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Abstract

In this paper we reexamine the definition of parafermions and parabosons by means of Green’s
triple relations, and extend these relations by including a parity operator P which is also de-
termined by means of triple relations. As a consequence, we are dealing with new algebraic
structures. It is shown that the algebra underlying a set of n parafermions together with P
is the orthogonal Lie algebra so(2n + 2). The Fock spaces correspond to particular irreducible
representations of so(2n + 2), and the action of P in these spaces leads to interesting obser-
vations. Next, we show that the algebra underlying a set of n parabosons together with P is
the orthosymplectic Lie superalgebra osp(2|2n). In this case, the Fock spaces correspond to
certain irreducible infinite-dimensional representations of osp(2|2n). Both for parafermions and
parabosons the spectrum of P is closely related to the so-called order of statistics p, introduced
by Green.

1 Introduction

For ordinary bosons or fermions, the parity operator P takes the form (−1)F , where F is the
number operator counting the number of particles in a state of the Fock space. Each basis state of
the boson or fermion Fock space describes a fixed number of particles, so the parity operator takes
the value +1 for a state with an even number of particles and −1 for a state with an odd number
of particles.

For parabosons and parafermions, the basis states of the Fock spaces are more complicated,
and there is no straightforward definition of a number operator. Since there is more than one
definition of parafermions (and parabosons), we should mention that in this paper we follow the
definition of Green [1]. In Green’s approach, the creation and annihilation operators for a set of
parafermions or parabosons are required to satisfy certain cubic or triple relations. These triple
relations generalize the common quadratic anti-commutation relations for fermions and quadratic
commutation relations for bosons. Green’s triple relations lead to interesting algebraic structures:
the algebra generated by 2n creation and annihilation operators subject to the parafermion triple
relations is known to be the Lie algebra so(2n + 1) = Bn [2, 3], and the algebra generated by 2n
creation and annihilation operators subject to the paraboson triple relations is known to be the Lie
superalgebra osp(1|2n) = B(0, n) [4] (we follow Kac’s notation for Lie superalgebras [5]).
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The Fock spaces for parafermions and parabosons are characterized or labeled by a positive
integer p, the so-called “order of statistics” [1, 6]. For parafermions, these Fock spaces, denoted
by W (p), are irreducible finite-dimensional unitary representations of the Lie algebra so(2n + 1).
For parabosons, the Fock spaces V (p) are irreducible infinite-dimensional unitary lowest weight
representations of the Lie superalgebra osp(1|2n). The structure of these Fock spaces, and in
particular the action of creation and annihilation operators on basis vectors of the Fock spaces, is
complicated. It was determined in general for parafermions in [7] and for parabosons in [8].

In the current paper we investigate the possibility of introducing a parafermion and paraboson
parity operator P . Following the approach of Green, this should be done by postulating some
algebraic relations for P . Since the parafermion or paraboson creation and annihilation operators
are determined by triple relations, it is logical to inspect the triple relations satisfied by ordinary
fermion/boson creation and annihilation operators and their parity operator P , and propose these
as defining relations for the parafermion/paraboson parity operator. It is important to emphasize
that this approach is natural in the context of parafermions and parabosons, and it leads to an
operator P with interesting properties. But the operator P introduced by means of these algebraic
relations does no longer satisfy P 2 = 1 (except in one representation). Despite this, we call it the
parafermion or paraboson parity operator.

For parafermions (treated in Sections 2 and 3), this approach leads to a set of triple relations
for 2n+1 operators: the 2n parafermion creation and annihilation operators a±i (i = 1, . . . , n) and
the parafermion parity operator P . The algebra generated by these 2n+1 elements subject to the
triple relations is examined in Section 2, and appears to be the Lie algebra so(2n + 2) = Dn+1.
It is quite surprising that so(2n + 2) is generated by such a small number of generators, subject
to simple triple relations. Next, we turn to the study of the so(2n + 2) parafermion Fock spaces.
These spaces are defined in a natural way, following the definition of so(2n+ 1) parafermion Fock
spaces. It turns out that for every positive integer p there are two Fock spaces W+(p) and W−(p),
closely related to each other. Our main computational result is the determination of the action
of P in a Gelfand-Zetlin (GZ) basis of W+(p) and W−(p). Although this action itself is quite
simple, the proof is hard due to the complicated actions of a±i . The outcome itself is attractive
and interesting: the eigenvalues of the parafermion parity operator P are related to the order of
statistics p. The spectrum of P in W+(p) and in W−(p) is equal to {−p,−p+2, . . . , p}. So when the
order of statistics p is equal to 1, in which case it is known that parafermions collapse to ordinary
fermions, the parafermion parity operator yields the eigenvalues ±1 of the ordinary parity operator.
In order to illustrate the general situation, we give an example of the Fock space for p = 2, including
the actions of the parafermion creation and annihilation operators and of the parafermion parity
operator.

For parabosons (treated in Sections 4 and 5), we follow a similar approach. In this case,
the algebra generated by 2n paraboson creation and annihilation operators a±i and the paraboson
parity operator P is analysed in Section 4 and turns out to be the orthosymplectic Lie superalgebra
osp(2|2n) = C(n+ 1). Also this is a surprisingly simple mathematical result, namely the algebraic
description of osp(2|2n) by only 2n + 1 generators subject to easy triple relations. The osp(2|2n)
Fock spaces are defined in Section 5, and for every positive integer p there are two Fock spaces V+(p)
and V−(p). Both of these are irreducible infinite-dimensional unitary lowest weight representations
of the Lie superalgebra osp(2|2n). Also here, the main computational result is the determination
of the action of P in a Gelfand-Zetlin basis of V+(p) and V−(p). As for the parafermion case, the
computation is hard but the outcome is simple. The eigenvalues of the paraboson parity operator
P are also related to the order of statistics p, and given by {−p,−p + 2, . . . , p}. When the order
of statistics p is equal to 1, in which case parabosons coincide with bosons, the paraboson parity
operator yields again the eigenvalues ±1 of the boson parity operator.
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2 Parafermions as generators of so(2n+ 2) = Dn+1

A system of n fermion creation and annihilation operators a±i (i = 1, . . . , n) is determined by the
anti-commutation relations

{a+i , a
+
j } = {a−i , a

−
j } = 0, {a−i , a

+
j } = δij , (i, j ∈ {1, . . . , n}). (2.1)

The fermion Fock space is generated by a vacuum vector |0⟩ satisfying

a−i |0⟩ = 0 (i ∈ {1, . . . , n}), ⟨0|0⟩ = 1, (2.2)

and the hermiticity conditions (a±i )
† = a∓i . A set of orthonormal basis vectors of the Fock space is

given by
|θ⟩ = |θ1, . . . , θn⟩ = (a+1 )

θ1 . . . (a+n )
θn |0⟩, θi ∈ {0, 1}, (2.3)

and the explicit action of the operators a±i on this basis is well known:

a−i |θ⟩ = θi(−1)θ1+···+θi−1 |θ1, . . . , θi−1, θi − 1, θi+1, . . . , θn⟩
a+i |θ⟩ = (1− θi)(−1)θ1+···+θi−1 |θ1, . . . , θi−1, θi + 1, θi+1, . . . , θn⟩. (2.4)

In this Fock space, the number operator is F =
∑n

i=1 a
+
i a

−
i , with action

F |θ⟩ = (
n∑

i=1

θi) |θ⟩, (2.5)

and the so-called fermion parity operator P takes the form P = (−1)F . P has eigenvalue +1 on
states with an even number of fermions, and −1 on states with an odd number of fermions. It is
clear that

{P, P} = 2, {P, a±i } = 0 (i ∈ {1, . . . , n}). (2.6)

When the set of 2n+ 1 operators a±i (i = 1, . . . , n) and P satisfy the quadratic relations (2.1)
and (2.6), then it is easy to verify that they also satisfy the following cubic or triple relations:

[[aξi , a
η
j ], a

ϵ
k] = |ϵ− η|δjkaξi − |ϵ− ξ|δikaηj , (2.7)

[[P, aηj ], P ] = −4aηj , (2.8)

[[aξi , P ], aϵk] = −|ϵ− ξ|δikP, (2.9)

where i, j, k ∈ {1, 2, . . . , n} and η, ϵ, ξ ∈ {+,−} (to be interpreted as +1 and −1 in the algebraic
expressions ϵ− ξ and ϵ− η).

Following the ideas of Green [1], let us now consider a new system of 2n + 1 generators a±i
(i = 1, . . . , n) and P which are no longer required to satisfy (2.1) and (2.6), but are required to
satisfy the triple relations (2.7)-(2.9). The elements satisfying (2.7) are known as parafermion
creation and annihilation operators [1]. Using similar terminology, we could call the element P
satisfying (2.8)-(2.9) the parafermion parity operator.

It is well known that the Lie algebra generated by the elements a±i (i = 1, . . . , n) subject to
the triple relations (2.7) is the simple Lie algebra so(2n + 1) = Bn [2, 3]. But what is now the
algebraic structure determined by the 2n + 1 generators a±i (i = 1, . . . , n) and P subject to the
relations (2.7)-(2.9)? We have the following result:

Proposition 1. The Lie algebra generated by the 2n+1 elements a±i (i = 1, . . . , n) and P , subject
to the triple relations (2.7)-(2.9) is the simple Lie algebra so(2n+ 2) = Dn+1.
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In order to prove this, let us first construct a basis of the Lie algebra generated by these 2n+1
elements. Since the relations are triple relations, and of course the Jacobi identity holds, we need
to consider only linear and quadratic expressions in the generators. We denote the independent
quadratic elements as follows:

bξi =
1

2
ξ [P, aξi ] (ξ = ±, i = 1, . . . , n), (2.10)

Fij =
1

2
[a+i , a

−
j ] (i, j = 1, . . . , n), (2.11)

Pij =
1

2
[a+i , a

+
j ] (1 ≤ i < j ≤ n), (2.12)

Nij =
1

2
[a−i , a

−
j ] (1 ≤ i < j ≤ n). (2.13)

This brings the total number of basis elements (aξi , P , bξi , Fij , Pij , Nij respectively) of the Lie
algebra to

2n+ 1 + 2n+ n2 + n(n− 1)/2 + n(n− 1)/2 = 2n2 + 3n+ 1 =
1

2
(2n+ 2)(2n+ 1), (2.14)

which is indeed the dimension of so(2n + 2). Using only the triple relations (2.7)-(2.9), the Lie
brackets between all these basis elements can be determined:

[P, bξi ] = 2ξaξi , [aξi , b
ξ
j ] = 0, [aξi , b

−ξ
j ] = ξδijP, (2.15)

[bξi , b
η
j ] = −ξη[aξi , a

η
j ] (∼ ±2Fij or ± 2Pij or ± 2Nij), (2.16)

[P, Fij ] = 0, [P, Pij ] = 0, [P,Nij ] = 0, (2.17)

[Fij , a
+
k ] = δjka

+
i , [Fij , a

−
k ] = −δika

−
j , (2.18)

[Pij , a
+
k ] = 0, [Pij , a

−
k ] = δjka

+
i − δika

+
j , (2.19)

[Nij , a
+
k ] = δjka

−
i − δika

−
j , [Nij , a

−
k ] = 0, (2.20)

[Fij , b
+
k ] = δjkb

+
i , [Fij , b

−
k ] = −δikb

−
j , (2.21)

[Pij , b
+
k ] = 0, [Pij , b

−
k ] = −δjkb

+
i + δikb

+
j , (2.22)

[Nij , b
+
k ] = −δjkb

−
i + δikb

−
j , [Nij , b

−
k ] = 0, (2.23)

[Fij , Fkl] = δjkFil − δilFkj , (2.24)

[Fij , Pkl] = δjkPil + δjlPki, (2.25)

[Fij , Nkl] = −δikNjl − δilNkj , (2.26)

[Nij , Pkl] = −δjkFli + δikFlj + δjlFki − δilFkj , (2.27)

[Nij , Nkl] = [Pij , Pkl] = 0. (2.28)

Note that the elements bξi satisfy

[[bξi , b
η
j ], b

ϵ
k] = |ϵ− η|δjkbξi − |ϵ− ξ|δikbηj , (2.29)

so the bξi are also parafermions.
Let us now turn to the proof of Proposition 1.

Proof. In order to show that the algebra under consideration is equal to so(2n + 2), let us work
with the following matrix representation of so(2n+2). Let B be the symmetric (2n+2)× (2n+2)
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matrix:

B =


0 In 0 0
In 0 0 0
0 0 0 1
0 0 1 0

 , (2.30)

where In is the identity matrix of size n×n. The Lie algebra so(2n+2) can be defined as consisting
of the matrices X satisfying

XtB +BX = 0, (2.31)

where Xt is the notation for the transpose of X. Explicitly, these matrices are of the following
form

X =


a b x y
d −at x′ y′

−y′t −yt f 0

−x′t −xt 0 −f

 , (2.32)

where a is a n× n matrix, b and d are antisymmetric n× n matrices, x, y, x′, y′ are n× 1 matrices,
and f is a number. Using the common unit matrices eij (consisting of all zeros, except a 1 at
position (i, j)), a basis of the Cartan subalgebra h of so(2n+ 2) is given by the elements

hi = eii − en+i,n+i (1 ≤ i ≤ n), hn+1 = e2n+1,2n+1 − e2n+2,2n+2. (2.33)

Let us denote, as usual, the basis of h∗ dual to {h1, h2, . . . , hn+1} by {ϵ1, ϵ2, . . . , ϵn+1}. Then the
following elements are the root vectors of so(2n+ 2):

ejk − en+k,n+j 1 ≤ j, k ≤ n, j ̸= k root: ϵj − ϵk
ej,n+k − ek,n+j 1 ≤ j < k ≤ n root: ϵj + ϵk
en+j,k − en+k,j 1 ≤ j < k ≤ n root: − ϵj − ϵk
Xj := ej,2n+1 − e2n+2,n+j 1 ≤ j ≤ n root: ϵj − ϵn+1

Yj := ej,2n+2 − e2n+1,n+j 1 ≤ j ≤ n root: ϵj + ϵn+1

X ′
j := −en+j,2n+1 + e2n+2,j 1 ≤ j ≤ n root: − ϵj − ϵn+1

Y ′
j := −en+j,2n+2 + e2n+1,j 1 ≤ j ≤ n root: − ϵj + ϵn+1

(2.34)

Now it is a simple matrix computation to show that the following matrices

a+i = Xi + Yi, a−i = X ′
i + Y ′

i , P = 2hn+1 (2.35)

satisfy the triple relations (2.7), (2.8) and (2.9). Hence, this proves Proposition 1.

Note that the generators aξi of so(2n+ 2) are not root vectors of so(2n+ 2), but linear combi-
nations of two root vectors. The extra generator P is just an element of the Cartan subalgebra.

Observe that Proposition 1 is also interesting purely from the mathematical point of view. It
gives a nice presentation of the Lie algebra so(2n + 2) in terms of 2n + 1 generators subject to a
set of triple relations (2.7)-(2.9). It is an interesting alternative of defining so(2n + 2) in terms of
the 3n+ 3 Chevalley generators subject to the Chevalley-Serre relations.

3 The so(2n+ 2) parafermion Fock space

The parafermion Fock space W (p) (with p a positive integer) is the Hilbert space with unique
vacuum vector |0⟩, defined by means of (j, k = 1, 2, . . . , n) [1, 6]

⟨0|0⟩ = 1, a−j |0⟩ = 0, (a±j )
† = a∓j ,
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[a−j , a
+
k ]|0⟩ = p δjk |0⟩, (3.1)

and by irreducibility under the action of the algebra generated by the elements a+j , a
−
j (j = 1, . . . , n),

subject to the triple relations (2.7). The parameter p is known as the order of statistics of the
parafermion system. It is well established that the parafermion Fock space W (p) is the unitary
irreducible representation of so(2n + 1) with lowest weight (−p

2 ,−
p
2 , . . . ,−

p
2). The highest weight

of W (p) is (p2 ,
p
2 , . . . ,

p
2), with Dynkin label [0, . . . , 0, p]. A Gelfand-Zetlin basis for W (p) was

determined in [7], and consists of the vectors

|m) ≡ |m)n ≡

∣∣∣∣∣∣∣∣∣
m1n · · · · · · mn−1,n mnn

m1,n−1 · · · · · · mn−1,n−1
... . .

.

m11

 =

∣∣∣∣∣ [m]n

|m)n−1

)
. (3.2)

The top line of this pattern, also denoted by the n-tuple [m]n, is any partition λ (consisting of
n non-increasing non-negative integers). The remaining n − 1 lines of the pattern will sometimes
be denoted by |m)n−1. All mij in the above GZ-pattern are non-negative integers, satisfying the
betweenness conditions

mi,j+1 ≥ mij ≥ mi+1,j+1 (1 ≤ i ≤ j ≤ n− 1). (3.3)

Moreover, these vectors |m) should satisfym1n ≤ p. In other words, the top line of |m) is a partition
λ with largest part not exceeding p. The action of the Cartan algebra elements hk (k = 1, . . . , n)
of so(2n+ 1) is [7, Eq. (4.12)]:

hk|m) =

−p

2
+

k∑
j=1

mjk −
k−1∑
j=1

mj,k−1

 |m), (1 ≤ k ≤ n). (3.4)

The matrix elements of the parafermion generators,

(m′|aξi |m), (3.5)

are very complicated, and were determined explicitly in [7, Eq. (4.25)-(4.28)].
Let us now extend this representation and these actions to representations of so(2n+ 2).
In general, it is known [9] that the so(2n+2) representationW+(p) with Dynkin label [0, . . . , 0, p],

or highest weight (p2 , . . . ,
p
2 ,

p
2) =

∑n+1
i=1

p
2ϵi, decomposes to the single so(2n+1) representation with

highest weight (p2 , . . . ,
p
2) =

∑n
i=1

p
2ϵi, i.e. to W (p). The lowest weight of W+(p) is (−p

2 , . . . ,−
p
2 ,−

p
2)

when n is odd, and is (−p
2 , . . . ,−

p
2 ,

p
2) when n is even.

Moreover, the so(2n+2) representation W−(p) with Dynkin label [0, . . . , p, 0], or highest weight
(p2 , . . . ,

p
2 ,−

p
2) =

∑n
i=1

p
2ϵi −

p
2ϵn+1, also decomposes to the single so(2n + 1) representation with

highest weight (p2 , . . . ,
p
2) =

∑n
i=1

p
2ϵi, i.e. to W (p). In this case, the lowest weight of W−(p) is

(−p
2 , . . . ,−

p
2 ,

p
2) when n is odd, and is (−p

2 , . . . ,−
p
2 ,−

p
2) when n is even.

Since the representation space W±(p) of so(2n + 2) is the same as the representation space
W (p) of so(2n+1), we can keep the same notation |m) for the basis vectors of W+(p) and W−(p),

with the same action of the generators aξi on these vectors |m). In order to have actions for all
generators of so(2n+2), we only need to determine the action of P = 2hn+1. We find the following
expression:

in W+(p) : P |m) = (−1)n

(
2

n∑
i=1

(−1)imin + p

)
|m), (3.6)

in W−(p) : P |m) = −(−1)n

(
2

n∑
i=1

(−1)imin + p

)
|m). (3.7)

6



Proposition 2. W+(p) is the irreducible so(2n+2) representation with highest weight (p2 , . . . ,
p
2 ,

p
2)

under the actions (3.5)-(3.6). Similarly, W−(p) is the irreducible so(2n + 2) representation with
highest weight (p2 , . . . ,

p
2 ,−

p
2) under the actions (3.5), (3.7).

Proof. We will sketch the proof only for W+(p). For this, it is sufficient to verify that the defining
relations (2.7), (2.8) and (2.9) are satisfied in W+(p).

First of all, note that for the vector |0) (i.e. all mij = 0 in (3.2)), (3.4) and (3.6) yield

hk|0) = −p

2
|0), hn+1|0) = (−1)n

p

2
|0), (3.8)

so |0) is indeed the lowest weight vector of weight (−p
2 , . . . ,−

p
2 , (−1)n p

2). For the vector |p), which
is our notation for the vector of type (3.2) with all mij = p, the above actions give

hk|p) =
p

2
|p), hn+1|p) =

p

2
|p), (3.9)

so |p) is the highest weight vector of weight (p2 , . . . ,
p
2 ,

p
2).

Next, let us turn to the actual verification of the actions of (2.7), (2.8) and (2.9) in W+(p).
The verification of the action of (2.7) is straightforward, since we use the same basis vectors

|m) for W+(p) as for W (p) in so(2n+ 1), and for so(2n+ 1) this was shown in [7].
Since the action of P is diagonal, the verification of the action of (2.8) is actually quite simple.

Recall that the matrix element (m′|a±j |m) is nonzero only if

[m′]n = [m]n±k ≡ (m1n, . . . ,mkn ± 1, . . . ,mnn) (3.10)

for some k in {1, 2, . . . , n}. For [m′]n = [m]n±k, the matrix element of the left hand side of (2.8) is
equal to

(m′|[[P, a±j ], P ]|m) = (m′|2Pa±j P − a±j P
2 − P 2a±j |m). (3.11)

If we denote, for convenience, the eigenvalue (3.6) of P on |m) as (−1)nx, then we get

(m′|[[P, a±j ], P ]|m) = (m′|2(x± 2(−1)k)xa±j − x2a±j − (x± 2(−1)k)2a±j |m)

=
(
2(x± 2(−1)k)x− x2 − (x± 2(−1)k)2

)
(m′|a±j |m)

= −4(m′|a±j |m), (3.12)

corresponding indeed with the right hand side matrix element of (2.8).
The verification of the action of (2.9) is more involved, and uses the explicit matrix elements

of aξi determined in [7, Eq. (4.25)-(4.28)]. Using the notation (2.10) and the action of aξi and P on
|m), one can deduce the following. If

a±i |m) =
∑
m′

(m′|a±i |m) |m′) where [m′]n = [m]n±j for some j, (3.13)

then
b±i |m) =

∑
m′

(−1)n+j(m′|a±i |m) |m′) where [m′]n = [m]n±j . (3.14)

So the verification of (2.9) reduces to verifying

[bξi , a
ϵ
k] |m) = 0 for i ̸= k, (3.15)

[b+i , a
+
i ] |m) = 0, (3.16)

[b+i , a
−
i ] |m) = 2P |m), (3.17)
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since by the symmetry of the known matrix elements (m′|a±i |m) this also implies that [b−i , a
−
i ] |m) =

0 and [b−i , a
+
i ] |m) = −2P |m). Although it is far from trivial, (3.16) follows from comparing the

coefficients of equal states in the action of b+i a
+
i |m) and a+i b

+
i |m). Eq. (3.15) follows from similar

considerations. The computational hard equation to verify is (3.17). Also here, one compares the
coefficients of equal states |m′) in the action of b+i a

−
i |m) and a−i b

+
i |m). When |m′) ̸= |m), it

follows from the symmetry properties of the explicit matrix elements (3.5) that the contribution
in a−i b

+
i |m) is the same as in b+i a

−
i |m). Then it remains to work out the diagonal terms, i.e. the

coefficient of |m) in b+i a
−
i |m) and a−i b

+
i |m). Using the explicit actions of the parafermion operators

in [7, Eq. (4.25)-(4.28)], such actions always lead to a sum of rational expressions, in which each
factor is a linear expression in the labelsmij . A careful analysis of these sums of rational expressions
shows that they can always be simplified using the following rational function identity:

N∑
i=1

N∏
j=0

(xi − yj)

N∏
j=0
j ̸=i

(xi − xj)

=
N∑
i=1

(xi − yi). (3.18)

This identity can be proven either using the Lagrange interpolation formula [10, see the Appendix]
or using the residue theorem [11, Eq. (32)].

It would take us too far in this paper to identity the rational expressions that are needed ex-
plicitly. But our analysis has shown that, after simplifications using (3.18), the remaining diagonal
term in [b+i , a

−
i ] |m) does indeed coincide with the action 2P |m).

Let us discuss some general properties of the parafermion parity operator P in the so(2n + 2)
representation W+(p) (in W−(p) the properties are similar, since one can simply replace P by −P
to go from W+(p) to W−(p)).

Using (3.6), we find
P |0) = (−1)np |0), (3.19)

and
P |p) = p |p), (3.20)

where |p) is the highest weight state, consisting of the GZ-pattern (3.2) with all mij = p. For other
vectors |m) of W+(p), thus with m1n ≤ p and satisfying the betweenness conditions (3.3), it is easy
to deduce from (3.6) that

P |m) = x |m), where x ∈ {p, p− 2, p− 4, . . . ,−p+ 2,−p}. (3.21)

Thus there is a close relation between the order of statistics p and the properties of the parafermion
parity operator P : P can assume p+ 1 values, ranging from −p to p in steps of 2.

For the simple case p = 1, the basis vectors |m) have GZ-patterns consisting of 0’s and 1’s
only, with the appropriate conditions (3.3). In that case, the action of the parafermion operators

aξi coincides with the action (2.4) of fermion operators, under the identification of the GZ-basis
vectors |m) with the basis vectors (2.3). The correspondence is as follows: when |m) is a basis
vector of W+(1) with |m) ̸= |0), then put

θk =
k∑

i=1

mik −
k−1∑
i=1

mi,k−1, (3.22)
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and then
|m) = (−1)1+

∑n
i=1 min |θ1, θ2, . . . , θn⟩. (3.23)

For |m) = |0), we simply have |0) = |0, 0, . . . , 0⟩ = |0⟩. Note also that

P (a+1 )
θ1 . . . (a+n )

θn |0⟩ = |θ1 + · · ·+ θn|(a+1 )
θ1 . . . (a+n )

θn |0⟩, (3.24)

so for p = 1 (the fermion case) P is the common fermion parity operator.
Let us also give a more explicit example, namely the action of all generators of so(6) (n = 2) for

p = 2. It is easy to see that the dimension of W+(2) is 10. In Table 1, we list the basis vectors in
the leftmost column, and the action of the generators (on top of the Table) on these basis vectors.

a+1 a+2 a−1 a−2 P∣∣∣∣000
) √

2

∣∣∣∣101
) √

2

∣∣∣∣100
)

0 0 2

∣∣∣∣000
)

∣∣∣∣100
) ∣∣∣∣201

)
−
∣∣∣∣111
) √

2

∣∣∣∣200
)

0
√
2

∣∣∣∣000
)

0∣∣∣∣101
) √

2

∣∣∣∣202
) ∣∣∣∣201

)
+

∣∣∣∣111
) √

2

∣∣∣∣000
)

0 0∣∣∣∣111
) ∣∣∣∣212

) ∣∣∣∣211
)

−
∣∣∣∣100
) ∣∣∣∣101

)
2

∣∣∣∣111
)

∣∣∣∣200
)

−
√
2

∣∣∣∣211
)

0 0
√
2

∣∣∣∣100
)

−2

∣∣∣∣200
)

∣∣∣∣201
)

−
∣∣∣∣212
) ∣∣∣∣211

) ∣∣∣∣100
) ∣∣∣∣101

)
−2

∣∣∣∣201
)

∣∣∣∣202
)

0
√
2

∣∣∣∣212
) √

2

∣∣∣∣101
)

0 −2

∣∣∣∣202
)

∣∣∣∣211
)

−
√
2

∣∣∣∣222
)

0 −
√
2

∣∣∣∣200
) ∣∣∣∣201

)
+

∣∣∣∣111
)

0∣∣∣∣212
)

0
√
2

∣∣∣∣222
) ∣∣∣∣111

)
−
∣∣∣∣201
) √

2

∣∣∣∣202
)

0∣∣∣∣222
)

0 0 −
√
2

∣∣∣∣211
) √

2

∣∣∣∣212
)

2

∣∣∣∣222
)

Table 1: Explicit action of a±i and P (top line) on a basis vector

∣∣∣∣m12m22
m11

)
(left column) of W+(2).

Although this is a very easy example, it shows already some particular features where parafermions
differ from fermions. For instance,

Pa+1 a
+
2 |0⟩ =

√
2P

(∣∣∣∣201
)
−
∣∣∣∣111
))

= −2
√
2

(∣∣∣∣201
)
+

∣∣∣∣111
))

, (3.25)

so although P is diagonal in the GZ-basis, it is not diagonal in the parafermion particle basis. On
the other hand, we do have Pa+1 a

+
2 |0⟩ = −2a+2 a

+
1 |0⟩ for this example. The spectrum of P can be

read off in the last column of the table.

4 Parabosons as generators of osp(2|2n) = C(n+ 1)

In the remaining part of this paper, we will study a set of boson operators, paraboson operators,
the paraboson parity operator, and the underlying algebraic structures.
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We use the same notation for (para)boson operators as for (para)fermion operators: it is clear
from the context which operators we are dealing with.

A system of n boson creation and annihilation operators a±i (i = 1, . . . , n) is determined by the
commutation relations

[a+i , a
+
j ] = [a−i , a

−
j ] = 0, [a−i , a

+
j ] = δij , (i, j ∈ {1, . . . , n}). (4.1)

The boson Fock space is generated by a vacuum vector |0⟩ satisfying

a−i |0⟩ = 0 (i ∈ {1, . . . , n}), ⟨0|0⟩ = 1, (4.2)

and the hermiticity conditions (a±i )
† = a∓i . A set of orthonormal basis vectors of the Fock space is

given by

|k⟩ = 1√
k1! · · · kn!

|k1, . . . , kn⟩ = (a+1 )
k1 . . . (a+n )

kn |0⟩, ki ∈ N = {0, 1, 2 . . .}, (4.3)

and the explicit action of the operators a±i on this basis reads:

a−i |k⟩ =
√
ki|k1, . . . , ki−1, ki − 1, ki+1, . . . , kn⟩

a+i |k⟩ =
√

ki + 1|k1, . . . , ki−1, ki + 1, ki+1, . . . , kn⟩. (4.4)

The number operator is F =
∑n

i=1 a
+
i a

−
i , and its action in the Fock space is

F |k⟩ = (

n∑
i=1

ki) |k⟩. (4.5)

The boson parity operator P takes the form P = (−1)F , and has eigenvalue +1 on states with an
even number of bosons, and −1 on states with an odd number of bosons. It satisfies

{P, P} = 2, {P, a±i } = 0 (i ∈ {1, . . . , n}). (4.6)

As for fermions, we can write down the cubic or triple relations satisfied by a±i and P . When
the set of 2n+ 1 operators a±i (i = 1, . . . , n) and P satisfy the quadratic relations (4.1) and (4.6),
it is easy to verify that they also satisfy the following triple relations:

[{aξi , a
η
j}, a

ϵ
k] = (ϵ− η)δjka

ξ
i + (ϵ− ξ)δika

η
j , (4.7)

[[P, aηj ], P ] = −4aηj , (4.8)

{[aξi , P ], aϵk} = −(ϵ− ξ)δikP, (4.9)

where i, j, k ∈ {1, 2, . . . , n} and η, ϵ, ξ ∈ {+,−}.
Following again the approach of Green [1], let us consider a new system of 2n+1 generators a±i

(i = 1, . . . , n) and P which are no longer required to satisfy (4.1) and (4.6), but are now required
to satisfy the triple relations (4.7)-(4.9). The elements satisfying (4.7) are known as paraboson
creation and annihilation operators [1]. The element P satisfying (4.8)-(4.9) will be referred to as
the paraboson parity operator.

It has been established by Ganchev and Palev [4] that the Lie superalgebra generated by the
odd elements a±i (i = 1, . . . , n) subject to the triple relations (4.7) is the simple orthosymplectic Lie
superalgebra osp(1|2n) = B(0, n). Our purpose is to identify the algebraic structure determined
by the 2n + 1 generators a±i (i = 1, . . . , n) and P subject to the relations (4.7)-(4.9) (where P is
an even element). We have the following result:
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Proposition 3. The Lie superalgebra generated by the 2n odd elements a±i (i = 1, . . . , n) and the
even element P , subject to the triple relations (4.7)-(4.9) is the simple Lie superalgebra osp(2|2n) =
C(n+ 1).

For the proof, we follow the same ideas as the proof of Proposition 1. We first construct a
basis of the Lie superalgebra generated by these 2n + 1 elements. Since all relations are triple
relations, we need to consider only linear and quadratic expressions in the generators. We denote
the independent quadratic elements as follows:

bξi =
1

2
ξ [P, aξi ] (ξ = ±, i = 1, . . . , n), (4.10)

Fij =
1

2
{a+i , a

−
j } (i, j = 1, . . . , n), (4.11)

Pij =
1

2
{a+i , a

+
j } (1 ≤ i ≤ j ≤ n), (4.12)

Nij =
1

2
{a−i , a

−
j } (1 ≤ i ≤ j ≤ n). (4.13)

This brings the total number of basis elements (aξi , P , bξi , Fij , Pij , Nij respectively) of the Lie
superalgebra to

2n+ 1 + 2n+ n2 + n(n+ 1)/2 + n(n+ 1)/2 = 2n2 + 5n+ 1, (4.14)

which is indeed the dimension of osp(2|2n). The odd basis elements are a±i and b±i , the others are
even. Using only the triple relations (4.7), (4.8) and (4.9), the brackets between all these basis
elements can be determined:

[P, bξi ] = 2ξaξi , {aξi , b
ξ
j} = 0, {aξi , b

−ξ
j } = −δijP, (4.15)

{bξi , b
η
j} = −ξη{aξi , a

η
j}, (∼ 2Fij or − 2Pij or − 2Nij), (4.16)

[P, Fij ] = 0, [P, Pij ] = 0, [P,Nij ] = 0, (4.17)

[Fij , a
+
k ] = δjka

+
i , [Fij , a

−
k ] = −δika

−
j , (4.18)

[Pij , a
+
k ] = 0, [Pij , a

−
k ] = −δjka

+
i − δika

+
j , (4.19)

[Nij , a
+
k ] = δjka

−
i + δika

−
j , [Nij , a

−
k ] = 0, (4.20)

[Fij , b
+
k ] = δjkb

+
i , [Fij , b

−
k ] = −δikb

−
j , (4.21)

[Pij , b
+
k ] = 0, [Pij , b

−
k ] = δjkb

+
i + δikb

+
j , (4.22)

[Nij , b
+
k ] = −δjkb

−
i − δikb

−
j , [Nij , b

−
k ] = 0, (4.23)

[Fij , Fkl] = δjkFil − δilFkj , (4.24)

[Fij , Pkl] = δjkPil + δjlPki, (4.25)

[Fij , Nkl] = −δikNjl − δilNkj , (4.26)

[Nij , Pkl] = δjkFli + δikFlj + δjlFki + δilFkj , (4.27)

[Nij , Nkl] = [Pij , Pkl] = 0. (4.28)

It is easy to see that the bξi satisfy

[{bξi , b
η
j}, b

ϵ
k] = (ϵ− η)δjkb

ξ
i + (ϵ− ξ)δikb

η
j , (4.29)

so the bξi are also parabosons.
Now we can verify Proposition 3.

11



Proof. In order to show that the algebra under consideration is equal to osp(2|2n), let us work with
the following matrix representation of osp(2|2n) [5]:

X =


f 0 x x′

0 −f y y′

y′t x′t a b
−yt −xt c −at

 , (4.30)

where a is a n × n matrix, b and d are symmetric n × n matrices, x, y, x′, y′ are 1 × n matrices,
and f is a number. The even matrices have x = x′ = y = y′ = 0, and the odd matrices have
a = b = c = 0 and f = 0. Using the common unit matrices eij , a basis of the Cartan subalgebra h
of osp(2|2n) is given by the elements

h0 = e1,1 − e2,2, hi = e2+i,2+i − e2+n+i,2+n+i (1 ≤ i ≤ n). (4.31)

Let us denote, as usual, the basis of h∗ dual to {h0, h1, . . . , hn} by {ϵ0, ϵ1, . . . , ϵn}. Then the
following elements are the root vectors of osp(2|2n):

e2+j,2+k − e2+n+k,2+n+j 1 ≤ j, k ≤ n, j ̸= k root: ϵj − ϵk
e2+j,2+n+k + e2+k,2+n+j 1 ≤ j ≤ k ≤ n root: ϵj + ϵk
e2+n+j,2+k + e2+n+k,2+j 1 ≤ j ≤ k ≤ n root: − ϵj − ϵk
Xj := e1,2+j − e2+n+j,2 1 ≤ j ≤ n root: ϵ0 − ϵj
Yj := e2,2+j − e2+n+j,1 1 ≤ j ≤ n root: − ϵ0 − ϵj
X ′

j := e1,2+n+j + e2+j,2 1 ≤ j ≤ n root: ϵ0 + ϵj
Y ′
j := e2,2+n+j + e2+j,1 1 ≤ j ≤ n root: − ϵ0 + ϵj

(4.32)

It is once more a simple matrix computation to show that the following matrices

a+i = −X ′
i + Y ′

i , a−i = Xi − Yi, P = 2h0 (4.33)

satisfy the triple relations (4.7), (4.8) and (4.9). Hence, this proves Proposition 3.

The generators aξi of osp(2|2n) are not root vectors of osp(2|2n), but linear combinations of two
root vectors; the extra generator P is an element of the Cartan subalgebra.

Proposition 3 is also of mathematical interest, giving a presentation of the Lie superalgebra
osp(2|2n) in terms of 2n+1 generators subject to a set of triple relations (4.7)-(4.9), as an alternative
to the Chevalley generators.

5 The osp(2|2n) paraboson Fock space

The paraboson Fock space V (p) is the Hilbert space with unique vacuum vector |0⟩, defined by
means of (j, k = 1, 2, . . . , n) [1, 6]

⟨0|0⟩ = 1, a−j |0⟩ = 0, (a±j )
† = a∓j ,

{a−j , a
+
k }|0⟩ = p δjk |0⟩, (5.1)

and by irreducibility under the action of the algebra generated by the elements a+j , a
−
j (j = 1, . . . , n),

subject to the triple relations (4.7). The parameter p (a positive integer) is known as the order of
statistics of the paraboson system. It is known that the paraboson Fock space V (p) is the unitary
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irreducible representation of osp(1|2n) with lowest weight (p2 ,
p
2 , . . . ,

p
2). A Gelfand-Zetlin basis for

V (p) was determined in [8], and consists of the vectors

|m) ≡ |m)n ≡

∣∣∣∣∣∣∣∣∣
m1n · · · · · · mn−1,n mnn

m1,n−1 · · · · · · mn−1,n−1
... . .

.

m11

 =

∣∣∣∣∣ [m]n

|m)n−1

)
. (5.2)

The notation of these patterns is the same as (3.2), and the non-negative integers in (5.2) also
satisfy the betweenness conditions (3.3). The main difference with the vectors (3.2) is that in the
present case the top line of |m) is a partition λ with at most p nonzero parts, but no restriction
on the parts themselves. This implies that V (p) is infinite-dimensional (just as the Fock space for
bosons is infinite-dimensional). The action of the Cartan algebra elements hk (k = 1, . . . , n) on
these vectors of osp(1|2n) is [8, Eq. (5.4)]:

hk|m) =

p

2
+

k∑
j=1

mjk −
k−1∑
j=1

mj,k−1

 |m), (1 ≤ k ≤ n). (5.3)

The matrix elements of the paraboson generators,

(m′|aξi |m), (5.4)

are again complicated, and were determined explicitly in [8, Eq. (A.9)-(A.12)].
Let us investigate the possibility of extending these actions to a Fock representation of osp(2|2n)

by keeping the same basis, in analogy of the parafermion case, and the same actions of a±i . Re-
call that the GZ-basis vectors originate from the decomposition of V (p) in gl(n) representations,
according to the branching osp(1|2n) ⊃ gl(n), and where the gl(n) basis is given by the elements
Fij [8]. Since P commutes with all Fij , see (4.17), this implies that P is diagonal in the GZ-basis
|m). Let us therefore write

P |0⟩ = λ0|0⟩, and Pa+i |0⟩ = λi a
+
i |0⟩. (5.5)

From Eq. (4.9) with ξ = −ϵ = + and k = i acting on |0⟩, one finds

a−i a
+
i P |0⟩ − a−i Pa+i |0⟩ = 2P |0⟩ ⇔ λip = λ0(p− 2). (5.6)

Using Eq. (4.8) with η = + and j = i gives

2Pa+i P − a+i P
2 − P 2a+i = −4a+i . (5.7)

Acting on |0⟩ leads to

2λ0λi − λ2
0 − λ2

i = −4, or (λi − λ0)
2 = 4. (5.8)

The two equations lead to just two possible solutions for λ0 and λi: either λ0 = p and λi = p−2, or
else λ0 = −p and λi = −p+2. So there are at most two ways to extend the osp(1|2n) representations
V (p) to a representation of osp(2|2n) with the same basis as V (p). (That it is actually possible to
do this, will follow from later considerations.)

Let us denote the representation with P |0) = p|0) by V+(p), and the one with P |0) = −p|0) by
V−(p). Following (4.33) and (5.3), V+(p) is a lowest weight representation of osp(2|2n) with lowest
weight (p2 ,

p
2 , . . . ,

p
2), and V−(p) is a lowest weight representation of osp(2|2n) with lowest weight

(−p
2 ,

p
2 , . . . ,

p
2).
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We claim that both V+(p) and V−(p) are representations of osp(2|2n), both with the same basis
vectors |m) as for V (p), and with the same action of a±i as for V (p), but with the following action
of P = 2h0:

in V+(p) : P |m) =

(
n∑

i=1

(−1)min + p− n

)
|m), (5.9)

in V−(p) : P |m) = −

(
n∑

i=1

(−1)min + p− n

)
|m). (5.10)

Proposition 4. V+(p) is the irreducible osp(2|2n) representation with lowest weight (p2 , . . . ,
p
2 ,

p
2)

under the actions (5.4) and (5.9). Similarly, V−(p) is the irreducible osp(2|2n) representation with
lowest weight (−p

2 ,
p
2 , . . . ,

p
2) under the actions (5.4) and (5.10).

Proof. Let us give the proof for V+(p). For this, it is sufficient to verify that the defining rela-
tions (4.7), (4.8) and (4.9) are satisfied in V+(p).

The verification of the action of (4.7) is straightforward, since we use the same basis vectors
|m) for V+(p) as for V (p) in osp(1|2n), and for osp(1|2n) this was shown in [8].

Since the action of P is diagonal, the verification of the action of (4.8) is again simple. Recall
that (similar as for parafermions) the paraboson matrix element (m′|a±j |m) is nonzero only if

[m′]n = [m]n±k ≡ (m1n, . . . ,mkn ± 1, . . . ,mnn) (5.11)

for some k in {1, 2, . . . , n}. For [m′]n = [m]n±k, the matrix element of the left hand side of (4.8) is
equal to

(m′|[[P, a±j ], P ]|m) = (m′|2Pa±j P − a±j P
2 − P 2a±j |m). (5.12)

If we denote the eigenvalue (5.9) of P on |m) as x, we get

(m′|[[P, a±j ], P ]|m) = (m′|2(x− 2(−1)mkn)xa±j − x2a±j − (x− 2(−1)mkn)2a±j |m)

=
(
2(x− 2(−1)mkn)x− x2 − (x− 2(−1)mkn)2

)
(m′|a±j |m)

= −4(m′|a±j |m), (5.13)

corresponding with the right hand side matrix element of (4.8).
The verification of the action of (4.9) is much more involved, and use the explicit paraboson

matrix elements of aξi in V (p), determined in [8, Eq. (A.9)-(A.12)].

As a first step, using the notation (4.10) and the action of aξi and P on |m), one can deduce
the following. If

a±i |m) =
∑
m′

(m′|a±i |m) |m′) where [m′]n = [m]n±j for some j, (5.14)

then
b±i |m) =

∑
m′

(−1)mjn+1(m′|a±i |m) |m′) where [m′]n = [m]n±j . (5.15)

The actual verification now follows similar steps as the corresponding proof of Proposition 2, except
that it is split in various parts according to whether the GZ-labels of the top line of |m) are even
or odd. Essentially, the main identity to use is again (3.18), in various disguised forms. We omit
the technical details.
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Let us discuss some general properties of the paraboson parity operator P in the osp(2|2n)
representation V+(p) (in V−(p) the properties are similar, since one can simply replace P by −P
to go from V+(p) to V−(p)).

Using (5.9), we find
P |0) = p |0). (5.16)

In general, from the action (5.9) it is easy to see that

P |m) = x |m), where x ∈ {p, p− 2, p− 4, . . . ,−p+ 2,−p}, (5.17)

for all allowed GZ-patterns (3.2) in V+(p). Thus there is again a close relation between the order
of statistics p and the properties of the paraboson parity operator P : P can assume p+ 1 values,
ranging from −p to p in steps of 2.

For the simple case p = 1, the basis vectors |m) have GZ-patterns consisting of rows of the form
[m]j = [m1j , 0, . . . , 0] for each j, because of the betweenness conditions (3.3) and the fact that the
length of the partition (m1n,m2n, . . . ,mnn) should be at most p = 1. In that case, the action of the

paraboson operators aξi coincides with the action (4.4) of boson operators, under the identification
of the GZ-basis vectors |m) with the basis vectors (4.3). The correspondence is as follows:

|k1, k2, . . . , kn⟩ =

∣∣∣∣∣∣∣∣∣∣∣

k1 + · · ·+ kn−1 + kn 0 · · · 0 0
k1 + · · ·+ kn−1 0 · · · 0
... . .

.

k1 + k2 0
k1

 . (5.18)

Of course, in that case (5.9) gives as eigenvalue

P |k1, . . . , kn⟩ =
(
p− n+ (−1)k1+···+kn + (−1)0 + · · ·+ (−1)0

)
|k1, . . . , kn⟩

= (−1)k1+···+kn |k1, . . . , kn⟩, (5.19)

and thus P coincides with the boson parity operator.

6 Discussion

First of all, we want to emphasize the algebraic results of this paper. Since the early days of Lie
algebra theory, it was established that a simple Lie algebra has a nice description as an algebra
generated by a set of generators subject to a set of relations. For a simple Lie algebra of rank n it is
common to use the 3n Chevalley generators and the Chevalley-Serre relations. These Serre relations
are in general cubic relations in the generators (except for G2, where some relations are of degree 4).
Also for a basic classical Lie superalgebra of rank n, there is a description in terms of 3n Chevalley
generators and Chevalley-Serre relations [12, Section 2.44]. Apart from these classical descriptions,
some others were known for certain simple Lie (super)algebras, mainly in the context of “creation
and annihilation operators”. As mentioned earlier in this paper, the Lie algebra Bn can be generated
by 2n creation and annihilation operators (parafermions) subject to a set of simple triple (or cubic)
relations. Similary, the Lie superalgebra B(0, n) can be generated by 2n creation and annihilation
operators (parabosons) subject to a set of simple triple relations. The same property has been
studied for the Lie algebra An [13, 14] and the Lie superalgebra A(0, n) [15]. Several years ago
we extended the description of simple Lie algebras and Lie superalgebras by means of N creation
and N annihilation operators as generators, subject to a set of triple relations [16, 17]. However,
apart from the known cases (Bn, B(0, n), An and A(0, n)), this number N was always larger than
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the rank n of the algebra (usually of the order 2n). In those studies [16, 17], we assumed that
the 2N creation and annihilation operators should coincide with root vectors of the algebra under
consideration. Now, as a result of the current analysis, we have a description of the Lie algebra
Dn+1 in terms of only 2n+1 generators (2n creation and annihilation operators and one element of
the Cartan subalgebra), subject to a set of triple relations. The creation and annihilation operators
however are not root vectors, but a sum of two root vectors. Secondly, we have a description of the
Lie superalgebra C(n + 1) in terms of only 2n + 1 generators (again 2n creation and annihilation
operators and one element of the Cartan subalgebra), subject to a different set of triple relations.

As far as physical properties is concerned, we believe that the results of this paper should
be of potential interest. Indeed, in recent years there have been many studies on applications of
parafermions or parabosons in various areas, such as dark matter and dark energy [18,19], condensed
matter physics [20, 21], thermodynamics [22, 23] and optics [24]. Also experimental realizations of
parafermions and parabosons have been proposed [25, 26]. So far, the complicated structure of
Fock spaces W (p) for parafermions and Fock spaces V (p) for parabosons restrained researchers
of using these in physical models, apart from some simple examples or small values for p. The
operator P introduced in this paper, however, does have simple properties in the Fock spaces, and
does also have a very simple spectrum {−p,−p + 2, . . . , p} both in W (p) and V (p). Moreover, it
coincides with the usual parity operator for p = 1, when parafermions (resp. parabosons) coincide
with fermions (resp. bosons). This was the reason to speak of P as the parafermion or paraboson
parity operator. We hope that the simplicity of P and its spectrum helps to bridging the gap from
theory to applications for paraparticles.
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[19] Kitabayashi T and Yasuè M 2018 Parafermionic dark matter Phys. Rev. D 98 043504

[20] Safonov V L 1991 On a concept of quasiparticles with parastatistics Phys. Status Solidi B 167
109–114

[21] Wang Z and Hazzard K R 2025 Particle exchange statistics beyond fermions and bosons Nature
637 314–318

[22] Hama M, Sawamura M and Suzuki H 1992 Thermodynamical properties of high order para-
bosons Prog. Theor. Phys. 88 149–153

[23] Stoilova N I and Van der Jeugt J 2020 Partition functions and thermodynamic properties of
paraboson and parafermion systems Phys. Lett. A 384 126421
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