realization of coupled vectors (defined by the method of binary coupling) in the tensor product of ν + 1 such representations. Our main result is a general expression for such a coupled vector (Theorem 1). This expression is a polynomial in ν + 1 variables, and can be written as a multiple hypergeometric series. These polynomials are also orthogonal as complex functions on the multidisc, for a standard weight function.

The structure of the paper is as follows. In the remainder of this section, we recall some standard properties for the Lie algebra su(1, 1), its positive discrete series representations, and their tensor products. In particular, we introduce the notion of binary coupling schemes and their notation. In Section 2 we consider the classical realization of these representations, and derive the expression for arbitrary coupled vectors in this realization. In Section 3 we consider an application : for the tensor product of three representations, the realization of coupled vectors is written as a triple hypergeometric series. The equation between two types of coupled vectors, related through an su(1, 1) Racah coefficient, leads to an identity relating such triple hypergeometric series by means of a_4F_3 series. Finally, in Section 4 we consider the case of ν + 1 tensor products of su(2) representations and their realizations. The situation is very similar to that of su(1, 1). The expression for coupled basis vectors can be useful in applications if one needs an explicit expansion of such vectors in terms of uncoupled basis vectors.

The Lie algebra su(1, 1) is generated by J_0, J_± subject to the relations

[J_0, J_±] = ±J_±, [J_+, J_−] = −2J_0, (1)

with the conditions J^†_0 = J_0 and J^†_± = J_∓. The positive discrete representations [1] D_k are labelled by a positive real number k. The representation space is ℓ^2(Z_+), with orthonormal basis vectors denoted by e^{(k)}_n , with n = 0, 1, 2, . . . (sometimes denoted by |k, n⟩). D_k is an irreducible ⋆-representation of su(1, 1), with inner product ⟨e^{(k)}_{n1} , e^{(k)}_{n2} ⟩ = δ_{n1,n2} , and with action given by :

J_0e^{(k)}_n = (n + k)e^{(k)}_n ,

J_+e^{(k)}_n = √ (n + 1)(2k + n)e^{(k)}_{n+1},

J_−e^{(k)}_n = √ n(2k + n − 1)e^{(k)}_{n−1}. (2)

The tensor product of two positive discrete series representations is completely reducible, and the decomposition is given by [1] :

D_{k1} ⊗ D_{k2} = ∞∑ j=0 D_{k1+k2+j} . (3)

The standard (orthonormal) basis vectors of D_k (k = k_1 + k_2 + j) in (3) are called the coupled basis vectors and related to the uncoupled basis vectors of D_{k1} ⊗ D_{k2} through the Clebsch-Gordan coefficients of su(1, 1). This is written as : e^{(k1,k2)k} n = ∑ n_1,n_2 C^{k1,k2,k} n_1,n_2,n e (k_1) n_1 ⊗ e

(k_2) n_2 , (4)

k = k_1 + k_2 + j (j ∈ N), k + n = k_1 + n_1 + k_2 + n_2, (5)

where [1,10,11] :

C^{k1,k2,k} n_1,n_2,n = [ (2k_1)_{n1} (2k_2)_{n2} (2k_1)_j n!n_1!n_2!j!(2k_1 + 2k_2 + 2j)_n(2k_2)_j(2k_1 + 2k_2 + j − 1)_j ]_{1/2}

× (j + n)!_3F_2 ( 2k_1 + 2k_2 + j − 1, −n_1, −j 2k_1, −n − j ; 1 ) . (6)

Herein, (a)_n is the classical notation for the Pochhammer symbol, and_3F_2 is a (terminating) generalized hypergeometric series [20–22]. Later on we shall also write (a, b, . . .)_n for (a)_n(b)_n . . ..

We shall be concerned in this paper with the tensor product of ν + 1 positive discrete series representations D_{k1} ⊗ · · · ⊗ D_{kν+1} . Orthonormal basis vectors in such a tensor product can be constructed by means of binary coupling schemes. For example, two sets of basis vectors in the tensor product of three representations D_{k1} ⊗D_{k2} ⊗D_{k3} , according to the “coupling” (D_{k1} ⊗D_{k2} )⊗D_{k3} or D_{k1} ⊗ (D_{k2} ⊗ D_{k3} ), are given by :

e^{((k1 ,k2)k12,k3)k} n = ∑ n_{12},n_3 C^{k12,k3,k} n_{12},n_3,n e (k_1,k_2)k_{12} n_{12} ⊗ e

(k_3) n_3 = ∑ n_1,n_2,n_3,n_{12} C^{k1,k2,k12} n_1,n_2,n_{12} C k_{12},k_3,k n_{12},n_3,n e (k_1) n_1 ⊗ e

(k_2) n_2 ⊗ e

(k_3) n_3 , (7) and e^{(k1,(k2,k3)k23 )k} n = ∑ n_1,n_{23} C^{k1,k23,k} n_1,n_{23},n e (k_1) n_1 ⊗ e

(k_2,k_3)k_{23} n_{23} = ∑ n_1,n_2,n_3,n_{23} C^{k2,k3,k23} n_2,n_3,n_{23} C k_1,k_{23},k n_1,n_{23},n e (k_1) n_1 ⊗ e

(k_2) n_2 ⊗ e

(k_3) n_3 . (8)

Following (5), the above representation labels are such that

k_{12} = k_1 + k_2 + j_{12}, k_{23} = k_2 + k_3 + j_{23}, k = k_{12} + k_3 + j = k_1 + k_{23} + j^′, j_{12}, j, j_{23}, j^′ ∈ Z_+, and j_{12} + j = j_{23} + j^′. (9)

More generally, a binary coupling scheme on a twofold tensor product D_k ⊗D_k′ is defined as ∑ n,n^′ C^{k,k′,K} n,n^′,N e (k) n ⊗ e^{(k′)}_n′ or ∑ n,n^′ C^{k′,k,K} n^′,n,N e (k) n ⊗ e^{(k′)}_n′ . (10)

A binary coupling scheme T = T (K, N) on the tensor product of (ν + 1) representations D_{k1} ⊗ D_{k2} ⊗ · · · ⊗ D_{kν+1} is defined (recursively) as ∑ n,n^′ C^{k,k′,K} n,n^′,N σ(T1(k, n) ⊗ T2(k ′, n^′)), (11)

where T_1(k, n) is a binary coupling scheme on the tensor product of l representations and T_2(k^′, n^′) is a binary coupling scheme on the tensor product of the remaining ν +1−l representations. The map σ reshuffles the order of the components in the tensor product such that they belong to D_{k1} ⊗D_{k2} ⊗· · ·⊗D_{kν+1} . The notation for the vectors corresponding to a binary coupling scheme is e^{(···)K}_N , where (· · ·) is the binary bracketing determined by the binary coupling scheme; see for example (7) and (8). For instance, in D_{k1} ⊗ D_{k2} ⊗ D_{k3} ⊗ D_{k4} ,

e^{((k1 ,k3)k13,(k2,k4)k24)k} n = ∑ n_{13},n_{24} C^{k13,k24,k} n_{13},n_{24},n σ(e (k_1,k_3)k_{13} n_{13} ⊗ e

(k_2,k_4)k_{24} n_{24} ) = ∑ n_{13},n_{24},n_1,n_3,n_2,n_4 C^{k13,k24,k} n_{13},n_{24},nC k_1,k_3,k_{13} n_1,n_3,n_{13} C k_2,k_4,k_{24} n_2,n_4,n_{24}

× e^{(k1)}_{n1} ⊗ e^{(k2)}_{n2} ⊗ e^{(k3)}_{n3} ⊗ e^{(k4)}_{n4} . (12)

Such a binary coupling scheme is usually denoted by a binary tree, which is a graphical way of describing the order in which twofold tensor products are taken. For example, the binary tree corresponding to (12) is given by :

Finally, let us introduce the notation for the su(1, 1) Racah coefficients. These are by definition the transition coefficients between the basis vectors (7) and (8) :

e^{(k1,(k2,k3)k23 )k} n = k−k_3∑ k_{12}=k_1+k_2 U^{k1,k2,k12} k_3,k,k_{23} e ((k_1,k_2)k_{12},k_3)k

n . (13)

An explicit expression for the Racah coefficients U^{k1,k2,k12}_{k3,k,k23} is given by [1,10,11] :

U^{k1,k2,k12} k_3,k,k_{23} = ( j + j_{12}

j_{23} ) (2k_2)_{j12} (2k_3)_j(2k_1 + 2k_2 + 2k_3 + j + j_{12} − 1)_{j23} (2k_3, 2k_2 + 2k_3 + j_{23} − 1)_{j23} (2k_2 + 2k_3 + 2j_{23})_j′ × ( j^′!(2k_1, 2k_{23}, 2k_1 + 2k_{23} + j^′ − 1)_j′ j_{23}!(2k_2, 2k_3, 2k_2 + 2k_3 + j_{23} − 1)_{j23} j!(2k_{12}, 2k_3, 2k_{12} + 2k_3 + j − 1)_j j_{12}!(2k_1, 2k_2, 2k_1 + 2k_2 + j_{12} − 1)_{j12} )_{1/2}

×_4F_3 ( 2k_1 + 2k_2 + j_{12} − 1, 2k_2 + 2k_3 + j_{23} − 1, −j_{12}, −j_{23} 2k_2, 2k_1 + 2k_2 + 2k_3 + j + j_{12} − 1, −j − j_{12} ; 1 ) , (14)

with the labels determined by (9).

2 Realization of coupled basis vectors

The Lie algebra su(1, 1) and its representation D_k have a well known realization for k > 1/2, in the Hilbert space of analytic functions f(z) (z ∈ C ) on the unit disc |z| < 1 with inner product [1]

⟨f_1, f_2⟩ = 2k − 1 π ∫ ∫ |z|<1 f_1(z)f_2(z)(1 − |z|^2)^{2k−2}dxdy, (z = x + iy). (15)

In this realization, the orthonormal basis vectors are given by

e^{(k)}_n = √ (2k)_n n! z^n, (16)

and the realization of the su(1, 1) basis elements reads

J_0 = z d dz + k, J_− = d dz , J_+ = z^2 d dz + 2kz. (17)

It is easy to verify that the action of these operators on the basis (16) is indeed the same as in (2).

We shall now investigate the explicit expressions for coupled vectors in the realization of tensor products.

For a coupled vector in the tensor product of two representations, an expression was already given in [23, Formula (3.16)] :

e^{(k1,k2)k} n (z_1, z_2) =

(2k_1)_j (2k_2)_j(2k)_n j!n!(2k_1 + 2k_2 + j − 1)_j

(z_2 − z_1)^jz^n_1

×_2F_1 ( −n, 2k_2 + j 2k ; 1 − z_2/z_1 )

= (2k_1)_j (2k_2)_j j!n!(2k_1 + 2k_2 + j − 1)_j(2k)_n

(z_2 − z_1)^j z^n_1 (2k_1 + j)_n

×_2F_1 ( −n, 2k_2 + j 1 − n − 2k_1 − j ; z_2 z_1 ) . (18)

The second expression is derived from the first one using the (easily verified) transformation

2F_1 ( −n, b c ; x ) = (c − b)_n (c)_n^2

F_1 ( −n, b b − c − n + 1 ; 1 − x ) . (19)

After expanding the_2F_1 in (18), this can be written in the following way :

e^{(k1,k2)k} n (z_1, z_2) =

(−1)^j √ j!n!(2k_1)_j(2k_2)_j(2k_1 + 2k_2 + j − 1)_j(2k)_n × ∑ α_{12} =j

j!(2k_1)_{α1} (2k_2)_{α2}

(z_1 − z_2)^{α12} α_{12}! × ∑ h_1+h_2=n ( n h_1, h_2 ) (2k_1 + α_1)_{h1} (2k_2 + α_2)_{h2} z^{h1}_1 z^{h2}_2 , (20)

with α_1 = α_2 = α_{12}. The reason for this awkward rewriting will become clear when considering the tensor product of an arbitrary number of representations.

Next, we consider the tensor product of three representations D_{k1} ⊗D_{k2} ⊗D_{k3} . For the realization of coupled basis vector of lowest weight (i.e. the vector (7) with n = 0), an expression was derived in [18, Theorem 7.2] :

e^{((k1 ,k2)k12,k3)k} 0 = A ∑ α12=j12 α13+α23=j j_{12}!j!(2k_1)_{α1} (2k_2)_{α2} (2k_3)_{α3}

× (z_1 − z_2)^{α12}

α_{12}!

(z_1 − z_3)^{α13}

α_{13}!

(z_2 − z_3)^{α23} α_{23}!

, (21)

where A is a normalization constant, j_{12} = k_{12} − k_1 − k_2, j = k − k_{12} − k_3 and

α_1 = α_{12} + α_{13}, α_2 = α_{12} + α_{23}, α_3 = α_{13} + α_{23}.

Note that this vector depends only on the differences z_i − z_j and that it is a homogeneous polynomial in (z_1, z_2, z_3) of degree j + j_{12}.

From (2) is is clear that one can determine e^{((k1,k2)k12 ,k3)k}_n by n times applying J_+ to e^{((k1,k2)k12,k3)k} 0 : J^n_+e^{((k1 ,k2)k12 ,k3)k} 0 = √ n!(2k)_n e^{((k1,k2)k12,k3)k} n . (22)

In the current realization J_+ takes the following form :

J_+ = z^2_1 ∂_{z1} + z^2 ∂_{z2} + z^2_3 ∂_{z3} + 2k_1z_1 + 2k_2z_2 + 2k_3z_3; (23)

thus e^{((k1 ,k2)k12,k3)k} n is a homogeneous polynomial in (z_1, z_2, z_3) of degree j_{12} + j + n. Applying J_+ a couple of times suggests the following form :

e^{((k1 ,k2)k12,k3)k} n = A √ n!(2k)_n × ∑ α12=j12 α13 +α23=j

j_{12}!j!(2k_1)_{α1} (2k_2)_{α2} (2k_3)_{α3}

(z_1 − z_2)^{α12} α_{12}!

(z_1 − z_3)^{α13} α_{13}!

(z_2 − z_3)^{α23} α_{23}! × ∑ h_1+h_2+h_3=n ( n h_1, h_2, h_3 ) (2k_1 + α_1)_{h1} (2k_2 + α_2)_{h2} (2k_3 + α_3)_{h3} z^{h1}_1 z^{h2}_2 z^{h3}_3 .

(24)

The validity of this form follows from Theorem 1.

Now we turn our attention to the determination of the normalization constant A in (21) or (24). From Rosengren [18, page 33] and the fact that the polynomials (24) are normalized to unity, it follows that the square A^2 of the normalization constant is given by :

A^2 = (j_{12}!j!(2k_1)_{j12} (2k_2)_{j12} (2k_{12})_j (2k_3)_j(2k_1 + 2k_2 + j_{12} − 1)_{j12} ×(2k_{12} + 2k_3 + j − 1)_j )^{−1}. (25)

The phase factor of A depends on the choice of the phase factor for the su(1, 1) Clebsch-Gordan coefficients and the phase factor of (16). Computing the coefficient of z^{j12+j}_1 in both left and right hand side of e^{((k1 ,k2)k12,k3)k} 0 = ∑ n_{12}+n_3=j C^{k12,k3,k} n_{12},n_3,0 e

(k_1,k_2)k_{12} n_{12} e k_3 n_3 , (26)

one finds that the phase factor of A equals (−1)^{j12+j}. Thus we have :

A = (−1)^{j12+j}/(j_{12}!j!(2k_1)_{j12} (2k_2)_{j12} (2k_{12})_j(2k_3)_j

×(2k_1 + 2k_2 + j_{12} − 1)_{j12} (2k_{12} + 2k_3 + j − 1)_j )^{1/2}. (27)

After these special examples, let us consider the tensor product of ν + 1 representations, and determine an explicit expression for the standard coupled basis vectors. We shall use here the terminology of binary coupling schemes, and of the related binary coupling trees. In order to fix some notation and terminology, let us consider an example in D_{k1} ⊗ D_{k2} ⊗ D_{k3} ⊗ D_{k4} ⊗ D_{k5} (ν = 4), namely

T (k, n) = ( (((k_1, k_2)k_{12}, k_3)k_{123}, (k_4, k_5)k_{45})k, n). (28)

The corresponding binary coupling tree has ν + 1 leaves, each with a representation label k_i, whilst the internal nodes are labelled by the intermediate representations. Figure 1(a) shows this binary coupling tree. Note that by the su(1, 1) tensor product rule (3), one can associate with every internal node, say v_i, of such a binary tree a nonnegative integer j_i.

From [18, Theorem 7.2] one can deduce an explicit expression for T (k, 0) for an arbitrary binary coupling scheme. To this end, we introduce (_{ν+1} 2 ) summation variables α_{ij} associated with each pair of leaves k_i and k_j , with i < j. For conciseness of notation, we introduce also variables α_m which are the sum of all α_{ij} where either i or j equals m. Compare this with the conventions adopted in (21).

We say that two leaves meet at a node v_i if v_i is the first common ancestor of those two leaves. So, with every internal node one can associate a set of pairs of leaves meeting at that particular node, and hence a set of variables α_{ij} .

Fig. 1. example tree Figure 1(b) gives a name v_i to the internal nodes in postorder. For the example tree, we have the following :

node meeting pairs of leaves

v_1 (k_1, k_2)

v_2 (k_1, k_3), (k_2, k_3)

v_3 (k_4, k_5)

v_4 (k_1, k_4), (k_1, k_5), (k_2, k_4), (k_2, k_5), (k_3, k_4), (k_3, k_5)

This is indicated in Figure 1(c).

Then, one can write the following : T (k, 0) = A ∑ α_{ij} ∈V j_1! · · · j_ν !(2k_1)_{α1} · · · (2k_{ν+1})_{αν+1} ∏ 1≤i<j≤ν+1 (z_i − z_j )^{αij} α_{ij} ! ,(29)

where V is a set of ν linear constraints to be satisfied by the variables α_{ij} . There is one constraint associated with each internal node of the coupling scheme, namely : the sum of the variables α_{ij} associated with an internal node v_m should be equal to j_m. Note that these constraints are in agreement with those in (20) and (21).

As before, it follows from Rosengren [18, page 33] that the square A^2 of the normalization constant is given by :

A^2 = (_ν ∏ i=1 j_i!(a_i + 1)_{ji} (b_i + 1)_{ji} (a_i + b_i + j_i + 1)_{ji} )_{−1} , (30)

where

a_i = ∑ left leaves of vi 2k_l + ∑ nodes in left subtree of vi 2j_l − 1, b_i = ∑ right leaves of vi 2k_l + ∑ nodes in right subtree of vi

2j_l − 1. (31)

We now come to the main result of this paper :

Theorem 1 In the tensor product of ν + 1 representations D_{k1} ⊗ D_{k2} ⊗ · · · ⊗ D_{kν+1} , the realization of a coupled vector defined by a binary coupling scheme T (k, n) is given by :

T (k, n) = (−1)^{|j|} j_1! · · · j_ν !

n!(a_ν + b_ν + j_ν + 2)_n ∏_ν i=1(a_i + 1, b_i + 1, a_i + b_i + j_i + 1)_{ji} × ∑ α_{ij} ∈V ∑ |h|=n ( n h_1, . . . , h_{ν+1} ) (2k_1)_{α1+h1} · · · (2k_{ν+1})_{αν+1+hν+1} × ∏ 1≤i<j≤ν+1 (z_i − z_j )^{αij} α_{ij} ! z^{h1}_1 · · · z^{hν+1}_{ν+1} . (32)

Herein, |j| = j_1 + · · · + j_ν , |h| = h_1 + · · · + h_{ν+1}, V is the set of ν linear constraints satisfied by the α_{ij} , α_m is the sum over all α_{ij} with either i or j equal to m, and a_i and b_i are determined by the binary coupling tree and given in (31).

Proof. Let us write (32) as T (k, n) = B ∑ α_{ij} ∈V ∑ |h|=n ( n h_1, . . . , h_{ν+1} )_{ν+1} ∏ i=1 (2k_i)_{αi+hi} ∏ i<j (z_i − z_j )^{αij} α_{ij}! ν+1∏ i=1 z^{hi}_i ,(33)

where B is some constant. It is clear that in the case n = 0 (33) coincides with (29), so we shall use induction on n to prove (33). In the present realization, J_+ has the following form :

J_+ = ν+1∑ l=1 z^2_l ∂_{zl} + 2k_lz_l. (34)

Since J_+ is a linear operator we can write :

J_+T (k, n) = B ∑ α_{ij} ∈V ∑ |h|=n J_+ (( n h_1, . . . , h_{ν+1} )_{ν+1} ∏ i=1 (2k_i)_{αi+hi}

× ∏ i<j (z_i − z_j )^{αij} α_{ij} ! ν+1∏ i=1 z^{hi}_i = B ∑ α_{ij} ∈V ∑ |h|=n J_+ (Z) , (35)

where the meaning of Z is obvious. We first concentrate on J_+Z.

J_+Z = ν+1∑ l=1 z^2_l ∑ j>l α_{lj} Z (z_l − z_j ) − ∑ j<l α_{jl} Z (z_j − z_l) + h_l Z z_l + 2k_lz_lZ = ν+1∑ l=1 ν+1∑ j=l+1 (z^2_l − z^2_j )α_{lj} Z z_l − z_j + (2k_l + h_l)z_lZ = ν+1∑ l=1 ν+1∑ j=l+1 (z_l + z_j)α_{lj} Z + (2k_l + h_l)z_lZ = ν+1∑ l=1 (2k_l + α_l + h_l)z_lZ.

Plugging in the explicit form for Z, we get :

J_+Z = ∏ i<j (z_i − z_j )^{αij} α_{ij} ! ν+1∑ l=1 ( n h_1, . . . , h_{ν+1} ) (_{ν+1} ∏ i=1 (2k_i)_{αi+hi} )

×(2k_l + α_l + h_l) (_{ν+1} ∏ i=1 z^{hi}_i ) z_l, and thus, when introducing the sum over the variables h

∑ |h|=n J_+Z = ∏ i<j (z_i − z_j )^{αij} α_{ij}! ∑ |h|=n ν+1∑ l=1 ( n h_1, . . . , h_{ν+1} )

× ∏ i≠l (2k_i)_{αi+hi} (2k_l)_{αl+hl+1} ∏ i≠l z^{hi}_i z^{hl+1}_l

= ∏ i<j (z_i − z_j )^{αij} α_{ij}! ∑ |h|=n+1 ν+1∑ l=1 ( n h_1, . . . , h_l − 1, . . . , h_{ν+1} )

× ν+1∏ i=1 (2k_i)_{αi+hi} ν+1∏ i=1 z^{hi}_i = ∏ i<j (z_i − z_j )^{αij} α_{ij}! ∑ |h|=n+1 ( n + 1 h_1, . . . , h_{ν+1} )_{ν+1} ∏ i=1 (2k_i)_{αi+hi} ν+1∏ i=1 z^{hi}_i , where, in the last line we have used the fact that ν+1∑ l=1 ( n h_1, . . . , h_l − 1, . . . , h_{ν+1} ) = ( n + 1 h_1, . . . , h_{ν+1} ) , (36)

when |h| = n+1. This proves (33). To fix the (absolute value of the) coefficient in (33), use the explicit action of J_+ and the knowledge of A^2 in (29). To fix the sign of this coefficient, use induction and

T (k, 0) = ∑ n_l+n_r =0 C^{kl,kr,k} n_l,n_r,0 σ(Tl(kl, nl) ⊗ Tr(kr, nr)), (37)

and consider the coefficient of z^{|j|}_1 in the left and right hand side of this equation. □

The uncoupled basis vectors e^{(k1)}_{n1} ⊗ · · · ⊗ e^{(kν+1)}_{nν+1} , in their realization (16), form an orthonormal basis in the Hilbert space H of analytic complex functions f(z_1, . . . , z_{ν+1}) on the multidisc D = (|z_1| < 1, . . . , |z_{ν+1}| < 1) with an inner product that is the generalization of (15) :

⟨f_1, f_2⟩ = ( ν+1∏ i=1 2k_i − 1 π ) ∫ D f_1f_2( ν+1∏ i=1 (1 − |z_i|^2)^{2ki−2})dx_1dy_1 · · · dx_{ν+1}dy_{ν+1},(38)

provided all k_i > 1/2. As a consequence, we have

Corollary 2 Let T (k, n) and T^′(k^′, n^′) be two binary coupling schemes in the tensor product of ν + 1 representations D_{k1} ⊗ D_{k2} ⊗ · · · ⊗ D_{kν+1} with the same binary coupling tree. Then ⟨T (k, n), T^′(k^′, n^′)⟩ = δ_{j1,j}′_1 · · · δ_{jν ,j}′_ν δ_{n,n}′ , where the inner product is given by (38), j_1, · · · , j_ν are the internal labels of T (k, n), and j^′_1, · · · , j^′_ν are those of T^′(k^′, n^′). For a fixed binary coupling tree, the binary coupling schemes T (k, n) form an orthonormal basis in H.

If T (k, n) and T^′(k, n) are two binary coupling schemes with different underlying binary coupling trees, then ⟨T (k, n), T^′(k, n)⟩ is usually defined as a generalized 3νj-coefficient.

3 Coupled basis vectors as triple hypergeometric series

Upon inspecting the summations in (32) for specific binary coupling schemes, one finds that these summations can be rewritten in terms of multiple hypergeometric series. We consider one such example in this section, where a triple hypergeometric series [24, Section 1.5] appears. We use a notation close to that of Srivastava and Karlsson, and denote

F^{(3)} ( a e :: b g ; b^′ g^′ ; b^{′′} g^{′′} ; c h ; c^′ h^′ ; c^{′′} h^{′′} ; x, y, z ) = ∑ m,n,p Λ(m, n, p) x^m m! y^n n! z^p p! , (39)

with Λ(m, n, p) = (a)_{m+n+p}(b)_{m+n}(b^′)_{n+p}(b^{′′})_{p+m}(c)_m(c^′)_n(c^{′′})_p (e)_{m+n+p}(g)_{m+n}(g^′)_{n+p}(g^{′′})_{p+m}(h)_m(h^′)_n(h^{′′})_p

. (40)

In the previous a stands for a_1, . . . , a_A and (a)_{m+n+p} denotes the product (a_1)_{m+n+p} · · · (a_A)_{m+n+p}. The same applies for the other parameters of the F^{(3)}.

After some manipulations of the Pochhammer symbols and a reversal of one of the summation variables, we obtain for (7) :

e^{((k1 ,k2)k12,k3)k} n = A √ n!(2k)_n (2k_1)_{j12} (2k_2)_{j12+j+n}(2k_3)_j(z_1 − z_2)^{j12} (z_2 − z_3)^j z^n_2

×F^{(3)} ( − 1 − 2k_2 − j_{12} − j − n :: 2k_1 + j_{12} − ; −n − ; − ; −j − ; − ;

2k_3 + j − ; z_1 − z_3 z_2 − z_3 , z_1 z_2 , z_3 z_2 ) . (41)

The F^{(3)} appearing in (41) is listed in [24, Table 4 – entry 13a], and was denoted as F_{13} resp. F_T by Lauricella [25] resp. Saran [26].

A similar expression for e^{(k1,(k2,k3)k23)k} n is easily derived. Indeed, e^{((k2 ,k3)k23,k1)k} n is immediately obtained from (41) by cyclic permutation of the indices 1, 2 and 3 (and hence replacing j by j^′). Furthermore, e^{(k1,(k2,k3)k23)k}_n and e^{((k2 ,k3)k23 ,k1)k}_n only differ by a phase factor (−1)^{j′} . We thus find the following :

e^{(k1,(k2,k3)k23 )k} n = A^′ √ n!(2k)_n (2k_2)_{j23} (2k_3)_{j23+j}′_{+n}(2k_1)_j′ (z_2 − z_3)^{j23} (z_1 − z_3)^{j′} z^n_3

×F^{(3)} ( − 1 − 2k_3 − j_{23} − j^′ − n :: 2k_2 + j_{23} − ; −n − ; − ; −j^′ − ; − ;

2k_1 + j^′ − ; z_1 − z_2 z_1 − z_3 , z_2 z_3 , z_1 z_3 ) . (42)

Substituting the expressions (42), (14) and (41) in (13) gives an identity between (terminating) triple hypergeometric series. A simple renaming of the variables yields the following :

F^{(3)} ( − a :: b − ; −n − ; − ; −j − ; − ; c − ; x, y, y − x 1 − x ) = m+j∑ l=0 (−1)^{m+j+n+l} × (−m − j)_l(−a + b + c − m − j − n)_l(b − m)_{m+j+n}(1 − x)^{j−l}x^ly^n l!(c − j + b − m + l − 1)_l(1 − c − b − l)_{m+j−l}(a)_{n+l} ×_4F_3 ( −m, −l, c + b − m − j + l − 1, −a + b − n − m − j b − m, −a + b + c − n − m − j, −m − j ; 1 )

×F^{(3)} ( − 1 − b − n − j :: c − j + l − ; −n − ; − ; −m − j + l − ; − ; 1 − a − n − l − ; 1 1 − x , y − x y(1 − x) , 1 y ) . (43)

Using easy manipulations on single hypergeometric series, one proves the following transformation for the triple hypergeometric series on the right side :

F^{(3)} ( − 1 − b − n − j :: c − j + l − ; −n − ; − ; −m − j + l − ; − ; 1 − a − n − l − ; 1 1 − x , y − x y(1 − x) , 1 y ) = (−1)^n(a + l)_n(1 − b − c − l)_{m+j−l}(1 − x)^{−m−j+l}y^{−n} (b + j)_n(1 − b − j)_{m+j−l} ×F^{(3)} ( − b + c − j − m + 2l :: b − m + l − ; −n, b + c + l a + l ; − ; −m − j + l − ; − ; c − j + l − ; x, y, y − x 1 − x ) . (44)

This allows us to rewrite (43) as (where we have multiplied by the factor (1 − x)^m) :

(1 − x)^mF^{(3)} ( − a :: b − ; −n − ; − ; −j − ; − ; c − ; x, y, y − x 1 − x )

= ∞∑ l=0 (−m − j)_l(−a + b + c − m − j − n)_l(b − m)_lx^l l!(c − j + b − m + l − 1)_l(a)_l ×_4F_3 ( −m, −l, c + b − m − j + l − 1, −a + b − n − m − j b − m, −a + b + c − n − m − j, −m − j ; 1 )

×F^{(3)} ( − b + c − j − m + 2l :: b − m + l − ; −n, b + c + l a + l ; − ; −m − j + l − ; − ; c − j + l − ; x, y, y − x 1 − x ) . (45)

Until now, the parameters j, m and n in (45), are assumed to be nonnegative integers, while a, b, and c are real numbers. Provided both sides converge, formula (45) is also valid for real j, m and n. Indeed, consider the coefficient of x^py^q on the left side of (45); this is : ∑ h_1,h_2,h_3

(−1)^{h3} (b)_{h1+h2} (−n)_{h2+h3} (−j)_{h1} (c)_{h3} (−m + h_3)_{p+q−h1−h2−h3}

×(−h_3)_{q−h2} /((a)_{h1+h2+h3} h_1!h_2!h_3!(p + q − h_1 − h_2 − h_3)!(q − h_2)!). (46)

For nonnegative integer values of j, m and n, this is equal to the coefficient of x^py^q on the right side, by (45). But (46) is a rational function in j, m and n because the sum is terminating due to the appearance of the last two factorials in the denominator. It follows that (45) is also valid for real values of j, m and n.

Proposition 1 Provided both the left and right hand side converge, we have

F^{(3)} ( − a :: b − ; c − ; − ; d − ; − ; e − ; x, y, y − x 1 − x )

= ∞∑ l=0 (d + f)_l(−a + b + c + d + e + f)_l(b + f)_l(1 − x)^f x^l l!(b + d + e + f + l − 1)_l(a)_l

×_4F_3 ( f, −l, b + d + e + f + l − 1, −a + b + c + d + f b + f, −a + b + c + d + e + f, d + f ; 1 )

×F^{(3)} ( − b + d + e + f + 2l :: b + f + l − ; c, b + e + l a + l ; − ; d + f + l − ; − ; d + e + l − ; x, y, y − x 1 − x ) . (47)

For c = 0, the two triple hypergeometric series in (47) reduce to the Gauss hypergeometric series and we get the special case :

2F_1 ( b, d a ; x ) = ∞∑ l=0 (d + f)_l(−a + b + d + e + f)_l(b + f)_l(1 − x)^f x^l l!(b + d + e + f + l − 1)_l(a)_l

×_4F_3 ( f, −l, b + d + e + f + l − 1, −a + b + d + f b + f, −a + b + d + e + f, d + f ; 1 )

×_2F_1 ( b + f + l, d + f + l b + d + e + f + 2l ; x ) , (48)

which is similar to Chaundy’s formula [27].

4 Coupled basis vectors in su(2)

The Lie algebra su(2) is generated by J_0, J_± subject to the relations

[J_0, J_±] = ±J_±, [J_+, J_−] = 2J_0, (49)

with the conditions J^†_0 = J_0, J^†_± = J_∓. The finite-dimensional irreducible representations D_l are labelled by a positive halfinteger l (i.e. 2l is a nonnegative integer). The representation space D_l has orthonormal basis vectors e^{(l)}_m with m running from −l up to l in steps of 1; so the dimension is 2l + 1. The action of the su(2) generators on these basis vectors is given by

J_0e^{(l)}_m = me^{(l)}_m , J_+e^{(l)}_m = √ (l − m)(l + m + 1)e^{(l)}_{m+1}, J_−e^{(l)}_m = √ (l + m)(l − m + 1)e^{(l)}_{m−1}.

(50)

These representations appear in the quantum theory of angular momentum, where the label l, resp. m of the basis vector e^{(l)}_m stands for the total angular momentum, resp. its projection, of a particle or a system. The tensor product of representations then corresponds to the coupling of angular momenta. The tensor product of two such representation is given by [5,6]

D_{l1} ⊗ D_{l2} =

l_1+l_2∑

l=|l_1−l_2| D_l. (51)

The coefficients relating the coupled basis vectors to the uncoupled basis vectors are again called the Clebsch-Gordan coefficients of su(2); their theory and properties are well known.

We consider here the following realization of su(2) which is a formal analogue of the realization (17) of su(1, 1). Let l be a positive halfinteger,

J_0 = z∂_z − l, J_− = ∂_z, J_+ = −z^2∂_z + 2lz. (52)

The realization of the basis vectors e^{(l)}_m are given by :

e^{(l)}_m = (2l)! (l + m)!(l − m)!

z^{l+m}. (53)

Using the generating function of the Clebsch-Gordan coefficients C^{l1,l2,l}_{m1,m2,m} in su(2) [28, Section 8.8, Eq. 5], one determines an explicit form of the coupled vectors e^{(l1,l2)l}_m , where e^{(l1,l2)l} m = ∑ m_1+m_2=m

C^{l1,l2,l}_{m1,m2,m} e^{(l1 )}_{m1} ⊗ e^{(l2)}_{m2} . (54)

One finds :

e^{(l1,l2)l} m = Δ(l_1, l_2, l) √ (2l_1)!(2l_2)!(l − m)!(l + m)!(2l + 1)

(z_1 − z_2)^{l1+l2−l} (l_1 + l_2 − l)! × ∑ h_1+h_2=m+l 1 (l_1 − l_2 + l − h_1)!(−l_1 + l_2 + l − h_2)!

z^{h1}_1 h_1!

z^{h2}_2 h_2!

, (55)

where, following [28],

Δ(a, b, c) = (−a + b + c)!(a − b + c)!(a + b − c)! (a + b + c + 1)!

. (56)

Our purpose here is to give the explicit expression for the realization of coupled vectors in the tensor product of ν + 1 representations of su(2). The situation is very close to that of su(1, 1), so we shall not give any details of the proofs here. Furthermore, we shall also use the same terminology for binary coupling schemes and binary coupling trees.

To find the explicit form, note that (55) can be rewritten as

e^{(l1 ,l2)l} m = Δ(l_1, l_2, l) √ (2l_1)!(2l_2)!(l − m)!(l + m)!(2l + 1)

× ∑ α_{12} =l_1+l_2−l

(z_1 − z_2)^{α12} α_{12}! ∑ h_1+h_2=m+l 1 (2l_1 − α_1 − h_1)!(2l_2 − α_2 − h_2)!

z^{h1}_1 h_1!

z^{h2}_2 h_2! , (57)

with α_1 = α_2 = α_{12}.

The main result is :

Theorem 3 In the tensor product of ν + 1 representations D_{l1} ⊗ D_{l2} ⊗ · · · ⊗ D_{lν+1} , the realization of a coupled vector defined by a binary coupling scheme T (l, m), with internal labels j_i (i = 1, . . . , ν), is given by :

T (l, m) √ (l − m)!(l + m)! = ν∏ i=1 Δ(j_i) ν^{+1}∏ i=1 (2l_i)! ν∏ i=1 (2j_i + 1)

× ∑ α_{ij} ∈V ∑ |h|=l+m ∏ 1≤i<k≤ν+1 (z_i − z_k)^{αik} α_{ik}! ν+1∏ i=1 z^{hi}_i h_i!(2l_i − α_i − h_i)!

. (58)

Herein, |h| = h_1 + · · · + h_{ν+1}, Δ(j_p) ≡ Δ(left_p, right_p, j_p) is the function (56) applied to the internal representation label j_p and the representation labels of its left and right child, V is a set of ν linear constraints satisfied by the α_{ik}, and α_p is the sum over all α_{ik} with either i or k equal to p. The linear constraints are as follows : with each internal node with label j_p there is one constraint, namely the sum of all α_{ik} associated with the internal node j_p should be equal to left_p + right_p − j_p.

As an example, consider the tensor product of three representations, with a binary coupling scheme T (l, m) = e^{((l1 ,l2)l12 ,l3)l}_m . We get the following :

e^{((l1 ,l2)l12,l3)l} m √ (l − m)!(l + m)!

= Δ(l_1, l_2, l_{12})Δ(l_{12}, l_3, l) √ (2l_1)!(2l_2)!(2l_3)!(2l_{12} + 1)(2l + 1) × ∑ α12=l1+l2−l12 α13 +α23=l12+l3−l (z_1 − z_2)^{α12}

α_{12}!

(z_1 − z_3)^{α13} α_{13}!

(z_2 − z_3)^{α23} α_{23}! × ∑ h_1+h_2+h_3=m+l 1 (2l_1 − α_1 − h_1)!(2l_2 − α_2 − h_2)!(2l_3 − α_3 − h_3)!

z^{h1}_1 h_1!

z^{h2}_2 h_2!

z^{h3}_3 h_3! . (59)

Observe that this general result of Theorem 3 also has its use in quantum theory of angular momentum, as it gives quite explicitly the expansion of a coupled basis vector (or coupled state) in terms of uncoupled basis vectors (uncoupled states). Indeed, the expansion of (58) as a polynomial in the z_i is quite straightforward; then using (53) this gives an expansion in terms of (tensor products of) the orthonormal basis vectors e^{(li)}_{mi} (usually denoted by |j_i, m_i⟩ in the quantum theory context). We have observed that the computation of such an expansion is more efficient than the direct calculation using su(2) Clebsch-Gordan coefficients.

References

[1] N.Ja. Vilenkin and A.U. Klimyk, Representation of Lie Groups and Special Functions, vols. 1, 2 and 3. Kluwer Academic Press, Dordrecht, 1991, 1992.

[2] Ya. Smorodinskiĭ and L.A. Shelepin, Clebsch-Gordan coefficients, viewed from different sides, Sov. Phys. Uspekhi 15 (1972), 1–24.

[3] Ya. Smorodinskiĭ and S.K. Suslov, The Clebsch-Gordan coefficients of the group SU(2) and Hahn polynomials, Soviet J. Nuclear Phys. 35 (1982), 192–201.

[4] R. Askey and J.A. Wilson, A set of orthogonal polynomials that generalize the Racah coefficients of 6-j symbols, SIAM J. Math. Anal. 10 (1979), 1008–1016.

[5] L.C. Biedenharn and J.D. Louck, Angular Momentum in Quantum Physics.

Encyclopedia of Mathematics and its Applications, vol. 8. Addison-Wesley, Reading, 1981.

The Racah-Wigner Algebra in Quantum Theory. Encyclopedia of Mathematics and its Applications, vol. 9. Addison-Wesley, Reading, 1981.

[6] E.P. Wigner, Gruppentheorie und ihre Anwendung auf die Quantenmechanik der Atomspekren. Vieweg, Braunschweig, 1931.

Group Theory and its Applications to the Quantum Mechanics of Atomic Spectra. Academic Press, New York, 1959.

[7] K. Srinivasa Rao and V. Rajeswari, Quantum Theory of Angular Momentum.

Selected Topics. Narosa/Springer , New Delhi, 1993.

[8] G. Racah, Theory of Complex Spectra. I, II, III and IV. Phys. Rev. 61 (1942), 186–197; 62 (1942), 438–462; 63 (1943), 367–382; 76 (1949), 1352–1365.

[9] R. Koekoek and R.F. Swarttouw, The Askey-scheme of hypergeometric orthogonal polynomials and its q-analogue. Report 98-17, Technical University Delft (1998); available at

http://aw.twi.tudelft.nl/ koekoek/askey.html.

[10] J. Van der Jeugt, Coupling coefficients for Lie algebra representations and addition formulas for special functions, J. Math. Phys. 38 (1997), 2728–2740.

[11] H.T. Koelink and J. Van der Jeugt, Convolutions for orthogonal polynomials from Lie and quantum algebra representations, SIAM J. Math. Anal. 29 (1998), 794–822.

[12] A.P. Yutsis, I.B. Levinson and V.V. Vanagas, Mathematical Apparatus of the Theory of Angular Momentum. Russian edition, 1960. English translation : Israel Program for Scientific Translations, Jerusalem, 1962.

[13] V. Fack, S.N. Pitre and J. Van der Jeugt, New efficient programs to calculate general recoupling coefficients, I, Comput. Phys. Commun. 83 (1994), 275–292.

[14] V. Fack, S. Lievens and J. Van der Jeugt, On rotation distance between binary coupling trees and applications for 3nj-coefficients, Comput. Phys. Commun. 119 (1999), 99–114.

[15] S.J. Ališauskas and A.P. Yutsis, Weight lowering operators and the multiplicityfree isoscalar factors of the group R_5, J. Math. Phys. 12 (1971), 594–605.

[16] H. Rosengren, On the triple sum formula for Wigner 9j-symbols, J. Math. Phys.

39 (1998), 6730–6744.

[17] J. Van der Jeugt, Hypergeometric series related to the 9-j coefficient of su(1, 1), J. Comp. Appl. Math. 118 (2000), 337–351.

[18] H. Rosengren, Multilinear Hankel forms of higher order and orthogonal polynomials, Math. Scand. 82 (1998), 53–88.

[19] S. Lievens and J. Van der Jeugt, 3nj-coefficients of su(1, 1) as connection coefficients between orthogonal polynomials in n variables, J. Math. Phys. 43 (2002), 3824–3849.

[20] G.E. Andrews, R. Askey and R. Roy, Special Functions. Cambridge University Press, Cambridge, 1999.

[21] W.N. Bailey, Generalized Hypergeometric Series. Cambridge University Press, Cambridge, 1935.

[22] L.J. Slater, Generalized Hypergeometric Functions. Cambridge Univ. Press, Cambridge, 1966.

[23] J. Van der Jeugt and R. Jagannathan, Realizations of su(1, 1) and U_q(su(1, 1)) and generating functions for orthogonal polynomials, J. Math. Phys. 39 (1998), 5062–5078.

[24] H.M. Srivastava and P.W. Karlsson, Multiple Gaussian Hypergeometric Series, Halsted, New York, 1985.

[25] G. Lauricella, Sulle funzioni ipergeometriche a più variabili, Rend. Circ. Mat.

Palermo 7 (1893), 111–158.

[26] S. Saran, Hypergeometric functions of three variables, Ganita 5 (1954), 77–91.

[27] T.W. Chaundy, Expansions of hypergeometric functions, Quart. J. Math., Oxford Ser. 13 (1942), 159–171.

[28] D.A. Varshalovich, A.N. Moskalev and V.K. Khersonskii, Quantum Theory of Angular Momentum. Nauka, Leningrad, 1975 : in Russian. English Edition : World Scientific, Singapore, 1988.