3nj-coefficients of su(1, 1) as connection coefficients

between orthogonal polynomials in n variables

S. Lievens and J. Van der Jeugt

Department of Applied Mathematics and Computer Science, University of Ghent, Krijgslaan 281-S9, B-9000 Gent, Belgium. E-mails : Stijn.Lievens@rug.ac.be, Joris.VanderJeugt@rug.ac.be.

Abstract

In the tensor product of n+1 positive discrete series representations of su(1, 1), a coupled basis vector can be described by a certain binary coupling tree. To every such binary coupling tree, polynomials R^{(k)}_l (x) and R^{(k)}_l (x) are associated. These polynomials are n-variable Jacobi and continuous Hahn polynomials, and are orthogonal with respect to a weight function. The connection coefficients expressing such a polynomial associated with a given binary coupling tree in terms of those polynomials associated with another binary coupling tree are proportional to 3nj-coefficients of su(1, 1).

Running title : Multivariable orthogonal polynomials for su(1, 1)

PACS : 02.20.+b, 02.30.+g, 03.65.Fd.

I Introduction

The 3nj-coefficients of su(2) (or so(3)) play a dominant role in quantum theory of angular momentum [1, 2, 3, 4, 5] and its applications in nuclear, atomic and molecular physics. For 3jand 6j-coefficients of su(2) there exist expressions in terms of hypergeometric series [5, 6, 7], explaining the close relation with orthogonal polynomials such as Hahn and Racah polynomials [7]. For example, the 6j-coefficient of su(2) is expressed in terms of a terminating balanced 4F_3 series of unit argument. The parameters of the_4F_3(1) series are written in terms of the six representation labels (angular momenta) of the 6j-coefficient. By the nature of these representation labels (integer or half-integer positive numbers), the parameters of the_4F_3(1) series are integers [6, 7]. When identifying the 6j-coefficient with a Racah polynomial R_m(λ(x); α, β, γ, δ), it is not easy to decide which parameters correspond to the degree m, which to the variable x, and which to the parameters α, β, γ, δ of the polynomial. In a way, this identification becomes easier when dealing with positive discrete series representations of su(1, 1) rather than with su(2) representations. This is for us one of the main reasons to consider couplings of such su(1, 1) representations, their 3nj-coefficients, and the connections with orthogonal polynomials in this paper.

The Lie algebra su(1, 1), or so(2, 1), plays itself an important role in physical models. It has been extensively used as spectrum generating algebra in many simple quantum systems, such as the nonrelativistic Coulomb problem, the isotropic harmonic oscillator, Schrödinger’s relativistic equation, and the Dirac-Coulomb problem (Ref. [9], and references therein). In certain boson models [10, 11], the relevant representations are the positive discrete series representations D^+(k). To fix the notation, let J_0, J_± be the generators of su(1, 1) subject to

[J_0, J_±] = ±J_±, [J_+, J_−] = −2J_0, (1.1)

with the conditions J^†_0 = J_0 and J^†_± = J_∓. The positive discrete series representations [7] D^+(k) (k > 0) have a basis |k, n⟩, with n = 0, 1, 2, . . ., and the action of the generators is given by : J_0|k, n⟩ = (n + k)|k, n⟩, J_+|k, n⟩ = √ (n + 1)(2k + n)|k, n + 1⟩, J_−|k, n⟩ = √ n(2k + n − 1)|k, n − 1⟩. (1.2)

The tensor product of two positive discrete series representations^† (k_1) = D^+(k_1) and (k_2) =

†In the rest of the paper, we always mean “positive discrete series representations” whenever we say “representations” of su(1, 1)

D^+(k_2) (or the coupling of two representations (k_1) and (k_2)) decomposes as follows [7] :

(k_1) ⊗ (k_2) = ∞⨁ j=0 (k_1 + k_2 + j). (1.3)

The “coupled basis vectors” are written in terms of the uncoupled ones by means of the su(1, 1) Clebsch-Gordan coefficients :

|(k_1k_2)k, n⟩ = ∑ n_1,n_2 C^{k1,k2,k} n_1,n_2,n |k1, n1⟩ ⊗ |k2, n2⟩. (1.4)

Herein, k = k_1 + k_2 + j for some integer j ≥ 0, and the sum is such that n_1 + n_2 = j + n. Explicit expressions for the Clebsch-Gordan coefficients are given, e.g. in Ref. [7, 12, 13], in terms of a 3F_2(1) series.

In this paper we shall be dealing with the coupling or tensor product of n+1 such representations, labeled by positive integers k_1, k_2, . . . , k_{n+1}. For the description of coupled basis vectors in such a tensor product, the notion of binary coupling trees is essential (see [4, Topic 12] and [14, 15]). Binary couplings find their origin in the recoupling theory of n+1 angular momenta [4, Topic 12] (thus in the context of tensor products of (n + 1) su(2) representations), but apply also to the “recoupling theory” of n + 1 positive discrete series representations of su(1, 1) [14, 15]. Binary coupling trees describe the coupling scheme (the way of taking tensor products), i.e. the sequential pairwise coupling [4, Topic 12]. A 3nj-coefficient of su(1, 1) is then the coefficient of a unitary transformation which connects two basis vectors corresponding to different binary coupling schemes of n + 1 representations [4, 6, 14, 15]. Thus a 3nj-coefficient is characterized by two binary trees T_1 and T_2 (with labeled leaves and nodes), and since it is the transformation coefficient or overlap coefficient, it is usually denoted by ⟨T_1, T_2⟩. For the reader not familiar with binary coupling trees, their meaning will become transparent from the examples given in this paper.

The motivation for the work presented here stems from interpretations of identities involving orthogonal polynomials and su(1, 1) Racah coefficients (or su(1, 1) 6j-coefficients). One such identity appears already in the seminal work of Granovskiĭ and Zhedanov [16, Eq. (9)] : this is a convolution identity involving products of Jacobi polynomials and Racah coefficients. The identity can be interpreted as a connection coefficient identity between orthogonal polynomials in two variables, with su(1, 1) Racah coefficients as connection coefficients (see [12] and [13]). It was later extended to the case of continuous Hahn polynomials [13, Theorem 3.13] : here the connection coefficients are the same (namely su(1, 1) Racah coefficients), but the orthogonal polynomials in two variables are certain products of two continuous Hahn polynomials. In the present paper orthogonal polynomials in n variables will be associated with the tensor product of n + 1 representations of su(1, 1). A different class of orthogonal polynomials arises depending upon the (internal) binary coupling tree. Then, the connection coefficients relating two such orthogonal polynomials associated with a different binary coupling tree are given by 3nj-coefficients (associated with the coupling trees). For the case of three couplings Jacobi polynomials and continuous Hahn polynomials appear. Also for the n-variable case, these two families are present : the orthogonal polynomials we are dealing with are either products of certain Jacobi polynomials, or products of continuous Hahn polynomials. In general, orthogonal polynomials in several variables give rise to certain difficulties that are not present in the one variable situation. For example, orthogonal polynomials in n variables are no longer uniquely defined by the area Ω and the weight function on the area. This is closely related to the fact that there is no obvious natural order for polynomials in several variables. The space of all polynomials in the variables x_1, . . . , x_n with real coefficients is denoted R[x_1 , . . . , x_n] or Π^n for short. The degree of a polynomial P ∈ Π^n is the highest degree of any of its monomials. Let ⟨·, ·⟩ be an inner product defined on Π^n, then P is an orthogonal polynomial if ⟨P, Q⟩ = 0 for all polynomials Q with deg Q < deg P . This definition does not require that P is orthogonal with other (orthogonal) polynomials of the same degree.

In our case the inner product will be defined in terms of some (classical) weight function W on some (classical) area Ω in R^n : ⟨P, Q⟩ = ∫ Ω P (x)Q(x)W (x) dx. The outline of the rest of this article is as follows. In section II we confine ourselves to the two variable case. The basic identities are convolution identities involving su(1, 1) Racah coefficients and Jacobi polynomials [16, 12] or continuous Hahn polynomials [13]. The new aspect here is that we show how to deduce these identities from the Biedenharn-Elliott identity [4]. More particularly, we show how the Biedenharn-Elliott identity yields a new convolution identity involving the Wilson and Racah polynomials. The products of Wilson polynomials on both sides of the identity are shown to be orthogonal in R^2 with respect to some weight function. Using limiting relations between the Wilson, continuous Hahn and Jacobi polynomials, two other (known) convolution identities are (re)derived.

Section III generalizes the result involving Jacobi polynomials to n variables. With the coupling of n + 1 representations in su(1, 1) we associate a set of orthogonal polynomials on the simplex with respect to the classical weight function x^{α1}_1 · · · x^{αn}_n (1 − x_1 − · · · − x_n)^{αn+1} (α_i > −1). For n = 2 these polynomials are due to Proriol [17]. For arbitrary n, but associated to a special coupling tree, these polynomials appear in [18]. The more general case was also considered by Rosengren [19] in the context of multilinear Hankel forms.

Section IV does the same for the result involving continuous Hahn polynomials. In this case the area is the complete space R^n , and the weight function is in terms of Gamma functions. In section V we prove that the sets of polynomials defined in the previous sections form bases for Π^n. Moreover, we show that the generalized recoupling coefficients of su(1, 1), which are essentially sums of products of Racah coefficients, are the connection coefficients between the different bases.

In the rest of this paper we will use the following abbreviations : k always stands for the (n + 1)-tuple (k_1, . . . , k_{n+1}) ∈ R^{n+1}_+ , and l is an n-tuple (l_1, . . . , l_n) ∈ N^n . Moreover, we use |k| = k_1 + · · · + k_{n+1} and |l| = l_1 + · · · + l_n. The Kronecker delta symbol δ_{l,l}′ then stands for the product δ_{l1,l}′_1 . . . , δ_{ln,l}′_n , etc.

II A convolution identity involving Wilson polynomials

In general recoupling theory of su(2), the Biedenharn-Elliott identity is well known [4, 1, 6]. In the case of positive discrete series representations of su(1, 1), the identity is essentially the same. It is easily derived by considering the overlap or transformation coefficient [4, p. 456-457], [14, 15] ⟨(((k_1, k_2)k_{12}, k_3)k_{13}, k_4)k_{14} | (k_1, (k_2, (k_3, k_4)k_{34})k_{24})k_{14}⟩ and computing this in two different ways : either directly, yielding a product of two recoupling coefficients, or in three steps, introducing a summation variable and thus yielding a sum of a product of three recoupling coefficients. Explicitly we get : ∑ k_{23} U^{k1,k2,k12} k_3,k_{13},k_{23} U k_1,k_{23},k_{13} k_4,k_{14},k_{24} U k_2,k_3,k_{23} k_4,k_{24},k_{34} = U k_{12},k_3,k_{13} k_4,k_{14},k_{34} U k_1,k_2,k_{12} k_{34},k_{14},k_{24} , (2.1)

where k_{23} is restricted to some range, and U stands for a Racah coefficient (or recoupling coefficient, or 6j-coefficient) of su(1, 1). All k_i’s or k_{ij}’s refer to su(1, 1) representation labels and are positive real numbers. An explicit form for the recoupling coefficients in terms of terminating balanced_4F_3(1) series is known [7, 12, 13] : U^{k1,k2,k12} k_3,k_0,k_{23} = ( j + j_{12}

j_{23} ) (2k_2)_{j12} (2k_3)_j (2k_1 + 2k_2 + 2k_3 + j + j_{12} − 1)_{j23} (2k_3, 2k_2 + 2k_3 + j_{23} − 1)_{j23} (2k_2 + 2k_3 + 2j_{23})_j′ × √ j^′!(2k_1, 2k_{23}, 2k_1 + 2k_{23} + j^′ − 1)_j′ j_{23}!(2k_2, 2k_3, 2k_2 + 2k_3 + j_{23} − 1)_{j23} j!(2k_{12}, 2k_3, 2k_{12} + 2k_3 + j − 1)_j j_{12}!(2k_1, 2k_2, 2k_1 + 2k_2 + j_{12} − 1)_{j12}

(2.2)

×_4F_3 ( 2k_1 + 2k_2 + j_{12} − 1, 2k_2 + 2k_3 + j_{23} − 1, −j_{12}, −j_{23} 2k_2, 2k_1 + 2k_2 + 2k_3 + j + j_{12} − 1, −j − j_{12} ; 1 ) , with the following restrictions and definitions :

k_{12} = k_1 + k_2 + j_{12}, k_{23} = k_2 + k_3 + j_{23}, k_0 = k_{12} + k_3 + j = k_1 + k_{23} + j^′, j_{12}, j, j_{23}, j^′ ∈ N, and j_{12} + j = j_{23} + j^′.

In (2.2), we follow the classical notation for Pochhammer symbols (a)_n and for hypergeometric series_pF_q [20, 21, 22].

Both the Racah and Wilson polynomials are defined in terms of terminating balanced_4F_3(1) series. We will now perform an appropriate renaming of the nine free parameters and the summation variable in (2.1) to derive a convolution identity involving Wilson and Racah polynomials. Wilson polynomials, denoted W_m(x^2; a, b, c, d), are defined as follows : W_m(x^2; a, b, c, d) = (a + b)_m(a + c)_m(a + d)_{m 4}F_3 ( −m, m + a + b + c + d − 1, a + ix, a − ix a + b, a + c, a + d ; 1 ) , (2.3)

while Racah polynomials, denoted R_m(λ(x); α, β, γ, δ), are defined by : R_m(λ(x); α, β, γ, δ) =_4F_3 ( −m, m + α + β + 1, −x, x + γ + δ + 1 α + 1, β + δ + 1, γ + 1 ; 1 ) , (2.4)

where λ(x) = x(x + γ + δ + 1) and one of the denominator parameters equals −M with M ∈ N and 0 ≤ m ≤ M.

Here (and in the rest of the paper), we use the notation of [8] for Wilson and Racah polynomials (and for all other one variable orthogonal polynomials).

Theorem 1 The Wilson polynomials satisfy the following convolution identity : m+j∑ l=0 ( j + m l ) (2k_2)_m(2k_3)_j (2k_1 + 2k_2 + 2k_3 + j + m − 1)_l (2k_3)_l(2k_2 + 2k_3 + l − 1)_l(2k_2 + 2k_3 + 2l)_{j+m−l}

× R_l(λ(m); 2k_2 − 1, 2k_3 − 1, −j − m − 1, 2k_1 + 2k_2 + j + m − 1)

× W_{m+j−l}((x_1 − t)^2; k_1 + it, k_2 + k_3 + l − is + it, k_1 − it, k_2 + k_3 + l + is − it)

× W_l((x_1 + x_2 − t)^2; k_2 − ix_1 + it, k_3 − is + it, k_2 + ix_1 − it, k_3 + is − it) (2.5)

= W_m((x_1 − t)^2; k_1 + it, k_2 − i(x_1 + x_2) + it, k_1 − it, k_2 + i(x_1 + x_2) − it)

× W_j ((x_1 + x_2 − t)^2; k_1 + k_2 + m + it, k_3 − is + it, k_1 + k_2 + m − it, k_3 + is − it),

where j, m ∈ N, k_1, k_2, k_3, x_1, x_2, x_3, t ∈ R and s = x_1 + x_2 + x_3.

Proof: In the case of su(1, 1), the summation range for k_{23} in (2.1) is from k_2 + k_3 to min(k_{13} − k_1, k_{24} − k_4). The summation variable k_{23} thus takes real values, starting with k_2 + k_3 and increasing in steps of one. Substituting (2.2) in (2.1) yields an identity between terminating balanced_4F_3(1) series :

min(k_{13}−k_1,k_{24}−k_4) ∑ k_{23}=k_2+k_3

f ×_4F_3 ( k_1 + k_2 + k_{12} − 1, k_2 + k_3 + k_{23} − 1, k_1 + k_2 − k_{12}, k_2 + k_3 − k_{23} 2k_2, k_{13} + k_1 + k_2 + k_3 − 1, k_1 + k_2 + k_3 − k_{13} ; 1 )

×_4F_3 ( k_1 + k_{23} + k_{13} − 1, k_{23} + k_4 + k_{24} − 1, k_1 + k_{23} − k_{13}, k_{23} + k_4 − k_{24} k_1 + k_{23} + k_4 − k_{14}, 2k_{23}, k_{14} + k_1 + k_{23} + k_4 − 1 ; 1 )

×_4F_3 ( k_2 + k_3 + k_{23} − 1, k_2 + k_3 − k_{23}, k_3 + k_4 + k_{34} − 1, k_3 + k_4 − k_{34} k_2 + k_3 + k_4 − k_{24}, 2k_3, k_{24} + k_2 + k_3 + k_4 − 1 ; 1 )

=_4F_3 ( k_3 + k_4 + k_{34} − 1, k_{12} + k_3 + k_{13} − 1, k_3 + k_4 − k_{34}, k_{12} + k_3 − k_{13} k_{12} + k_3 + k_4 − k_{14}, 2k_3, k_{14} + k_{12} + k_3 + k_4 − 1 ; 1 )

×_4F_3 ( k_1 + k_2 + k_{12} − 1, k_1 + k_2 − k_{12}, k_2 + k_{34} + k_{24} − 1, k_2 + k_{34} − k_{24} 2k_2, k_1 + k_2 + k_{34} − k_{14}, k_{14} + k_1 + k_2 + k_{34} − 1 ; 1 ) , where f is a numerical factor that is easily calculated from (2.2). Renaming the following positive integer differences as

m = k_{12} − k_1 − k_2, j = k_{13} − k_{12} − k_3 and l = k_{23} − k_2 − k_3,

and performing appropriate Bailey transformations [23, Theorem 3.3.3] on the balanced_4F_3(1)’s, yields that (when k_{13} − k_1 ≤ k_{24} − k_4) : j+m∑ l=0 f^′ ×_4F_3 ( −l, l + 2k_2 + 2k_3 − 1, −m, m + 2k_1 + 2k_2 − 1

2k_2, 2k_1 + 2k_2 + 2k_3 + j + m − 1, −j − m ; 1 )

×_4F_3 ( −m − j + l, m + j + l + 2k_1 + 2k_2 + 2k_3 − 1, k_1 + k_{14} + k_{24} − 1, k_1 + k_{14} − k_{24} 2k_1, k_1 + k_2 + k_3 + l + k_4 + k_{14} − 1, k_1 + k_2 + k_3 + l + k_{14} − k_4 ; 1 )

×_4F_3 ( −l, l + 2k_2 + 2k_3 − 1, k_2 + k_{24} + k_{34} − 1, k_2 + k_{24} − k_{34}

2k_2, k_2 + k_3 + k_{24} − k_4, k_{24} + k_2 + k_3 + k_4 − 1 ; 1 )

=_4F_3 ( −j, j + 2m + 2k_1 + 2k_2 + 2k_3 − 1, m + k_1 + k_2 + k_{14} − k_{34}, m + k_1 + k_2 + k_{14} + k_{34} − 1 2m + 2k_1 + 2k_2, m + k_1 + k_2 + k_3 + k_4 + k_{14} − 1, m + k_1 + k_2 + k_3 + k_{14} − k_4 ; 1 )

×_4F_3 ( −m, m + 2k_1 + 2k_2 − 1, k_1 + k_{14} + k_{24} − 1, k_1 + k_{14} − k_{24} 2k_1, k_1 + k_2 + k_{14} − k_{34}, k_1 + k_2 + k_{14} + k_{34} − 1 ; 1 ) , where, once again, f^′ is a numerical factor that is easily calculated.

This last identity can be written in terms of Wilson and Racah polynomials by putting

ix_1 = k_{14} − k_{24}, ix_2 = k_{24} − k_{34}, ix_3 = k_{34} − k_4 and it = k_4 + i(x_1 + x_2 + x_3) − 1/2.

Note that all the renamings are invertible. Determination of the factor f^′ now yields the desired result. Since (2.5) is a rational identity in the parameters k_i, x_i and t, it is valid for all values of these parameters. □

From Theorem 1 we can easily rederive a convolution identity for continuous Hahn polynomials. The continuous Hahn polynomials, denoted p_m(x; a, b, c, d), are defined as [8] p_m(x; a, b, c, d) = i^m (a + c)_m(a + d)_m m!^3

F_2 ( −m, m + a + b + c + d − 1, a + ix a + c, a + d ; 1 ) ; (2.6)

for their orthogonality (when ℜ(a, b, c, d) > 0, c̄ = a and d̄ = b), see [8] or (4.3). Using the limit transition [8] : lim t→−∞ W_m((x − t)^2; a + it, b + it, c − it, d − it) (2t)^mm! = p_m(x; a, b, c, d), (2.7) in (2.5), one finds the following corollary (see also [13, Theorem 3.13]).

Corollary 2 The continuous Hahn polynomials satisfy the following convolution identity : m+j∑ l=0 ( j + m m ) (2k_2)_m(2k_3)_j (2k_1 + 2k_2 + 2k_3 + j + m − 1)_l (2k_3)_l(2k_2 + 2k_3 + l − 1)_l(2k_2 + 2k_3 + 2l)_{j+m−l} × R_l(λ(m); 2k_2 − 1, 2k_3 − 1, −j − m − 1, 2k_1 + 2k_2 + j + m − 1)

× p_{m+j−l}(x_1; k_1, k_2 + k_3 + l − is, k_1, k_2 + k_3 + l + is)

× p_l(x_2; k_2, k_3 − i(s − x_1), k_2, k_3 + i(s − x_1)) (2.8)

= p_m(x_1; k_1, k_2 − i(x_1 + x_2), k_1, k_2 + i(x_1 + x_2))

× p_j (x_1 + x_2; k_1 + k_2 + m, k_3 − is, k_1 + k_2 + m, k_3 + is),

where j, m ∈ N, k_1, k_2, k_3, x_1, x_2, x_3 ∈ R and s = x_1 + x_2 + x_3. □

The classical Jacobi polynomials are defined by :

P^{(α,β)}_m (x) =

(α + 1)_m m!^2

F_1 ( −m, m + α + β + 1 α + 1 ; 1 − x 2 ) ; (2.9)

for α, β > −1, they are orthogonal over the interval [−1, 1] for the weight function (1−x)^α(1+x)^β . Replacing x_i by sx_i in (2.8) and letting s tend to infinity yields Corollary 3 (see also [13, Corollary 3.15], or [16, 12]) :

Corollary 3 The Jacobi polynomials satisfy the following convolution identity : m+j∑ l=0 ( j + m m ) (2k_2)_m(2k_3)_j (2k_1 + 2k_2 + 2k_3 + j + m − 1)_l (2k_3)_l(2k_2 + 2k_3 + l − 1)_l(2k_2 + 2k_3 + 2l)_{j+m−l} × R_l(λ(m); 2k_2 − 1, 2k_3 − 1, −j − m − 1, 2k_1 + 2k_2 + j + m − 1) × P^{(2k1−1,2k2+2k3+2l−1)} m+j−l (1 − 2x1)(1 − x1) lP^{(2k2−1,2k3−1)} l ( 1 − x_1 − 2x_2 1 − x_1 )

= (x_1 + x_2)^mP^{(2k1−1,2k2−1)} m ( x_2 − x_1 x_1 + x_2 ) P^{(2k1+2k2+2m−1,2k3−1)} j (1 − 2x_1 − 2x_2). □

Both Corollary 2 and 3 can be written in a more symmetric (and unified) way using a different scaling for the continuous Hahn and Jacobi polynomials. Defining the polynomial S^{k1,k2}_m (x_1, x_2) as

S^{k1,k2}_m (x_1, x_2) = √ m!(2m + 2k_1 + 2k_2 − 1)Γ(m + 2k_1 + 2k_2 − 1) Γ(m + 2k_1)Γ(m + 2k_2) × p_m(x_1; k_1, k_2 − i(x_1 + x_2), k_1, k_2 + i(x_1 + x_2)), (2.10)

we have the following identity [13, Eq. (3.15)] :

S^{k1,k2}_{k12−k1−k2} (x_1, x_2)S^{k12,k3}_{k0−k12−k3} (x_1 + x_2, x_3) =

k_0−k_1∑

k_{23}=k_2+k_3 U^{k1,k2,k12} k_3,k_0,k_{23} S k_2,k_3 k_{23}−k_2−k_3 (x2, x3)S k_1,k_{23} k_0−k_1−k_{23} (x1, x2 + x3). (2.11)

Formula (2.11) is easily remembered by considering two ways in which three su(1, 1) representations can be coupled, as shown in Figure 1. Notice how the left side of (2.11) follows from the tree on the left side of this figure. With each non-leaf node (i.e. with each intermediate or final coupling) one associates an S-polynomial. The first (resp. second) variable of this S-polynomial is the sum of all the variables associated with the leaves in the left (resp. right) subtree of the considered node. The upper parameters are determined by the value of the representation labels of the left and right child (in that order). The (positive integer) lower parameter is the difference between the value of the coupled representation label and the consisting labels. The S-polynomials on the right side of (2.11) are formed in the same way but working with the tree on the right side of the figure. The recoupling coefficient appearing in (2.11) is that associated with a recoupling of three representations as shown in Figure 1.

k_1 k_2 k_3 x_1 x_2 x_3 k_1 k_2 k_3 x_1 x_2 x_3 k_{23} k_0

k_{12} k_0

Figure 1: Two possible ways of coupling three representations

The S-polynomials have the following property :

S^{k1,k2}_m (x_1, x_2) = (−1)^mS^{k2,k1}_m (x_2, x_1), (2.12)

which is a direct consequence of Whipple’s transformation for terminating_3F_2(1) series [23, p. 142].

If we define [16, 12]

S^{k1,k2}_m (x_1, x_2) = (−1)^m √ m! (2k_1, 2k_2, 2k_1 + 2k_2 + m − 1)_m

(x_1 + x_2)^mP^{(2k1−1,2k2−1)} m ( x_2 − x_1 x_2 + x_1 ) , (2.13) then relations (2.11) and (2.12) are still valid (after replacing S by S). This follows from the fact that lim_{u→∞} S^{k1,k2}_m (ux_1, ux_2) u^m = √ Γ(2m + 2k_1 + 2k_2) Γ(2k_1)Γ(2k_2)

S^{k1,k2}_m (x_1, x_2). (2.14)

It is known [13] that the products of continuous Hahn polynomials in both the left and right side of (2.8) (or (2.11)) are orthogonal on R^2 for the weight function

Γ(k_1 ± ix_1)Γ(k_2 ± ix_2)Γ(k_3 ± i(s − x_1 − x_2)), (2.15)

where, for conciseness of notation, the product Γ(k_j + ix)Γ(k_j − ix) is written as Γ(k_j ± ix). This convention is adopted throughout this paper. Moreover, we will write Γ(±k_j ∓ ix) instead of Γ(k_j −ix)Γ(−k_j +ix), etc. Observe that (2.11), with x_3 = s−x_1 −x_2, can thus be interpreted as a connection coefficient formula between orthogonal polynomials in two variables, and the su(1, 1) Racah coefficients are the connection coefficients. Similarly, replacing S by S in (2.11), one obtains again a connection coefficient formula. This time, the orthogonal polynomials are orthogonal on the simplex determined by x_1, x_2 > 0, x_1 + x_2 < s, and the weight function is x^{2k1−1} 1 x^{2k2−1}_2 (s − x_1 − x_2)^{2k3−1}.

In this section we have shown how the Biedenharn-Elliott identity implies two connection coefficient formulas for orthogonal polynomials in two variables, one constructed with continuous Hahn polynomials, and one constructed with Jacobi polynomials. In the following sections this will be generalized to orthogonal polynomials in n variables. Finally, observe that also the products of Wilson polynomials in Theorem 1 are related to orthogonal polynomials in two variables, see Appendix A.

III Orthogonal polynomials related to Jacobi polynomials

When considering orthogonal polynomials in n variables, one of the classical areas is the simplex T^n_s :

T^n_s = {x ∈ R^n | 0 < x_j and x_1 + · · · + x_n < s}. (3.1) Herein, s denotes some positive constant, and in almost all cases s is taken to be equal to 1. The classical weight function in this case is : x^{κ1−1/2} 1 · · · x^{κn−1/2}_n (s − |x|)^{κn+1−1/2}, (3.2) where each κ_i > −1/2. In [24, Proposition 2.3.8] an explicit orthonormal basis is given associated with the weight function (3.2) on the simplex (3.1). Such a basis is not unique. In fact, with every binary coupling tree on n + 1 leaves, a different basis can be constructed. In this section, an nvariable orthonormal polynomial will be constructed out of a product of n S-polynomials (2.13), and associated with a binary coupling of n + 1 representations of su(1, 1). We will show that this polynomial is orthogonal on the simplex T^n_s for the classical weight function. The outline of this proof is as follows : by a change of variables, we will transform the simplex into the cube on R^n . This transformation will map the integral over the simplex into an integral over the cube, where one part can be interpreted as the multiple Jacobi weight function : n∏ i=1 (1 − x_i)^{ai} (1 + x_i)^{bi} , (3.3) while the other parts are the corresponding Jacobi polynomials.

Theorem 4 With every coupling of (n + 1) su(1, 1) representations labeled by k_1, . . . , k_{n+1}, i.e. with every binary coupling tree with n internal nodes, we associate a set of polynomials R^{(k)}_l (x) in n variables orthogonal on the simplex T^n_s for the weight function

w^{(k)}(x) = x^{2k1−1}_1 · · · x^{2kn−1}_n (s − |x|)^{2kn+1−1}, (3.4)

where each k_i > 0. Explicitly the orthogonality reads : ∫ T^n_s R^{(k)}_l (x)R^{(k)}_{l′} (x)w^{(k)}(x) dx = δ_{l,l}′ s^{2|k|+2|l|−1} Γ(2|k| + 2|l|) n+1∏ i=1 Γ(2k_i). (3.5)

Note that in (3.5) we also have orthogonality between polynomials of the same degree, which is more than the definition of orthogonality requires.

Remark 5 In principal the notation of the polynomial should contain a reference to the binary coupling tree it corresponds to. For the moment, we can assume that the binary coupling tree is fixed, and we do not mention it in the notation of R^{(k)}_l (x). When we want to emphasize the dependence of R^{(k)}_l (x) on the given binary coupling tree T , we shall write R^{(k)}_{l,T} (x). The meaning of the subscript l is related to the labeling of the internal nodes, and will soon become apparent.

The association of a polynomial with a binary coupling tree is an extension of the method described after Eq. (2.11). For a given binary coupling tree, the polynomial R^{(k)}_l (x) consists of a product of S-polynomials, each of these associated with a non-leaf node of the tree. Let us first describe an example.

k_1 k_2 k_3 k_4 k_5 x_1 x_2 x_3 x_4 x_5 k_0

k_{45} k_{12} k_{123}

Figure 2: Example binary coupling tree

Example 6 With the binary coupling tree shown in Figure 2 we associate the following polynomial :

R(x_1, x_2, x_3, x_4, x_5) = S^{k1,k2}_{k12−k1−k2} (x_1, x_2)S^{k12,k3}_{k123−k12−k3} (x_1 + x_2, x_3)S^{k4,k5}_{k45−k4−k5} (x_4, x_5) ×S^{k123,k45} k_0−k_{123}−k_{45} (x1 + x2 + x3, x4 + x5)

= C × (x_1 + x_2)^{k12−k1−k2} P^{(2k1 −1,2k2−1)}

k_{12} −k_1−k_2 ( x_2 − x_1 x_2 + x_1 )

× (x_1 + x_2 + x_3)^{k123−k12−k3} P^{(2k12 −1,2k3−1)}

k_{123} −k_{12}−k_3 ( x_3 − x_1 − x_2 x_3 + x_1 + x_2 )

× (x_4 + x_5)^{k45−k4−k5} P^{(2k4−1,2k5−1)}

k_{45}−k_4−k_5 ( x_5 − x_4 x_5 + x_4 )

× (x_1 + x_2 + x_3 + x_4 + x_5)^{k0−k123 −k45} P^{(2k123 −1,2k45−1)}

k_0−k_{123}−k_{45} ( x_4 + x_5 − x_1 − x_2 − x_3 x_4 + x_5 + x_1 + x_2 + x_3 ) , herein, C is some numerical factor, that can be determined from (2.13).

So the S-polynomial, associated to a non-leaf node of the tree, has : as (upper) parameters the representation labels of left and right child of the node; as degree (the sub-index) the difference between the representation label of the node and those of the children (this is a nonnegative integer); as left (resp. right) argument the sum of all the variables associated with the leaves in the left (resp. right) subtree of the considered node.

Such a polynomial R(x_1, . . . , x_{n+1}), defined as a product of S-polynomials in this way, is homogeneous in the variables x_1, . . . , x_{n+1}. So we can choose the constraint :

x_1 + x_2 + · · · + x_{n+1} = s, (3.6)

where s is some arbitrary, positive constant. Note that this constraint is compatible with the definition of the weight function (3.4). The resulting polynomial will be denoted by R^{(k)}_l (x). The subscript l in R^{(k)}_l (x) stands for the sequence of degrees of the S-polynomials, in a chosen order (see later for this choice).

In order to prove (3.5), we shall : transform variables from (x_1, . . . , x_n) to (v_1, . . . , v_n); determine the Jacobian and integration area for this transformation; determine the transformed weight function; and finally deduce the orthogonality. All of this can be done quite explicitly for any given binary coupling tree, and will be presented in the following subsections.

Change of variables

We will change from variables x to variables v. The v_i are the arguments of the Jacobi polynomials appearing in the product expansion of R^{(k)}_l (x), see for instance Example 6. Since each S-polynomial (and thus each Jacobi polynomial) in the product is associated with a specific non-leaf node of the tree, we can associate a variable v_i with each non-leaf node. The exact order is irrelevant but, for simplicity, we choose postorder [25, Section 2.3.1]. See Figure 3 for an illustration.

x_1 x_2 x_3 x_4 x_5 v_4

v_3 v_1 v_2

Figure 3: Association of the variables v_i with non-leaf nodes

Example 7 The arguments of the Jacobi polynomials in Example 6 are : v_1 = (x_2 − x_1)/(x_2 + x_1) v_2 = (x_3 − x_1 − x_2)/(x_3 + x_1 + x_2) v_3 = (x_5 − x_4)/(x_5 + x_4) v_4 = (x_4 + x_5 − x_1 − x_2 − x_3)/(x_4 + x_5 + x_1 + x_2 + x_3).

(3.7)

The set of equations (3.7), together with the constraint (3.6), has a unique solution : x_1 = s(1 − v_1)(1 − v_2)(1 − v_4)/8 x_2 = s(1 + v_1)(1 − v_2)(1 − v_4)/8 x_3 = s(1 + v_2)(1 − v_4)/4 x_4 = s(1 − v_3)(1 + v_4)/4 x_5 = s(1 + v_3)(1 + v_4)/4.

(3.8)

Notice how the solution (3.8) of (3.7) can easily be deduced from the tree in Figure 3 : each x_j consists of a factor s and factors (1 ± v_i)/2. There is a factor (1 + v_i)/2 if x_j is in the right subtree of v_i, and there is a factor (1 − v_i)/2 if x_j is in the left subtree of v_i.

This observation can be generalized to an arbitrary tree. Then we have :

v_i = ∑ right leaves of vi x_j − ∑ left leaves of vi x_j / ∑ all leaves of vi x_j, for i = 1, . . . , n x_1 + x_2 + · · · + x_{n+1} = s.

(3.9)

Lemma 8 The system (3.9) of n + 1 (linear) equations for the variables x_j has the unique solution x_j = s ∏ right ancestors of xj 1 + v_i 2 ∏ left ancestors of xj 1 − v_i 2 , for j = 1, . . . , n + 1, (3.10)

where we call v_i a right (resp. left) ancestor of x_j if x_j is in the right (resp. left) subtree of v_i.

Proof: By induction on n. It is easily verified that this statement is true when n = 1. If n > 1 and the left subtree of v_n has 0 ≤ n_1 < n internal nodes, then the last two equations of (3.9) read

v_n = ∑ right leaves of vn x_j − ∑ left leaves of vn x_j / n+1∑ j=1 x_j x_1 + x_2 + · · · + x_{n+1} = s.

(3.11)

These equations have the following unique solution for ∑ right leaves of vn x_j and ∑ left leaves of vn x_j (compare this

with the case n = 1) : ∑ right leaves of vn x_j = s

1 + v_n 2 ∑ left leaves of vn x_j = s 1 − v_n 2 . (3.12)

Using this solution for ∑ left leaves of vn x_j = ∑ leaves of vn1 x_j with the first n_1 equations of (3.9), which involve

only variables x that are in the left subtree of v_n yields (by induction) the desired form of the unique solution for the variables x in the left subtree. The same applies to the variables x in the right subtree. This proves formula (3.10). We can even say more : ∑ leaves of vi x_j = s ∏ right ancestors of vi 1 + v_m 2 ∏ left ancestors of vi 1 − v_m 2 , (3.13)

and ∑ left leaves of vi x_j = s 1 − v_i 2 ∏ right ancestors of vi 1 + v_m 2 ∏ left ancestors of vi 1 − v_m 2 . (3.14) □

The Jacobian of the transformation

Example 9 The Jacobian^{∂xj}_{∂vi} of (the first four equations of) (3.8) is the following matrix :

−s(1 − v_2)(1 − v_4)/8 −s(1 − v_1)(1 − v_4)/8 0 −s(1 − v_1)(1 − v_2)/8 s(1 − v_2)(1 − v_4)/8 −s(1 + v_1)(1 − v_4)/8 0 −s(1 + v_1)(1 − v_2)/8 0 s(1 − v_4)/4 0 −s(1 + v_2)/4 0 0 −s(1 + v_4)/4 s(1 − v_3)/4 . (3.15) At first sight, this matrix is quite arbitrary. However, by taking linear combinations of rows and by swapping rows, it can be transformed into a simple upper triangular matrix. From (3.8) (or directly from (3.14)) we see that ∑ left leaves of v1

x_j = x_1 = s(1 − v_1)(1 − v_2)(1 − v_4)/8 ∑ left leaves of v2

x_j = x_1 + x_2 = s(1 − v_2)(1 − v_4)/4 ∑ left leaves of v3

x_j = x_4 = s(1 − v_3)(1 + v_4)/4 ∑ left leaves of v4

x_j = x_1 + x_2 + x_3 = s(1 − v_4)/2.

So, performing the row combinations R_2 ← R_2 + R_1, R_3 ← R_3 + R_2 and swapping the rows R_3 and R_4 of the Jacobian results in the following upper triangular matrix :

−s(1 − v_2)(1 − v_4)/8 −s(1 − v_1)(1 − v_4)/8 0 −s(1 − v_1)(1 − v_2)/8 0 −s(1 − v_4)/4 0 −s(1 − v_2)/4 0 0 −s(1 + v_4)/4 s(1 − v_3)/4 0 0 0 −s/2 . (3.16) The determinant of the Jacobian is thus

−s^4(1 − v_2)(1 − v_4)^2(1 + v_4)/256. (3.17)

Notice that the determinant only contains factors s/2 and (1 ± v_i)/2. The power of each of these factors can easily be read from the tree in Figure 3. There are 4 factors s/2, and the tree has 4 internal nodes. There are 2 factors (1 − v_4)/2 and there are 3 leaves in the left subtree of v_4. There is 1 factor (1 + v_4)/2 and there are 2 leaves in the right subtree of v_4. The same applies to v_1, v_2 and v_3.

Again, these observations can be generalized to an arbitrary tree.

Lemma 10 The absolute value of the determinant of the Jacobian, denoted J, of the transformation (3.10) (with j = 1, . . . , n) equals J = | | |det ∂x_j ∂v_i | | | = ( s 2 )_n^n∏ i=1 ( 1 + v_i 2 )_{nri−1} ( 1 − v_i 2 )_{nli−1} , (3.18)

where nr_i (resp. nl_i) is the number of leaves in the right (resp. left) subtree of v_i.

Proof: We will prove (3.18) by transforming the matrix^{∂xj}_{∂vi} into an upper triangular matrix by taking linear combinations of rows and by swapping rows. These manipulations do not change (up to a sign factor) the determinant of this matrix.

From (3.14) and the fact that we choose postorder, it is easily seen that ∑ left leaves of vi x_j depends on

v_i but not on v_m when m < i. Therefore, we wish to perform row operations such that the m-th row becomes ∂ ∑ left leaves of vm x_j ∂v_i . (3.19)

We use induction on n to show that is possible. By the induction hypothesis, we can create the desired linear combinations in the left and right subtree. Note that the linear combinations in the right subtree do not depend on the variables v_1, . . . , v_{nln−1} (i.e. the variables v in the left subtree). In this process the row corresponding to the variable associated with the rightmost leaf of the left subtree is not used. For clarity, assume that this variable is x_{nln} . The Jacobian now has the following form : v_1 v_2 v_3 · · · v_{nln−1} v_{nln} v_{nln+1} · · · v_{n−1} v_n ∗ ⋆ ⋆ · · · ∗ 0 0 · · · 0 ∗ 0 ∗ ⋆ · · · ∗ 0 0 · · · 0 ∗ . . . . . . . . . . 0 0 0 · · · ∗ 0 0 · · · 0 ∗ x_{nln} ⋆ ⋆ ⋆ · · · ∗ 0 0 · · · 0 ∗ 0 0 0 · · · 0 ∗ ⋆ · · · ∗ ∗ 0 0 0 · · · 0 0 ∗ · · · ∗ ∗ . . . . . . . . . . . . . . 0 0 0 · · · 0 0 0 · · · ∗ ∗

(3.20)

Herein, ∗ represents a non-zero value and ⋆ an arbitrary value.

We will now use the row ∂x_{nln} /∂v_i to create the sum of the variables corresponding to the leaves in the left subtree of the root, i.e. the row

∂ ∑ left leaves of vn x_j ∂v_i = ∂ ∑ left leaves of vnln−1 x_j

∂v_i + ∂ ∑ right leaves of vnln−1 x_j

∂v_i . (3.21)

By induction, the first term in the rhs is already a row of the matrix. If x_{nln} is the only leaf in the right subtree of v_{nln−1}, then we are finished : simply add the row corresponding to the first term to the row corresponding to x_{nln} . If there is more than one leaf in the right subtree of v_{nln−1}, we call the root of this right subtree v_m and we have :

∂ ∑ right leaves of vnln−1 x_j

∂v_i = ∂ ∑ left leaves of vm x_j ∂v_i + ∂ ∑ right leaves of vm x_j ∂v_i . (3.22)

The first term of the rhs of this equation is a row of the matrix (by induction). If x_{nln} is the only right leaf of v_m, we are finished; add the two rows corresponding to the first terms in (3.21) and (3.22) to the row corresponding to x_{nln} . It is clear that we can continue in this way to create the desired row.

By swapping the rows in this matrix, we have created an upper triangular matrix with the same determinant (up to a sign) as the original matrix.

From (3.14) it is clear that the elements of this upper triangular matrix consist only of factors s/2, (1 ± v_i)/2 (and −1). Each element on the diagonal of the upper triangular matrix has a single factor −s/2. There is a single factor (1 + v_i)/2 for each variable v_m that is in the right subtree of v_i. There are nr_i − 1 (i.e. the number of internal nodes in the right subtree of v_i) such variables, so there are nr_i − 1 entries on the diagonal that have a factor (1 + v_i)/2. In the same way one sees that there are nl_i − 1 entries on the diagonal that have a factor (1 − v_i)/2. Multiplying the elements on the diagonal yields formula (3.18). □

Transformation of the area and weight function

The cube □^n in R^n is defined as :

□^n = {v ∈ R^n | − 1 < v_j < 1}. (3.23)

Lemma 11 When x and v are connected through (3.9) and (3.10), then x ∈ T^n_s ⇐⇒ v ∈ □^n.

Note that, although the simplex T^s_n depends on s, the cube □^n does not. An explicit proof of this lemma is given in Appendix B.

Next, we consider the transformation of the weight function (3.4), first for an example, and then for an arbitrary binary coupling tree.

Example 12 For the tree of Figure 2 the weight function is

w^{(k)}(x_1, x_2, x_3, x_4) = x^{2k1−1}_1 x^{2k2−1}_2 x^{2k3−1}_3 x^{2k4−1}_4 (s − x_1 − x_2 − x_3 − x_4)^{2k5−1}. (3.24)

Rewriting this weight function in terms of the variables v, using (3.8), gives :

w̃^{(k)}(v_1, v_2, v_3, v_4) = s^{2k1+2k2+2k3+2k4+2k5−5} × ( 1 + v_1 2 )_{2k2−1} ( 1 + v_2 2 )_{2k3−1} ( 1 + v_3 2 )_{2k5−1} ( 1 + v_4 2 )_{2k4+2k5−2}

× ( 1 − v_1 2 )_{2k1−1} ( 1 − v_2 2 )_{2k1+2k2−2} ( 1 − v_3 2 )_{2k4−1} ( 1 − v_4 2 )_{2k1+2k2+2k3−3} .

Lemma 13 The transformation of the weight function (3.4) under the substitution (3.10) becomes :

w̃^{(k)}(v) = s^{2|k|−n−1} n∏ i=1 ( 1 + v_i 2 ) ∑ right leaves of vi 2k_j − nr_i ( 1 − v_i 2 ) ∑ left leaves of vi 2k_j − nl_i . (3.25)

Proof: Since the weight function is essentially equal to ∏_{n+1} j=1 x^{2kj −1}_j , it becomes a product of factors s, and (1 ± v_i)/2. Each x_j has a single factor s; the power of s is thus ∑_{n+1} j=1 (2k_j − 1) = 2|k| − n − 1. Furthermore, each x_j which is in the right (resp. left) subtree of v_i has a factor (1 + v_i)/2 (resp. (1 − v_i)/2). □

Verifying the orthogonality

If two su(1, 1) representations k_1 and k_2 are coupled to k_{12}, then the difference k_{12} − k_1 − k_2 is a nonnegative integer, see (1.3). So, with each internal node, say v_i, of a binary coupling tree we can associate a nonnegative integer, say l_i. Furthermore, we can associate a real positive value with each node of the tree; for the leaves this value is simply k_j, and for an internal node v_i the value equals the value of the left child plus the value of the right child plus l_i, or explicitly : ∑ leaves of vi k_j + ∑ nodes in subtree of vi

l_j + l_i. (3.26)

Example 14 In Figure 4 the value of each node is indicated in the tree.

k_1 k_2 k_3 k_4 k_5 k_1 + k_2 + k_3 + k_4 + k_5 + l_1 + l_2 + l_3 + l_4

k_4 + k_5 + l_3 k_1 + k_2 + l_1 k_1 + k_2 + k_3 + l_1 + l_2

Figure 4: Value of the nodes in the tree

For a given binary coupling tree, the knowledge of k = (k_1, k_2, . . . , k_{n+1}) and l = (l_1, . . . , l_n) completely determines the polynomial R^{(k)}_l (x). Now we are in a position to prove Theorem 4. As already mentioned, we will transform the integral over T^n_s into an integral over □^n by changing the variables from x to v. We will get a product of n integrals over the interval (−1, 1), each involving two Jacobi polynomials and a factor acting as weight function. Using the orthogonality of the Jacobi polynomials over this interval with respect to this weight function will yield the desired result. Explicitly, the orthogonality of the Jacobi polynomials reads ∫_1 −1 P^{(a,b)}_m (t)P^{(a,b)}_n (t)(1 − t)^a(1 + t)^b dt = δ_{m,n}h^{(a,b)}_m , a, b > −1, (3.27)

with h^{(a,b)}_m = 2^{a+b+1}Γ(m + a + 1)Γ(m + b + 1) (2m + a + b + 1)m!Γ(m + a + b + 1) . After transformation, using (3.13), the polynomial R^{(k)}_l (x) becomes :

R̃^{(k)}_l (v) = C n∏ i=1 s ∏ left ancestors of vi 1 − v_m 2 ∏ right ancestors of vi 1 + v_m 2 l_i P^{(ai,bi)} l_i (vi), (3.28)

with, C = (−1)^{|l|} n∏ i=1 √ l_i!

(a_i + 1, b_i + 1, a_i + b_i + l_i + 1)_{li}

. (3.29)

Herein, a_i equals 2 times the value of the node corresponding to the left child of v_i minus one,

or explicitly

a_i = ∑ left leaves of vi 2k_j + ∑ nodes in left subtree of vi

2l_j − 1. (3.30)

Similarly, one finds

b_i = ∑ right leaves of vi 2k_j + ∑ nodes in right subtree of vi

2l_j − 1. (3.31)

Now we turn our attention to the transformed integrand of (3.5). Apart from the products P^{(ai,bi)} l_i (vi)P (a^′_i ,b^′_i) l^′_i (vi), (3.32)

it consists of factors s and (1 ± v_i)/2. Let us determine the power of (1 − v_i)/2. There are three

contributing parts :

• the determinant of the Jacobian, yielding a term nl_i − 1, see (3.18)

• the transformed weight function, yielding a term ∑ left leaves of vi 2k_j − nl_i, see (3.25)

• the transformed polynomials, yielding a term ∑ nodes in left subtree of vi

l_j + ∑ nodes in left subtree of vi

l^′_j , see (3.28).

It is thus clear that the power p^−_i of (1 − v_i)/2 is

p^−_i = ∑ left leaves of vi 2k_j + ∑ nodes in left subtree of vi

l_j + ∑ nodes in left subtree of vi

l^′_j − 1. (3.33)

In the same way one finds that the power p^+_i of (1 + v_i)/2 is

p^+_i = ∑ right leaves of vi 2k_j + ∑ nodes in right subtree of vi

l_j + ∑ nodes in right subtree of vi

l^′_j − 1. (3.34)

Example 15 In our example the transformed integral, denoted I is, up to a constant factor,

equal to the following product of four integrals :

∫_1 −1 P^{(2k1−1,2k2−1)} l_1 (v1)P

(2k_1 −1,2k_2−1) l^′_1 (v1) ( 1 − v_1 2 )_{2k1−1} ( 1 + v_1 2 )_{2k2−1} dv_1 × ∫_1 −1 P^{(2k1+2k2+2l1−1,2k3−1)}

l_2 (v2)P

(2k_1+2k_2+2l^′_1−1,2k_3−1) l^′_2 (v2)

( 1 − v_2 2 )_{2k1+2k2+l1+l}′_{1−1} ( 1 + v_2 2 )_{2k3−1} dv_2 × ∫_1 −1 P^{(2k4−1,2k5−1)} l_3 (v3)P

(2k_4−1,2k_5−1) l^′_3 (v3) ( 1 − v_3 2 )_{2k4−1} ( 1 + v_3 2 )_{2k5−1} dv_3 × ∫_1 −1 P^{(2k1+2k2+2k3+2l1+2l2−1,2k4+2k5+2l3−1)}

l_4 (v4)P

(2k_1+2k_2+2k_3+2l^′_1+2l^′_2−1,2k_4+2k_5+2l^′_3−1) l^′_4 (v4) ( 1 − v_4 2 )_{2k1+2k2+2k3+l1+l}′_{1+l2+l}′_{2−1} ( 1 + v_4 2 )_{2k4+2k5+l3+l}′_{3−1} dv_4. Now, using the orthogonality (3.27) of the Jacobi polynomials, the first of these integrals is zero, except when l_1 = l^′_1. Assuming that l_1 = l^′_1, we see that the second integral is zero, except when l_2 = l^′_2. The third integral immediately implies that I is zero if l_3 ≠ l^′_3. Assuming that l_i = l^′_i, for i = 1, . . . , 3, we see that I is zero, except when l_4 = l^′_4. We thus see that I = δ_{l,l}′ h^{(k)}_l , where h is some numerical constant.

In general, the transformation yields : I = ∫ T^n_s R^{(k)}_l (x)R^{(k)}_{l′} (x)w^{(k)}(x) dx

= D ∫ □ n∏ i=1 P^{(ai,bi)} l_i (vi)P (a^′_i ,b^′_i) l^′_i (vi) ( 1 − v_i 2 )_p−_i ( 1 + v_i 2 )_p+_i dv

= D n∏ i=1 ∫_1 −1 P^{(ai,bi)} l_i (vi)P (a^′_i ,b^′_i) l^′_i (vi) ( 1 − v_i 2 )_p−_i ( 1 + v_i 2 )_p+_i

dv_i. (3.35)

Herein, the constant D equals : D = Cs^{|l|} × C^′s^{|l′|} × s^{2|k|−n−1} × ( s 2 )_n = CC^′s^{|l|+|l′|+2|k|−1} 2^n

. (3.36)

The first two factors come from (3.28), the third factor comes from the transformed weight function (3.25), and the last factor originates from the Jacobian (3.18) of the transformation.

Notice that p^−_i equals a_i when l_j = l^′_j for the nodes in the left subtree of v_i. An analogous argument applies to p^+_i and b_i. Suppose one computes the product of integrals (3.35) in the indicated order. At the moment that one is dealing with the integral involving v_i, the situation is so that I is zero if there is a j < i so that l_j ≠ l^′_j . Therefore, we can at that moment assume that a_i = p^−_i and b_i = p^+_i , and apply orthogonality (3.27) of the Jacobi polynomials, implying that l_i should equal l^′_i in order to have a non-zero value of the integral I.

From (3.35) and (3.27) we have that ∫ T^n_s R^{(k)}_l (x)R^{(k)}_{l′} (x)w^{(k)}(x) dx

= D n∏ i=1 ∫_1 −1 P^{(ai,bi)} l_i (vi)P (a^′_i,b^′_i) l^′_i (vi) ( 1 − v_i 2 )_p−_i ( 1 + v_i 2 )_p+_i dv_i

= δ_{l,l}′ D n∏ i=1 2Γ(l_i + a_i + 1)Γ(l_i + b_i + 1) (2l_i + a_i + b_i + 1)l_i!Γ(l_i + a_i + b_i + 1) = δ_{l,l}′ s^{2|l|+2|k|−1} n∏ i=1 Γ(l_i + a_i + 1)

(a_i + 1)_{li}

Γ(l_i + b_i + 1) (b_i + 1)_{li} × 1 (2l_i + a_i + b_i + 1)Γ(l_i + a_i + b_i + 1)(l_i + a_i + b_i + 1)_{li} = δ_{l,l}′ s^{2|l|+2|k|−1} n∏ i=1 Γ(a_i + 1)Γ(b_i + 1) Γ(2l_i + a_i + b_i + 2) = δ_{l,l}′ s^{2|l|+2|k|−1} Γ(2|k| + 2|l|) n+1∏ i=1 Γ(2k_i). (3.37)

The last equation follows from the previous one by induction on n, using the result on the left and right subtree.

We thus have proved that with every binary coupling on n internal nodes there is an associated polynomial R^{(k)}_l (x) in n variables that is orthogonal on the simplex T^n_s for the weight function w^{(k)}(x).

As final comment, for n = 2 the polynomials constructed here are due to Proriol [17]. The polynomials R^{(k)}_l (x) associated with the special binary coupling tree in the shape of a spine [15] were already constructed in [18]. The polynomials R^{(k)}_l (x) associated with a general binary tree were also studied by Rosengren [19] in the context of multilinear Hankel forms. In his approach, orthogonality of these polynomials follows quite easily. His methods, however, are less accessible for a mathematical physicist. Furthermore, the relation to classical 3nj-coefficients (see Section V) is more explicit here.

IV Orthogonal polynomials related to continuous Hahn polynomials

The notation in this section is as before, i.e. k stands for (k_1, . . . , k_{n+1}) and l for (l_1, . . . , l_n). But we will also need a notation for parts of the components, so k_m = (k_1, . . . , k_m), k^m =

(k_m, . . . , k_{n+1}) (and similarly for l_m and l^m, and l^j_m = (l_m, . . . , l_j ) (m ≤ j)). As usual, |l^j_m| = l_m + · · · + l_j.

In the way that a binary coupling tree defines R^{(k)}_l (x) as a product of S-polynomials (Jacobi polynomials), we define new polynomials R^{(k)}_l (x) as the same product of S-polynomials (continuous Hahn polynomials). In this section, we will prove the following theorem.

Theorem 16 With every coupling of (n + 1) su(1, 1) representations k_1, . . . , k_{n+1}, i.e. with every binary coupling tree with n internal nodes, we associate a set of polynomials R^{(k)}_l (x) in n variables. This set is orthogonal on R^n for the weight function

w^{(k)}(x) = Γ(k_1 ± ix_1) · · · Γ(k_n ± ix_n)Γ(k_{n+1} ± i(s − |x|)). (4.1)

Explicitly, the orthogonality reads : ∫ R^n R^{(k)}_l (x)R^{(k)}_{l′} (x)w^{(k)}(x) dx = δ_{l,l}′ (2π)^nΓ(|k| + |l| ± is). (4.2)

Recall that the S-polynomials are defined by (2.10). The S-polynomial in (2.10) is of degree m in the variables x_1 and x_2, but it is not homogeneous in these variables, see the proof of Lemma 19. This implies that the product R^{(k)}_l (x) is not homogeneous in the variables x_i, however we still put x_1 + · · · + x_{n+1} = s. Note that this is consistent with the definition of the weight function (4.1).

Example 17 With the binary coupling tree shown in Figure 2 we associate the following polynomial (before the replacement of x_5 by s − x_1 − x_2 − x_3 − x_4) :

R(x_1, x_2, x_3, x_4, x_5) = S^{k1,k2}_{l1} (x_1, x_2)S^{k12,k3}_{l2} (x_1 + x_2, x_3)S^{k4,k5}_{l3} (x_4, x_5)S^{k123,k45}_{l4} (x_1 + x_2 + x_3, x_4 + x_5) = C × p_{l1} (x_1; k_1, k_2 − i(x_1 + x_2), k_1, k_2 + i(x_1 + x_2))

× p_{l2} (x_1 + x_2; k_1 + k_2 + l_1, k_3 − i(x_1 + x_2 + x_3), k_1 + k_2 + l_1, k_3 + i(x_1 + x_2 + x_3)) × p_{l3} (x_4; k_4, k_5 − i(x_4 + x_5), k_4, k_5 + i(x_4 + x_5)) × p_{l4} (x_1 + x_2 + x_3; k_1 + k_2 + k_3 + l_1 + l_2, k_4 + k_5 + l_3 − i(x_1 + x_2 + x_3 + x_4 + x_5), k_1 + k_2 + k_3 + l_1 + l_2, k_4 + k_5 + l_3 + i(x_1 + x_2 + x_3 + x_4 + x_5)),

where C is some numerical factor that can be computed from (2.10). The subscripts l_i are the same as before.

It is well known that the continuous Hahn polynomials, appearing in the definition of the Spolynomials, are orthogonal on R for the weight function Γ(a + it)Γ(b + it)Γ(c − it)Γ(d − it) when ℜ(a, b, c, d) > 0, c = a and d = b : ∫ R Γ(a + it)Γ(b + it)Γ(c − it)Γ(d − it)p_m(t; a, b, c, d)p_j (t; a, b, c, d) dt = 2πδ_{m,j} Γ(j + a + c)Γ(j + b + d)Γ(j + a + d)Γ(j + b + c) j!(2j + a + b + c + d − 1)Γ(j + a + b + c + d − 1)

. (4.3)

Using this orthogonality relation, (4.2) is easily established in the case n = 1. To investigate the general case, we introduce new variables u, but use a different approach than the one in the previous section. We do not define the variables u as the arguments of the continuous Hahn polynomials in the product, but we introduce essentially only one new variable, namely x_1 + · · · + x_{nln} = y (and thus x_{nln+1} + · · · + x_{n+1} = s − y). Here, we assumed for simplicity that the variables associated with the leaves in the left subtree are x_1, . . . , x_{nln} . This will enable us to use induction on n. Again, it is constructive to consider first an example.

Example 18 For the tree in Figure 2, we define the variables u_i as follows :

u_1 = x_1 u_2 = x_2 u_3 = x_1 + x_2 + x_3 u_4 = x_4.

We thus leave all the variables x unchanged, except the rightmost variable of the left subtree (in this case thus x_3). We choose the sum of all the variables in the left subtree equal to a new variable (in this case u_3). Integrating last to this variable allows this variable to be viewed as a constant in the integrands of the other integrals, enabling us to use induction. When integrating last to u_3, the integral becomes : ∫ R^4

R^{(k)}_l (x)R^{(k)}_{l′} (x)w^{(k)}(x) dx = √ l_4!(2|l| + 2|k| − 1)Γ(l_4 + 2|k| + 2|l_3| − 1) Γ(l_4 + 2|k_3| + 2|l_2|)Γ(l_4 + 2|k^4| + 2l_3) √ l^′_4!(2|l^′| + 2|k| − 1)Γ(l^′_4| + 2|k| + 2|l^′_3| − 1) Γ(l^′_4 + 2|k_3| + 2|l^′_2|)Γ(l^′_4 + 2|k^4| + 2l^′_3) × ∫ R p_{l4} (u_3; |k_3| + |l_2|, |k^4| + l_3 − is, |k_3| + |l_2|, |k^4| + l_3 + is)

× p_l′_4 (u_3; |k_3| + |l^′_2|, |k^4| + l^′_3 − is, |k_3| + |l^′_2|, |k^4| + l^′_3 + is) I_{left} I_{right} du_3, with

I_{left} = √ l_1!(2l_1 + 2|k_2| − 1)Γ(l_1 + 2|k_2| − 1)

Γ(l_1 + 2k_1)Γ(l_1 + 2k_2) √ l^′_1!(2l^′_1 + 2|k_2| − 1)Γ(l^′_1 + 2|k_2| − 1) Γ(l^′_1 + 2k_1)Γ(l^′_1 + 2k_2) × √ l_2!(2|l_2| + 2|k_3| − 1)Γ(l_2 + 2|k_3| + 2l_1 − 1)

Γ(l_2 + 2|k_2| + 2l_1)Γ(l_2 + 2k_3) √ l^′_2!(2|l^′_2| + 2|k_3| − 1)Γ(l^′_2 + 2|k_3| + 2l^′_1 − 1) Γ(l^′_2 + 2|k_2| + 2l^′_1)Γ(l^′_2 + 2k_3) × ∫ R^2

p_{l1} (u_1; k_1, k_2 − i|u_2|, k_1, k_2 + i|u_2|)p_l′_1 (u_1; k_1, k_2 − i|u_2|, k_1, k_2 + i|u_2|) × p_{l2} (|u_2|; |k_2| + l_1, k_3 − iu_3, |k_2| + l_1, k_3 + iu_3)p_l′_2 (|u_2|; |k_2| + l^′_1, k_3 − iu_3, |k_2| + l^′_1, k_3 + iu_3) × Γ(k_1 ± iu_1)Γ(k_2 ± iu_2)Γ(k_3 ± i(u_3 − |u_2|)) du_1du_2.

The integral I_{left} thus corresponds to the orthogonality relation (4.2) restricted to the left subtree of the tree in Figure 2 and with s replaced by u_3. By induction, the value of this integral is :

I_{left} = δ_{l1,l}′_1 δ_{l2,l}′_2 (2π)^2Γ(|k_3| + |l_2| ± iu_3).

The integral I_{right} equals

I_{right} = √ l_3!(2l_3 + 2|k^4| − 1)Γ(l_3 + 2|k^4| − 1)

Γ(l_3 + 2k_4)Γ(l_3 + 2k_5) √ l^′_3!(2l^′_3 + 2|k^4| − 1)Γ(l^′_3 + |k^4| − 1) Γ(l^′_3 + 2k_4)Γ(l^′_3 + 2k_5) × ∫ R p_{l3} (u_4; k_4, k_5 − i(s − u_3), k_4, k_5 + i(s − u_3)) × p_l′_3 (u_4; k_4, k_5 − i(s − u_3), k_4, k_5 + i(s − u_3)) × Γ(k_4 ± iu_4)Γ(k_5 ± i(s − u_3 − u_4)) du_4. (4.4)

The integral I_{right} corresponds to the orthogonality relation (4.2) restricted to the right subtree with s replaced by s − u_3. The value of this integral is thus :

I_{right} = δ_{l3,l}′_3 2πΓ(|k^4| + l_3 ± i(s − u_3)).

Using the values of I_{left} and I_{right} enables us to use the orthogonality of the continuous Hahn polynomials when integrating over u_3, yielding the following : ∫ R^4 R^{(k)}_l (x)R^{(k)}_{l′} (x)w^{(k)}(x) dx = δ_{l,l}′ (2π)^4Γ(|k| + |l| ± is).

In the general case, assume that the variables associated with the leaves of the tree are (from left to right) x_1, . . . , x_{n+1}. Define the variables u as follows : u_j = x_j, j ∈ {1, . . . , n} \ nl_n and u_{nln} = x_1 + · · · + x_{nln} . (4.5)

It is clear that the absolute value of the Jacobian of this transformation is 1 and that u ∈ R^n ⇐⇒ x ∈ R^n . Continuous Hahn polynomials associated with internal nodes of the left subtree only involve variables x_1, . . . , x_{nln} , as do the Gamma functions of the weight function associated with the leaves of the left subtree. Replacing x_{nln} by u_{nln} − u_1 − · · · − u_{nln−1} (see (4.5)) yields an integral over R^{nln −1} involving the variables u_1, . . . , u_{nln−1}, and with u_{nln} playing the role of s. The way in which this integral is constructed allows induction. Denoting this integral by I_{left}, we have : I_{left} = δ_{lnln−1,l}′_{nln−1} (2π)^{nln −1}Γ(|k_{nln} | + |l_{nln−1}| ± iu_{nln} ). (4.6)

On the other hand, continuous Hahn polynomials associated with internal nodes in the right subtree involve variables x_{nln+1}, . . . , x_n, but may also involve variables x_1, . . . , x_{nln} . When the latter is the case, it is always the difference −(x_1 + · · · + x_{nln} ) = −u_{nln} which occurs. So essentially, s is replaced by s − u_{nln} ; this integral involving the variables u_{nln+1}, . . . , u_n can also be calculated by induction. Denoting this integral over R^{nrn −1} by I_{right} we have : I_{right} = δ_ln−1_{nln ,l′}n−1_{nln} (2π)^{nrn−1}Γ(|k^{nln+1}| + |l^{n−1}_{nln} | ± i(s − u_{nln} )). (4.7)

The integral I, i.e. the left side of (4.2), then reduces to : I = √ l_n!(2|l| + 2|k| − 1)Γ(l_n + 2|k| + 2|l_{n−1}| − 1) Γ(l_n + 2|k_{nln} | + 2|l_{nln−1}|)Γ(l_n + 2|k^{nln +1}| + 2|l^{n−1}_{nln} |) × √ l^′_n!(2|l^′| + 2|k| − 1)Γ(l^′_n + 2|k| + 2|l^′_{n−1}| − 1) Γ(l^′_n + 2|k_{nln} | + 2|l^′_{nln−1}|)Γ(l^′_n + 2|k^{nln+1}| + 2|l^{′n−1}_{nln} |) × ∫ R p_{ln} (u_{nln} ; |k_{nln} | + |l_{nln−1}|, |k^{nln +1}| + |l^{n−1}_{nln} | − is, |k_{nln} | + |l_{nln−1}|, |k^{nln+1}| + |l^{n−1}_{nln} | + is) × p_l′_n (u_{nln} ; |k_{nln} | + |l^′_{nln−1}|, |k^{nln +1}| + |l^{′n−1}_{nln} | − is, |k_{nln} | + |l^′_{nln−1}|, |k^{nln +1}| + |l^{′n−1}_{nln} | + is) × I_{left} × I_{right} du_{nln}

= δ_{ln−1,l}′_{n−1} (2π)^{n−1} √ l_n!(2|l| + 2|k| − 1)Γ(l_n + 2|k| + 2|l_{n−1}| − 1) Γ(l_n + 2|k_{nln} | + 2|l_{nln−1}|)Γ(l_n + 2|k^{nln +1}| + 2|l^{n−1}_{nln} |) × √ l^′_n!(2|l^′| + 2|k| − 1)Γ(l^′_n + 2|k| + 2|l^′_{n−1}| − 1) Γ(l^′_n + 2|k_{nln} | + 2|l^′_{nln−1}|)Γ(l^′_n + 2|k^{nln+1}| + 2|l^{′n−1}_{nln} |) × ∫ R p_{ln} (u_{nln} ; |k_{nln} | + |l_{nln−1}|, |k^{nln +1}| + |l^{n−1}_{nln} | − is, |k_{nln} | + |l_{nln−1}|, |k^{nln+1}| + |l^{n−1}_{nln} | + is) ×p_l′_n (u_{nln} ; |k_{nln} | + |l^′_{nln−1}|, |k^{nln+1}| + |l^{′n−1}_{nln} | − is, |k_{nln} | + |l^′_{nln−1}|, |k^{nln+1}| + |l^{′n−1}_{nln} | + is) ×Γ(|k_{nln} | + |l_{nln−1}| ± iu_{nln} )Γ(|k^{nln+1}| + |l^{n−1}_{nln} | ± i(s − u_{nln} )) du_{nln}

= δ_{l,l}′ (2π)^nΓ(|k| + |l| ± is).

Once again, we have used the orthogonality (4.3) of continuous Hahn polynomials. This completes the proof of Theorem 16.

V Connection coefficients between different bases of orthogonal polynomials

We will show that the set of polynomials associated with a fixed binary coupling tree and fixed leaf values k_j, but varying values l_i form a basis for Π^n.

Lemma 19 For any binary coupling tree T the degree of the polynomial R^{(k)}_l (x) (or R^{(k)}_l (x)) associated with T is |l|.

Proof: In the case of Jacobi polynomials, i.e. the case of S-polynomials, the result immediately follows from the fact that S^{k1,k2}_m (x_1, x_2) is homogeneous of degree m in the variables x_1 and x_2. Now consider the case of continuous Hahn polynomials. Although p_m(t; a, b, c, d) is a polynomial of degree m in t, we have to be careful because, in the case of S-polynomials, the variables x_i also appear in the parameters b and d. The polynomials associated with an internal node not on the path from the leaf x_{n+1} to the root are, up to a constant factor, p_m(x; a, b − i(x + y), a, b + i(x + y)) (x and y stand for a sum of variables x_j ). Using the definition of the continuous Hahn polynomials we have : p_m(x; a, b − i(x + y), a, b + i(x + y)) = i^m (2a)_m(a + b + i(x + y))_m m!^3

F_2 ( −m, m + 2a + 2b − 1, a + ix 2a, a + b + i(x + y) ; 1 )

= i^m (2a)_m(a + b + i(x + y))_m m! m∑ j=0 (−m)_j (m + 2a + 2b − 1)_j (a + ix)_j (2a)_j (a + b + i(x + y))_j j! = i^m (2a)_m m! m∑ j=0 (−m)_j (m + 2a + 2b − 1)_j (a + ix)_j (a + b + i(x + y) + j)_{m−j} (2a)_j j! .

From this last equation one sees that the degree of this polynomial is at most m. It is easy to see that the coefficient of y^m is^{i2m (2a)m}_{m!} ≠ 0, since in our case a > 0. The same can be done for a polynomial associated with an internal node on the path from x_{n+1} to the root. □

Theorem 20 The polynomials R^{(k)}_l (x) and R^{(k)}_l (x) associated with a fixed binary coupling tree T on n internal nodes form a basis for Π^n.

Proof: Theorems 4 and 16 imply that the sets of polynomials associated with T are linearly independent.

The number of polynomials associated with T that have degree m equals the number of compositions J(m, n) of m into n parts, i.e. the number of ways that one can write m as a sum of n nonnegative integers whereby the order of the summands is important. There are thus ∑_m k=0 J(k, n) polynomials of degree at most m associated with T . It is not difficult to see that this is exactly the dimension of Π^n_m, the set of polynomials in n variables with degree at most m. □ We recall the two properties (2.11) and (2.12) of the S-polynomials. We can use these two properties to determine the connection coefficients between the different bases. This is stated in the following theorem.

Theorem 21 Consider a binary coupling tree, T_1, with fixed values k_j and l_i. Consider another binary coupling tree T_2 with the same fixed values k_j but varying values l^′_i, such that |l| = |l^′|. Then the polynomials R^{(k)}_{l,T1} (x) (resp. R^{(k)}_{l,T1} (x)) can be written as a linear combination of polynomials R^{(k)}_{l′,T2} (x) (resp. R^{(k)}_{l′,T2} ) :

R^{(k)}_{l,T1} (x) = ∑ |l^′|=|l| C_l′ R^{(k)}_{l′,T2} (x); R^{(k)}_{l,T1} (x) = ∑ |l^′|=|l| C_l′ R^{(k)}_{l′,T2} (x). (5.1)

The connection coefficient C_l′ is equal to the 3nj-coefficient ⟨T_1(l), T_2(l^′)⟩ (which is zero anyway if |l| ≠ |l^′|).

Proof: This follows from Theorem 20 and the two basic properties of S- and S-polynomials. These basic properties are given in (2.11) and (2.12). Observe that (2.11) simply expresses R^{(k1,k2,k3)} (l_1 ,l_2),T_1 (x1, x2) = ∑ |l^′|=|l| U^{k1,k2,k1+k2+l1} k_3,|k|+|l|,k_2+k_3+l^′_1 R (k_1,k_2,k_3) (l^′_1,l^′_2),T_2 (x1, x2), (5.2)

where T_1 (resp. T_2) is the tree in the left hand side (resp. right hand side) of Figure 1 with k_{12} = k_1 + k_2 + l_1 and k_0 = |k| + |l| (resp. with k_{23} = k_2 + k_3 + l^′_1 and k_0 = |k| + |l^′|). By definition the Racah coefficient (or 6j-coefficient) can be expressed as the overlap coefficient of two binary coupling trees, i.e. U^{k1,k2,k1+k2+l1} k_3,|k|+|l|,k_2+k_3+l^′_1 = ⟨T1(l), T2(l ′)⟩. In the general case, let T_1 (with fixed values k_j and l_i) and T_2 (with the same fixed values k_j ) be given. The expansion of R^{(k)}_{l,T1} (x) in terms of S-polynomials is then fixed. In order to express R^{(k)}_{l,T1} (x) in terms of polynomials associated with the second tree T_2, one can use (2.11) and (2.12) a number of times. Eq. (2.11) corresponds to an elementary tree operation (the flop operation of [14]), depicted in Figure 1. Eq. (2.12) corresponds to an exchange operation [14] on trees. So, to express R^{(k)}_{l,T1} (x) in terms of polynomials R^{(k)}_{l′,T2} (x), one has to perform sufficiently many elementary tree operations on T_1 until one ends up with a tree of shape T_2. Each such operation corresponds to an application of (2.11), introducing a Racah coefficient and a summation index, or to an application of (2.12), introducing only a phase factor. As a consequence, the coefficient C_l′ in (5.1) stands for a certain sum over products of Racah coefficients. But this sum over products of Racah coefficients is just the 3nj-coefficient defined by the left and right binary coupling trees, since the “method of trees” [14, 15] yields that the expansion of a 3nj-coefficient in terms of Racah coefficients is obtained exactly by such elementary tree operations. □ Observe there are some alternative ways of expressing the previous results. For example, for two n-variable Jacobi polynomials corresponding to the same binary coupling tree, their inner product is given by (3.5). For two n-variable Jacobi polynomials with different binary coupling tree, the inner product is essentially given by a 3nj-coefficient : ∫ T^n_s R^{(k)}_{l,T1} (x)R^{(k)}_{l′,T2} (x)w^{(k)}(x)dx = ⟨T_1(l), T_2(l^′)⟩ s^{2|k|+2|l|−1} Γ(2|k| + 2|l|) n+1∏ i=1 Γ(2k_i), (5.3)

where w^{(k)}(x) is the classical weight function (3.4).

In the same way, we have for n-variable continuous Hahn polynomials corresponding to different binary coupling trees that ∫ R^n R^{(k)}_{l,T1} (x)R^{(k)}_{l′,T2} (x)w^{(k)}(x) dx = ⟨T_1(l), T_2(l^′)⟩(2π)^nΓ(|k| + |l| ± is). (5.4) where in this case w^{(k)}(x) is given by (4.1).

Appendix A

In this appendix we show that the products of Wilson polynomials in (2.5) also satisfy an orthogonality relation on R^2 ; thus also (2.5) can be interpreted as a connection coefficient formula.

When ℜ(a, b, c, d) > 0 and non-real parameters occur in conjugate pairs, Wilson polynomials are orthogonal on R_+ for the weight function |Γ(a + ix)Γ(b + ix)Γ(c + ix)Γ(d + ix)/Γ(2ix)|^2 : ∫_∞ 0 | |Γ(a + ix)Γ(b + ix)Γ(c + ix)Γ(d + ix) Γ(2ix) | |^2 W_m(x^2; a, b, c, d)W_j (x^2; a, b, c, d) dx = 2π

Γ(j + a + b)Γ(j + a + c)Γ(j + a + d)Γ(j + b + c)Γ(j + b + d)Γ(j + c + d) Γ(2j + a + b + c + d) × (j + a + b + c + d − 1)_j j!δ_{m,j} , (A.1)

see e.g. Ref. [8].

Theorem 22 The products of Wilson polynomials in both the left and right side of equation (2.5) are orthogonal on R^2 for the weight function

Γ(k_1 ± ix_1)Γ(k_2 ± ix_2)Γ(k_3 ± i(s − x_1 − x_2)) × Γ(k_1 ± i(x_1 − 2t))Γ(k_2 ± i(2x_1 + x_2 − 2t))Γ(k_3 ± i(s − 2t + x_1 + x_2)) Γ(±2ix_1 ∓ 2it)Γ(±2ix_1 ± 2ix_2 ∓ 2it)

, (A.2)

if k_1, k_2, k_3 > 0.

Following the convention mentioned earlier, each factor in (A.2) stands for the product of two Gamma functions.

Proof: Consider the polynomial in the right side of (2.5). The parameters of the Wilson polynomials occur in conjugate pairs and the real parts of the parameters are positive. This allows us to use the orthogonality relation (A.1).

Denoting the weight function (A.2) by w(x_1, x_2), we want to determine the value of ∫∫ R^2

w(x_1, x_2)W_m((x_1 − t)^2; k_1 ± it, k_2 ± i(x_1 + x_2 − t)) ×W_m′ ((x_1 − t)^2; k_1 ± it, k_2 ± i(x_1 + x_2 − t)) × W_j((x_1 + x_2 − t)^2; k_1 + k_2 + m ± it, k_3 ± i(s − t)) ×W_j′ ((x_1 + x_2 − t)^2; k_1 + k_2 + m^′ ± it, k_3 ± i(s − t)) dx_1dx_2.

The notation is obvious : each entry of the form k_1 ± it stands for two parameters of the Wilson polynomial. In order to compute the integral, introduce two new variables, namely the arguments of the Wilson polynomials : u_1 = x_1 − t and u_2 = x_1 + x_2 − t. Changing variables and integrating first with respect to u_1 and then with respect to u_2 gives a constant times δ_{m,m}′ δ_{j,j}′ for the above integral, if we use the facts that Γ(z) = Γ(z) and that the integrands are even functions.

Similar arguments yield the desired result for the Wilson polynomials on the left side of (2.5). □ Appendix B

In this appendix we prove Lemma 11. First, we show that if x ∈ T^n_s , then −1 < v_i < 1 for each v_i given by (3.9). The position of the variable v_i in the binary coupling tree plays a role in its expression. For a variable v_i not on the path from x_{n+1} to the root of the tree, the equation expressing v_i in terms of x is

v_i = ∑ right leaves of vi x_j − ∑ left leaves of vi x_j / ∑ all leaves of vi x_j,

which is of the form f(y, z) =^{y−z}_{y+z} with 0 < y, 0 < z (and y + z < s). It is easy to see that −1 < f(y, z) < 1 if y, z > 0. On the other hand, if v_i is on the path from x_{n+1} to the root, we have, after substitution of x_{n+1} by s − |x| that

v_i = s − ∑ non−leaves of vi x_j − 2 ∑ left leaves of vi x_j / s − ∑ non−leaves of vi x_j ,

which is of the form g(y, z) =^{s−y−2z}_{s−y} with 0 < y, 0 < z and y + z < s. A simple examination shows that g(y, z) reaches its maximum +1 in this area when z = 0, and its minimum −1 when y + z = s. Thus −1 < g(y, z) < 1 for y, z > 0 with y + z < s. So we have that −1 < v_i < 1 for each 1 ≤ i < n. For the variable v_n a completely analogous reasoning can be given. Before proving v ∈ □^n ⇒ x ∈ T^n_s in general, consider an example.

Example 23 Let v ∈ □^4 and consider equations (3.7) with x_5 replaced by s−x_1 −x_2 −x_3 −x_4 :

v_1 = (x_2 − x_1)/(x_2 + x_1) v_2 = (x_3 − x_1 − x_2)/(x_3 + x_1 + x_2) v_3 = (s − x_1 − x_2 − x_3 − 2x_4)/(s − x_1 − x_2 − x_3) v_4 = (s − 2x_1 − 2x_2 − 2x_3)/s.

(B.1)

Since −1 < v_4 < 1, the fourth equation of (B.1) implies

−1 < v_4 < 1 ⇒ 0 < x_1 + x_2 + x_3 < s. (B.2)

The denominator of the second equation of (B.1) is thus positive, and

−1 < v_2 ⇒ x_3 > 0 and v_2 < 1 ⇒ x_1 + x_2 > 0, (B.3)

hence

−1 < v_1 ⇒ x_2 > 0 and v_1 < 1 ⇒ x_1 > 0. (B.4)

From (B.2) it also follows that the denominator of the third equation of (B.1) is positive,

implying :

−1 < v_3 ⇒ x_1 + x_2 + x_3 + x_4 < s and v_3 < 1 ⇒ x_4 > 0. (B.5)

So we clearly have : v ∈ □^4 ⇒ x ∈ T^4_s .

In general, let v ∈ □^n. We know that

v_n = s − 2 ∑ left leaves of vn x_j /s,

with s > 0, and thus : −1 < v_n < 1 ⇒ 0 < ∑ left leaves of vn x_j < s. (B.6)

Now consider the variable associated with the left child of v_n, that is v_{nln−1} :

v_{nln−1} = ∑ right leaves of vnln−1 x_j − ∑ left leaves of vnln−1 x_j / ∑ all leaves of vnln−1 x_j.

From (B.6) we know that the denominator of the previous formula is positive, and we have : −1 < v_{nln−1} ⇒ ∑ right leaves of vnln−1 x_j > 0, (B.7)

and v_{nln−1} < 1 ⇒ ∑ left leaves of vnln−1 x_j > 0. (B.8)

Continuing in this way for all internal nodes of the left subtree (in in-order [25]) yields that x_j > 0 for every variable in the left subtree, since −1 < y − z y + z < 1 ⇒ y > 0 and z > 0,

if y + z > 0.

Consider the variable associated with the right child of v_n, i.e. v_{n−1}. For v_{n−1} we have the following expression :

v_{n−1} = s − ∑ non−leaves of vn−1 x_j − 2 ∑ left leaves of vn−1 x_j / s − ∑ non−leaves of vn−1 x_j .

The “non-leaves of v_{n−1}” are exactly the “left leaves of v_n”, so from (B.6) we have once again that the denominator of the previous formula is positive. We thus have : −1 < v_{n−1} ⇒ ∑ non−leaves of vn−1 x_j + ∑ left leaves of vn−1 x_j < s, (B.9)

and v_{n−1} < 1 ⇒ ∑ left leaves of vn−1 x_j > 0. (B.10)

Starting from this last equation, we can perform the same actions as in the left subtree to conclude that x_j > 0 for all leaves in the left subtree of v_{n−1}. Continuing in this way we get that x_j > 0, for j = 1, . . . , n and |x| < s, since −1 < s − y − 2z s − y < 1 ⇒ y + z < s and z > 0, if s − y > 0. This completes the proof that v ∈ □^n ⇒ x ∈ T^n_s .

References

[1] A.R. Edmonds, Angular Momentum in Quantum Mechanics (University Press, Princeton, 1957).

[2] E. Wigner, “On the matrices which reduce the Kronecker products of representations of S.R. groups”, in Quantum Theory of Angular Momentum, eds. L.C. Biedenharn and H. Van Dam (Academic Press, New York, 1965).

[3] L.C. Biedenharn and J.D. Louck, Angular Momentum in Quantum Physics Encyclopedia of Mathematics and its Applications, Vol. 8 (Addison-Wesley, Reading, 1981).

[4] L.C. Biedenharn and J.D. Louck, The Racah-Wigner Algebra in Quantum Theory, Encyclopedia of Mathematics and its Applications, Vol. 9 (Addison-Wesley, Reading, 1981).

[5] K. Srinivasa Rao and V. Rajeswari, Quantum Theory of Angular Momentum : Selected Topics (Springer, Berlin; Narosa, Delhi, 1993).

[6] D.A. Varshalovich, A.N. Moskalev and V.K. Khersonskii, Quantum Theory of Angular Momentum (Nauka, Leningrad, 1975 : in Russian; English Edition : World Scientific, Singapore, 1988).

[7] N.J. Vilenkin and A.U. Klimyk, Representation of Lie Groups and Special Functions, 3 volumes (Kluwer, 1991, 1993).

[8] R. Koekoek and R.F. Swarttouw, “The Askey-scheme of hypergeometric orthogonal polynomials and its q-analogue,” Report 94-05, Technical University Delft (1994); available from

ftp.twi.tudelft.nl in directory /pub/publications/tech-reports.

[9] B.G. Adams, J. Cizek and J. Paldus, Adv. Quantum Chem. 19, 1 (1988). [10] A.I. Solomon, J. Math. Phys. 12, 390 (1971).

[11] C.C. Gerry and S. Silverman, J. Math. Phys. 23, 1995 (1982). [12] J. Van der Jeugt, J. Math. Phys. 38, 2728 (1997).

[13] H. T. Koelink and J. Van der Jeugt, SIAM J. Math. Anal. 29, 794 (1998). [14] V. Fack, S.N. Pitre and J. Van der Jeugt, Comput. Phys. Commun. 83, 275 (1994). [15] V. Fack, S. Lievens and J. Van der Jeugt, Comput. Phys. Commun. 119, 99 (1999). [16] Y.I. Granovskiĭ and A.S. Zhedanov, J. Phys. A : Math. Gen. 26, 4339 (1993). [17] J. Proriol, C. R. Acad. Sci. Paris 245, 2459 (1957).

[18] T.H. Koornwinder and A.L. Schwartz, Constr. Approx. 13, 537 (1997). [19] H. Rosengren, Math. Scand. 82, 53 (1998).

[20] W.N. Bailey, Generalized Hypergeometric Series. (Cambridge Univ. Press, Cambridge, 1935).

[21] L.J. Slater, Generalized hypergeometric functions (Cambridge Univ. Press, 1966). [22] G. Gasper and M. Rahman, Basic Hypergeometric Series (Cambridge Univ. Press, 1990). [23] G.E. Andrews, R. Askey and R. Roy, Special functions. Encylopedia of Mathemetics and its Applications, vol. 71. (Cambridge Univ. Press, 1999).

[24] C.F. Dunkl and Y. Xu, Orthogonal polynomials of several variables. Encyclopedia of Mathematics and its Applications, vol. 81. (Cambridge Univ. Press, 2001).

[25] D.E. Knuth, The art of computer programming. Volume 1 : Fundamental algorithms.

(Addison-Wesley Publishing Co., Reading, 1975)