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This is the end. The last words I put down, a Þnal e! ort.

The journey is not Þnished though. It has changed me,

and therefore it is unimaginable to continue without it.

It takes me to places and allows me to see.

It is where I can calmly celebrate.

An immense no-manÕs-land close to my doorstep.

I will still come and go many times.

The four and a half years that lie behind me have been interesting, to say the
least. I will not attempt to express the feelings that I have felt, or the lessons
that I have learned. At this point, I mainly feel privileged for having been
allowed to spend four years of my life on studying ÔnatureÕ. I had the time
and resources to engross myself in a Þeld, to a level that I was able to push
the boundaries of what is known. I could share my knowledge and ideas,
perhapsÑand hopefullyÑinspired some people, and even earned respect
for this. It is a job that has enriched me in so many aspects, and I largely
owe it to a good dose of luck: I was born in the right country, raised in a
stable environment, enjoyed proper education, su! ered no ÔmajorÕ medical
issues and was surrounded by lovely people. Therefore, I feel privileged.

Sure, not all went well. Some who read this might know this better than
I do. I have walked some rough roads and took some wrong turns. But in
hindsight it is always easy to say such things. On top, it doesnÕt make me,
nor you, any happier, so IÕll shut up about it. :)

Although there was a good dose of luck involved, we should of course
not discredit the generous e! orts of all those lovely people that have sur-
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rounded me throughout the years. This entire expedition would have failed
dramatically without them. Life would fail dramatically without them. As
I am writing this, the words of a great saxophone player echo in my head
and reßect how I feel: ÔThank you for living, it is fucking tricky!Õ

Let me start o! by thanking the two persons that were largely respon-
sible for guiding and aiding me on a professional level during the past four
years: my two supervisors, Jasper De Bock and Gert de Cooman.

Jasper for the countless evenings that youÕve passed, not with your fam-
ily, but with checking my sloppy proofs and my poorly structured textsÑI
believe I also owe Annelien an apology for this. For all those midnight calls,
and the elaborate discussions we had at the blackboard and in the pub. I
have learned a lot from our interactions. Many of the ideas found in this
book, and also in the rest of my work, owe their existence to you. Perhaps
your approach was a bit harsh from time to time, but then again, I always
got the feeling that you strongly believed in me. Maybe this was your way of
pushing me to my limits, and I can ensure you that it was e! ective. Thank
you for pushing me, for letting me learn and for showing me how to believe
in myself.

Gert for allowing me to put things into perspective, both research-wise
and on a personal level. For planting a seed in my head four or Þve years ago,
when the idea of doing an applied engineering job seemed rather saddening
to me; I like the tree that came out of it, by the way! I have not only become
a better thinker due to you, but also, and especially, a better speaker. If there
is one trait I would describe you with, it is humour. IÕll always remember
the contagious smile peeping into my o" ce, saying Ôbye byeÕ in a way that is
slightly suspicious and made me wonder Ôis he just being kind or did I miss
something here?Õ Thanks for all the awkward funny moments.

Apart from a set of great supervisors, I also had a bunch of great col-
leagues. The atmosphere created by them is unlike what I have ever experi-
enced beforeÑwhich is perhaps not that surprising given that this job was
my Þrst job ever. It is both enjoyable and stressful, heart-warming and com-
petitive, dead serious and extremely childish. The persons responsible for
this are/were, in alphabetical order, Alexander, Arne, Arthur, Floris, Keano,
Michiel, Simon, Stavros and Thomas. In particular, I want to thank Alexan-
der, whom I have considered to be a sort of professional older brother. How
many stupid mistakes I was able to avoid because of your precious advice, I
couldnÕt count. Due to you, I am now considerably less terrible at working
with LATEX, and I was able to save hours or even days on the design of this
thesis layoutÑthank you for allowing me to borrow your template! Sorry for
all the times I walked into your o " ce interrupting your ßow of concentra-
tion, and sorry for having to hear all my frustrations about silly little things.
Thank you for the HierbaÕs, the tasty ice creams and the evenings at Den

xii



Draak, tjapper; hopefully we can have lots more of them in the future! An-
other colleagues that deserves some additional praise, is Floris. IÕve always
felt that a good friend brings out both the best and the worst in someone,
and thatÕs exactly what you do to me. May we never grow up, darling.

On a more professional note, I would like to express my gratitude to-
wards Vladimir Vovk. Even when strict COVID-precautions were being im-
posed all over Europe, you made it possible for me to come over and enjoy
an interesting six weeks at the Royal Holloway University of London. Thank
you for having me; it is a shame that I didnÕt have more time in between my
writing to follow up on your thought-provoking questions.

I would also like to thank all the members of the examination committee
for having read and reviewed this entire dissertation. I hope that you have
enjoyed the book a bit more than I have enjoyed writing it. Reading your
nice words, detailed comments and unexpected questions, did make me feel
enthusiastic about the whole thing again, though. I appreciate it.

Next, it is time to thank all those people that have been there for me and
that didnÕt understand anything of what I was doing the last four years: my
family and (non-colleague) friends. Let me start with my lovely parents:
Steve and Marina. Dad, though your contribution to my mathematical edu-
cation was rather modest, you have been an endless source of inspiration in
so many other aspects of life. YouÕve taught me to work hard, contaminated
me with a cycling obsession, and allowed me to listen to some amazing mu-
sic. I admire your eagerness to learn and your ability to Þght for an idea,
especially now, given that you are already in your 60s. IÕll be proud if I end
up the same way as you. Mom, thank you for the unconditional love and
care you have given meÑit must have been hard, somewhat more than a
decade ago, when I was probably the most abominable obnoxious teenager
ever. Due to your straightforward way of communicating I am now way to
honest when people ask for my opinion, and thanks to your splendid cooking
skills I have become way to critical when a dish is served to meÑnot always
the best combination. Hopefully you are proud now that I will Þnally start
a ÔrealÕ job.

Also a big thanks to my brother, Elias, for designing the wonderful cover
of this book, and, of course, for being a such great inßuence both musically
and artistically.

To all my friends: I apologize for letting this dissertation take up mon-
strous proportions of time, and for all those moments that I lied to you,
claiming that it was going to be Þnished in just one or two months. Undoubt-
edly, it would have been better to have spent a bit more of that time with
you. I thank the boys from AalstÑLaurian, Nick, Peter, Stef and ViktorÑfor,
among all other things, providing non-stop hilarious nonsense for more than
ten years; thank you Lieke for the long walks and intense talks; and thank
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you Simon for your words of wisdom and destroying my knee. Of course
there are many others that have a special place in my heart, yet, since this
preface is already becoming longer than I intendedÑI guess I didnÕt learn
anythingÑ, I will keep it to a general ÔTHANK YOU!Õ

Finally, it remains to express my gratitude to one last person: my love,
Sara. There is no one who I can be more myself with than you. You know
me as I am, without inhibitions, without distortion, in my purest form. I am
well aware of the fact that this is not always a good thing: I was stressed out
when writing my dissertation, badly tempered all the times we didnÕt have
food on time, depressed when my knee was hurting, selÞsh when making
travel plans, and lazy when lying in the couch and in need of a foot massage.
Yet, though I am not always proud of it, I strongly neededÑand still needÑ
to be this unÞltered version that you allow me to be. To share my emotions,
and to digest thoughts instead of letting them swirl out of control. To not
feel alienated in a world that is never to be understood. You are my friend,
my companion, my fellow traveller, my warmth in cold days. For all that
you have given me, love, I bow to you.
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This dissertation is concerned with the study of discrete-time stochastic pro-
cesses, which are dynamical systems that change over time in an uncertain
way, and for which these changes only occur at discrete time instances. We
will speciÞcally focus on those cases where the state of the process at any sin-
gle time instant can only take a Þnite number of possible values; the stochas-
tic process is then called a Þnite-state discrete-time stochastic process. To
describe and draw conclusions about the behaviour of such a stochastic pro-
cess, we use imprecise probability models, and in particular conditional up-
per expectations. These so-called global upper expectations exist in many
di! erent forms and shapes, and it is our aim in this dissertation to study the
theoretical aspects of these models, reveal the relations between them, and
suggest new suitable global upper expectations of our own invention.

Our narrative starts with the basic setting of a single (unknown) variable
taking values in a Þnite set, and presents three possible mathematical mod-
els for quantifying the uncertainty with respect to such a variable. These
three models are all called imprecise probability models, because they gen-
eralise the standard probability modelÑa probability measure, charge or
mass functionÑto robustly deal with those situations where it is infeasible
or not justiÞed to specify such a ÔpreciseÕ probability model. The Þrst type
of imprecise probability model that we consider is a set of probability mass
functions (or credal set), which gathers all probability mass functions that
are deemed possible. The second type of imprecise probability model is a
set of acceptable gambles, and captures a subjectÕs beliefs by expressing her
attitude towards gambling on the value of the uncertain variable considered.
Finally, we also look at coherent upper and lower expectations; these can
be interpreted behaviourally, as expressing a subjectÕs inÞmum selling and
supremum buying prices, or more traditionally, as representing upper and
lower tight bounds on a collection of plausible (linear) expectations. We
discuss the well-known relations between these models and present some
basic extension procedures.

We then move on to consider the speciÞc setting of discrete-time stochas-
tic processes. The act of modelling such a stochastic process starts at a local

xv



level, where we make assessments about how the process is going to change
from one time instant to the next. These assessments can typically be ac-
quired from data or subjective expert opinions, and are then mathematically
expressed in terms of one of the three types of imprecise uncertainty models
mentioned earlier. Though the local models form what is typically directly
available from observation, in the end, we are interested in more global fea-
tures of the process. These global features involve, for instance, upper and
lower (bounds on) expected hitting times, expected time average behaviour,
or hitting probabilities. In order to make inferences of such kind, we thus
want to extend and combine the local models into a single joint ÔglobalÕ
model, which in our case will always be a global upper expectation. Mathe-
matically speaking, these global models are extended real-valued operators
whose Þrst argument is an extended real-valued function or variable on the
space of all possible inÞnite state sequences, and whose second argument is
a speciÞc type of conditioning event.

Global upper expectations can be obtained in various di! erent frame-
works, using various di! erent techniques. We Þrst consider three so-called
Þnitary global upper expectations. These global upper expectations are
characterised by the common property that they extend the local models
without the use of any continuity assumptions, which is why we call them
Þnitary. Their deÞnitions are relatively simple and rely on concepts that are
well-known in the theory of imprecise probabilities. One is deduced in the
behavioural framework of sets of acceptable gambles, one is obtained as the
upper envelope of the expectations corresponding to a set of globalÑÞnitely
additiveÑprobabilities, and one is deÞned axiomatically, as the natural ex-
tension under conditional coherence. We study the mathematical properties
of these global operators, present alternative characterisations for them, and
show that, if the local models from which these di! erent global upper ex-
pectations are derived are chosen in accordance with each other, then all
these Þnitary global upper expectations coincide. It will turn out, however,
that these Þnitary upper expectations only behave well on the domain of
bounded Þnitary variables, which are bounded real-valued functions that
depend on the states of the process only at a Þnite number of time instances.
This domain is not large enough for many practical purposes, which is why
we are inclined to look at other more involved types of global upper expec-
tations.

One Þrst such type are the game-theoretic upper expectations intro-
duced and, for a large part, studied by Shafer and Vovk [85, 86]. These
types of global upper expectations start from sets of acceptable gambles,
or sometimes upper expectations, on a local level, and then use allowable
betting strategiesÑsupermartingalesÑto turn these local assessments into
global assessments. Concretely, the game-theoretic upper expectation rep-
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resents a subjectÕs inÞmum starting capital such that, by using an allowable
betting strategy, he can surely hedge the uncertain pay-o! corresponding to
the considered variable. Multiple di! erent versions of game-theoretic upper
expectations have been used in the literature, and we Þrst argue why one
of them is to be preferred over the others. We then go on to prove a broad
range of properties for this operator, with a strong emphasis on its continuity
properties. We show in particular that it satisÞes continuity with respect to
bounded below increasing sequences, continuity with respect to decreasing
sequences of bounded above Þnitary variables, and continuity with respect
to decreasing lower cuts. These properties are considerably stronger than
those of the Þnitary global upper expectations, and they make the game-
theoretic upper expectation more suitable for use on general domains of
variables.

Next, we introduce and study global upper expectations that are cen-
trally based on the notion of a (countably additive) probability measure.
More precisely, we start from local sets of probability mass functions, com-
bine and extend these to form a set of plausible global probability measures,
and the associated global upper expectation is then the upper envelope of
the expectations corresponding to this set of global probability measures.
The domain of this global upper expectation is furthermore extended to
also include general, not necessarily measurable variables by relying on up-
per (Lebesgue) integrals. We again study the properties of this operator, and
in particular show that its continuity properties are comparable to those of
the game-theoretic upper expectation. These properties then allow us to es-
tablish that these two types of global upper expectations are equal on a fairly
large domain of variables; large enough to cover most practically relevant
inferences.

The Þnal type of global upper expectation that we consider is an ax-
iomatic one, similar to the Þnitary axiomatic global upper expectation, but
where a continuity property is added as one of the deÞning axioms. Two
slightly di ! erent versions of this continuity axiomÑand thus also of the re-
sulting axiomatic global upper expectationÑare considered; one is weaker
than the other, but since they both solely apply to sequences of bounded Þni-
tary variables they are actually both fairly weak. We show that the axiomatic
upper expectation based on the stronger of the two axioms coincides with
the game-theoretic upper expectation, and therefore also for a large part
with the measure-theoretic upper expectation. The axiomatic upper expec-
tation based on the weaker axiom, on the other hand, can be seen as an
Ôimprecise-probabilisticÕ generalisation of the Daniell integral [19]. We show
that, though this weaker type of axiomatic upper expectation is sometimes
too conservative, it still is equal to its stronger counterpart, and therefore
possesses desirable properties, in many practical situations.
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Dit proefschrift richt zich op de studie van stochastische processen in dis-
crete tijd; dynamische systemen die op een onzekere manier veranderen
doorheen de tijd, en waarbij deze veranderingen zich enkel voordoen op
discrete tijdstippen. We zijn in het bijzonder ge•nteresseerd in die geval-
len waar de toestand van het proces op elk tijdstip slechts een eindig aan-
tal waarden kan aannemen. Het proces heeft dan een zogenoemde ein-
dige toestandsruimte. Om het gedrag van een dergelijk proces wiskundig
te beschrijven, alsook om erover te redeneren, gebruiken we imprecieze-
waarschijnlijkheidsmodellen, en meer bepaald, conditionele bovenverwach-
tingswaardeoperatoren. Er bestaan veel verschillende soorten zulke zoge-
noemde ÔglobaleÕ bovenverwachtingswaardeoperatoren, en het is ons doel
om de theoretische eigenschappen van deze operatoren te bestuderen, hun
onderlinge relaties te onthullen, en nieuwe gepaste conditionele bovenver-
wachtingswaardeoperatoren in te voeren.

Allereerst beschouwen we het eenvoudige geval van een enkele onzekere
veranderlijke die een eindig aantal waarden kan aannemen, en behandelen
we drie soorten modellen die ons in staat stellen om de onzekerheid over een
dergelijke veranderlijke wiskundig te beschrijven. Deze drie modellen wor-
den alle imprecieze-waarschijnlijkheidsmodellen genoemd, omdat ze het
klassieke waarschijnlijkheidsmodel Ð een waarschijnlijkheidsmaat, -lading,
of -massa Ð veralgemenen om robuust te kunnen handelen in die situaties
waar het niet mogelijk is, of niet gerechtvaardigd is, om zoÕn klassiek Ôpre-
ciesÕ waarschijnlijkheidsmodel te speciÞceren. Het eerste type imprecieze-
waarschijnlijkheidsmodel is een verzameling van massafuncties, of ook cre-
dale verzameling genoemd. ZoÕn verzameling bevat alle massafuncties die
we mogelijk achten. Het tweede type imprecieze-waarschijnlijkheidsmodel
is een verzameling van aanvaardbare gokken, en tracht iemands overtuigin-
gen voor te stellen door uit te drukken welke gokken over de waarde van een
onzekere veranderlijke hij of zij bereid is aan te gaan. Tot slot bekijken we
ook coherente boven- en onderverwachtingswaardeoperatoren; zij kunnen
gedragsmatig ge•nterpreteerd worden, als iemands minimale verkoopsprij-
zen en maximale aankoopprijzen, of op een meer traditionele manier, als
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nauwe boven- en ondergrenzen op een verzameling van mogelijke (lineaire)
verwachtingswaardeoperatoren. We bespreken de gekende relaties tussen
deze drie types modellen en behandelen enkele eenvoudige methoden die
ons in staat stellen om deze modellen uit te breiden.

Vervolgens kijken we naar de speciÞeke context van stochastische pro-
cessen in discrete tijd met eindige toestandsruimte. Het modelleren van
zoÕn proces begint typisch op een lokaal niveau, waar we uitspraken doen
over hoe (wij geloven dat) het proces zal veranderen van het ene tijdstip
naar het volgende. Hiervoor kan men zich vaak baseren op beschikbare
data of op de mening van een ervaringsdeskundige. Deze lokale uitspra-
ken worden dan wiskundig voorgesteld door een van de drie imprecieze-
waarschijnlijkheidsmodellen die we zojuist hebben beschreven. Hoewel
men vaak wel een idee heeft over het lokale gedrag, zijn we uiteindelijk
voornamelijk ge•nteresseerd in de meer globale kenmerken of eigenschap-
pen van een stochastisch proces. Zulke kenmerken zijn bijvoorbeeld boven-
en ondergrenzen op de verwachte tijd tot bereik, en boven- en ondergrenzen
op verwacht tijdsgemiddeld gedrag. Om conclusies te kunnen trekken over
zulke globale aspecten willen we de lokale modellen uitbreiden en combi-
neren tot een enkel globaal model, dat in ons geval de vorm zal aannemen
van een globale bovenverwachtingswaardeoperator. ZoÕn globale bovenver-
wachtingswaardeoperator is wiskundig gezien een uitgebreid-re‘lwaardige
functionaal wiens eerste argument een uitgebreid-re‘lwaardige functie of
veranderlijke is op de ruimte van alle mogelijke oneindige toestandsrijen,
en wiens tweede argument een speciÞek soort conditionerende gebeurtenis
is.

Globale bovenverwachtingswaardeoperatoren kunnen verkregen wor-
den op veel verschillende manieren. We behandelen eerst drie soorten
zogenoemde Þnitaire bovenverwachtingswaardeoperatoren. Deze boven-
verwachtingswaardeoperatoren worden gekarakteriseerd door de gemeen-
schappelijke eigenschap dat ze de lokale modellen uitbreiden zonder ge-
bruik te maken van enige continu•teitsaannames Ð daarom noemen we ze
dus Þnitair. De deÞnities van deze modellen zijn relatief eenvoudig en steu-
nen op concepten die welgekend zijn in de imprecieze waarschijnlijkheids-
leer. Er is er een die afgeleid is uit het concept van een verzameling van
aanvaardbare gokken, een die de vorm aanneemt van bovengrenzen op de
verwachtingswaarden die overeenkomen met een verzameling van globale
Ð eindige additieve Ð waarschijnlijkheden, en een die axiomatisch gedeÞni-
eerd wordt, als de natuurlijke extensie onder conditionele coherentie. We
behandelen de wiskundige eigenschappen van deze globale operatoren, pre-
senteren alternatieve karakteriseringen, en tonen aan dat, als de lokale mo-
dellen waarvan deze globale modellen zijn afgeleid in overeenstemming zijn
met elkaar, alle Þnitaire bovenverwachtingswaardeoperatoren samenvallen.
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Anderzijds zullen we ook zien dat deze Þnitaire bovenverwachtingswaarde-
operatoren enkel geschikt zijn voor gebruik op het domein van begrensde
Þnitaire veranderlijken; dit zijn begrensde re‘lwaardige functies die afhan-
gen van de toestanden van het proces op slechts een eindig aantal tijdstip-
pen. Dit domein is niet groot genoeg voor de meeste praktische doeleinden
en daarom zijn we ertoe genoopt om andere, meer complexe soorten globale
bovenverwachtingswaardeoperatoren te onderzoeken.

Een eerste dergelijke soort globale bovenverwachtingswaardeoperator
die we bekijken is de speltheoretische bovenverwachtingswaardeoperator,
ingevoerd en bestudeerd door Shafer en Vovk [85, 86]. Zulke globale ope-
ratoren starten, op een lokaal niveau, van verzamelingen van aanvaard-
bare gokken, of soms van lokale bovenverwachtingswaardeoperatoren, en
gebruiken dan toelaatbare gokstrategie‘n Ð supermartingalen Ð om deze
lokale informatie om te zetten naar globale bovenverwachtingswaarden.
Meer concreet geeft de speltheoretische bovenverwachtingswaardeopera-
tor het minimale startkapitaal aan waarmee iemand, door een toelaatbare
gokstrategie te kiezen en aan te houden, met zekerheid uiteindelijk meer
geld zal hebben dan de onzekere prijs die verbonden is met de beschouwde
veranderlijke. Verschillende versies van de speltheoretische bovenverwach-
tingswaardeoperator zijn in het verleden gebruikt en we tonen eerst aan
waarom een speciÞeke versie te verkiezen is boven alle anderen. Vervol-
gens bewijzen we een hele reeks eigenschappen voor deze operator, met een
bijzondere klemtoon op zijn continu•teitseigenschappen. We tonen onder
andere aan dat hij voldoet aan continu•teit ten opzichte van naar onder be-
grensde stijgende rijen, continu•teit ten opzichte van dalende rijen van naar
boven begrensde Þnitaire veranderlijken, en continu•teit ten opzichte van
dalende onder-sneden. Deze eigenschappen zijn beduidend sterker dan die
van de Þnitaire bovenverwachtingswaardeoperatoren, waardoor de spelthe-
oretische bovenverwachtingswaardeoperator geschikter is voor het gebruik
op een algemeen domein.

Daarnaast introduceren en behandelen we ook een globale bovenver-
wachtingswaardeoperator die afgeleid is uit het concept van een (aftelbaar
additieve) waarschijnlijkheidsmaat. Meer bepaald starten we van lokale
verzamelingen van massafuncties, vervolgens combineren we ze en breiden
we ze uit tot een verzameling van globale waarschijnlijkheidsmaten, en tot
slot deÞni‘ren we de geassocieerde globale bovenverwachtingswaardeope-
rator als de kleinste bovengrens van de verwachtingswaarden afgeleid uit
deze verzameling van globale waarschijnlijkheidsmaten. Door gebruik te
maken van (Lebesgue-)boven-integralen, wordt het domein van deze ope-
rator bovendien uitgebreid zodat het ook niet noodzakelijk meetbare ver-
anderlijken bevat. We onderzoeken de eigenschappen van deze maatthe-
oretische operator, en tonen in het bijzonder aan dat zijn continu•teitsei-
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genschappen gelijkaardig zijn aan die van de speltheoretische bovenver-
wachtingswaardeoperator. Deze eigenschappen stellen ons vervolgens in
staat om te bewijzen dat deze twee soorten operatoren samenvallen op een
betrekkelijk groot domein van veranderlijken; een domein dat de meeste
praktisch relevante veranderlijken bevat.

Een laatste soort globale bovenverwachtingswaardeoperator die we be-
kijken is axiomatisch gedeÞnieerd, gelijkaardig aan de Þnitaire axiomati-
sche globale bovenverwachtingswaardeoperator, met dit belangrijk verschil
dat er nu een continu•teitsaxioma wordt toegevoegd als een van de karak-
teriserende axiomaÕs. Twee enigszins verschillende versies van dit continu-
•teitsaxioma Ð en dus ook van de resulterende axiomatische globale boven-
verwachtingswaardeoperator Ð worden behandeld; het ene is zwakker dan
het andere, maar aangezien ze allebei enkel betrekking hebben op rijen van
begrensde Þnitaire veranderlijken zijn ze eigenlijk beiden relatief zwak. We
tonen aan dat de axiomatische globale bovenverwachtingswaardeoperator
gebaseerd op het sterkere axioma samenvalt met de speltheoretische boven-
verwachtingswaardeoperator, en daardoor ook op een groot gebied samen-
valt met de maattheoretische bovenverwachtingswaardeoperator. Ander-
zijds kan de axiomatische globale bovenverwachtingswaardeoperator ge-
baseerd op het zwakkere axioma kan gezien worden als een Ôimprecies-
probabilistischeÕ veralgemening van de Daniell-integraal [19]. We tonen
aan dat, hoewel deze globale bovenverwachtingswaardeoperator in som-
mige gevallen te conservatief is, hij desondanks op een groot gebied sa-
menvalt met zijn axiomatisch sterkere tegenhanger, en dus veel van zijn
gewenste eigenschappen overneemt.
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Probability measures are without doubt amongst the most common and cel-
ebrated mathematical tools to quantify beliefs and draw inferences about
the uncertain evolution of a discrete-time stochastic process [33, 52, 54,
90]. Recent decades however have seen the rise of an entire family of alter-
native and more general uncertainty models, which we commonly refer to
as imprecise probability models [3, 83, 106, 110]. These models are charac-
terised by the common property that they allow reasoning to be performed
in an informative and conservative way, even in those situations where it
is infeasible or inappropriate to specify a single probability measure. Such
situations may for instance arise when data about the considered stochastic
process is scarce, or when expert judgements are conßicting.

However, with the exception of game-theoretic upper and lower expec-
tations [ 85, 86], most imprecise probability models were not speciÞcally
designed with the stochastic processes setting in mind. This setting is some-
what unique, and it is often not clear how imprecise probability models
canÑand shouldÑbe adapted and applied to it. Some of the approaches
that we will discuss here are not entirely new, and can be seen as modiÞed
versions of already existing approaches. Some others, then, are suggestions
of our own invention. Yet, whatever their origin, it is the possible proper-
ties of such adapted imprecise probability models that will turn out to be
decisive for reaching acceptance amongst a broad audience. Our aim in this
respect is to clarify, to shed light on the characteristic properties of these
models, and to bring forth the mathematical relations that either tie them
together or set them apart.

1.1 Context and motivation

A stochastic process can be roughly described as any system or phe-
nomenon that changesÑtypically over timeÑin an uncertain way. Such
processes are omnipresent and we have to deal with them in everyday life.
Think for instance of the COVID pandemic and the related number of in-
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fected people. Or, not unrelated to this, the ßuctuations of the stock market.
A good understanding of such processes has never been more vital.

This dissertation is not a work on medicine or virology though, and
neither is it concerned with Þnance. We study stochastic processes from
a purely mathematical perspective, where they are regarded as collections
of uncertain variables or uncertain states indexed by time. We focus on
discrete-time stochastic processes [35, 45, 54, 86, 90], which are processes
whose time index takes values in the set of natural numbersÑthis in con-
trast with continuous-time stochastic processes [33, 52] where time takes
values in the set of positive real numbers. Such processes are typically ac-
companied by a number of parameters that describeÑin a non-deterministic
mannerÑthe (uncertain) values of the individual uncertain states. From
these parameters one aims to draw global inferences such as, for instance,
average/ergodic behaviour or expected hitting times. The mathematical re-
search on discrete-time stochastic processes, and in particular on discrete-
time Markov chains [45, 48, 54], has been going on for more than a cen-
tury, and our acquired insights about them are being applied extensively in
a wide variety of scientiÞc Þelds, including mathematical Þnance [71, 79],
queueing theory [2, 71], biology [ 36, 41] and many more. Moreover, it
is worth noting that the mathematical treatment of discrete-time stochastic
processes goes back to the pioneering work of Huygens, de Fermat and Pas-
cal [51, 84]Ñoften associated with the very dawn of probability theoryÑ
where they Þrst appeared as chance games between two or more players.

The act of modelling a discrete-time stochastic process almost always
starts o! on a local level, where we quantify beliefs about how the process
is likely to change from one time instant to the next. That is to say, for any
time instant " # 0 and for every possible evolution of the process up to
time " , we make non-deterministic (or probabilistic) statements about the
state #" +1 at the next time instant. For instance, in the case of the COVID
pandemic, we typically specify the expected number of people that will be
infected by tomorrow or next week (being #" +1), based on a growth ratio
and the number of infected people during the past week or month. If such
local assessments are expressed in terms of probability mass functions or
probability distributions on the possible values of the next state #" +1, and
if these probabilities only depend on the current state of the process and
not on any past states, then we say that the process is a Þnite-state Markov
chain [45, 48, 54]Ñfor instance, for the COVID pandemic, if our probabil-
ity distribution for tomorrowÕs number of infected people only depends on
todayÕs number of infected people and todayÕs growth ratio, and not on any
past values of these variables. Markov chains are only special cases though,
and in general, assessments about the incremental change of the processÕs
state may depend on the entire history of the process, and may also be
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mathematically expressed in terms of various uncertainty models di! erent
from probability mass functions or probability distributions. One restricting
assumption that we always make, though, is that the processÕs state#" at
any given time instant " can only take a Þnite numberof di! erent possible
values.

One starts from local assessments because they are typically what is
readily available from data or expert knowledge, yet our eventual interest
typically lies in more global features of the stochastic process. This could in-
volve, for instance, the time average of a real-valued function on the states
of the process, or the time until the process state will attain a certain value.
In the case of the COVID pandemic, a typical question of interest would
be: Ôwhat is the expected time until all available intensive care beds in the
country are occupied?Õ The local uncertainty models do not tell us anything
about such featuresÑat least not directly. As such, we are confronted with a
challenge central in the study of all discrete-time stochastic processes:ÔHow
do we combine and extend local uncertainty models such that we can make
informative judgements about global properties of the process?Õ

As it often goes with questions of considerable importance, this one too
does not have a single all-encompassing answer. There are many possible
routes one can follow, each with their own strengths and ßaws. Perhaps
the most famousÑor infamous depending on oneÕs perspectiveÑone is the
measure-theoretic approach [5, 32, 81, 90, 112]. In this approach, the local
probabilities are combined and extended to a single (countably additive)
global probability measure on a su" ciently large domain of global eventsÑ
subsets of the space of all possible trajectories of the process. These global
probability measures then lead, by means of integration, to expectations,
which can on their turn be used to draw inferences.

Yet, in spite of its popularity, the measure-theoretic approach has some
drawbacks. One, for instance, is the multitude of abstract mathematical con-
cepts on which the theory is founded, which may hinder users to come to
grips with the practical meaning of the treated objects. The most important
however, we feel, is the fact that the theory assumes that beliefs about the lo-
cal dynamics can be modelled, for every possible history up until some time
instant, by a single probability mass function. When information or data
about the process is scarce, for instance due to time or budget restrictions, or
when it is inconsistent, for instance due to conßicting expert statements, it is
often unwarranted to specify such a single mass function [110]. During the
start of the COVID pandemic, for example, there was little epidemiological
data on which we could rely and, on top of that, expert opinions were seri-
ously divided. In those situations, we are typicallyÑor should beÑinclined
to act conservatively and only make partial judgements about probability
mass functions, leading us to consider an entire set of ÔplausibleÕ probability

3



Introduction

mass functions. In fact, in some cases, even sets of probability mass func-
tions do not su" ce or are not the appropriate tool to express a subjectÕs
beliefs.

To model the local dynamics in a more general and robust manner, we
instead use three types of so-calledimprecise probability models[ 3, 83, 106,
110]. One type of model are the sets of probabilitiesÑalso known as credal
sets1Ñmentioned above. Another model are sets of acceptable gambles,
where a subject expresses its beliefs about an uncertain phenomenon by
simply specifying which gamblesÑuncertain payo! s depending on the out-
come(s) of the phenomenonÑshe is willing to accept (or reject). Lastly, we
also consider upper expectations; these are generalisations of the traditional
(linear) expectations and can be interpreted either behaviourally, as a sub-
jectÕs inÞmum acceptable selling prices for gambles, or probabilistically, as
upper bounds on the expectations corresponding to a set of probabilities.

Though locally we will consider all three of the above imprecise prob-
ability models, in the end, on a global level, we will only be interested in
the resulting upper expectations or, better, the global upper expectations.
Mathematically speaking, such a global upper expectation is an operator
that associates with each (possibly extended) real-valued function/variable
$ on the sample spaceÑthe set of all possible inÞnite paths that the pro-
cess can followÑand any conditioning event2 %, an extended real number,
which we simply call the upper expectation of $ conditional on %. One rea-
son for our focus on global upper expectations is that these operators arise
naturally in both a behavioural framework with sets of acceptable gambles
and a probabilistic framework with sets of probability charges or measures.
More important is that, regardless of the framework one works in, (global)
upper expectations are typically of central interest when one aims to draw
inferences about a stochastic process. In that respect, they fulÞl the same
role as traditional linear expectations, with the caveat that they only provide
us with upper and lower bounds3 rather than precise numerical values for
inferences such as expected time-averages or expected hitting times. Yet,
this should not alarm us, nor surprise us; these partial judgements are only
a result of the fact that the local models were designedÑin contrast to tra-
ditional precise modelsÑwith the purpose to correctly distinguish between

1The term Ôcredal setÕ is used more speciÞcally to refer to sets of Þnitely additive probability
charges that are closed and convex.

2Strictly speaking, the conditioning events will not be general subsets of the sample space,
but will always assumed to correspond to a (single) possible history of the process up until
some Þnite time instant.

3Lower bounds are provided by (global) lower expectations rather than (global) upper ex-
pectations. Nonetheless, lower expectations are mathematically speaking equivalent to upper
expectations because they can be put in a one-to-one relationÑthis relation is often called the
conjugacy relationÑhence, why we focus on upper expectations only.
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what is known and what is not known. Hence, the upper and lower bounds
provided by global upper expectations allow us, in the end, to reason in
a way that is more robust and conservative with respect to our own igno-
rance.4

The Þeld of imprecise probabilities is, compared to traditional probabil-
ity theory, still in its infancy. For the purpose sketched above, where we
want to extend local models to a single global upper expectation, one could
employ numerous possible methods. Yet some of them have never been ap-
plied in this speciÞc context before. Others are simply badly documented.
A Þrst aim of this dissertation is to clarify on this account, by providing an
overview of the possible approaches and presenting suitable deÞnitions for
each of themÑsometimes developed here for the Þrst time. We distinguish
between six types of global upper expectations, depending on the type of
local model they start from and the extension arguments they rely on.

A Þrst class are the Þnitary global upper expectations. There are three of
them; one based on sets of Þnitely additive probabilities, one based on sets
of acceptable gambles, and one axiomatic type that is based on the notion
of conditional coherence for upper expectations [106, 110, 113]. We call
them Þnitary because they extend local models solely employing Þnitary
argumentsÑno continuity arguments are involved. Their deÞnitions are
simple and intuitive, and follow from applying concepts well-known within
imprecise probability theory. Their critical shortcoming, however, is that
they only work well for functions on the sample space that are bounded and
ÞnitaryÑthe latter meaning that the function only depends on the states of
the process up to some Þnite time instant. This domain is insu" cient for
many practical purposes; the hitting time of a certain state value, for in-
stance, is a function on the sample space that depends on the entire inÞnite
path taken by the process and that may sometimes take the value+$ .

A second andÑwe thinkÑmore interesting class of global upper expec-
tations are those whose deÞnition involves one or more continuity assump-
tions. Such continuity assumptions allow us to broaden the domain of vari-
ables that can be mathematically reasoned with in a meaningful way. More
speciÞcally, these continuity-based operators allow us to reason with ex-
tended real-valued (not necessarily Þnitary) functions on the sample space,
including hitting times/probabilities or limiting time averages. The catch,
though, is that their analysis is considerably more challenging.

A Þrst such type of global upper expectation can be seen as a general-
isation of the measure-theoretic (linear) expectations that we spoke about
earlier. The starting point are sets of local probability mass functionsÑone

4Apart from WalleyÕs seminal work [110], we also recommend [57, Chapter 1] for a short
but excellent read on the motivation for upper expectations in stochastic processes.
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set for each possible Þnite history of the process. We pick a single probability
mass function from each of these sets and then construct a corresponding
global probability measure by using techniques familiar from classical mea-
sure theory.5 By repeating this for every possible selection of local probabil-
ity mass functions, we obtain an entire set of compatible global probability
measures. The resultingmeasure-theoretic upper expectationis then obtained
by taking an upper envelope over the expectations associated with this set
of global probability measures.

A second type of continuity-based global upper expectation that we
study are the game-theoretic upper expectationsintroduced and advocated
by Shafer and Vovk [85, 86]. As the name itself suggests, these operators
are derived from a game-theoretic type of reasoning, where the speciÞca-
tions of the local models, in the form of sets of acceptable gambles or up-
per expectations, characterise the moves of a Þrst playerÑÔForecasterÕÑand
where a second playerÑÔSkepticÕÑaims to become rich by betting against
ForecasterÕs moves. The possible evolutions of SkepticÕs capital form (su-
per)martingales, and the corresponding global upper expectation of a func-
tion $ is the smallest possible value for which there is a (super)martingale
that starts in this value and eventually hedgesÑexceeds the value ofÑ$.6

Game-theoretic upper expectations are attractive because they combine a
high level of generality with an easy-to-use constructive ßavour, while still
satisfying many powerful limit laws and continuity properties. These advan-
tages have already led to game-theoretic upper expectations being applied
in a multitude of occasions [8, 26, 58, 60, 88].

Last in our list of continuity-based upper expectations is a suggestion of
our own. It is an axiomatic model that aims to combine the intuitive and uni-
versal elements of the Þnitary global upper expectations, and the powerful
mathematical properties of the continuity-based global upper expectations.
The axioms on which its construction is based are clear and simple; it is a
combination of the well-known coherence properties and a single, rather
weak continuity property. A conservativity argument is furthermore used
to determine, amongst all the global upper expectations that satisfy these
properties, our unique desired axiomatic model.

Apart from presenting, motivating and developing possible approaches
to arrive at a global upper expectation, a second aim of this dissertationÑ
which of course partially inßuences the ÞrstÑis to study the properties of
these global upper expectations. In particular, a considerable part of our
work is devoted to provingÑand disprovingÑcontinuity properties. Such

5The continuity assumption in this case comes disguised under the form of countable ad-
ditivity, which is by deÞnition satisÞed for a probability measure.

6The continuity assumption here comes disguised under the fact that we allow super-
martingales to hedge the considered variable at ÔinÞnityÕ.
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Figure 1.1 Overview of the approaches treated in this dissertation.

continuity properties are important from both a theoretical and a practi-
cal point of view, but their relevance is perhaps best illustrated by simply
recalling measure-theoretic expectations and how two of their most cele-
brated propertiesÑthe dominated convergence theorem and the monotone
convergence theoremÑhave contributed to the success of measure theory
in modern probability theory.

A Þnal aim of the dissertation is to establish relations between the dif-
ferent types of global upper expectations. We will show that all Þnitary
global upper expectations coincide, at least if their respective local models
are chosen in accordance with each other. More importantly, we will show
that the same is, to a large extent, true for the continuity-based global upper
expectations. The merit of such connections is obvious as they allow us to
take results, properties and algorithms developed for only one type of global
upper expectation and apply them to all other equivalent global upper ex-
pectations. Even more important is that, due to such results, we may arrive
at a consensus about the proper choice of an imprecise global model; any of
the three is suitable because, in the end, it does not matter which is chosen.

1.2 Related work

As already mentioned, the study of discrete-time stochastic processes
goes back to the work of Christiaan Huygens [51] in 1657, who himself
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was inspired by the conversations between Blaise Pascal and Pierre de Fer-
mat [ 20, 84]. The early 20th century saw a burst of developments in the Þeld
of measure theory, which were synthesized and used by Kolmogorov [56]
to form the mathematical foundations for his axiomatic approach to prob-
ability theory. Since then, probability theoryÑand the study of discrete-
time stochastic processes in speciÞcÑhas been largely based on measure-
theoretic principles.

In spite of this popular status, it seems that relatively little attention was
devoted to rigorously developing a measure-theoretic approach in a stochas-
tic processes setting where initial local models come in the form of sets of
probabilities. Some considerable e! ort has already been put into generalis-
ing probability-based precise models for speciÞc types of processes [10, 45,
92], but this research typically only involves global (upper and lower) ex-
pectations obtained from Þnitely additive probabilities (rather than count-
ably additive probabilities) and on the domain of Þnitary variablesÑin that
sense, they can hardly be called Ômeasure-theoreticÕ. On the other hand,
the study of Miranda & Za! alon [ 66] is in line with what we will do, in
the sense that it examines the continuity properties of upper and lower en-
velopes over sets of countably additive probabilities (or previsions). Unfortu-
nately though, this study is not adapted to the stochastic processes setting.
Lopatatzidis [62] proposes a measure-theoretic model that is very similar to
our measure-theoretic global upper expectation, yet his results focus mainly
on the domain of Þnitary bounded variables. A recently discovered contribu-
tion is that of Cohen et al. [ 7]; their extended sub-linear expectations seem
closely related to our global measure-theoretic upper expectations, yet the
work in [ 7] seems to be mainly concerned with integrability conditions and
martingale properties, rather than properties of the global sub-linear expec-
tation operatorÑa more thorough examination is required before we can do
precise statements though. Finally, there is also the well-established theory
of capacities and Choquet integration as introduced by Choquet [6] and fur-
ther developed by Dellacherie [28], Denneberg [31], and Greco [42, 43].
This theory generalises the classical measure-theoretic picture to deal with
imprecision by using a capacity instead of a single probability measure. The
corresponding extension procedures are not speciÞcally designed for the set-
ting of stochastic processes, yet the adaptation to this setting is rather im-
mediate and the resulting method is then close in spirit to what we will do
here. Nonetheless, the notion of a capacityÑa speciÞc type of non-additive
measureÑis less general than the sets of probability charges/measures that
we will consider [ 14, 31, 106].

The relative lack of interest in measure-theoretic models within the Þeld
of imprecise stochastic processesÑand imprecise probabilities in generalÑ
is most likely due to the fact that imprecise probabilities has its roots in
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the work of de Finetti [ 27], P. M. Williams [ 113] and Walley [ 110], who
all took betting behaviour rather than probability measures as a primitive
notion. The notion of coherenceÑcentral in the betting based approach
of [ 113] and [ 110]Ñhas not been applied very often within the context
of discrete-time stochastic processes, except for those instances where the
process involves Þnitely many time steps, or where the variables of inter-
est are of the Þnitary type [9, 11, 25]. A more popular tool seems to be
the game-theoretic upper expectations developed by Shafer and Vovk [85,
86, 109]. Shafer and Vovk themselves drew inspiration from the work of
Ville [ 107], whose ideas did not receive immediate recognition and were
unjustly overlooked by many. Since the release of Shafer and VovkÕs Þrst
book [86] however, game-theoretic probabilities and functionals have be-
come signiÞcantly more popular, leading to a multitude of advances [8, 9,
60, 62, 85, 88, 101]. Our contributions to the Þeld of game-theoretic upper
expectations can be found in, among others, [95, 97, 98].

Finally, a related line of research that came under our attention only
recently, is that on the non-linear expectations introduced by Peng [73].
Especially the contributions of Denk et al. [30], Nendel [ 68] and, as men-
tioned earlier, Cohen et al. [7] bear a close connection with our work and
deserve to be further investigated.

1.3 Overview of the chapters

We start our narrative in Chapter 217 with the introduction of three im-
precise probability models: sets of probabilities, sets of acceptable gambles
and coherent upper (and lower) expectations. We consider a single un-
certain variable taking values in a Þnite possibility space, and show that a
subjectÕs beliefs about such a variable can be suitably expressed in either of
these three models. We employ well-known results by P. M. Williams [113]
and Walley [110] to establish close connections between the three models,
and also brießy discuss some extension methods.

The possibility space in Chapter217 is assumed Þnite, because the mod-
els introduced there are used in Chapter345 to deÞne the local models of
our discrete-time stochastic processes, the state space of which we assume
to be Þnite. After we have done so, Chapter345 splits into three major sec-
tions; each of them is devoted to a single type of local model, and shows how
these local models can be extended to a global upper expectation. These ex-
tensions will largely rely on rather well-establishedÑÞnitaryÑnotions such
as conditional coherence and conditional probability charges [18, 34, 106,
110, 113]. Due to the speciÞc context of stochastic processes, elegant alter-
native characterisations can be given for these three Þnitary global upper ex-
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pectations. One is that the acceptability-based global upper expectation can
be seen to coincide with a modiÞed type of game-theoretic upper expecta-
tion where supermartingales are required to hedge at a Þnite time horizon.
On the other hand, we also establish a convenient axiomatisation for the no-
tion of conditional coherence (for global upper expectations) and that of a
conditional probability charge. Finally, we show that all the di ! erent types
of Þnitary global upper expectations coincideÑif their respective local mod-
els are chosen in accordance with each otherÑand prove or disprove some
important properties. Crucially, we show that these Þnitary global upper
expectations lack basic continuity properties and are therefore unsuitable
to be applied on a general domain of variables.

The structure of Chapter 345 is then more or less repeated for the
continuity-based global upper expectations, but on a larger scale; Chap-
ter 4129 is devoted to game-theoretic upper expectations, Chapter5217 is
devoted to measure-theoretic upper expectations, and Chapter6283 studies
axiomatic continuity-based upper expectations. These three chapters form
the core of this dissertation, as most of our novel ideas and results are pre-
sented therein.

Chapter 4129 starts with a discussion of the di! erent possible deÞnitions
for a global game-theoretic upper expectation. We reason in a stepwise man-
ner, always enlarging the domain of variables, and making modiÞcations to
the originalÑmost basicÑdeÞnition in order to Þt our needs. This part also
involves procedures for extending the local modelsÑsets of acceptable gam-
bles, but also upper expectationsÑto deal with extended real-valued local
variables. Eventually, we end up with a version of the global game-theoretic
upper expectation that is equivalent to Shafer and VovkÕs latest version in
[ 85, Part II], but where our local models need not be expressed in terms of
upper expectations, but can also be expressed in terms of sets of acceptable
gambles. We then continue to present a series of fundamental results for this
global upper expectation; some of them have already been stated elsewhere,
and then we simply adapt their proofs to our setting; some of them are en-
tirely of our own invention. Among many other results, we prove a law of
iterated upper expectations, continuity from below, continuity from above
with respect to Þnitary gambles and FatouÕs lemma. At the end of the chap-
ter, we come back to the di! erent possible deÞnitions of the game-theoretic
upper expectation, and show that, in retrospect, the version adopted by us
in the preceding partÑand thus also the one adopted by Shafer and VovkÑ
could have been replaced by an equivalent but more intuitive and direct
version.

Chapter 5217 starts o! as one would expect, by introducing some stan-
dard measure-theoretic notions and terminology. We deÞne countable ad-
ditivity for the global (conditional) probability charges introduced in Chap-
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ter 345, and use the acquired so-called global probability measures to deÞne
conditional linear expectations on measurable extended real-valued vari-
ables. A variant of the upper Lebesgue integral will then provide us with a
suitableÑnon-linearÑextension to the domain of all extended real-valued
variables. In this precise setting, where we consider only a single local prob-
ability mass function for every possible history of the process, we show
that this measure-theoretic approach is entirely equivalent to the game-
theoretic approach. Afterwards, we consider the more general imprecise
setting where local models are given by sets of probability mass functions,
and deÞne the corresponding global measure-theoretic upper expectation
as an upper envelope over the compatible ÔpreciseÕ measure-theoretic upper
expectations. We then show that this imprecise measure-theoretic upper ex-
pectation satisÞes several types of continuity, which on its turn allows us to
infer that measure-theoretic upper expectations and game-theoretic upper
expectations coincide on a fairly large domain; it includes all bounded mea-
surable variables and, for closed local models, all monotone limits of Þnitary
gambles.

In Chapter 6283, we propose to modify the Þnitary coherence-based ap-
proach from Chapter 345 by simply adding an extra continuity axiom (and a
straightforward monotonicity axiom). We discuss several possibilities, and
come up with a speciÞc continuity axiom that su" ces for obtaining a global
upper expectation that is equally powerful as game-theoretic and measure-
theoretic upper expectations. In fact, we will show that this axiomatic global
upper expectation is always equal to the game-theoretic upper expectation,
and thus to a large extent also equal to the measure-theoretic upper expec-
tation. We moreover prove a series of alternative characterisations for this
axiomatic model, and show that it bears a close relationship with DaniellÕs
notion of an upper integral [ 19].

The dissertation is concluded in Chapter 7323, where we look at the
larger picture and explain what role our work might play in further research
on stochastic processes.

1.4 Publications

This manuscript contains much of what IÑwith the help of many fellow
researchersÑhave developed during the past four years as a PhD student.
Many of the presented results can already be found elsewhere, yet this book
aims to synthesize them into a single all-encompassing picture. SpeciÞcally,
this dissertation gathers results from the following publications.

(i) Natan TÕJoens, Gert de Cooman & Jasper De Bock. Continuity of the
Shafer-Vovk-Ville operator. In: Proceedings of the 9th International
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Conference on Soft Methods in Probability and Statistics . Vol. 832.
2018, pp. 200Ð207

(ii) Natan TÕJoens, Jasper De Bock & Gert de Cooman. In search of a global
belief model for discrete-time uncertain processes. In:Proceedings of
the 11th International Symposium on Imprecise Probabilities: The-
ories and Applications . Vol. 103. 2019, pp. 377Ð385

(iii) Natan TÕJoens, Jasper De Bock & Gert de Cooman. Game-theoretic up-
per expectations for discrete-time Þnite-state uncertain processes. In:
Journal of Mathematical Analysis and Applications 504 .2 (2021)

(iv) Natan TÕJoens, Jasper De Bock & Gert de Cooman. A particular upper
expectation as global belief model for discrete-time Þnite-state uncertain
processes. In:International Journal of Approximate Reasoning 131
(2021), pp. 30Ð55

(v) Natan TÕJoens & Jasper De Bock. Global upper expectations for discrete-
time stochastic processes: in practice, they are all the same! In:Pro-
ceedings of the 12th International Symposium on Imprecise Proba-
bilities: Theories and Applications . Vol. 147. 2021, pp. 310Ð319

The present work also includes various new ideas and results that have never
been published before. The most signiÞcant among these, we believe, are:

¥ The connections between the di! erent possible axiomatic (continuity-
based) approaches, and how these on their turn relate to an imprecise
Daniell-like approach; see Section6.3294 and Section6.4302.

More modest, but still noteworthy unpublished contributions are:

¥ Many of the deÞnitions and results presented in Chapter345, includ-
ing the equivalence between acceptability-based and (Þnitary) game-
theoretic global upper expectations [Section3.2.361], the axiomatisation
of conditional coherence [Section 3.4.181].

¥ The connections between local sets of acceptable extended real-valued
gambles and extended(-real valued) local upper expectations in Sec-
tion 4.3152.

¥ The results in Section5.4240 and Section 5.5249, which generalise many
of those in Publication (v) above to deal with local sets of probability mass
functions that are not necessarily closed and convex.

During my time as a PhD student, I have also engrossed myself in the theory
of imprecise discrete-time Markov chains. Imprecise Markov chains are gen-
eralisations of classical ÔpreciseÕ Markov chains, where local transition prob-
abilities are replaced by sets of local probabilities and where the Markov
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assumption applies to these sets as a wholeÑso these sets are assumed to
only depend on the current state of the process and not on any past states.7

The work presented here in this dissertation is intended for a setting with
general, not necessarily memoryless, local modelsÑwhether that be sets of
probabilities or other types of local modelsÑand so it in particular applies
to the setting of imprecise Markov chains.

My work on imprecise Markov chains has focused on the long-term time
average behaviourÑor ergodic behaviourÑof these stochastic processes,
and on practical algorithms for computing certain types of inferences. I
have chosen not to include this work in this dissertation though, because
I feel that a more coherent and convincing story can be told by restricting
myself solely to the study of global upper expectations.

My work on imprecise Markov chains can be found in the following ar-
ticles.

(vi) Natan TÕJoens, Thomas Krak, Jasper De Bock & Gert de Cooman. A
recursive algorithm for computing inferences in imprecise Markov
chains. In: Proceedings of the 15th European Conference on
Symbolic and Quantitative Approaches to Reasoning with Uncer-
tainty . Vol. 11726. 2019, pp. 455Ð465

(vii) Thomas Krak, Natan TÕJoens & Jasper De Bock. Hitting times and
probabilities for imprecise Markov chains. In: Proceedings of the
11th International Symposium on Imprecise Probabilities: Theo-
ries and Applications . Vol. 103. 2019, pp. 265Ð275

(viii) Natan TÕJoens & Jasper De Bock. Limit behaviour of upper and lower
expected time averages in discrete-time imprecise Markov chains.
In: Information Processing and Management of Uncertainty in
Knowledge-Based Systems, IPMU2020, Proceedings . Vol. 1237.
2020, pp. 224Ð238

(ix) Natan TÕJoens & Jasper De Bock. Average behaviour in discrete-time
imprecise Markov chains: a study of weak ergodicity. In: Interna-
tional Journal of Approximate Reasoning 132 (2021), pp. 181Ð
205

(x) Jasper De Bock & Natan TÕJoens. Average behaviour of imprecise
Markov chains: a single pointwise ergodic theorem for six di! er-
ent models. In: Proceedings of the 12th International Symposium
on Imprecise Probabilities: Theories and Applications . Vol. 147.
2021, pp. 90Ð99

7Strictly speaking, these are called imprecise Markov chainsunder epistemic irrelevance[ 8,
46].
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1.5 Navigating this dissertation

This work is divided into seven chaptersÑthe current introductory chap-
ter includedÑand is provided with a list of symbols and a bibliography near
the end. Chapters are divided into sections, which are themselves some-
times further divided into subsections or even subsubsectionsÑthe latter
will not be numbered. Chapters are often accompanied by one or more ap-
pendix sections, where we then gather results and proofs that we believe
would otherwise, due to their technical nature or considerable size, obscure
some of our arguments in the main text.

External references are denoted by a number between square brackets;
the corresponding number in the bibliography at the end of this manuscript
then gives the full reference to the appropriate piece of literature. So, for in-
stance, [33] is a book on stochastic processes written by Doob and published
in 1953. This dissertation also includes a multitude of internal references to
theorems, lemmas, propositions, equations, . . . To enhance readability, we
accompany these internal references with a subscript number that indicates
the page on which the referred content can be found; so Theorem4.4.4166

can be found on page166. If the content to which we refer is on the previous
or subsequent page, then the subscript number is replaced by the symbols
! and " respectively; if the content is on the same double-page spread,
then the subscript is omitted. For instance, the next section is Section1.6.

1.6 Some mathematical notations

We Þnish this initial chapter with the introduction of some basic notions
that will be used throughout the entire manuscript.

Number sets

We useN to denote the set of all natural numbers (without zero), and we
let N0 ! N %{0}. R is the set of all real numbers, and R# , R> and R<

are the subsets of, respectively, all non-negative, positive and negative ones.
We let R ! R %{+$ , &$ }, R> ! R> %{+$ } and R# ! R# %{+$ },
and we extend the strict total order relation < on R to R by positing that
&$ < & < +$ for all & ' R. We furthermore endow R with the usual
topology corresponding to the two-point compactiÞcation [40, Example 1
in Appendix C]. The open sets in R are then the open sets inR, the sets
{ ' ' R : ' > &} and { ' ' R : ' < &} for all & ' R, and any union of these
sets.

14
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Most of the arithmetical operations in R are extended to R in a trivial
way; we let &+ $ = +$ and && $ = &$ for all real &, +$ + $ = +$ and
&$ & $ = &$ , ( (+$ ) = (&( ) (&$ ) = +$ and (&( ) (+$ ) = ( (&$ ) = &$
for all ( ' R>. Two important and perhaps less obvious conventions are
that 0 (+$ ) = 0 (&$ ) = 0 and that +$ & $ = &$ + $ = +$ . The latter
is a typical convenient choice when working with upper expectations; see
[ 85, ÔTerminology and NotationÕ], where the same convention is adopted,
and [8], where the dual convention ( +$ & $ = &$ + $ = &$ ) is adopted
because it considers lower expectations as the primary objects. So with our
conventions, for example, ) # * implies that ) & * # 0, but not necessarily
0 # * & ) for any two ) and * in R.

We say that a sequence{&+}+' N in R is increasing if &+ ( &++1 for all
+ ' N, and decreasing if &+ # &++1 for all + ' NÑso a sequence that
remains constant is both increasing and decreasing. We say that{&+}+' N is
strictly increasing or strictly decreasing if similar but strict versions of the
respective inequalities hold.

The inÞmum and supremum of the empty set) are assumed to be equal
to +$ and &$ , respectively.

Extended real-valued functions

For any two setsX and Y, we useX Y to denote the set of all functions
$: Y * X . We let L ( Y) ! R Y denote the set of all extended real-valued
functions on Y,8 and let L b( Y) be the subset of all the bounded below
ones; that is, L b( Y) is the set of all functions $ ' L ( Y) for which there is
a &' R such that $(, ) # &for all , ' Y.

For any $ ' L ( Y), we let inf $ ! inf , ' Y $(, ) and sup $ ! sup, ' Y $(, ).
The binary relations =, ( , # , > and < on the set L ( Y) of gambles are al-
ways intended to be taken point-wise, unless mentioned otherwise. So, for
any two $, - ' L ( Y), we write $ ( - if $(, ) ( - (, ) for all , ' Y. Limits
of extended real-valued functions are also intended to be taken pointwise,
unless mentioned otherwise; so, for any $ and ( $+)+' N in L ( Y), we write
that lim +* +$ $+ = $ if lim +* +$ $+(, ) = $(, ) for all , ' Y. Similar conven-
tions are adopted for the limit inferior and limit superior of a sequence of
extended real-valued functions.

Furthermore, a sequence( $+)+' N in L ( Y) is called increasing if it is
pointwise increasing and decreasing if it is pointwise decreasing, and sim-
ilarly for the strict versions of these notions. Equivalently, we can say that

8We will often refer to extended real-valued functions as extended real-valued ÔvariablesÕ;
see Chapter345. However, this choice of terminology is somewhat tricky, as it may get confused
with the notion of an Ôuncertain variableÕ introduced in Chapter217, and so we therefore prefer
not to use it already here.
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( $+)+' N is increasing if $+ ( $++1 for all + ' N, and decreasing if $+ # $++1

for all + ' N.

Gambles

Given any non-empty set Y, a gamble $ on Y [ 75, 106, 110] is a(n) (ex-
tended) real-valued function on Y that is bounded , meaning that there is
a real number & # 0 such that && ( $(, ) ( &for all , ' Y. The set of all
gambles on Y is denoted byL ( Y). A speciÞc type of gamble that will often
be encountered is the indicator I% of a set %+ Y; it takes the value 1 for all
, ' %and 0 otherwise.

The conventions introduced above for extended real-valued functions
apply in particular to gambles. In this respect, it behoves us to mention that
it is somewhat unconventional to let > and < be point-wise operators be-
tween gambles; typically, the expression$ > - for any $, - ' L ( Y) is taken
to mean that $ # - and $ ! - , and similarly for the relation <. This alter-
native relation between two gambles will never be used in this dissertation
thoughÑthe only exception is in the notations that will be introduced next.

The setL # ( Y) denotes the set of all gambles$ ' L ( Y) such that $ # 0,
and similarly for L ( ( Y), L > ( Y) and L < ( Y). Moreover, we let L # ( Y) !
L ( ( Y) \ { 0} and L $ ( Y) ! L # ( Y) \ { 0} . In summary, we thus have that

L > ( Y) + L $ ( Y) + L # ( Y) and L < ( Y) + L # ( Y) + L ( ( Y).

The uniform closure cl (A ) of a set of gamblesA + L ( Y) is equal to
the set of all uniform limits of sequences in A [ 111, Theorem 11.7], [ 106,
Section 1.6]:

cl (A ) !
!

$ ' L ( Y) : lim
+* +$

sup|$& $+| = 0 for a sequence( $+)+' N in A
"

.

Furthermore, the positive linear span of a set of gamblesA is denoted by
posi (A );

posi (A ) ! {
# +

.=1 ( . $. : + ' N, ( . ' R>, $. ' A } .
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Consider a subject who is uncertain about the value that a variable/ takes
in some set Y, referred to as the possibility space of/ . The subject here
can be anyone/anything showing some form of intelligent or rational be-
haviour; be it You, Your Computer, or even Dear Mr. President. The vari-
able / might, for instance, be the state of the weather tomorrowÑin which
case{Sunny, Cloudy, Rainy} could be an appropriate choice for YÑor the
stock price of Apple Inc. for a given time instant in the futureÑin this case,
Y = R# , where any real number , ' Y is a price expressed in some cur-
rency. For obvious reasons,/ is then referred to as an ÔuncertainÕ or ÔrandomÕ
variable.

Given this general setting where we have a subject that is uncertain but
still has some beliefs about the value of an uncertain variable/ , how do
we quantify these beliefs? This is far from a trivial task and, essentially,
this simple question lies at the hart of every mathematical theory of uncer-
tainty. In general, one may choose from a broad spectrum of formalisms and
mathematical languages to do so. Most commonly, probabilities are used for
this purpose, but as we will argue in this chapter, and as we have already
brießy mentioned in Chapter 11, a single probability distribution or mass
function is in many cases too restrictive to correctly assess a subjectÕs be-
liefs. We will therefore instead use three more general types of models; sets
of probabilities, (coherent) sets of acceptable gambles and coherent upper
(and lower) expectations. They are part of a larger family of so-called im-
precise probability models , which aim to describe uncertainty in a robust
and informative manner in situations where, loosely speaking, it is unwar-
ranted to specify a single probability distribution. Within this family, the
three previously mentioned types of models are among the most popular
and general ones; see, for instance, [12, 15, 16, 17, 22, 46, 75, 91, 106,
110].

In the current chapter, we introduce these three types of imprecise
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Modelling uncertainty for Þnite possibility spaces

probability models in a gentle manner and only consider the simple case
where the uncertain variable / takes values in a Þnite non-empty pos-
sibility space Y. Our focus is on Þnite possibility spaces because theÑ
unconditionalÑuncertainty models treated here will be used in the follow-
ing chapters as local models in stochastic processes with a Þnite state space;
see Section3.1.248. Most of what we will present is directly borrowed from
the work of P. M. Williams [ 113] and Walley [ 110]. We introduce coherence
for unconditional upper expectations, discuss its connections with coherent
sets of acceptable gambles and sets of probabilities, and present the notion of
natural extension under coherence. Since much more is known about these
concepts than what we will present here, the current chapter may perhaps
appear rather dull or unimportant, especially to the better informed reader.
Yet, unimportant as it may seem, the simple set-up in this chapter forms a
perfect basis for some of our more involved arguments later on. Coherence,
for instance, will attain a more complex form in Chapter 345 when we apply
it to global upper expectations in a stochastic process. Most importantly, this
chapter already beautifully illustrates the special role that will be reserved
for (coherent) upper expectations in our entire story. They arise as objects
of interest in both behavioural frameworks such as that of sets of accept-
able gambles or game-theoretic probability, and probabilistic frameworks
such as that of Þnitely additive probabilities or measure-theoretic probabil-
ity, therefore forming the intersection between two complementary schools
of thought.

2.1 Modelling uncertainty with probabilities

One of the most common ways to model the beliefs of a subject is by
means of probabilities. A (Þnitely additive) probability on a Þnite possibil-
ity space Y is a function P that associates with each subset%+ Y a value
P(%) in the interval [0, 1] . This value P(%) expresses the degree to which
our subject believes that / will take a value in %; the closer this value is
to 1, the more likely our subject deems it that / ' %. The occurrence that/
takes a value in %is called an event; in fact, we will henceforth leave the
interpretation implicit, and simply call any subset 0 + Y an event. The
value P(%) for any event %is called the probability of %.

Probability charges and probability mass functions

Apart from the fact that a Þnitely additive probability PÑalso called a prob-
ability charge Ñshould take values in [0, 1] , it is also required to be nor-
malised and (Þnitely) additive. Normalisation says that the trivial event
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YÑthat is, / taking a value in YÑhappens with probability 1. Additivity
says that, for any two disjoint events %and 0, the probability of the event
%%0Ñthat is, / taking a value in either %or 0Ñis the sum of the proba-
bilities P(%) and P(0). The following deÞnition can be found in [ 5, 77, 89,
106], and uses the notation 1( Y) ! 2Y to denote the powerset of Y; the
set of all subsets ofY.

DeÞnition 2.1 (Probabilities/probability charges) . For any Þnite non-empty
set Y, we call P : 1( Y) * R a (Þnitely additive) probability or a probability
charge on Y if, for all %, 0 ' 1( Y),

P1. 0 ( P(%) [lower bounds];

P2. P( Y) = 1 [normalisation];

P3. %, 0 = ) - P(%%0) = P(%) + P(0) [Þnite additivity]. !

Since Y is assumed Þnite, it can easily be seen that probability charges
on Y are one-to-oneÑthere is a bijective relationÑwith probability mass
functions on Y. The latter can simply be seen as probability charges re-
stricted to the singletons in Y.

DeÞnition 2.2 (Probability mass functions). For any Þnite non-empty set
Y, we call 2: Y * R a probability mass function on Y if it takes values in
[0, 1] and is such that

#
, ' Y 2(, ) = 1. !

We use P( Y) to denote the set of all probability mass functions on
Y. We leave it to the reader to check that any probability mass function
2 ' P( Y) deÞnes a probability chargeP : 1( Y) * R by the relation
P(%) !

#
, ' % 2(, ) for all %' 1( Y), and that any probability charge P has a

unique probability mass function 2 to which it is related in this way. Since,
probability mass functions are equally as general as probability charges on
Y, we prefer to use probability mass functions because of their simplicity.

Example 2.1.1. Consider a possibility spaceY = { ) , * , &} consisting of
three elementsÑthese may for instance be three possible answers to a ques-
tion, and / is then the (unknown) correct answer. Let 2: Y * R be such
that 2() ) = 2(* ) = 2(&) = 1

3 . Then 2 is a probability mass function on
Y; more speciÞcally, it models the situation where our subject deems it
equally likely that the correct answer / is ) , * or &. Then 2 is also some-
times called the uniform distribution . Note that, for the probability charge
P corresponding to 2, we have that P({ ) }) = P({ * }) = P({&}) = 1

3 , that
P({ ) , * }) = P({ * , &}) = P({ ) , &}) = 2

3 , that P({ ) , * , &}) = 1 and that
P() ) = 0. "
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Modelling uncertainty for Þnite possibility spaces

A note on the interpretation of probabilities

We always interpret probabilities in a subjective way [27, 39, 110]; they
represent the beliefs of a person or a machine that is uncertain with respect
to some entity or phenomenon. These beliefs may be based on collected
data or experience, or just mere facts; e.g. COVID-vaccines make people less
susceptible to become infected by COVID. Yet, any two subjects need not to
assess the same probabilities to the di! erent possible outcomes; for their be-
liefs may be based on classiÞed data or personal experience, or sometimes
an incomprehensible reasoning. The subjective interpretation of a probabil-
ity is also called the epistemic interpretation, and this interpretation can
further be divided into di ! erent sub-interpretations [110]. One of them is
the behavioural interpretation that was advocated by de Finetti [ 27]; prob-
abilities then represent betting behaviour or preferences between a number
of possible actions. This behavioural interpretation is similar to the philos-
ophy underlying the sets of acceptable gambles framework, which we will
introduce shortly in Section 2.326.

In contrast with the subjective approach above, we could also interpret
probabilities in a frequentist or aleatoric way [39, 69]. Probabilities are
then considered to be physical properties of the system, not depending on
an observer. More precisely, the frequentist probability of an event is the
relative frequency of the times that this event occurs in a long series of ob-
servations; e.g. the probability of landing Heads when tossing a fair coin is
assumed to be 1

2 , because we land Heads half of the time when perform-
ing this experiment over and over againÑfor a su" ciently long time. This
frequentist interpretation of probability has a few drawbacks though; it is
highly unpractical since probabilities are to be derived from empirical study
onlyÑfor instance, we cannot rely on the (subjective) judgements of an
expertÑand, perhaps more alarming, the interpretation only holds under
the assumption that experiments can be repeatedÑe.g. Ôwhat is the 50th
decimal digit of 3?Õ. On the other hand, note that the subjective interpre-
tation always allows a subject himself/itself to employ a frequentist inter-
pretation. Because of this higher level of ßexibility, we choose to adopt the
subjective interpretation. Nonetheless, none of our mathematical results ac-
tually hinge on this interpretation.

Gambles and expectations

A real-valued function $ on Y is called a gamble on Y; note that, since we
are considering Þnite Y, any gamble on Y is always bounded , and so our
choice of terminology here is in accordance with the traditional terminology;
see Section1.616. A gamble $ may represent an actual gamble; in that case
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2.1 Modelling uncertainty with probabilities

the uncertainÑpossibly negativeÑreward is equal to $(, ) if the value of / is
, ' Y, with $(, ) being a price expressed in some given currency. In general,
however, we do not restrict ourselves to this interpretation and interpret a
gamble $ as an abstract uncertain quantity that depends on the value of/ .
The set of all gambles onY is denoted by L ( Y).

Given a probability mass function 2 on Y, we use the corresponding
expectation E2 to make statements about gambles inL ( Y); it is deÞned
by

E2( $) !
$

, ' Y

2(, ) $(, ) for all $ ' L ( Y). (2.1)

The value E2( $) for any $ ' L is then called the expected value of, or
simply the upper expectation of $. Using a frequentist interpretation, such
an expected valueE2( $) then represents the average value of$ taken over
a large number of observations of / . Our subjective interpretation, how-
ever, leaves room for whatever interpretation one prefers; for instance, an
expected valueE2( $) may represent a subjectÕs fair price for the gamble$,
where $ is then interpreted as an actual uncertain reward depending on
the value of / . We will come back to the interpretation as fair prices in
Section 2.3.229.

Expectations are often an object of interest in probability theory because
they allow us to draw general inferences about a system, which can on its
turn lead to making decisions.

Example 2.1.2. Taking into account the mental state of your girlfriend, wife
or husbandÑHappy ( 4 ), Tired ( 5) or Emotionally unstable ( 6)Ñ, should
you continue discussing a delicate topic, or stop and go read a book? We
represent the former action by the gamble $1 = ( $1(4 ), $1(5), $1(6)) =
(1, 0, &5) that turns out well ( $1(4 ) = 1) if / is equal to 4 , but turns out
very bad ( $1(6) = &5) if / = 6. The latter action is represented by the gam-
ble $2 = ( $2(4 ), $2(5), $2(6)) = (0, 1, &1) that turns out well ( $2(5) = 1) if /
is equal to 5, but also turns out somewhat bad ($2(6) = &1) if / = 6. If we
assessÑpurely hypotheticalÑthe probabilities of 4 , 5 and 6 as respectively
3
6 , 2

6 and 1
6 , then we obtain that E( $1) = &2

6 and E( $2) = 1
6 . Hence, the ex-

pectation of $2 is higher than that of $1, and you should therefore deÞnitely
continue reading this book. "

The following straightforward proposition says that expectations derived
from probability mass functions are always linear operators, which is why
we often call them linear expectations .

Proposition 2.1.3. For any probability mass function 2 on Y, any
$, - ' L ( Y) and any ( ' R,
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Modelling uncertainty for Þnite possibility spaces

(i) inf $ ( E2( $) ( sup $1 [bounds];

(ii) E2( $+ - ) = E2( $) + E2(- ) [additivity];

(iii) E2(( $) = ( E2( $) [homogeneity].

Proof. These properties can be straightforwardly derived from the deÞnitions of 2
[DeÞnition 2.219] and E2 [Eq. (2.1)! ].

Conversely, given an expectationE satisfying the properties (i) Ð(iii)
above, the restriction of this expectation operator to the space of all indi-
cators forms a probability charge. Indeed, it can easily be checked that the
set function P : 1( Y) * R deÞned by P(%) ! E(I%) for all % ' 1( Y)
then satisÞesP119ÐP319, and is therefore a probability charge on YÑrecall
Section 1.616 for the deÞnition of an indicator I%.

2.2 Modelling uncertainty with sets of probabilities

In the previous section, we have modelled a subjectÕs beliefs with a single
probability mass function on Y or, equivalently, a single probability charge
on Y. However, it may well be that a subject is unable or not willing to
specify such a single probability mass function. This especially occurs when
there is a lack of data or information about the system at hand, or when our
subject bases himself on conßicting expert advise (or other information).
Forcing our subject to choose a single probability mass function may then
lead to unwarranted decisions, as is illustrated by the next example.

Example 2.2.1. Consider a container with (possibly) three types of
coloured balls contained in it; red ones, green ones and blue ones. There are
6 balls in total, and exactly 2 of them are red. There is no other information
givenÑthe remaining 4 balls may be all green, all blue, or any combination
of these colours. If / is the (uncertain) colour of a ball drawn from this
container, what is the probability of drawing Red, Blue or Green?

We have that Y = {7, 0, 8 } and we can assume the probability2(7) to
be equal to 2

6 . Yet, we have absolutely no idea about the values of the prob-
abilities 2(8 ) and 2(0) apart from the fact that they lie between 0 and 4

6 .
In standard ÔpreciseÕ probability theory this lack of knowledge or beliefs is
typically modelled by assuming the probabilities 2(8 ) and 2(0) to be equal.
The expectation of the gamble $ = ( $(7), $(8 ), $(0)) = (&1, &1, 3) would
then become

E( $) = $(7)29(7) + $(8 )29(8 ) + $(0)29(0) = &1 2
6 & 1 2

6 + 3 2
6 = 2

6 > 0

1Since the possibility spaceY is Þnite here, the inÞmum and supremum can be replaced
by a minimum and a maximum.
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2.2 Modelling uncertainty with sets of probabilities

Hence, according to the reasoning above,$ is a gamble with positive ex-
pected pay-o! Ñif for a minute we interpret its values as actual pay-o ! sÑ
and we are therefore inclined to accept the gamble $. However, this con-
clusion is clearly inconsistent with reality; only few people would actually
be willing to accept $because there might be no blue balls in the container,
and then there is no chance of gaining any money at all. "

2.2.1 Sets of probability mass functions

In order to model the beliefs of a subject in a more ßexible and robust
way, we can usesets of probability mass functions P instead of a single
probability mass function; such a set can then loosely be interpreted as the
set of all probability mass functions our subject deems ÔpossibleÕ. One of
the most common and simple ways of obtaining such a setP is by specify-
ing upper and lower bounds on individual probabilities; e.g. our beliefs in
Example 2.2.1. are correctly represented by the set

P = { 2 ' P( Y) : 2(7) = 2
6 } = { 2 ' P( Y) : 2

6 ( 2(7) ( 2
6 } .

In general, however, such upper and lower bounds on individual probabili-
ties do not su" ce to characterise a setP + P( Y).

Example 2.2.2. Consider again the container from Example2.2.1. but
where it is now given that there are an equal amount of green and blue
balls, and where nothing is said (or known) about how many red balls there
are in the container. Our beliefs are in that case correctly represented by
the set

P = { 2 ' P( Y) : 2(8 ) = 2(0)} .

Such a setP is called a comparative probability model [65]. It can be
checked that this set can never be characterised by only using upper and
lower bounds on the individual probabilities. "

We will often call any set P + P( Y) an imprecise probability model,
or simply an imprecise model, because it is a generalisation of the tradi-
tional probability mass functionÑa ÔpreciseÕ modelÑwhere the individual
parameters/probabilities are only partially speciÞed. Concerning the inter-
pretation of our setsP + P( Y), let us mention that we do not regard the set
P to be an exhaustive or complete representation of our subjectÕs beliefs;
that is, the set P may include more than what our subject actually deems
possible. This seems sensible because in most realistic situations we can only
gather or represent part of a subjectÕs beliefs, simply because of constraints
on time, money, and so forth. We refer to Walley [110, Chapter 2] for more
details on such interpretational aspects, and for a more elaborate motivation
for imprecise probability models.
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Modelling uncertainty for Þnite possibility spaces

2.2.2 Upper and lower expectations from sets of probability mass
functions

Of course, since we are now considering sets of probability mass func-
tions P , we cannot specify a single expected value for each gamble any
more. Instead, we will have an entire set of such expected values. The up-
per and lower bounds of these sets are what we call theupper and lower
expectations corresponding to P .

DeÞnition 2.3. For any non-empty set of probability mass functionsP , the
corresponding upper and lower expectation EP and EP are deÞned, for all
$ ' L ( Y), by

EP ( $) ! sup
2' P

E2( $) = sup
2' P

$

, ' Y

2(, ) $(, ) and

EP ( $) ! inf
2' P

E2( $) = inf
2' P

$

, ' Y

2(, ) $(, ). !

Upper and lower expectations are of major importance because, just as
their precise counterparts, they allow us to draw various non-trivial conclu-
sions, which on their turn may lead to decisions. Decision making becomes
somewhat more delicate than in the precise case though, since we can now
come up with several di! erent methods that each have their own advan-
tages and disadvantages; see e.g. [110, Section 3.9] and [50].

Example 2.2.3. Reconsider the situation from Example 2.2.122, where
P = { 2 ' P( Y) : 2(7) = 2

6 } is the set that represents our beliefs about
the colour / of the ball that is drawn next. Then the corresponding upper
and lower expectation EP ( $) and EP ( $) of the gamble $ = (&1, &1, 3) are
respectively 10

6 and &1. If we wish to remain conservative, then we should
base ourselves on the worst-case scenario, which is represented by the lower
expectation EP ( $) = &1 < 0. Hence, in that case, we should not accept the
gamble $Ñindeed, this is similar to the conclusion that we made at the end
of Example2.2.122. This corresponds to the" -maximin approach from [ 50].
On the other hand, the best-case scenario is represented by the upper expec-
tation EP ( $) = 5

3 > 0. Hence, if potential negative pay-o! s are little of an
issue, then based on this information we might want to accept the gamble
$. This would then corresponds to the " -maximax approach from [50]. "

Upper and lower expectations also satisfy several basic properties that
will turn out convenient later on. We list the most important ones.

Proposition 2.2.4. Consider any non-empty setP + P( Y), and let EP and
EP be the upper and lower expectations corresponding toP according to Def-
inition 2.3. Then, for any $, - ' L ( Y) and ( ' R# ,
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2.2 Modelling uncertainty with sets of probabilities

(i) . EP (&$) = &EP ( $) [conjugacy];

(ii) . inf $ ( EP ( $) ( EP ( $) ( sup $ [bounds];

(iii) . EP ( $+ - ) ( EP ( $) + EP (- ),
EP ( $+ - ) # EP ( $) + EP (- ) [sub-/super-additivity];

(iv) . EP (( $) = ( EP ( $); EP (( $) = ( EP ( $) [non-negative homogeneity].

Proof. All these properties can be easily deduced from DeÞnition2.3. .

Note in particular that, due to (i) above, upper and lower expectations
are related by conjugacy , and so it actually su" ces to only study either up-
per expectations or lower expectations; we will focus on upper expectations.

A special case of a set of probability mass functions is whenP consists
of only a single probability mass function 2. The upper and lower expecta-
tions are then equal, and their common values are then given by the linear
expectation E2. The corresponding upper and lower expectations are then
called self-conjugate .

In contrast to the above, ifP consists of all the probability mass functions
in P( Y), then we call P the vacuous model; it represents a complete lack
of knowledge or beliefs about the value of / . The corresponding upper ex-
pectation EP ( $) for any $ ' L ( Y) is equal to sup $, and the corresponding
lower expectation EP ( $) is equal to inf $.

2.2.3 Upper and lower probabilities from sets of probability mass
functions

By restricting upper and lower expectations to the domain of all indi-
cators we obtain so-calledupper and lower probabilities PP and PP , re-
spectively; so, for any setP + P( Y), they are deÞned byPP (%) ! EP (I%)
and PP (%) ! EP (I%) for all % ' 1( Y). Alternatively, it follows from DeÞ-
nition 2.3. that, for all %' 1( Y),

PP (%) ! sup
2' P

P2(%) = sup
2' P

$

, ' %

2(, );

PP (%) ! inf
2' P

P2(%) = inf
2' P

$

, ' %

2(, ).

So upper and lower probabilities give tight upper and lower bounds on
the individual probabilities associated with a set P Ñas was to be expected
from their nameÑand are therefore an object of interest in many applica-
tions. As already mentioned, such upper and lower bounds on individual
probabilities can be used to derive a compatible setP of probability mass
functions from, but not all sets P can be obtained in this way; see also [110,
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Modelling uncertainty for Þnite possibility spaces

Section 2.7.3].2 We therefore typically regard upper and lower probabili-
ties as secondary objects derived from sets of probabilities/probability mass
functions.

2.3 Modelling uncertainty with sets of acceptable gambles

It was brießy mentioned in Section 2.118 that probabilities can be given
a behavioural interpretation, yet there actually exists a full-ßedged theory
that is entirely build on the idea that a subjectÕs betting behaviour ought to
be regarded as the fundamental primary object, rather than probabilities;
the theory of sets of acceptable gambles (or sets of desirable gambles) [75,
76, 106, 110, 113]. This theory has grown largely from the ideas presented
by P. M. Williams [113] and Walley [ 110]. We next outline some basic but
important concepts in this Þeld, and show how they naturally lead us to
deÞne corresponding upper and lower expectations.

2.3.1 Sets of acceptable gambles

In the current framework, any gamble $ ' L ( Y) is interpreted as an
uncertainÑpossibly negativeÑreward $(/ ) that depends on the value of
the variable / . A central assumption here is that the (real-valued) rewards
or pay-o! s $(, ) associated with such a gamble$ represent linear utilities
for a subject, in the sense that, for any& ' R# , the price & $(, ) is worth &
times as much as $(, ). If a subject speciÞes that she Þnds a gamble$ '
L ( Y) acceptable, then we simply take this to mean that she is willing to
accept the uncertain reward associated with the gamble $ [ 76, 106, 113].
Accepting a gamble is weaker than Þnding it desirable [110] or preferring
it above the status quo; our subject accepting a gamble$ may also entail
that she is indi! erent with respect to exchanging $ for the zero gamble 0Ñ
which represents the status quoÑand vice versa; see also AxiomD1* in the
deÞnition of coherence.

The beliefs that a subject has about/ will lead her to make statements
about which gambles $ ' L ( Y) she Þnds acceptable. For instance, if she is
completely certain that / takesÑor, will takeÑthe value , ' Y, then she
will typically accept any gamble $ ' L ( Y) that gives her non-negative pay-
o! $(, ) # 0 when / = , . Or, conversely, in case she is completely uncertain
about the value of / , she might only accept those gambles that are sureÑ
whatever the value of / Ñnot to give her a negative pay-o! . In this way, one

2For closed and convex sets of mass functions, a su" cient condition for being fully char-
acterised by the corresponding upper and lower probabilities is that the associated upper (or
lower) expectation is 2-monotone; see [106, Theorem 6.22].
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2.3 Modelling uncertainty with sets of acceptable gambles

can thus see that a subjectÕs beliefs can be modelled by considering herset
of acceptable gambles D + L ( Y).

Of course, our notion of acceptability has little meaning on its own; if
our subject chooses to be completely irrational in her speciÞcation ofDÑfor
instance, she includes gambles$ ' D that give her a (strictly) negative re-
ward irrespectively of what happensÑit should not be expected that, using
whatever system of logical reasoning, this information will allow us to come
up with any sensible conclusions. Hence, in order to be practically mean-
ingful, we shall want to impose some minimal properties on D; properties
that translate our idea of rational behaviour. 3 These properties are what we
call coherence.

DeÞnition 2.4 (Coherent sets of acceptable gambles). We say that a set of
acceptable gamblesD + L ( Y) is coherent if, for any two $, - ' L ( Y) and
any ( ' R>,

D1. L # ( Y) + D [accepting non-negative rewards];

D2. L # ( Y) , D = ) [avoiding partial loss];

D3. $, - ' D - $+ - ' D [combination];

D4. $ ' D - ( $ ' D [scale invariance]. !

The deÞnition above is entirely the same as that of [106, DeÞnition 3.2],
apart from the fact that the scaling axiom [BA3] in [ 106, DeÞnition 3.2] is
with non-negative ( , whereas we only allow ( to be positive [D4]; our choice
is in that sense more in line with that of P. M. Williams [ 113, Footnote 1] and
Quaeghebeur et al. [76, Sections 2.10.7 and 2.4]. Nevertheless, this clearly
makes no di! erence, mathematically speaking, because the zero gamble is
always included in a set of acceptable gambles that is coherent according to
DeÞnition 2.4 due to D1Ñwhich is in fact the reason why we prefer to keep
D4 as weak as possible.

Let us brießy clarify the meaning of the coherence axioms above. Prop-
erty D1 requires that a coherent set of acceptable gamblesD should in-
clude all the $ ' L # ( Y) that surely give a non-negative reward; in other
words, our subject should always accept the status quo, and any gamble
that never makes her lose money, and that in some cases makes her receive
money. PropertyD2 on the other hand requires that a coherent set of accept-
able gamblesD should never include any gambles $ ' L # ( Y) from which
our subject can never gain anything, and that in some cases make her lose
moneyÑthis requirement is called avoiding partial loss. The motivation for

3One could question, however, whether it is reasonable to assume that all subjects, if,
representing actual persons, indeed act rationally.
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Modelling uncertainty for Þnite possibility spaces

D1! and D2! is self-evident.4

Axioms D3! and D4! , on the other hand, are concerned with how ac-
ceptability of certain gambles lead us to conclusions about the acceptability
of other gambles. Axiom D3! says that, if two gambles $, - ' L ( Y) are
acceptable, then their sum $+ - should also be acceptable. AxiomD4! says
that, if a gamble $ ' L ( Y) is acceptable, then any scaled version( $ with
( > 0 should also be acceptable. The motivation forD3! and D4! relies
on the fact that pay-o! s corresponding to gambles are assumed to be linear
utilities for our subject; we refer to [ 110, Section 2.2.4] for more details.
Note that D3! and D4! together imply that D should form a convex cone;
that is, posi (D) = D.

It can moreover easily be deduced fromD1! and D3! that coherent
sets of acceptable gambles satisfy the following monotonicity property.

Corollary 2.3.1. For any set of acceptable gamblesD + L ( Y) that is coher-
ent, and any two $, - ' L ( Y),

D5. if $ ' D and $ ( - , then - ' D.

Furthermore, for the same reasons as for sets of probability mass func-
tions P in Section 2.222, we again do not assume a coherent set of acceptable
gamblesD to be anexhaustive representation of our subjectÕs beliefs. Math-
ematically speaking, this means that D may actually include less gambles
than the set of all gambles deemed acceptable by our subject.

Example 2.3.2. A special set of acceptable gamblesD is the Þrst orthant
L # ( Y). It can be checked thatD = L # ( Y) is coherent, and more speciÞ-
cally that it is the smallest possible set of acceptable gambles that is coherent.
Since no gambles are included inD apart from the trivially acceptable ones,
this set D can be seen to model the case where our subject is not willing
to make any non-trivial commitments with regard to the uncertain value of
/ . It is the acceptability-counterpart of the setsP of probability mass func-
tions consisting of all possible probability mass functions (recall the end of
Section 2.2.224), and is also referred to as thevacuous model. "

Example 2.3.3. In utter contrast to the vacuous model described above,
we can also considermaximal coherent sets of acceptable gambles [12];
coherent sets of acceptable gambles for which there exists no coherent set

4Axioms D1! and D2! can sometimes be found in a slightly di! erent form; some authors
prefer to exclude 0 from the set of trivially acceptable gambles, or sometimes only include the
strictly positive gambles in the set of trivially acceptable gambles; similar observations can be
made for the trivially non-acceptable gambles. Such weaker versions of AxiomsD1! and D2!
are typically used when interpreting acceptability in a stronger wayÑin that case, it is often
called desirability or strict desirability. We refer to [ 76] for an overview on this matter.
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2.3 Modelling uncertainty with sets of acceptable gambles

of acceptable gambles that is strictly larger. For instance, ifY = {7, 8 , 0}
are the three possible colours of a ball drawn from a containerÑRed, Green
and Blue, respectivelyÑthen the sets { $ ' L ( Y) : $(7) + $(8 ) + $(0) # 0}
and { $ ' L ( Y) : $(7) > 0} %{ $ ' L ( Y) : $(7) = 0, $(8 ) + $(0) # 0}
are maximal coherent sets of acceptable gambles. The former corresponds
to the case where our subject deems the colours Red, Green and Blue all
equally likely to come up; the latter corresponds to case where our subject
is (almost) certain that the ball will be Red, and that, if it is known that the
ball is not Red or if he is not allowed to put stakes on the colour Red, he
deems it equally likely that either Green or Blue will come up. "

2.3.2 Upper and lower expectations from sets of acceptable gambles

Given a coherent set of acceptable gamblesD that models the beliefs
of our subject, we typically want to make judgements about the ÔvalueÕ or
ÔpriceÕ of certain gambles of interest. To do so, we associateupper and lower
expectations with D.

DeÞnition 2.5. For any coherent set of acceptable gamblesD, the corre-
sponding upper and lower expectationsED and ED are real-valued opera-
tors on L ( Y) deÞned, for all $ ' L ( Y), by

ED ( $) ! inf { : ' R : : & $ ' D} and ED ( $) ! sup{ : ' R : $& : ' D} . !

So, for any $ ' L ( Y), the value ED ( $) represents the inÞmum accept-
able selling price corresponding toD; indeed, for any : ' R, accepting: & $
is the same as accepting the transaction of selling the uncertain reward$for
the Þxed price: . Conversely,ED ( $) represents the supremum buying price
corresponding to D. Observe that ED ( $) and ED ( $) always lie between
inf $and sup $, and therefore are indeed both real, due to AxiomsD127 and
D227.

Example 2.3.4. Reconsider the situation from Example 2.3.3. , and let
D1 ! L # ( Y) and D2 ! { $ ' L ( Y) : $(7) + $(8 ) + $(0) # 0}. Then it can
be inferred that the vacuous modelD1 gives as upper and lower expectations
ED 1 ( $) = sup $and ED 2 ( $) = inf $for all $ ' L ( Y). On the other hand, for
the model D2, which considers Red, Green and Blue equally likely to come
up, the upper and lower expectations coincide and are equal toED 2 ( $) =
ED 2

( $) = ( $(7) + $(8 ) + $(0))/ 3 for all $ ' L ( Y). "

It can be shown that upper and lower expectations corresponding to
coherent sets of acceptable gambles satisfy the same convenient properties
as upper and lower expectations corresponding sets of probabilities.
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Proposition 2.3.5. Consider any coherent set of acceptable gamblesD, and let
ED and ED be the upper and lower expectations corresponding toD according
to DeÞnition2.5! . Then, for any $, - ' L ( Y) and ( ' R# ,

(i) ED (&$) = &ED ( $) [conjugacy];

(ii) inf $ ( ED ( $) ( ED ( $) ( sup $ [bounds];

(iii) ED ( $+ - ) ( ED ( $) + ED (- );
ED ( $+ - ) # ED ( $) + ED (- ) [sub-/super-additivity];

(iv) ED (( $) = ( ED ( $); ED (( $) = ( ED ( $) [non-negative homogeneity].

Proof. Property (i) follows straightforwardly from DeÞnition 2.5! . Indeed, for any
$ ' L ( Y), we have that

ED (&$) = inf { : ' R : : + $ ' D} = inf {&: ' R : $& : ' D}

= &sup{: ' R : $& : ' D} = &ED ( $).

Properties (ii) Ð(iv) can be easily deduced from DeÞnition2.5! and the coherence
of D. Alternatively, they also follow from the fact that ED and ED are ÔcoherentÕ in
the sense of [106, DeÞnition 4.10], and therefore that they satisfy the properties
in [ 106, Theorem 4.13].

Note again that, due to the conjugacy property (i) above, we can limit
ourselves to only working with upper expectations. In some instances, as
was the case for the upper and lower expectationsED 2 and ED 2

in the exam-
ple above, it can happen that the upper and lower expectation coincideÑit
can be observed that this will always be the case for upper and lower ex-
pectations deduced from maximal coherent sets of acceptable gambles. The
upper and lower expectations are then again calledself-conjugate . They
represent a subjectÕsfair prices [ 27]; indeed, for any $ ' L ( Y), if ED ( $)
denotes the common value ofED ( $) and ED ( $), then our subject is willing
to sell $ for any price : higher than ED ( $), and willing to buy $ for any
price : lower than ED ( $).

We do want to stress, however, that we consider the existence of fair
prices to be only a special case and that, in general, we allow inÞmum (ac-
ceptable) selling prices to be higher than supremum (acceptable) buying
prices; see(ii) above. By doing this, we allow for indeterminacy in a sub-
jectÕs gambling behaviour, in the sense that our subject may choose, for any
price : ' R and any gamble $ ' L ( Y), to neither sell $ for : , nor buy $
for : . If we were to restrict ourselves to only working with self-conjugate
(linear) expectations or maximal sets of acceptable gambles, then we would
always force our subject to either sell $ for : , or buy $ for : , which seems
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2.4 Coherent upper and lower expectations directly

like a strong and unnatural limitation. 5 The case of maximal indeterminacy
is in Example2.3.429 represented by the vacuous modelED 1, because there
ED 1 ( $) = sup $ and ED 1

( $) = inf $ for all $ ' L ( Y), and so our subject
is then only willing to sell or buy gambles in such a way that she can never
lose from her transactions. We again refer to Walley [110] for more details.

2.3.3 Upper and lower probabilities from sets of acceptable gambles

Just as we did in Section2.2.325 for upper and lower expectations as-
sociated with sets of probability mass functions, we can associate anupper
and lower probability PD and PD with a coherent set of acceptable gam-
bles D by restricting the upper and lower expectations ED and ED to the
domain of indicators; so, for any coherent set of acceptable gamblesD, we
let PD (%) ! ED (I%) and PD (%) ! ED (I%) for all % ' 1( Y). The upper
and lower probability PD and PD corresponding to a coherent setD do not
represent upper and lower bounds on possible individual probabilities as in
Section 2.2.325, but rather represent the inÞmum and supremum stakes at
which our subject is willing to bet on the occurence of an event. Indeed,
it follows from the deÞnition of ED [DeÞnition 2.529] that PD (%) for any
% ' 1( Y) is the inÞmum price : ' R for which our subject is willing to
accept the the uncertain reward that is equal to : & 1 if %occurs, and that
is equal to : otherwise. Conversely,PD (%) for any %' 1( Y) is the supre-
mum price : ' R for which our subject is willing to accept the the uncertain
reward that is equal to 1 & : if %occurs, and that is equal to&: otherwise.

2.4 Coherent upper and lower expectations directly

We have seen in the previous sections that both the framework of (sets
of) probabilities and the framework of sets of acceptable gambles naturally
lead us to deÞne upper (and lower) expectations, which are often more
convenient or interesting than the (sets of) probabilities or sets of accept-
able gambles they are derived from, especially when aiming to draw in-
ferences about the system at hand. The upper expectations deduced from
these frameworks moreover have some characteristic properties, which were
listed in Propositions 2.2.424 and 2.3.5. . In many cases, these character-
istic properties are all we need and care aboutÑfor instance, when deriv-
ing (other) mathematical properties or when performing calculationsÑ-and
then the deÞnitions of the upper expectations given above are rather lengthy

5The only exception where we would allow a subject to be indeterminate when working
with self-conjugate (linear) expectations, is when the proposed selling or buying price : is
exactly equal to ED ( $).

31



Modelling uncertainty for Þnite possibility spaces

and indirect. Moreover, they also demand a user to base himself on ei-
ther the framework of probabilities or the framework of acceptable gam-
bles, and therefore to choose between two contrasting interpretations of an
upper expectation. In light of obtaining a more direct and universal deÞ-
nition of an upper expectation, a possible and logical strategy would be to
simply start from the properties in Propositions 2.2.424 and 2.3.530, and
propose them as deÞning axioms. This approach was followed by P. M.
Williams [ 113] and Walley [ 110]. They showed that the following three
simple axiomsÑwhich are the same as Proposition 2.2.4(ii) 25Ð(iv) 25 and
Proposition 2.3.5(ii) 30Ð(iv) 30Ñare enough to fully characterise the upper
expectations in DeÞnitions2.324 and 2.529; they are speciÞed, for any real-
valued operator E : L ( Y) * R, any $, - ' L ( Y) and ( ' R# , by

C1. E( $) ( sup $ [upper bound];

C2. E( $+ - ) ( E( $) + E(- ) [sub-additivity];

C3. E(( $) = ( E( $) [non-negative homogeneity].

In accordance with Propositions2.2.424 and 2.3.530, the lower expectation E
corresponding to an upper expectationE is simply deÞned by the conjugacy
relation;

E( $) ! &E(&$) for all $ ' L ( Y). (2.2)

The following uses C1ÐC3 to deÞne the notion of a coherent upper ex-
pectation , and establishes our claim that these axioms are enough to char-
acterise the upper expectations from DeÞnition2.324 and DeÞnition 2.529.

DeÞnition 2.6. For any operator E : L ( Y) * R the following conditions
are equivalent. If anyÑand hence allÑare satisÞed then we call E a coher-
ent upper expectation, and the corresponding conjugate operatorE deÞned
by Eq. (2.2) a coherent lower expectation.

(i) E satisÞesC1ÐC3;

(ii) E is the upper envelopeEP corresponding to some non-empty setP
of probability mass functions;

(iii) E is equal to the inÞmum selling prices ED corresponding to some
coherent set of acceptable gamblesD. !

Proof. That (ii) implies (i) follows from Proposition 2.2.424. That (iii) implies (i)
follows from Proposition 2.3.530. That (i) implies (ii) follows from the lower envelope
theorem [110, Theorem 3.3.3 (b)] and conjugacy.6 That (i) implies (iii) follows from
[ 106, Theorem 4.2] and conjugacy.

6A similar result was actually Þrst stated by Huber [49, Section 10.2], and later used by
Artzner et al. [ 1, Proposition 4.1] to characterise coherent risk measures.
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Note that no independent explicit deÞnition of aÑnot necessarily
coherentÑupper expectation has been given so far. Upper expectations
will appear in several di! erent contexts and take multiple di! erent forms
throughout this dissertation. In this chapter, they will always assume them
to be real-valued operators on L ( Y), yet, in later chapters, they will be
modiÞed to also take values in the extended real numbersR, or to even
take two arguments instead of only one. In general, no additional implicit
assumptions are made with respect to the form or properties of upper ex-
pectations; they will typically take a more speciÞc form, but this will then
be mentioned explicitly at the point of relevance.

Apart from C1. ÐC3. , coherent upper and lower expectations addition-
ally satisfy some basic but convenient properties. The following result can
be easily deduced from [110, Section 2.6.1.] and the conjugacy relation
[Eq. (2.2). ].

Proposition 2.4.1. Consider any coherent upper expectationE on L ( Y), let
E be deÞned by conjugacy, and Þx any$, - ' L ( Y) and ; ' R. ThenE and
E satisfy the following properties:

C4. $ ( - - E( $) ( E(- ) [monotonicity];

C5. inf $ ( E( $) ( E( $) ( sup $ [bounds];

C6. E( $+ ; ) = E( $) + ; [constant additivity];

C7. E( $+ - ) ( E( $) + E(- ) ( E( $+ - ) [mixed super-/sub-additivity];

C8. for any sequence{ $+}+' N0 in L ( Y): [uniform convergence]

lim
+* +$

sup |$& $+| = 0 - lim
+* +$

E( $+) = E( $).

2.5 Upper expectations are slightly less expressive

We have put forward coherent upper expectations as central objects of
interest because they can be given a universal meaning, as is established
by DeÞnition 2.6. above, and because they often allow us to conveniently
draw inferences about the systems at hand; e.g. recall Examples2.1.221

and 2.2.324. One could therefore be tempted to immediately express ev-
erything in terms of coherent upper expectations, yet care should be taken
here, since upper expectations are actually less expressive than sets of prob-
abilities or coherent sets of acceptable gambles. In other words, for any
coherent upper expectation E, the set P in DeÞnition 2.6. need not to
be unique; there may be multiple sets of probabilities leading to the same
coherent upper expectation. Similar considerations hold for upper expec-
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tations deduced from coherent sets of acceptable gambles. Let us clarify
this.

If we want to associate a set of probability mass functions to a coherent
upper expectation E, one possibility is to consider the set of all probability
mass functions for which the associated expectation is smaller than (or equal
to) E:

P (E) !
%

2 ' P( Y) : (/ $ ' L ( Y))
#

, ' Y 2(, ) $(, ) ( E( $)
&

. (2.3)

It follows from [ 110, Section 3.3.3] and conjugacy that the upper
envelopeÑaccording to DeÞnition 2.324Ñover this set P (E) indeed coin-
cides with E. Moreover, it also clear from DeÞnition 2.324 that P (E) must
always be the largest such set. ButP (E) should not necessarily be the only
such set as there can also be smaller ones. For instance, removing the points
that are not extreme7 from the convex setP (E)Ñand therefore making it
non-convexÑdoes not alter the values of the upper expectation that results
from it [ 110, Theorem 3.6.2]. On the other hand, since we are consider-
ing suprema of expectations, the boundary structure of a set of probability
mass functions is often irrelevant as well, in the sense that any two sets
P 1 and P 2 that have the same closure8 will have the same resulting upper
expectation. This is also the reason why the one-to-one correspondence in
[ 110, Theorem 3.6.1] only involves sets of probabilities that are closed (or
compact).

Example 2.5.1. Suppose that the possibility spaceY = { ) , * } consists of
two elements ) and * . Let 21, 22 ' P( Y) be two probability mass functions
on Y such that 0 ( 21() ) < 22() ) ( 1. Let P 1 ! { 21, 22} ,

P 2 ! { 2 ' P( Y) : 21() ) ( 2() ) ( 22() )} and

P 3 ! { 2 ' P( Y) : 21() ) < 2() ) < 22() )} .

The setsP 1 and P 2 are di! erent but have the same extreme points; namely
21 and 22. On the other hand, it can be checked thatP 3 is not closed, but
that its closure is equal toP 2 (which is trivially closed).

As far as the corresponding upper expectations are concerned, we have
that, for any $ ' L ( Y),

EP 1 ( $) = sup
2' { 21,22 }

2() ) $() ) + [1 & 2() )] $(* )

= sup
2' { 21,22 }

2() ) [ $() ) & $(*)] + $(* )

7An extreme point of a convex set0 is an element in 0 that cannot be written as a convex
combination of other elements in 0.

8We here mean the closure under uniform convergence or the closure under pointwise
convergence; both are equivalent becauseY is Þnite.
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2.5 Upper expectations are slightly less expressive

So if $() ) # $(* ), then by the fact that 22() ) > 21() ) we know that EP 1 ( $) =
22() ) [ $() ) & $(*)] + $(* ). If on the other hand $() ) < $(* ), then by 22() ) >
21() ) we have that EP 1 ( $) = 21() ) [ $() ) & $(*)] + $(* ). It can be inferred
in analogous way, and by using the deÞnitions ofP 2 and P 3, that the same
expressions hold forEP 2 and EP 3; that is,

EP 2 ( $) = EP 3 ( $) = 22() ) [ $() ) & $(*)] + $(* ) if $() ) # $(* ) and

EP 2 ( $) = EP 3 ( $) = 21() ) [ $() ) & $(*)] + $(* ) if $() ) < $(* ).

"

In a similar way, we have that the boundary structure of a coherent set
of acceptable gamblesD has no impact on the associated upper expectation
ED . For instance, it can easily be proved using DeÞnition2.529 that two co-
herent sets of acceptable gambles with the same (uniform) closure will give
the same upper expectation. We do not prove this explicitly, but prefer to
illustrate this with an example. Furthermore, note that convexity is always
satisÞed for a coherent set of acceptable gambles due toD327 and D427, and
therefore that there is no extra degree of freedom in this respect.

Example 2.5.2. Reconsider the situation from Example2.3.429. Let D2 !
{ $ ' L ( Y) : $(7) + $(8 ) + $(0) # 0} be deÞned as previously, and let
D3 ! { $ ' L ( Y) : $(7) + $(8 ) + $(0) > 0} %{0}. Then it can easily
be checked that D2 and D3 are both indeed coherent sets of acceptable
gambles. Moreover, by DeÞnition2.529, we also have that, for all $ ' L ( Y),

ED 2 ( $) = ED 2
( $) = ( $(7) + $(8 ) + $(0))/ 3 = ED 3 ( $) = ED 3

( $).

Yet, it is clear that D2 ! D3 as for instance - = (- (7), - (8 ), - (0)) !
(&1, 1

2 , 1
2 ) is an element of D3 but not of D2. "

Given a coherent upper expectationE, one possible coherent set of ac-
ceptable gambles that can be associated withE is the set D(E) that results
from interpreting E as inÞmum selling prices:

D(E) !
%
: & $: $ ' L ( Y) and : > E( $)

&
%L # ( Y)

=
%

$ ' L ( Y) : 0 < E( $)
&

%L # ( Y), (2.4)

where we immediately used the coherence ofE and conjugacy for the sec-
ond equality. As is pointed out in [ 114, Section 3.3] this set D(E) is the
smallest coherent set of acceptable gambles for which the associated upper
expectationÑaccording to DeÞnition 2.529Ñis equal to E.

The increased expressiveness of both coherent sets of acceptable gam-
bles and sets of probabilities compared to coherent upper expectations may
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in some cases turn out to be practically relevant; we will henceforth devote
little attention to it though, and simply refer to [ 110, Sections 3.7] and [82]
for a more elaborate discussion on this matter. However, one of the major
reasons for bringing this topic to the fore is that it urges caution when mod-
elling stochastic processes, as we will do in the following chapters. For in
such a stochastic processes setting [Section3.1.248], we usually start o!
from (multiple) local models, given as either sets of probability mass func-
tions, sets of acceptable gambles or upper expectations, and the central aim
is then to combine and extend these local models to obtain more global in-
formation about the stochastic process at hand. A naive approach would
be to immediately, from the start, express all local beliefs in terms of up-
per expectations and then simply extend from here onÑas, in the end, we
will be interested in global upper expectations anyway. Yet, it is a priori not
given whether this is equivalent to Þrst performing an extension in one of
the more general frameworks (sets of probabilities or sets of acceptable gam-
bles), and then afterwards transitioning to (the less expressive) global up-
per expectationsÑwhich is the preferred route if one wishes to preserve the
initial given information as much as possible. We will thereforeÑamongst
other reasonsÑstudy three separate approaches of constructing a global up-
per expectation; one for each of the three di! erent types of local models.

2.6 Extension of an uncertainty model

So far, we have established that a subjectÕs beliefs about an uncertain
variable / can be modelled in three di! erent ways; by means of a set of
probabilities, a coherent set of acceptable gambles, or a coherent upper ex-
pectation. Nonetheless, in practical situations, when eliciting beliefs from
a real-life subject, it should not be expected that such a subject will specify
an entire set of probabilities that she deems possible, or specify an entire
cone of gambles that she deems acceptable. Or, in the framework of upper
expectations, it seems unrealistic to ask our subject to immediately spec-
ify her inÞmum selling prices, or her upper bounds on linear expectations,
for all gambles in L ( Y). Even if her beliefs itself can be expressed by a
full-ßedged coherent upper expectation, in reality, we often do not have
the time, money or tools to gather all the necessary information needed to
characterise this upper expectation. Hence, whatever the framework we are
considering, the initial assessments of a subject typically do not match the
structural conditions of the models discussed before. As a result, in order
to draw inferences, we are confronted with the question of how to extend
initial partial assessments to fully developed sets of probabilities, coherent
sets of acceptable gambles or coherent upper expectations.
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2.6 Extension of an uncertainty model

2.6.1 Extensions for sets of probabilities

Performing an extension within the framework of sets of probabilities
or sets of acceptable gambles is rather straightforward. In fact, for sets of
probabilities, there does not really exist a concrete extension mechanism;
as brießy mentioned in Section2.222, we usually start o! with some given
bounds on certain probabilities, or more generally, some restrictions on the
form of the possible probabilities. Our next step is then simply to consider
the largest set of probability mass functions that is compatible with these re-
strictions; so if R denotes a (not necessarily Þnite) collection of restrictions,
and compatibility of a probability mass function 2 with the restrictions R is
denoted by 2 0 R, then { 2 ' P( Y) : 2 0 R } is the desired set of probability
mass functions. For instance, reconsidering Example2.2.324, the collection
of restrictions R consisted only out of the restriction that 2(7) = 2

6 . The
reason why we consider the largest set among all possible ones is due to
conservativity considerations; taking smaller sets essentially means adding
more restrictions, and thus more information on top of what is given by our
subject. It could also be that the set{ 2 ' P( Y) : 2 0 R } is empty and thus
that there are no probability mass functions compatible with the restrictions
R; in that case, we call R inconsistent.

2.6.2 Extensions for sets of acceptable gambles

Consider a (not necessarily coherent) set of acceptable gamblesA +
L ( Y) that represents the initial assessments of our subject. The setA
may take any form, and is most likely to include only a Þnite number of
gamblesÑand therefore not to be coherent. Adopting Axioms D127ÐD427

however allows us to say something about the acceptability of gambles that
are not included in A . Concretely, AxiomsD127, D327 and D427 tell us that
our subject should accept, apart from the gambles inA itself, the gambles
in the cone

E(A ) ! posi (A %L # ( Y)) =

'
+$

.=1

( . $. : + ' N, $. ' A %L # ( Y), ( . ' R>

(

,

which is obtained by including L # ( Y) and taking all positive linear combi-
nations. Note that adding more gambles to the setE(A ) would mean adding
more information apart from what A and Axioms D127, D327 and D427 tell
us. If E(A ) does not include any gambles fromL # ( Y)Ñand therefore does
not violate D227Ñthen E(A ) is coherent and, since nothing more can be
deduced from Axioms D127ÐD427, it is the smallest coherent set of accept-
able gambles extending the assessmentsA . So, since smaller coherent sets
of acceptable gambles are obviously more conservative,E(A ) is then the
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most conservative coherent set of acceptable gambles that extendsA , and
is therefore our desired coherent extension ofA .

However, it could of course also be thatE(A ) , L # ( Y) ! ) ; in that case,
we infer from A that our subject is willing to accept a gamble in L # ( Y).
By adopting D227, we have agreed upon the fact that this is irrational, and
this prevents us from extending her assessmentsA to a coherent set of ac-
ceptable gambles. We then callA inconsistent. These considerations are
gathered in the following deÞnition [ 106, 110].

DeÞnition 2.7. We say that a setA + L ( Y) of acceptable gambles iscon-
sistent if E(A ) , L # ( Y) = ) . If this is the case, thenE(A ) is the smallest
coherent set of acceptable gambles includingA , and it is called the natural
extension of A . !

Proof. It is clear from the deÞnition of E(A ) that this set E(A ) satisÞesD127, D327

and D427. If A is consistent, then E(A ) additionally satisÞesD227, and thus E(A )
is then coherent. It is moreover clear from the deÞnition of E(A ) that any other
coherent set of acceptable gambles includingA must always include E(A ) too, so
E(A ) is indeed the smallest coherent set of acceptable gambles includingA .

2.6.3 Direct extensions of upper expectations

Suppose now that our subjectÕs initial assessments are represented by
an upper expectation E : K * R on some arbitrary domain K + L ( Y)Ñ
these can represent inÞmum selling prices, upper bounds on linear expecta-
tions/probabilities or both. Again, it is most likely the subject only speciÞes
a Þnite number of values, and therefore that K is Þnite (but we do not
necessarily requireK to be Þnite). Our aim is to extend E from K to the
entire spaceL ( Y) such that the resulting extended operator is coherent in
the sense of DeÞnition2.632. As before, two crucial questions then come to
mind; ÔUnder what conditions can we perform such an extension?Õ and ÔIf
there are multiple extensions possible, which one do we take?Õ.

General coherence

The following result gives an answer to our Þrst question. It is stated as a
deÞnition though, more speciÞcally as a renewed deÞnition ofcoherence.
Coherence was indeed already introduced earlier on, with DeÞnition2.632,
but the concept is well-known to generalise to upper expectations on general
domains K . This generalised notion immediately turns out to be su" cient
(and necessary) in order for a coherent extensionÑin the sense of DeÞni-
tion 2.632Ñto exist. The deÞnition below is due to P. M. Williams [ 113], but
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2.6 Extension of an uncertainty model

we use [106] in our proof because P. M. Williams [113] immediately gives
a version of coherence for conditional upper expectations.

DeÞnition 2.8. Consider any upper expectationE : K * R on an arbitrary
domain K + L ( Y). Then the following conditions are equivalent. If anyÑ
and hence allÑof them hold, we call E coherent.

(i) E is the restriction of a coherent upper expectation E1: L ( Y) * R
according to DeÞnition 2.632;

(ii) for all + ' N, ( 0, ( 1, . . . , ( + ' R# and $0, $1, . . . , $+ ' K ,

sup

)

( 0( $0 & E( $0)) &
+$

.=1

( . ( $. & E( $.))

*

# 0.

(iii) there is a non-empty setP of probability mass functions on Y such
that E coincides with EP on K ;

(iv) there is a coherent setD of acceptable gambles such thatE coincides
with ED on K . !

Proof. It is clear that due to DeÞnition 2.632, conditions (i) , (iii) and (iv) are equiva-
lent. The fact that (ii) is equivalent to (i) follows rather straightforwardly from [ 106,
DeÞnition 4.10 (B) and (E)] and conjugacy.

WhatÕs perhaps somewhat unfortunate about this general notion of co-
herence, or at least if we compare it to the simpler version in DeÞnition2.632,
is that it cannot be characterised in terms of the three simple axiomsC132Ð
C332 any more; the requirement (i) above only usesC132ÐC332 in an indi-
rect manner; in general, it does not su" ce for an upper expectation E on
a general domain K to satisfy (the restricted versions of) C132ÐC332 to be
coherent. The requirement (ii) above is direct, but the involved expression
is, compared toC132ÐC332, more di" cult to grasp and makes mathematical
analysis less straightforward. This requirement can nevertheless be intu-
itively motivated on behavioural grounds; a topic for which we like to refer
to [ 110, Section 2.5]Ñnote that a characterisation similar to (ii) can be
found in [ 110, Section 2.5.4].

The natural extension of an upper expectation

By condition (i) in the deÞnition above it is clear that coherence is necessary
and su" cient in order for a coherent extension to the entire spaceL ( Y)
to exist. Yet, even if the initial upper expectation E : K * R is coherent,
this extension might still not be unique and so the question remains which
extension to pick. Once more, we will choose for the most conservative
extension; in this case that translates to choosing the (pointwise) largest
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upper expectation. For indeed, that larger upper expectations correspond
to more conservativeÑless committal or less informativeÑjudgements can
be argued on the basis of the dual meaning of a coherent upper expectation.
Using an interpretation in terms of upper bounds on possible probabilities or
expectations, larger (or higher) coherent upper expectations mean higher
upper bounds, which are more conservativeÑless informative. On the other
hand, using an interpretation in terms of inÞmum selling prices, larger co-
herent upper expectations represent higher inÞmum selling prices, which
are again more conservative.

The most conservativeÑor thus the pointwise largestÑcoherent exten-
sion among all possible coherent extensions is called thenatural extension
under coherence , or simply the natural extension [ 110, 113].

DeÞnition 2.9. Consider a coherent upper expectationE : K * R on an
arbitrary domain K + L ( Y). Then there is aÑtrivially uniqueÑpointwise
largest coherent extensionE1 of E to L ( Y). This extended upper expecta-
tion E1 is called the natural extension of E. !

Proof. The existence ofE1 follows from [ 106, Theorem 4.26(ii)] and conjugacy.

Two explicit expressions for the natural extension

DeÞnition 2.9 guarantees that the natural extension of a coherent upper
expectation exists, yet the form and properties of this natural extension are
still to be derived implicitly from the fact that it satisÞes C132ÐC833 and
the fact that it is the largest among all coherent extensions. More explicit
and tangible characterisations of this natural extension can nonetheless be
obtained by relying on the close connections with the frameworks of sets of
probabilities and sets of acceptable gambles.

Suppose once more that we are given a coherent upper expectationE on
some domainK + L ( Y). If we regard E as being upper bounds on possible
expectations corresponding to probabilities, then the set

P (E) !
%

2 ' P( Y) : (/ $ ' K )
#

, ' Y 2(, ) $(, ) ( E( $)
&

, (2.5)

is the largest possible set of probability mass functions that is compatible
with the upper bounds represented by E. Note moreover that the expres-
sion above is simply a generalisation of the expression given forP (E) in
Section2.533, which is why we are allowed to use the same notation. It can
be shown that, sinceE was assumed coherent, the setP (E) is non-empty
and has the natural extensionE1 as its upper envelope. This result was Þrst
stated by Walley [110, Section 3.3.3].
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Theorem 2.6.1. For any coherent upper expectationE on K + L ( Y), the
setP (E) is non-empty. Moreover, the natural extensionE1 of E to L ( Y) is
equal to the upper expectationEP (E) deduced fromP (E) according to DeÞni-
tion 2.324.

Proof. This follows from [ 110, Section 3.3.3] or [ 106, Theorem 4.38] and by ap-
plying conjugacy.

A similar thing can be done for sets of acceptable gambles. Consider a
coherent upper expectation E on some domain K + L ( Y), and let A (E)
be the set of all gambles that are deemed acceptable if we interpretE as
inÞmum selling prices; so we let

A (E) !
%
: & $: $ ' K and : > E( $)

&
. (2.6)

Note that, strictly speaking, A (E) is not the smallestÑmost conservativeÑ
set of acceptable gambles that corresponds to the interpretation ofE as rep-
resenting a subjectÕs inÞmum selling prices; indeed, this interpretation only
implies that, for any $ ' K , there are : > E( $) arbitrarily close to E( $) for
which : & $ is acceptable, and not that this is the case forall : > E( $). By
starting from A (E) as the initial set of acceptable gambles that corresponds
to E, we already implicitly adopt the property of coherence that, if : & $
is acceptable, then< & $ must also be acceptable for all< > : [ D127 and
D327]. The expression for A (E) above is also similar to the one for D(E)
given in Section 2.533, but A (E) here is not necessarily coherent whereas
D(E) always is.

As was Þrst pointed out by P. M. Williams [113, Theorem 1]Ñthough
less explicitly and in a somewhat di! erent settingÑthe set A (E) is consis-
tent if E is coherent, and the upper expectationEE(A (E)) is then the natural
extension of E to L ( Y).

Theorem 2.6.2. For any coherent upper expectationE on K + L ( Y), the set
of acceptable gamblesA (E) is consistent. Moreover, the natural extensionE1

of E to L ( Y) is equal to the upper expectationEE(A (E)) according to DeÞni-
tion 2.529. It is given, for all $ ' L ( Y), by

E1( $) = inf

'

: ' R : : & $ #
+$

.=1

( .

+
E( $.) & $.

,
, + ' N, $. ' K , ( . ' R>

(

.

Proof. Suppose that E is coherent, and let E deÞned through conjugacy; so, for
all $ such that &$ ' K , we let E( $) ! &E(&$). Then it can be inferred from
DeÞnition 2.839 (ii) 39, that E is coherent in the sense of [106, DeÞnition 4.10 (E)].
Hence, by [106, DeÞnition 4.10(C)] and [ 106, DeÞnition 4.6(A)], the set A (E) is
consistent in the sense of [106, DeÞnition 3.4(B)], which in turn implies that it is
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consistent according to our DeÞnition 2.738. That EE(A (E) ) is equal to the natural
extension E1 then follows from [ 106, Theorem 4.26(ii)], conjugacy, and the fact
that our deÞnition of E(á)is equivalent to the one of the natural extension in [ 106,
Theorem 3.7]. Finally, the expression for E1 in the statement above then follows from
[ 106, DeÞnition 4.8] and conjugacy (and the fact that coherence implies Ôavoiding
sure lossÕ [106, DeÞnition 4.10]).

Extending non-coherent upper expectations

If we interpret upper expectations to be non-exhaustive representations of a
subjectÕs beliefsÑas we usually doÑthen the requirement ofextending an
initial upper expectation is in fact unnecessarily stringent. As in such a case,
there is nothing that prevents us from updating or sharpening the already
given upper expected values. If unnecessary, we prefer not to do this due
to conservativity considerations, but in some cases this additional freedom
of correcting already speciÞed assessments provides the opportunity to still
come up with a coherent ÔsharpenedÕ model in cases where a (coherent)
extension would simply not exist. In particular, these cases occur if our
subject, in the act of specifying her initial upper expectation, does not fully
take into account the consequences of her own statements.

So, in such a case, we want our ÔextendedÕ upper expectationE1on L ( Y)
to dominate or sharpen the initial upper expectation E : K * R; that is,
E1 should be equal to or smaller than E on K . If there exists at least one
such smallerÑdominatingÑcoherent upper expectation, then E is called
consistent, or is said to avoid sure loss [106, DeÞnition 4.6]. In this case,
there must moreover always exist a pointwise largestÑmost conservativeÑ
upper expectation that is coherent and dominates E, and this upper ex-
pectation is then typically also called the natural extension of E; see [110,
Section 3.1.2] or [ 106, Theorem 4.26(i)]. 9 As established by [106, DeÞ-
nition 4.10(C)] and the example below, consistency is strictly weaker than
coherence. Furthermore, if an upper expectationE is coherentÑand there-
fore also consistentÑthen the generalised type of natural extension above
is the same as the natural extension from DeÞnition2.940; see [106, The-
orem 4.26]. So in that case it is again an actual extension, and thus the
freedom to sharpen a subjectÕs assessments only really becomes relevant if
we are dealing with non-coherent upper expectations.

Example 2.6.3. Consider any non-empty set Y with |Y | # 2, any $1 '
L ( Y), let , ' Y and let E be deÞned byE( $1) ! $1(, ) and E( $) ! sup $
for all $ ' L ( Y) \ { $1} . Then note that, if $1(, ) < $1(=) for some = ' Y such
that = ! , , the upper expectation E is not coherent. Indeed, then $1 ! 0

9Though, confusingly enough, it need not necessarily be an actual extension.
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and thus 2 $1 ! $1, which implies that

E(2 $1) = sup(2 $1) # 2 $1(=) > 2 $1(, ) = 2E( $1),

which violates non-negative homogeneity [C332] and sub-additivity [ C232].
Yet, it is not di" cult to Þnd a coherent upper expectation on L ( Y) that
dominates E; e.g. consider the (linear) upper expectation E1 deÞned by
E1( $) = $(, ) for all $ ' L ( Y). So E is consistent and therefore, according
to [ 110, Section 3.1.2] or [ 106, Theorem 4.26(i)], its Ônatural extensionÕ
exists. "

We will never make use of the notions of consistency or sharpening for
upper expectations, though. The coming chapters deal with discrete-time
stochastic processes and will solely discuss extension procedures that allow
us to go from local upper expectations to global upper expectations. These
local upper expectations will always be assumed coherent (and deÞned on
the entire domain of all local gambles) from the start anyway, and so, similar
as explained here for the present simple Þnitary context, the extensions that
we will be interested in will never sharpen or dominate the initial local upper
expectations. Of course, in order to adhere to a more realistic scenario, the
coherent local upper expectations can nevertheless be regarded as if they are
derived from some initial consistentÑbut not necessarily coherentÑ(local)
upper expectations as in the way set out above. We refer the interested
reader to [106, 110] for more details on the topic of consistency and natural
extension for non-coherent upper expectations.

In fact, the extension procedures described in the following chapters will
also never explicitly use the methods introduced here in Section2.636 for Þ-
nite possibility spaces. This is because the discrete-time stochastic processes
setting requires us to deal with (uncountably) inÞnite possibility spaces and
to perform speciÞc types of extensions, for which the methods just presented
are inadequate. Our reason for nevertheless devoting an entire section to
them is because many of the key ideas underlying these methods are sim-
ilar but clearer than those that underlie the the more involved procedures
discussed in future chapters.
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Consider a subject whose beliefs about aÑÞnite or inÞniteÑseries #1, #2,
#3, á á á, #" , á á áof uncertain variables we want to model. Each of these un-
certain variables #" take values in the same Þnite non-empty setX , and the
index " ' N can be interpreted as a discrete time indication. For example,
" ' N may denote the " -th day of the year, and the variable #" may be the
state of the weather in Ghent on that " -th day. The state could then involve
detailed information about the weatherÑthe average temperature, humid-
ity, air pressure, . . .Ñbut it can also be a rough simpliÞcation, with the set
of possible valuesX for instance being {Sunny, Cloudy, Rainy} . Any such
sequence(#" )" ' N of uncertain variables, indexed by a discrete time variable
" ' N, is what we call a discrete-time stochastic process .

In the previous chapter, we have seen how sets of probability mass func-
tions, sets of acceptable gambles, and coherent upper expectations can each
provide an appropriate way to model (unconditional) beliefs about a single
uncertain variable / taking values in a Þnite set. The context of stochastic
processes requires a somewhat more complicated set-up though, since we
have to deal not with a single, but with a possibly inÞnite sequence of un-
certain variablesÑthe corresponding total possibility space will therefore
not necessarily be Þnite. Moreover, since it is a processÑa physical system
changing through timeÑthat we are modelling, we need a model that can
incorporate new information as it becomes available. If the process advances
one time step from " to " + 1, and the new value of the state #" +1 is pre-
sented, this should be taken into account by our uncertainty model. In other
words, we want to be able to condition on such newly arrived information,
and we therefore need a conditional global uncertainty model.

The current chapter aims to show how the notions of (sets of) probability
mass functions, sets of acceptable gambles, and coherent upper and lower
expectations as introduced previously for Þnite possibility spaces, can be
suitably adapted and generalised in order to develop joint global models for
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stochastic processes. We start in Section3.1* from local assessments on
the variables #1, #2, #3, . . . individually. These assessments are expressed
in the form of one of the three types of (unconditional) uncertainty models
introduced in the previous chapterÑthis is possible because the local state
spaceX is always assumed to be Þnite. We then combine and extend these
local models in order to obtain a single global model, which will always take
the form of a conditional upper expectation. We will do this in di ! erent
ways, depending on the type of local model that is started from.

In Section 3.256, we start from local sets of acceptable gambles and pro-
pose an extension that is entirely based on the behavioural framework of
sets of acceptable gambles [106, 113]. The resulting global upper expecta-
tions will then represent inÞmum (acceptable) selling prices. Furthermore,
it will also be shown that this upper expectation can be given an alternative
characterisation in terms of super- and submartingales; game-theoretic con-
cepts that represent allowable betting strategies. The game-theoretic upper
expectations considered in this chapter, however, are Þnitary in nature and
do not use the concept of superhedging at inÞnity; this is in contrast with the
Shafer and Vovk type of game-theoretic upper expectation [85, 86] treated
in Chapter 4129.

Section 3.369 then, considers global upper expectations deduced from
local probability mass functions. Our central notion to extend from a lo-
cal to a global level will be that of a conditional probability charge [ 18,
34]. From conditional probability charges we will derive global upper ex-
pectations by Þrst using (Lebesgue-wise) integration and then taking upper
envelopes. Mark however that we donot necessarily consider countably ad-
ditive probability charges in this chapter; global upper expectations based
on countably additive probability chargesÑprobability measuresÑwill be
discussed in Chapter5217. Not doing so not only makes our treatment more
general, but it also allows us to introduce probability-based global upper
expectations in a more tangible way, without having to introduce technical
machinery such as! -algebras or the notion of measurability corresponding
to such ! -algebras.

A last type of global upper expectation is discussed in Section3.480,
and is based on the framework of coherent upper and lower expectations.
We will Þrst propose four simple axioms, common to both behavioural and
probability-based global upper expectations. This axiomatisation will more-
over be shown to be equivalent to the usual requirement of conditional co-
herence [106, 113]Ña result that, to our knowledge, has not been stated
before. The global upper expectation will then subsequently be deÞned
as the most conservative extension (of the local upper expectations) under
these axiomsÑor, equivalently, the natural extension under conditional co-
herence. We conclude Section3.480 by proving two alternative characterisa-
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tions for the axiomatic/coherence-based global upper expectation; the Þrst
is a direct and explicit formula which can be used in practice to do infer-
ence; the second is a full axiomatisationÑwithout conservatismÑthat will
turn out to be highly convenient in our further mathematical analysis.

In our penultimate section, Section 3.590, we study the relation between
the global models introduced and discussed in Section3.256Ð3.480. It will
turn out that, if local models are chosen in a logical way to agree with one
another, then the corresponding global upper expectations will all be equal.
This is a fundamentalÑand newÑresult, that we argue to have merit in a
number of di ! erent ways.

Finally, in Section 3.698, we expose the Achilles heel of this common
global model; it lacks some minimalÑweakÑcontinuity properties, there-
fore sometimes leading to extremely conservative, or even meaningless val-
ues for non-Þnitary variablesÑvariables that depend on an inÞnite number
of process states. This ought not to surprise us entirely since, after all, none
of the global upper expectations treated here relies, in their deÞnition, on
any continuity assumption. All extension mechanisms are Þnitary in na-
ture. Our reasons for nevertheless devoting an entire chapter to these ÔÞni-
taryÕ global upper expectations is threefold; Þrst and foremost, these Þni-
tary global upper expectations are actually perfectly suited if one is solely
interested in the domain of Þnitary bounded variables; secondly, our study
of them, and especially our observation that they lack minimal continuity
properties, urges the necessity of using the more involved continuity-based
global upper expectations in Chapter4129Ð6283 when dealing with more gen-
eral domains; and Þnally, our choice is also due to didactic considerations,
since the Þnitary global upper expectations introduced here allow us to al-
ready set many fundamental ideas and concepts in place, before introducing
their more complicated continuity-based variants in Chapter 4129Ð6283.

3.1 Stochastic processes

Before we construct a global model for discrete-time stochastic pro-
cesses, we Þrst elaborate on the underlying mathematical structure of such
a process. We introduce notions that are essential for a suitable treatment
of stochastic processes, and clarify what the di! erence is between local and
global uncertainty models.

3.1.1 About event trees, situations and paths

As mentioned earlier, any sequence(#" )" ' N of uncertain states taking
values in a state spaceX is called a discrete-time stochastic process. We
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will always assume that X is Þnite , and in this case the stochastic process
can be visualised in a so-called event tree; see Figure3.1* . It presents each
possible partial (and possibly empty) realisation #1 = ' 1, #2 = ' 2, . . . , #" =
' " of the process as a Þnite sequence of state values' 1:" ! ' 1 ' 2 á á á' " ' X " .
These Þnite sequences of state values are calledsituations , and we gather
all of them in X ! ! %" ' N0X

" . The empty sequence" ! ' 1:0 = ) is
called the initial situation , and corresponds to the case where there are no
observations about the values of the states(#" )" ' N. The length of a situation
> ' X ! is denoted by |>|.

On the other hand, an inÞnite sequence? = ' 1' 2 ' 3 á á áof state values is
called a path ; such a path? represents so to speak an entire (idealised) tra-
jectory or realisation of the process, where the" -th state value of ? , denoted
by ? " , represents the value of the state#" at time " . We write ! ! X N to
denote the set of all paths. For any path? ' ! and any " , @' N0, we let
? " :" +@! ? " á á á? " +@be the situation that consists of? Õs" -th to " +@-th state
values. We also let? " ! ? 1:" for all ? ' ! and all " ' N0. Furthermore,
an important type of eventÑa subset of ! Ñis the cylinder event " (>) of a
situation > ' X ! ; it is the set {? ' ! : ? |>| = >} of all paths that go through
the situation >.

For any two situations >and A, we write >A' X ! to denote the concate-
nation of >and A. The same can be done for the concatenation of a situation
>and a path ? . The path >? will then clearly go through >and, in fact, we
can write the cylinder event " (>) as {>? : ? ' ! } . For any two situations
>, A ' X ! , we write that > 2 Aor A3 >, and say that > precedesAor that A
follows >, if there is some 9 ' X ! such that >9 = A. We then also say thatA
starts with >. Furthermore, we write that > # Aor A$ >, if > 2 Aand > ! A.
For any two >, A' X ! , if >2 Athen " (>) 4 " (A), and if ># Athen " (>) 5 " (A).
If neither > # A, nor A # >, then we say that >and Aare incomparable and
write that >6 A. In that case, we have that" (>) , " (A) = ) .

3.1.2 The local description of a stochastic process

Irrespectively of how we construct a conditional (global) uncertainty
model for a stochastic process(#" )" ' N, the starting point is almost always a
description of the local behaviour of the process. That is, how the process
state #" is likely to change or develop from one time instant " to the next
" + 1. In most applications, this is what is directly available from a subject,
being it either a real person, a bunch of data and/or knowledge about the
system. For example, given the stock#" of face masks in some inventory at
the " -th day of the year, we usually have an idea about how many face masks
are likely to be produced and consumedÑand, perhaps, thrown awayÑthat
day, and hence, an idea about how many face masks#" +1 will be left by the
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Figure 3.1 The event tree of a discrete-time stochastic process with state
spaceX = { ' , , } .

next day. Yet, it is less obvious to assess the expected time until the inventory
is out of stock, or, more importantly, what the probability is that such a ter-
rible event will ever happen! Such inferences involve the process behaviour
on a more global level and, in order to make statements about them, we will
need to combine and extend the given local assessments. However, it is far
from trivial how we should do so, especially in an imprecise probabilities
context and when dealing with an inÞnite time horizon. In fact, one could
argue that this is the prime reason why there exist multiple di! erent types
of global uncertainty models for stochastic processes; each of these global
models relies on a di! erent set of principles and assumptions to combine
and extend the local assessments.

But let us Þrst return to the original problem of describing a stochas-
tic process locally. In a traditional precise context, this is commonly done
by specifying a (precise) probability tree 2; such a tree maps each situ-
ation ' 1:" ' X ! to a probability mass function 2(á|' 1:" ) on the Þnite state
spaceX . Each so-called local mass function2(á|' 1:" ) then represents be-
liefs about the value of the next state #" +1, given that the partial realisation
#1:" ! #1 á á á#" = ' 1:" of the process was observed. The use of a single prob-
ability charge 2(á|>) for each > ' X ! would however considerably restrict the
generality of our approachÑfor recall our considerations from Chapter 217.
We therefore instead use either of the following more general ÔimpreciseÕ
approaches to model the local dynamics of a stochastic process.

First, we can simply consider a generalisation of the concept of a (pre-
cise) probability tree; an imprecise probability tree P ¥ : > ' X ! 7* P >

maps each situation>to a non-empty set of probability mass functionsP > on
X . Each of these sets of probability mass functionsP > is called a local set of
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probability mass functions, and should be considered as containing all prob-
ability mass functions 2(á|>) that a subject deems ÔpossibleÕ, where2(' |>) for
each' ' X represents the probability that #|>|+1 takes the value' given that
#1: |>| = >was observed. If an imprecise probability treeP ¥ consists, for each
situation > ' X ! , of only a single probability mass function 2(á|>), then we
regard the imprecise treeP ¥ and the precise tree2: > ' X ! 7* 2(á|>) as one
and the same object, and also simply callP ¥ a precise probability tree .

A second possible approach to model the local dynamics of a stochastic
process is by means of anacceptable gambles tree ; a map A¥ : > ' X ! 7*
A > that maps each situation > to a coherent set of acceptable gamblesA >

on X . Such a set of acceptable gamblesA > is called a local set of acceptable
gambles and, as was the case for a local set of probability mass functions,
expresses beliefs about the value of the next state#|>|+1. More precisely, it
contains the variables $ ' L (X ) for which a subject is willing to accept the
gamble $(#|>|+1) whose uncertain pay-o! depends on #|>|+1 given that she
observed#1: |>| = >.

Finally, we can also describe the local dynamics in terms of anupper
expectations tree Q¥ : > ' X ! 7* Q>; each situation > ' X ! is then mapped
to a coherent unconditional upper expectation Q>: L (X ) * R. Such
a coherent upper expectationQ> is called a local upper expectation andÑ
though Q> is an unconditional upper expectation in the technical senseÑit is
interpreted as expressing a subjectÕs beliefs about the value of the next state
#|>|+1 given that #1: |>| = >was observed. SpeciÞcally, in accordance with our
considerations from Chapter 217, the value Q>( $) for any > ' X ! and any
$ ' L (X ) can either be regarded as a subjectÕs inÞmum selling price for the
gamble $(#|>|+1), or as an upper envelope over a set of linear expectations
that a subject deems possible. Moreover, it may also be that our subject did
actually not specify an entire coherent upper expectation for each> ' X !

in the Þrst place, but that Q> is the natural extension of some general local
assessments made by herÑwhich are then assumed to be consistent.

Using the methods from Chapter217, we can relate acceptable gambles
trees, imprecise probability trees and upper expectations trees as follows.
For any acceptable gambles treeA¥, the corresponding upper expectations
tree Q¥,A is deÞned, for all $ ' L (X ) and > ' X ! , by DeÞnition 2.529:

Q>,A ( $) ! inf
%
: ' R : : & $ ' A >

&
. (3.1)

It follows from DeÞnition 2.632 that each Q>,A is coherent, and therefore
that Q¥,A is indeed an upper expectations tree. We say that any two trees
A¥ and Q¥ agree if they are related by this Eq. (3.1) or, equivalently, if Q¥ is
equal to Q¥,A . Recall from Section2.533 that there are typically multipleÑ
di! erentÑcoherent sets of acceptable gambles leading to the same coherent
upper expectation, and hence, there are also typically multiple di! erent
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Figure 3.2 The upper expectations treeQ¥ of a discrete-time stochastic pro-
cess with state spaceX = { ' , , } .

acceptable gambles trees that agree with the same upper expectations tree.
Consequently, acceptable gambles trees are somewhat more expressive than
upper expectations trees.

Given an upper expectations treeQ¥, one possible agreeing acceptable
gambles tree that can always be chosen is the treeA¥,Q for which the set
A >,Q for each > ' X ! is derived from the coherent upper expectation Q>

according to Eq. (2.4)35:

A >,Q ! { $ ' L (X ) : 0 < Q
>
( $)} %L # (X ), (3.2)

where Q
>
for any > ' X ! is the conjugate lower expectation corresponding to

Q>. Moreover, for any > ' X ! , as was mentioned in Section2.533, the coher-
ent set of acceptable gamblesA >,Q is the smallestÑthe most conservativeÑ
one for which the associated upper expectation is equal toQ>. For any other
acceptable gambles treeA¥ that agrees with Q¥, we thus have that A >,Q + A >

for all > ' X ! .
The relations between imprecise probability trees and upper expecta-

tions trees can be deduced in a similar way. That is, for any imprecise prob-
ability tree P ¥, the corresponding upper expectations treeQ¥,P is deÞned,
for all $ ' L (X ) and > ' X ! , by DeÞnition 2.324:

Q>,P ( $) ! sup
! $

' ' X

$(' ) 2(' |>) : 2(á|>) ' P >

"
. (3.3)

Once more, it follows from DeÞnition 2.632 that each Q>,P is coherent, and
therefore that Q¥,P is indeed an upper expectations tree. A special case is
when P ¥ is a precise probability tree 2; in that case the corresponding upper
expectations treeQ¥,P is equal to the upper expectations treeQ¥,2 deÞned
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by

Q>,2( $) !
$

' ' X

$(' ) 2(' |>) for all $ ' L (X ) and all > ' X ! . (3.4)

Recall from Eq. (2.1)21 and Proposition2.1.321 that eachQ>,2 is then actually
a linear expectation, which is why we will often call Q¥,2 a linear expecta-
tions tree or simply an expectations tree instead of an upper expectations
tree.

We say that an imprecise probability treeP ¥ and an upper expectations
tree Q¥ agree if they are related by Eq. (3.3)! or, equivalently, if Q¥ is equal
to Q¥,P . It follows once more from the discussion in Section2.533 that there
are (typically) multiple di ! erent imprecise probability trees agreeing with
a single upper expectations tree, and thus that imprecise probability trees
can be regarded as to be somewhat more expressive than upper expectations
trees. Given an upper expectations treeQ¥, one speciÞc imprecise probabil-
ity tree that agrees with it is the tree P ¥,Q for which the set P >,Q for each
> ' X ! is derived from Q> according to Eq. (2.3)34:

P >,Q !
!

2(á|>) ' P(X ) : (/ $ ' L (X ))
$

' ' X

$(' ) 2(' |>) ( Q>( $)
"
. (3.5)

Then for any other imprecise probability tree P ¥ that agrees with Q¥, it again
follows from the discussion in Section 2.533 that P > + P >,Q for all > ' X ! .

WhatÕs important to note at this point is that, by specifying either an
acceptable gambles tree, an imprecise probability tree, or an upper expec-
tations tree, we parametrize the dynamics of a stochastic process. In other
words, as far as our theoretical study is concerned, we do not distinguish
between any two stochastic processes with the same state spaceX and
the same acceptable gambles tree/imprecise probability tree/upper expec-
tations tree, even though they may describe two completely di! erent phys-
ical systems in reality.

3.1.3 Global variables and global upper expectations

Acceptable gambles trees, imprecise probability trees and upper expec-
tations trees all parametrize a stochastic process by telling us how the pro-
cess is likely to changeÑor how we believe it to changeÑfrom one time
instant to the next, yet they do not give information, at least not directly,
about many practically relevant inferences such as, for example, the time
B' it takes until the process is in a given state' ' X Ñthat is, the hitting
time of ' Ñor the " -step time average1

"

# "
@=1 C(#@) of a real-valued function

C(#@) that depends on the state #@at a single time instant @. Such infer-
ences can depend, in the most general case, on the entire inÞnite trajectory
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or path ? taken by the process. More speciÞcally, these inferences can al-
ways be written as functions from the space of all paths ! = X N to the
extended realsR = R %{+$ , &$ }. For instance, the hitting time B' is given
by B' (? ) ! inf { " ' N: ? " = ' } for all ? ' ! and the " -step time average
of C(#" ) takes the value 1

"

# "
@=1 C(? @) for all ? ' ! .

For a general possibility spaceY, we henceforth call the extended real-
valued functions in L ( Y) = R Y extended real-valued variables on Y,
and more speciÞcally, we call the functions inV ! L (! ) global variables ,
and the functions in L (X ) local variables .1 A similar distinction is made
between global gambles and local gambles, and we gather all of them in the
setsV ! L (! ) and L (X ) respectively. We moreover letV% ! L %(! ) and
V& ! L &(! ) where %takes the form of any of the relations >, $ or #, and
where & takes the form of any of the relations <, # or ( .

We often regard, for any " ' N0, the sequence#1:" as the map on! that
returns the Þrst " state values? 1:" of a path ? ' ! . For any - ' L (X " ), we
then write - (#1:" ) to denote the global variable formed by the concatenation
- 8 #1:" . Global variables of this type will play an important role further on,
and are calledÞnitary variables ; so a variable $ ' V is called Þnitary if we
can write that $ = - (#1:" ) for some " ' N and some - ' L (X " ). Finitary
variables thus depend on the process state only at a Þnite number of time
instances. If we want to make clear that a Þnitary variable $ = - (#1:" )
depends speciÞcally on the Þrst" state values, the variable $ will be called
" -measurable . We will then often allow ourselves a slight abuse of notation,
and write $(' 1:" ) for any ' 1:" ' X " to denote the constant value $(? ) =
- (' 1:" ) of $ for all ? ' " (' 1:" ). Note that if a variable $ is " -measurable for
some " ' N0, then it is trivially also @-measurable for all @# " ; we will be
using this property a lot when working with Þnitary variables. We denote
the set of all Þnitary variables by F, and the set of all Þnitary gamblesÑ
bounded Þnitary variablesÑby F. An example of a Þnitary gamble that we
will often encounter is the indicator 1' 1:" ! I" ( ' 1:" ) of the cylinder event
" (' 1:" ) = {? ' ! : ? " = ' 1:" } corresponding to a situation ' 1:" ' X ! .

In order to express beliefs about global variables, we aim to construct a
binary function E : V 9 X ! * R that maps each global variable $ ' V and
each situation > ' X ! to an extended real numberE( $|>). Such an operator,
and more generally, any function E : K * R on a subsetK of V 9 X ! , will

1We referred to / as an uncertain or random variable in Chapter217, yet the term ÔvariableÕ
is henceforth used in a more formal fashion, to refer to any (not necessarily extended real-
valued) map $ on the corresponding possibility space YÑwhich may for example be X or
! in the context of stochastic processes. Often, a variable$ will have the interpretation of
representing the uncertain quantity $(/ ) that depends on the value of/ in Y, but we typically
leave this interpretation implicit. The uncertain variable / itself is a variable in this more formal
sense by letting it correspond with the identity map on Y.
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be called aglobal upper expectation .
Many di! erent sorts of global upper expectations will be deduced

throughout the course of this manuscript, and there is no single interpre-
tation that covers them all. We can however categorise them in three di! er-
ent clusters, depending on their starting point and the corresponding inter-
pretational principles from which they result: behavioural global upper ex-
pectations deduced from acceptable gambles trees, probability-based global
upper expectations deduced from imprecise probability trees, and direct ax-
iomatic global upper expectations deduced from upper expectations trees.
This distinction is somewhat similar to the distinction made in Chapter 217

for coherent (unconditional) upper expectations, and once more, for each
of these di! erent approaches, global upper expectations are eventually the
main objects of interest when drawing inferences. They express an upper
ÔvalueÕ or an inÞmum selling ÔpriceÕÑbehaviourallyÑor a tight upper bound
on (linear) expectationsÑprobabilisticallyÑfor each global variable, which
can then in turn be used to make decisions with; see [110, Section 3.9]
and [50] or Example 2.2.324. It is exactly this role of a global upper ex-
pectation as being a universal object of interest that constitutes our main
reason for focussing our study on themÑinstead of global sets of acceptable
gambles or global sets of probability charges. Nevertheless, there are some
speciÞc problems where the additional expressive power of sets of probabil-
ities and/or sets of acceptable gambles with respect to upper expectations
may actually play an important role, and where we are thus somewhat more
restricted in our approach; we refer to [ 82] or [ 110, Section 3.7] for a dis-
cussion of such cases.

Instead of a global upper expectation, one could just as well work with
a global lower expectation E: K * R on a subsetK of V 9 X ! . Such
a global lower expectation often has an interpretation or deÞnition that is
complementary to that of a global upper expectation; behavioural global
lower expectations representslower ÔvaluesÕ orsupremum buying ÔpricesÕ
for global variables, whereas probabilistic global lower expectations repre-
sent tight lower bounds on possible (linear) expectations of global variables.
We say Ôjust as wellÕ, because (as we will see) a global upper expectationE
and a global lower expectation EÑof the same type and deduced from the
same local modelsÑwill always be related to each other by the conjugacy
relation:

E( $|>) = &E(&$|>) for all ( $, >) ' K such that (&$, >) ' K .

Hence, there is no loss in generality by solely focussing on global upper
expectations; properties and results for global lower expectations can then
simply deduced from the relation above.
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Figure 3.3 Overview of the global upper expectations in this chapter.

Furthermore, for any global upper expectation E and any global lower
expectation E on a domain K + V 9 X ! , the corresponding global upper
probability P and global lower probability P are deÞned by restrictingE
and E to the indicators (and all situations); so, for any (%, >) ' 1 (! ) 9 X !

such that (I%, >) ' K , we let

P(%|>) ! E(I%|>) and P(%|>) ! E(I%|>).

In the present chapter, we will limit ourselves to building global upper
expectations only on global gamblesV (and situations X ! ). Moreover, for
each of the three clustered types of global upper expectations described
above, we will only discuss the ones that are based on Þnitary arguments;
there will be no limit or continuity arguments involved in the extension from
the local uncertainty models to the corresponding global upper expectation.
This in contrast with Chapters 4129Ð6283, where we will modify the Þnitary
global upper expectations to incorporate some type of continuity argument;
see Fig.3.3 for a schematic overview.

Furthermore, care to note that, though local upper expectations are by
deÞnition assumed to be coherent, a similar (conditional version of the co-
herence) condition is not necessarily assumed for global upper expectations,
even if they are restricted to the domain V 9 X ! . Furthermore, though the
second argument of a global upper expectation is mathematically speaking
always a situation > ' X ! , this is actually no more than a shorthand no-
tation and should be understood as taking the (global) upper expectation
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conditional on the cylinder event " (>) + ! . For any global upper expec-
tation E and any $ ' V, we will let E( $) ! E( $|" ) and E( $) ! E( $|" );
these should then be thought of as the unconditional global upper and lower
expectation of $. The slight misuse of notation where a situation > ' X ! is
used instead of its corresponding cylinder event" (>), will sometimes also
be adopted in other instances when it is clear from the context what we
mean; e.g. sup( $|>) denotes the supremum sup( $|" (>)). An (in)equality
is also sometimes subindexed by a situation, which then means that the
(in)equality only holds on the corresponding cylinder event; e.g. $ ( > -
means that $(? ) ( - (? ) for all ? ' " (>).

3.2 Global upper expectations from acceptable gambles trees

The purpose of a global upper expectation is always to extend the local
uncertainty models, which may come in the form of an acceptable gambles
tree, an imprecise probability tree or an upper expectations tree. In the
current section, we consider the case where the local uncertainty models are
given in the form of an acceptable gambles tree. Moreover, our construction
of the corresponding global upper expectation will be entirely based on the
framework of sets of acceptable gambles as it was introduced in Chapter217.

3.2.1 Extending local assessments to global assessments

Suppose that we are given an acceptable gambles treeA¥. Recall that
A ' 1:" for any ' 1:" ' X ! is then interpreted as the set of all gambles$ ' L (X )
for which our subject Þnds the uncertain reward $(#" +1) acceptable, given
that she observed #1:" = ' 1:" . This can be translated as saying that our
subject Þnds theglobal gamble $(#" +1)1' 1:" acceptable; indeed, this gamble
is equal to the uncertain reward $(#" +1) unless the path taken by the process
does not go through ' 1:" , in which case the gamble is called o! Ñmeaning
that no money (or units of utility) is (are) exchanged. The set that gathers
all these acceptable global gambles is denoted byDA :

DA ! { $(#" +1)1' 1:" : ' 1:" ' X ! and $ ' A ' 1:" } . (3.6)

Note that the set of acceptable gamblesDA is simply a translation of the
local assessmentsA¥ to a global level without any additional information
included.

Next, we can extend DA in the usual way, using the coherence axioms
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3.2 Global upper expectations from acceptable gambles trees

D127, D327 and D427, with ! taking the role of Y:

E(DA ) = posi
-
DA %V#

.
=

'
+$

.=1

( . $. : + ' N, $. ' DA %V# , ( . ' R>

(

.

(3.7)
If DA is consistentÑthat is, if E(DA ) , V# = ) Ñthen E(DA ) is the small-
est coherent set of acceptable global gambles that includesDA and is then
called the natural extension of DA [DeÞnition 2.738].

The following two lemmas reveal the remarkably simple nature of the
sets posi

-
DA

.
and E(DA ), and will be used shortly to prove that DA is

consistent.

Lemma 3.2.1. For any acceptable gambles treeA¥ ,

posi
-
DA

.
=

/ $

>' D

$>(#|>|+1)1>: Þnite setD : X ! and $> ' A >

0
.

Proof. It is clear by the deÞnition of the positive span posi (á) and the set DA

[Eq. (3.6). ], that

posi
-
DA

.
4

/ $

>' D

$>(#|>|+1)1>: non-empty Þnite setD : X ! and $> ' A >

0
.

Since0 ' A > for all > ' X ! by D127, it is also clear that 0 ' posi
-
DA

.
, and therefore

that
posi

-
DA

.
4

/ $

>' D

$>(#|>|+1)1>: Þnite setD : X ! and $> ' A >

0
.

To prove the converse inclusion, Þx any$ ' posi
-
DA

.
. Then there is an + ' N,

an C. ' DA for all . ' {1, . . . , +} , and a ( . ' R> for all . ' {1, . . . , +} , such that
$ =

# +
.=1 ( .C.. Then, for any . ' {1, . . . , +} , we have by Eq. (3.6). that there is

an >. ' X ! and a - . ' A >. such that C. = - . (#|>. |+1)1>. . Let D be the set of all such
situations >., and let

$> !
$

.' {1,...,+}
>.=>

( . - . for all > ' D. (3.8)

Then we have that

$

>' D

$>(#|>|+1)1> =
$

>' D

$

.' {1,...,+}
>.=>

( . - . (#|>|+1)1> =
$

>' D

$

.' {1,...,+}
>.=>

( . - . (#|>. |+1)1>. =
$

>' D

$

.' {1,...,+}
>.=>

( .C.

=
$

.' {1,...,+}

( .C. = $

Moreover observe thatD : X ! is a Þnite set because the situations>. are enumerated
over the Þnite index set {1, . . . , +} . To see that $> ' A > for any > ' D, it su" ces to
observe by Eq. (3.8) that $> is a positive linear combination of gambles - . ' A > and
to take into account that A > is a convex cone [because it is coherent].

Lemma 3.2.2. For any acceptable gambles treeA¥,

E(DA ) =
/
- +

$

>' D

$>(#|>|+1)1>: Þnite setD : X ! , - ' V# and $> ' A >

0
.
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Proof. It is clear by the deÞnition of the positive span posi (á) and the set DA

[Eq. (3.6)56], that

E(DA ) = posi
-
DA %V#

.

4
/
- +

$

>' D

$>(#|>|+1)1>: Þnite setD : X ! , - ' V# and $> ' A >

0
.

To prove the converse inclusion, Þx any$ ' E(DA ). Then by Eq. (3.7)! there is an
+ ' N, an $. ' DA %V# for all . ' {1, . . . , +} and a ( . ' R> for all . ' {1, . . . , +} , such
that $ =

# +
.=1 ( . $.. SinceV# is a convex cone that includes the zero gamble, there is

some- ' V# such that

$ =
$

.' {1,...,+}

( . $. =
$

.' {1,...,+}
$. ' V#

( . $. +
$

.' {1,...,+}
$." V#

( . $. = - +
$

.' {1,...,+}
$." V#

( . $. = - +
$

.' {1,...,+}
$. ' DA \ V#

( . $., (3.9)

where the last step follows from the fact that $. ' DA %V# for all . ' {1, . . . , +} .
The latter sum

#
.' {1,...,+} , $. ' DA \ V# ( . $. is clearly an element of posi

-
DA

.
if the sum

is taken over a non-empty set. If the sum is taken over an empty set, then it is
equal to 0 and therefore, since0 ' posi

-
DA

.
by Lemma3.2.1! , also an element of

posi
-
DA

.
. So, in either case, the sum is an element ofposi

-
DA

.
and can therefore,

by Lemma 3.2.1! , be written as a sum
#

>' D $>(#|>|+1)1> for some Þnite setD : X !

and gambles $> ' A > for all > ' D. Hence, we have that

$ '
/
- +

$

>' D

$>(#|>|+1)1>: Þnite setD : X ! , - ' V# and $> ' A >

0
,

which implies the desired inclusion.

The following proposition establishes that, for any acceptable gambles
tree A¥, the set DA of acceptable gambles is consistent and thus that it can
be extended to a coherent set of acceptable gambles.

Proposition 3.2.3. For any acceptable gambles treeA¥, the setDA deÞned by
Eq.(3.6)56 is consistent, and soE(DA ) is the natural extension ofDA .

Proof. According to DeÞnition 2.738, we need to show that E(DA ) , V# = ) , or
equivalently that, for any $ ' E(DA ), we either have that $ = 0 or that $(? ) > 0
for some ? ' ! . From Lemma 3.2.2! , we know that $ = - +

#
>' D $>(#|>|+1)1> for

some - ' V# , some Þnite setD : X ! of situations and local gambles $> ' A > for
all > ' D. If

#
>' D $>(#|>|+1)1> = 0, then we have that $ # 0 and thus clearly that the

desired condition is satisÞed. Otherwise, if
#

>' D $>(#|>|+1)1> ! 0, let D1 + Dbe the set
of situations >in D such that $> ! 0 [note that D1 must then be non-empty]. Fix any
' 1:" ' D1such that there is noA' D1such thatA# ' 1:" [the existence of such a situation
' 1:" is guaranteed by the fact that any given situation is clearly preceded by only
Þnitely many other situations]. Then since $' 1:" ' A ' 1:" and $' 1:" ! 0, the coherence
[ D227] of A ' 1:" implies that there must be some ' " +1 ' X such that $' 1:" ( ' " +1) > 0.
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Then, for any path ? ' " (' 1:" +1), we have that

$(? ) = - (? ) +
$

>' D

$>(? |>|+1)1>(? ) = - (? ) +
$

>' D1
$>(? |>|+1)1>(? )

#
$

>' D1
$>(? |>|+1)1>(? ) =

$

>' D1
># ' 1:" +1

$>(? |>|+1)1>(? ) +
$

>' D1
>3 ' 1:" +1

$>(? |>|+1)1>(? )

= $' 1:" ( ' " +1) +
$

>' D1
>3 ' 1:" +1

$>(? |>|+1)1>(? ) >
$

>' D1
>3 ' 1:" +1

$>(? |>|+1)1>(? ),

where the second step follows trivially from the deÞnition of D1, the third from the
fact that - ' V# , the fourth from the fact that 1>(? ) = 0 for any >6 ' 1:" +1 [because
then " (>) , " (' 1:" +1) = ) ], the Þfth from the fact that, due to our choice of ' 1:" , there
are no situations A' D1 such that A# ' 1:" [and from the fact that ? " = ' 1:" ], and the
last from the fact that $' 1:" ( ' " +1) > 0.

Next, let ' " +2 be any state inX if ' 1:" +1 " D1, or otherwise, if ' 1:" +1 ' D1, let ' " +2

be such that $' 1:" +1 (' " +2) > 0; the latter is possible because of the same reasons as
before. Then for any ? ' " (' 1:" +2) : " (' 1:" +1), we have by the inequality above that

$(? ) >
$

>' D1
>3 ' 1:" +1

$>(? |>|+1)1>(? ) =
$

>' D1
>=' 1:" +1

$>(? |>|+1)1>(? ) +
$

>' D1
>3 ' 1:" +2

$>(? |>|+1)1>(? )

=
$

>' D1
>=' 1:" +1

$>(' " +2) +
$

>' D1
>3 ' 1:" +2

$>(? |>|+1)1>(? )

#
$

>' D1
>3 ' 1:" +2

$>(? |>|+1)1>(? ),

where the second equality follows from the fact that ? |' 1:" +1 |+1 = ? " +2 = ' " +2 because
? ' " (' 1:" +2), and where the last inequality follows from how we chose ' " +2. We can
now simply repeat the same reasoning; let ' " +3 be any state inX if ' 1:" +2 " D1, or
otherwise, if ' 1:" +2 ' D1, let ' " +3 be such that $' 1:" +2 (' " +3) > 0 [which is again possible
because of the same reasons as before]. Then for any? ' " (' 1:" +3) : " (' 1:" +2), we
have by the previous inequality that

$(? ) >
$

>' D1
>3 ' 1:" +2

$>(? |>|+1)1>(? ) =
$

>' D1
>=' 1:" +2

$>(? |>|+1)1>(? ) +
$

>' D1
>3 ' 1:" +3

$>(? |>|+1)1>(? )

=
$

>' D1
>=' 1:" +2

$>(' " +3) +
$

>' D1
>3 ' 1:" +3

$>(? |>|+1)1>(? )

#
$

>' D1
>3 ' 1:" +3

$>(? |>|+1)1>(? ).

We can continue to do this, choosing new consecutive states' " +4, ' " +5, . . . in the
same way, until at some point we encounter an' " ++ for which there are no situations
in > ' D1 anymore such that >3 ' 1:" ++, which is guaranteed to happen becauseDand
D1 are Þnite. Then we have that

$

>' D1
>3 ' 1:" ++

$>(? |>|+1)1>(? ) = 0,
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and hence, by the argument above, that$(? ) > 0. So we conclude thatE(DA ), V# =
) and therefore that DA is consistent.

3.2.2 The global upper and lower expectation associated with a set
of acceptable global gambles

Given an acceptable gambles treeA¥, we have associated with it a global
set of acceptable gamblesDA and shown that the natural extension of this
global set DA existsÑit is equal to E(DA ). The global upper expectation
EA : V 9 X ! * R and global lower expectation EA : V 9 X ! * R corre-
sponding to A¥ are now deÞned as follows; for all ( $, >) ' V 9 X ! ,

EA ( $|>) ! inf { : ' R : (: & $)1> ' E(DA )} ; (3.10)

EA ( $|>) ! sup{ : ' R : ( $& : )1> ' E(DA )} .

The upper and lower expectation EA and EA are related by conjugacy, and
so it su" ces to focus on the upper expectationEA .

Corollary 3.2.4 (Conjugacy). For any acceptable gambles treeA¥ and ( $, >) '
V 9 X ! , we have thatEA ( $|>) = &EA (&$|>).

Proof. Observe that

&EA (&$|>) = & inf { : ' R : (: + $)1> ' E(DA )}

= sup{&: ' R : (: + $)1> ' E(DA )}

= sup{: ' R : (&: + $)1> ' E(DA )} = EA ( $|>).

The deÞnition of EA is, in spirit, similar to the deÞnition of an uncon-
ditional upper expectation that corresponds to a coherent set of acceptable
gambles [see DeÞnition2.529], in the sense that EA again represents inÞ-
mum acceptable selling prices corresponding to the setE(DA ). However,
the formula is now somewhat altered to suitably deal with conditioning on
situations. More concretely, it is based on the interpretation that if, condi-
tional on any situation > ' X ! , a subject Þnds it acceptable to sell a gamble
$ ' V for the price : ' R, this is taken to mean that she Þnds the gamble
(: & $)1> acceptable, because this gamble is equal to: & $if the process goes
through >, and is called o! otherwise (in which case no moneyÑor units of
utilityÑis exchanged). Note that this interpretation is in line with WalleyÕs
contingent interpretation of conditional upper expectations (or previsions)
[ 110, Section 6.1.1]. The deÞnition above moreover agrees with traditional
deÞnitions, which are usually stated for general conditioning events instead
of only situations; see for instance [114, Eq. (2)].
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3.2 Global upper expectations from acceptable gambles trees

3.2.3 The global upper expectation corresponding to an acceptable
gambles tree: ItÕs only a game!

The expression for the upper expectationEA given in Eq. (3.10). is not
very elegant, and quite impractical if one desires to compute its values; it
indirectly characterisesEA based on the setE(DA ), which itself ought to be
deduced from Eq. (3.7)57 or Lemma 3.2.257. A more direct characterisation
can however be given if we make use of the notions of super- and submartin-
gales. As we will see, this alternative characterisation arises naturally from
game-theoretic principles, and will therefore allow us to interpret EA in a
game-theoretic way. We start by introducing the concepts of a real process,
a betting process and a sub-/supermartingale.

Real processes, betting processes, sub- and supermartingales

A real process C is simply a real-valued map on the situationsX ! . We will
often use it to describe the evolution of a subjectÕs capital as he gambles on
the subsequent values of the process state#" ; in that case, we will sometimes
call it a capital process. Abetting process G is a map that associates with
each situation > ' X ! a local gamble G(>) ' L (X ). The value of the local
gamble G(>) in ' ' X is then denoted by G(>)(' ). With any betting process
G, we associate a real processCG deÞned by

CG(' 1:" ) !
" &1$

@=0

G(' 1:@)(' @+1) for all ' 1:" ' X ! .

So CG denotes the evolution of a subjectÕs capital if he starts with zero cap-
ital and gambles according to Gon the subsequent state values. Conversely,
with any real process C, we can also associate a betting process# C given
by

# C(' 1:" ) ! C(' 1:" á)& C(' 1:" ) for all ' 1:" ' X ! ,

where C(' 1:" á)is the local gamble that assumes the valueC(' 1:" , ) in , ' X .
We call # C the process di ! erence of C. Note that, for any real process
C, the process di! erence # C is the unique betting process G such that
C = C(" ) + CG.

Now, given an acceptable gambles treeA¥, we say that a betting process
Gis acceptable if G(>) ' A > for all > ' X ! . A real processM is then called a
submartingale according to A¥, if the corresponding process di! erence#M
is acceptableÑor, equivalently, if there is an acceptable betting processG
such that M = M (" ) + CG. A real processM is called a supermartingale
according to A¥ if &#M (>) ' A > for all > ' X ! (or, equivalently, if there is
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an betting process G such that & G is acceptable andM = M (" ) + CG).2

Hence,M is a supermartingale if and only if &M is a submartingale.

A submartingale M thus describes the possible evolutions of a subjectÕs
capital if he adopts a strategy that, for each possible situation> ' X ! , picks
a local gamble #M (>) ' A > among the ones that are regarded acceptable
by the local model A >. Or, if the sets A¥ are speciÞed by the subject him-
self, a submartingale describes the possible evolutions of his capital if he
chooses to gamble simply according to his own beliefs. The notion of a su-
permartingale, which will be more central in our treatment than that of a
submartingale, can be interpreted in an equally intuitive way yet requires us
to consider a second subject that gambles against the beliefsA > of our Þrst
subject. To make this more concrete, we imagine the following game be-
tween two subjectsÑor, better, two playersÑin which we use terminology
that is similar to that of Shafer and Vovk [ 85].

The Þrst player speciÞes, for each> ' X ! , the set of gamblesA > that
he Þnds acceptable (which should be coherent); this player is calledFore-
caster. The second player, calledSkeptic, will take Forecaster up on his
commitments. More concretely, Skeptic plays according to the following
protocol, where M (" ) ' R denotes his (arbitrary) starting capital, where
" ' N0 is any point in time and #1:" = ' 1:" is any possible history up until
time " :

i. Skeptic chooses a local gamble- ' & A ' 1:" ! {&$: $ ' A ' 1:" } .

ii. The value ' " +1 of the next state #" +1 is revealed.

iii. SkepticÕs capital becomesM (' 1:" +1) = M (' 1:" ) + - (' " +1).

Observe that, at any given situation ' 1:" ' X ! , Skeptic is required to choose
from the gambles in &A ' 1:" and not the gambles in A ' 1:" . The reason is that
Forecaster accepts any gamble$(#" +1) for which $ ' A ' 1:" , or equivalently,
is willing to o ! er the gamble &$(#" +1) to someone else. So, since Skeptic
plays against Forecaster, he can only choose gambles- (#" +1) = &$(#" +1) for
which - ' & A ' 1:" .

Now note that supermartingales can be interpreted as the possible evolu-
tions of SkepticÕs capital if he uses a strategy to play against Forecaster in the
protocol above. Indeed, any map#M : > ' X ! 7* #M (>) ' & A > is a pos-
sible gambling strategy for Skeptic; by the deÞnition of a supermartingale
this implies that the real processM given by M (" ) +

# " &1
@=0 #M (' 1:@)(' @+1)

for all ' 1:" ' X ! , which describes the corresponding evolution of SkepticÕs
capital if he starts with an initial capital of M (" ), is a supermartingale.

2This alternative characterisation in terms of acceptable betting processes will be used in
Section 4.2.3145.
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3.2 Global upper expectations from acceptable gambles trees

The set of all supermartingales for a given acceptable gambles treeA¥

will be denoted by M(A¥); the corresponding set of submartingales by
M(A¥). Note that the initial value C(" ) of a processCÑwhich can be seen
as our subjectÕs initial capitalÑis irrelevant for whether C is a supermartin-
gale or not; if C ' M(A¥) then also : + C ' M(A¥) for all : ' R.

The following lemma describes the monotone behaviour of a sub- or
supermartingale along a path; it will be used later on in various proofs.

Lemma 3.2.5. Consider any acceptable gambles treeA¥, any M ' M(A¥),
' 1:" ' X ! and @# " . Then we have that

M (' 1:" ) ( M (' 1:" +1) ( á á á( M (' 1:@) for some' " +1:@' X @&" .

Furthermore, the converse inequalities hold for any supermartingale
M ' M(A¥).

Proof. To prove the statement for a submartingaleM ' M(A¥), Þrst observe that,
for any > ' X ! , there is an ' ' X such that M (>) ( M (>' ). Indeed, assume
ex absurdo that this is not the case, and soM (>) > M (>' ) for all ' ' X . This
implies that #M (>) < 0. But this is in contradiction with M ' M(A¥), because
the latter implies that #M (>) ' A > and thus, by the coherence [D227] of A >, that
#M (>) " L < (X ). As a result, we must have thatM (>) ( M (>' ) for some ' ' X .
Since this holds for any general > ' X ! , we can iteratively apply this implication
starting from ' 1:" to infer that there is indeed some ' " +1:@' X @&" such that M (' 1:" ) (
M (' 1:" +1) ( á á á( M (' 1:@). The second statement about supermartingales inM(A¥)
then follows trivially from the statement about submartingales and the deÞnition of
a supermartingale.

Global game-theoretic upper expectations

For any real processC and any " ' N0, let C(#1:" ) denote the " -measurable
gamble that assumes the valueC(? " ) in ? ' ! ; so C(#1:" ) is the gamble
obtained by stopping C at time " . Then, given a setM(A¥) of supermartin-
gales corresponding to an acceptable gambles treeA¥, we deÞne the corre-
sponding Þnitary game-theoretic upper expectation Ef

A ,V : V 9 X ! * R
as follows:3 for any $ ' V and > ' X ! ,

Ef
A ,V( $|>) ! inf

%
M (>) : M ' M(A¥) and (; " # |>|) M (#1:" ) #> $

&
.

(3.11)
Taking into account the interpretation of a supermartingale as described
above, the upper expectationEf

A ,V can be given a straightforward meaning:
for any ( $, >) ' V 9 X ! , EA ( $|>) is the inÞmum starting capital for Skeptic

3The superscript ÔfÕ inEf
A ,V is intended to refer to ÔÞnitaryÕ, whereas the subscript ÔVÕ is

intended to refer to Jean Ville [ 107] as pointed out in Section 4.1131.
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Finitary upper expectations in discrete-time stochastic processes

in the situation >such that, by playing against Forecaster according to the
protocol above, he can declare a Þnite point in time" # |>| where he will
surely have more money than the reward associated with the global gamble
$. Remark that the ÔsurelyÕ here refers to the fact that this is the caseirre-
spectively of the path ? taken through the situation >. In other words,
any starting capital in >larger than EA ( $|>) allows Skeptic to (super-)hedge
the global gamble $ at a Þnite time point in the future.

The Þnitary game-theoretic lower expectation Ef
A ,V can be deÞned in

a complementary way asEf
A ,V using submartingales instead of supermartin-

gales; for any $ ' V and > ' X ! ,

Ef
A ,V( $|>) ! sup

%
M (>) : M ' M(A¥) and (; " # |>|) M (#1:" ) ( > $

&
.

We do not go into full detail on how the deÞnition above can be interpreted
in a game-theoretic setting but, roughly speaking, submartingales can be
seen as the possible evolutions of ForecasterÕs capital when Skeptic is bet-
ting against him, and the lower expectation Ef

A ,V( $|>) is then ForecasterÕs
supremum starting capital in >such that it is still possible for Skeptic toÑ
surelyÑprevent Forecaster from ending up with more money than the pay-
o! corresponding to the gamble $. The lower expectation Ef

A ,V is once more
related to the upper expectation Ef

A ,V by conjugacy, which is why we will
henceforth focus onEf

A ,V.

Corollary 3.2.6 (Conjugacy). For any acceptable gambles treeA¥ and ( $, >) '
V 9 X ! , we have thatEf

A ,V( $|>) = &Ef
A ,V(&$|>).

Proof. Since, for any real processM , M ' M(A ) if and only if &M ' M(A ), we
have that

&Ef
A ,V(&$|>)

= & inf
%
M (>) : M ' M(A¥) and (; " # |>|) M (#1:" ) #> &$

&

= sup
%

& M (>) : M ' M(A¥) and (; " # |>|) M (#1:" ) #> &$
&

= sup
%
M (>) : (&M ) ' M(A¥) and (; " # |>|) (&M )(#1:" ) #> &$

&

= sup
%
M (>) : M ' M(A¥) and (; " # |>|) M (#1:" ) ( > $

&
= Ef

A ,V( $|>).

At this point, readers that are familiar with the global game-theoretic
upper expectations suggested by Glenn Shafer and Vladimir Vovk [85, 86,
109] will surely have noticed the close relation with our expression for Ef

A ,V

in Eq. (3.11)! . In fact, the conceptual ideas that we have presented above
are entirely the same and largely due to them.4 There are various impor-
tant technical di ! erences, though, which we will currently not discuss in

4The close resemblance with Shafer and VovkÕs game-theoretic framework in [86] clariÞes
the title of this section.
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3.2 Global upper expectations from acceptable gambles trees

detail. The most important di ! erence, at this point, is the fact that Shafer
and VovkÕs game-theoretic upper expectations involve supermartingales that
(super-)hedge the considered gamble only at an inÞnite time horizon and
not necessarily at a Þnite time horizon as is the case forEf

A ,V. These types of
game-theoretic upper expectations, where (super-)hedging happens at an
inÞnite time horizon, will be the subject of Chapter 4129. We will there also
discuss in great detail what the correspondences and di! erences are with
Shafer and VovkÕs framework.

An equivalence between EA and Ef
A ,V

The following theorem establishes that, for any acceptable gambles treeA¥,
the upper expectation EA obtained from A¥ using the standard coherence
arguments is entirely the same as the Þnitary game-theoretic upper expec-
tation Ef

A ,V; see also Fig.3.4" . Due to its considerable length, we relegate
the proof to Appendix 3.A102.

Theorem 3.2.7. For any acceptable gambles treeA¥ ,

EA ( $|>) = Ef
A ,V( $|>) for all ( $, >) ' V 9 X ! .

The game-theoretic upper expectationEf
A ,V can thus be seen as an alter-

native characterisation for EA , yet more intuitive and with a more construc-
tive ßavour. Furthermore, it is exactly this game-theoretic upper expectation
that will be later on, in Chapter 4129, suitably adapted to involve a continuity
argument. This will then give us a deÞnition of the game-theoretic upper
expectation that is in line with Shafer and Vovk their game-theoretic up-
per expectations. Moreover, note that the equality above also holds for the
lower expectations EA and Ef

A ,V because they are both related to their re-
spective upper expectations by conjugacy [see Corollary3.2.460 and Corol-
lary 3.2.6. ].

3.2.4 The law of iterated upper expectations

We conclude this section on behavioural upper expectations with proving
a law of iterated upper expectations [ 8, 62, 86]; a generalised version
of the law of iterated expectations or law of total probability in measure-
theoretic probability [ 89, Section 1.3.2]. The law will be crucial later on, in
Section 3.590, when we relate EA and Ef

A ,V to other types of global upper
expectations.

We start with two lemmas, of which the Þrst establishes a slightly mod-
iÞed expression forEf

A ,V and the second implies thatEf
A ,V is real-valued on

V 9 X ! .
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Figure 3.4 Schematic overview of the Þnitary behavioural approaches.

Lemma 3.2.8. For any acceptable gambles treeA¥, we have that, for all
( $, >) ' V 9 X ! ,

Ef
A ,V( $|>) = inf {M (>) : M ' M(A¥) and (; " # |>|)(/ @# " )M (#1:@) #> $} .

Proof. Fix any ( $, >) ' V 9 X ! . That

Ef
A ,V( $|>) ( inf {M (>) : M ' M(A¥) and (; " # |>|)(/ @# " )M (#1:@) #> $}

is clear from the deÞnition of Ef
A ,V [Eq. (3.11)63]. To prove the converse inequality,

Þx any M ' M(A¥) such that M (#1:" ) #> $ for some " # |>|. Let M 1 be the
real process deÞned, for all' 1:@ ' X ! , by M 1(' 1:@) ! M (' 1:@) if @( " , and by
M 1(' 1:@) ! M (' 1:" ) if @> " . Then, for any ' 1:@' X ! , #M 1(' 1:@) is either equal to
#M (' 1:@) or equal to 0. Since &#M (' 1:@) ' A ' 1:@ becauseM ' M(A¥), and since
0 ' A ' 1:@ due to D127, we have that &#M 1(' 1:@) ' A ' 1:@. Since this holds for any
' 1:@' X ! , we have that M 1 ' M(A¥). Moreover, it is clear from the deÞnition of M 1

that M 1(#1:@) = M (#1:" ) for all @# " , which by the fact that M (#1:" ) #> $ implies
that M 1(#1:@) #> $ for all @# " . Hence, we have that

inf { ÷M (>) : ÷M ' M(A¥) and (; ÷" # |>|)(/ ÷@# " ) ÷M (#1:÷@) #> $} ( M 1(>) = M (>),
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3.2 Global upper expectations from acceptable gambles trees

where the last equality follows from the deÞnition of M 1 and the fact that " # |>|.
Since the inequality above holds for any M ' M(A¥) such that M (#1:" ) #> $ for
some" # |>|, we have by Eq. (3.11)63 that

inf {M (>) : M ' M(A¥) and (; " # |>|)(/ @# " )M (#1:@) #> $} ( Ef
A ,V( $|>),

as desired.

Lemma 3.2.9. For any acceptable gambles treeA¥ and any ( $, >) ' V 9 X ! ,
we have that

inf ( $|>) ( Ef
A ,V( $|>) ( sup( $|>).

In particular, we have thatEf
A ,V( $|>) ' R.

Proof. To see that Ef
A ,V( $|>) ( sup( $|>), simply observe that the real processM

that is equal to the constant sup( $|>) everywhere is, by D127 of the local sets A >,
a supermartingale in M(A¥), and is clearly such that M (#1:" ) #> $ for some " #
|>| [in fact it holds for all " ' N0]. On the other hand, assume ex absurdo that
Ef

A ,V( $|>) < inf ( $|>). Then according to Eq. (3.11)63 there is a M ' M(A¥) such
that M (>) < inf ( $|>) and M (#1:" ) #> $ for some " # |>|. But Lemma 3.2.563 says
that there is a ' |>|+1:" ' X " &|>| such that

M (>' |>|+1:" ) ( M (>) < inf ( $|>).

This is in contradiction with the fact that M (#1:" ) #> $ #> inf ( $|>). As a result, we
must have that Ef

A ,V( $|>) # inf ( $|>).

For any $ ' V, any ' 1:" ' X ! and any @ ' N, we use the
notation EA ( $|' 1:" #" +1:" +@) to denote the " + @-measurable variable tak-
ing the value EA ( $|' 1:" ' 1

" +1:" +@) for all ' 1
" +1:" +@ ' X @, and the notation

EA (EA ( $|#1:" +1)|#1:" ) to denote the " -measurable variable taking the value
EA (EA ( $|#1:" +1)|' 1:" ) for all ' 1:" ' X " . Note that EA (EA ( $|#1:" +1)|' 1:" )
is well-deÞned, becauseEA ( $|#1:" +1) is a gamble due to Lemma3.2.9 and
Theorem 3.2.765. Analogous notations will be used for the global upper
expectation Ef

A ,V, and for all other global upper expectations in this disser-
tation.

Proposition 3.2.10 (Law of iterated upper expectations). For any acceptable
gambles treeA¥, any $ ' V and any " ' N0, we have that

Ef
A ,V( $|#1:" ) = Ef

A ,V(Ef
A ,V( $|#1:" +1)|#1:" ),

and
EA ( $|#1:" ) = EA (EA ( $|#1:" +1)|#1:" ).

Proof. Fix any $ ' V and any ' 1:" ' X ! . We Þrst establish the statement for
the game-theoretic upper expectation Ef

A ,V, and to that end, we begin by prov-
ing the inequality Ef

A ,V(Ef
A ,V( $|#1:" +1) |' 1:" ) ( Ef

A ,V( $|' 1:" ). If Ef
A ,V( $|' 1:" ) = +$ ,
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then this inequality is trivially satisÞed. If Ef
A ,V( $|' 1:" ) < +$ then, for any real

number : > Ef
A ,V( $|' 1:" ), there is according to Lemma3.2.866 a supermartingale

M ' M(A¥) such that M (' 1:" ) ( : and M (#1:@) # ' 1:" $ for all @larger or equal
than some " 1 # " . Then it is clear that, for any ' " +1 ' X , M (#1:@) # ' 1:" +1 $ for all
@larger or equal than " 1 + 1 # " + 1, and hence, again by Lemma3.2.866, we have
that Ef

A ,V( $|' 1:" +1) ( M (' 1:" +1). Since this holds for any ' " +1 ' X , we obtain that
Ef

A ,V( $|#1:" +1) ( ' 1:" M (#1:" +1). Let M 1 be the real process that is equal toM for
all situations that precede ' 1:" or are incomparable with ' 1:" , and that is equal to
the constant M (' 1:" +1) for all situations that follow ' 1:" +1 for some ' " +1 ' X . Then,
becauseEf

A ,V( $|#1:" +1) ( ' 1:" M (#1:" +1), we also have that

Ef
A ,V( $|#1:" +1) ( ' 1:" M 1(#1:" +1) =' 1:" M 1(#1:" +@) for all @# 1.

Moreover, observe that M 1 ' M(A¥). Indeed, for any A ' X ! , #M 1(A) is either
equal to #M (A) or equal to zero. If it is equal to #M (A), then since M ' M(A¥)
we have that &#M 1(A) ' AA. If it is equal to zero, then by the coherence [D127]
of AA we also have that &#M 1(A) ' AA. Hence, in both cases,&#M 1(A) ' AA, and
since this holds for any A ' X ! we indeed have that M 1 ' M(A¥). Recalling that
Ef

A ,V( $|#1:" +1) ( ' 1:" M 1(#1:" +@) for all @# 1, this implies by Lemma 3.2.866 and the
fact that Ef

A ,V( $|#1:" +1) is a (bounded) gamble by Lemma3.2.9! that

Ef
A ,V(Ef

A ,V( $|#1:" +1) |' 1:" ) ( M 1(' 1:" ) = M (' 1:" ) ( : .

Since this holds for any real : > Ef
A ,V( $|' 1:" ), we indeed have that

Ef
A ,V(Ef

A ,V( $|#1:" +1) |' 1:" ) ( Ef
A ,V( $|' 1:" ).

To prove the converse inequality, start by recalling thatEf
A ,V( $|#1:" +1) is bounded

[due to Lemma 3.2.9! ]. Then Lemma 3.2.9! says that Ef
A ,V(Ef

A ,V( $|#1:" +1) |' 1:" )
is real. Fix any real : > Ef

A ,V(Ef
A ,V( $|#1:" +1) |' 1:" ) and any E ' R>. Then by

Lemma3.2.866 there must be a real processM ' M(A¥) such that M (' 1:" ) ( : and
M (#1:@) # ' 1:" Ef

A ,V( $|#1:" +1) for all @larger or equal than some" 1 # " . Fix any ' " +1 '
X . Then it follows that M (#1:@) # ' 1:" +1 Ef

A ,V( $|' 1:" +1) for all @larger or equal than
" 1+1 # " +1, which by Lemma3.2.563 implies that M (' 1:" +1) # Ef

A ,V( $|' 1:" +1). Since
M (' 1:" +1) is realÑbecause it is a real processÑand sinceM (' 1:" +1) # Ef

A ,V( $|' 1:" +1),
it follows from Lemma 3.2.866 that there is a real processM ' 1:" +1 ' M(A¥) such that
M ' 1:" +1 (' 1:" +1) ( M (' 1:" +1) + E and M ' 1:" +1 (#1:@) # ' 1:" +1 $ for all @larger or equal
than some " ' " +1 # " + 1. This holds for any ' " +1 ' X , so sinceX is Þnite, there is
moreover a Þnite " 11! max' " +1 ' X " ' " +1 # " +1 such that M ' 1:" +1 (#1:@) # ' 1:" +1 $ for all
@# " 11and ' " +1 ' X .

Let M ! be the process that is equal toM +Efor all situations that precede or are
incomparable with ' 1:" , and that is equal to M ' 1:" +1 for all situations that follow ' 1:" +1

for some ' " +1 ' X . Since, as we have just shown previously,M ' 1:" +1 (#1:@) # ' 1:" +1 $
for all ' " +1 ' X and all @# " 11# " + 1 # " , and sinceM ! (#1:@) =' 1:" +1 M ' 1:" +1 (#1:@)
for all ' " +1 ' X and all @# " + 1 # " , we have that M ! (#1:@) # ' 1:" $ for all
@# " 11# " + 1 # " . We furthermore show that M ! ' M(A¥).
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3.3 Global upper expectations from imprecise probability trees

For any ' " +1 ' X , we have that M ! (' 1:" +1) = M ' 1:" +1 (' 1:" +1) ( M (' 1:" +1) + E,
implying that M ! (' 1:" á)( M (' 1:" á) +Eand therefore that

& #M ! (' 1:" ) = &M ! (' 1:" á) +M ! (' 1:" ) # &M (' 1:" á) +M ! (' 1:" ) & E

= &M (' 1:" á) +M (' 1:" ) = &#M (' 1:" ).

Since&#M (' 1:" ) ' A ' 1:" by the fact that M ' M(A¥), we have byD127 and D327 that
&#M ! (' 1:" ) ' A ' 1:" . Moreover, for all situations A $ ' 1:" , we have that #M ! (A) =
#M (A) and therefore, since M ' M(A¥), that &#M ! (A) ' AA. For all situations
A' X ! such that A3 ' 1:" +1 for some ' " +1 ' X , we have that #M ! (A) = #M ' 1:" +1 (A)
and thereforeÑagain since M ' 1:" +1 ' M(A¥)Ñalso that &#M ! (A) ' AA. All together,
we have that &#M ! (A) ' AA for all A' X ! , and therefore that M ! ' M(A¥).

Recalling that moreover M ! (#1:@) # ' 1:" $ for all @# " 11 # " and M ! (' 1:" ) =
M (' 1:" ) + E ( : + E, Lemma 3.2.866 implies that Ef

A ,V( $|' 1:" ) ( M ! (' 1:" ) ( : + E.
This holds for any E ' R> and any real : > Ef

A ,V(Ef
A ,V( $|#1:" +1) |' 1:" ), so we conclude

that indeed Ef
A ,V( $|' 1:" ) ( Ef

A ,V(Ef
A ,V( $|#1:" +1) |' 1:" ).

This proves the desired statement for the game-theoretic upper expectation
Ef

A ,V. The desired statement for the upper expectationEA then follows from Theo-
rem 3.2.765.

3.3 Global upper expectations from imprecise probability trees

In this section, we take imprecise probability trees as the primary object
that parametrizes our stochastic process. Starting from these trees, we use
concepts such as global probability charges and global linear expectations to
build a corresponding global upper expectation. Later on, in Section3.590,
we will then moreover see that these probability-based global upper expec-
tations are equivalent to the previously discussed behavioural global upper
expectationsEA and Ef

A ,V.

3.3.1 Global probability charges

Our construction of the probability-based global upper expectation will
fundamentally rely on the notion of a conditional probability charge. To
introduce such conditional probability charges, we require the notion of an
algebra. An algebra or Þeld A on a non-emptyÑgeneralÑset Y is a col-
lection of subsets of Y that contains the empty subset) : Y and that is
closed under Þnite unions and complementation; that is, for any %, 0 + A ,
we have that %%0 ' A and that %& ! Y \ %' A . It then follows that A
also contains the setY and that it is closed under Þnite intersections. The
largest algebra on Y is the powerset 1( Y) ! { % + Y} and the smallest
algebra is { Y, ) } . For any algebraA + 1( Y), we use the notation A 8 to
denote A \ { ) } .
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The following deÞnition of a conditional probability charge is due to
Dubins [34, Section 3] and Regazzini [78, DeÞnition 2], who simply call
this object a Ôconditional probabilityÕ.

DeÞnition 3.1 (Conditional probability charges) . Let A , B be any two al-
gebras (or Þelds) on Y such that B + A . Then we call P : A 9 B8 * R a
conditional probability charge if, for all %, F ' A and 0, G ' B8,

CP1. 0 ( P(%|0) [lower bounds];

CP2. 0 + %- P(%|0) = 1 [normalisation];

CP3. %, F = ) - P(%%F|0) = P(%|0) + P(F|0) [Þnite additivity];

CP4. G , 0 ! ) - P(%, G|0) = P(%|G , 0)P(G|0) [BayesÕ rule].!

The deÞnition above will in our context only be applied to the case where
the possibility space Y takes the form of the sample space! . Moreover,
we are also not interested in probabilities conditional on general events in
1(! ), but rather only in probabilities conditional on situations > ' X ! Ñ
or better, on their corresponding cylinder events " (>). Therefore, we pro-
pose the following deÞnition of a global probability charge , where we use
" (X ! ) ! { " (>) : > ' X ! } to denote the set of all cylinder events.

DeÞnition 3.2 (Global probability charges). For any algebraA on ! such
that " (X ! ) + A , we say that P : A 9 X ! * R is a global probability charge
if, for all %, F ' A and all >, A' X ! such that >2 A,

GP1. 0 ( P(%|>) [lower bounds];

GP2. " (>) + %- P(%|>) = 1 [normalisation];

GP3. %, F = ) - P(%%F|>) = P(%|>) + P(F|>) [Þnite additivity];

GP4. P(%, " (A)|>) = P(%|A)P(A|>) [BayesÕ rule]. !

Axiom GP2 indicates that we take conditioning on a situation > ' X ! to
mean the same as conditioning on its cylinder event" (>). We will sometimes
also let a situation be the Þrst argument of a global probability charge; it
then simply refers to its corresponding cylinder eventÑsee e.g. Eq. (3.12)72.

It can easily be seen that, for any two algebrasA , B on Y with " (X ! ) +
B + A , the restriction of a conditional probability charge on A 9 B8 to
A 9 " (X ! )Ñor A 9 X ! ÑsatisÞesGP1ÐGP4, and therefore that it is a global
probability charge. The converse implication is less trivial however; the fol-
lowing result establishes that it holds nonetheless. Moreover, it also showsÑ
see point(iii) * belowÑthat any global probability charge according to Def-
inition 3.2 is a Ôconditional probabilityÕ in the sense of [4] or a Ôcoherent
conditional probabilityÕ in the sense of [62]. Especially the version in [62,

70



3.3 Global upper expectations from imprecise probability trees

DeÞnition 5] is important to us because we will often use results from [62,
Section 3.4] in future derivations.

Proposition 3.3.1. For any algebraA on ! such that " (X ! ) + A , and any
map P : A 9 X ! * R, the following statements are equivalent:

(i) P is a global probability charge;

(ii) P is the restriction of a conditional probability chargeP1 deÞned on
1(! ) 9 1(! )8;

(iii) for all + ' N, all ( 1, . . . , ( + ' R and all (%1, >1), . . . , (%+, >+) '
A 9 X ! .

sup
+ +$

.=1

( .1>.

-
I%. & P(%. |>.)

. 1
1
1%+

.=1 " (>.)
,

# 0.5

As far as the proof of the result above is concerned; we are convinced that it
follows from the statements in [ 4, p. 73], since a global probability charge
according to DeÞnition 3.2. seems to always satisfy conditions (a), (b1)
and (b2) in [ 4, p. 73]. We nonetheless choose to give an independent and
self-contained proof in Appendix 3.B105, since we can deduce it fairly easily
from our axiomatisation of coherence for global upper expectations further
on [Theorem 3.4.384].

As a consequence of the result above, global probability charges inherit
the same basic properties satisÞed by conditional probability chargesÑthe
proof of the following result is left as an exercise for the reader.

Proposition 3.3.2. For any global probability chargeP on A 9X ! , any %' A
and > ' X ! , we have that

GP5. P(! |>) = 1;

GP6. P() |>) = 0;

GP7. 0 ( P(%|>) ( 1;

GP8. P(%|>) = P(%, " (>)|>).

It readily follows from GP1. , GP3. and GP5that, for any global prob-
ability charge P on A 9 X ! and any Þxed situation > ' X ! , the set function
P(á|>) : A * R is a(n) (unconditional) probability charge on A in the sense
of [ 77, 106], or a Þnitely additive probability measure in the sense of [5]. In

5The deÞnition in [ 4] additionally requires the inÞmum of
# +

.=1 ( .1>.

-
I%. & P(%. |>.)

.
over

%+
.=1" (>.) to be smaller than or equal to 0, but it can be observed that this is implied by (iii) ; it

su" ces to switch the signs of the( .Õs. On the other hand, [62, DeÞnition 5] uses a maximum
instead of a supremum, and in our case too the supremum could actually be replaced by a
maximum because it is taken over a Þnite number of (Þnite) values.
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particular, if we speak about the unconditional (global) probability charge
corresponding to P, we always meanP(á)! P(á|" ).

3.3.2 Global probability charges from precise probability trees

Before building a global upper expectation from a general imprecise
probability tree, we Þrst restrict ourselves to the special case that our
stochastic process is described by aprecise probability tree 2: > ' X ! 7*
2(á|>). We intend to use the local probability mass functions 2(á|>) for all
> ' X ! to make assertions about global probability charges. These asser-
tions can straightforwardly be deduced from the interpretation of the mass
functions 2(á|>): we will want to impose, for any global probability charge
P corresponding to 2, the condition that

P(' 1:" +1|' 1:" ) = 2(' " +1|' 1:" ) for all " ' N0 and all ' 1:" +1 ' X " +1. (3.12)

Note that Eq. (3.12) is the same as the condition that is being imposed in
[ 62, Eq. (3.3)]. In fact, in general, much of what we will do in the current
section can be seen to be similar toÑand inspired byÑthe work in [ 62,
Section 3.4].

We start by establishing the existence of a global probability charge that
respects Eq. (3.12) and that is deÞned on the smallest possible domain: the
set <X ! = 9X ! , with <X ! =the (smallest) algebra generated by the cylinder
events " (X ! ). That the algebra <X ! =exists follows from the discussion in
[ 5, p. 27Ð28].

Lemma 3.3.3. The algebra<X ! = exists and, for any% + ! , we have that
%' <X ! =if and only if it is a Þnite union of (disjoint) cylinder events. If this is
the case, then we moreover have that%= %=1:@' F" (=1:@) for some@' N0 and
F + X @.

Proof. To establish the existence, Þrst note that a Ôcylinder event of rank+Õ accord-
ing to [ 5] is in our language a Þnite union %>. " (>.) of cylinder events of situations
>. of length +. Any such Ôcylinder event of rank+Õ must clearly be an element of any
algebra that includes " (X ! ), and so since [5, p. 27Ð28] says that the set of Ôcylin-
der events of all ranksÕ form an algebra, this algebra must be the smallest algebra
including " (X ! ) and thus be equal to <X ! =. This establishes existence, and also im-
mediately that any % ' <X ! = is the Þnite union %=1:@' F " (=1:@) for some @' N0 and
F + X @, and thus that %is the Þnite union of (disjoint) cylinder events. It then
remains to show the converse; that any Þnite union of (disjoint) cylinder events is
an element of <X ! =. This follows straightforwardly from the deÞnition of the algebra
<X ! =.

The next proposition not only conÞrms the existence of a global proba-
bility charge on <X ! = 9X ! satisfying Eq. (3.12), it also says that this prob-
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ability charge is unique and that its values can be computed in an intuitive
way. The result is entirely the same as [62, Lemma 14], apart from the
fact that [ 62, Lemma 14] uses conditional probability measuresÑsee [62,
DeÞnition 6 and below]Ñinstead of global probability charges. The famil-
iarized reader, however, may notice that on the current domain of interest
<X ! = 9X ! there is no di! erence between the two notions, therefore allow-
ing us to nevertheless use [62, Lemma 14]. A formal proof of this result can
be found in Appendix 3.B105.

Proposition 3.3.4. For any precise probability tree2, there is a unique global
probability chargeP2 on <X ! = 9X ! that respects Eq.(3.12). . SpeciÞcally,
for any ' 1:" ' X ! , any @' N0 and any F + X @,6

P2(%=1:@' F" (=1:@)|' 1:" ) =
$

=1:@' F

P2(=1:@|' 1:" ),

with P2(=1:@|' 1:" ) =

23334

333
5

6 @&1
.=" 2(=.+1|=1:.) if " < @and =1:" = ' 1:"

1 if " # @and =1:@= ' 1:@

0 otherwise.

The domain <X ! = 9 X ! is also immediately the largest domain that
we will consider for a global probability charge satisfying Eq. (3.12). Ñ
at least, in this chapter. The reason is that, on a domain that is larger than
<X ! = 9X ! Ñe.g. 1(! ) 9 X ! or ! (X ! ) 9 X ! with ! (X ! ) the ! -algebra gener-
ated by <X ! =(see Chapter5217)Ñthere is not necessarily one unique global
probability charge satisfying Eq. (3.12). . Uniqueness can however be pre-
served on the larger domain ! (X ! ) 9 X ! , if we would additionally impose
countable additivity or ! -additivity on a global probability charge; see Chap-
ter 5217. As mentioned in the introduction of this chapter, we choose not to
do so yet and Þrst study an approach that is solely based on Þnitely ad-
ditive probability charges. Finitely additive probabilities were advocated
by [27, 35, 77], and are more popular than their countably additive vari-
ants in the Þeld of imprecise probabilities, due to their generality and their
strong relationship with coherent upper expectations [105, 106, 110, 113].
Nonetheless, we will see in Section3.698 that the resulting Þnitary global
upper expectation is not satisfactory for a general domainV 9 X ! , and so
we will continue in Chapter 5217 to study a more involved approach that is
based on countably additive global probability charges.

Furthermore, observe that there is another important aspect in which
our approach here di! ers from more traditional measure-theoretic ap-
proaches [5, 89]: we consider conditional (global) probabilities to be

6By Lemma3.3.3. , any % ' <X ! =can be written as %=1:@' F " (=1:@) for some @' N0 and
F + X @.
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equally as fundamental as unconditional (global) probabilities, whereas the
typical measure-theoretic practices consider unconditional probabilities to
be primary objects and then deduce conditional probabilities from uncon-
ditional probabilities by means of BayesÕ rule. That is, for an uncondi-
tional probability charge P on an algebra A , the corresponding probabil-
ity P(%|0) conditional on any 0 ' A 8 is in that case deÞned byP (%|0) !
P(%, 0)/ P (0). Of course, the latter is ill-deÞned if P(0) ! 0, a prob-
lem that is then usually ÔsolvedÕ by allowingP (%|0) to take an arbitrary
value. Such an approach is inadequate when one wishes to retain infor-
mation about given conditional probabilitiesÑthe local ones in our case.
Indeed, the unconditional probability charge P (á)= P(á|Y) corresponding
to a given conditional probability charge P(á|á)does in general not allow us
to recover P(á|á). Hence the reason why we prefer to use conditional proba-
bility charges instead.

Lastly, though we choose not to extend a global probability charge be-
yond the domain <X ! = 9X ! , it is nevertheless possible to do soÑthis can
be seen to follow from [ 78, Theorem 4] and the fact that, as pointed out by
Proposition 3.3.171, global probability charges are equivalent to Ôcoherent
conditional probabilitiesÕ restricted to a particular domain. Since in general
this means giving up unicity, we would have to work with a (non-empty)
set of global probability charges instead of a single one. By deÞning a (lin-
ear) expectation for each global probability charge in this setÑusing the
integration techniques described belowÑand then subsequently taking an
upper envelope over this set, we could come up with an alternative version
of the global upper expectation E2 deÞned here, in DeÞnition3.578. Such
an approach, however, is conceptually rather di! erent from what is done
in classical (measure-theoretic) probability theoryÑand also from what we
will do in Chapter 5217Ñwhere a single probability charge or measure al-
ways forms the central starting point.7

3.3.3 Global linear/upper expectations from precise probability trees

To obtain global linear expectations and upper expectations from global
probability charges, we will use the S-integral [47, 77, 105, 106]. We
choose to use this integral because (i) it is a conceptually easy type of inte-
gral, popular among those who study general (Þnitely additive) probability
charges, and (ii) it is equivalent to the well-known Lebesgue integral that we

7A reader that is familiar with WilliamsÕs notion of conditional coherence [72, 114]
may nevertheless infer from the Ôenvelope theoremÕ [72, Section 3.1] and the fact that our
probability-based global upper expectation E2 is coherent (see Corollary 3.5.694 and Theo-
rem 3.4.384), that this alterative approach leads to a global upper expectation that is equivalent
to E2.
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will use later onÑsee DeÞnition 5.3228Ñbut adapted to deal with general
algebras and probability charges.

The measure-theoretic concepts that will be introduced in the following
sections are taken largely from [106, Section 1.8 and Chapter 8]. These
concepts deviate somewhat from the standard deÞnitions, because they are
adapted to deal with general algebras and general (Þnitely additive) prob-
ability charges on algebras. Measurability, for instance, is in the standard
case typically only associated with ! -algebras, not with general algebras.
One may easily observe from [106, Section 1.8 and Chapter 8] that the
adapted notions that we use here are simple generalisations of the standard
measure-theoretic concepts.

Simple global gambles and measurable global gambles

For any algebra (or Þeld) A on ! , we say that a gamble $ ' V is A -simple
[ 106, DeÞnition 1.16] if $ =

# +
.=1 ) .I%. for some + ' N, ) 1, . . . , ) + ' R and

%1, . . . , %+ ' A , and
# +

.=1 ) .I%. is then called a representation of $. So the
linear span

span(A ) !
%# +

.=1 ) .I%. : + ' N, ) . ' R, %. ' A
&

is the set of all A -simple gambles. A gamble $ ' V is then called A -
measurable [ 106, DeÞnition 1.17 (B)] if it is in the uniform closure of
span(A ), meaning that there is a sequence( $+)+' N of A -simple gambles
such that

lim
+* +$

sup|$& $+| = 0.

If it is clear from the context which algebra A we are considering, we will
simply call gambles simple or measurable, instead of respectivelyA -simple
and A -measurable.

In this chapter, we will mainly be concerned with <X ! =-simple gambles,
which can easily be seen to be equal to Þnitary gambles.

Lemma 3.3.5. We have thatF = span(<X ! =).

Proof. Since for any Þnitary gamble $ ' F there is a " ' N0 such that we can write
$ =

#
' 1:" ' X " $(' 1:" )1' 1:" , and since all cylinder events are by deÞnition included in

<X ! =, it follows that F + span(<X ! =). Conversely, consider any$ ' span(<X ! =).
Let

# +
.=1 ) .I%. be any representation of $. For any . ' {1, . . . , +} , we have by

Lemma3.3.372 that %. is a Þnite union %H.
I=1" (>., I) of (disjoint) cylinder events " (>., I).

So then we have that I%. =
# H.

I=1 1>., I for all . ' {1, . . . , +} , and therefore that

$ =
+$

.=1

) .I%. =
+$

.=1

H.$

I=1

) .1>., I .
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Hence, it is clear that $can thus be written as
# @

" =1 * " 1A" for some@' N0, *1, . . . , * @'
R and A1, . . . , A@ ' X ! . So if 2 is the maximum of the lengths of the situations
A1, . . . , A@, it is clear that $ =

# @
" =1 * " 1A" depends only on the states#1:2, and thus

that $ is Þnitary.

The S-integral or the Lebesgue integral

For the deÞnition of the S-integral, we follow [ 106, DeÞnition 8.24] but
immediately state a version adapted to the context of stochastic processes.

DeÞnition 3.3. Consider any probability chargeP on the algebra <X ! =, and
any $ ' V. Then the S-integral of $exists if the upper and lower S-integral
of $, respectively given by

7
$dP ! inf

'
+$

.=1

sup( $|%.)P(%.) : %. ' <X ! =and (%.)+
.=1 partitions !

(

;

7
$dP ! sup

'
+$

.=1

inf ( $|%.)P(%.) : %. ' <X ! =and (%.)+
.=1 partitions !

(

,

coincide. In that case, the S-integral of $ is given by the common value8
$dP !

8
$dP =

8
$dP. !

The following result gives an alternative characterisation for the S-
integral in terms of <X ! =-simple functions, and allows us to easily relate
the integral with otherÑperhaps more familiarÑtypes of integrals; e.g. the
Lebesgue integral.

Proposition 3.3.6. For any probability chargeP on the algebra<X ! =, the
following statements hold.

(i) For any <X ! =-simple $ ' V and any representation
# +

.=1 ) .I%. of $,
7

$dP =
+$

.=1

) .P(%.).

(ii) For any general$ ' V, we have that

7
$dP = inf

/ 7
- dP : - ' span(<X ! =) and - # $

0
and

7
$dP = sup

/ 7
- dP : - ' span(<X ! =) and - ( $

0
.

Proof. Property (i) follows from the deÞnition of the D-integral on all <X ! =-simple
gambles [106, DeÞnition 8.13] and its equivalence with the S-integral [ 106, The-
orem 8.32]. Property (ii) follows from the equivalence between the S-integral and
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3.3 Global upper expectations from imprecise probability trees

the Lebesgue integral [106, Theorem 8.28], and the fact that, as we have just stated,
the D-integral inside the deÞnition of the Lebesgue integral [106, DeÞnition 8.27]
is equal to the S-integral on the domain of <X ! =-simple gambles.

This result shows that indeed, as claimed above, the (upper/lower) S-
integral is completely equivalent to the (upper/lower) Lebesgue integral
given in [ 106, DeÞnition 8.27]; see also [106, Theorem 8.28]. So why do
we not use the (upper/lower) Lebesgue integral as our main integral here?
One reason is that we Þnd the deÞnition of the S-integral more direct and
elegant. Another is that we already want to adhere to the choice of inte-
gral made in Chapter 5217 when we will deal with ( ! -additive) probability
spaces. We will there use BillingsleyÕs [5] version of the Lebesgue integral
which, amusingly enough, is much more similar to DeÞnition 3.3. than the
deÞnition of the Lebesgue integral given in [106, DeÞnition 8.27]. Because
of the mathematical equivalence, and because we do not want our treatment
to be obscured by semantic delicacies, we henceforth simply refer to the
(upper/lower) S-integral DeÞnition 3.3. Ñor thus Lebesgue (upper/lower)
integralÑas the (upper/lower) integral .

We next use this integral to deÞne the global expectation corresponding
to a precise probability tree.

DeÞnition 3.4. Consider any precise probability tree2, let P2 be the unique
global probability charge from Proposition 3.3.473, and let P|>

2 ! P2(á|>) for
any > ' X ! . Then the global expectationE2 is deÞned byE2( $|>) !

8
$dP|>

2

for all ( $, >) ' V 9 X ! such that
8

$dP|>
2 exists. !

It can be inferred from [ 106, Proposition 8.17] and [ 106, Theorem 8.32]
that, for all <X ! =-measurable gambles, the integral exists and thus also
the expectation E2. Moreover, by [106, Theorem 8.32] and [ 77, Theo-
rem 4.4.13 (ii)], for any > ' X ! , we have that the integral

8
ádP|>

2 , and
thus the expectation E2(á|>), is a linear operator on the domain where it
exists, which is why we sometimes callE2 a global linear expectation.8

For gambles that are not <X ! =-measurable, upper and lower integrals
may not coincide anymore. A possible alternative would then be to work
with either the upper or the lower integral itselfÑfor these are deÞned on
all gambles. The reason why this is usually not done in standard ÔpreciseÕ
probability theory, is that this cannot be done without giving up linearity
of the resulting global operator. We do not consider this to be a problem
though; we will in general consider imprecise local models instead of the

8In the Þeld of coherent upper and lower expectations, the term Ô(conditional) linear ex-
pectationÕ or Ô(conditional) linear previsionÕ is typically used in a more general sense to refer to
a self-conjugate coherent (conditional) upper expectation; see e.g. [106, DeÞnition 13.28].
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mass functions 2(á|>) that we are now considering, so it should not be ex-
pected that linearity of the resulting global (upper) expectation can be pre-
served anyway.

DeÞnition 3.5. Consider any precise probability tree2, let P2 be the unique
global probability charge from Proposition 3.3.473, and let P|>

2 ! P2(á|>)
for any > ' X ! . Then the global upper expectation E2 and global lower
expectation E2 are deÞned, for all ( $, >) ' V 9 X ! , by

E2( $|>) !
7

$dP|>
2

= inf

'
+$

.=1

sup( $|%.)P|>
2 (%.) : %. ' <X ! =and (%.)+

.=1 partitions !

(

.

E2( $|>) !
7

$dP|>
2

= sup

'
+$

.=1

inf ( $|%.)P|>
2 (%.) : %. ' <X ! =and (%.)+

.=1 partitions !

(

. !

Obviously, we deÞne our global upper expectationE2 as an upper in-
tegral and not as a lower integral, because the former is always larger or
equal than the latter, and conversely for the global lower expectation E2.
The lower expectation E2 is once more related to the upper expectationE2

by conjugacy.

Corollary 3.3.7 (Conjugacy). For any precise probability tree2, we have that
E2( $|>) = &E2(&$|>) for all ( $, >) ' V 9 X ! .

Proof. For any ( $, >) ' V 9 X ! , we have that

&E2(&$|>) = & inf

/ +$

.=1

sup(&$|%.)P|>
2 (%.) : %. ' <X ! =and (%.)+

.=1 partitions !

0

= sup

/ +$

.=1

&sup(&$|%.)P|>
2 (%.) : %. ' <X ! =and (%.)+

.=1 partitions !

0

= sup

/ +$

.=1

inf ( $|%.)P|>
2 (%.) : %. ' <X ! =and (%.)+

.=1 partitions !

0

= E2( $|>).

This allows us to henceforth again focus mainly on upper expectationsE2.
Observe by DeÞnition3.4! and DeÞnition 3.376 that E2 is an extension

of E2. In particular, E2 retains the basic form that the integral assumes on
<X ! =-simple gamblesÑor, by Lemma 3.3.575, on Þnitary gambles. Com-
bined with Proposition 3.3.473, this leads to the following result.
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3.3 Global upper expectations from imprecise probability trees

Proposition 3.3.8. Consider any precise probability tree2. Then, for all
( $, ' 1:" ) ' F 9 X ! ,

E2( $|' 1:" ) = E2( $|' 1:" ) =
#

=1:@' X @ $(=1:@)P2(=1:@|' 1:" )

=
#

' " +1:@' X @&" $(' 1:@)
6 @&1

.=" 2(' .+1|' 1:.),

whereP2 on <X ! = 9X ! is related to 2 according to Proposition3.3.473, and
where@> " is any natural number such that$ is @-measurable.

Proof. Fix any $ ' F, any ' 1:" ' X ! and any @> " such that $ is @-measurableÑthis
is always possible because$ is Þnitary. Then we have that $ =

#
=1:@' X @ $(=1:@)1=1:@,

and so that $ is <X ! =-simple and that
#

=1:@' X @ $(=1:@)1=1:@ is a representation of $.
Hence, due to Proposition3.3.6(i) 76 and DeÞnition 3.477, we have that E2( $|' 1:" ) =
#

=1:@' X @ $(=1:@)P2(=1:@|' 1:" ). SinceE2 is an extension ofE2, we also have that

E2( $|' 1:" ) = E2( $|' 1:" ) =
#

=1:@' X @ $(=1:@)P2(=1:@|' 1:" ).

The last equality in statement above then follows immediately from Proposi-
tion 3.3.473.

3.3.4 Global upper and lower expectations from imprecise probabil-
ity trees

Suppose that we are now given a general imprecise probability treeP ¥

that associates with each situation>a set of probability mass functionsP >.
Then we can apply the extension procedure from the previous section to
every precise probability tree 2 that is constructed by selecting, in each sit-
uation >, a probability mass function 2(á|>) from the setP >. Any such precise
probability tree 2 is called compatible with P ¥ and we make this clear by
writing 2 0 P ¥. The upper (resp. lower) envelope over the global upper
(lower) expectations E2 ( E2) corresponding to the compatible precise trees
2 0 P ¥ is then what we refer to as the global upper (lower) expectation EP

( EP ) corresponding to P ¥.

DeÞnition 3.6. Consider any imprecise probability treeP ¥. The global up-
per expectation EP and global lower expectation EP are deÞned, for all
( $, >) ' V 9 X ! , by

EP ( $|>) ! sup{E2( $|>) : 2 0 P ¥} and EP ( $|>) ! inf {E2( $|>) : 2 0 P ¥} ,

with E2 and E2 for any 2 0 P ¥ given by DeÞnition 3.5. . !

The probability-based upper and lower expectationsEP and EP are once
more related by conjugacy, therefore allowing us to focus mainly on upper
expectations in the sequel.
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Corollary 3.3.9 (Conjugacy). For any imprecise probability treeP , we have
that EP ( $|>) = &EP (&$|>) for all ( $, >) ' V 9 X ! .

Proof. For any ( $, >) ' V 9 X ! , we have that

&EP (&$|>) = & sup
20P ¥

E2(&$|>) = inf
20P ¥

&E2(&$|>) = inf
20P ¥

E2( $|>) = EP ( $|>),

where the penultimate step follows from the conjugacy between E2 and E2 for any
precise tree 2; recall Corollary 3.3.778.

If we restrict ourselves to the Þnitary domain F 9 X ! , the values of the
global upper expectation EP can be obtained from the following simple ex-
pression.

Corollary 3.3.10. Consider any imprecise probability treeP ¥. Then, for all
( $, ' 1:" ) ' F 9 X ! ,

EP ( $|' 1:" ) = sup
%
E2( $|' 1:" ) : 2 0 P ¥

&

= sup
%#

' " +1:@' X @&" $(' 1:@)
6 @&1

.=" 2(' .+1|' 1:.) : 2 0 P ¥

&
,

where@> " is any natural number such that$ is @-measurable.

Proof. This follows immediately from Proposition 3.3.8! and DeÞnition 3.6! .

3.4 Global upper expectations from upper expectations trees

Lastly, we consider the case where local dynamics are described by an
upper expectations treeQ¥ and ask ourselves the question how this tree can
be extended to a global upper expectation. Of course, we could associate
with Q¥ an agreeing acceptable gambles treeA¥ or an agreeing imprecise
probability tree P ¥, and then subsequently use the global upper expecta-
tions EA or EP from the respective frameworks. Yet this would raise the
question of which framework to pick and, if we would have chosen one,
which agreeing tree to choose; for recall that Eq. (3.2)51 and Eq. (3.5)52 re-
spectively provide expressions for an agreeing acceptable gambles tree and
an agreeing imprecise probability tree, but that these are not necessarily
the only agreeing acceptable gambles tree or agreeing imprecise probabil-
ity tree. Moreover, any of these approaches is rather indirect, both philo-
sophically and mathematically speaking, because we would start from the
framework of upper expectations, we would then switch to either the frame-
work of acceptable gambles or the framework of probability charges, only
to switch back in the end to the framework of upper expectations.
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Figure 3.5 Schematic overview of the Þnitary probabilistic approach.

Instead, to propose a more direct and interpretationally neutral global
upper expectation, we will put forward some basic axioms common to both
behavioural and probability-based global upper expectations. These axioms,
together, will turn out to be equivalent to the well-known requirement of
(conditional) coherence [ 106, 113]. We will use them as a tool to extend
local upper expectations to a global upper expectation, and the resulting
operator will be equivalent to the natural extension under coherence.9

3.4.1 An axiomatisation of coherence for global upper expectations

Consider any global upper expectationE on a domain K = I 9 X ! +
V 9 X ! where I is a linear space of global gambles containing all constants
and is such that $1> ' I for all $ ' I and > ' X ! . Consider also the
following basic axioms for E; for all $, - ' I , all ( ' R# and all >, A ' X !

such that >2 A,

9More speciÞcally, the natural extension of the upper expectation E
pre
Q deÞned by

Eq. (3.13)85.
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WC1. E( $|>) ( sup( $|>) [upper bound];

WC2. E( $+ - |>) ( E( $|>) + E(- |>) [sub-additivity];

WC3. E(( $|>) = ( E( $|>) [non-negative homogeneity];

WC4. E
-
( $& E( $|A))1A

1
1>

.
= 0 [BayesÕ rule].

It can then be observed that the behavioural global upper expectation
EA Ñand thus also Ef

A ,VÑand the probability-based global upper expecta-
tion EP both satisfy the axioms above. We will not explicitly prove this result
here, though, because it will later on simply follow from a more powerful
result; see Corollary 3.5.694.

Proposition 3.4.1. For any acceptable gambles treeA¥ and any imprecise
probability tree P ¥, the global upper expectationsEA , Ef

A ,V and EP satisfy
WC1ÐWC4.

Note that Proposition 3.4.1 on itself is already a motivation for adopting
WC1ÐWC4 as axioms to impose on a global upper expectationE; on the
one hand, the axioms follow from a behavioural interpretation of E as being
the upper expectation EA or Ef

A ,V (or their restriction to I 9 X ! ) corre-
sponding to some acceptable gambles treeA¥, and on the other hand, the
axioms also follow from a probability-based interpretation of E as being the
upper expectation EP (or its restriction) corresponding to some imprecise
probability tree P ¥.

But there is more to WC1ÐWC4 than meets the eye; they are actually
equivalent to the requirement of conditional coherence for global upper ex-
pectations. This requirement is similar to, but more general than, the notion
of coherence that was introduced in Section2.431 and Section 2.6.338 for
unconditional upper expectations on a Þnite possibility spaceÑrecall for in-
stance that the local upper expectationsQ> are assumed to be coherent.
Compare for instance the expression below to that in DeÞnition2.8(ii) 39.
Conditional coherence was Þrst formally introduced by P. M. Williams [113],
yet his original deÞnition required a particular structure on the domain of
an upper expectation, and so we immediately adopt the generalised version
that was established later on [72, 104, 106]. We also immediately apply
this deÞnition to our context where we consider global upper expectations
instead of general conditional upper expectations.

DeÞnition 3.7 (coherence for global upper expectations). A global upper ex-
pectation E on K + V 9 X ! is coherent if, for all + ' N0, all ( 0, ( 1, . . . , ( + '
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R# and all ( $0, >0), ( $1, >1), . . . , ( $+, >+) ' K ,

sup

)

( 01>0

+
$0 & E( $0|>0)

,
&

+$

.=1

( .1>.

+
$. & E( $. |>.)

, 1
1
1%+

.=0 " (>.)

*

# 0. !

The following corollary establishes that coherent global upper expec-
tations are real-valued, which makes our deÞnition above agree with tra-
ditional deÞnitions of coherence, which immediately apply to real-valued
conditional upper expectations [72, 113].

Corollary 3.4.2. Any coherent global upper expectationE on a domainK +
V 9 X ! is real-valued.

Proof. Assumeex absurdo that E( $|>) = +$ for some ( $, >) ' K . Then we have
that

sup
+
1>( $& E( $|>))|>

,
= sup

+
$& E( $|>)|>

,
= sup ( $& $ |>) = sup (&$ |>) = &$ .

This is clearly in contradiction with the deÞnition of coherence. In an analo-
gous way, we can check that E( $|>) ! &$ for all ( $, >) ' K , because then
sup

-
& 1>( $& E( $|>))|>

.
= &$ . As a result,E must be real-valued.

Though the deÞnition of coherence may look abstract, it can actually
be argued for on strong grounds and in a similar way as its unconditional
counterpart; it is once more based on the dual interpretation that E, on the
one hand, can represent the inÞmum selling prices corresponding to a set of
acceptable gambles, and on the other hand, that it can represent the upper
envelope of the (conditional) expectations corresponding to a set of possi-
ble (conditional) probability charges. These connections are made math-
ematically Þrm by well-known results such as [113, Prop. 2, Theorems 1
and 2]Ñnote the analogy of these results with the unconditional variants
in Section 2.431 and Section 2.636. In view of these results, it ought not to
surprise us thatEA Ñand thus Ef

A ,VÑfor any A¥ and EP for any P ¥ are both
coherent; the former is obtained as the inÞmum selling prices correspond-
ing to the coherent set E(DA ) of acceptable gambles; the latter is obtained
as the upper envelope of the global expectationsE2Ñif, for the sake of con-
ceptual ease, we restrict ourselves to a domain where the expectationsE2 all
existÑcorresponding to the probability charges P2 with 2 0 P ¥. We do not
go into further detail concerning the motivation and interpretation of con-
ditional coherence, and simply leave it to the current conceptual treatment;
for a more elaborate discussion of the topic, we refer to the abundance of
literature hereof [ 72, 106, 110, 113].

The following theorem now says that the basic axiomsWC1. ÐWC4. are
indeed equivalent to the requirement of coherence for global upper expecta-
tions, at least if the domain of the considered global upper expectations has a
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structure that is rich enough. Therefore, and because of Proposition3.4.182,
EA Ñand thus Ef

A ,VÑand EP are indeed coherent for any acceptable gam-
bles tree A¥ and any imprecise probability tree P ¥.

Theorem 3.4.3. Consider any global upper expectationE on a domain K =
I 9 X ! + V 9 X ! whereI is a linear space of global gambles containing all
constants and is such that$1> ' I for all $ ' I and > ' X ! . Then E is
coherent if and only if it satisÞesWC182ÐWC482.

It is rather well-known that (conditional) coherence for general condi-
tional upper or lower expectations can be axiomatised in a similar way as
what is done here; see e.g. [106, Theorem 13.33]. The main di! erence,
however, is that such results always require the domain of a conditional up-
per expectation to have a particular structure; a structure that is not satisÞed
by the domain I 9 X ! Ñor I 9 " (X ! )Ñof the global upper expectations in
the theorem above. Indeed, in [106, Theorem 13.33] for instance, the set
of conditioning events is assumed to be closed under Þnite unions, which is
clearly not satisÞed by the set of conditioning events" (X ! ) here. The proof
of Theorem 3.4.3 is therefore independent and does not rely on results such
as [106, Theorem 13.33]; it can be found in Appendix 3.C107.

We next give an extensive list of properties that are satisÞed by any global
upper expectation that satisÞesWC182ÐWC482, or, equivalently, that is co-
herent. The proof of this result, too, is relegated to Appendix 3.C107.

Proposition 3.4.4. Consider any global upper expectationE on a domainI 9
X ! + V 9 X ! whereI is a linear space of global gambles containing all the
constants, and letE: I 9 X ! * R be the corresponding conjugate lower
expectation. IfE satisÞesWC182ÐWC382, then for any $, - ' I , ; ' R, and
> ' X ! ,

WC5. $ ( > - - E( $|>) ( E(- |>) [monotonicity];

WC6. inf ( $|>) ( E( $|>) ( E( $|>) ( sup( $|>) [bounds];

WC7. E( $+ ; |>) = E( $|>) + ; [constant additivity];

WC8. E( $+ - |>) ( E( $|>) + E(- |>) ( E( $+ - |>)
[mixed super-/sub-additivity];

WC9. for any sequence{ $+}+' N0 in I : [uniform convergence]

lim
+* +$

sup (| $& $+| |>) = 0 - lim
+* +$

E( $+|>) = E( $|>).

Furthermore, if we assume thatI is moreover such that$1> ' I for any
$ ' I and > ' X ! , and that E satisÞesWC482, thenE additionally satisÞes the
following properties; for any $ ' I , >, A' X ! such that>2 A, and ' 1:" ' X ! ,
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3.4 Global upper expectations from upper expectations trees

WC10. E
-
( $& E( $|A))1A|>

.
= 0;

WC11. E ( $|>) = E( $1>|>) and E ( $|>) = E( $1>|>);

WC12. E ( $|' 1:" ) ( E(E ( $|' 1:" #" +1) |' 1:" ) and
E ( $|' 1:" ) # E

-
E ( $|' 1:" #" +1) |' 1:"

.
;

WC13. E ( $|#1:" ) ( E(E ( $|#1:" +1) |#1:" ) and
E ( $|#1:" ) # E

-
E ( $|#1:" +1) |#1:"

.
;

WC14. E( $|A) # 0 - E( $1A|>) # 0;

WC15. E( $1A|>) > 0 - E( $|A) > 0.

In particular, all the properties above hold for any global upper expectation
E that satisÞesWC182ÐWC482 and that is deÞned on the domainV 9 X ! or
F 9 X ! .

3.4.2 From local to global upper expectations using coherence

Consider any upper expectations treeQ¥. We now want to use Ax-
ioms WC182ÐWC482 (or coherence), to extend the local upper expectations
Q> to a single global upper expectation. However, since these two types of
upper expectations involve completely di! erent domains, it is mathemati-
cally not entirely clear what it means for a global upper expectation to Ôex-
tendÕ the local upper expectationsQ>. To formalise this, we Þrst transform
the local assessmentsQ> into equivalent assessments about a preliminary
global upper expectation E

pre
Q on a subset ofV 9 X ! Ñsimilar to how we

went from an acceptable gambles treeA¥ to the set DA ; see Eq. (3.6)56.

We do this in accordance with the interpretation of the local upper ex-
pectationsQ>; recall from Section 3.1.248 that Q>( $) for any > ' X ! and any
$ ' L (X ) is interpreted as the (coherent) upper expectationÑwhich can
itself be interpreted behaviourally or in terms of probabilitiesÑof $(#|>|+1)
given that the history of the process is#1: |>| = >. The translation to a global
level is thus straightforward: we deÞne the global upper expectationE

pre
Q by

E
pre
Q ( $(#" +1)|' 1:" ) ! Q' 1:"

( $) for all ( $(#" +1), ' 1:" ) ' K pre, (3.13)

with K pre ! {( $(#" +1), ' 1:" ) : " ' N0, ' 1:" ' X " , $ ' L (X )} . Note that this
transformation from Q¥ to E

pre
Q does not add, nor remove information; it is

merely a di! erent representation. Hence, we will often speak ofQ¥ and E
pre
Q

as being one and the same object. For instance, if we say that a global upper
expectation E on K + V 9 X ! extends the tree Q¥, then, mathematically
speaking, we take this to mean thatE extends E

pre
Q ; that is to say, that the

domain of E includes K pre and that E coincides with E
pre
Q on K pre.
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The natural extension under coherence

The global upper expectation that we are after is thus required to satisfy, on
the one hand, Eq. (3.13)! , and on the other hand, Axioms WC182ÐWC482

(or coherence). A question that already comes to mind then, is whether
such a global upper expectation always exists. It will soon be shown that the
answer is positive, however, let us already think ahead and pose ourselves
the question: if there are multiple global upper expectations satisfying these
conditions, which one do we choose?

It is a question similar to the one raised in Section 2.636, and our an-
swer follows once more from conservativity considerations. To that end, we
start from the interpretation that higher/larger upper expectations are more
conservativeÑor less informativeÑuncertainty models. This can be justiÞed
on the basis of all the global upper expectations that we have previously
seenÑEA , Ef

A ,V and EP Ñbut, actually, it also plainly follows from inter-
preting a global upper expectation E as either representing inÞmum selling
prices for global gamblesÑnot necessarily those resulting from a treeA¥Ñ
or representing upper bounds on possible global expectations corresponding
to possible global probability chargesÑnot necessarily those resulting from
a tree P ¥. Indeed, under the Þrst interpretation, higher upper expectations
mean higher selling prices, which is clearly more conservative; under the
second interpretation, higher upper expectations correspond to higher up-
per bounds on the possible global expectations or probability charges, which
is again less informative and hence more conservative. Recall moreover that
the notion of coherenceÑand thus also Axioms WC182ÐWC482Ñis also mo-
tivated by this same dual interpretation, so it indeed makes sense to com-
bine Axioms WC182ÐWC482 with the interpretation that larger global upper
expectations are more conservative.

Now, given an upper expectations tree Q¥, our model of interest will
be the most conservative global upper expectation onV 9 X ! that extends
E

pre
Q and satisÞesWC182ÐWC482 (or equivalently, that is coherent). In the

Þeld of imprecise probabilities, and just as we did in Chapter217, the most
conservative extension of an upper expectation (conditional or not) under
some set%of properties is, if it exists, typically called the natural extension
under %[ 106, 110]. If %is the requirement of coherence, then the Ôunder%Õ
is often dropped and it is then simply called the natural extension without
further ado. In this chapter, we are thus considering the standard natural
extension of E

pre
Q , yet later on in Chapter 6283 we will also consider natural

extensions under more involved conditions.

DeÞnition 3.8. For any upper expectations treeQ¥, the global upper expec-
tation EQ is, if it exists, the naturalÑthe pointwise largestÑextension of
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3.4 Global upper expectations from upper expectations trees

E
pre
Q to V 9 X ! under WC182ÐWC482. Furthermore, EÞn

Q is, if it exists, the
natural extension of E

pre
Q to F9X ! under WC182ÐWC482. The corresponding

lower expectations EQ and EQ,Þn are deÞned by conjugacy. !

Though we have deÞned the lower expectationsEQ and EQ,Þn using the
conjugacy relation, one could also deÞne them as most conservativeÑnow in
the sense of being the lowestÑglobal lower expectations that satisfy axioms
similar but complementary to WC182ÐWC482 (see for instance [106, Theo-
rem 13.11]), and that extend localÑconjugateÑlower expectations. Both
approaches are entirely equivalent, but for the sake of brevity and since we
are following an axiomatic approach anyway, we have chosen to go with the
former.

The following corollary shows that WC182ÐWC482 in the deÞnition above
can be replaced by the notion of (conditional) coherence.

Corollary 3.4.5. For any upper expectations treeQ¥, EQ is (if it exists) the
natural extension ofE

pre
Q to V 9 X ! under coherence, andEÞn

Q is (if it exists)
the natural extension ofE

pre
Q to F 9 X ! under coherence.

Proof. This follows immediately from DeÞnition 3.8. and Theorem 3.4.384.

Before we establish the existence and theÑtrivialÑuniqueness of these
global upper expectationsEQ and EÞn

Q , it still behoves us to clarify why we
want to choose, among all the global upper expectations extendingE

pre
Q and

satisfying WC182ÐWC482, the most conservative global upper expectation.
Our reason is simple; choosing any otherÑsmallerÑglobal upper expecta-
tion would mean adding ÔinformationÕÑor assumptionsÑnot given byE

pre
Q

nor by WC182ÐWC482. We are not necessarily arguing that it is undesirable
to impose more than WC182ÐWC482 thoughÑwe ourselves will impose an
additional property later on in Chapter 6283Ñbut since adding assumptions
impacts generality in the negative, it seems logical to start with a study of
the global upper expectation EQ (or EÞn

Q ) that is solely based on the mini-
mal requirements WC182ÐWC482 (or coherence) and nothing more. For if
EQ then turns out to be a suitable global upper expectation with desirable
features, the better. If not, and one desires to impose additional properties,
then EQ will still provide a conservative upper bound.

3.4.3 Existence, uniqueness, and an axiomatisation

Unlike the deÞnitions of EA , Ef
A ,V and EP

10, the deÞnitions of EQ and
EÞn

Q are based on a non-constructive argument; they are simply operators
10Note that by Proposition 3.3.473 the transition from a precise probability tree 2 to the

corresponding global probability charge P2 , and thus also the rest of the deÞnition ofEP , can
be regarded as constructive.
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satisfying a bunch of properties. Hence, there is no guarantee yet that these
operators exist, nor that they are uniqueÑthough the latter is trivial. In the
current section, we establish this existence and uniqueness.

One possible way to prove the existence and uniqueness, is by showing
that E

pre
Q itself is coherent; it can then be derived from well-known results

such as [106, DeÞnition 13.25] that the natural extensions EQ and EÞn
Q un-

der coherence both exist (and are trivially unique). The coherence ofE
pre
Q ,

and the existence and form of the natural extensionsEQ and EÞn
Q , could

perhaps also be derived from the Marginal Extension Theorem in [64, The-
orem 2]. The issue however is that, apart from the fact that using this result
would Þrst require us to extend the domain of E

pre
Q in a basic yet speciÞc

way, and require us to work with new concepts such as separate coherence
and conditioning on partitions, the result is only valid when we would want
to extend a family of conditional upper or lower expectations corresponding
to a Þnite series of partitions of the sample space! . The partitions would
in our case be formed by the sets{ " (>) : |>| = +} consisting of all cylinder
events of a certain length + ' N0, yet there are inÞnitely many such parti-
tions and so [64, Theorem 2] cannot be immediately applied here.

Instead of proving the coherence ofE
pre
Q or using [64, Theorem 2], we

opt for the following approach; we present a set of axiomsÑaimed to be
as weak as possibleÑthat is su" cient for being equal to natural extensions
EQ and EÞn

Q , and show that there always is a global upper expectation sat-
isfying these axioms. This guarantees the existence and trivial uniqueness,
and it also immediately provides an axiomatisationÑwithout conservativ-
ity argumentsÑfor the upper expectations EQ and EÞn

Q . We gather these
Þndings in one result, the proof of which can be found in Appendix 3.D114.

Theorem 3.4.6. For any upper expectations treeQ¥, the upper expectations
EQ and EÞn

Q exist. Furthermore,EÞn
Q is the unique global upper expectation

on F 9 X ! satisfying the following axioms (stated for a general global upper
expectationE on F 9 X ! ):

NE1. E( $(#" +1)|' 1:" ) = Q' 1:"
( $) for all $ ' L (X ) and ' 1:" ' X ! .

NE2. E( $|>) = E( $1>|>) for all $ ' F and > ' X ! .

NE3. E( $|#1:" ) = E(E( $|#1:" +1)|#1:" ) for all $ ' F and " ' N0 such that
E( $|#1:" +1) is real-valued.

Moreover, EQ is the unique global upper expectation onV 9 X ! satisfying
NE1ÐNE3 and the following axiom (with E any global upper expectation on
V 9 X ! ):

NE4. E( $|>) = inf
%
E(- |>) : - ' F and - #> $

&
for all $ ' V and all > ' X ! .
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3.4 Global upper expectations from upper expectations trees

The axiomatisation above is rather simple;NE1. demands compatibil-
ity with the local models, and NE2. guarantees that the second argument
of a global upper expectation plays the role of a conditioning event. NE2.

is furthermore the same asWC1185, so it is satisÞed by any coherent global
upper expectation. NE3. says that Property WC1385Ñwhich is satisÞed
by any coherent global upper expectationÑholds with equality. In other
words, NE3. says that the law of iterated upper expectationsÑrecall Sec-
tion 3.2.465Ñholds on the domain F9 X ! . Note that the axiom only applies
to those instances whereE( $|#1:" +1) is real-valued, because thenE( $|#1:" +1)
is a (Þnitary) gamble and it can therefore be considered as an argument for
the upper expectation E(á|#1:" ). If E( $|#1:" +1) would not be real-valuedÑ
which is possible for a general global upper expectationEÑthen the expres-
sion E(E( $|#1:" +1)|#1:" ) would be meaningless. Of course, sinceEQ and EÞn

Q
are always real-valued due to Proposition3.4.4 [ WC684] and their deÞni-
tions, NE3. holds for EQ and EÞn

Q in all cases. In fact, though NE3. only
involves the domain F 9 X ! , it will be shown in Section 3.5.393 that the law
of iterated upper expectations holds for EQ on the entire domain V 9 X ! .

Together, Axioms NE1. ÐNE3. uniquely determine the values of a
global upper expectation on all Þnitary gambles; more speciÞcally, it
straightforwardly leads to the form of EÞn

Q stated in Proposition 3.5.996Ñ
see also Lemma3.D.5116. Axiom NE4. , then, imposes that a global upper
expectationÕs value on a general gamble inV can be approximated arbitrar-
ily closely from above by its values on the Þnitary gambles inF.

It can be observed rather straightforwardly from Theorem 3.4.6. above
that EQ is an extension ofEÞn

Q . But, in fact, we can even prove more.

Corollary 3.4.7. For any upper expectations treeQ¥, EQ is the naturalÑ
pointwise largestÑextension ofEÞn

Q under monotonicity [WC584].

Proof. That EQ extendsEÞn
Q follows from Theorem 3.4.6. . That EQ, and thus also

EÞn
Q , is monotone [WC584] follows from Proposition 3.4.484 and the fact that EQ

satisÞesWC182ÐWC482 by deÞnition. So it remains to show that EQ ( $|>) # E( $|>)
for any ( $, >) ' V 9 X ! and any global upper expectation E on V 9 X ! that ex-
tends EÞn

Q and that is monotone [WC584]. And indeed, since EQ satisÞesNE4. by
Theorem 3.4.6. ,

EQ ( $|>) = inf
%
EQ (- |>) : - ' F and - #> $

&

= inf
!
EÞn

Q (- |>) : - ' F and - #> $
"

= inf
%
E(- |>) : - ' F and - #> $

&
# E( $|>),

where the last step follows from WC584.

It is well-known that the natural extension (under coherence) is transi-
tive [ 106, Section 13.7.3] and therefore that EQ is automatically the nat-
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ural extension of EÞn
Q under coherence. However, what is striking about

Corollary 3.4.7! is that, as far as this extension fromF 9 X ! to V 9 X !

is concerned, we can replace coherence by the much weaker property of
monotonicity. As we will explain in Section 3.698, the fact that monotonic-
ity is the only property relating the values of EQ on (V \ F) 9 X ! to those of
EÞn

Q (or EQ) on F 9 X ! is somewhat problematic when interested in general,
non-Þnitary inferences.

3.5 Relation between the three approaches

The current section is concerned with how the axiomatic global upper
expectationsEQ and EÞn

Q relate to, on the one hand, the behavioural global
upper expectations EA and Ef

A ,V, and on the other hand, the probability-
based global upper expectationEP . As it will turn out, these global upper
expectations are all equal if, respectively, the treeA¥ agrees with Q¥, and
the tree P ¥ agrees with Q¥.

3.5.1 Relation between axiomatic and behavioural global upper ex-
pectations

We Þrst show that, for any two trees A¥ and Q¥ that agree according to
Eq. (3.1)50, the global set of acceptable gamblesE(DA ) and the global up-
per expectation EQ also ÔagreeÕ, in the sense that the inÞmum selling prices
EA deduced from E(DA ) coincide with the values of EQ. One may have
noticed, however, when reading through Appendix 3.D114, that our proof of
Theorem 3.4.688 was fundamentally based on the result that Ef

A ,V (or EA )
satisÞesNE188ÐNE488, and therefore that the equality with EQ was essen-
tially already proved there.

Theorem 3.5.1. For any acceptable gambles treeA¥ and upper expectations
treeQ¥ that agree according to Eq.(3.1)50, we have that

EA ( $|>) = Ef
A ,V( $|>) = EQ ( $|>) for all $ ' V and all > ' X ! .

Proof. Lemma 3.D.3115 says that Ef
A ,V satisÞesNE188ÐNE488. Hence, by Theo-

rem 3.4.688, Ef
A ,V is equal to EQ. That this also holds for EA then follows from

Theorem 3.2.765.

3.5.2 Relation with probability-based global upper expectations

Next, we show that for any two agreeing trees P ¥ and Q¥, the global
upper expectation EP [DeÞnition 3.679] obtained by taking an upper enve-
lope over all the global upper expectationsE2 corresponding to a compatible
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Figure 3.6 Schematic overview of the possible Þnitary approaches and their
connections.

precise probability tree 2 0 P ¥, is equal to the axiomatic upper expectation
EQ. The proof of this result will be given at the end of this Section 3.5.2. .

Theorem 3.5.2. Consider any imprecise probability treeP ¥ and any upper
expectations treeQ¥ that agree according to Eq.(3.3)51. Then we have that

EP ( $|>) = EQ ( $|>) for all ( $, >) ' V 9 X ! .

It then also immediately follows from Theorem 3.5.1. that EP , EA and
Ef

A ,V coincide if P ¥ and A¥ agree with a common upper expectations tree
Q¥ according to Eq. (3.3)51 and Eq. (3.1)50, respectively. See Fig.3.6 for a
schematic overview of the connections between the global upper expecta-
tions EP , EA , Ef

A ,V and EQ.
As a special interesting case, Theorem3.5.2 says that EP and EQ co-

incide if P ¥ consists of only a single precise probability tree2. Note that
EP , as deÞned by DeÞnition3.679, then simply reduces toE2, given by Def-
inition 3.578. Furthermore, using Proposition 3.3.879 and restricting to the
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domain to F 9 X ! , it follows that EQ can be expressed as a simple Þnite
weighted sum.

Corollary 3.5.3. Consider any precise probability tree2 and let Q¥ be the
agreeing expectations tree according to Eq.(3.4)52. Then, for any ( $, >) '
F 9 X ! , we have that

EQ ( $|>) = E2( $|>) =
#

' " +1:@' X @&" $(' 1:@)
6 @&1

.=" 2(' .+1|' 1:.),

where@> " is any natural number such that$ is @-measurable.

In order to prove Theorem 3.5.2! , we show that EP satisÞesNE188Ð
NE488, and then subsequently use Theorem3.4.688 to infer that EP is equal
to EQ. We start by establishing thatEP satisÞesNE188ÐNE388, which can al-
most immediately be seen to follow from [ 62, Theorem 21]. In the proof of
this result, and also further on in this dissertation, we rely on the following
notation (which was also already used in Appendix 3.D114). For any situa-
tion ' 1:" ' X ! and any (" + 1)-measurable gamble- (#1:" +1), let - (' 1:" á)be
the local gamble onX that assumes the value- (' 1:" +1) in ' " +1 ' X . Then,
for any upper expectations treeQ¥, any " ' N0 and any (" + 1)-measurable
gamble - (#1:" +1), we useQ#1:"

(- (#1:" +1)) to denote the " -measurable gam-
ble deÞned by

Q#1:"
(- (#1:" +1))(' 1:" ) ! Q' 1:"

(- (' 1:" á))for all ' 1:" ' X " .

Observe that Q#1:"
(- (#1:" +1)) is indeed bounded and therefore a gamble,

because the local upper expectationQ' 1:"
(- (' 1:" á))for all ' 1:" ' X " is real

due to coherence [C533].

Proposition 3.5.4. For any imprecise probability treeP ¥ and the agreeing up-
per expectations treeQ¥ according to Eq.(3.3)51, the global upper expectation
EP satisÞesNE188ÐNE388.

Proof. [ 62, Theorem 21] says that, for any " , @' N0 such that @> " , and any
(@+ 1)-measurable gambleC,

E1
P (C|#1:" ) = Q#1:"

-
Q#1:" +1

-
á á áQ#1:@&1

-
Q#1:@

(C)
.
á á á

..
, (3.14)

with E1
P deÞned according to [62, Eq. (3.27)]. The latter is di ! erent from our

deÞnition of EP [DeÞnition 3.679] because [62, Eq. (3.27)] involves probability
measuresÑcountably additive probability chargesÑinstead of general probability
charges. This makes no di! erence in the expression above though, because the two
global upper expectations coincide on Þnitary gambles; indeed, it can be checked
from [ 62, Eqs. (3.18) and (3.27)] that, for any Þnitary gamble $ ' F and any
' 1:" ' X ! ,

E1
P ( $|' 1:" ) = sup

%#
' " +1:@' X @&" $(' 1:@)

6 @&1
.=" 2(' .+1 |' 1:.) : 2 0 P ¥

&
,
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where @# " is any natural number for which $ is @-measurable. Hence, according
to Corollary 3.3.1080, we indeed have that E1

P ( $|' 1:" ) = EP ( $|' 1:" ) for all ( $, ' 1:" ) '
F9X ! . Then it follows from Eq. ( 3.14). and Lemma3.D.5116 that EP coincides [on
F 9 X ! ] with any global upper expectation E on F 9 X ! that satisÞesNE188ÐNE388.
Lemma 3.D.3115 gaurantees the existence of such a global upper expectationE, so
we indeed Þnd that EP satisÞesNE188ÐNE388.

The proof of the fact that EP satisÞesNE488 is rather technical and there-
fore relegated to Appendix 3.E120.

Proposition 3.5.5. For any imprecise probability treeP ¥, the global upper
expectationEP satisÞesNE488.

Proof of Theorem3.5.291. Proposition 3.5.4. says thatEP satisÞesNE188ÐNE388.
Proposition 3.5.5 says thatEP satisÞesNE488. Hence, we infer by Theorem3.4.688

that EP is equal to EQ.

3.5.3 Implications of the equality between the three types of upper
expectations

The fact that the three types of global upper expectationsÑEA (or Ef
A ,V),

EP and EQÑare all equal if the respective trees agree has a number of inter-
esting consequences. First of all, it is clear that the three di! erent types of
global upper expectations each rely on their own set of methods and ideas
to extend local models to global models, and so it is remarkable from a
philosophical point of view that, whether one uses gambling, probabilities
or axioms as a tool, one always ends up with the same global upper expec-
tation. Moreover, the fact that all these approaches lead to the same global
upper expectation signiÞcantly broadens the scope of this common upper
expectation; for a user may choose whatever framework suits him the best,
depending on e.g. his background knowledge or on practical considerations.
Finally, there are also a number of important mathematical consequences of
which we will now highlight the most important ones.

Coherence properties

Since the di! erent types of global upper expectations are all equal (if the
corresponding trees agree), it follows that all these global upper expecta-
tions share the same properties. Hence, any of the properties that were
previously proved to hold for one type of global upper expectation, can now
immediately be established for all other global upper expectations. In par-
ticular, since EQ is coherent and satisÞesWC182ÐWC1585, this is also true for
EA and EP . The fact that EA is coherent (or satisÞesWC182ÐWC482), how-
ever, also straightforwardly follows from Lemma 3.C.1109 or Lemma3.D.6117
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(whose proofs can be seen to follow from standard results such as [113,
Proposition 2]). That EP is coherent could also be shown using a result
such as [106, Proposition 13.42], which says that the lower (upper) enve-
lope of a set of coherent conditional lower (upper) expectations is itself a
coherent conditional lower (upper) expectation. In order to use this result,
however, we would thus Þrst be required to prove that E2 is a coherent global
upper expectation for any precise probability tree 2.

Corollary 3.5.6. For any acceptable gambles treeA¥, the global upper expec-
tations EA and Ef

A ,V are coherent and satisfyWC182ÐWC1585. The same
holds for the upper expectationEP corresponding to any imprecise probability
treeP ¥.

Proof. The fact that EA and Ef
A ,V satisfy WC182ÐWC1585 follows from Theo-

rem 3.5.190, the fact that EQ for any upper expectations tree Q¥ that agrees with
A¥ according to Eq. (3.1)50 satisÞesWC182ÐWC482 by deÞnition, and Proposi-
tion 3.4.484. The coherence of these global upper expectations then moreover follows
from Theorem 3.4.384. The statement aboutEP follows from Theorem 3.5.291, and
again the deÞnition of EQ [for any upper expectations tree Q¥ that agrees with P ¥

according to Eq. (3.3)51], Proposition 3.4.484 and Theorem 3.4.384.

Note that the corollary above also establishes Proposition3.4.182 stated
earlier on in Section 3.4.181. One can easily check that Proposition3.4.182

was never used as a tool in any of the proofs so far, and thus that there is no
possibility that we have been adopting any type of circular reasoning. The
order was chosen in this particular fashion simply because, as mentioned in
Section 3.4.181, we regard Proposition 3.4.182 as part of our motivation to
impose WC182ÐWC482 on a global upper expectation.

Law of iterated upper expectations

Another important consequence is that the global upper expectationsEQ

and EP are guaranteed to satisfy the law of iterated upper expectations on
the entire domain V 9 X ! . It was already shown above that these upper
expectations satisfyNE388, and thus (since they are real-valued due to co-
herence [WC684]) that they satisfy the law of iterated upper expectations
on the restricted domain F9X ! . The fact that this property can be extended
to the entire domain V 9 X ! follows from Proposition 3.2.1067 which says
that EA satisÞes the law of iterated upper expectations onV 9 X ! .

Corollary 3.5.7 (Law of iterated upper expectations). For any upper expec-
tations treeQ¥, any $ ' V and any " ' N0, we have that

EQ ( $|#1:" ) = EQ (EQ ( $|#1:" +1)|#1:" ).

94



3.5 Relation between the three approaches

The same holds for the upper expectationEP corresponding to any imprecise
probability treeP ¥, and for EÞn

Q if $ ' F.

Proof. The Þrst statement follows from Theorem3.5.190 and Proposition 3.2.1067.
The second statement follows from Theorem3.5.291, Theorem 3.5.190 [applied to
the upper expectations tree Q¥ that agrees with P ¥ according to Eq. (3.3)51] and
Proposition 3.2.1067. The last statement about EÞn

Q follows from the fact that EQ

extendsEÞn
Q [Corollary 3.4.789].

Overdimensioned local models

Perhaps the most remarkable consequence of all is that, even though accept-
able gambles trees and imprecise probability trees are both more expressive
than upper expectations trees when it comes to parametrising the local dy-
namics of a stochastic process [Section3.1.248], this additional expressive
power vanishes when solely looking at the resulting global upper expecta-
tions.

Corollary 3.5.8. For any two acceptable gambles treesA¥ and A 1
¥ with the

same agreeing upper expectations treeQ¥,A = Q¥,A 1,

EA ( $|>) = EA 1( $|>) and Ef
A ,V( $|>) = Ef

A 1,V( $|>) for all ( $, >) ' V 9 X ! .

Similarly, for any two imprecise probability treesP ¥ and P 1
¥ with the same

agreeing upper expectations treeQ¥,P = Q¥,P 1, we have that

EP ( $|>) = EP 1( $|>) for all ( $, >) ' V 9 X ! .

That acceptable gambles trees and imprecise probability trees are more
expressive than upper expectations trees was already discussed in Sec-
tion 3.1.248. More precisely, as mentioned and illustrated in Section2.533,
any two local sets of acceptable gambles with the same (uniform) closureÑ
so not necessarily with the same border structureÑhave the same agreeing
local upper expectation. Similarly, any two local sets of probability mass
functions lead to the same agreeing local upper expectation if their convex
closures are equal. According to the corollary above, analogous considera-
tions hold on a global level, when we consider the global upper expectations
deduced from either acceptable gambles trees, imprecise probability trees
and upper expectations trees. In other words, it does not matter whether we
ÞrstÑalready on a local levelÑtransition to the less expressive framework
of upper expectations and do all the extensions in this framework, or Þrst
remain in one of the more expressive frameworks, do all the extensions here,
and only transition in the end to the framework of upper expectationsÑthe
resulting global upper expectations will always be the same; see Fig.3.691
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for a visual representation. This is not trivial because, in general, the bor-
der structure of a coherent set of acceptable gambles or a set of probability
charges may in fact impact the correspondingconditional upper expecta-
tions; see e.g. [75, Section 1.6.6]. In fact, later on when we have intro-
duced global upper expectations based on countably additive probability
charges and deÞned on a domain of extended real-valued variables (and sit-
uations), we will encounter instances where the boundary structure of the
local sets of probabilitiesP ¥ impacts the corresponding global upper expec-
tation greatly; see Section5.4.2245.

Direct explicit expressions

The axiomatic characterisations forEQ and EÞn
Q given in Theorem3.4.688 are

elegant and universal in nature, but they are on the other hand inconvenient
in practice, when we need to compute the actual values of these operators.
Moreover, we know by Theorem3.5.190 and Theorem3.5.291 that EA , Ef

A ,V

and EP coincide with EQ (and EÞn
Q ) for appropriately chosen local models,

and so that the expressions in Eq. (3.10)60, Eq. (3.11)63 and DeÞnition 3.679

can be used as alternative tools to compute the values ofEQ (and EÞn
Q ), yet

these expressions are still rather indirect and not the most practical to work
with. To address this, we next present explicit expressions forEQ and EÞn

Q
that allow us to straightforwardly compute their values, starting from the
values of theÑinitially givenÑlocal upper expectations Q¥. Of course, by
Theorem 3.5.190 and Theorem 3.5.291, these expressions can also be used
to compute the values ofEA , Ef

A ,V and EP .
We start with establishing the expression for the upper expectationEÞn

Q
on the Þnitary domain F 9 X ! .

Proposition 3.5.9. For any upper expectations treeQ¥, any ' 1:" ' X ! , and
any (@+ 1)-measurable gamble$(#1:@+1) ' F with @# " ,

EÞn
Q ( $(#1:@+1)|' 1:" ) = Q#1:"

-
Q#1:" +1

-
á á áQ#1:@&1

-
Q#1:@

( $(#1:@+1))
.
á á á

..
(' 1:" ).

Furthermore, the same expression holds forEA , Ef
A ,V and EP , with A¥ and

P ¥ any two trees that agree withQ¥.

Proof. The expression forEÞn
Q follows immediately from Lemma 3.D.5116 and The-

orem 3.4.688. The remaining statement then follows from Theorem 3.5.190 and
Theorem 3.5.291.

In order to use the expression above to compute the value of
EÞn

Q ( $(#1:@+1)|' 1:" ), it should be read backwards; one should start with
the inner term - @(#1:@) ! Q#1:@

( $(#1:@+1)), and compute - @(' 1:" =" +1:@) =
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Q' 1:" =" +1:@
( $(' 1:" =" +1:@á))for all =" +1:@' X @&" ; subsequently, one should con-

sider - @&1(#1:@&1) ! Q#1:@&1

-
Q#1:@

( $(#1:@+1))
.

and use the previously ob-
tained values of - @(#1:@) to compute its values in ' 1:" =" +1:@&1 for all =" +1:@&1 '
X @&" &1 according to

- @&1(' 1:" =" +1:@&1) = Q' 1:" =" +1:@&1

-
- @(' 1:" =" +1:@&1á)

.
.

By repeating this procedure, one eventually arrives at the value of- " (' 1:" ) !
Q#1:"

-
á á áQ#1:@&1

-
Q#1:@

( $(#1:@+1))
.
á á á

.
(' 1:" ). We refer to [100] for a more

detailed explanation of comparable methods for imprecise Markov chains.
Once we have obtained the values ofEÞn

Q , those of EQ can easily be de-
rived from it by means of the following expression. Note moreover that this
expression is similar to the expression of the natural extension under coher-
ence stated in [106, Theorem 13.55].

Proposition 3.5.10. For any upper expectations treeQ¥, and any ( $, >) '
V 9 X ! ,

EQ ( $|>) = inf
!
EÞn

Q (- |>) : - ' F and - #> $
"
.

Furthermore, the equality above remains to hold if we replaceEQ and/or EÞn
Q

by eitherEA , Ef
A ,V or EP , with A¥ and P ¥ any two trees that agree withQ¥.

Proof. The expression for EQ follows immediately from the fact that EQ satisÞes
NE488 by Theorem 3.4.688, and the fact that, also due to Theorem 3.4.688, EQ ex-
tends EÞn

Q . The remaining statement then follows from Theorem 3.5.190 and The-
orem 3.5.291, and the fact that EQ coincides with EÞn

Q on F 9 X ! due to Theo-
rem 3.4.688.

The result above already establishes a fairly direct and simple charac-
terisation for EQ as being the inÞmum value thatEÞn

Q takes on all dominat-
ing Þnitary gambles. However, this way of expressing the values ofEQ can
be simpliÞed even further: we can restrict ourselves to taking the inÞmum
value of EÞn

Q on a single speciÞc sequence of dominating Þnitary gamblesÑ
instead of on all dominating ones. In fact, as is established by the following
lemma, it can be seen that this is true for any global upper expectation that
is monotone on F 9 X ! and satisÞesNE488.

Lemma 3.5.11. Consider any global upper expectationE : V 9 X ! * R that
is monotone [WC584] on F 9 X ! and satisÞesNE488. Then, for any $ ' V and
> ' X ! , we have that

E( $|>) = lim
+* +$

E(- +|>) = inf
+' N

E(- +|>),

where (- +)+' N is the decreasing sequence of Þnitary gambles deÞned, for all
+ ' N, by

- +(? ) = - +(? +) ! sup
÷? ' " (? +)

$( ÷? ) for all ? ' ! .
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Proof. Note that lim +* +$ E(- +|>) exists and that lim +* +$ E(- +|>) = inf +' N E(- +|>),
because(- +)+' N is decreasing andE is monotone onF9X ! . So it su" ces to prove that
E( $|>) = lim +* +$ E(- +|>). Due to the deÞnition of (- +)+' N, we have that $ ( - + for
all + ' N, and therefore by NE488 that also E( $|>) ( E(- +|>) for all + ' N. Hence, we
have that E( $|>) ( lim +* +$ E(- +|>). To see that the converse inequality is also true,
observe that, for any real ) > inf {E(- |>) : - ' F and - #> $} , there is a - 1 ' F such
that - 1 #> $ and ) # E(- 1|>). Since- 1 is Þnitary, it is H-measurable for someH # |>|.
Consider any? ' " (>) and note that ? H 3 >and therefore that " (? H ) + " (>). Then,
since - 1 #> $, we also have that - 1( ÷? ) # $( ÷? ) for all ÷? ' " (? H ) + " (>). But - 1 is H-
measurable, so- 1( ÷? ) = - 1(? H ) is constant for all ÷? ' " (? H ). Hence, - 1(? H ) # $( ÷? )
for all ÷? ' " (? H ), and therefore

- 1(? H ) # sup
÷? ' " (? H )

$( ÷? ) = - H (? H ).

This holds for any ? ' " (>), so we have that - 1 #> - H and therefore, by the mono-
tonicity of E on F9X ! , that E(- 1|>) # E(- H |>). Since(- +)+' N is decreasing and, again,
E is monotone on F 9 X ! , this implies that E(- 1|>) # lim +* +$ E(- +|>). By the fact
that ) # E(- 1|>), we have thus that ) # lim +* +$ E(- +|>). Since this holds for any real
) > inf {E(- |>) : - ' F and - #> $} , and sinceE( $|>) = inf {E(- |>) : - ' F and - #> $}
by NE488, we infer that E( $|>) # lim +* +$ E(- +|>).

Corollary 3.5.12. For any upper expectations treeQ¥, any $ ' V and > ' X ! ,
we have that

EQ ( $|>) = lim
+* +$

EÞn
Q (- +|>) = inf

+' N
EÞn

Q (- +|>),

where (- +)+' N is the decreasing sequence of Þnitary gambles deÞned, for all
+ ' N, by

- +(? ) = - +(? +) ! sup
÷? ' " (? +)

$( ÷? ) for all ? ' ! .

Furthermore, the statement above remains to hold if we replaceEQ and/or EÞn
Q

by eitherEA , Ef
A ,V or EP , with A¥ and P ¥ any two trees that agree withQ¥.

Proof. The statement for EQ follows immediately from Lemma 3.5.11! , the fact
that EQ satisÞesWC584 by Proposition3.4.484 [and because it satisÞesWC182ÐWC482

by deÞnition], the fact that EQ satisÞesNE488 by Theorem3.4.688, and the fact that
EQ extends EÞn

Q by Corollary 3.4.789. The remaining statement then follows from
Theorem 3.5.190 and Theorem 3.5.291, and the fact that EQ coincides with EÞn

Q on
F 9 X ! due to Theorem 3.4.688.

3.6 Finitary global upper expectations are not enough

From all we know so farÑor rather, all what has been told so farÑit
seems that any of the global upper expectations discussed above, whether
that is EA , Ef

A ,V, EP or EQ, seems to have all features one could possible
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desire; due to its equivalence with other models, it can interpreted and mo-
tivated in various ways; it has an abundance of convenient mathematical
properties, including WC182ÐWC1585 and the law of iterated upper expec-
tations; and its values can in practice be straightforwardly computed using
the explicit expressions in Lemma3.D.5116 and Lemma 3.5.1197. Unfortu-
nately however, as the title of this section predicts, there is a price to payÑa
price that we are not willing to accept. To get a clue of where the deÞcit lies,
let us go back to Corollary3.4.789 and the discussion below it. There, it was
pointed out that the extension of the global upper expectation EQÑwhich
we can now also equivalently regard asEA , Ef

A ,V or EP Ñfrom the domain
F 9 X ! to V 9 X ! did not entail much; this extension is solely based on
evoking the monotonicity property. It is therefore to be expected that this
extension will sometimes lead to rather uninformative conclusions about the
global upper expectation of some speciÞc global non-Þnitary gambles. The
following simple example conÞrms our suspicion.

The example is expressed in terms of a(n) (im)precise probability tree2
and the corresponding global upper expectationE2, however, one could just
as well repeat the same reasoning with an agreeing upper expectations tree
or an agreeing acceptable gambles tree, and their respective global upper
expectations. The example will also involve the upper probability P2 corre-
sponding to the upper expectation E2; recall from Section 3.1.352 that P2 is
simply obtained from E2 by restricting to the indicators.

Example 3.6.1. Consider a state spaceX ! { ) , * } consisting of two ele-
ments, and a precise probability tree 2 consisting of probability mass func-
tions that put all mass on ) ; so 2() |>) = 1 and 2(* |>) = 0 for all > ' X ! .
Now consider the event4 * of ever hitting the state * ; so 4 * ! ! \ { ))) á á á }.
Since, at each time instant" ' N0 and for any possible history=1:" ' X " , the
local probability mass function 2(á|=1:" ) assigns probability 1 to ) , we also
expect that probability 1 is assigned to the event that the Þrst" states are all
equal to ) , with " ' N0 any arbitrary time instantÑand this in fact follows
from Proposition 3.3.473. By idealisation, we would thus expect that prob-
ability 1 is assigned to the path? = ))) á á á, and therefore that probability
0 is assigned to4 * . But this is not what happens.

Indeed, recall Lemma3.5.1197Ñwhich holds for E2 because of Proposi-
tion 3.5.593 and Corollary 3.5.694Ñwhich says that, for the sequence(- +)+' N

deÞned by- +(? ) ! sup÷? ' " (? +) I4 * ( ÷? ) for all ? ' ! and all + ' N,

P2(4 * ) = E2(I4 * ) = lim
+* +$

E2(- +).

Since every cylinder event " (>) includes a path for which * appears at
least one time, and thus a path that is in 4 * , we obtain that - +(? ) =
sup÷? ' " (? +) I4 * ( ÷? ) = 1 for all ? ' ! and all + ' N. So by WC684 [which
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we can apply due to Corollary 3.5.694], we have that E2(- +) = 1 for all
+ ' N. Hence, by the equality above, we Þnd thatP2(4 * ) = 1; the upper
probability of 4 * is 1.

The fact that this outcome P2(4 * ) = 1 is not in line with what we would
desire, is only strengthened if we additionally take into account the values
of the ÔstoppedÕ upper hitting probabilities. Indeed, let4 "

* for any " ' N0 be
the event of hitting * before time " + 1;

4 "
* ! ! \ " () " ) = %=1:" ' X " \{ ) " } " (=1:" ), (3.15)

where ) " simply denotes the situation consisting of " times ) . One may
check that 4 "

* = %" &1
@=0 " () @*) and 4 * = %@' N0 " () @*), and therefore that

lim " * +$ 4 "
* = 4 * . On the other hand, for any " ' N0, we have by Proposi-

tion 3.3.879 and Eq. (3.15) that

P2(4 "
* ) = E2(I4 "

*
) =

$

=1:" ' X " \{ ) " }

P2(=1:" ) =
$

=1:" ' X " \{ ) " }

" &19

.=0

2(=.+1|=1:.) = 0,

where the last equality follows from the fact that, for any =1:" ' X " such that
=.+1 = * for some . ' {0, . . . , " & 1}, we have that 2(=.+1|=1:.) = 2(* |=1:.) = 0
by assumption. As a result, we obtain that

lim
" * +$

P2(4 "
* ) = 0 ! 1 = P2(4 * ).

In summary, we thus have that the upper probability P2(4 "
* ) of hitting *

before time " +1 is equal to zerofor all " ' N0, but that the upper probability
P2(4 * ) of hitting * over an inÞnite time interval is one. "

In the example above, we see that the global upper expectationE2

takes values on the Þnitary gamblesI4 "
*

that we would expect. For the
non-Þnitary gamble I4 * , however, this is not the case; its resulting value
is extremely conservativeÑeven vacuousÑand seems to disregard any in-
formation given by the local models. Unfortunately, this phenomenon is not
unique to the speciÞc example above, nor to the probability-based global
upper expectation E2; as already mentioned under Corollary 3.4.789, and
as can also be seen from Corollary3.5.1298, the values of EQÑand thus by
Theorem 3.5.291 and Theorem3.5.190 the values ofEP , EA , Ef

A ,VÑon non-
Þnitary gambles are derived from the values ofEÞn

Q (or EQ, EP , EA , Ef
A ,V)

on F9X ! by only relying on monotonicity; a basic property that is often not
powerful enough to make informative statements about non-Þnitary gam-
bles. This is our Þrst concern with the use ofEP , EA , Ef

A ,V or EQ as a global
model.

Secondly, and equally as important: the domain of these global upper
expectations. They are only deÞned for (global) gambles, so real-valued
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functions that are bounded. However, many of the inferences encountered
in practice require the computation of (upper and lower) expectations of
functions that are not bounded, and often not even real-valued. For one,
the hitting time B) of a state ) ' X = { ) , * } [see Section3.1.352] takes the
value +$ in the path ? = *** á á á.

The reason that we have chosen, for now, to only consider global
gambles (and situations) as a domain for a global upper expectation, is
largely because the frameworks of sets of acceptable gambles and coher-
ent upper/lower expectations as initially developed by P. M. Williams [ 113]
and Walley [110] did not involve extended real-valued functions. For they
were built on the idea that gamblesÑbounded real-valued functionsÑcan
be interpreted as uncertain pay-o! s, and that upper expectations can be
interpreted as inÞmum selling prices for such gambles. Such an interpreta-
tion of course becomes somewhat less obvious if uncertain pay-o! s can be
inÞnite in value. The problem of extending this theory beyond the domain
of bounded real-valued functions was already addressed by Tro! aes & De
Cooman [106, Part Two], yet still only to deal with unbounded real-valued
functions and not extended real-valued functions. On the other hand, most
references [77, 106] on Þnitely additive probability charges that we are
aware of, also only involve integration over real-valued functions. All to-
gether, it thus seemed as a natural choice to Þrst consider and study the
domain of gambles and situations.

In the coming chapters, it is our aim to put forward other global models
that deal with these two issues each in their own distinct way. Once more,
we shall consider three di! erent types: a (non-Þnitary) game-theoretic
model, a measure-theoretic model, and an axiomatic model. Philosophi-
cally speaking, they can be seen as continuations of, respectively, the Þni-
tary game-theoretic upper expectation Ef

A ,V, the probability-based upper
expectation EP , and the axiomatic upper expectation EQ presented in the
current chapter. The main di! erence is that the new models will not extend
the local models solely using Þnitary principles, but also using one or more
continuity arguments. To clarify this distinction, we will often referÑand
already have been referringÑto Ef

A ,V, EA , EP , and EQ all together as the
Þnitary global upper expectations.

As a Þnal remark before we move on, note that the Þnitary global up-
per expectations introduced in this chapter actually behave in a satisfactory
way if we are solely interested in the Þnitary domain F 9 X ! . Indeed, the
undesirable behaviour that was illustrated by Example 3.6.199 only occurs
if we look at non-Þnitary gambles. This observation will be used in Chap-
ter 6283, where we will argue for the use of an axiomatic continuity-based
global upper expectation, and where EÞn

Q will serve as our starting point.
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Ñ A33$"1+)$% Ñ

3.A Proof of Theorem 3.2.7

The proof of Theorem 3.2.765 relies on the following lemma, which uses
the notation S+(A¥) for any + ' N0 to denote the set of all submartingales
stopped at some time" larger than +, and with zero initial value:

S+(A¥) !
%
M (#1:" ) : M ' M(A¥), M (" ) = 0 and " # +

&
.

Lemma 3.A.1. posi
-
DA

.
= S+(A¥) for any acceptable gambles treeA¥ and

any + ' N0.

Proof. To prove that posi
-
DA

.
+ S+(A¥), Þx any $ ' posi

-
DA

.
. Then, due to

Lemma3.2.157, there is a Þnite setD : X ! of situations and corresponding gambles
$> ' A > for all > ' X ! , such that $ =

#
>' D $>(#|>|+1)1>. Let #M be the betting process

deÞned, for all > ' X ! , by #M (>) = $> if > ' D, and #M (>) = 0 otherwise. Then
since $> ' A > for all > ' D, and 0 ' A > for all > ' X ! becauseA > satisÞesD127, we
have that #M is acceptable and thus that the corresponding real processM [that
starts with initial value M (" ) ! 0] is a submartingale in M(A¥). Let " ' N0 be such
that " # + and such that " &1 is larger than or equal to the maximum of the lengths
of the situations in D[which is a natural number because Dis Þnite]. Then, to show
that M (#1:" ) = $, consider any ? ' ! and note that

M (#1:" ) (? ) = M (? 1:" ) =
" &1$

@=0

#M (? 1:@)(? @+1)

=
$

@' {0,...," &1}
? 1:@' D

#M (? 1:@)(? @+1) +
$

@' {0,...," &1}
? 1:@" D

#M (? 1:@)(? @+1)

=
$

@' {0,...," &1}
? 1:@' D

#M (? 1:@)(? @+1) =
$

@' {0,...," &1}
? 1:@' D

$? 1:@(? @+1) (3.16)

where the penultimate and last step follow from our deÞnition of #M . The last term
involves a sum over the situations {? 1:@ ' D: @' {0, . . . , " & 1}} , but note that,
since " & 1 is larger than or equal to the largest possible length of a situation in D,
we could equivalently write it as a sum over

{? 1:@' D: @' N0} = {> ' D: (; @' N0) >= ? 1:@} = {> ' D: ? ' " (>)} .

So we get that
$

@' {0,...," &1}
? 1:@' D

$? 1:@(? @+1) =
$

>' D
? ' " (>)

$>(? |>|+1) =
$

>' D

$>(? |>|+1)1>(? ) = $(? ).

Combined with Eq. (3.16), this gives us that M (#1:" ) (? ) = $(? ). Since this holds
for any ? ' ! , we obtain that M (#1:" ) = $ as desired. Together with the fact that
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M ' M(A¥), M (" ) = 0 and " # +, we Þnd that $ ' S+(A¥). Since this is true for
any $ ' posi

-
DA

.
, it follows that posi

-
DA

.
+ S+(A¥).

The converse inclusion can be proved in a similar but easier fashion. Fix any
M ' M(A¥) such that M (" ) = 0, and any " # +. Let D ! {> ' X ! : |>| ( " & 1} and
let $> ! #M (>) for all > ' D. Then D is a Þnite set of situations becauseX is Þnite.
Moreover, $> ' A > for all > ' D, becauseM ' M(A¥) and therefore #M (>) ' A >.
So it su" ces to prove that M (#1:" ) =

#
>' D $>(#|>|+1)1>, because it then follows from

Lemma 3.2.157 that M (#1:" ) ' posi
-
DA

.
as desired. To that end, observe that

M (' 1:" ) = M (" ) +
" &1$

@=0

#M (' 1:@)(' @+1) =
" &1$

@=0

#M (' 1:@)(' @+1) for all ' 1:" ' X " ,

becauseM (" ) = 0 by assumption. Hence, since the above holds for all' 1:" ' X " ,

M (#1:" ) =
" &1$

@=0

$

' 1:@' X @

#M (' 1:@)(#@+1)1' 1:@(#1:@) =
$

>' D

#M (>)(#|>|+1)1>(#1:|>|)

=
$

>' D

$>(#|>|+1)1>,

where the second equality follows from the deÞnition of D, and the last from the
deÞnition of the gambles $>.

Proof of Theorem3.2.765. Fix any $ ' V and > ' X ! . First note that, if we com-
bine Lemmas3.2.157 and 3.2.257, we clearly get that E(DA ) = V# +posi

-
DA

.
, which

on its turn implies by Lemma 3.A.1. that E(DA ) = V# + S+(A¥) for all + ' N0.11 As
a result, by Eq. (3.10)60, for all + ' N0,

EA ( $|>) = inf { : ' R : (: & $)1> ' E(DA )} = inf { : ' R : (: & $)1> ' (V# +S+(A¥))} .
(3.17)

Let us now establish that
EA ( $|>) # Ef

A ,V( $|>). (3.18)

To that end, Þx any+ # |>| and any : ' R such that (: & $)1> ' (V# +S+(A¥)). Then,
by the deÞnition of S+(A¥), there is some- ' V# , someM ' M(A¥) with M (" ) = 0
and some" # +, such that

(: & $)1> = - + M (#1:" ). (3.19)

Then we certainly have that : & $ => - + M (#1:" ), which by the fact that - ' V# in
turn implies that : & $ #> M (#1:" ), and therefore that

: & M (#1:" ) #> $. (3.20)

Next, let M 1 be the real process deÞned byM 1(>) ! : & M (>) for all > ' X ! .
Then, for any > ' X ! , we have that &#M 1(>) = #M (>) and so, sinceM ' M(A¥),
that &#M 1(>) ' A >. Hence, M 1 is a supermartingale in M(A¥). Moreover, by

11The sum K 1 + K 2 between two setsK 1, K 2 + V is deÞned as usually, as the set{ $ +
- : $ ' K 1, $ ' K 2 } .
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Eq. (3.20)! , we have that M 1(#1:" ) #> $. Let us next show that M (÷>) # 0 for
all ÷>2 >.

Suppose ex absurdo that M (÷>) < 0 for some ÷> 2 >. Since we know that
M (" ) = 0, we infer that there must be some A' X ! and ' ' X such that A' 2 ÷>for
which M (A) # 0 and M (A') < 0. Then we have that #M (A)(' ) < 0. This implies by
the coherence [D227] of AA that there is some , ' X \ { ' } such that #M (A)(, ) > 0,
and so, sinceM (A) # 0, that M (A,) > 0. By Lemma3.2.563, this implies that, for
all @# |A,|, there is some' |A,|+1:@' X @&|A,| such that M (A,' |A,|+1:@) > 0. Hence, since
" # + # |>| # |÷>| # |A'| = |A,|, there is some path? ' " (A,) such that M (? " ) > 0.
Furthermore, recall that - ' V# , so we also have thatM (? " ) + - (? ) > 0. Due to
Eq. (3.19)! , this in turn implies that (: & $(? ))1>(? ) > 0. In particular, this implies
that ? ' " (>). Recalling that A' 2 ÷>2 >, this would imply that ? ' " (A'), yet this is
in contradiction with the earlier assumption that ? ' " (A,) [and the fact that , ! ' ].
Hence, we must indeed have thatM (÷>) # 0 for all ÷>2 >.

The consideration above implies that M 1(>) = : & M (>) ( : . Combining this
with the earlier considerations that M 1 ' M(A¥), that M 1(#1:" ) #> $ and that " #
+ # |>|, we Þnd by Eq. (3.11)63 that

Ef
A ,V( $|>) ( M 1(>) ( : .

Since this holds for all : ' R such that (: & $)1> ' (V# + S+(A¥)), we infer by
Eq. (3.17)! that Eq. (3.18)! holds.

To prove the converse inequalityÑthat EA ( $|>) ( Ef
A ,V( $|>)ÑÞx any M '

M(A¥) such that M (#1:" ) #> $ with " # |>|. Let M 1 be the real process deÞned
by

M 1(A) !

'
M (>) & M (A) for all A3 >

M (>) & M (>) = 0 for all A$ >.

Then note that #M 1(A) = &#M (A) for all A3 >, and #M 1(A) = 0 otherwise. Hence,
since &#M (A) ' AA for all A' X ! , and since0 ' AA [becauseAA satisÞesD127] for
all A' X ! , we have that M 1 ' M(A¥). Moreover, by the deÞnition of M 1, and since
" # |>|, we also have that M 1(#1:" ) => M (>) & M (#1:" ). So, by our assumptions
about M , we infer that

M 1(#1:" ) => M (>) & M (#1:" ) ( > M (>) & $.

This means that M 1(#1:" )1> ( (M (>) & $)1>. Note that, since " # |>| and due
to the deÞnition of M 1, the gamble M 1(#1:" ) is zero outside " (>). Hence, the lat-
ter inequality can be simpliÞed to M 1(#1:" ) ( (M (>) & $)1>. So the variable
- ! (M (>)& $)1>&M 1(#1:" ) is non-negative, and also bounded because$is bounded
and M 1(#1:" ) is bounded [becauseX is Þnite]. As a consequence, we have that
- ' V# and that

- + M 1(#1:" ) = (M (>) & $)1>.

Since M 1(" ) = 0 [by the deÞnition of M 1], and since M 1 ' M(A¥), we have that,
with + = " ,

(M (>) & $)1> ' (V# + S+(A¥)).
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This in turn implies that

inf { : ' R : (: & $)1> ' (V# + S+(A¥))} ( M (>). (3.21)

Hence, it follows from Eq. (3.17)103 that EA ( $|>) ( M (>). Since this holds for any
M ' M(A¥) such that M (#1:" ) #> $ with " # |>|, we infer from Eq. (3.11)63 that
EA ( $|>) ( Ef

A ,V( $|>) as desired.

3.B Proofs of the results in Section 3.3

Proof of Proposition3.3.171. We show that (i) 71 - (iii) 71 - (ii) 71 - (i) 71. So let
us start by proving that (iii) 71 holds for any global probability charge P on A 9 X ! .
In order to do so we will associate a global (upper) expectation EP with P, and show
that this expectation EP satisÞesWC182ÐWC482 on its domain. This will then imply
by Theorem 3.4.384 that EP is coherent according to DeÞnition 3.782, and (iii) 71

will then straightforwardly follow by restricting the domain of this expectation EP.
Furthermore, we want to point out that the proof of Theorem 3.4.384 is independent
of the current result [Proposition 3.3.171] or any other results in Section 3.369. This
guarantees that there can be no misunderstanding about whether we have adopted
any type of circular reasoning.

First note that, for any > ' X ! , since the functional P(á|>) : A * R satisÞes
GP170ÐGP370 and, by Proposition 3.3.271, GP571, it is a probability charge according
to [ 106, DeÞnition 1.15]. Hence, according to [106, DeÞnition 8.13], we can deÞne
EP(á|>) : span(A ) * R by

EP( $|>) !
+$

.=1

) .P(%. |>) for any $ ' span(A ) ,

with
# +

.=1 ) .I%. any representation of $; so + ' N, ) 1, . . . , ) + ' R and %1, . . . , %+ ' A
are such that $ =

# +
.=1 ) .I%. . Let us check thatEP satisÞesWC182ÐWC482.

To see thatWC182 holds, start by observing that, sinceEP(á|>) for any > ' X ! is
deÞned according to [106, DeÞnition 8.13], [ 106, Theorem 8.15] says thatEP(á|>) is
a Ôlinear previsionÕ onspan(A ), and thus by [106, Corollary 4.14(i)] that EP(- |>) (
sup- for all - ' span(A ). Now Þx any $ ' span(A ) and let

# +
.=1 ) .I%. be any

representation of $. Then we have that

EP( $|>) =
+$

.=1

) .P(%. |>) =
+$

.=1

) .P(%. , " (>)|>) = EP

+ +$

.=1

) .I%., " (>)

1
1>

,

= EP

+ +$

.=1

) .I%. 1>

1
1>

,
= EP( $1>|>),

where the second equality follows from Proposition 3.3.271[ GP871]. In a similar
way, since - ! $1> + sup( $|>)I" (>)& is in span(A ) [because " (>) and " (>)& are in
A 4 <X ! =], we also have that EP(- |>) = EP(- 1>|>) = EP( $1>|>). Now, sinceEP(- |>) (
sup- by our considerations above, and sincesup- = sup( $|>), we indeed Þnd that
EP( $|>) = EP( $1>|>) = EP(- |>) ( sup( $|>). This establishesWC182.
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We leave it for the reader to check thatEP also satisÞesWC282ÐWC382. To prove
WC482, consider any $ ' span(A ) and >, A ' X ! such that > 2 A. Let

# +
.=1 ) .I%. be

any representation of $. Then we have that

( $& EP( $|A))1A = (
+$

.=1

) .I%. & EP( $|A))1A =
+$

.=1

) .I%. 1A& EP( $|A)1A

=
+$

.=1

) .I%., " (A) & EP( $|A)I" (A) .

Since " (A) ' A and %. , " (A) ' A for all . ' {1, . . . , +} becauseA is by assumption
an algebra that includes <X ! =, and thus all cylinder events " (X ! ),

# +
.=1 ) .I%., " (A) &

EP( $|A)I" (A) is a representation of the gamble ( $ & EP( $|A))1A [and thus also ( $ &
EP( $|A))1A ' span(A )]. So by the deÞnition of EP, we have that

EP
-
( $& EP( $|A))1A|>

.
=

# +
.=1 ) .P(%. , " (A)|>) & EP( $|A)P(A|>)

=
# +

.=1 ) .P(%. |A)P(A|>) & EP( $|A)P(A|>)

= EP( $|A)P(A|>) & EP( $|A)P(A|>) = 0,

where the second equality follows from GP470, and the third follows once more from
the deÞnition of EP and the fact that

# +
.=1 ) .I%. is a representation of $.

SoEP satisÞesWC182ÐWC482, and is therefore coherent by Theorem3.4.384. Fix
any + ' N, any H ' N0 such that H ( +, any ( 1, . . . , ( H ' R# , any ( H+1, . . . , ( + ' R<,
and any (%1, >1), . . . , (%+, >+) ' A 9 X ! . Then, for all ( 0 ' R# and all (%0, >0) ' A 9
X ! , by DeÞnition 3.782 and since ( 1, . . . , ( H , &( H+1, . . . , &( + are all non-negative,

sup
+
( 01>0

-
I%0 & EP(I%0 |>0)

.
&

H$

.=1

( .1>.

-
I%. & EP(I%. |>.)

.

&
+$

.=H+1

(&( .)1>.

-
I%. & EP(I%. |>.)

. 1
1
1%+

.=0 " (>.)
,

# 0.

In particular, by letting ( 0 be equal to 0 and >0 be equal to one of the situations
>1, á á á, >+, we have that

sup

:
&

H$

.=1

( .1>.

-
I%. & EP(I%. |>.)

.
+

+$

.=H+1

( .1>.

-
I%. & EP(I%. |>.)

. 1
1
1%+

.=1 " (>.)
;

# 0,

or equivalently,

0 ( sup
+
&

# H
.=1 ( .1>.

-
I%. & EP(I%. |>.)

.
+

# +
.=H+1 ( .1>.

-
I%. & EP(I%. |>.)

. 1
1
1%+

.=1 " (>.)
,

= sup
+# +

.=1 ( .1>.

-
1 & I%. & (1 & EP(I%. |>.))

.

+
# +

.=H+1 ( .1>.

-
I%. & EP(I%. |>.)

. 1
1
1%+

.=1 " (>.)
,

= sup
+# +

.=1 ( .1>.

+
I%&

.
& (1 & P(%. |>.))

,
+

# +
.=H+1 ( .1>.

-
I%. & P(%. |>.)

. 1
1
1%+

.=1 " (>.)
,

= sup
+# +

.=1 ( .1>.

+
I%&

.
& P(%&

. |>.)
,

+
# +

.=H+1 ( .1>.

-
I%. & P(%. |>.)

. 1
1
1%+

.=1 " (>.)
,

,

where the second equality follows from the deÞnition of EP, and the last from GP270

and GP370. Since the above holds for any+ ' N, any sequence of reals( 1, . . . , ( + ' R
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3.C Proofs of the results in Section3.4.1

[we simply distinguished between the non-negative and the negative ones] and all
(%1, >1), . . . , (%+, >+) ' A 9 X ! , and since A is an algebra and thus closed under
complementation, we indeed have that (iii) 71 in Proposition 3.3.171 holds.

In order to prove that (iii) 71 - (ii) 71, suppose that P : A 9 X ! * R satisÞes
(iii) 71. Then [62, Theorem 8] guarantees that we can extendP to the domain 1(! )9
1(! )8 such that it remains to satisfy (iii) 71. This extension P1: 1(! ) 9 1(! )8 * R
satisÞesCP170ÐCP470 according to [62, Theorem 7]. Hence, P is the restriction of a
conditional probability charge P1 on 1(! ) 9 1(! )8 according to DeÞnition 3.170.

Finally, the fact that (ii) 71 - (i) 71 follows straightforwardly from the deÞnitions
of a conditional probability charge [DeÞnition 3.170] and a global probability charge
[DeÞnition 3.270].

Proof of Proposition3.3.473. [ 62, Lemma 14] establishes the existence of a
unique Ôconditional probability measureÕP on <X ! = 9X ! satisfying Eq. (3.12)72 and
being of the appropriate form as described in Proposition3.3.473. According to [62,
DeÞnition 6], such a Ôconditional probability measureÕP is simply a Ôcoherent con-
ditional probabilityÕ [62, DeÞnition 5] for which P(á|>) : <X ! = * R for any > ' X !

is ! -additive; see also DeÞnition5.1221 further below. As established by Proposi-
tion 3.3.171, a Ôcoherent conditional probabilityÕ on<X ! = 9X ! is a global probability
charge and vice versa, and so the notion of a Ôconditional probability measureÕ [62]
on <X ! = 9X ! is equivalent to the notion a global probability charge P1 on <X ! = 9X !

for which P1(á|>) : <X ! = * R for any > ' X ! is ! -additive. Yet, for any global prob-
ability charge P1 on <X ! = 9X ! and any > ' X ! , we have by [5, Theorem 2.3] that
the Þnite additivity of P1(á|>) on <X ! =automatically implies its ! -additivity, so our
notion of a (general) global probability charge on <X ! = 9X ! is equivalent to the
notion of a Ôconditional probability measureÕ [62] on <X ! = 9X ! . Our proposition
thus indeed follows from [ 62, Lemma 14].

3.C Proofs of the results in Section 3.4.1

Proof of Proposition3.4.484. We Þrst prove WC684. Consider any > ' X ! , and
note that E(0|>) = 0 because ofWC382 and our convention that 0 (+$ ) = 0 (&$ ) =
0. Therefore, for all $ ' I , it follows from WC282 that 0 ( E( $|>) + E(&$|>), or
equivalently [since +$ & $ = +$ ], that &E(&$|>) ( E( $|>). Applying WC182 to
both sides, we Þnd that inf ( $|>) = &sup(&$|>) ( & E(&$|>) ( E( $|>) ( sup( $|>).
Property WC684 now follows readily from the deÞnition of E.

To see that the remaining properties hold, note that WC684 implies that the map
E (and therefore also E) is real-valued on I 9 X ! . Properties WC584 and WC784Ð
WC984 then follow from WC182ÐWC382 using arguments well-known in the Þeld
of coherent upper and lower expectations; see, for instance, the proof of [106,
Lemma 13.13], where they use lower expectations instead of upper expectations,
and where ÔgamblesÕ have a more general meaning because there they can also be
unbounded.
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Now suppose thatI is, apart from a linear space of global gambles that contains
all constants, also such that$1> ' I for all $ ' I and > ' X ! . Moreover suppose that
E additionally satisÞesWC482. To prove the remaining properties, we will implicitly
make use of the fact that, due to WC684, E is real-valued. Consider any $ ' I and
any two >, A ' X ! such that > 2 A. That WC1085 holds, follows immediately from
conjugacy; indeed, we have that

E
-
( $& E( $|A))1A|>

.
= &E

-
(&$+ E( $|A))1A|>

.
= &E

+-
(&$) & E((&$)|A)

.
1A|>

,
= 0,

where the last step follows from applying WC482 to the gamble (&$).
To proveWC1185, note that, for any ; ' R, we have thatE(; 1>|>) = E(; 1>|>) = ;

due to WC684. Hence, from WC482 we obtain in particular that

0 = E
+
( $& E( $|>))1>|>

, WC282
( E( $1>|>) + E

+
&E( $|>)1>|>

,
= E( $1>|>) & E( $|>).

But on the other hand, WC482 also implies that

0 = E
+
( $& E( $|>))1>|>

, WC884
# E( $1>|>) + E

+
&E( $|>)1>|>

,
= E( $1>|>) & E( $|>).

So we Þnd that E( $|>) = E( $1>|>) as desired. The expression for the lower expecta-
tions then follows from conjugacy.

We continue by proving WC1285. Consider any $ ' I and any ' 1:" ' X ! , and
note that WC482 implies that

E
+
( $& E( $|' 1:" +1))1' 1:" +1 |' 1:"

,
= 0 for all ' " +1 ' X .

As a consequence, we have that

0 =
#

' " +1 ' X E
+
( $& E( $|' 1:" +1))1' 1:" +1 |' 1:"

,

# E
+#

' " +1 ' X ( $& E( $|' 1:" +1))1' 1:" +1 |' 1:"

,

= E
+#

' " +1 ' X $1' 1:" +1 &
#

' " +1 ' X E( $|' 1:" +1)1' 1:" +1 |' 1:"

,
,

where the inequality follows from WC282 and the fact that X is Þnite. But note that

#
' " +1 ' X $1' 1:" +1 = $1' 1:" and

#
' " +1 ' X E( $|' 1:" +1)1' 1:" +1 = E( $|' 1:" #" +1)1' 1:" ,

so we get that

0 # E
+

$1' 1:" & E( $|' 1:" #" +1)1' 1:" |' 1:"

,
# E

-
$1' 1:" |' 1:"

.
& E

+
E( $|' 1:" #" +1)1' 1:" |' 1:"

,
,

where the last inequality follows from WC884 and conjugacy. It now only remains to
apply WC1185 to each of the above terms, to Þnd that indeed

E
+
E( $|' 1:" #" +1)|' 1:"

,
# E ( $|' 1:" ) .

The inequality for the lower expectations then follows readily from conjugacy.
Next, WC1385 can be seen as a fairly straightforward consequence ofWC1285. In-

deed, the expression for the upper expectations holds, by our deÞnition ofE ( $|#1:" )
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and E
+
E ( $|#1:" +1) |#1:"

,
, if E ( $|' 1:" ) ( E

+
E ( $|#1:" +1) |' 1:"

,
for all ' 1:" ' X " . But

this follows from applying WC1185 twice, and then using WC1285:

E
+
E ( $|#1:" +1) |' 1:"

,
= E

+
E ( $|#1:" +1) 1' 1:" |' 1:"

,
= E

+
E ( $|' 1:" #" +1) 1' 1:" |' 1:"

,

= E
+
E ( $|' 1:" #" +1) |' 1:"

,

# E ( $|' 1:" ) .

The inequality for the lower expectations then follows once more from conjugacy.
To see thatWC1485 holds, suppose thatE( $|A) # 0, and observe that

E
-
( $& E( $|A))1A|>

. WC884
( E ( $1A|>) + E

-
&E( $|A))1A|>

.

= E ( $1A|>) & E
-
E( $|A)1A|>

.

WC382= E ( $1A|>) & E( $|A)E(1A|>) ( E ( $1A|>) ,

where we are allowed to useWC382 in the third step becauseE( $|A) # 0, and where
the last step follows from the fact that E( $|A) # 0 and, because of1A # 0 and WC684,
that E(1A|>) # 0. Since the left-hand side of the expression above is equal to0 due
to WC1085, we Þnd that 0 ( E ( $1A|>) as desired.

Finally, in order to prove WC1585, assume thatE( $1A|>) > 0 and observe that

E
-
( $& E( $|A))1A|>

.
# E ( $1A|>) + E

-
&E( $|A))1A|>

.
= E ( $1A|>) & E

-
E( $|A)1A|>

.

> &E
-
E( $|A)1A|>

.
,

where the Þrst step follows from WC282 and conjugacy, and where the last inequality
follows from the fact that E( $1A|>) > 0. The left-hand side of this expression is again
equal to 0 [due to WC1085], and so we have that

0 < E
-
E( $|A)1A|>

. WC684
( sup(E( $|A)1A|>) ( max{0, E( $|A)} .

As a result, we have thatE( $|A) > 0.
The last statement, the fact that all the properties WC584ÐWC1585 hold for a

global upper expectation E that satisÞesWC182ÐWC482 and that is deÞned onV 9
X ! or F 9 X ! , is trivial because it can easily be checked that bothV and F are
linear spaces of global gambles containing all the constants and are invariant under
multiplication with indicators of situations.

Lemma 3.C.1. Consider any global upper expectationE on a domainI 9X ! +
V 9 X ! such that I is a linear space of global gambles. ThenE is coherent if
there is a coherent set of acceptable global gamblesD such that

E( $|>) = inf { : ' R : (: & $)1> ' D} for all ( $, >) ' I 9 X ! .

Proof. This result follows from [ 114, Proposition 1] as a special case. Indeed, sup-
pose that there is a coherent set of acceptable global gamblesD such that

E( $|>) = inf { : ' R : (: & $)1> ' D} for all ( $, >) ' I 9 X ! . (3.22)
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Then sinceD satisÞesD127 and D227 by deÞnition, it also satisÞes properties C1Õ and
C2Õ in [114, Section 3]; care to note that the conditional events 6 in [ 114] are in our
case subsets of the sample space! , and the Ôrandom quantitiesÕ in [114] here take
the form of global gambles $ on ! . Then if we let the conditional events 6. in [ 114,
Proposition 1] be of the form " (>) with > ' X ! , then this result says that, if I > is a
linear subspace ofV for all > ' X ! , the global upper expectation E! deÞned, for all
> ' X ! and all $ ' I >, by

E! ( $|>) ! inf { : ' R : (: & $)1> ' D},

is coherent [DeÞnition 3.782]. In particular, this is true if we let I > for all > ' X !

be equal to the Þxed linear spaceI , and then E! is equal to E due to Eq. (3.22)! .
Hence, sinceE! is coherent, E is coherent too.

Proof of Theorem3.4.384. Necessity ofWC182ÐWC482 can be inferred from [ 114,
Section 3.1]. In particular, note that any coherent global upper expectation E [Def-
inition 3.782] on I 9 X ! , is a (speciÞc) Ôupper conditional previsionÕ according to
[ 114, DeÞnition 1], where the linear spacesX 6 in [ 114, DeÞnition 1] are here all
equal to the Þxed linear spaceI , and where the real-valuedness ofE is guaranteed
by Corollary 3.4.283.

To prove su" ciency, suppose thatE satisÞesWC182ÐWC482 and let

D !
/ +$

.=1

- .1>. + C: + ' N0, - . ' I , >. ' X ! , E(- . |>.) > 0, C ' L # (! )
0

.

We will show that D is coherent and that its corresponding inÞmum selling prices
operator ED , deÞned by

ED ( $|>) ! inf { : ' R : (: & $)1> ' D} for all ( $, >) ' V 9 X ! , (3.23)

coincides with E on I 9 X ! . Lemma 3.C.1! will then imply that E is coherent.
Let us Þrst check thatD is coherent. It is clear from the deÞnition of D that D127

and D327 are satisÞed. To see thatD427 is satisÞed, consider any( > 0 and any $ '
D, and let us check that ( $ ' D. Since $ ' D, we can write that $ =

# +
.=1 - .1>. +Cfor

some+ ' N0, - 1, . . . , - + ' I , >1, . . . , >+ ' X ! , with E(- . |>.) > 0 for all . ' {1, . . . , +} ,
and someC ' L # (! ). Multiplying with ( > 0 gives us( $ =

# +
.=1 (- .1>. + (C. For all

. ' {1, . . . , +} , we have that E(- . |>.) > 0, which by WC382 implies that

0 < ( E(- . |>.) = E((- . |>.),

and where E((- . |>.) is well-deÞned because- . ' I and I is a linear spaceÑand
thus (- . ' I . Since moreover C ' L # (! ), and therefore (C ' L # (! ), it follows
that, indeed, by the deÞnition of D,

( $ =
+$

.=1

(- .1>. + (C ' D.

Finally, to prove that D227 holds, assumeex absurdo that there is a gamble $ ' D
such that $ ' L # (! ). The fact that $ ' D again implies that $ =

# +
.=1 - .1>. + C for
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some+ ' N0, - 1, . . . , - + ' I , >1, . . . , >+ ' X ! , with E(- . |>.) > 0 for all . ' {1, . . . , +} ,
and some C ' L # (! ). Since $ ' L # (! ) and C ' L # (! ), we know that + # 1.
Note that the gamble

# +
.=1 - .1>. = $ & C is then an element of I because of our

assumptions aboutI [linear space and closed under multiplying with indicators of
situations] and because- . ' I for all . ' {1, . . . , +} . Moreover, since $ ' L # (! ) and
since C # 0, we have that $& C ( 0 and $& C ! 0. Then, for all 1 ( . ( +, we have
by WC684 that E( $& C|>.) ( 0. But on the other hand, consider any . ' {1, . . . , +}
such that >. has minimal length among the situations >1, . . . , >+ [it is clear that there
is such an.]. Then there are no I ' {1, . . . , +} such that >I # >., and therefore

E( $& C|>.) = E(
# +

I=1 - I1>I |>.)
WC282

#
+$

I=1

E(- I1>I |>.)

=
$

1( I( +
>I3>.

E(- I1>I |>.) +
$

1( I( +
>I#>.

E(- I1>I |>.) +
$

1( I( +
>I 6 >.

E(- I1>I |>.)

=
$

1( I( +
>I3>.

E(- I1>I |>.) +
$

1( I( +
>I 6 >.

E(- I1>I |>.).

By WC1185 and WC684, we have that E(- I1>I |>.) = E(- I1>I 1>. |>.) = E(0|>.) = 0 for any
>I 6 >., and so the above implies that

E( $& C|>.) =
$

1( I( +
>I3>.

E(- I1>I |>.) =
$

1( I( +
>I=>.

E(- I1>I |>I) +
$

1( I( +
>I$>.

E(- I1>I |>.)

Note that the Þrst sum in the expression above is strictly larger than zero because,
by assumption, we have thatE(- I |>I) > 0 for all 1 ( I ( +, and so by WC1185 that
E(- I1>I |>I) > 0 for all 1 ( I ( +. The second sum is larger or equal than zero, because
the fact that E(- I |>I) > 0 for all 1 ( I ( + implies by WC1485 that E(- I1>I |>.) # 0 for
all 1 ( I ( + such that >I $ >.. Hence, both sums taken together, we should have
that E( $ & C|>.) > 0. Yet, this is in contradiction with our earlier conclusion. As a
result, the set of acceptable gamblesD satisÞesD227, and together with D127 and
D327ÐD427, we obtain that D is coherent. It now remains to prove that E coincides
with the upper expectation ED corresponding to D according to Eq. (3.23). .

As a Þrst step, we prove that for any$ ' V and any A' X ! ,

$1A ' D - $1A ' D|A, (3.24)

with

D|A !
/ +$

.=1

- .1A>. + C: + ' N0, - . ' I , >. ' X ! , E(- . |A>.) > 0, C ' L # (! )
0

.

So Þx any $ ' V and any A' X ! such that $1A ' D = D|" . Let " ' N0 and ' 1:" ' X "

be such that ' 1:" = A. If " = 0, then the desired implication is trivially true because
in that case $1A ' D|" = D|A. So consider the case that" # 1 and let @< " . We show
that

$1A ' D|' 1:@ - $1A ' D|' 1:@+1 . (3.25)
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Suppose that $1A ' D|' 1:@ and therefore that, for some + ' N0, - 1, . . . , - + ' I ,
>1, . . . , >+ ' X ! , with E(- . |' 1:@>.) > 0 for all . ' {1, . . . , +} , and someC ' L # (! ),

$1A =
+$

.=1

- .1' 1:@>. + C.

The situations >1, . . . , >+ ' X ! can be categorised in three di! erent groups [where
the order of the situations within these individual groups is of no importance]; let
91, . . . , 9H ' X ! be those situations in >1, . . . , >+ that start with ' @+1; let J1, . . . , J2 '
X ! be those situations in>1, . . . , >+ that start with a di ! erent state than ' @+1; and let
K1, . . . , K +&H&2 ' X ! all be equal to the empty situation " . Let L1, . . . , LH , M1, . . . , M2

and N1, . . . , N+&H&2 be the corresponding categorisation of the gambles- 1, . . . , - +; so
we have that E(L. |' 1:@9.) > 0, E(M. |' 1:@J.) > 0 and E(N. |' 1:@) = E(N. |' 1:@K .) > 0.
Then we get that

$1A =
H$

.=1

L.1' 1:@+191
.
+

2$

.=1

M.1' 1:@J. +
+&H&2$

.=1

N.1' 1:@+ C, (3.26)

where, for all . ' {1, . . . , H } , the situation 91
. is such that 9. = ' @+191

.. Note that
' 1:@+1 6 ' 1:@J. for any J., and therefore that 1' 1:@+1 1' 1:@J. = 0. Since moreover' 1:@+1 2 A,
and therefore that 1' 1:@+1 1A = 1A, multiplying Eq. ( 3.26) with 1' 1:@+1 gives us

$1A =
H$

.=1

L.1' 1:@+191
.
+

+&H&2$

.=1

N.1' 1:@+1 + C1' 1:@+1 . (3.27)

By assumption, we have thatE(L. |' 1:@+191
.) = E(L. |' 1:@9.) > 0 for all . ' {1, . . . , H } .

Since alsoC # 0, and therefore C1' 1:@+1 # 0, it follows from the expression above
and the deÞnition of D|' 1:@+1 that then $1A ' D|' 1:@+1 if + & H & 2 = 0, or, in case that
+ & H & 2 # 1, if

E
-# +&H&2

.=1 N. |' 1:@+1
.

> 0. (3.28)

To see that these conditions are metÑthat is, that +&H & 2 # 1 implies Eq. (3.28)Ñ
we substract Eq. (3.27) from Eq. (3.26); this gives us

0 =
2$

.=1

M.1' 1:@J. +
+&H&2$

.=1

N. (1' 1:@& 1' 1:@+1 ) + C(1 & 1' 1:@+1 ),

or, equivalently, that
+&H&2$

.=1

N.1' 1:@+1 =
2$

.=1

M.1' 1:@J. +
+&H&2$

.=1

N.1' 1:@+ C(1 & 1' 1:@+1 ).

Since eachN. and each M. is by assumption an element of I , it follows from the
assumptions about I that also each N.1' 1:@+1 , each M.1' 1:@J. and each N.1' 1:@ in the
expression above is an element ofI . SinceI is moreover a linear space, it therefore
follows from the expression above that C(1 & 1' 1:@+1 ) ' I . Hence, we can take the
lower expectation of both sides conditional on ' 1:@and immediately apply WC282,
to Þnd that

E
-# +&H&2

.=1 N.1' 1:@+1 |' 1:@
.

#
2$

.=1

E
-
M.1' 1:@J. |' 1:@

.
+

+&H&2$

.=1

E
-
N.1' 1:@|' 1:@

.

+ E
-
C(1 & 1' 1:@+1 ) |' 1:@

.

#
2$

.=1

E
-
M.1' 1:@J. |' 1:@

.
+

+&H&2$

.=1

E (N. |' 1:@) , (3.29)
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where the second inequality follows from WC1185 and the fact that
E

-
C(1 & 1' 1:@+1 ) |' 1:@

.
# 0, which is itself a result of WC684 and the fact that

C(1 & 1' 1:@+1 ) # 0. Recall that, for all . ' {1, . . . , 2} , we have that E (M. |' 1:@J.) > 0,
and therefore by WC1485 that E

-
M.1' 1:@J. |' 1:@

.
# 0. Furthermore, we also have that

E (N. |' 1:@) > 0 for all . ' {1, . . . , + & H & 2}. Hence, if + & H & 2 # 1Ñimplying that
{1, . . . , + & H & 2} is non-emptyÑit follows from Eq. ( 3.29). that

E
-# +&H&2

.=1 N.1' 1:@+1 |' 1:@
.

> 0,

and therefore, because ofWC1585, that Eq. (3.28). indeed holds. As a result, $1A '
D|' 1:@+1 , which in turn establishes Eq. (3.25)111. But recall that @< " was arbitrary,
so we can start from the fact $1A ' D = D|" and apply Eq. (3.25)111 iteratively to
eventually Þnd that $1A ' D|' 1:" = D|A. Hence, Eq. (3.24)111 holds.

Next, we use Eq. (3.24)111 to show that ED ( $|A) = E( $|A) for all $ ' I and all
A' X ! , where ED is deÞned byD according to Eq. (3.23)110. That ED ( $|A) ( E( $|A)
for all $ ' I and all A' X ! , follows from the fact that, for all real : > E( $|A),

E(: & $|A)
WC784= : + E(&$|A) = : & E( $|A) > 0,

where the leftmost term is well-deÞned becauseI is a linear space that includes the
constants. Indeed, this implies by the deÞnition of D that (: & $)1A ' D for all real
: > E( $|A), and so by Eq. (3.23)110 that

ED ( $|A) = inf { : ' R : (: & $)1A ' D} ( E( $|A).

It remains to prove that ED ( $|A) # E( $|A).
Fix any $ ' I , any A ' X ! , and any : ' R such that (: & $)1A ' D. Then

Eq. (3.24)111 implies that also (: & $)1A ' D|A. By the deÞnition of D|A, we then have
that, for some + ' N0, - 1, . . . , - + ' I , >1, . . . , >+ ' X ! , with E(- . |A>.) > 0 for all
. ' {1, . . . , +} , and someC ' L # (! ),

(: & $)1A =
+$

.=1

- .1A>. + C. (3.30)

Hence,

E ((: & $)1A|A) = E
-# +

.=1 - .1A>. + C|A
. WC282

#
+$

.=1

E
-
- .1A>. |A

.
+ E (C|A) # 0, (3.31)

where one may again check that each of the considered lower expectations is well-
deÞned because of Eq. (3.30) and the assumptions about I , and where the last
inequality follows, on the one hand, from the fact that, for all . ' {1, . . . , +} ,
E (- . |A>.) > 0 and therefore by WC1485 that E

-
- .1A>. |A

.
# 0, and on the other hand,

from the fact that C # 0 and therefore by WC684 that E (C|A) # 0. The left-hand side
of Eq. (3.31) can also be seen to be equal to

E ((: & $)1A|A)
WC1185= E (: & $|A)

WC784= : & E ( $|A) .

Hence, by Eq. (3.31), we have that : # E( $|A). But this holds for any : ' R such
that (: & $)1A ' D, so

E( $|A) ( inf { : ' R : (: & $)1A ' D} = ED ( $|A),
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which is the inequality that we were after. So E coincides with the upper expectation
ED corresponding to the coherent set of acceptable gamblesD, which implies by
Lemma3.C.1109 that E is coherent. This establishes the su" ciency ofWC182ÐWC482,
and therefore concludes the proof.

3.D Proof of Theorem 3.4.6

The proof of Theorem 3.4.688 is divided into two parts: showing that
Axioms NE188ÐNE488 (or NE188ÐNE388) are su" cient for a global upper
expectation to be the natural extensionEQ (or EÞn

Q ), and showing that there
always is a global upper expectation satisfying AxiomsNE188ÐNE488. We
start with the latter; more speciÞcally, we show that Ef

A ,VÑor equivalently,
EA ÑsatisÞes NE188ÐNE488 for any acceptable gambles treeA¥.

3.D.1 Axioms NE1ÐNE4 are consistent

The following two results establish respectively NE188 and NE488

for Ef
A ,V.

Lemma 3.D.1. For any acceptable gambles treeA¥ and upper expectations tree
Q¥ that agree according to Eq.(3.1)50, we have that

Ef
A ,V( $(#" +1)|' 1:" ) = Q' 1:"

( $) for all $ ' L (X ) and all ' 1:" ' X ! .

Proof. Since A¥ and Q¥ agree, we have that Q¥ = Q¥,A and so we will make no
particular distinction in notation between Q¥ and Q¥,A in the following reasoning.

Consider any $ ' L (X ) and any ' 1:" ' X ! . Fix any E > 0 and observe that
by Eq. (3.1)50 there is an : ' R such that : ( Q' 1:"

( $) + E and : & $ ' A ' 1:" .
Let M be the real process that is equal to the constant: for all situations > such
that > % ' 1:" , and that is equal to $(' " +1) for all situations >such that > 3 ' 1:" +1 for
some ' " +1 ' X . Then for all > ! ' 1:" , we have that #M (>) = 0 and therefore, since
0 ' A > due to coherence [D127], that &#M (>) ' A >. For the situation ' 1:" itself,
we have that #M (' 1:" ) = $ & : and thus, because of how we have chosen: , that
&#M (' 1:" ) ' A ' 1:" . So we obtain that M ' M(A¥). Since by the deÞnition ofM we
clearly also have that M (#1:" +1) # ' 1:" $(#" +1), the deÞnition of Ef

A ,V [Eq. (3.11)63]
implies that

Ef
A ,V( $(#" +1)|' 1:" ) ( M (' 1:" ) = : ( Q' 1:"

( $) + E.

This holds for any E> 0, so we Þnd that Ef
A ,V( $(#" +1)|' 1:" ) ( Q' 1:"

( $).
Conversely, consider anyM ' M(A¥) such that M (#1:@) # ' 1:" $(#" +1) for some

@# " . First consider the case that@= " . Then we have that M (' 1:" ) # ' 1:" $(#" +1),
and thus that M (' 1:" ) # sup $(#" +1) = sup $. By the coherence [C132] of Q' 1:"

, this
implies that

M (' 1:" ) # Q' 1:"
( $).
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We now proceed to prove the same for the case thatM (#1:@) # ' 1:" $(#" +1) with
@> " . Then, for any ' " +1 ' X , we also have that M (' 1:" +1#" +2:@) # ' 1:" +1 $(' " +1).
By Lemma3.2.563, we have that M (' 1:" +1) # M (' 1:@) for some ' " +2:@ ' X @&" &1, so
the previous implies that M (' 1:" +1) # $(' " +1). Since this holds for any ' " +1 ' X , we
obtain that M (' 1:" á)# $and thus that #M (' 1:" ) # $&M (' 1:" ), or equivalently that
&#M (' 1:" ) ( M (' 1:" ) & $. Since &#M (' 1:" ) ' A ' 1:" by the fact that M ' M(A¥),
the monotonicity property D528 implies that also M (' 1:" ) & $ ' A ' 1:" . But then it
follows from Eq. (3.1)50 that

M (' 1:" ) # Q' 1:"
( $).

Hence, we have thatM (' 1:" ) # Q' 1:"
( $) for any M ' M(A¥) such that M (#1:@) # ' 1:"

$(#" +1) for some @# " , which implies by Eq. (3.11)63 that

Q' 1:"
( $) ( Ef

A ,V( $(#" +1)|' 1:" ).

Together with the previously obtained inequality that Q' 1:"
( $) # Ef

A ,V( $(#" +1)|' 1:" ),
we obtain that Q' 1:"

( $) = Ef
A ,V( $(#" +1)|' 1:" ).

Proposition 3.D.2. For any upper expectations treeA¥, any $ ' V and > '
X ! , we have that

Ef
A ,V( $|>) = inf

!
Ef

A ,V(- |>) : - ' F and - #> $
"

.

Proof. We Þrst prove that Ef
A ,V( $|>) # inf

%
Ef

A ,V(- |>) : - ' F and - #> $
&
. Consider

any real : > Ef
A ,V( $|>). Then there is a supermartingale M ' M(A¥) such that

M (>) ( : and M (#1:" ) #> $for some" # |>|. Let - ! M (#1:" ). Then we clearly have
that - ' F and that - #> $. Since - = M (#1:" ), we surely have that M (#1:" ) #> - ,
which implies that Ef

A ,V(- |>) ( M (>) ( : . Since we know that - ' F and that - #> $,
we obtain that

inf {Ef
A ,V(- |>) : - ' F and - #> $} ( : .

Since this holds for any real : > Ef
A ,V( $|>), we conclude that

inf
!
Ef

A ,V(- |>) : - ' F and - #> $
"

( Ef
A ,V( $|>).

The remaining inequality follows trivially from the fact that Ef
A ,V is monotone

[ WC584], which can easily be inferred from the deÞnition of Ef
A ,V [Eq. (3.11)63].

Indeed, for any - ' F such that - #> $, we have byWC584 that Ef
A ,V(- |>) # Ef

A ,V( $|>),
and so also that

inf
!
Ef

A ,V(- |>) : - ' F and - #> $
"

# Ef
A ,V( $|>).

The following lemma gathers the two lemmas above, and combines them
with Proposition 3.2.1067 to show that Ef

A ,V satisÞesNE188ÐNE488.

Lemma 3.D.3. For any acceptable gambles treeA¥ and any upper expectations
treeQ¥ that agree according to Eq.(3.1)50, we have thatEf

A ,V satisÞesNE188Ð
NE488.
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Proof. Lemma 3.D.1114, Proposition 3.2.1067 and Proposition 3.D.2! guarantee
that Ef

A ,V satisÞes respectivelyNE188, NE388 and NE488. That Ef
A ,V moreover sat-

isÞesNE288 follows straightforwardly from its deÞnition [Eq. ( 3.11)63].

3.D.2 Proving the existence and uniqueness ofEQ and EÞn
Q using Ax-

ioms NE1ÐNE4

We next aim to show that, apart from being internally consistent, Ax-
ioms NE188ÐNE488 (or NE188ÐNE388) also su" ce for a global upper expec-
tation to be equal to EQ (or EÞn

Q ). The existenceÑand uniquenessÑof EQ

and EÞn
Q will then follow automatically. We start with a rather basic but tech-

nical lemma. It uses, for any situation ' 1:" ' X ! and any (" +1)-measurable
gamble - (#1:" +1), the notation - (' 1:" á)to denote the local gamble onX that
assumes the value- (' 1:" +1) in ' " +1 ' X .

Lemma 3.D.4. Consider any upper expectations treeQ¥ and any global upper
expectationE on F9X ! that extendsE

pre
Q and that satisÞesWC1185 on F9X ! .

Then, for any ' 1:" ' X ! and any (" + 1)-measurable gamble$,

E( $|' 1:" ) = Q' 1:"
( $(' 1:" á)).

Proof. We have that $(' 1:" #" +1)1' 1:" = $1' 1:" and hence, becauseE satisÞesWC1185

and coincides with E
pre
Q ,

E( $|' 1:" ) = E( $1' 1:" |' 1:" ) = E( $(' 1:" #" +1)1' 1:" |' 1:" ) = E( $(' 1:" #" +1)|' 1:" )

= E
pre
Q ( $(' 1:" #" +1)|' 1:" )

= Q' 1:"
( $(' 1:" á)),

where the last equality follows from Eq. (3.13)85.

The following lemma shows that Axioms NE188ÐNE388 Þx the values of
a global upper expectation completely on the domain F 9 X ! . For any up-
per expectations treeQ¥, any " ' N0 and any (" + 1)-measurable gamble
- (#1:" +1), we write Q#1:"

(- (#1:" +1)) to denote the " -measurable gamble de-
Þned by

Q#1:"
(- (#1:" +1))(' 1:" ) ! Q' 1:"

(- (' 1:" á))for all ' 1:" ' X " .

Note that Q#1:"
(- (#1:" +1)) is indeed a (bounded) gamble, because the local

upper expectation Q' 1:"
(- (' 1:" á))for all ' 1:" ' X " is real due to coherence

[ C533].

Lemma 3.D.5. Consider any upper expectations treeQ¥ and any global upper
expectationE on F 9 X ! that satisÞesNE188ÐNE388. Then, for any( $, ' 1:" ) '
F 9 X ! ,

E( $|' 1:" ) = Q#1:"

-
Q#1:" +1

-
á á áQ#1:@&1

-
Q#1:@

( $)
.
á á á

..
(' 1:" ),

116



3.D Proof of Theorem3.4.6

with @# " any natural number such that $ is (@+ 1)-measurable.

Proof. First note that Lemma 3.D.4. can be applied to E here becauseE extends
E

pre
Q due to NE188 and the deÞnition of E

pre
Q [Eq. (3.13)85], and becauseE satisÞes

WC1185 on F 9 X ! due to NE288. As a result, the variable E( $|#1:@) is equal to
Q#1:@

( $) due to Lemma 3.D.4. and because$ is (@+ 1)-measurable. SinceQ#1:@
( $)

is real-valued due to the coherence [C533] of Q' 1:@
for all ' 1:@' X @, we obtain that

E( $|#1:@) = Q#1:@
( $) is real-valued, and more speciÞcally an@-measurable gamble.

Next, consider the term E( $|#1:@&1). Since E( $|#1:@) is real-valued, NE388 says
that

E( $|#1:@&1) = E(E( $|#1:@)|#1:@&1) = E(Q#1:@
( $)|#1:@&1).

Then, sinceQ#1:@
( $) is an @-measurable gamble, Lemma3.D.4. implies that

E( $|#1:@&1) = E(Q#1:@
( $)|#1:@&1) = Q#1:@&1

-
Q#1:@

( $)
.
.

Again, sinceQ#1:@&1
(á)is real-valued due to the coherence of the local upper expec-

tations Q' 1:@&1
, we obtain that E( $|#1:@&1) is real-valued, and more speciÞcally an

(@& 1)-measurable gamble.
We can then apply the same reasoning to the next termE( $|#1:@&2). Since

E( $|#1:@&1) is real-valued, NE388 and the expression forE( $|#1:@&1) above imply that

E( $|#1:@&2) = E(E( $|#1:@&1)|#1:@&2) = E
-
Q#1:@&1

-
Q#1:@

( $)
.
|#1:@&2

.
.

The fact that Q#1:@&1

-
Q#1:@

( $)
.

is @& 1-measurable then implies by Lemma3.D.4.

that
E( $|#1:@&2) = Q#1:@&2

-
Q#1:@&1

-
Q#1:@

( $)
. .

.

Now, we can continue to repeat the above reasoning, and it is clear that this will
eventually yield

E( $|#1:" ) = Q#1:"

-
Q#1:" +1

-
á á áQ#1:@&1

-
Q#1:@

( $)
.
á á á

..
,

and therefore, in particular, that

E( $|' 1:" ) = Q#1:"

-
Q#1:" +1

-
á á áQ#1:@&1

-
Q#1:@

( $)
.
á á á

..
(' 1:" ).

Finally, before proving Theorem 3.4.688, we also need to establish that
Ef

A ,V satisÞesWC182ÐWC482 for any acceptable gambles treeA¥.

Lemma 3.D.6. For any acceptable gambles treeA¥, the upper expectationEf
A ,V

satisÞesWC182ÐWC482.

Proof. Recall that EA is deduced from the set of acceptable global gamblesE(DA )
according to Eq. (3.10)60, and that the set E(DA ) is coherent by Proposition3.2.358

[and the deÞnition of the natural extension of a set of acceptable gambles; see
Eq. (3.7)57 and DeÞnition 2.738]. Hence, by Lemma 3.C.1109, we have that EA is
coherent, and thus by Theorem3.4.384, that EA satisÞesWC182ÐWC482. The de-
sired statement now follows from Theorem 3.2.765.
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Proof of Theorem3.4.688. We Þrst show thatEÞn
Q exists, and that it is the unique

global upper expectation onF9X ! that satisÞesNE188ÐNE388. To this end, it su" ces
to prove that, for any global upper expectation E! : F9X ! * R that satisÞesNE188Ð
NE388, E! is equal to EÞn

Q . Indeed, the existence of such an upper expectationE! ,
and therefore the existence ofEÞn

Q , then follows from the fact that the restriction of
Ef

A ,V to F9X ! , with A¥ any acceptable gambles tree that agrees withQ¥ [such a tree
A¥ exists; recall the discussion surrounding Eq. (3.2)51], satisÞesNE188ÐNE388 due
to Lemma 3.D.3115. The uniqueness ofE! then moreover follows from the equality
with EÞn

Q , and the fact that EÞn
Q is unique as a result of its deÞnition.

So Þx any global upper expectationE! : F9X ! * R that satisÞesNE188ÐNE388.
In order to show that E! is equal to EÞn

Q , we need to prove three properties of E! ;
that E! extends E

pre
Q , that E! satisÞesWC182ÐWC482, and that E! is larger or equal

than any other global upper expectation on F 9 X ! extending E
pre
Q and satisfying

WC182ÐWC482. The Þrst property follows from the fact that E! satisÞesNE188. The
second property, that E! satisÞesWC182ÐWC482, can be deduced as follows. Since
E! satisÞesNE188ÐNE388 by deÞnition, and since, for any acceptable gambles tree
A¥ that agrees with Q¥ [again, there is at least one such a treeA¥], Ef

A ,V satisÞes
NE188ÐNE388 by Lemma3.D.3115, it follows from the expression in Lemma 3.D.5116

that E! and Ef
A ,V coincide on the domain F 9 X ! . Lemma 3.D.6! says that Ef

A ,V

satisÞesWC182ÐWC482 on its entire domain, and thus also on the restricted domain
F 9 X ! , which implies that E! also satisÞesWC182ÐWC482.

So it only remains to prove that E! is larger or equal than any other global upper
expectation on F 9 X ! extending E

pre
Q and satisfying WC182ÐWC482. Fix any global

upper expectation E on F 9 X ! extending E
pre
Q and satisfying WC182ÐWC482, and

Þx any ( $, ' 1:" ) ' F 9 X ! . Let @# " be any natural number such that $ is (@+ 1)-
measurable [there surely exists such an@because $ is Þnitary]. Since E satisÞes
WC182ÐWC482 by assumption, it follows from Proposition 3.4.484 that E satisÞes
WC1385 and WC584, and so we have that

E( $|#1:" ) ( E(E( $|#1:" +1) |#1:" )

( E(E(E( $|#1:" +2) |#1:" +1) |#1:" )

( E(E(á á áE( $|#1:@) á á á |#1:" +1) |#1:" ). (3.32)

We can then replace each of the global upper expectations on the right-hand side by
local upper expectations. Indeed,E extends E

pre
Q by assumption and moreover sat-

isÞesWC1185 due to Proposition 3.4.484 and the fact that it satisÞesWC182ÐWC482

by assumption. So by Lemma3.D.4116 we infer that, for any ' 1:. ' X ! and any
(. + 1)-measurable gamble- ,

E(- |=1:.) = Q=1:.
(- (=1:.á)).

Equivalently, we can write that, for any . ' N0 and any (. + 1)-measurable gamble- ,

E(- |#1:.) = Q#1:.
(- ).
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3.D Proof of Theorem3.4.6

Applying this equation to each of the (global) upper expectations in the expression
on the right-hand side of Eq. (3.32). ,12 we obtain that

E( $|#1:" ) ( Q#1:"

-
Q#1:" +1

-
á á áQ#1:@&1

-
Q#1:@

( $)
.
á á á

..
. (3.33)

On the other hand, sinceE! satisÞesNE188ÐNE388, we have by Lemma3.D.5116 that

E! ( $|' 1:" ) = Q#1:"

-
Q#1:" +1

-
á á áQ#1:@&1

-
Q#1:@

( $)
.
á á á

..
(' 1:" ).

Combined with Eq. (3.33), this implies that E( $|' 1:" ) ( E! ( $|' 1:" ). Since this is
the case for any ( $, ' 1:" ) ' F 9 X ! and any global upper expectation E on F 9 X !

that extends E
pre
Q and satisÞesWC182ÐWC482, we indeed have that E! is the natural

extension EÞn
Q of E

pre
Q to F 9 X ! under WC182ÐWC482.

The second part of this proof is now concerned with showing that EQ exists, and
that it is the unique global upper expectation on V 9 X ! that satisÞesNE188ÐNE488.
In the same way as before, it su" ces to prove that, for any global upper expectation
E! : V9X ! * R that satisÞesNE188ÐNE488, E! is equal to EQ. Indeed, the existence
of E! , and in that case the existence ofEQ, then follows from the fact that Ef

A ,V, with
A¥ any acceptable gambles tree that agrees withQ¥ [where, again, there is at least
one such a treeA¥], satisÞesNE188ÐNE488 due to Lemma 3.D.3115. The uniqueness
of E! then again follows from the equality with EQ, and the fact that EQ is unique
due to its deÞnition.

So Þx any global upper expectationE! : V9X ! * R that satisÞesNE188ÐNE488.
Since, as we have just proved above,EÞn

Q exists and is the unique global upper ex-
pectation on F 9 X ! that satisÞesNE188ÐNE388, we have that E! is equal to EÞn

Q on
F 9 X ! . So, becauseE! satisÞesNE488, we Þnd that, for any ( $, >) ' V 9 X ! ,

E! ( $|>) = inf
!
EÞn

Q (- |>) : - ' F and - #> $
"
. (3.34)

In order to show that E! is equal to EQ, we need to show that E! extends E
pre
Q ,

that E! satisÞesWC182ÐWC482, and that E! is larger or equal than any other global
upper expectation on V 9 X ! extending E

pre
Q and satisfying WC182ÐWC482. The Þrst

property follows from the fact that E! satisÞesNE188. The second property, thatE!

satisÞesWC182ÐWC482, can be deduced in a similar way as before. Since, for any
acceptable gambles treeA¥ that agrees with Q¥, the global upper expectation Ef

A ,V

satisÞesNE188ÐNE488 by Lemma 3.D.3115, we have that, similarly as for E! [which
is simply a general global upper expectation satisfyingNE188ÐNE488],

Ef
A ,V( $|>) = inf

!
EÞn

Q (- |>) : - ' F and - #> $
"
.

So, by Eq. (3.34), E! and Ef
A ,V coincide. Hence, it follows from Lemma 3.D.6117 that

E! satisÞesWC182ÐWC482.
It now only remains to prove that E! is larger or equal than any other global

upper expectation on V 9 X ! extending E
pre
Q and satisfying WC182ÐWC482. Fix any

12Note that the arguments of the (global) upper expectations in the expression on the right-
hand side of Eq. (3.32). must be (Þnitary) gambles becauseE is only deÞned onF 9 X ! , and
so otherwise this expression cannot be valid.
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global upper expectation E on V 9 X ! extending E
pre
Q and satisfying WC182ÐWC482.

Then note that, since EÞn
Q is by deÞnition the pointwise largest extension of E

pre
Q to

F 9 X ! under WC182ÐWC482, we have that EÞn
Q (- |>) # E(- |>) for all (- , >) ' F 9 X ! .

Hence, for any ( $, >) ' V 9 X ! , due to Eq. (3.34)! ,

E! ( $|>) = inf
!
EÞn

Q (- |>) : - ' F and - #> $
"

# inf
%
E(- |>) : - ' F and - #> $

&
# E( $|>),

where the last equality follows from the fact that E satisÞesWC584, which itself
follows from Proposition 3.4.484 and the fact that E satisÞesWC182ÐWC482.

3.E Proof of Proposition 3.5.5

3.E.1 Topological results for precise probability trees

Recall from Section 2.118 that P(X ) denotes the set of all probability
mass functions onX . Let O(á, á)be the total variation distance [ 24, Sec-
tion 7.1] deÞned, for any two mass functions 31, 32 ' P(X ), by

O(31, 32) ! max
%+X

|31(%) & 32(%)| =
1
2

$

' ' X

|31(' ) & 32(' ) |, (3.35)

where we allowed ourselves a slight abuse of notation by writing 3 . (%) to
mean

#
' ' %3 . (' ) for . ' {1, 2} . Let P(X ) be endowed with the topology

induced by O, which is equivalentÑsee [ 24, Appendix A]Ñto the topology
of pointwise convergence that we have implicitly adopted in the main text.
So P(X ) is metrizable and, by [24, Section 7], compact. Also, note that
any precise probability tree 2: > ' X ! 7* 2(á|>) ' P(X ) can be regarded
as an element of the product space

!
>' X ! P(X ), and that any imprecise

probability tree P ¥ can be seen as a subset of
!

>' X ! P(X ). Saying that a
precise probability tree 2 is compatible with an imprecise probability tree
P ¥ is then the same as saying that2 ' P ¥. We will moreover endow the
space

!
>' X ! P(X ) with the product topology or, equivalently, the topology

of pointwise convergence. A sequence of precise probability trees(2.). ' N

then converges if, for each situation > ' X ! , the mass functions (2. (á|>)). ' N

converge pointwise.

Lemma 3.E.1. Any sequence(2.). ' N of precise probability trees has a conver-
gent subsequence.

Proof. Since by Tychono! Õs theorem [111, Theorem 17.8] any product of compact
spaces is compact in the product topology, the compactness ofP(X ) [and the fact
that

!
>' X ! P(X ) is endowed with the product topology] implies the compactness

of
!

>' X ! P(X ). Moreover, [111, Theorem 22.3] says that any countable product
of metrizable spaces [if equipped with the product topology] is itself metrizable,
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3.E Proof of Proposition3.5.5

so the metrizability of P(X ) and the countability of X ! imply the metrizability of
!

>' X ! P(X ). [ 111, 17G.3.] says that for metric spacesÑand thus also for metriz-
able spacesÑcompactness is equivalent to sequential compactness. Since we know
!

>' X ! P(X ) to be compact and metrizable, we infer that it is sequentially compact.
Hence, by deÞnition of sequential compactness, each sequence(2.).' N (of precise
probability trees) in

!
>' X ! P(X ) has a convergent subsequence.

Lemma 3.E.2. Consider any sequence(2.). ' N of precise probability trees that
converges to some limit probability tree2. Then we have that

lim
.* +$

E2. (- |>) = E2(- |>) for all - ' F and all > ' X ! .

Proof. Fix any - ' F and any > ' X ! . Observe that, by Proposition3.3.879,

E2(- |>) =
$

=1:@' X @

- (=1:@)P2(=1:@|>) (3.36)

and, for all . ' N,

E2. (- |>) =
$

=1:@' X @

- (=1:@)P2. (=1:@|>), (3.37)

where P2 and P2. on <X ! =9X ! are related to respectively2 and 2. according to Propo-
sition 3.3.473, and where @> |>| is any natural number such that - is @-measurable.
Let ' 1:" ' X ! be such that > = ' 1:" and Þx any =1:@' X @. Then we have that @> " .
We next show that P2. (=1:@|>) converges toP2(=1:@|>) as a function of . ' N.

If =1:" ! ' 1:" , then P2. (=1:@|>) = 0 for all . ' N and also P2(=1:@|>) = 0, so
P2. (=1:@|>) surely converges toP2(=1:@|>). So it remains to check whether it is true
for the case that =1:" = ' 1:" . In that case,P2. (=1:@|' 1:" ) =

6 @&1
+=" 2. (=++1 |=1:+) converges

to P2(=1:@|' 1:" ) =
6 @&1

+=" 2 (=++1|=1:+) if, for all + ' { " , . . . , @& 1}, 2. (=++1 |=1:+) con-
verges to 2 (=++1|=1:+). The latter is implied by the convergence of 2. to 2. Indeed,
since

!
>' X ! P(X ) is equipped with the product topology, the convergence of 2. to

2 implies that, for any + ' { " , . . . , @& 1}, the mass function 2. (á |=1:+) converges to
2 (á |=1:+). Since the setP(X ) on its turn is equipped with the topology of pointwise
convergence, this implies that 2. (=++1 |=1:+) converges to2 (=++1|=1:+).

Now, to conclude the proof, note that the sums in Equations (3.36) and ( 3.37)
are over a Þnite setX @ÑbecauseX is ÞniteÑand the coe" cients - (=1:@) are real be-
cause- is a gamble. Since we have just shown that, for any=1:@' X @, the probability
P2. (=1:@|>) converges toP2(=1:@|>), it is therefore clear that the expectation E2. (- |>)
converges toE2(- |>).

The following lemma uses the supremum norm 6á6$ on the set of all
gambles L ( Y) on a general non-empty set Y; it is deÞned by 6$6$ !
sup, ' Y | $(, ) | for all $ ' L ( Y).

Lemma 3.E.3. Consider any two probability mass functions2, ÷2 ' P(X ), and
let E2 and E÷2 be the corresponding linear expectations onL (X ) according to
Eq.(2.1)21. Then, for any $ ' L (X ),

|E2( $) & E÷2( $)| ( O(2, ÷2)26$6$ .
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Proof. SinceX is Þnite, [92, Proposition 1] says that

max
- ' F 1

|E2(- ) & E÷2(- ) | = O(2, ÷2),

where F1 is the set of all non-negative gambles inL (X ) such that 6- 6$ ( 1. Fix
any $ ' L (X ) and note that $& min $ is non-negative. Moreover, if $& min $ ! 0,
we have that $&min $

6$&min $6$
' F1 and therefore that

|E2

- $&min $
6$&min $6$

.
& E÷2

- $&min $
6$&min $6$

.
| ( O(2, ÷2).

It then su" ces to use the non-negative homogeneity and the constant additivity of
E2 and E÷2 [since they are deÞned by Eq. (2.1)21] to obtain that indeed

|E2( $) & E÷2( $)| ( O(2, ÷2)6$& min $6$ ( O(2, ÷2)26$6$ .

If on the other hand $& min $ = 0, then it is clear that $ = &for some & ' R, and
therefore that

|E2( $) & E÷2( $)| = |E2(&) & E÷2(&)| = && &= 0 ( O(2, ÷2)26$6$ .

Lemma 3.E.4. Consider any imprecise probability treeP ¥ and any convergent
sequence(2.). ' N of precise probability trees such that2. 0 P ¥ for all . ' N. Let
2 be the limit of (2.). ' N. Then, for anyE> 0, there is a precise probability tree
÷2 0 P ¥ such that

|E2(- |>) & E÷2(- |>)| ( E6- 6$ for all - ' F and all > ' X ! .

Proof. Recall that
!

>' X ! P(X ) is equipped with the product topology, so the con-
vergence of 2. to 2 implies that, for any > ' X ! , the mass functions 2. (á |>) con-
verge to 2 (á |>). Since P(X ) was endowed with the topology induced by O, this
in turn implies that, for any > ' X ! and any P > 0, there is an .(>, P) ' N such
that O(2(á|>), 2. (á|>)) ( P for all . # .(>, P). Now Þx any E > 0 and let (P" )" ' N0

be deÞned byP" ! E2&" &1 for all " ' N0. Consider the precise probability tree ÷2
deÞned, for all > ' X ! , by ÷2(á|>) ! 2I (á|>) with I ! .(>, P|>|). Then we have that
O(2(á|>), ÷2(á|>)) ( P|>| = E2&|>|&1 for all > ' X ! . Moreover, since 2. 0 P ¥ for all . ' N,
and therefore, for all > ' X ! , ÷2(á|>) = 2I (á|>) ' P > with I ! .(>, P|>|), we also have
that ÷2 0 P ¥.

Next, let Q¥ ! Q¥,2 and Q1
¥ ! Q¥,÷2 be the (upper) expectations trees associated

with respectively 2 and ÷2 according to Eq. (3.4)52. Fix any - ' F and any ' 1:" ' X ! .
Since- is Þnitary, it is surely (@+1)-measurable for some@# " . Then, by combining
Proposition 3.5.492 and Lemma3.D.5116, we Þnd that

E2(- |' 1:" ) = Q#1:"

-
Q#1:" +1

-
á á áQ#1:@&1

-
Q#1:@(- )

.
á á á

..
(' 1:" ). (3.38)

For all =1:@' X @, Lemma 3.E.3! implies that

Q=1:@(- (=1:@á))( Q1
=1:@

(- (=1:@á)) +O(2(á|=1:@), ÷2(á|=1:@))26- (=1:@á)6$

( Q1
=1:@

(- (=1:@á)) +O(2(á|=1:@), ÷2(á|=1:@))26- 6$

( Q1
=1:@

(- (=1:@á)) +E2&@6- 6$ .
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3.E Proof of Proposition3.5.5

So we have that

Q#1:@(- ) ( Q1
#1:@

(- ) + E2&@6- 6$ .

Plugging this back into Eq. (3.38). , and using the monotonicity [ C433] and the
constant additivity [ C633] of all local (upper) expectations Q>, we get that

E2(- |' 1:" ) ( Q#1:"

-
Q#1:" +1

-
á á áQ#1:@&1

-
Q1

#1:@
(- )

.
á á á

..
(' 1:" ) + E2&@6- 6$ . (3.39)

Next, we apply a similar reasoning to the local (upper) expectation Q#1:@&1 and the
corresponding @-measurable gambleQ1

#1:@
(- ). We have by coherence [C533] that

Q1
#1:@

(- ) ( 6 - 6$ . Hence, in the same way as before, we Þnd that

Q#1:@&1 (Q1
#1:@

(- )) ( Q1
#1:@&1

(Q1
#1:@

(- )) + E2&(@&1) 6- 6$ .

Plugging this back into Eq. (3.39), and using the monotonicity [ C433] and the con-
stant additivity [ C633] of all local (upper) expectations Q>, we get that

E2(- |' 1:" ) ( Q#1:"

-
Q#1:" +1

-
á á áQ1

#1:@&1

-
Q1

#1:@
(- )

.
á á á

..
(' 1:" ) + E2&(@&1) 6- 6$ + E2&@6- 6$ .

We can continue to repeat this reasoning until we eventually arrive at

E2(- |' 1:" ) ( Q1
#1:"

-
Q1

#1:" +1

-
á á áQ1

#1:@&1

-
Q1

#1:@
(- )

.
á á á

..
(' 1:" ) +

@$

+="

E2&+6- 6$

( Q1
#1:"

-
Q1

#1:" +1

-
á á áQ1

#1:@&1

-
Q1

#1:@
(- )

.
á á á

..
(' 1:" ) + E6- 6$ .

Since, again by Proposition3.5.492 and Lemma3.D.5116, we have that

E÷2(- |' 1:" ) = Q1
#1:"

-
Q1

#1:" +1

-
á á áQ1

#1:@&1

-
Q1

#1:@
(- )

.
á á á

..
(' 1:" ),

it follows that

E2(- |' 1:" ) ( E÷2(- |' 1:" ) + E6- 6$ . (3.40)

The inequality above holds for any general - ' F and any ' 1:" ' X ! . Since &- is a
Þnitary gamble if - is a Þnitary gamble, we therefore also have that

E2(&- |>) ( E÷2(&- |>) + E6- 6$ for all - ' F and all > ' X ! ,

or, by the linearity of E2 and E÷2 on F [Proposition 3.3.879], that

E2(- |>) # E÷2(- |>) & E6- 6$ for all - ' F and all > ' X ! .

Together with Eq. (3.40) [taking into account that this holds for any general - ' F
and any ' 1:" ' X ! ], and the fact that E2 and E÷2 are real-valued on F 9 X ! [this can
easily be seen from Proposition3.3.879] we obtain that

|E2(- |>) & E÷2(- |>)| ( E6- 6$ for all - ' F and all > ' X ! ,

as desired.
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3.E.2 Proof of Proposition3.5.5

Before we prove NE488 for EP , we Þrst establish that E2 satisÞes this
property for any precise probability tree 2, and show that both E2 and EP

are monotone.

Lemma 3.E.5. For any precise probability tree2, the upper expectationE2

satisÞesNE488.

Proof. First note that E2 satisÞesWC584 on F 9 X ! ; indeed, this can easily be
checked taking into account the last expression in Proposition3.3.879. We will use
this property two times in this proof.

Fix any ( $, >) ' V 9 X ! . Then we have that

E2( $|>) = inf
%
E2(- |>) : - ' span(<X ! =) and - # $

&

= inf
%
E2(- |>) : - ' F and - # $

&
, (3.41)

where the Þrst equality follows from DeÞnition 3.578, Proposition 3.3.6(ii) 76 and
DeÞnition 3.376, and where the second equality follows from Lemma3.3.575. It thus
follows that

E2( $|>) # inf
%
E2(- |>) : - ' F and - #> $

&
.

To see that the converse inequality holds, consider any- ' F such that - #> $. Let - 1

be the gamble that is equal to- (? ) for all ? ' " (>) and that is equal to the constant
sup $ for all other paths ? ' ! \ " (>). Then it is clear that - 1 # $ and that - 1 ' F.
Hence, Eq. (3.41) implies that E2( $|>) ( E2(- 1|>). But we have that - 1 => - , and
therefore in particular that - 1 ( > - , which by WC584 of E2 on F 9 X ! implies that

E2( $|>) ( E2(- 1|>) ( E2(- |>).

Since this holds for any - ' F such that - #> $, we infer that

E2( $|>) ( inf
%
E2(- |>) : - ' F and - #> $

&
.

Taken together with the inequality above, we indeed conclude that E2 satisÞes
NE488.

Lemma 3.E.6. For any precise probability tree2 and any imprecise probability
treeP ¥, the upper expectationsE2 and EP satisfyWC584 on V 9 X ! .

Proof. SinceE2 satisÞesNE488 by Lemma3.E.5, E2 satisÞesWC584 on V9X ! . To see
that WC584 also holds for the upper expectationEP corresponding to any imprecise
probability tree P ¥, it su" ces to recall DeÞnition3.679 and use that, as we have just
proved above, for any precise probability tree 2, the upper expectation E2 satisÞes
WC584 on V 9 X ! .

Most of the mathematical machinery that enables us to prove Propo-
sition 3.5.593 is tucked away inside the following two lemmas. Though
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3.E Proof of Proposition3.5.5

fairly technical and abstract, we state them separatelyÑinstead of in one
single proofÑbecause they will be used later on in Section 5.4240 to prove
a downward type of continuity for the measure-theoretic upper expectation
of Chapter 5217.

Lemma 3.E.7. For any imprecise probability treeP ¥, any decreasing sequence
( $+)+' N in F and any > ' X ! ,

lim
+* +$

E2( $+|>) # lim
+* +$

EP ( $+|>),

where the precise probability tree2 is the limit of some convergent sequence
(2.). ' N of precise probability trees, each of which being compatible with the
imprecise treeP ¥.

Proof. Since ( $+)+' N is decreasing andEP is monotone due to Lemma3.E.6. , we
have that lim +* +$ EP ( $+|>) exists. Furthermore, note that EP ( $+|>) is real for all
+ ' N. Indeed, by Proposition 3.5.492, EP satisÞesNE188ÐNE388, and so EP on
F 9 X ! is given by the expression in Lemma3.D.5116. Since ( $+)+' N is a sequence in
F, and since the local upper expectationsQ¥ are real-valued due to coherence [C533],
this indeed implies that EP ( $+|>) is real for all + ' N. As a result, for any ÞxedE> 0,
there is a sequence(2+)+' N of precise probability trees such that 2+ 0 P ¥ and

E2+ ( $+|>) + E/ + # sup
20P ¥

E2( $+|>) = EP ( $+|>) for all + ' N. (3.42)

By Lemma3.E.1120, the sequence(2+)+' N has a convergent subsequence(2+(.) ).' N.
Let 2 ! lim .* +$ 2+(.) be the limit of this sequence, and let ( $+(.) ).' N be the associated
subsequence of( $+)+' N. Since ( $+)+' N is decreasing,( $+(.) ).' N is also decreasing. So,
sinceE2 is monotone by Lemma3.E.6. , the limit lim .* +$ E2( $+(.) |>) exists. Fix any
real number & > lim .* +$ E2( $+(.) |>) and any I ' N such that & > E2( $+( I) |>). Since
(2+(.) ).' N converges to 2, and since $+( I) is Þnitary, Lemma 3.E.2121 guarantees that
lim .* +$ E2+(.) ( $+( I) |>) = E2( $+( I) |>). Taking into account that & > E2( $+( I) |>), this
implies that there are arbitrarily large " # I such that & > E2+(" ) ( $+( I) |>). For each
such " , since ( $+(.) ).' N is decreasing andE2+(" ) is monotone by Lemma3.E.6. , and
since " # I, this in turn implies that &> E2+(" ) ( $+(" ) |>). Using Eq. (3.42), we obtain
that & > EP ( $+(" ) |>) & E/ +(" ). Since this holds for arbitrarily large " # I [and thus
also for arbitrarily large +(" )], we have that &# lim inf .* +$ EP ( $+(.) |>). Once more
using the decreasing character of( $+(.) ).' N and the monotonicity of EP , we infer that
lim .* +$ EP ( $+(.) |>) exists and that &# lim .* +$ EP ( $+(.) |>). This inequality holds for
any real number &> lim .* +$ E2( $+(.) |>), so we have that

lim
.* +$

E2( $+(.) |>) # lim
.* +$

EP ( $+(.) |>).

The sequence( $+(.) ).' N is a subsequence of the decreasing sequence( $+)+' N, so by
the monotonicity of E2 and EP the above inequality implies that

lim
+* +$

E2( $+|>) # lim
+* +$

EP ( $+|>). (3.43)

The desired statement then follows by moreover recalling that each2+ (or 2+(.) ) is
compatible with P ¥, and that 2 ! lim .* +$ 2+(.) .
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Finitary upper expectations in discrete-time stochastic processes

Lemma 3.E.8. For any imprecise probability treeP ¥, any decreasing sequence
( $+)+' N in F that converges to a gamble$ ' V, and any > ' X ! ,

sup
20P ¥

lim
+* +$

E2( $+|>) = lim
+* +$

EP ( $+|>).

Proof. Due to Lemma3.E.7! , we have that

lim
+* +$

E2( $+|>) # lim
+* +$

EP ( $+|>), (3.44)

where 2 is the limit of a convergent sequence (2.).' N of precise probability trees,
each of which is compatible with the imprecise tree P ¥. Fix any E > 0. Then by
Lemma 3.E.4122, there is a compatible precise tree÷2 0 P ¥ such that

|E2(- |>) & E÷2(- |>)| ( E6- 6$ for all - ' F.

Since ( $+)+' N is a sequence of Þnitary gambles, this implies that

|E2( $+|>) & E÷2( $+|>)| ( E6$+6$ for all + ' N.

Moreover, since ( $+)+' N converges decreasingly to$, we have, for all + ' N, that
inf $ ( $+ ( sup $1 and therefore that 6$+6$ ( 0 ! max{ 6$6$ , 6$16$ } . So the
inequality above implies that

|E2( $+|>) & E÷2( $+|>)| ( E0 for all + ' N.

In particular, we then have that

E2( $+|>) ( E÷2( $+|>) + E0 for all + ' N,

and therefore, that
lim

+* +$
E2( $+|>) ( lim

+* +$
E÷2( $+|>) + E0,

where the existence of the limit on the right-hand side follows from ( $+)+' N being de-
creasing andE÷2 being monotone due to Lemma3.E.6124. Combining this inequality
with Eq. ( 3.44), we obtain that

lim
+* +$

EP ( $+|>) ( lim
+* +$

E÷2( $+|>) + E0,

which by the fact that ÷2 0 P ¥ implies that

lim
+* +$

EP ( $+|>) ( sup
20P ¥

lim
+* +$

E2( $+|>) + E0,

where, again, the existence of the limit on the right-hand side follows from ( $+)+' N

being decreasing andE2 for any 2 0 P ¥ being monotone [Lemma 3.E.6124]. Since
this holds for any E > 0, and since 0 = max{ 6$6$ , 6$16$ } is real because$ and $1
are gambles, we infer that

lim
+* +$

EP ( $+|>) ( sup
20P ¥

lim
+* +$

E2( $+|>).

The converse inequality follows from the fact that EP ( $+|>) = sup210P ¥
E21( $+|>) #

E2( $+|>) for all + ' N and all 2 0 P ¥.
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3.E Proof of Proposition3.5.5

Proof of Proposition3.5.593. Fix any $ ' V and any > ' X ! . Note that, because
EP satisÞesWC584 by Lemma3.E.6124,

EP ( $|>) ( inf {EP (- |>) : - ' F and - #> $} .

So it su" ces to prove that inf {EP (- |>) : - ' F and - #> $} ( EP ( $|>).
Consider any 2 0 P ¥. By Lemma3.E.5124 and Lemma3.E.6124, we have that E2

satisÞesNE488 and WC584. Hence, if (- +)+' N is the decreasing sequence of Þnitary
gambles deÞned by- +(? ) ! sup÷? ' " (? +) $( ÷? ) for all + ' N and all ? ' ! , then by
Lemma 3.5.1197 we have that E2( $|>) = lim +* +$ E2(- +|>). Since this holds for any
2 0 P ¥ and sinceEP ( $|>) = sup20P ¥

E2( $|>), we have that

EP ( $|>) = sup
20P ¥

lim
+* +$

E2(- +|>). (3.45)

Since (- +)+' N is a decreasing sequence of Þnitary gambles that is bounded below by
inf $, it converges to a gamble. Therefore, it follows from Lemma3.E.8. that the
right-hand side in the equality above is equal to lim +* +$ EP (- +|>). Hence, we have
that EP ( $|>) = lim +* +$ EP (- +|>). Hence, since each of the- + is a Þnitary gamble for
which it holds that - + # $ [this follows straightforwardly from their deÞnition], we
Þnd that

inf {EP (- |>) : - ' F and - #> $} ( lim
+* +$

EP (- +|>) = EP ( $|>),

as required.
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Ñ Chapter IV Ñ

G(-$ -#5$!&$#+) ,33$& $*3$)#(#+!"%

The Þrst type of global upper expectation that we consider as an alternative
to the natural extension EQ, is the game-theoretic upper expectation intro-
duced and, for the most part, studied by Shafer and Vovk [85, 86, 109]. The
conceptual ideas that underlie the deÞnition of this operator were essen-
tially already explained in Section 3.2.361, where we introduced the Þnitary
game-theoretic upper expectationEf

A ,V. Just as forEf
A ,V, the game-theoretic

upper expectation that we will consider here represents an inÞmum over the
starting capitals that allow a gamblerÑthat is, SkepticÑto play along the
rulesÑset by ForecasterÑand superhedge the gamble at hand. The main
di! erence here, however, is that we will not require Skeptic to superhedge
at a Þnite time point, but only in the limit. As we will see, this modiÞca-
tion results in a global upper expectation with completely di ! erentÑand in
many cases more desirableÑproperties.

The chapter is structured as follows. In Section4.1131, we Þrst intro-
duce this game-theoretic upper expectation, and then argue why it qualiÞes
as a suitable global model for stochastic processes. At Þrst, we limit our-
selves to the domainV 9 X ! of gambles and situations but, as we have dis-
cussed in Section3.698, we want a global upper expectation to be deÞned
on V 9 X ! . This is why in Section 4.2139 we will extend the deÞnition of
the game-theoretic upper expectation fromV 9 X ! to V 9 X ! . Two possible
approaches will be suggested here; an extension using continuity with re-
spect to upper and lower cuts, and an extension using extended real-valued
supermartingales. Though we believe the former to bear a more direct in-
terpretation, we continue to work with the latter in the remainder of the
chapter because it turns out to be mathematically more convenient and be-
cause, as we will show later on, it is completely equivalent to the former.
Until that point, we will have parametrized our game-theoretic upper expec-
tations in terms of acceptable gambles trees, yet, Section4.3152 then shows
how game-theoretic upper expectations can be alternatively deÞned starting
from upper expectations trees. Similarly to what Corollary 3.5.895 showed,
it will become clear then that the game-theoretic upper expectation corre-
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Figure 4.1 Overview of the global upper expectations treated in this and
previous chapters.

sponding to an acceptable gambles tree can be completely characterised in
terms of theÑless expressiveÑagreeing upper expectations tree.

Sections4.4162Ð4.7180 are all devoted to establishing mathematical prop-
erties and/or generalising existing results for the game-theoretic upper ex-
pectation. We start in Section 4.4162 by proving, amongst other properties,
an extended version of coherence, a law of iterated upper expectations, and
equality with the natural extension EÞn

Q on F 9 X ! . Section 4.5171 presents
generalised versions of DoobÕs convergence theorem and LŽvyÕs zeroÐone
law, and shows that the deÞnition of the game-theoretic upper expectation
can be modiÞed in several interesting ways without a! ecting the values of
the resulting game-theoretic upper expectation.

Sections4.6175 and 4.7180 Þnally are concerned with continuity prop-
erties of the game-theoretic upper expectation: continuity with respect to
increasing bounded below sequences and continuity with respect to decreas-
ing sequences of lower cuts and decreasing sequences of Þnitary gambles are
established. We also show that the game-theoretic upper expectation does
in general not satisfy continuity with respect to decreasing sequences nor
continuity with respect to pointwise convergence of sequences of Þnitary
gambles.

In Section 4.8186, we summarize our Þndings and use them to argue
for the use of the game-theoretic upper expectation as a global upper ex-
pectation. We also return to the question of how game-theoretic upper ex-
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4.1 Game-theoretic upper expectations on gambles

pectations can be extended from gambles to extended real-valued variables,
and show that the approach that uses continuity with respect to upper and
lower cuts is equivalent to the approach that uses extended real-valued su-
permartingales. In the last section, Section4.9187, we compare our results
to Shafer and VovkÕs. It seems appropriate to devote an entire section to this
topic, because many of what we do is closey related toÑor strongly inspired
byÑthe work of Shafer and Vovk.

4.1 Game-theoretic upper expectations on gambles

Recall the Þnitary game-theoretic upper expectationEf
A ,V that we have

introduced in Section 3.2.361. It was obtained from an acceptable gambles
tree A¥ by using the associated set of supermartingales and then using a
notion of superhedging. Concretely, Eq. (3.11)63 said that, for all ( $, >) '
V 9 X ! ,

Ef
A ,V( $|>) = inf

%
C(>) : C ' M(A¥) and (; " # |>|) C(#1:" ) #> $

&
. (4.1)

Given that we interpret the supermartingales M(A¥) as the possible evolu-
tions of SkepticÕs capital as he is betting against ForecasterÕs beliefsA¥, the
expression above tells us that, for any( $, >) ' V 9 X ! , EA ( $|>) is equal
to the inÞmum starting capital C(>) in >such that Skeptic is able to surely
end up with more moneyÑor utilityÑthan what the gamble $ would give
him. There is an important sidenote to this formulation though; Skeptic is
required to superhedge $at someÞnite time instant " # |>| in the future. In-
deed, Eq. (4.1) involves an inÞmum that is taken only over the supermartin-
gales C for which there is at least one Þnite time instant " # |>| such that
C(#1:" ) #> $. One can observe, for instance by recalling Example3.6.199,
that this superhedging at a Þnite time point becomes problematic when con-
sidering the upper expectation of gambles that are non-Þnitary; the result-
ing upper expectation is often too conservative. But what happens when we
now modify the upper expectation Ef

A ,V to also include supermartingales
that superhedge at a(n) (idealised) time instant that lies inÞnitely far into
the future?

We Þrst introduce some notation that allows us to conveniently deal with
the limit values of processes. For any real processC, we write lim inf C to
denote the extended real-valued variable on! deÞned bylim inf C(? ) !
lim inf " * +$ C(? " ) for all ? ' ! , and similarly for the variable lim sup C.
Furthermore, for any ? ' ! such that lim inf C(? ) = lim sup C(? ), we
use lim C(? ) to denote the common value lim inf C(? ) = lim sup C(? ). If
lim C(? ) exists for all ? ' ! , then we moreover let lim C ! lim inf C =
lim sup C.
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Though we have used the terminology di! erently before, henceforth,
we will say that, for any ( $, >) ' V 9 X ! , a real process C superhedges
a gamble $ ' V on " (>) if lim inf C #> $Ñand no longer if the stronger
condition holds that C(#1:" ) #> $ for some " # |>|. So, a processC super-
hedging a gamble $ on " (>) means that, for all paths that go through >, the
process C remains larger than or arbitrarily close to $ as time converges to
inÞnity. It is clear that this condition of superhedging at inÞnity is implied
by the condition of superhedging at a Þnite time point used in Eq. (4.1)!

above (since stopping a supermartingale preserves it supermartingale char-
acter; see the proof of Lemma3.2.866 or Lemma 4.C.5211 below), but not
the other way around. By replacing the Þnitary superhedging condition in
the expression of Eq. (4.1)! by this weaker notion of superhedging at inÞn-
ity, we arrive at a more informativeÑless conservativeÑtype of global upper
expectation. This type of upper expectation, we call thegame-theoretic up-
per expectation . To explicitly deÞne it, for any acceptable gambles treeA¥,
we henceforth let Mr (A¥) ! M(A¥)Ñthis notation will be clariÞed shortly.

DeÞnition 4.1 (The game-theoretic upper expectation on gambles). For
any acceptable gambles treeA¥, the game-theoretic upper expectation
E

r
A ,V : V 9 X ! * R is deÞned, for all ( $, >) ' V 9 X ! , by

E
r
A ,V( $|>) = inf

%
M (>) : M ' Mr (A¥) and lim inf M #> $

&
. !

Readers that are familiar with the work of Shafer and Vovk may observe
that this game-theoretic upper expectation E

r
A ,V is similar to the global up-

per expectation that they have introduced and strongly advocated for [85,
86, 109]. A thorough discussion of this connection, for E

r
A ,V, as well as

for other similar deÞnitions further below, will be given in Section 4.9187.
Nonetheless, we already want to point out the following key di ! erences.

First of all, most of the work in [ 85, 86, 109] is not necessarily aimed
at a setting where state spaces are Þnite; most often Shafer and Vovk con-
sider general (possibly inÞnite) state spaces. Another di! erence lies in the
description of the local models; they do not necessarily assume that the
local modelsÑthe description of which being the ÔmovesÕ of ForecasterÑ
are known beforehand, that is, before Skeptic starts playing. In our case,
this is always assumed because we require the acceptable gambles treeA¥,
which represents ForecasterÕs commitments, to be speciÞed from the start.
So in both respects, we are less generalÑit will allow us to obtain stronger
results though. On the other hand, in their case, ForecasterÕs movesÑthe
local modelsÑdo not take the form of local sets of acceptable gambles, but
rather the form of local upper expectations. We however believe this to be
somewhat circuitous, interpretationally speaking, since these local upper ex-
pectations are then only used to determine which local gambles Forecaster
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4.1 Game-theoretic upper expectations on gambles

wants to commit to, and therefore wants to make available to Skeptic. Fur-
thermore, as we have seen in Section3.1.248, local sets of acceptable gam-
bles are more expressive than local upper expectations, thus this assumption
could possibly impact generality in the negativeÑwe will nevertheless prove
in Section 4.3152 that this is not the case.

Though Shafer and Vovk are largely responsible for the theory of game-
theoretic probability and upper expectations as it is currently known, a num-
ber of their original ideas can be traced back in some form to Jean Ville
[ 107]; see the discussions in [86, Sections 8.5Ð8.6] and [85, Chapter 9].
The subscript ÔVÕ inE

r
A ,V is intended to refer to him. The reason that we

also accompany the operatorE
r
A ,V by a superscript ÔrÕ is because it is deÞned

through the set Mr (A¥) = M(A¥) of all real-valued (possibly unbounded) su-
permartingales. In the sequel, we will also introduce game-theoretic upper
expectations that additionally use extended real-valued supermartingales,
or that are limited to using (extended) real-valued supermartingales that
are bounded, or bounded below.

4.1.1 The continuity properties of Er
A ,V

Of course, sinceE
r
A ,V was introduced with the goal of obtaining a global

upper expectation that has stronger continuity properties and therefore re-
turns more informative upper expected values thanEf

A ,V, it remains to check
whether E

r
A ,V indeed succeeds in doing so. Recalling Example3.6.199 al-

ready hints at a positive answer.

Example 4.1.1. Reconsider the stochastic process from Example3.6.199,
but where the precise probability tree 2 is replaced by the acceptable gam-
bles tree A¥, deÞned by A > ! L # (X ) %{ $ ' L (X ) : $() ) > 0} for all
> ' X ! . It can be checked easily thatA > is coherent for all > ' X ! , and
therefore that A¥ is indeed an acceptable gambles tree. It can furthermore
be easily seen that these two trees2 and A¥ lead to the same agreeing up-
per expectations treeQ¥, and thus by Theorem3.5.190 and Theorem3.5.291

that their Þnitary global upper expectations E2 and Ef
A ,V (and EA ) are equal.

We will now show thatÑin contrast with what we found for E2Ñthe game-
theoretic upper probability P

r
A ,V(4 * ) ! E

r
A ,V(I4 * ) of the event of ever hit-

ting the state * is equal to zero.

Fix any E> 0. Let M be the real process that starts inM (" ) ! Eand for
which the process di! erence in any situation ) " with " ' N0 takes the value
#M () " ) () ) ! &E/ 2" +1 in ) and the value #M () " ) (* ) ! 1&M () " ) in * , and
for which the process di! erence in any other situation > ' X ! \ { ) " : " ' N0}
is equal to the constant #M (>) ! 0. Then clearly, #M (>) ' & A > for all
> ' X ! , so M ' Mr (A¥). Moreover note that, for any situation ) " with
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" ' N0, the value of M is equal to

M () " ) = M (" ) +
"$

.=1

#M () .&1)() ) = E+
"$

.=1

(& E
2. ) = E

+
1 &

"$

.=1

1
2.

,
# 0.

Hence, for the path ? 1 ! ))) á á á, we have that

lim inf M (? 1) = lim inf
" * +$

M () " ) # 0 = I4 * (? 1).

On the other hand, for any situation ) " * with " ' N0, we have that

M () " * ) = M () " ) + #M () " ) (* ) = M () " ) + 1 & M () " ) = 1.

Since for any situation > ' X ! such that > 3 ) " * for some " ' N0, we have
that M (>) = M () " * ) = 1, it follows that lim inf M (? ) = 1 # I4 * (? ) for all
? ' 4 * = ! \ { ? 1} . Since we already deduced thatlim inf M (? 1) # I4 * (? 1),
we conclude that lim inf M (? ) # I4 * (? ) for all ? ' ! and therefore that
M superhedgesI4 * on all of ! . Then, recalling that M ' Mr (A¥), we have
by DeÞnition 4.1132 that

P
r
A ,V(4 * ) = E

r
A ,V(I4 * ) ( M (" ) = E.

Since this holds for all E> 0, we infer that P
r
A ,V(4 * ) ( 0. That P

r
A ,V(4 * ) #

0, and therefore P
r
A ,V(4 * ) = 0, can be deduced from the fact that no su-

permartingale M 1 ' Mr (A¥) can ever increase along the path? 1 = ))) á á á,
and that any M 1 ' Mr (A¥) must in particular superhedge I4 * (? 1) = 0 on
the path ? 1 for it to be included in the inÞmum of DeÞnition 4.1132.

So the game-theoretic upper probabilityP
r
A ,VÑor the corresponding up-

per expectation E
r
A ,VÑindeed returns the desired value 0 for the global

gamble I4 * . Furthermore, using the same type of supermartingale as the
one above, we can also infer that, for all " ' N0, P

r
A ,V(4 "

* ) ! E
r
A ,V(I4 "

*
)

is equal to 0, for 4 "
* the event of hitting * before time " + 1. RecallingÑ

from Example 3.6.199Ñthat (I4 "
*
)" ' N0 is an increasing sequence such that

lim " * +$ I4 "
*

= I4 * , we conclude that P
r
A ,V is continuous with respect to the

increasing sequence(4 "
* )" ' N0Ñor equivalently that E

r
A ,V is continuous with

respect to the increasing sequence(I4 "
*
)" ' N0 . "

In the example above, the game-theoretic upper expectationE
r
A ,V ex-

hibits more desirable continuity behaviour than the Þnitary upper expecta-
tion Ef

A ,VÑand therefore also than the upper expectations EA , EP and EQ.
Though no formal proof will be given at this point, we can already assert
that the desirable continuity behaviour of E

r
A ,V is not limited to the exam-

ple above; the upper expectation E
r
A ,V satisÞes continuity with respect to

general increasing sequences of gambles (that converge to a gamble) and
with respect to decreasing sequences of Þnitary gambles (that converge to a
gamble). Hence, the upper expectationE

r
A ,V seems to be a suitable option

when aiming for a global model with decent continuity properties.
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4.1 Game-theoretic upper expectations on gambles

4.1.2 Coherence and the relation between Er
A ,V and the Þnitary

global upper expectations

Of course, there is more to choosing a global model than only strong
continuity properties; an additional and very basic criterion is whether the
global model is coherent [DeÞnition 3.782]Ñor, equivalently, whether it sat-
isÞesWC182ÐWC482. We already announce thatE

r
A ,V is coherent, but post-

pone a proof to Section4.8186.
Another element that we might want to take into account is the relation

of our global model with the Þnitary upper expectations Ef
A ,V, EA , et cetera.

As we have discussed in Section3.698, the Þnitary upper expectations are
too conservative for dealing with general global variables (and situations)
in a satisfactory manner, but there isÑor seems to beÑno problem with
using them on the restricted domain of Þnitary gambles (and situations).
In fact, their simple and intuitive constructionÑand the fact that they are
all equalÑmakes them more suited to be applied on this restricted domain
than any of the more complex continuity-based variants. Hence, from this
point of view, it would thus be desirable that our global model is at least
as smallÑor at least as informativeÑas Ef

A ,V (or any other Þnitary upper
expectation) for general (possibly non-Þnitary) global variables, but, if pos-
sible, coincides with Ef

A ,V on Þnitary gambles. The game-theoretic upper
expectation E

r
A ,V also seems to score well on this count. The following re-

sult shows that E
r
A ,V is always smaller than or equal to Ef

A ,V. Afterwards,
with Proposition 4.1.4" , we establish that E

r
A ,V coincides with Ef

A ,V on the
domain F 9 X ! .

Proposition 4.1.2. For any acceptable gambles treeA¥, we have that

E
r
A ,V( $|>) ( Ef

A ,V( $|>) for all ( $, >) ' V 9 X ! .

Proof. Fix any ( $, >) ' V 9 X ! , and consider anyM ' Mr (A¥) such that M (#1:@) #>

$ for some " # |>| and all @# " . Then, for any ? ' " (>), we clearly have that
lim inf M (? ) = lim inf @* +$ M (? @) # $(? ), and so lim inf M #> $. Hence, by
DeÞnition 4.1132, we have that E

r
A ,V( $|>) ( M (>). Since this holds for any M '

Mr (A¥) such that M (#1:@) #> $ for some " # |>| and all @# " , Lemma 3.2.866

implies that indeed E
r
A ,V( $|>) ( Ef

A ,V( $|>).

To prove that E
r
A ,V coincides with Ef

A ,V on F 9 X ! , we will use the fol-
lowing lemma, which is a simple consequence of Lemma3.2.563.

Lemma 4.1.3. For any acceptable gambles treeA¥, any M ' Mr (A¥) and any
> ' X ! , we have that

M (>) # inf
? ' " (>)

lim sup M (? ) # inf
? ' " (>)

lim inf M (? ).
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Proof. SinceM ' Mr (A¥) [and recalling that we previously used M(A¥) to denote
Mr (A¥)], Lemma 3.2.563 implies that, for any A ' X ! , there is some ' ' X such
that M (A) # M (A'). In particular, this holds for the situation >, and so there is
some ' ' X such that M (>) # M (>' ). Then we can apply the same property
to the situation >1 ! >' , therefore implying that there is some ' 1 ' X such that
M (>1) # M (>1' 1) = M (>' ' 1). By continuing in this way, 1 we obtain the existence of
a path ? = >' ' 1á á áfor which it holds that M (>) # M (? " ) for all " # |>|. As a result,
we have that M (>) # inf ? ' " (>) lim sup M (? ). The rest of the proof is now trivial.

Proposition 4.1.4. For any acceptable gambles treeA¥, we have that

E
r
A ,V( $|>) = Ef

A ,V( $|>) for all ( $, >) ' F 9 X ! .

Proof. The fact that E
r
A ,V( $|>) ( Ef

A ,V( $|>) for all ( $, >) ' F 9 X ! follows imme-
diately from Proposition 4.1.2! . To prove the converse inequality, consider any
M ' Mr (A¥) such that lim inf M #> $. Since $ is Þnitary, there is some " # |>|
and some - ' L (X " ) such that $ = - (#1:" ). Since lim inf M #> $, we also
have that lim inf M #> - (#1:" ). Then, for any ' 1:" ' X " such that ' 1:" 3 >,
we have that lim inf M (? ) # - (' 1:" ) for all ? ' " (' 1:" ), and therefore also that
inf ? ' " ( ' 1:" ) lim inf M (? ) # - (' 1:" ). By Lemma4.1.3! , this implies that M (' 1:" ) #
- (' 1:" ). Since this holds for any' 1:" ' X " such that ' 1:" 3 >, and recalling that " # |>|,
and therefore that " (>) =

<
' 1:" 3> " (' 1:" ), it follows that M (#1:" ) #> - (#1:" ) = $. So

by Eq. (3.11)63, we have Ef
A ,V( $|>) ( M (>). Since this holds for any M ' Mr (A¥)

such that lim inf M #> $, DeÞnition 4.1132 implies that Ef
A ,V( $|>) ( E

r
A ,V( $|>).

4.1.3 Game-theoretic upper expectations in terms of bounded below
and bounded supermartingales

What makes the upper expectation E
r
A ,V particularly attractive com-

pared to, for instance, the measure-theoretic global (upper) expectations
in Chapter 5217, is the fact that it does not rely on abstract mathematical
constructs such as measurability or! -algebras. That the deÞnition of E

r
A ,V

involves superhedging at an inÞnite time horizon may be considered some-
what of an abstract and operationally meaningless concept, yet, apart from
that, E

r
A ,V is entirely built on behavioural arguments. This does not only

grant the upper expectation E
r
A ,V a relatively clear and direct interpretation,

it also favours generality in the sense thatE
r
A ,V is then naturally deÞned on

all gambles or variables, instead of only the measurable ones.
On top of this, there are two alternative ways of deÞning E

r
A ,V that

allow for an even more direct interpretation: using bounded below real-
valued supermartingales and using bounded (below and above) real-valued
supermartingales. The fact that supermartingales should be bounded below
seems like a realistic assumption; for if a supermartingale really represents

1And by adopting the Axiom of Dependent Choice (DC) .
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4.1 Game-theoretic upper expectations on gambles

a subjectÕs capitalÑor SkepticÕs capitalÑas he is gambling on the subse-
quent state values of a stochastic process, then negative supermartingale
values correspond to our subject borrowing money, which he can never do
unboundedly. We therefore think that a version of the game-theoretic upper
expectation with bounded below supermartingales makes more sense from
an interpretational point of view. Such a version was also adopted in the
past by both ourselves [8, 94] and by Shafer and Vovk [86, 109]. We deÞne
this version below in DeÞnition 4.2.

In the same way as we have argued for the use of bounded below super-
martingales, one could also argue for the use bounded (below and above)
supermartingales. Indeed, since our subjectÑSkepticÑshould receive his
money from someoneÑForecasterÑand since Forecaster can never borrow
an unbounded amount of money himself, Skeptic can never gain an un-
bounded amount of money neither. So in this sense, it seems justiÞed to
restrict ourselves to supermartingales that are not only bounded below, but
also bounded above. Let us next deÞne a version of the game-theoretic up-
per expectation with both bounded below and bounded supermartingales.

We let Mrb (A¥) be the set of all supermartingalesM ' Mr (A¥) that are
bounded below; i.e. for which there is a & ' R such that M (>) # & for
all > ' X ! . Let MrB(A¥) be furthermore the subset of Mr (A¥) consisting
of all supermartingales M that are bounded; so for which M and &M are
bounded below.

DeÞnition 4.2. For any acceptable gambles treeA¥, the game-theoretic up-
per expectationsE

rb
A ,V and E

rB
A ,V are deÞned, for all ( $, >) ' V 9 X ! , by

E
rb
A ,V( $|>) ! inf

%
M (>) : M ' Mrb (A¥) and lim inf M #> $

&
;

E
rB
A ,V( $|>) ! inf

%
M (>) : M ' MrB(A¥) and lim inf M #> $

&
. !

We next prove that these game-theoretic upper expectationsE
rb
A ,V and

E
rB
A ,V both coincide with E

r
A ,V on the entire domain V 9 X ! . To do this, we

Þrst establish the following lemma which says that bounding a supermartin-
gale from above does not impact the fact that it is a supermartingale. We
will use, for any real process C and any 0 ' R, the notation C? 0 to denote
the process deÞned byC? 0 (>) ! min{ C(>), 0} for all > ' X ! .

Lemma 4.1.5. For any M ' Mr (A¥) and all 0 ' R, we have thatM ? 0 '
Mr (A¥).

Proof. SinceM ? 0 (>) ( M (>) for all > ' X ! , it follows that M ? 0 (>á)( M (>á)for all
> ' X ! . Fix any > ' X ! . We Þrst show that&#M ? 0 (>) ' A >.

If M (>) ( 0, then M ? 0 (>) = M (>) and therefore #M ? 0 (>) = M ? 0 (>á)& M (>) (
#M (>). Since &#M (>) ' A >, we have by the monotonicity property [ D528] that
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&#M ? 0 (>) ' A >. If, on the other hand, M (>) > 0, then M ? 0 (>) = 0, which by the
fact that M ? 0 (>á)( 0 implies that #M ? 0 (>) ( 0. Then we once more have byD127

that &#M ? 0 (>) ' A >. So for all situations > ' X ! we Þnd that &#M ? 0 (>) ' A >, and
therefore that M ? 0 ' Mr (A¥).

In order to prove the equality between E
r
A ,V, E

rb
A ,V and E

rB
A ,V on V 9 X ! ,

we will need yet another lemma; it says that bounding the limit inferior of
a process from above is the same as Þrst bounding the process from above,
and taking the limit inferior.

Lemma 4.1.6. For any real processC and any path ? ' ! , we have that

min
!
0, lim inf

+* +$
C(? +)

"
= lim inf

+* +$
C? 0 (? +) for all 0 ' R.

Proof. This follows as a special case of Lemma4.2.10151 further below.

Proposition 4.1.7. For any acceptable gambles treeA¥, we have that

E
r
A ,V( $|>) = E

rb
A ,V( $|>) = E

rB
A ,V( $|>) for all ( $, >) ' V 9 X ! .

Proof. Fix any ( $, >) ' V 9 X ! . Since clearly MrB(A¥) : Mrb (A¥) : Mr (A¥), we
have that E

r
A ,V( $|>) ( E

rb
A ,V( $|>) ( E

rB
A ,V( $|>). So it su" ces to prove thatE

r
A ,V( $|>) #

E
rB
A ,V( $|>). Consider anyM ' Mr (A¥) such that lim inf M #> $. Let M > be the real

process deÞned byM >(A) ! M (A) for all A $ >, and M >(A) ! M (>) for all A % >.
Then note that #M >(A) = #M (A) for all A3 >, and #M >(A) = 0 for all A$ >. Since, for
all A' X ! , &#M (A) ' AA [becauseM ' Mr (A¥)] and 0 ' AA [due to the fact that
AA satisÞesD127], it follows that M > ' Mr (A¥). Moreover, we clearly also have that
lim inf M > => lim inf M #> $. Let 0 ! max{sup $, M >(>)+1} [which is real because $
is a gamble] and note that M ? 0

> ' Mr (A¥) by Lemma 4.1.5! . We moreover have
that M ? 0

> is bounded. Indeed,M ? 0
> is bounded above by0 ' R and bounded below

by

inf
A' X !

M ? 0
> (A) = inf

A' X !
min{M >(A), 0} # inf

A' X !
min{M >(A), M >(>) + 1} = inf

A' X !
M >(A)

= inf
A3>

M (A),

where the last equality follows from the deÞnition of M >. To see that this lower
bound is real, observe that, due to Lemma4.1.3135 and the fact that lim inf M #> $,

inf
A3>

M (A) # inf
A3>

inf
? ' " (A)

lim inf M (? ) # inf
A3>

inf
? ' " (>)

lim inf M (? )

= inf
? ' " (>)

lim inf M (? ) # inf
? ' " (>)

$(? ).

Since $ is a gamble and thus bounded, we indeed have thatinf ? ' " (>) $(? ) ' R, and
therefore that M ? 0

> is bounded below. Recalling thatM ? 0
> ' Mr (A¥) and that M ? 0

> is
bounded above, we conclude thatM ? 0

> ' MrB(A¥). Moreover, sincelim inf M > #> $
and since0 # sup $, we have by Lemma4.1.6 that lim inf M ? 0

> #> $. Hence, it follows
from the deÞnition of E

rB
A ,V that E

rB
A ,V( $|>) ( M ? 0

> (>) ( M >(>) = M (>). Since this
holds for any M ' Mr (A¥) such that lim inf M #> $, we obtain from the deÞnition
of E

r
A ,V that E

rB
A ,V( $|>) ( E

r
A ,V( $|>).
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4.2 Game-theoretic upper expectations on extended real-valued variables

4.2 Towards an appropriate deÞnition for the game-theoretic up-
per expectation on extended real-valued variables

For all we could tell so far, the game-theoretic upper expectationsE
r
A ,V,

E
rb
A ,V andÑespeciallyÑ E

rB
A ,V present themselves as excellent global models.

Yet, there is one issue: the domain of these global upper expectations con-
tains only gambles, and no unbounded or extended real(-valued) variables
in V. This is with good reason though, since extending them to the entire
domain V 9 X ! Ñin a trivial way, by simply applying the same character-
ising expressionsÑwould yield global upper expectations with undesirable
properties.

4.2.1 The problem with Er
A ,V, Erb

A ,V and ErB
A ,V

Let us start by pointing out the issue with the version E
r
A ,V based on real-

valued (unbounded) supermartingales. In the sequel, we assume that the
domain of E

r
A ,V is extended toV9X ! in a trivial way, by using the expression

in DeÞnition 4.1132. We will also require the corresponding global game-
theoretic lower expectation Er

A ,V; similarly as on p.64, it is deÞned, for all
( $, >) ' V 9 X ! , by

E
r
A ,V( $|>) ! sup

%
M (>) : M ' Mr (A¥) and lim sup M ( > $

&
,

where Mr (A¥) is an alternative notation for the set M(A¥) of all real sub-
martingales according to A¥, which was introduced in Section 3.2.361. Re-
call that Mr (A¥) is then the set of all real processesM such that &M '
Mr (A¥), or equivalently, the real processesM for which there is a betting
process G such that M (>) = M (" ) + CG(>) and G(>) ' A > for all > ' X ! .
Furthermore, one may again check thatE

r
A ,V and Er

A ,V are related by con-
jugacy; soEr

A ,V( $|>) = &E
r
A ,V(&$|>) for all ( $, >) ' V 9 X ! .

An obvious property that we want general upper and lower expectations
to have is that lower expectations are always lower than or equal to the cor-
responding upper expectations. Yet, it is this very basic requirement that
is not always satisÞed by the game-theoretic upper and lower expectations
E

r
A ,V and Er

A ,V. This issue was already raised by De Cooman et al. [8, Ex-
ample 1], and the following example is borrowed from them.

Example 4.2.1. Let X ! { ) , * } and let A¥ be deÞned byA > ! { $ '
L (X ) : $() ) + $(* ) # 0} for all > ' X ! . Clearly, the tree A¥ is an acceptable
gambles tree. For any: ' R>, let G: be the betting process deÞned by
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Game-theoretic upper expectations

G: (" ) ! 2: (I) & I* ) and by

G: (' 1:" ) !

23334

333
5

: 2" &1(I) & I* ) if ' 1:" = ) " ;

3: 2" &1(I) & I* ) if ' 1:" = * " ;

0 otherwise,

for all ' 1:" ' X ! \ { " } .

Then, for all > ' X ! , since G: (>)() ) + G: (>)(* ) = 0, we have that & G: (>) '
A >. Hence, if we let M : be the real process deÞned byM : (>) ! &: + CG: (>)
for all > ' X ! , then M : ' Mr (A¥). Moreover, note that

M (' 1:" ) =

23334

333
5

: 2" &1 if ' 1:" = ) " ;

&3: 2" &1 if ' 1:" = * " ;

0 otherwise,

for all ' 1:" ' X ! .

Hence, we have that lim M : = lim inf M : is equal toÑand therefore
superhedgesÑthe variable $ ' V deÞned by

$(? ) !

23334

333
5

+$ if ? = ))) á á á;

&$ if ? = *** á á á;

0 otherwise,

for all ? ' ! .

As a consequence, by the expression in DeÞnition4.1132, we have that
E

r
A ,V( $) ( M : (" ) = &: . Since this holds for any : > 0, we obtain that

E
r
A ,V( $) = &$ . However, we also have that Er

A ,V( $) = &E
r
A ,V(&$) =

&(&$ ) = +$ because of symmetry considerations: indeed, if we swap the
) Õs and*Õs in the reasoning above, then$ turns into &$but the local models
A > remain unaltered. A completely similar derivation therefore yields that
E

r
A ,V(&$) < : for all : ' R>, and therefore that E

r
A ,V(&$) = &$ . As a

result, we Þnd that E
r
A ,V( $) = &$ < +$ = Er

A ,V( $). "

As a consequence of this example, the game-theoretic upper expectation
E

r
A ,V with real-valued (unbounded) supermartingales Mr (A¥) is unsuitable.

We are thus left with the versions E
rb
A ,V and E

rB
A ,V as possible game-theoretic

upper expectations. One may check that the issue raised in the example
above disappears if, instead ofE

r
A ,V, we were to work with E

rb
A ,V or E

rB
A ,VÑ

hence the reason why the former was used in [8, 94]. We do not tread into
detail here, because, as we will show next, there are other issues withE

rb
A ,V

and E
rB
A ,V that make these versions unsuitable as well.

Let us Þrst focus on the more popular versionE
rb
A ,V. The domain of E

rb
A ,V

is again extended toV9X ! in a trivial way, by applying the same expression
as in DeÞnition 4.2137.

Example 4.2.2. Consider a stochastic process with state spaceX ! { ) , * } .
Let A¥ be the acceptable gambles tree deÞned byA" ! L # (X ) %{ $ '

140



4.2 Game-theoretic upper expectations on extended real-valued variables

L (X ) : $() ) > 0} and, for all > ' X ! \ { " } , by A > ! L # (X ). It can easily
be checked thatA¥ is indeed an acceptable gambles tree. In particular,A¥

models the case where our subject is willing to commit to any gamble on
#1 as long as the gambleÕs pay-o! for the outcome ) is positive (or non-
negative if the pay-o! for * is also non-negative), and where we are not
willing to gambleÑin a non-trivial wayÑon the state value at any other time
instant. This can be interpreted as saying that our subject is (practically)
certain about the fact that #1 will take the value ) , but that he is completely
uncertain or is not willing to take any risks with respect to values of the
variables #2, #3, . . . In terms of upper expectations, one can easily check
that Q" (I* ) = 0 for the upper expectations tree Q¥ ! Q¥,A that agrees with
A¥, and additionally that, due to Proposition 4.1.7138, Proposition 4.1.4136

and Lemma3.D.1114, E
rb
A ,V(1* ) = 0.

Let B) ' V be the hitting time of the state ) :

B) (? ) ! inf { " ' N: ? " = ) } for all ? ' ! .

We want to determine the game-theoretic upper expectationE
rb
A ,V(B) ) of B)

with respect to the tree A¥. To this end, consider anyM ' Mrb (A¥) such
that lim inf M # B) . Since A > = L # (X ) for all > ' X ! \ { " } , we have that
#M (>) ( 0 for all > ' X ! \ { " } , and therefore clearly that M (' 1) # M (' 1:" )
for all ' 1:" ' X ! \ { " } . This implies that M (#1) # lim inf M # B) . Since
B) (*** á á á )= +$ , this implies that M (*) = +$ , which is impossible because
M is assumed to be real-valued. Hence, there are no supermartingalesM '
Mrb (A¥) for which it holds that lim inf M # B) , and soE

rb
A ,V(B) ) is equal to

the inÞmum over an empty setÑso it is equal to +$ .
The result that E

rb
A ,V(B) ) = +$ is again in conßict with our intuition; we

would expect that E
rb
A ,V(B) ) = 1 because, according toA¥ or its agreeing up-

per expectations treeQ¥, our subject is practically certain about the fact that
#1 = ) . The fact that E

rb
A ,V(B) ) = +$ not only shows that E

rb
A ,V is sometimes

too conservative; as we will show next, it also implies that E
rb
A ,V does not

satisfy continuity with respect to general increasing sequences of Þnitary
gamblesÑwhich, in fact, could essentially be seen as the cause of its con-
servative behaviour. Note, by the way, that this is not in contradiction with
our claim from Section 4.1.1133, where we said that E

rb
A ,V satisÞes continuity

with respect to increasing sequences of Þnitary gambles that converge to a
gambleÑthe latter part of this statement is crucial.

Consider the sequence(B?"
) )" ' N of hitting times of ) that are stopped at

time " ; so B?"
) (? ) ! min{B) (? ), " } for all " ' N and all ? ' ! . EachB?"

)

is a Þnitary gamble because it only depends on the Þrst" states#1:" and is
bounded above by" (and below by 1). The sequence(B?"

) )" ' N is moreover
clearly increasing and converges pointwise toB) . However, one can verify
that E

rb
A ,V(B?"

) ) = 1 for all " ' N [hint: consider, for any E > 0 and any
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" ' N, the real processM deÞned byM (" ) ! 1 + E, M (>) ! 1 for all >3 )
and M (>) ! " for all >3 * ]. Hence, we conclude that

lim
" * +$

E
rb
A ,V(B?"

) ) = 1 ! +$ = E
rb
A ,V(B) ) = E

rb
A ,V( lim

" * +$
B?"

) ).

"

It can easily be seen that exactly the same issues would arise if we were
to replace E

rb
A ,V with E

rB
A ,V in the example above (when, again, extending

the domain of E
rB
A ,V to V 9 X ! in a trivial way). Or, alternatively, as an

immediate consequence of DeÞnition4.2137 and the deÞnitions of the sets
Mrb (A¥) and MrB(A¥), one may observe thatE

rb
A ,V is always smaller than or

equal toÑat least as informative asÑ E
rB
A ,V, and thus that also E

rB
A ,V(B) ) =

+$ . The fact that E
rB
A ,V(B?"

) ) = 1 for all " ' N can moreover be inferred
from Proposition 4.1.7138.

In summary, the three game-theoretic upper expectationsE
r
A ,V, E

rb
A ,V

and E
rB
A ,V are all unsuitable when considering the domain V 9 X ! . We shall

therefore want to further modify the deÞnition(s) of (one of) these global
upper expectations in such a way that we obtain a new game-theoretic upper
expectation with more desirable properties. We consider two possibleÑ
and appropriateÑways of doing so: Þrstly, using extensions based on upper
and lower cuts; secondly, deÞning extended local models and considering
extended real-valued supermartingales (that are bounded below). As we
will show in Section 4.8186, the two global upper expectations that result
from these approaches always coincide.

4.2.2 An extension using continuity with respect to upper and lower
cuts

A straightforward approach for obtaining a suitable extended game-
theoretic upper expectation is to simply use E

r
A ,V, E

rb
A ,V or E

rB
A ,V on the

smaller domain V 9 X ! where they behave nicely, and then subsequently
extend them to V 9 X ! by imposing continuity with respect to so-called up-
per and lower cuts.2 We continue to work with E

rb
A ,V from here on, because it

is the version that was used the most often in the past, but one could equally
well use E

r
A ,V or E

rB
A ,VÑwhere the latter is, interpretationally speaking, to

be preferred.
We use, for any extended real-valued function $ ' L ( Y) on a non-

empty set Y, and any & ' R, the notation $?& to denote the variable in
L ( Y) deÞned by $?&(, ) ! min{ $(, ), &} for all , ' Y, and, analogously,
$@&to denote the pointwise maximum of $and &. For any upper expectation

2This is similar to how Tro! aes & De Cooman [106, Chapter 15] extend the notion of
coherence from gambles to unbounded real-valued variables.
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4.2 Game-theoretic upper expectations on extended real-valued variables

E : L ( Y) * R, the following properties are then called continuity with
respect toupper and lower cuts , respectively:3

CU1. E( $) = lim &* +$ E( $?&) for all $ ' L b( Y);

CU2. E( $) = lim &*&$ E( $@&) for all $ ' L ( Y).

Note that Property CU1 only involves extended real-valued functions
that are bounded below. Our reason for doing so is purely mathematical:
it allows us to use CU1 and CU2 as a tool to extend any monotone upper
expectation on the set of all gamblesL ( Y) in an unambiguous way to the set
L ( Y). For the sake of completeness; we say that a general (unconditonal)
upper expectation E : K * R with K + L ( Y) is monotone if E( $) ( E(- )
for any two $, - ' K such that $ ( - .

Lemma 4.2.3. For any upper expectationE on L ( Y) that is monotone, there
is a unique extensionE> to L ( Y) that satisÞesCU1 and CU2.

Proof. Let E1 be the upper expectation onL b( Y) that is equal to E on L ( Y) and
that is deÞned, for all L b( Y) \ L ( Y), by E1( $) ! lim &* +$ E( $?&). Note that, since
E is monotone, the limit on the right-hand side indeed exists. Next, let E> be the
upper expectation on L ( Y) that is equal to E1 on L b( Y) and that is deÞned, for all
L ( Y) \ L b( Y), by E>( $) ! lim &*&$ E1( $@&). Again, sinceE1 is monotone due to its
deÞnition and the fact that E is monotone, the limit on the right-hand side exists.

SinceE> extendsE1, and E1 extendsE, we also have thatE> extendsE. Moreover,
E> satisÞesCU2on L ( Y) \ L b( Y) by deÞnition. That it also satisÞesCU2on L b( Y)
is trivial; any $ ' L b( Y) is bounded below, so there is a real number&1 such that
$@& = $ for all & ( &1. Furthermore, since E1 satisÞesCU1 on L b( Y) \ L ( Y) by
deÞnition, and since E> extends E1, E> also satisÞesCU1 on L b( Y) \ L ( Y). To see
that it also satisÞesCU1on L ( Y) is again trivial; any $ ' L ( Y) is bounded, so there
is surely a real number &1 such that $?& = $ for all &# &1. Hence, in summary, E> is
an extension of E to L ( Y) that satisÞesCU1 and CU2. To see thatE> is moreover
the only upper expectation on L ( Y) that extends E and that satisÞesCU1and CU2,
can then again be reasoned in a step-wise manner, Þrst checking thatCU1 uniquely
determines the values onL b( Y) \ L ( Y) (in terms of the values of E), and then
checking that CU2 uniquely determines the values onL ( Y) \ L b( Y).

We next apply this extension method to the upper expectationE
rb
A ,V(á|>)

for all > ' X ! to arrive at our deÞnition of the global game-theoretic upper
expectation E

>

A ,V.

DeÞnition 4.3. For any acceptable gambles treeA¥, we let E
>

A ,V be the
unique global upper expectation on V 9 X ! that extends E

rb
A ,V and is such

that, for all > ' X ! , E
>

A ,V(á|>) satisÞesCU1 and CU2. !

3Shafer and Vovk callCU2 Ôbounded-below supportÕ; see [85, Exercise 6.9]
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Proof. Let us show that E
>

A ,V exists (and is unique). Consider any> ' X ! . It can
easily be inferred from DeÞnition 4.2137 that E

rb
A ,V(á|>) on V is monotone, and thus by

Lemma 4.2.3! that there is a unique extension E
>

A ,V(á|>) to V that satisÞesCU1!

and CU2! . Hence, the upper expectationsE
>

A ,V(á|>) for all > ' X ! form a global
upper expectation E

>

A ,V on V 9 X ! that satisÞes the desired properties.

Why do we believe this way of deÞning an extended game-theoretic up-
per expectation E

>

A ,V is appropriate? Our answer is based on our interpre-
tation of unbounded and extended real-valued global variables; a variable
$ ' V that is not bounded is, at least in this game-theoretic chapter, re-
garded as an abstract idealisation of the gamble( $?&1)@&2Ñthat is bounded
above by&1 and bounded below by &2Ñfor arbitrarily large positive &1 ' R>

and arbitrarily large negative &2 ' R<. This makes sense, to us, because
game-theoretic upper expectations have a behavioural justiÞcation and so
variablesÑbounded, unbounded or extended real-valuedÑare typically in-
terpreted as uncertain pay-o! s. But what does it mean for a pay-o! to be
inÞnite? Or even, what does it mean for a bet to be unbounded in its possi-
ble values? In reality, there is always only a Þnite amount of money, and so
the variables in V \ V can be given only an indirect interpretation. 4 The ap-
proach described above then seems one of the most intuitive ways to do so.
Then, given this indirect interpretation, extending E

rb
A ,V with E

>

A ,V seems
like a logical thing to do; CU1! and CU2! guarantee that the values of
E

>

A ,V on unbounded, possibly extended real-valued variables are simply ide-
alised, limit values of E

rb
A ,V on gambles obtained from cutting variables at

su" ciently large values.
Another reason is that AxiomsCU1! and CU2! are rather weak. Ax-

iom CU2! can be justiÞed by a conservativity argument; imposing it on
top of CU1! is equivalent to taking the largestÑthe most conservativeÑ
monotone global upper expectation that coincides with E

rb
A ,V and satisÞes

CU1! . Axiom CU1! on the other hand can be seen as a weakened ver-
sion of the continuity with respect to increasing sequencesÑor continuity
from belowÑthat is often adopted, either directly, e.g. in [ 85, Part II], or
indirectly as a consequence of the continuity of the underlying probability
measure or capacity; see e.g. [5, 29, 31].

In spite of all this, extending the upper expectation E
rb
A ,V (or E

r
A ,V or

E
rB
A ,V) through Axioms CU1! and CU2! is not that common. A technique

that is used more often consists in directly applying the expression for the
upper expectation E

rb
A ,V in DeÞnition 4.2137 to the entire domain V 9 X ! ,

but with the real-valued supermartingales replaced by extended real-valued
ones [85, 97, 98]. This of course Þrst requires us to extend the local un-

4A similar observation can actually be made about gambles inV that are non-Þnitary; see
Section 6.1285.
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certainty models A >Ñor Q>Ñto allow for such extended real-valued super-
martingales. Such an approach will be the topic of the next section.

Remarkably enough, as we will see in Section 4.8186, the ex-
tended game-theoretic upper expectation that results from this Ôextended
supermartingaleÕ-approach is identical to the operatorE

>

A ,V we have in-
troduced here. It therefore does not matter which extension procedure
is chosen. We will state and derive most of our future results in terms
of the game-theoretic upper expectation with extended real supermartin-
gales, because it is mathematically more convenient and because this type
of upper expectation is more widely used [85, 88]. In principle, however,
we favour the use of E

>

A ,V, because relying on extended real-valued su-
permartingales undermines what we think is a key strength of the game-
theoretic approach: that supermartingalesÑand hence the resulting game-
theoretic upper expectationsÑcan be given a clear behavioural meaning in
terms of betting.

4.2.3 An extension using extended local sets of acceptable gambles

In order to allow for extended real-valued supermartingales, we Þrst
need to extend the local sets of acceptable gamblesA¥ such that they can
possibly also contain extended real variables onX . However, our notion of
acceptability hinged on a behavioural interpretation, which we cannot di-
rectly apply to extended real variablesÑa point that we have already raised
in the previous section. We therefore Þrst need to extend the notion of ac-
ceptability itself. We propose the following approach for Þnite state spaces.

DeÞnition 4.4 (Acceptability for extended real variables). We say that an
extended real variable $ ' L (X ) \ L (X ) is acceptable if there is some
&1 ' R> such that the gamble ( $?&1)@&2 is acceptable for all &2 ' R<. !

DeÞnition 4.4 can be seen to make most sense when reasoning in a step-
wise manner as follows. Suppose that for some$ ' L (X ) \ L (X ), there
is a &1 ' R> such that ( $?&1)@&2 ' A for all &2 ' R<. Then the gamble
( $?&1)@&2 is acceptable no matter how far we bound $?&1 from below by
&2 < 0. As we have discussed in the previous section, we regard$?&1 to
be an abstraction of ( $?&1)@&2 for arbitrarily large negative &2 ' R<, so it is
sensible to call $?&1 itself acceptableÑnote that this is indeed in accordance
with our deÞnition above, because (( $?&1)?&1)@&2 = ( $?&1)@&2 is acceptable
for all &2 ' R<. The fact that we then also call $ acceptable, follows from a
monotonicity argument: $ is deemed acceptable because$?&1 is acceptable
and $?&1 ( $.

Unlike our original notion of acceptability, which was purely interpreta-
tional and had no direct mathematical consequencesÑcoherence did the
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work thereÑour extended deÞnition of acceptability inevitably imposes
structure on a set of acceptable variables. This structure immediately al-
lows us to associate with a general coherent set of acceptable gamblesA on
X a unique extended set of acceptable variablesA >.

DeÞnition 4.5. For any coherent set of acceptable gamblesA + L (X ), the
corresponding extended set of acceptable variablesA > + L (X ) is the set
that includes A and additionally contains any variable $ ' L (X ) \ L (X )
for which there is some &1 ' R> such that ( $?&1)@&2 ' A for all &2 ' R<. !

The following corollary provides a characterisation for the extended sets
A > that is more practical to work with.

Corollary 4.2.4. For any coherent set of acceptable gamblesA + L (X ), the
corresponding extended set of acceptable variablesA > + L (X ) is the set of all
variables $ ' L (X ) for which there is some&1 ' R> such that ( $?&1)@&2 ' A
for all &2 ' R<.

Proof. Let A 1 be the set of all variables $ ' L (X ) for which there is some &1 ' R>

such that ( $?&1 )@&2 ' A for all &2 ' R<. Then it is clear by DeÞnition 4.5 that
the intersection of A 1 with L (X ) \ L (X ) is equal to the intersection of A > with
L (X ) \ L (X ). Hence, since

A 1 =
-
A 1 ,

-
L (X ) \ L (X )

. .
%

-
A 1 , L (X )

.
,

and similarly for A >, it su" ces to prove thatA 1, L (X ) is equal to A > , L (X ). The
latter is equal to A due to DeÞnition 4.5, so we need to show thatA 1, L (X ) = A .

Consider any gamble in $ ' A and let &1 ' R> be any positive real number such
that &1 # sup $ ' R. Then we have that $?&1 = $ ' A . Moreover, for any &2 ' R<,
we have that ( $?&1 )@&2 # $?&1 . Then since $?&1 ' A and since A satisÞesD528, we
also Þnd that ( $?&1 )@&2 ' A . Hence, we have that ( $?&1 )@&2 ' A for all &2 ' R<, and
therefore by the deÞnition of A 1 that $ ' A 1. Since this is true for any gamble $ ' A ,
we obtain that A 1 4 A and therefore that A 1 , L (X ) 4 A . To prove the converse
inclusion, consider any gamble $ ' A 1 , L (X ). Then, according to the deÞnition
of A 1, there is a &1 ' R> such that ( $?&1 )@&2 ' A for all &2 ' R<. In particular, for
any &2 ' R< such that &2 ( inf $?&1 ' R, we have that $?&1 = ( $?&1 )@&2 ' A . Since
$ # $?&1 and since $ is a gamble, the coherence [D528] of A implies that $ ' A .
Hence, we have that $ ' A for all $ ' A 1, L (X ), and therefore that A 1, L (X ) + A
as desired.

The following result moreover shows that an extended version of the
monotonicity property [ D528] for coherent sets of acceptable gambles holds
for the extended sets A >. We will require it later on, to prove Proposi-
tion 4.3.1153.
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4.2 Game-theoretic upper expectations on extended real-valued variables

Lemma 4.2.5. Consider any local set of acceptable gamblesA and let A > be
its extension according to DeÞnition4.5. . Then, for any $, - ' L (X ) such
that $ ( - , we have that- ' A > if $ ' A >.

Proof. First note that, for any two gambles $, - ' L (X ) such that $ ( - , the mono-
tonicity property holds because A satisÞesD528 due to its coherence, and because
A >, L # (X ) = A due to DeÞnition 4.5. . Now consider any two general $, - ' L (X )
such that $ ( - , and assume that $ ' A >. Then Corollary 4.2.4. implies that there
is a &1 ' R> such that ( $?&1 )@&2 ' A for all &2 ' R<. Since $ ( - , we also have that
( $?&1 )@&2 ( (- ?&1 )@&2 for all &2 ' R<. Moreover, since both ( $?&1 )@&2 and (- ?&1 )@&2 are
gambles for all &2 ' R<, and since we already established the monotonicity prop-
erty for gambles in A , we obtain that (- ?&1 )@&2 ' A for all &2 ' R<. Hence, by
Corollary 4.2.4. , we have that - ' A >.

Extended real supermartingales

The previously introduced deÞnition of an extended set of acceptable gam-
bles can in particular be applied to the individual components of an accept-
able gambles treeA¥ to form the corresponding extended tree A >

¥ ; for any
> ' X ! , A >

> is then the extended set of acceptable variables that corresponds
to A > as described in DeÞnition4.5. . Such an extended treeA >

¥ can then
subsequently be used to deÞne extended real(-valued) supermartingales.
Before we do so, let us reconsider the relation between processes and their
(process) di! erences in case they are extended real-valued.

We adopt similar deÞnitions as in Chapter 345; an extended real(-
valued) process C is an extended real-valued map onX ! , while an ex-
tended betting process G is a map that associates with each> ' X ! an
extended real variable G(>) ' L (X ). The process di! erence # C can also
be deÞned similarly as before, as the extended betting process which is, for
any > ' X ! , equal to

# C(>) ! C(>á)& C(>) with C(>á)(' ) ! C(>' ) for all ' ' X .

Conversely, with an extended betting processG, we associate an extended
real process CG deÞned by

CG(' 1:" ) !
" &1$

@=0

G(' 1:@)(' @+1) for all ' 1:" ' X ! .

However, note that, since we are summing and subtracting extended real
numbersÑrecall Section 1.614 for the associated conventionsÑthese rela-
tions between processes and process di! erences are not one-to-one any
more (even if we Þxed the initial value of the process). That is, there may
be multiple di ! erent extended real processesÑwith the same initial valueÑ
that have the same process di! erence and, vice versa, there may be multiple
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di! erent extended betting processes that result in the same extended real
process. As a result, given an extended real processC, we do not necessarily
have, for all ' 1:" ' X ! , that C(' 1:" ) is equal to C(" ) +

# " &1
@=0 # C(' 1:@)(' @+1).

In fact, there does not even necessarily exist an extended betting process
G such that C is equal to the extended real processC(" ) + CG. This is
for instance the case if C is such that C(>) = +$ and C(A) ' R for some
>, A' X ! and A$ >.

Similarly as in Section 3.2.361, we say that an extended real pro-
cessM is a(n) (extended real) supermartingale according to an accept-
able gambles treeA¥ if there is an extended betting process G such that
M (>) = M (" ) + CG(>) and & G(>) ' A >

> for all > ' X ! . Note that, since
the sets A >

> include the sets A > by deÞnition, we have that anyÑrealÑ
supermartingale according to our earlier deÞnition from Section 3.2.361 is
still an extended real supermartingale according to our current deÞnition,
hence why we simply adopted the same terminology. A subtlety worth point-
ing out, though, is that, in contrast with the real supermartingales intro-
duced in Section 3.2.361, the extended real supermartingales deÞned here
cannot be alternatively characterised by means of process di! erences; that
is, an extended real processC for which &# C(>) ' A >

> for all > ' X ! is
not necessarily a supermartingale, and conversely, for an extended real su-
permartingale M , we do not necessarily have that&#M (>) ' A >

> for all
> ' X ! . This is due to the fact that, as just mentioned, the relations be-
tween extended real processes, process di! erences and betting processes
are more tedious than if they were to take values in the reals. We choose
to deÞne extended real supermartingales as above, with acceptable betting
processes, and not with process di! erences, because the latter would pre-
clude a supermartingale to remain (in all the following situations) in +$
once it has attained +$ ; indeed, if M (>) = +$ and M (>á)= +$ , then we
have that &#M (>) = &(+$ ) = &$ , which can never be an element ofA >

>

(whatever the acceptable gambles tree) due toD227. A similar observation
can be made for a process attaining the constant value&$ . It can be shown
that forcing a supermartingale to change its value (in at least one of the fol-
lowing situations) after it has reached +$ or &$ would yield some rather
undesirable e! ects; and intuitively too, it would plainly seem unnatural if
we were to preclude a supermartingale from remaining constant on some
values.

Finally, similarly as before and without going into the details, we say that
an extended real processM is a(n) (extended real) submartingale accord-
ing to A¥ if &M is an extended real supermartingale according toA¥Ñit can
be checked that any real submartingale as deÞned before, in Section3.2.361,
is an extended real submartingale as deÞned here.
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A deÞnitive version of the game-theoretic upper expectation

We next apply the previously introduced concepts about extended real-
valued supermartingales and submartingales to deÞne a modiÞed version
of the game-theoretic upper expectationE

rb
A ,V. We let Meb(A¥) be the set of

all extended real bounded below supermartingales according toA¥, and we
let Meb(A¥) be the set of all extended real boundedabove submartingales
according to A¥. So M ' Meb(A¥) if and only if &M ' Meb(A¥).

DeÞnition 4.6 (The game-theoretic upper/lower expectation with extended
real supermartingales that are bounded below/above). For any acceptable
gambles treeA¥, E

eb
A ,V and Eeb

A ,V are deÞned, for all ( $, >) ' V 9 X ! , by

E
eb
A ,V( $|>) ! inf

%
M (>) : M ' Meb(A¥) and lim inf M #> $

&
;

E
eb
A ,V( $|>) ! sup

%
M (>) : M ' Meb(A¥) and lim sup M ( > $

&
. !

Due to the following conjugacy relation, we are again allowed to focus
on upper expectations.

Corollary 4.2.6 (Conjugacy). For any acceptable gambles treeA¥, we have
that Eeb

A ,V( $|>) = &E
eb
A ,V(&$|>) for all ( $, >) ' V 9 X ! .

Proof. This can easily be derived from the deÞnitions ofE
eb
A ,V and E

eb
A ,V, and the fact

that M ' Meb(A¥) if and only if &M ' Meb(A¥).

Similar modiÞcations of the upper expectationsE
r
A ,V and E

rB
A ,V with ex-

tended real supermartingales can also be proposed, but it is easy to see,
based on our earlier considerations, that these modiÞcations will turn out to
be unsuitable. Indeed, in the case ofE

rB
A ,V, one cannot really speak of a mod-

iÞcation because working with bounded extended real supermartingales is
the same as working with the setMrB(A¥) of all bounded real supermartin-
gales, which was already used in DeÞnition4.2137. The modiÞcation ofE

r
A ,V,

then, would consist in working with all extended real (unbounded) super-
martingales, which, as mentioned before, includes all real (unbounded) su-
permartingales Mr (A ). The resulting global upper expectation would thus
surely be smaller than or equal toE

r
A ,VÑand the corresponding global lower

expectation would be larger than or equal to Er
A ,VÑand so the same issue

as in Example4.2.1139 would then arise.
To the contrary, the global game-theoretic upper expectationE

eb
A ,V Þxes

all the issues raised previously. Let us check that it does so for the issue in
Example 4.2.2140.

Example 4.2.7. Let A¥ be the same acceptable gambles tree as in Exam-
ple 4.2.2140; so A" is equal to L # (X ) %{ $ ' L (X ) : $() ) > 0} , and
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A > = L # (X ) for all > ' X ! \ { " } . Then it can be checked using DeÞni-
tion 4.5146 that

A >
" = L # (X ) %{ $ ' L (X ) : $() ) > 0} ,

where L # (X ) is the set of all non-negative variables inL (X ). Hence, an ex-
tended real processM that is obtained from an extended betting process G
for which G(" )() ) < 0 and, for all > ' X ! \ { " } , & G(>) = 0 ' A > = L # (X ),
is a supermartingale according to A¥. In particular, for any E > 0, the ex-
tended real processM deÞned by

M (>) !

23334

333
5

1 + E if >= " ;

1 if >3 ) ;

+$ if >3 * ,

for all > ' X ! ,

is a supermartingale according toA¥. Since it is also clearly bounded below,
we have that M ' Meb(A¥). Moreover, M superhedges the variableB)

on all paths; even on ? = *** á á áwhere B) (? ) = +$ . So it follows from
DeÞnition 4.6! that E

eb
A ,V(B) ) ( M (" ) = 1+E. Since this is true for all E> 0,

we Þnd that E
eb
A ,V(B) ) ( 1. To see that E

eb
A ,V(B) ) # 1, note that, for any

> ' X ! \{ " } , sinceA > = L # (X ), the extended set of acceptable variablesA >
>

is equal to L # (X ). Hence, together with the form of A >
" , we infer that any

supermartingale M ' Meb(A¥) must always remain equal or decrease on all
paths ? ' " () ). So, for any M ' Meb(A¥) such that lim inf M # B) # 1,
we have that M (" ) # 1, and thus by DeÞnition 4.6! that E

eb
A ,V(B) ) #

1. Hence, we Þnd that E
eb
A ,V(B) ) = 1, which indeed corresponds to our

intuition. This is contrast with the result in Example 4.2.2140, where we
obtained that E

rb
A ,V(B) ) = +$ . "

We encourage the reader to moreover check thatE
eb
A ,V does also not

su! er from the same issue as the one raised forE
r
A ,V in Example 4.2.1139.

Furthermore, as we will show next, E
eb
A ,V is an extension of (the restriction

of) E
rB
A ,V on V 9 X ! Ñor, by Proposition 4.1.7138, E

r
A ,V or E

rb
A ,V on V 9 X ! Ñ

and therefore E
eb
A ,V on V 9 X ! can be interpreted in the same intuitive way

as E
rB
A ,V. Hence, due to this equality, E

eb
A ,V behaves in the same desirable

way in Example 4.1.1133 asE
r
A ,V.

Proposition 4.2.8. For any acceptable gambles treeA¥, we have that

E
eb
A ,V( $|>) = E

rB
A ,V( $|>) for all ( $, >) ' V 9 X ! .

This equality remains to hold if we replaceE
rB
A ,V by E

r
A ,V or E

rb
A ,V.

The proof of this result is based on the following two lemmas, which
are similar to Lemma 4.1.5137 and Lemma4.1.6138, but deal with extended
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4.2 Game-theoretic upper expectations on extended real-valued variables

real processes. Just as before, for any extended real processC and any real
number 0, C? 0 denotes the extended real process deÞned byC? 0 (>) !
min{ C(>), 0} for all > ' X ! .

Lemma 4.2.9. For any M ' Meb(A¥) and all 0 ' R, we have thatM ? 0 '
MrB(A¥).

Proof. Let Gbe the extended betting process such thatM (>) = M (" ) + CG(>) and
& G(>) ' A >

> for all > ' X ! . Note that the processM ? 0 is bounded (and thus real-
valued) becauseM is bounded below. We moreover prove that&#M ? 0 (>) ' A > for
all > ' X ! .

Fix any > ' X ! . First suppose thatM (>) ( 0 and therefore that M (>) = M ? 0 (>).
SinceM ? 0 is real-valued, M (>) is real. We moreover have thatM (>á)# M ? 0 (>á)by
the deÞnition of M ? 0, so we can infer that

G(>) = G(>) + M (>) & M (>) = M (>á)& M (>) # M ? 0 (>á)& M (>)

= M ? 0 (>á)& M ? 0 (>)

= #M ? 0 (>)

Hence, since & G(>) ' A >
> by assumption, we infer by Lemma 4.2.5146 that

&#M ? 0 (>) ' A >
>. Then also &#M ? 0 (>) ' A > because#M ? 0 (>) is a gamble [since

M ? 0 is real-valued] and A >
> , L (X ) = A > [due to DeÞnition 4.5146].

On the other hand, suppose that M (>) > 0 and therefore that M ? 0 (>) = 0.
Then sinceM ? 0 (>á)( 0, we know that #M ? 0 (>) ( 0. Since #M ? 0 (>) is moreover
a gamble [since M ? 0 is real-valued], we have by D127 that &#M ? 0 (>) ' A >. So we
conclude that &#M ? 0 (>) ' A > for all > ' X ! , and therefore that M ? 0 ' MrB(A¥) as
desired.

Lemma 4.2.10. For any extended real processC and any path ? ' ! , we
have that

min
!
0, lim inf

+* +$
C(? +)

"
= lim inf

+* +$
C? 0 (? +) for all 0 ' R.

Proof. Fix any 0 ' R. It is easy to check that

lim inf
+* +$

C? 0 (? +) = sup
H' N

inf
+#H

C? 0 (? +) = sup
H' N

inf
+#H

min{ C(? +), 0}

= sup
H' N

min{ inf
+#H

C(? +), 0}

= min

/
sup
H' N

inf
+#H

C(? +), 0

0

= min
!
0, lim inf

+* +$
C(? +)

"
.

Proof of Proposition4.2.8. . Fix any ( $, >) ' V 9 X ! . That E
eb
A ,V( $|>) ( E

rB
A ,V( $|>)

follows immediately from the fact that MrB(A¥) + Meb(A¥) [because eachA >
> is
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an extension of A >] and the deÞnitions of E
eb
A ,V and E

rB
A ,V [DeÞnition 4.6149 and

DeÞnition 4.2137]. To prove the converse inequality, consider anyM ' Meb(A¥) such
that lim inf M #> $, and let 0 be any real number such that 0 > sup( $|>)Ñwhich
exists because$ is a gamble, and thereforesup( $|>) ' R. Then, by Lemma4.2.9! ,
we have that M ? 0 ' MrB(A¥). Moreover, it follows from Lemma 4.2.10! that, for
any ? ' " (>),

lim inf M ? 0 (? ) = min { 0, lim inf M (? )} # min { 0, $(? )}

# min {sup( $|>), $(? )} = $(? ),

which implies that lim inf M ? 0 #> $. Hence, by DeÞnition 4.2137, we Þnd that
E

rB
A ,V( $|>) ( M ? 0 (>) ( M (>). Since this holds for any M ' Meb(A¥) such that

lim inf M #> $, we conclude that by DeÞnition 4.6149 that E
rB
A ,V( $|>) ( E

eb
A ,V( $|>).

The remaining statement for E
r
A ,V and E

rb
A ,V follows from Proposition 4.1.7138.

From what we know so far, E
eb
A ,V seems to be the best choice among

all the game-theoretic upper expectations E
r
A ,V, E

rb
A ,V, E

rB
A ,V (and the hy-

pothetical one E
e
A ,V). Furthermore, as we will show in further sections of

this chapter, E
eb
A ,V satisÞes a broad variety of desirable properties. On top

of this, the upper expectation E
eb
A ,V does not only coincide with E

rB
A ,V on

V 9 X ! , but, as we have claimed in Section4.2.2142, and as we will prove
in Section 4.8186, it also coincidesÑon all of V 9 X ! Ñwith the version E

>

A ,V

that results from the more direct, and perhaps more intuitive approach using
upper and lower cuts. As a result of these considerations, we will adopt the
upper expectation E

eb
A ,V as our game-theoretic upper expectation of choice.

4.3 Game-theoretic upper expectations in terms of upper expec-
tations trees

As a Þrst step in our mathematical analysis ofE
eb
A ,V, we develop an alter-

native expression forE
eb
A ,V in terms of upper expectations treesQ¥ and their

corresponding extensionsQ>
¥. The reason for doing this is that it leads to a

conclusion that is similar to Corollary 3.5.895: as far as the game-theoretic
upper expectation E

eb
A ,V is concerned, the boundary structure of the setsA >

is irrelevantÑthe agreeing upper expectations tree Q¥ deÞned according to
Eq. (3.1)50 completely characterisesE

eb
A ,V. As a consequence, it makes sense

to prove such a property in the beginning, before we derive further math-
ematical properties, because it will then allow us to reduce the degrees of
freedom along which the initial local models can vary, therefore simplify-
ing matters considerably. Moreover, the representation ofE

eb
A ,V in terms of

upper expectations trees lies closer to Shafer and VovkÕs approach, and will
therefore, in Section 4.9187, allow us to relate our work to theirs in a clearer
fashion.
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In order to establish this result, we Þrst need to know how we extend
an upper expectations treeQ¥ to a tree Q>

¥ consisting of extended upper ex-
pectations Q>

> on L (X ). These can then be used to deÞne the notion of
an extended real supermartingale corresponding to a treeQ¥ and to subse-
quently deÞne corresponding game-theoretic upper expectations.

4.3.1 Extended local upper expectations

Just as we did in Section4.2.2142 for global upper expectations, we can
uniquely extend a local upper expectationÕs domain fromL (X ) to L (X )
by imposing continuity with respect to upper and lower cuts . Indeed, any
local upper expectation Q (corresponding to any general situation) is coher-
ent and therefore monotone [C433], so Lemma 4.2.3143 ensures that there
is a unique extension Q> to L (X ) that satisÞesCU1143 and CU2143. We
refer to Q> as the extended local upper expectation corresponding to Q.
We will also call any map Q>: L (X ) * R an extended local upper ex-
pectation (without further ado) if Q> satisÞesCU1143 and CU2143, and if
Q> is the extension of a (coherent) local upper expectation Q on L (X )Ñ
or, equivalently, if the restriction of Q> to L (X ) is coherent. Care should
be taken here, because the unconditional notion of coherence introduced
in DeÞnition 2.632 only applies to (unconditional) upper expectations that
are real-valued. For general (unconditional) upper expectations on L (X ),
being real-valued is henceforth implicitly adopted as part ofÑin addition
to either of the conditions (i) 32Ð(iii) 32 in DeÞnition 2.632Ñthe deÞnition of
coherence.

Notably, this extension procedure for local upper expectations can be
additionally motivated by the fact that it is in accordance with how we have
extended local sets of acceptable gambles in Section4.2.3145. For, consider
any (coherent) local set of acceptable gamblesA + L (X ), its extension A >

according to DeÞnition 4.5146, and let Q>
A : L (X ) * R be deÞned similarly

as in Eq. (3.1)50, by

Q>
A ( $) ! inf { : ' R : : & $ ' A >} . (4.2)

Then, as we next show,Q>
A is an extended local upper expectation according

to our deÞnition above. The converse is also true; for any extended local
upper expectation Q> according to our deÞnition above, there is always a
(coherent) local set of acceptable gamblesA + L (X ) such that Q> = Q>

A .

Proposition 4.3.1. For any local set of acceptable gamblesA , Q>
A is equal to

the extended local upper expectationQ> corresponding to the local upper ex-
pectationQ ! QA that agrees withA according to Eq.(3.1)50. Furthermore,
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for any local upper expectationQ, the extensionQ> is equal toQ>
A , with A any

local set of acceptable gambles that agrees withQ according to Eq.(3.1)50.

This result essentially states that, for any local set of acceptable gambles
A and any local upper expectationQ that agree in the sense of Eq. (3.1)50,
the corresponding extensionsA > and Q> also ÔagreeÕ, in the sense thatQ>

A =
Q>. Then also note that, sinceQ is equal to QA by Eq. (3.1)50, this equality
between Q>

A and Q> = (QA )> makes sure that no possible confusion can
arise about the meaning ofQ>

A .
Our proof of Proposition 4.3.1! relies on the following lemma, which

says thatQ>
A for any local set of acceptable gamblesA is an extension of the

agreeing upper expectationQA .

Lemma 4.3.2. For any local set of acceptable gamblesA , Q>
A extends the upper

expectationQA deduced fromA according to Eq.(3.1)50.

Proof. Consider any $ ' L (X ) and observe that also: & $ ' L (X ) for all : ' R.
So, sinceA > , L (X ) = A according to DeÞnition 4.5146, we obtain from Eq. (4.2)!

and Eq. (3.1)50 that

Q>
A ( $) = inf { : ' R : : & $ ' A >} = inf { : ' R : : & $ ' A > , L (X )}

= inf { : ' R : : & $ ' A } = QA ( $).

We will also need the following monotonicity property for the extended
models Q>

A .

Lemma 4.3.3. For any local set of acceptable gamblesA , and any two $, - '
L (X ) such that $ ( - , we have thatQ>

A ( $) ( Q>
A (- ).

Proof. Observe from Lemma4.2.5146 that, for any : ' R such that (: & - ) ' A >,
(: & $) ' A >. The desired inequality then follows from Eq. (3.1)50.

Proof of Proposition4.3.1! . Consider any (coherent) local set of acceptable gam-
bles A , let A > be the corresponding extended set [according to DeÞnition4.5146],
and let Q>

A be deÞned by Eq. (4.2)! . First note that, due to Lemma 4.3.2, the upper
expectation Q>

A extends Q = QA . We next show that Q>
A satisÞesCU1143. Fix any

$ ' L b(X ). Due to Lemma4.3.3, we have that

Q>
A ( $?&1 ) ( Q>

A ( $?&2 ) ( Q>
A ( $) for any two reals &1 ( &2.

On the one hand, this implies that the limit lim &* +$ Q>
A ( $?&) exists, and on the

other hand, this implies that lim &* +$ Q>
A ( $?&) ( Q>

A ( $). So it remains to prove that
lim &* +$ Q>

A ( $?&) # Q>
A ( $). Consider any : ' R such that : > lim &* +$ Q>

A ( $?&).
Choose any&1 ' R> such that &1 > : &inf $ = sup(: & $) [which is possible because$
is bounded below] and any &2 ' R<. Consider also any&1 ' R> such that &1 > : & &2.
Then by Lemma 4.3.3 and since $?& is increasing for increasing &, we have that
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: > lim &* +$ Q>
A ( $?&) # Q>

A ( $?&1
). Then it follows from Eq. ( 4.2)153 that there is

a real : &1 ( : such that : &1 & $?&1
' A >, which by Lemma 4.2.5146 implies that

: & $?&1
' A >. Some basic manipulations of the latter variable then gives us that

(: & $)@: &&1
= (: + (&$)@&&1

) = (: & $?&1
) ' A >.

Since&1 > : &&2 and thus &2 > : &&1, it follows once again from Lemma 4.2.5146 that
(: & $)@&2 ' A >. We also have that&1 > sup(: & $) and thus that

-
(: & $)?&1

.@&2 =
(: & $)@&2 ' A >. Hence, since

-
(: & $)?&1

.@&2 is a gamble, we have by DeÞnition4.5146

that
-
(: & $)?&1

.@&2 ' A . Since this holds for any &2 ' R<, and since &1 is a posi-
tive real number, it follows from Corollary 4.2.4146 that (: & $) ' A >. Hence, by
Eq. (4.2)153, we obtain that Q>

A ( $) ( : . Since this holds for any : ' R such that
: > lim &* +$ Q>

A ( $?&), we indeed have that Q>
A ( $) ( lim &* +$ Q>

A ( $?&).
Next, we prove that Q>

A also satisÞesCU2143. Consider any $ ' L (X ). That
lim &*&$ Q>

A ( $@&) exists and that Q>
A ( $) ( lim &*&$ Q>

A ( $@&) follows in a similar way
as before from Lemma4.3.3. . To prove that lim &*&$ Q>

A ( $@&) ( Q>
A ( $), consider

any : ' R such that (: & $) ' A >. Then Corollary 4.2.4146 guarantees that there is
a &1 ' R> such that

-
(: & $)?&1

.@&2 ' A for all &2 ' R<. Consider any & ' R< such
that &< : & &1. We show that : & $@& ' A >. To this end, start by noting that

: & $@& = : + (&$)?&& = (: & $)?: &&.

So, for any &2 ' R<, we have that
-
(: & $@&)?&1

.@&2 =
-
((: & $)?: &&)?&1

.@&2 ,

which by the fact that &< : & &1, and thus &1 < : & &, implies that
-
(: & $@&)?&1

.@&2 =
-
(: & $)?&1

.@&2 .

Since
-
(: & $)?&1

.@&2 ' A , we thus have that
-
(: & $@&)?&1

.@&2 ' A . Since this holds
for any &2 ' R<, we obtain by Corollary 4.2.4146 that : & $@& ' A > and therefore
by Eq. (4.2)153 that Q>

A ( $@&) ( : . By Lemma 4.3.3. , this then also implies that
lim &*&$ Q>

A ( $@&) ( : . This holds for any : ' R such that (: & $) ' A >, so by
Eq. (4.2)153 this implies that lim &*&$ Q>

A ( $@&) ( Q>
A ( $) as desired.

Hence, we have shown that the upper expectationQ>
A satisÞesCU1143 and

CU2143, and that it extends Q. As a consequence,Q>
A is equal to the extended local

upper expectation Q> corresponding to Q.
The remaining implication now follows straightforwardly from the Þrst. Indeed,

consider any local upper expectationQ, let Q> be the corresponding extension, and
let A be any (coherent) local set of acceptable gambles such thatQ = QA with QA

deÞned by Eq. (3.1)50 [it is clear from our considerations in Section 3.1.248 that
there is always such a set; e.g. the one described in Eq. (3.2)51]. It then follows from
the Þrst implication that Q>

A is equal to the extended local upper expectationQ>.

4.3.2 Basic properties for extended local upper expectations

We next prove that extended local upper expectations satisfy some basic
properties that are similar to the coherence properties [C132ÐC633], but ex-
tended to involve extended real variables inL b(X ). Moreover, we also show
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that extended local upper expectations satisfy a monotone convergence and
a countable subadditivity property for variables in L b(X ); seeLE6and LE7
below. We focus onL b(X ) instead of L (X ), because these properties will
mainly be used later on to say something about the local behaviour of su-
permartingales, which we always consider to be bounded below. Moreover,
because we are only interested in variables inL b(X ), Axiom CU2143 is ir-
relevant and so, to remain as general as possible, we do not requireCU2143

to be satisÞed for the upper expectations in the following proposition.

Proposition 4.3.4. Consider any upper expectationQ>: L (X ) * R that is
coherent onL (X ) and that satisÞesCU1143. Then we have that

LE1. &$ < inf $ ( Q>( $) ( sup $ for all $ ' L b( Y);

LE2. Q>( $+ - ) ( Q>( $) + Q>(- ) for all $, - ' L b( Y);

LE3. Q>(( $) = ( Q>( $) for all ( ' R# and all $ ' L b( Y);

LE4. $ ( - - Q>( $) ( Q>(- ) for all $, - ' L b( Y);

LE5. Q>( $+ ; ) = Q>( $) + ; for all ; ' R %{+$ } and all $ ' L b( Y);

LE6. lim +* +$ Q>( $+) = Q> (lim +* +$ $+) for any increasing sequence( $+)+' N

in L b( Y);

LE7. Q> (
#

+' N $+) (
#

+' N Q>( $+) for any sequence( $+)+' N of non-negative
variables inL b(X );

LE8. Q>((+$ ) $) = (+$ )Q>( $) for all non-negative $ ' L b(X ).

Proof. We Þrst proveLE4. Fix any $, - ' L b( Y) such that $ ( - . Then, for any
& ' R, we also have that $?& ( - ?&. Both $?& and - ?& are gambles because$ and
- are bounded below, so it follows from the coherence [C433] of Q> on L (X ) that
Q>( $?&) ( Q>(- ?&). Since this holds for any &' R, we have byCU1143 that

Q>( $) = lim
&* +$

Q>( $?&) ( lim
&* +$

Q>(- ?&) = Q>(- ).

LE1. Fix any $ ' L b(X ). If sup $ = +$ , we trivially have that Q>( $) ( sup $. If
sup $ is real, it follows immediately from LE4 that Q>( $) ( Q>(sup $). We have that
Q>(sup $) = sup $ becausesup $ is real and Q> is coherent [C533] on L (X ). Hence,
we then also have that Q>( $) ( sup $. That sup $ = &$ , is impossible because$ is
bounded below. To see that&$ < inf $ ( Q>( $), note that inf $ is real or equal to
+$ [because $ is bounded below] and therefore that &$ < inf $ is automatically
satisÞed. Moreover, for any real: < inf $ we clearly have that : < $, implying by
LE4 and the coherence [C533] of Q> on L (X ) that : = Q>(: ) ( Q>( $). Since this
holds for any : < inf $ we indeed have that inf $ ( Q>( $).

LE5. Fix any ; ' R %{+$ } and any $ ' L b( Y). If ; = +$ , then $+ ; = +$
because$ is bounded below. The fact that $ is bounded below also implies byLE1
that Q>( $) ' R %{+$ }, and thus that Q>( $) + ; = +$ . So it su" ces to prove
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that Q>(+$ ) = +$ ; this holds due to LE1. . So assume that; ' R. Consider
any & ' R and note that ( $ + ; )?& = $?&&; + ; . Since $?&&; is a gamble because$
is bounded below, it then follows from the coherence [C633] of Q> on L (X ) that
Q>(( $+ ; )?&) = Q>( $?&&; ) + ; . Since this holds for all &' R, it follows from CU1143

that

Q>( $+ ; ) = lim
&* +$

Q>(( $+ ; )?&) = lim
&* +$

Q>( $?&&; ) + ; = Q>( $) + ; .

LE2. . Fix any $, - ' L b(X ). Let ) , * ' R be such that ) ( inf $ and * ( inf -
[which is possible because $ and - are bounded below], and let $1 ! $ & ) and
- 1 ! - & * ; then $1 and - 1 are both non-negative. Consider any positive&' R> and
note that the non-negativity of $1 and - 1 implies that ( $1 + - 1)?& ( ( $1)?& + (- 1)?&.
Indeed, for any ' ' X , we either have that $1(' ) # &, that - 1(' ) # &or that both
$1(' ) < &and - 1(' ) < &. If $1(' ) # &, then ( $1 + - 1)?&(' ) ( &= ( $1)?&(' ) and so by
the non-negativity of - 1 [and thus also (- 1)?& because& > 0] that ( $1 + - 1)?&(' ) (
( $1)?&(' ) + (- 1)?&(' ). In a completely analogous way, we can establish that the same
is true if - 1(' ) # &. Finally, if both $1(' ) < & and - 1(' ) < &, then we infer that
( $1)?&(' ) + (- 1)?&(' ) = $1(' ) + - 1(' ) = ( $1 + - 1)(' ) # ( $1 + - 1)?&(' ). Since this holds
for all ' ' X , we indeed have that ( $1+ - 1)?& ( ( $1)?&+ (- 1)?&. Hence, byLE4. and
since Q> is coherent [C232] on L (X ) and ( $1)?& and (- 1)?& are gambles, we have
that

Q>(( $1 + - 1)?&) ( Q>(( $1)?& + (- 1)?&) ( Q>(( $1)?&) + Q>((- 1)?&).

Since this holds for any & ' R>, and sinceQ>(( $1)?&) and Q>((- 1)?&) are increasing
in &because ofLE4. , we then infer that

Q>( $1 + - 1)
CU1143= lim

&* +$
Q>(( $1 + - 1)?&) ( lim

&* +$
[Q>(( $1)?&) + Q>((- 1)?&)]

= lim
&* +$

Q>(( $1)?&) + lim
&* +$

Q>((- 1)?&)

CU1143= Q>( $1) + Q>(- 1).

It now su" ces to apply LE5. to both sides, to arrive at the fact that Q>( $ + - ) (
Q>( $) + Q>(- ).

LE3. . Fix any ( ' R# and any $ ' L b(X ). If ( = 0, it su" ces, because of the
convention 0 á (+$ ) = 0 á (&$ ) = 0, to prove that Q>(0) = 0. This follows directly
from LE1. . If ( ' R>, note that for any & ' R> we have that (( $)?& = ( ( $)?&/ ( .
Hence, we have that

Q>(( $)
CU1143= lim

&* +$
Q>((( $)?&) = lim

&* +$
Q>(( ( $)?&/ ( ) = ( lim

&* +$
Q>(( $)?&/ ( )

CU1143= ( Q>( $),

where the penultimate step follows from the coherence [C332] of Q> on L (X ) and
the fact that each ( $)?&/ ( is a gamble.

LE6. . Fix any increasing sequence( $+)+' N in L b(X ). Let $ ! lim +* +$ $+ '
L b(X ). Then, for any & ' R, ( $?&

+ )+' N is an increasing sequence inL (X ) that
clearly converges pointwise to $?& ' L (X ). Moreover, since $?& is a real-valued
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function on a Þnite setX , the sequence( $?&
+ )+' N converges uniformly to $?&. Hence,

we have that

Q>( $)
CU1143= lim

&* +$
Q>( $?&)

C833= lim
&* +$

lim
+* +$

Q>( $?&
+ )

LE4156= sup
&' R

sup
+' N

Q>( $?&
+ )

= sup
+' N

sup
&' R

Q>( $?&
+ )

LE4156= lim
+* +$

sup
&' R

Q>( $?&
+ )

LE4156= lim
+* +$

lim
&* +$

Q>( $?&
+ )

CU1143= lim
+* +$

Q>( $+).

LE7156. Fix any sequence( $+)+' N of non-negative variables inL b(X ). Let (- +)+' N

be the sequence of non-negative variables deÞned by- + !
# +

.=1 $. for all + ' N. Then,
(- +)+' N is increasing because( $+)+' N is non-negative. Moreover, it is clear that (- +)+' N

converges pointwise to
#

+' N $+. Hence, we can applyLE6156 to Þnd that

Q>

:$

+' N
$+

;
= lim

+* +$
Q>(- +) = lim

+* +$
Q>

: +$

.=1

$.

;
LE2156

( lim
+* +$

+$

.=1

Q>( $.) =
$

+' N
Q>( $+),

where the limit on the right-hand side of the inequality exists because all Q>( $.) are
non-negative as a consequence ofLE1156.

LE8156. Fix any non-negative $ ' L b(X ) and observe that (+ $)+' N is an in-
creasing sequence inL b(X ) that converges pointwise to (+$ ) $ [because of the
convention that (+$ ) 0 = 0]. Hence,

Q> ((+$ ) $) = Q>
+

lim
+* +$

+ $
,

LE6156= lim
+* +$

Q>(+ $)
LE3156= lim

+* +$
+ Q>( $) = (+$ )Q>( $),

where we once more used the convention that(+$ ) 0 = 0 for the last step, together
with the fact that Q>( $) # 0 because ofLE1156.

4.3.3 Supermartingales and game-theoretic upper expectations in
terms of extended upper expectations trees

For any upper expectations treeQ¥, let Q>
¥ be the corresponding ex-

tended upper expectations tree ; it consists, for all > ' X ! , of the extended
local upper expectation Q>

> corresponding to Q>. All previously stated re-
sults for extended local upper expectations thus apply in particular to the
components of an extended upper expectations tree. Most importantly, it
follows from Proposition 4.3.1153 that, for any upper expectations tree Q¥

and acceptable gambles treeA¥ that agree according to Eq. (3.1)50, the ex-
tended upper expectations treeQ>

¥ corresponding to Q¥ is equal to the map
Q>

¥,A : > ' X ! 7* Q>
>,A , where Q>

>,A for all > ' X ! is deduced from A >
> ac-

cording to Eq. (4.2)153.

Extended real supermartingales based on extended upper
expectations trees

Given this correlation between extended upper expectations trees and ex-
tended acceptable gambles trees, and taking into account the deÞnition of
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the supermartingales in Meb(A¥), it is now natural to deÞne an extended
real supermartingale corresponding to an upper expectations treeQ¥ as any
extended real processM for which there is some extended betting processG
such that

M (>) = M (" ) + CG(>) and Q>
>( G(>)) ( 0 for all > ' X ! .

We useM G
eb(Q¥) to denote the set of all extended real supermartingales that

are deÞned in this way and that are bounded below.
Though the above deÞnition of an extended real supermartingale is in-

tuitive when acquainted with sets of acceptable gambles and/or acceptable
gambles tree, most of the time, we will work with the following slightly
di! erentÑand more directÑdeÞnition: any extended real process M is
called a(n) (extended) real supermartingale according to Q¥ if

Q>
>(M (>á))( M (>) for all > ' X ! . (4.3)

We let Meb(Q¥) be the set of all supermartingales that are deÞned in this
way and that are bounded below.

Let us Þrst show that the classMeb(Q¥) of supermartingales is at least
as large asM G

eb(Q¥), and that, for any tree A¥ that agrees with Q¥, both
Meb(Q¥) and M G

eb(Q¥) are supersets of the classMeb(A¥) of (extended real)
supermartingales according toA¥.

Proposition 4.3.5. Consider any acceptable gambles treeA¥ and let Q¥ !
Q¥,A be the agreeing upper expectations tree according to Eq.(3.1)50. Then
we have that

Meb(A¥) + M G
eb(Q¥) + Meb(Q¥).

Proof. Let us Þrst show that Meb(A¥) + M G
eb(Q¥). Consider any M ' Meb(A¥).

Then there is an extended betting processGsuch that M (>) = M (" ) + CG(>) and
& G(>) ' A >

> for all > ' X ! . Due to Proposition 4.3.1153, we know that Q>
¥ coincides

with Q>
¥,A , so it su" ces to show that Q>

>,A ( G(>)) ( 0 for all > ' X ! . This follows
trivially from Eq. ( 4.2)153 and the fact that & G(>) ' A >

> for all > ' X ! .
We next prove that M G

eb (Q¥) + Meb(Q¥). Consider anyM ' M G
eb (Q¥). Then there

is an extended betting processGsuch that M (>) = M (" )+ CG(>) and Q>
>( G(>)) ( 0

for all > ' X ! . Fix any ' 1:" ' X ! . Then, for any ' " +1 ' X , we have that

M (' 1:" +1) = M (" ) + CG(' 1:" +1) = M (" ) +
"$

.=0

G(' 1:.) (' .+1)

= M (" ) + CG(' 1:" ) + G(' 1:" ) (' " +1)

= M (' 1:" ) + G(' 1:" ) (' " +1).

Since this holds for any ' " +1 ' X , we obtain that M (' 1:" á) = M (' 1:" ) + G(' 1:" ).
Recall that M is bounded below, soM (' 1:" ) ' R %{+$ }, and therefore, since the

159



Game-theoretic upper expectations

extended local upper expectation Q>
' 1:"

satisÞesLE5156 by Proposition 4.3.4156, we
have that

Q>
' 1:"

(M (' 1:" á))= Q>
' 1:"

(M (' 1:" ) + G(' 1:" )) = M (' 1:" ) + Q>
' 1:"

( G(' 1:" )).

Since we know that Q>
' 1:"

( G(' 1:" )) ( 0, it follows that Q>
' 1:"

(M (' 1:" á)) ( M (' 1:" ).
Since this holds for any any ' 1:" ' X ! [and since M is bounded below], we obtain
that M ' Meb(Q¥) as desired.

It can actually be shown that the inclusion M G
eb(Q¥) + Meb(Q¥) in the

result above is strict; for instance, a supermartingale inMeb(Q¥) can attain
the value +$ and afterwards become real-valued; one may observe that this
is not possible for a supermartingale in M G

eb(Q¥). The inclusion Meb(A¥) +
M G

eb(Q¥) too, can sometimes become strict, depending on the form of the
local sets of acceptable gamblesA >.

Finally, before introducing global game-theoretic upper expectations
corresponding to Meb(Q¥) and M G

eb(Q¥), note that the deÞnitions of the
supermartingales in Meb(Q¥) and M G

eb(Q¥) never relied on process di! er-
ences. The reason is similar to why we did not use process di! erences
in Section 4.2.3145 to deÞne the supermartingales in Meb(A¥); if an ex-
tended real supermartingale M were to be characterised by the condition
that Q>

>(#M (>)) ( 0 for all > ' X ! , then it can be checked usingLE1156 that
a supermartingale cannot remain in +$ (for all following situations) once
it has attained +$ , which we consider to be undesirable.

Game-theoretic upper expectations based on extended upper
expectations trees

Using the setsMeb(Q¥) and M G
eb(Q¥), we can deÞne the corresponding game-

theoretic upper expectations as follows.

DeÞnition 4.7. For any upper expectations treeQ¥, the game-theoretic up-
per expectation E

eb
Q,V is deÞned, for all ( $, >) ' V 9 X ! , by

E
eb
Q,V( $|>) ! inf

%
M (>) : M ' Meb(Q¥) and lim inf M #> $

&
;

The upper expectationE
eb, G
Q,V is deÞned similarly, with Meb(Q¥) replaced by

M G
eb(Q¥). !

The following theorem states that these two versionsE
eb
Q,V and E

eb, G
Q,V of

the game-theoretic upper expectation based on an upper expectations tree
Q¥ coincide, and that they moreover (both) coincide with the version E

eb
A ,V

based directly on an acceptable gambles treeA¥, given that the trees Q¥

and A¥ agree in the sense of Eq. (3.1)50. The proof of it can be found in
Appendix 4.A197.
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Theorem 4.3.6. Consider any acceptable gambles treeA¥ and let Q¥ ! Q¥,A

be the agreeing upper expectations tree according to Eq.(3.1)50. Then we have
that

E
eb
A ,V( $|>) = E

eb, G
Q,V ( $|>) = E

eb
Q,V( $|>) for all ( $, >) ' V 9 X ! .

Theorem 4.3.6 shows that the subtle di! erence between the super-
martingales in Meb(Q¥) and M G

eb(Q¥) pointed out earlier, is irrelevant when
concerned with the values of the associated global game-theoretic upper ex-
pectations E

eb
Q,V and E

eb, G
Q,V . This allows us to use the mathematically more

convenient setMeb(Q¥) and its corresponding game-theoretic upper expec-
tation E

eb
Q,V, rather than the set M G

eb(Q¥) which isÑfrom a behavioural point
of viewÑactually more natural to adopt.

Theorem 4.3.6 also shows that, as far as the resulting game-theoretic
upper expectations are concerned, acceptable gambles trees again have an
unnecessary rich and complex structure: for any two acceptable gambles
trees A 1

¥ and A 2
¥ for which it holds that Q¥,A 1 = Q¥,A 2 , we have that

E
eb
A 1,V = E

eb
A 2,V. This is a similar conclusion to the one we have drawn in

Section 3.5.393 for the Þnitary global upper expectations Ef
A ,V and EA . As

a result, here too, it seems sensibleÑat least from a mathematical point of
viewÑto work with upper expectations trees instead of acceptable gambles
trees when parametrizing a stochastic process. We will henceforth do so
and therefore typically write E

eb
Q,V to denote a generic game-theoretic upper

expectation E
eb
A ,V.

Moreover, note that, as far as the resulting values ofE
eb
Q,V are concerned,

it does not matter whether we do, or do not impose CU2143 onto the lo-
cal upper expectationsQ>

>. Indeed, the supermartingales inMeb(Q¥) are re-
quired to be bounded below, so the values of the local modelsQ>

> on L b(X )
are all that matters for the values of E

eb
Q,V. SinceCU2143 is obviously always

satisÞed on the restricted domainL b(X ) by any local upper expectation,
imposing CU2143 does not impact the values that can be taken byE

eb
Q,V. One

could therefore choose to not adopt CU2143, and therefore remain slightly
more general. We will nevertheless choose to adoptCU2143 because (i) as
pointed out in Section 4.2.2142, it results from a conservativity assumption,
(ii) the extended upper expectations trees satisfying CU2143 can be seen
as to result from extended acceptable gambles tree [Proposition4.3.1153],
and, most importantly, (iii) because, as we will show in Section 4.6.2178,
Axiom CU2143 is required to guarantee compatibility with the global game-
theoretic upper expectation on the entire domain L (X ) of local variables.

Finally, let us establish that the equality in Theorem 4.3.6 also holds
for the lower expectations Eeb

A ,V and Eeb
Q,V. The latter is deÞned as follows.

Similarly as we did in Section 4.2.3145, an (extended real) submartingale
M according to an upper expectations treeQ¥ is an extended real process
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such that &M is a supermartingale according toQ¥. It can be checked that
M is then a submartingale according toQ¥ if and only if

Q>
>(M (>á))# M (>) for all > ' X ! , (4.4)

where the (extended) lower expectations Q>
> are obtained from the upper

expectations Q>
> through conjugacy; Q>

>( $) ! &Q>
>(&$) for all $ ' L (X )

and > ' X ! . Let us denote the set of all bounded above submartingales
corresponding to a tree Q¥ by Meb(Q¥). The lower expectation Eeb

Q,V is now
deÞned, for any ( $, >) ' V 9 X ! , by

E
eb
Q,V( $|>) ! sup

%
M (>) : M ' Meb(Q¥) and lim sup M ( > $

&
. (4.5)

Once more, one may easily check thatEeb
Q,V is related to E

eb
Q,V by conjugacy.

Corollary 4.3.7 (Conjugacy). For any upper expectations treeQ¥, we have
that Eeb

Q,V( $|>) = &E
eb
Q,V(&$|>) for all ( $, >) ' V 9 X ! .

Proof. This follows immediately from the deÞnitions of E
eb
Q,V and E

eb
Q,V, and the fact

that M ' Meb(Q¥) if and only if &M ' Meb(Q¥) for any extended real processM .

SinceEeb
A ,V and E

eb
A ,V are also related by conjugacy [Corollary4.2.6149],

it follows that the equality in Theorem 4.3.6! also holds for lower expecta-
tions.

Corollary 4.3.8. Consider any acceptable gambles treeA¥ and let Q¥ ! Q¥,A

be the agreeing upper expectations tree according to Eq.(3.1)50. Then we have
that Eeb

A ,V( $|>) = Eeb
Q,V( $|>) for all ( $, >) ' V 9 X ! .

4.4 Basic properties of game-theoretic upper expectations

Our decision to pick E
eb
Q,VÑor, equivalently, E

eb
A ,VÑas our game-theoretic

upper expectation of choice was so far only backed by a series of examples
where E

eb
Q,V behaved nicely, and where the alternativesE

r
A ,V, E

rb
A ,V and E

rB
A ,V

(and the hypothetical one E
e
A ,V) did not. From what is yet to come in this

chapter, however, it will become clear that E
eb
Q,V is also in general a global

upper expectation with desirable properties: e.g. it is coherent on V 9 X ! ,
it extends EÞn

Q , it satisÞes continuity with respect to increasing sequences of
bounded below variables, it satisÞes continuity with respect to decreasing
sequences of Þnitary bounded above variables, . . .

In this section, we start by establishing some basic, yet essential proper-
ties for E

eb
Q,V. Most importantly, we establish that E

eb
Q,V is coherent onV9X ! ,

that it satisÞes some ÔextendedÕ coherence properties onV 9 X ! , that it sat-
isÞes a general law of iterated upper expectations, and that it coincides with
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4.4 Basic properties of game-theoretic upper expectations

the Þnitary global upper expectation EÞn
Q (or any other type of Þnitary global

upper expectation) on F 9 X ! .

4.4.1 Extended coherence properties, the law of iterated upper ex-
pectations and conditional coherence

We start by proving that E
eb
Q,V satisÞes extended versions of the coherence

properties WC182ÐWC382, WC584ÐWC784 and WC1185 for extended real-
valued global variables. They are given, for any global upper expectation
E : V 9 X ! * R and the conjugate lower expectation E, as follows: for all
$, - ' V, all ( ' R# , all ; ' R %{+$ } and all situations > ' X ! ,

EC1. inf ( $|>) ( E( $|>) ( E( $|>) ( sup( $|>) [bounds];

EC2. E( $+ - |>) ( E( $|>) + E(- |>) [sub-additivity];

EC3. E(( $|>) = ( E( $|>) [non-negative homogeneity];

EC4. $ ( > - - E( $|>) ( E(- |>) [monotonicity];

EC5. E( $+ ; |>) = E( $|>) + ; [constant additivity];

EC6. E( $|>) = E( $1>|>) [conditioning invariance].

To prove this, we need the following two, rather abstract lemmas about
supermartingales. The Þrst simply says that Lemma4.1.3135 also holds for
the extended real supermartingales inMeb(Q¥). Its proof is similar to that
of [ 8, Lemma 1], where instead real-valued supermartingales were used.

Lemma 4.4.1. Consider any upper expectations treeQ¥ , any M ' Meb(Q¥)
and any situation > ' X ! . Then

M (>) # inf
? ' " (>)

lim sup M (? ) # inf
? ' " (>)

lim inf M (? ).

Proof. Since M is a supermartingale, we have thatQ>
>(M (>á)) ( M (>), which by

LE1156 and the fact that M is bounded below implies that inf ' ' X M (>' ) ( M (>).
Hence, sinceX is Þnite, there is at least one ' ' X such that M (>' ) ( M (>).
Repeating this argument over and over again, leads us to the conclusion that
there is some ? ' " (>) such that lim sup+* +$ M (? +) ( M (>) and therefore also
inf ? ' " (>) lim sup M (? ) ( M (>). The remaining inequality follows now trivially.

Lemma 4.4.2. Consider any upper expectations treeQ¥, any countable collec-
tion (M +)+' N0 of supermartingales inMeb(Q¥), and any countable collection of
non-negative extended real numbers(( +)+' N0 . If all M + are non-negative, then
M !

#
+' N0 ( +M + is also a non-negative supermartingale inMeb(Q¥). On the

other hand, if the supermartingales(M +)+' N0 have a common lower bound
(but are not necessarily non-negative), and if

#
+' N0 ( + is a real number ( ,

then M ' Meb(Q¥).
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Proof. We start by proving the Þrst statement. Since allM + and ( + are non-negative,
the extended real processM =

#
+' N0 ( +M + exists and is non-negative. To see that

M ' Meb(Q¥), observe that, for any > ' X ! ,

Q>
>(M (>á))= Q>

>

+$

+' N0

( +M +(>á)
, LE7156

(
$

+' N0

Q>
>

+
( +M +(>á)

,

LE3156, LE8156=
$

+' N0

( +Q>
>(M +(>á))

(
$

+' N0

( +M +(>) = M (>),

where we were allowed to apply LE7156, LE3156 and LE8156 because allM +(>á)are
non-negative [and thus bounded below], and where the last inequality followed from
the non-negativity of all ( + and the fact that all M + are non-negative supermartin-
gales.

So it remains to prove the second statement. Suppose that the supermartingales
(M +)+' N0 have a common lower bound, say0 ' R, and that the sum

#
+' N0 ( + is

a real number ( , which in particular implies that all ( + are real. Since all M + are
bounded below by 0, the processesM + & 0 will be non-negative. Moreover, it can be
easily checked using PropertyLE5156 of the local modelsQ>

¥ , that the supermartingale
character of all M + implies the supermartingale character of all M +&0. So all M +&0
are non-negative supermartingales inMeb(Q¥). Hence, by the Þrst part of our proof,
we have that

#
+' N0 ( + [M + & 0] is a non-negative supermartingale inMeb(Q¥). Since

0 and all ( + are real, we furthermore have that, for all > ' X ! ,

$

+' N0

( + [M +(>) & 0] =
$

+' N0

[ ( +M +(>) & ( +0] = lim
+* +$

+ +$

.=1

( .M . (>) &
+$

.=1

( . 0
,

= lim
+* +$

+$

.=1

( .M . (>) & (0

=
$

+' N
( +M +(>) & (0 = M (>) & (0 ,

where the third equality follows from the fact that lim +* +$
# +

.=1 ( . 0 = (0 is real
[because( and 0 are real]. As a result, since

#
+' N0 ( + [M + & 0] is a non-negative su-

permartingale in Meb(Q¥), M &(0 is also a non-negative supermartingale inMeb(Q¥).
Clearly, M is then bounded below [by (0 ], and it can easily be deduced from Prop-
erty LE5156 of the local models Q>

¥ that then moreover M ' Meb(Q¥).

The two lemmas above now allow us to prove thatE
eb
Q,V satisÞesEC1! Ð

EC6! . A Þrst result that established similar such properties was stated in
[ 86, Chapter 8], yet, our proof of the following result bears a closer resem-
blance to that of [ 8, Proposition 14]; we adapt that proof to our present
setting which involves dealing with extended real-valued supermartingales
instead of real-valued ones.

Proposition 4.4.3. For any upper expectations treeQ¥, the global upper ex-
pectationE

eb
Q,V satisÞesEC1! ÐEC6! .
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4.4 Basic properties of game-theoretic upper expectations

Proof. Let us Þrst prove the third inequality in EC1163; that E
eb
Q,V( $|>) ( sup( $|>). If

sup( $|>) = +$ , then the inequality is trivially satisÞed. If not, consider any real Q #
sup( $|>) and the real processM that assumes the constant valueQ. Then clearly
M is a bounded below supermartingale and moreoverlim inf M (? ) = Q # $(? )
for all ? ' " (>). Hence, DeÞnition4.7160 implies that E

eb
Q,V( $|>) ( M (>) = Q. Since

this is true for all real Q # sup( $|>), the inequality E
eb
Q,V( $|>) ( sup( $|>) follows.

EC2163. If either E
eb
Q,V( $|>) or E

eb
Q,V(- |>) is equal to +$ , then the inequality is

trivially true. So suppose that E
eb
Q,V( $|>) < +$ and E

eb
Q,V(- |>) < +$ and consider any

real &1 > E
eb
Q,V( $|>) and any real &2 > E

eb
Q,V(- |>). Then there are two bounded below

supermartingalesM 1 and M 2 such that M 1(>) ( &1 and M 2(>) ( &2 and moreover
lim inf M 1 #> $ and lim inf M 2 #> - . Now consider the extended real processM !
M 1 +M 2. Then M is a bounded below supermartingale because of Lemma4.4.2163,
which we can apply becauseM 1 and M 2 are both bounded below and hence have a
common lower bound [note that the countable sum in Lemma 4.4.2163 can be turned
into a Þnite sum by setting all remaining supermartingales equal to zero]. Moreover,
for any ? ' ! , we have that

lim inf (M 1 + M 2)(? ) = lim inf
+* +$

(M 1(? +) + M 2(? +))

= lim
H* +$

inf
+#H

(M 1(? +) + M 2(? +))

# lim
H* +$

( inf
+#H

M 1(? +) + inf
+#H

M 2(? +))

= lim
H* +$

inf
+#H

M 1(? +) + lim
H* +$

inf
+#H

M 2(? +)

= lim inf
+* +$

M 1(? +) + lim inf
+* +$

M 2(? +),

where the limit in the fourth term (after the inequality) exists because both
inf +#H M 1(? +) and inf +#H M 2(? +) are increasing in H, and where the third equality
follows from the fact that, again, inf +#H M 1(? +) and inf +#H M 2(? +) are increasing
in H, and that these terms take values inR %{+$ } for all HÑand thus also con-
verge in R %{+$ } for increasing H. Since this holds for all ? ' ! , we have that
lim inf (M 1 +M 2) # lim inf M 1 +lim inf M 2 and therefore, sincelim inf M 1 #> $and
lim inf M 2 #> - , that lim inf M #> $+- . Combined with the fact that M is a bounded
below supermartingale, it follows from DeÞnition 4.7160 that E

eb
Q,V( $+- |>) ( M (>) =

M 1(>) + M 2(>) ( &1 + &2. Since this holds for any real &1 > E
eb
Q,V( $|>) and any real

&2 > E
eb
Q,V(- |>), it follows that E

eb
Q,V( $+ - |>) ( E

eb
Q,V( $|>) + E

eb
Q,V(- |>).

EC3163. For ( ' R>, it su" ces to note that M is a bounded below super-
martingale such that lim inf M #> $ if and only if ( M is a bounded below super-
martingale such that lim inf ( M #> ( $. If ( = 0, then ( E

eb
Q,V( $|>) = 0 because

(+$ ) á0 = (&$ ) á0 = 0. To see that alsoE
eb
Q,V(( $|>) = 0, start by noting that

( $ = 0 and hence, because of the third inequality in EC1163, E
eb
Q,V(( $|>) ( 0. That

E
eb
Q,V(( $|>) < 0 is impossible, follows from Lemma 4.4.1163 and DeÞnition 4.7160.

Hence, we indeed have thatE
eb
Q,V(( $|>) = 0.

EC4163. Consider any two $, - ' V such that $ ( > - . Then for any M ' Meb(Q¥)
such that lim inf M #> - , we also have that lim inf M #> $, and hence, by DeÞni-
tion 4.7160, E

eb
Q,V( $|>) ( E

eb
Q,V(- |>).

EC1163. We have already proved the third inequality. The Þrst inequality then fol-
lows from the fact that E

eb
Q,V and E

eb
Q,V are related by conjugacy [Corollary 4.3.7162].
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To prove the second inequality, assumeex absurdo that E
eb
Q,V( $|>) > E

eb
Q,V( $|>).

Then 0 > E
eb
Q,V( $|>) & E

eb
Q,V( $|>) which by conjugacy and EC2163 implies that 0 >

E
eb
Q,V( $ + (&$)|>). Since, according to our convention, the extended real variable

$+ (&$) only assumes values in{0, +$ }, we have that $+ (&$) # 0 and therefore,
by EC4163 and EC3163, that E

eb
Q,V( $+ (&$)|>) # E

eb
Q,V(0|>) = 0. This is a contradiction.

EC5163. If ; = +$ , then it su" ces to prove thatE
eb
Q,V(+$ |>) = +$ , which follows

from EC1163. On the other hand, if ; ' R, then for any M ' Meb(Q¥) such that
lim inf M #> $ + ; , we have by LE5156 that M & ; ' Meb(Q¥), and moreover that
lim inf (M &; ) #> $. Hence,E

eb
Q,V( $|>) ( M (>) &; and therefore alsoE

eb
Q,V( $|>) + ; (

M (>) & ; + ; = M (>). Since this holds for anyM ' Meb(Q¥) such that lim inf M #>

$ + ; , we have that E
eb
Q,V( $|>) + ; ( E

eb
Q,V( $ + ; |>). By applying this inequality to

$1 = $+ ; and ; 1 = &; , we also Þnd that E
eb
Q,V( $+ ; |>) & ; ( E

eb
Q,V( $|>).

EC6163. This follows immediately from DeÞnition 4.7160.

It follows from Proposition 4.4.3 [ EC1163ÐEC3163] that E
eb
Q,V satisÞes the

coherence axiomsWC182ÐWC382. The fact that E
eb
Q,V also satisÞesWC482,

and thus by Theorem 3.4.384 that it is coherent on V 9 X ! , will follow
straightforwardly from the following general law of iterated upper expec-
tations for E

eb
Q,V. The idea of the proof for this theorem goes back to [86,

Proposition 8.7], yet, our proof is more similar to that of [ 8, Theorem 16].

Theorem 4.4.4 (Law of iterated upper expectations). For any upper expec-
tations treeQ¥, any $ ' V and any " ' N0, we have that

E
eb
Q,V( $|#1:" ) = E

eb
Q,V

-
E

eb
Q,V ( $|#1:" +1)

1
1#1:"

.
.

Proof. We need to show that E
eb
Q,V( $|' 1:" ) = E

eb
Q,V(Eeb

Q,V ( $|#1:" +1) |' 1:" ) for any
' 1:" ' X " . To this end, due to Proposition 4.4.3 [ EC6163], it su " ces to prove that
E

eb
Q,V( $|' 1:" ) = E

eb
Q,V(Eeb

Q,V ( $|' 1:" #" +1) |' 1:" ). Let us Þrst show that

E
eb
Q,V

-
E

eb
Q,V( $|' 1:" #" +1)

1
1' 1:"

.
( E

eb
Q,V( $|' 1:" ).

If E
eb
Q,V( $|' 1:" ) = +$ , this is trivially satisÞed. If not, then for any Þxed real

: > E
eb
Q,V( $|' 1:" ) there is a bounded below supermartingaleM such thatM (' 1:" ) ( :

and lim inf M #' 1:" $. Then it is clear that, for all ' " +1 ' X , lim inf M #' 1:" +1 $,
and hence E

eb
Q,V( $|' 1:" +1) ( M (' 1:" +1) by DeÞnition 4.7160. Let M 1 be the pro-

cess that is equal toM for all situations > such that > % ' 1:" , and that is equal to
the constant M (' 1:" +1) for all situations > such that > 3 ' 1:" +1 for some ' " +1 ' X .
Clearly, M 1 is again a bounded below supermartingale and, because of the reason-
ing above, E

eb
Q,V( $|' 1:" #" +1) ( M (' 1:" #" +1) =' 1:" lim inf M 1. Hence, it follows from

DeÞnition 4.7160 that

E
eb
Q,V(Eeb

Q,V( $|' 1:" #" +1)|' 1:" ) ( M 1(' 1:" ) = M (' 1:" ) ( : .

Since this holds for any real number : > E
eb
Q,V( $|' 1:" ), we indeed have that

E
eb
Q,V(Eeb

Q,V( $|' 1:" #" +1)|' 1:" ) ( E
eb
Q,V( $|' 1:" ).
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We now prove the other inequality. Again, if E
eb
Q,V(Eeb

Q,V( $|' 1:" #" +1)|' 1:" ) = +$
it trivially holds, so we can assume it to be real or equal to &$ . Fix any real
: > E

eb
Q,V(Eeb

Q,V( $|' 1:" #" +1)|' 1:" ) and any E ' R>. Then there must be a bounded be-
low supermartingale M such that M (' 1:" ) ( : and lim inf M #' 1:" E

eb
Q,V( $|' 1:" #" +1).

Consider any such bounded below supermartingale. Then for any' " +1 ' X ,
we have that lim inf M #' 1:" +1 E

eb
Q,V( $|' 1:" +1), which by Lemma 4.4.1163 implies

that M (' 1:" +1) # E
eb
Q,V( $|' 1:" +1). Fix any ' " +1 ' X . Then M (' 1:" +1) is either

real or equal to +$ because M is bounded below. If M (' 1:" +1) is real, then
since M (' 1:" +1) # E

eb
Q,V( $|' 1:" +1), it follows from DeÞnition 4.7160 that there is a

bounded below supermartingale M ' 1:" +1 such that M ' 1:" +1 (' 1:" +1) ( M (' 1:" +1) + E
and lim inf M ' 1:" +1 # ' 1:" +1 $. If M (' 1:" +1) is +$ , let M ' 1:" +1 be the constant super-
martingale that is equal to +$ everywhere. So, for all ' " +1 ' X , we have found a
bounded below supermartingaleM ' 1:" +1 such that M ' 1:" +1 (' 1:" +1) ( M (' 1:" +1)+Eand
lim inf M ' 1:" +1 # ' 1:" +1 $. Let M ! be the process that is equal toM +Efor all situations
>such that >%' 1:" , and that is equal to M ' 1:" +1 for all situations >such that >3 ' 1:" +1

for some ' " +1 ' X . Note that lim inf M ! # ' 1:" $ because, for each' " +1 ' X , we
have that lim inf M ! =' 1:" +1 lim inf M ' 1:" +1 # ' 1:" +1 $. We moreover show that M ! is a
bounded below supermartingale.

The processM ! is clearly bounded below becauseM and all M ' 1:" +1 are bounded
below and X is Þnite. Furthermore, for any ' " +1 ' X , we have that M ! (' 1:" +1) =
M ' 1:" +1 (' 1:" +1) ( M (' 1:" +1)+E, implying that M ! (' 1:" á)( M (' 1:" á)+Eand therefore,
by LE4156 and LE5156, that

Q>
' 1:"

(M ! (' 1:" á))( Q>
' 1:"

(M (' 1:" á)+E) = Q>
' 1:"

(M (' 1:" á))+E( M (' 1:" )+E= M ! (' 1:" ).

Moreover, for all situations > $ ' 1:" , we have by LE5156 that Q>
>(M ! (>á)) =

Q>
>(M (>á) +E) = Q>

>(M (>á)) +E ( M (>) + E = M ! (>), and for all > ' X ! such
that > 3 ' 1:" +1 for some ' " +1 ' X , we have that Q>

>(M ! (>á)) = Q>
>(M ' 1:" +1 (>á)) (

M ' 1:" +1 (>) = M ! (>). All together, we have that Q>
>(M ! (>á))( M ! (>) for all > ' X ! ,

implying that M ! is a supermartingale.
Since lim inf M ! # ' 1:" $ and M ! (' 1:" ) = M (' 1:" ) + E ( : + E, DeÞnition 4.7160

now implies that E
eb
Q,V( $|' 1:" ) ( : + E. This holds for any E ' R> and any

real : > E
eb
Q,V(Eeb

Q,V( $|' 1:" #" +1)|' 1:" ), so we indeed conclude that E
eb
Q,V( $|' 1:" ) (

E
eb
Q,V(Eeb

Q,V( $|' 1:" #" +1)|' 1:" ).

It now follows in a trivial way from the previous results that the restric-
tion of E

eb
Q,V to V 9 X ! is coherent [DeÞnition 3.782].

Corollary 4.4.5 (Conditional coherence). For any upper expectations treeQ¥,
the restriction of E

eb
Q,V to V 9 X ! satisÞesWC182ÐWC482, and is therefore

coherent.

Proof. Proposition 4.4.3164 guarantees thatE
eb
Q,V satisÞesWC182ÐWC382 on V 9 X ! .

So it su" ces to prove that E
eb
Q,V satisÞesWC482 on V 9 X ! , because the coherence

will then follow from Theorem 3.4.384. Consider any $ ' V and any >, A' X ! such
that > 2 A. Let " ! |>| and @! |A|; so we have that " ( @. By iteratively applying
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Theorem 4.4.4166, we Þnd that

E
eb
Q,V

-
( $& E

eb
Q,V( $|A))1A|#1:"

.

= E
eb
Q,V

-
E

eb
Q,V

-
( $& E

eb
Q,V( $|A))1A|#1:" +1

.
|#1:"

.

...

= E
eb
Q,V

-
E

eb
Q,V

-
á á áEeb

Q,V

-
E

eb
Q,V

-
( $& E

eb
Q,V( $|A))1A|#1:@

.
|#1:@&1

.
á á á |#1:" +1

.
|#1:"

.
.

(4.6)

Observe that the inner most upper expectationE
eb
Q,V

-
( $& E

eb
Q,V( $|A))1A|#1:@

.
is iden-

tically zero. Indeed, for any ' 1:@ ' X @\ { A} [recall that @= |A|] we have that
( $& E

eb
Q,V( $|A))1A =' 1:@ 0 and therefore by Proposition 4.4.3 [ EC1163] that E

eb
Q,V

-
( $&

E
eb
Q,V( $|A))1A|' 1:@

.
= 0. On the other hand, for the situation Aitself, sinceE

eb
Q,V satisÞes

EC5163 and EC6163 by Proposition 4.4.3, we infer that

E
eb
Q,V

-
( $& E

eb
Q,V( $|A))1A|A

. EC6163= E
eb
Q,V

-
$& E

eb
Q,V( $|A)|A

. EC5163= E
eb
Q,V( $|A) & E

eb
Q,V( $|A) = 0,

where we were allowed to use EC5163 because, by Proposition4.4.3 [ EC1163]
and the fact that $ ' V, we know that E

eb
Q,V( $|A) ' R. So we indeed have

that E
eb
Q,V

-
( $ & E

eb
Q,V( $|A))1A|#1:@

.
= 0. Plugging this back into Eq. (4.6), and

then using the fact that E(0|A1) = 0 for all A1 ' X ! [due to EC1163], we ob-
tain that E

eb
Q,V

-
( $ & E

eb
Q,V( $|A))1A|#1:"

.
= 0. Recalling that " = |>|, we have that

E
eb
Q,V

-
( $& E

eb
Q,V( $|A))1A|>

.
= 0 as desired.

Another interesting consequence of Theorem4.4.4166 is that, for any
Þxed $ ' L b(! ), the upper expectations E

eb
Q,V( $|á): > ' X ! 7* E

eb
Q,V( $|>)

itself form a supermartingale in Meb(Q¥). We henceforth useVb as a short-
hand notation for the set L b(! ) of all (extended real) global variables that
are bounded below.

Corollary 4.4.6. For any upper expectations treeQ¥ and any $ ' Vb , the
extended real processC, deÞned byC(>) ! E

eb
Q,V( $|>) for all > ' X ! , is a

supermartingale inMeb(Q¥).

Proof. The processC is bounded below because$ is bounded below and E
eb
Q,V sat-

isÞesEC1163. Moreover, if for any > ' X ! we let E
eb
Q,V( $|>á)be the (bounded below)

local variable that assumes the valueE
eb
Q,V( $|>' ) for all ' ' X , then it follows from

Proposition 4.4.7* and Theorem 4.4.4166 that

Q>
' 1:"

( C(' 1:" á))= Q>
' 1:"

-
E

eb
Q,V( $|' 1:" á)

.
= E

eb
Q,V

-
E

eb
Q,V( $|#1:" +1) |' 1:"

.

= E
eb
Q,V( $|' 1:" ) = C(' 1:" ) for all ' 1:" ' X ! .

Hence, C is indeed a supermartingale.
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4.4.2 Relation with the local upper expectations and the Þnitary
global upper expectations

For any upper expectations treeQ¥, since E
eb
Q,V is deduced from Q¥ as a

generalisation, we will want E
eb
Q,V to be ÔcompatibleÕ withQ¥, in the sense

that E
eb
Q,V should satisfy NE188. The following proposition shows that E

eb
Q,V

satisÞes such a type of compatibility withQ>
¥ on the domain L b(X ). Since

Q>
> extends Q> for all > ' X ! , this indeed implies that E

eb
Q,V satisÞesNE188.

We will moreover show later on, in Section 4.6.2178, that the compatibility
with Q>

¥ can be extended to the entire domain L (X ) of all local extended
real variables.

Proposition 4.4.7 (Partial compatibility with local models) . Consider any
upper expectations treeQ¥, any ' 1:" ' X ! (with " ' N0) and any (" + 1)-
measurable extended real variable$ that is bounded below. Then,

E
eb
Q,V( $|' 1:" ) = Q>

' 1:"
( $(' 1:" á)).

In speciÞc, the global upper expectationE
eb
Q,V satisÞesNE188.

Proof. Our proof is similar to that of [ 8, Corollary 3]. Consider any M ' Meb(Q¥)
such that lim inf M #' 1:" $. Then it follows from Lemma 4.4.1163 that, for all ' " +1 '
X ,

M (' 1:" +1) # inf
? ' " ( ' 1:" +1 )

lim inf M (? ) # inf
? ' " ( ' 1:" +1 )

$(? ) = $(' 1:" +1).

Hence, we have that M (' 1:" á) # $(' 1:" á), which implies by LE4156 and the super-
martingale character of M that

M (' 1:" ) # Q>
' 1:"

(M (' 1:" á))# Q>
' 1:"

( $(' 1:" á)).

Since this holds for any M ' Meb(Q¥) such that lim inf M #' 1:" $, it follows from
DeÞnition 4.7160 that E

eb
Q,V( $|' 1:" ) # Q>

' 1:"
( $(' 1:" á)). To see that the inequality is an

equality, consider the extended real processM deÞned byM (>) ! Q>
' 1:"

( $(' 1:" á))
for all >%' 1:" , and by M (>) ! $(' 1:" +1) for any > ' X ! such that >3 ' 1:" +1 for some
' " +1 ' X . Then M is bounded below because$ is bounded below and Q>

' 1:"
satis-

ÞesLE1156. It is also a supermartingale becauseQ>
' 1:"

(M (' 1:" á))= Q>
' 1:"

( $(' 1:" á))=
M (' 1:" ) and, for all >! ' 1:" , Q>

>(M (>á))= M (>) because ofLE1156 and the fact that
M (>á)is constant and equal toM (>). It is moreover easy to see thatlim inf M #' 1:" $
is guaranteed because$ is (" + 1)-measurable.

The Þnal statement, thatE
eb
Q,V satisÞesNE188, follows easily from the Þrst state-

ment that we have just proved, and the fact that Q>
> extends Q> by deÞnition for all

> ' X ! .

As argued in Section 4.1.2135, we want a global upper expectationÑ
and thus in speciÞcE

eb
Q,VÑto be at least as informative as the Þnitary global

169



Game-theoretic upper expectations

upper expectations from Chapter345 on the domain V 9 X ! , and preferably
to coincide with (any of) these Þnitary global upper expectations on F9X ! .
These conditions too are satisÞed byE

eb
Q,V, and can easily be inferred from

our earlier considerations. We state these results for the Þnitary global upper
expectationsEQ and EÞn

Q , but due to Theorem 3.5.190 and Theorem 3.5.291

they can just as well be stated for the other types of Þnitary global upper
expectations (as long as we consider agreeing trees).

Corollary 4.4.8. For any upper expectations treeQ¥, we have that

E
eb
Q,V( $|>) ( EQ ( $|>) for all ( $, >) ' V 9 X ! .

Proof. Note that Proposition 4.4.7! implies that E
eb
Q,V extendsE

pre
Q , where the latter

was deÞned by Eq. (3.13)85. Indeed, for any $ ' L (X ) and any ' 1:" ' X ! , we have
by Proposition 4.4.7! that

E
eb
Q,V( $(#" +1)|' 1:" ) = Q>

' 1:"
( $) = Q' 1:"

( $)
(3.13)

= E
pre
Q ( $(#" +1)|' 1:" ).

where the second equality follows from the fact that Q>
' 1:"

coincides by deÞnition
with Q' 1:"

on local gambles. So,E
eb
Q,V extendsE

pre
Q , and sinceE

eb
Q,V moreover satisÞes

WC182ÐWC482 according to Corollary 4.4.5167, we obtain from the deÞnition of the
natural extension EQ that

E
eb
Q,V( $|>) ( EQ ( $|>) for all ( $, >) ' V 9 X ! .

Corollary 4.4.9. For any upper expectations treeQ¥, we have that

E
eb
Q,V( $|>) = EQ ( $|>) = EÞn

Q ( $|>) for all ( $, >) ' F 9 X ! .

Proof. According to Theorem 3.4.688, it su" ces to show that E
eb
Q,VÑor its restric-

tion to F 9 X ! ÑsatisÞesNE188ÐNE388. To this end, observe thatNE188 follows from
Proposition 4.4.7! , NE288 follows from Proposition 4.4.3 [ EC6163], and NE388 fol-
lows from Theorem 4.4.4166.

That E
eb
Q,V is sometimes strictly more informative than EQ on V 9 X !

can easily be seen by recalling Examples3.6.199 and 4.1.1133, where in the
latter E

eb
Q,V will give the same result as E

r
A ,V due to Theorem 4.3.6161Ñ

for Q the appropriate agreeing upper expectations tree. The fact thatE
eb
Q,V

will yield desirableÑinformativeÑvalues in the case of Example 4.1.1133

can alternatively be inferred from the fact that, as we will show later in
Section4.6175, E

eb
Q,V is continuous with respect to increasing bounded below

sequences.
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4.5 DoobÕs convergence theorem, LŽvyÕs zeroÐone law, and their
implications for the deÞnition of the game-theoretic upper
expectation

The current section is devoted to two technical results that have proved
essential in the theory of game-theoretic probabilities and upper expec-
tations: DoobÕs convergence theorem and LŽvyÕs ZeroÐone law. Both of
these results are also well-known to hold in aÑmore traditionalÑmeasure-
theoretic context [ 5, 33, 61, 90]; however, the versions that we will state
here do not require any measurability conditions, nor do they require the
local models to be precise. The game-theoretic versions of these two results
will be instrumental for us as well, for instance, in order to establish that
E

eb
Q,V is continuous from below [Theorem 4.6.1175]. Though both results are

entirely due to Shafer, Vovk and Takemura [85, 88, 109], we nonetheless
present independent, yet very similar proofs for them because our frame-
work slightly di ! ers from theirs; see Section4.9187. As some of the involved
arguments are rather lengthy and technical, we have chosen to relegate
these proofs to Appendix4.B199.

To state the results, we require some new terminology. For any> ' X ! ,
we say that a supermartingaleM ' Meb(Q¥) is an >-test supermartingale
(for Q¥) if it is non-negative and M (>) = 1. If > = " , we simply say it is a
test supermartingale. For any> ' X ! , we say that an event%+ ! is almost
sure (a.s.) in " (>) if there is an >-test supermartingale that converges to+$
on " (>) \ %. In that case, we call the event%& null in " (>). If >= " , we drop
the ÔinÕ and simply speak of Ôalmost sureÕ and ÔnullÕ. For any two$, - ' V,
note that $ #> - a.s. in " (>) if and only if $ # - a.s. in " (>)Ñand similarly
for ( >, >> and <>.

Recall from Section3.1.352 that the (game-theoretic) upper probability
P

eb
Q,V corresponding to E

eb
Q,V is obtained by restricting E

eb
Q,V to the domain of

indicators (and situations), and that the (game-theoretic) lower probability
Peb

Q,V is obtained in a similar way from Eeb
Q,V. Then it can be shown easily that

an event %+ ! is almost sure in " (>) if and only P
eb
Q,V(%&|>) = 0 or, equiva-

lently, 5 if and only if Peb
Q,V(%|>) = 1; we refer to [ 85, Proposition 8.4] for an

illustration of how this can be deduced in the case where>= " . This is sim-
ilar to the traditional measure-theoretic deÞnition of an almost sure event;
that is, a measurable event with (measure-theoretic) probability one; see

5This follows from the fact that

Peb
Q,V

(%&|>) = Eeb
Q,V

(I%&|>) = Eeb
Q,V

(1&I%|>) = 1+Eeb
Q,V

(&I%|>) = 1&E
eb
Q,V (I%|>) = 1&P

eb
Q,V (%|>),

where we used Proposition 4.4.3164 [ EC5163] for the third equality and conjugacy [Corol-
lary 4.3.7162] for the fourth equality.
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Appendix 5.A263. In contrast with the measure-theoretic deÞnition however,
the game-theoretic approach provides a clear behavioural interpretation for
strictly null events % + ! : it says that Forecaster allows Skeptic to play in
such a way that he can start with capital equal to one (in the situation >)
and become inÞnitely rich on all paths ? ' %(that moreover go through >)
without ever borrowing money.

Using this terminology, Theorem 4.5.2 below establishes a version of
DoobÕs convergence theorem. It states that a bounded below supermartin-
gale converges to a real number almost surely. This is somewhat intuitive
(yet, not at all trivial): since a supermartingale is expected to decrease,
one would expect a bounded below supermartingale to converge to a real
number. We precede Theorem4.5.2 with a technical result that is very sim-
ilar to DoobÕs convergence theoremÑand from which DoobÕs convergence
theorem can easily be derived; see Appendix4.B199. We state it separately
because it will be used later on to prove Proposition4.5.4* .

Proposition 4.5.1. Consider any upper expectations treeQ¥ and any super-
martingale M ' Meb(Q¥). If M (>) is real for some> ' X ! , then there is
an >-test supermartingaleM ! that converges to+$ on all paths ? ' " (>)
whereM does not converge to an extended real number, and that converges to
an extended real number on all paths? ' " (>) whereM converges to a real
number.

Theorem 4.5.2 (DoobÕs convergence theorem). Consider any upper expecta-
tions treeQ¥ and any supermartingaleM ' Meb(Q¥). If M (>) is real for some
>' X ! , then M converges to a real number almost surely in" (>).

LŽvyÕs zeroÐone law captures yet another intuitive idea: in particular, it
says that the upper probability of an event F + ! conditional on a situation
? + shouldÑor, is expected toÑconverge to 1 as + * +$ if ? ' F. The
law as stated below is more general though, as it applies to bounded below
variables $ ' Vb instead of merely eventsF + ! ; the version for events
corresponds to choosing$ = IF.

Theorem 4.5.3 (LŽvyÕs zeroÐone law). For any upper expectations treeQ¥,
any $ ' Vb and any > ' X ! , the event

%!
!
? ' ! : lim inf

+* +$
E

eb
Q,V( $|? +) # $(? )

"
is a.s. in " (>).

One of the major consequences of DoobÕs convergence theorem and
LŽvyÕs zeroÐone law is that they allow us to draw some interesting con-
clusions about the deÞnition of E

eb
Q,V. In particular, we can use DoobÕs con-

vergence theoremÑor, rather, the technical Proposition 4.5.1 underlying
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DoobÕs convergence theoremÑto show that this operator is not impacted
much by changes in DeÞnition4.7160 that concern the limit behaviour of su-
permartingales; more speciÞcally, the following result shows that the limit
inferior in DeÞnition 4.7160 can be replaced by a limit, without a! ecting the
values of the resulting operator. As was the case for the earlier results in this
section [Section 4.5171], and as will also be the case for the future results
in this section, the ideas underlying the proof of this result are also due to
Shafer, Vovk and Takemura [85, 88].

Proposition 4.5.4. For any upper expectations treeQ¥, any $ ' V and any
> ' X ! , we have that

E
eb
Q,V( $|>) = inf

!
M (>) : M ' Meb(Q¥) and lim M #> $

"
,

where the conditionlim M #> $ is taken to imply that lim M exists within
" (>).

Proof. The inequality Ô( Õ is trivially satisÞed sincelim inf M => lim M for any
bounded below supermartingaleM whose limit lim M exists within " (>). It remains
to prove the converse inequality. If E

eb
Q,V( $|>) = +$ , it is trivially satisÞed. If not, Þx

any real : > E
eb
Q,V( $|>). Then, due to DeÞnition 4.7160, there is some supermartin-

gale M ' Meb(Q¥) such that M (>) ( : and lim inf M #> $. BecauseM is bounded
below and : is real, M (>) is also real. So, by Proposition4.5.1. , there is an >-test
supermartingale M ! that converges to+$ on all paths ? ' " (>) where M does not
converge in R and converges inR on all paths ? ' " (>) where M converges inR.

Fix any E ' R> and consider the processM 1 deÞned byM 1(A) ! M (A) +EM ! (A)
for all situations A' X ! . ThenM 1is again a bounded below supermartingale because
of Lemma4.4.2163 [which we can apply becauseM and M ! are both bounded below
and hence have a common lower bound]. We moreover have thatlim inf M 1 #> $
becauseEM ! is non-negative and lim inf M #> $. We will now show that, on top of
this, for all ? ' " (>), this processM 1 converges inR.

For any ? ' " (>), if M does not converge in R, M ! converges to +$ , and
therefore so doesM 1 becauseM is bounded below and E is positive. If M does
converge in R, it converges either to a real number or to +$ (convergence to &$
is impossible becauseM is bounded below). If M converges to a real number,M !

converges inR and therefore M 1 also converges inR. If M converges to+$ , then
so doesM 1 becauseEM ! is non-negative. Hence, for all ? ' " (>), M 1 converges in
R and the limit lim M 1(? ) therefore exists.

Now, recall that lim M 1 = lim inf M 1 #> $ and that M ' Meb(Q¥). Hence, we
have that

inf
!
M (>) : M ' Meb(Q¥) and lim M #> $

"
( M 1(>) = M (>) + EM ! (>) ( : + E.

This holds for any E ' R> and any : > E
eb
Q,V( $|>), which implies that indeed

inf
!
M (>) : M ' Meb(Q¥) and lim M #> $

"
( E

eb
Q,V( $|>).
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The following result shows that DeÞnition 4.7160 can be modiÞed in yet
another way; it says that the condition lim inf M #> $ in DeÞnition 4.7160

need in fact only hold almost surely in " (>).

Proposition 4.5.5. Consider any upper expectations treeQ¥, any $ ' V and
any > ' X ! . Then

E
eb
Q,V( $|>) = inf

!
M (>) : M ' Meb(Q¥) and lim inf M # $ a.s. in " (>)

"
.

(4.7)

Proof. Since for every supermartingaleM that satisÞeslim inf M #> $ it holds that
lim inf M # $ a.s. in " (>), we clearly have that

E
eb
Q,V( $|>) # inf

!
M (>) : M ' Meb(Q¥) and lim inf M # $ a.s. in " (>)

"
.

So it remains to prove the converse inequality. If the right-hand side of Eq. (4.7) is
equal to +$ , then this inequality is trivially satisÞed. So consider the case where
it is not. Fix any : ' R such that : > inf

%
M (>) : M ' Meb(Q¥) and lim inf M #

$ a.s. in " (>)
&

and any E' R>. Then there is some bounded below supermartingale
M : such that lim inf M : # $ a.s. in " (>) and

M : (>) ( : . (4.8)

Since lim inf M : # $ a.s. in " (>), there is some>-test supermartingale M !
: that con-

verges to +$ on % ! {? ' " (>) : lim inf M : (? ) < $(? )} . Consider the extended
real processM : + EM !

: . This process is again a bounded below supermartingale be-
cause of Lemma4.4.2163 [which we can apply becauseM : and M !

: are both bounded
below and hence have a common lower bound]. SinceM !

: converges to+$ on %and
becauseM : is bounded below, we have thatlim inf (M : +EM !

: ) (? ) = +$ # $(? ) for
all ? ' %. Moreover, for all ? ' " (>) \ %, we also have that lim inf (M : + EM !

: ) (? ) #
$(? ), becauselim inf M : (? ) # $(? ) and becauseEM !

: is non-negative. Hence,
lim inf (M : + EM !

: ) #> $ and consequently, alsoE
eb
Q,V( $|>) ( (M : + EM !

: ) (>). It
therefore follows from Eq. (4.8) that

E
eb
Q,V( $|>) ( (M : + EM !

: ) (>) = M : (>) + E( : + E.

Since this holds for anyE ' R>, we have that E
eb
Q,V( $|>) ( : , and since this is true for

all : ' R such that : > inf
%
M (>) : M ' Meb(Q¥) and lim inf M # $ a.s. in " (>)

&
,

it follows that

E
eb
Q,V( $|>) ( inf

!
M (>) : M ' Meb(Q¥) and lim inf M # $ a.s. in " (>)

"
.

Clearly, the inÞmum in Eq. (4.7) is taken over a larger set compared to
the inÞmum in DeÞnition 4.7160. Though Proposition 4.5.5 shows that the
resulting game-theoretic upper expectation is not impacted by this di! er-
ence, it does make sure that the inÞmum in Eq. (4.7) is actually attained for
bounded below variables $ ' VbÑthis follows from LŽvyÕs zeroÐone law.
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Proposition 4.5.6. For any upper expectations treeQ¥, any $ ' Vb and any
> ' X ! , the inÞmum in Eq.(4.7). is attained.

Proof. Let C be the extended real process deÞned byC(A) ! E
eb
Q,V( $|A) for all

A' X ! . Then C is a bounded below supermartingale because of Corollary4.4.6168.
Moreover, because of Theorem4.5.3172, we have that lim inf C # $ almost surely in
" (>). Since C(>) = E

eb
Q,V( $|>), this concludes the proof.

4.6 Continuity of the game-theoretic upper expectation with re-
spect to monotone sequences

We now turn to the Þnal part in our analysis of game-theoretic upper
expectations: their continuity properties. As was illustrated for instance
in Sections 3.698 and 4.1131, these properties are crucial when aiming to
develop a mathematical theory that is su" ciently elegant and powerful to
work with.

4.6.1 Continuity from below

Our Þrst continuity result establishes that, similarly to the local mod-
els Q>

>, the global upper expectation E
eb
Q,V satisÞes continuity with respect

to increasing sequences that are bounded below. This type of result, al-
though usually with measurability conditions, is known under the name of
Ôthe monotone convergence theoremÕ [5, 31, 89]. The idea behind our result
goes back to Vovk & Shafer [109, Theorem 6.6], but an updated version can
now also be found in their latest book [ 85, Proposition 8.3]. Once more, the
setting for which [ 85, Proposition 8.3] is stated slightly di ! ers from ours;
more speciÞcally, the authors do not necessarily consider a Þnite state space,
and their local models are assumed to satisfy di! erent axioms compared to
ours; see Section4.9187 for a more elaborate discussion. Moreover, they only
give an explicit proof for the case that there is a single, Þxed local modelQ
in all situations. For these reasons, we provide an independent proof.

Theorem 4.6.1 (Continuity from below) . For any upper expectations treeQ¥,
any > ' X ! and any increasing sequence( $+)+' N0 in Vb ,

E
eb
Q,V( $|>) = lim

+* +$
E

eb
Q,V( $+|>), with $ ! sup

+' N0

$+ = lim
+* +$

$+.

Proof. Throughout the proof, we will use Properties EC1163ÐEC6163 for E
eb
Q,V;

these follow from Proposition 4.4.3164, yet we will not explicitly refer to Proposi-
tion 4.4.3164 each time one of them is used. As$0 ' Vb is bounded below and the
sequence( $+)+' N0 is increasing, there is anQ ' R such that $+ # Q for all + ' N0
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and therefore, $ is also bounded below byQ. Hence, sinceE
eb
Q,V is constant additive

[ EC5163], we can assume without loss of generality that $and all $+ are non-negative.
That lim +* +$ E

eb
Q,V( $+|>) exists, follows from the increasing character of ( $+)+' N0

and EC4163. Moreover, we have that E
eb
Q,V( $|>) # lim +* +$ E

eb
Q,V( $+|>) because$ # $+

[since ( $+)+' N0 is increasing] and becauseE
eb
Q,V satisÞesEC4163. It remains to prove

the converse inequality.
For any + ' N0, consider the extended real processC+, deÞned by C+(A) !

E
eb
Q,V( $+|A) for all A' X ! and the extended real processC deÞned by the limit C(A) !

lim +* +$ C+(A) for all A ' X ! . This limit exists because( C+(A))+' N0 is an increasing
sequence for all A ' X ! , due to the monotonicity [ EC4163] of E

eb
Q,V. As $+ is non-

negative for all + ' N0, C+ is non-negative for all + ' N0 because ofEC1163 and
therefore C is also non-negative. As a result,C and all C+ are non-negative extended
real processes.

It now su" ces to prove that C is a bounded below supermartingale such that
lim inf C # $ a.s. in " (>), because it will then follow from Proposition 4.5.5174 that

E
eb
Q,V( $|>) = inf

!
M (>) : M ' Meb(Q¥) and lim inf M # $ a.s. in " (>)

"

( C(>) = lim
+* +$

E
eb
Q,V( $+|>).

This is what we now set out to do.
We Þrst show that C is a supermartingale; that it is bounded below follows

trivially from its non-negativity. For all situations A ' X ! , we already know that
( C+(Aá))+' N0 is an increasing sequence that converges toC(Aá). Since C+ and C are
non-negative, we also have that C+(Aá), C(Aá) ' L b(X ). Then, due to LE6156, we
have that

Q>
A( C(Aá))= lim

+* +$
Q>

A( C+(Aá))for all A' X ! . (4.9)

C+ is a supermartingale for all + ' N0 because of Corollary4.4.6168, so it follows
that Q>

A( C+(Aá)) ( C+(A) for all + ' N0 and all A' X ! . This implies, together with
Eq. (4.9), that

Q>
A( C(Aá))( lim

+* +$
C+(A) = C(A) for all A' X ! .

Hence, C is a supermartingale.
To prove that lim inf C # $ a.s. in " (>), we will use LŽvyÕs zeroÐone law. It

follows from Theorem 4.5.3172 that, for any + ' N0, there is an>-test supermartingale
M + that converges to+$ on the event

%+ !
!
? ' " (>) : lim inf

H* +$
E

eb
Q,V( $+|? H ) < $+(? )

"
.

Now, consider the extended real processM , deÞned by

M (A) !
$

+' N0

( +M +(A) for all A' X ! ,

where the coe" cients ( + > 0 sum to 1. Then it follows from Lemma 4.4.2163 that
M is again a non-negative supermartingale. Moreover, it is clear thatM (>) = 1 and
hence,M is an >-test supermartingale.
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We show that M converges to +$ on all paths ? ' " (>) for which
lim inf H* +$ C(? H ) < $(? ). Clearly, M converges to+$ on %+' N0 %+ & %. Con-
sider now any path ? ' " (>) for which lim inf H* +$ C(? H ) < $(? ). As explained
before, C+(A) is increasing in + for all A ' X ! , so we have that sup+' N0

C+(? H ) =
lim +* +$ C+(? H ) = C(? H ) for all H ' N0. Since lim inf H* +$ C(? H ) < $(? ), this
implies that

lim inf
H* +$

sup
+' N0

C+(? H ) < sup
+' N0

$+(? ).

Sincesup+' N0
lim inf H* +$ C+(? H ) ( lim inf H* +$ sup+' N0

C+(? H ) [because we obvi-
ously have that C+(? H ) ( sup+' N0

C+(? H ) for all +, H ' N0], this implies that

sup
+' N0

lim inf
H* +$

E
eb
Q,V( $+|? H ) = sup

+' N0

lim inf
H* +$

C+(? H ) ( lim inf
H* +$

sup
+' N0

C+(? H ) < sup
+' N0

$+(? ).

(4.10)
Hence, there is some+? ' N0 such that

sup
+' N0

lim inf
H* +$

E
eb
Q,V( $+|? H ) < $+? (? ),

and therefore, we see that in particular

lim inf
H* +$

E
eb
Q,V( $+? |? H ) < $+? (? ).

So ? ' %+? + % and, as a consequence,M converges to +$ on ? . Hence,
the >-test supermartingale M converges to +$ on all paths ? ' " (>) such that
lim inf H* +$ C(? H ) < $(? ), and therefore lim inf C # $ almost surely in " (>).

A fairly immediate consequence of Theorem4.6.1175 is that E
eb
Q,V satis-

Þes a version of FatouÕs lemma [5, 89]. Here, and also further on in this
dissertation, we will say that a sequence( $+)+' N of variables in V is uni-
formly bounded below if there is some & ' R such that & ( inf $+ for all
+ ' N.

Corollary 4.6.2 (FatouÕs Lemma). For any upper expectations treeQ¥ ,
any situation > ' X ! and any sequence( $+)+' N0 in Vb that is uniformly
bounded below, we have thatE

eb
Q,V( $|>) ( lim inf +* +$ E

eb
Q,V( $+|>) where $ !

lim inf +* +$ $+.

Proof. Consider any > ' X ! and any sequence( $+)+' N0 in Vb that is uniformly
bounded below. For all " ' N0, let - " be the global variable deÞned by- " (? ) !
inf +# " $+(? ) for all ? ' ! . Then lim " * +$ - " = lim inf +* +$ $+ = $. Furthermore,
(- " )" ' N0 is clearly increasing and it is a sequence inVb because( $+)+' N0 is uniformly
bounded below. Hence, we can use Theorem4.6.1175 to Þnd that

E
eb
Q,V( $|>) = lim

" * +$
E

eb
Q,V(- " |>) = lim inf

" * +$
E

eb
Q,V(- " |>) ( lim inf

" * +$
E

eb
Q,V( $" |>),

where the inequality holds because, for all " ' N0, - " ( $" and therefore, because
of Proposition 4.4.3 [ EC4163], also E

eb
Q,V(- " |>) ( E

eb
Q,V( $" |>).
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4.6.2 Continuity with respect to lower cuts and compatibility with
the local models

The following result states that E
eb
Q,V is continuous with respect to de-

creasing sequences of lower cuts. In other words,E
eb
Q,V(á|>) satisÞes Ax-

iom CU2143, which was used in Section4.2.2142 as a part of our approach
to extend game-theoretic upper expectations with real-valued supermartin-
gales from V 9 X ! to V 9 X ! .

Proposition 4.6.3 (Continuity w.r.t. lower cuts) . For any upper expectations
treeQ¥, any $ ' V and any > ' X ! ,

lim
&* &$

E
eb
Q,V( $@&|>) = E

eb
Q,V( $|>).

Proof. E
eb
Q,V( $@&|>) is increasing in &because$@& is increasing in &and because the

upper expectation E
eb
Q,V is monotone [EC4163 in Proposition 4.4.3164], and there-

fore lim &* &$ E
eb
Q,V( $@&|>) exists. Moreover, $@& # $ for all & ' R, implying, by the

monotonicity [ EC4163 in Proposition 4.4.3164] of E
eb
Q,V, that lim &* &$ E

eb
Q,V( $@&|>) #

E
eb
Q,V( $|>). It therefore only remains to prove the converse inequality.

If E
eb
Q,V( $|>) = +$ , then lim &* &$ E

eb
Q,V( $@&|>) ( E

eb
Q,V( $|>) holds trivially. If

E
eb
Q,V( $|>) < +$ , Þx any real : > E

eb
Q,V( $|>). Then it follows from the deÞnition

of the upper expectation E
eb
Q,V( $|>) that there is some supermartingaleM ' Meb(Q¥)

such that M (>) ( : and lim inf M #> $. Since M is bounded below, it imme-
diately follows that there is some 0 ' R such that lim inf M # & for all & ( 0.
For any such & ( 0, we have that lim inf M #> $@&, which by DeÞnition 4.7160

implies that E
eb
Q,V( $@&|>) ( M (>) ( : . This holds for all & ( 0, so we infer that

lim &* &$ E
eb
Q,V( $@&|>) ( : , and since this holds for any : > E

eb
Q,V( $|>), we conclude

that indeed lim &* &$ E
eb
Q,V( $@&|>) ( E

eb
Q,V( $|>).

Proposition 4.6.3 implies that E
eb
Q,V on V 9 X ! is uniquely determined by

its values onVb 9 X ! . Moreover, due to Theorem4.6.1175, E
eb
Q,V(á|>) for any

> ' X ! also satisÞesCU1143, so the values ofE
eb
Q,V on Vb9X ! are on their turn

uniquely determined by its values on V 9 X ! . Together, these observations
imply that E

eb
Q,V is uniquely determined by its values on V 9 X ! . We will

moreover show in Section 4.8186 that these values coincide with those of
E

r
A ,V on V 9 X ! Ñif A¥ and Q¥ agreeÑand therefore, since E

eb
Q,V(á|>) for any

> ' X ! satisÞesCU1143 and CU2143, that E
eb
Q,V coincides with the extended

upper expectation E
>

A ,V on the entire domain V 9 X ! .
Proposition 4.6.3 also immediately conÞrms part of our claim at the end

of Section 4.3.3158, where we said that, although imposing CU2143 onto the
local models does not a! ect the values of the corresponding global game-
theoretic upper expectation, the axiom is crucial when we desire full com-
patibility of local and global upper expectations, rather than only the partial
compatibility that was established by Proposition 4.4.7169. We only show
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4.6 Continuity with respect to monotone sequences

here that CU2143Ñtogether with CU1143Ñis su " cient for full compatibil-
ity; later on, in Section 4.9187, we will show that it is also necessary.

Corollary 4.6.4 (Compatibility with local models) . Consider any upper ex-
pectations treeQ¥ and let Q>

¥ be the corresponding extended upper expectations
tree. ThenE

eb
Q,V( $|' 1:+) = Q>

' 1:+
( $(' 1:+á))for all ' 1:+ ' X ! and all (+ + 1)-

measurable variables$ ' V.

Proof. Consider any ' 1:+ ' X ! and any (+ + 1)-measurable extended real variable
$ ' V. Clearly, $@& is bounded below and remains to be(+ + 1)-measurable for any
& ' R. Due to Proposition 4.4.7169, we have that E

eb
Q,V( $@&|' 1:+) = Q>

' 1:+
( $@&(' 1:+á))

for any &' R. Then, becauseE
eb
Q,V(á|' 1:+) satisÞesCU2143 due to Proposition 4.6.3. ,

and Q>
' 1:+

satisÞesCU2143 by deÞnition, we clearly also have that E
eb
Q,V( $|' 1:+) =

Q>
' 1:+

( $(' 1:+á)).

4.6.3 Eeb
Q,V may fail continuity from above

Even though the upper expectationE
eb
Q,V is continuous with respect to in-

creasing sequences and with respect to decreasing sequences of lower cuts, it
is not necessarily continuous with respect to general decreasing sequencesÑ
and therefore certainly not with respect to general pointwise convergence.
This is shown by the following example.

Example 4.6.5. Let X ! { ) , * } and consider the upper expectations tree
Q¥ deÞned byQ>( $) ! sup $ for all > ' X ! and all $ ' L (X ). Then it can
be checked easily that eachQ> is coherent, and that the extended treeQ>

¥

satisÞesQ>
>( $) = sup $ for all > ' X ! and all $ ' L (X ). Moreover, since

no supermartingale M ' Meb(Q¥) is ever able to increase, it can be inferred
that

E
eb
Q,V(- |>) = sup(- |>) for all (- , >) ' V 9 X ! .

Now consider the decreasing sequence(%+)+' N of events deÞned by%+ !
" () +) \ { ))) á á á }for all + ' N; so for any + ' N and ? ' ! , we have that
? ' %+ if (and only if) at least the Þrst + components of? are ) , but not all
of them. Then we have that E

eb
Q,V(I%+ |" ) = sup(I%+) = 1 for all + ' N. On

the other hand, it can easily be checked thatlim +* +$ %+ = ) , and therefore
that E

eb
Q,V(lim +* +$ I%+ |" ) = E

eb
Q,V(0|" ) = sup(0) = 0. Hence, we Þnd that

lim
+* +$

E
eb
Q,V(I%+ |" ) = 1 ! 0 = E

eb
Q,V( lim

+* +$
I%+ |" ),

which shows that E
eb
Q,V does not satisfy continuity with respect to general

decreasing sequences. "
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Game-theoretic upper expectations

4.7 Behaviour of the game-theoretic upper expectation with re-
spect to sequences of Þnitary variables

In the previous section, we saw that E
eb
Q,V does not necessarily satisfy

continuity with respect to pointwise convergence, not even if the considered
sequence is downward monotone. Luckily enough though, sequences of in-
terest will in many cases be composed of variables that are Þnitary (note
that this is not the case for Example 4.6.5! ); such sequences tend to be
more well-behaved and therefore allow us to establish stronger continuity
properties for E

eb
Q,V. In the present section, we set out to do so; one of the

most important continuity properties is continuity with respect to decreas-
ing sequences of bounded above Þnitary variables.

Sequences of Þnitary variables or, more speciÞcally, Þnitary gambles
are also interesting from a practical point of view, because their associ-
ated global upper expectations can be computed fairly e" ciently; see e.g.
[ 100]. If these computational methods are combined with the appropriate
continuity propertiesÑwhich tend to be stronger for sequences of Þnitary
variablesÑwe also immediately have a method for computing (or approxi-
mating) upper expectations for many non-Þnitary variables.

4.7.1 Some notes about Þnitary variables and their pointwise limits

Because of their importance in this section, we Þrst want to establish
some basic, yet convenient properties for sequences of Þnitary variables.
First is the fact that any sequence of Þnitary variables can be equivalently
considered as a sequence of+-measurable variables; the latter is a sequence
( $+)+' N of global variables where, for any + ' N, the variable $+ ' V is
+-measurable. It is clear that this is not the case for all sequences of Þni-
tary variables, yet we can always modify it, arriving at a sequence of+-
measurable variables, while not a! ecting most of the other sequence char-
acteristics, including its pointwise limit (should it exist). This can be done
using the following construction.

Consider any sequence(- +)+' N0 of Þnitary variables, and let (- P
+)+' N0

and P: N * N0 be deÞned by the following recursive expressions, where
- P

0 ! &' R is a freely chosen extended real number andP(1) ! 0:

- P
+ !

'
- P(+) if - P(+) is +-measurable;

- P
+&1 otherwise,

and, (4.11)

P(+ + 1) !

'
P(+) + 1 if - P(+) is +-measurable;

P(+) otherwise,
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4.7 Behaviour of game-theoretic upper expectations w.r.t. Þnitary variables

for all + ' N. The construction above seems more technical than it actu-
ally is; informally speaking, the sequence (- P

+)+' N0 is simply created from
(- +)+' N0 by keeping the sequence(- +)+' N0 constant for a number of steps,
then switching to the next variable in the sequence (- +)+' N0 at the appro-
priate moment. For instance, consider the sequence(- +)+' N0 such that
- 0 = - 1 = - 2 = 1)) , - 3 = 1) 6 and - + = 1) + for all + # 4, with ) some
state in the state spaceX for which it holds that |X | > 1. Then (- P

+)+' N0 is
given by &, &, - 0, - 1, - 2, - 2, - 3, - 4, - 5, - 6, . . . .

The following lemma establishes our claim that, amongst other things,
the newly created sequence(- P

+)+' N0 is a sequence of+-measurable variables.

Lemma 4.7.1. Consider any sequence(- +)+' N0 of Þnitary variables and let
(- P

+)+' N0 be deÞned by Eq.(4.11). . Then we have that

(i) (- P
+)+' N0 is a sequence of+-measurable variables.

(ii) If (- +)+' N0 is increasing and- P
0 ( inf - 0, then (- P

+)+' N0 is increasing too.

(iii) If (- +)+' N0 is decreasing and- P
0 # sup- 0, then (- P

+)+' N0 is decreasing
too.

(iv) If (- +)+' N0 is uniformly bounded below, then so is(- P
+)+' N0 .

(v) If (- +)+' N0 is a sequence of gambles and&' R, then so is(- P
+)+' N0 .

(vi) lim inf +* +$ - + = lim inf +* +$ - P
+ and lim sup+* +$ - + = lim sup+* +$ - P

+.

(vii) lim inf +* +$ E
eb
Q,V(- +|>) = lim inf +* +$ E

eb
Q,V(- P

+|>) and
lim sup+* +$ E

eb
Q,V(- +|>) = lim sup+* +$ E

eb
Q,V(- P

+|>).

Proof. We prove (i) by induction. - P
0 = & is clearly 0-measurable. To prove the

induction step, suppose that - P
" &1 is (" & 1)-measurable for some" ' N. Then if - P(" )

is " -measurable, so is- P
" = - P(" ) . Otherwise, - P

" is equal to - P
" &1 implying that - P

" is
(" & 1)-measurable and therefore also" -measurable. This concludes the induction
step.

In order to prove (ii) and (iii) , observe that (- +)+' N0 is a subsequence of(- P
+)+' N0 ,

and more speciÞcally that there is a functionR : N0 * N such that (- P
+)+' N0 consists

of R(0) times &, then R(1) times - 0, then R(2) times - 1, and so on; indeed, the fact
that each - + only appears a Þnite number of times in(- P

+)+' N0 is due to the fact that - +

is Þnitary, and thus H-measurable for someH ' N0. It is then obvious, by a suitable
choice of &' RÑthat is, any &( inf - 0 if (- +)+' N0 is increasing, or any &# sup- 0 if
(- +)+' N0 is decreasingÑthat (- P

+)+' N0 has the same monotone character as the original
sequence(- +)+' N0 . Properties (iv) Ð(vii) follow from similar observations.

Due to Lemma 4.7.1 (vi) , the pointwise limits of sequences of +-
measurable variables constitute the same subset ofV as the pointwise limits
of sequences of Þnitary variables. The following result additionally shows
that when such limits are bounded below, we can restrict our attention to
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Game-theoretic upper expectations

sequences of+-measurable gambles. We use Lb to denote the set of all
bounded below variables $ ' Vb such that $ = lim +* +$ $+ for some se-
quence ( $+)+' N0 of Þnitary variables.

Proposition 4.7.2. Any $ ' Lb is the pointwise limit of a sequence( $+)+' N0 of
+-measurable gambles. Furthermore, we can guarantee that0 ( $+ ( sup $
for all + ' N0, where 0 is any real number if inf $ = +$ , and 0 = inf $
otherwise.

Proof. Fix any $ ' Lb. Then, according to the deÞnition of Lb, $ is the pointwise
limit of a sequence (- +)+' N0 of Þnitary variables. Let (- P

+)+' N0 be the sequence de-
Þned by Eq. (4.11)180, with & = 0, which by Lemma 4.7.1(i) ! is a sequence of
+-measurable variables. By Lemma4.7.1(vi) ! , the sequences(- +)+' N0 and (- P

+)+' N0

have the same limit behaviour, so(- P
+)+' N0 converges pointwise to $. Let 0 be any real

if inf $ = +$ and let 0 ! inf $ if inf $ ' R [the case where inf $ = &$ is impossible
because$is bounded below]. Let ( $+)+' N0 be the sequence deÞned by bounding each
- P

+ above bymin{+, sup $} and below by 0; so $+(? ) ! max{min{ - P
+(? ), +, sup $} , 0}

for all ? ' ! and all + ' N0. Then it is clear that ( $+)+' N0 is a sequence of+-
measurable gambles because(- P

+)+' N0 is a sequence of+-measurable (possibly ex-
tended real) variables. It also converges pointwise to $ because

$(? ) = max
!

min{ $(? ), sup $} , 0
"

= max
!

min
%

lim
+* +$

- P
+(? ), lim

+* +$
+, sup $

&
, 0

"

= lim
+* +$

max
!

min{ - P
+(? ), +, sup $} , 0

"

= lim
+* +$

$+(? ),

for all ? ' ! , where the Þrst equality follows from the fact that 0 ( inf $ ( $.
Moreover, for all + ' N0, we clearly have that 0 ( $+, and also $+ ( sup $ because
min{ - P

+(? ), +, sup $} ( sup $ for all ? ' ! and 0 ( inf $ ( sup $. Hence, ( $+)+' N0

satisÞes all of the conditions in the proposition.

4.7.2 Continuity with respect to sequences of Þnitary variables

We now present two important results concerning the behaviour of E
eb
Q,V

with respect to sequences of Þnitary variables. The Þrst one guarantees that
E

eb
Q,V is continuous with respect to decreasing sequences of Þnitary bounded

above variables. The second one states that, for any$ ' Lb, there is al-
ways a sequence of+-measurable gamblesÑand therefore also a sequence
of Þnitary gamblesÑthat converges pointwise to $ and for which E

eb
Q,V is

continuous. The proofs of these results can be found in Appendix4.C208.

Theorem 4.7.3 (Continuity w.r.t. decreasing Þnitary variables) . For any up-
per expectations treeQ¥, any > ' X ! and any decreasing sequence( $+)+' N0 of
Þnitary, bounded above variables that converges pointwise to a variable$ ' V,
we have thatlim +* +$ E

eb
Q,V( $+|>) = E

eb
Q,V( $|>).
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4.7 Behaviour of game-theoretic upper expectations w.r.t. Þnitary variables

Theorem 4.7.4. For any upper expectations treeQ¥, any > ' X ! and
$ ' Lb , there is a sequence( $+)+' N0 of +-measurable gambles that is
uniformly bounded below and that converges pointwise to$ such that
lim +* +$ E

eb
Q,V( $+|>) = E

eb
Q,V( $|>).

Observe that Theorem4.7.3. is especially strong if it is combined with
Theorem 4.6.1175: together, they imply that both the game-theoretic up-
per expectation E

eb
Q,V and the game-theoretic lower expectation Eeb

Q,V are
continuous with respect to increasing sequences of bounded below Þnitary
variables, and continuous with respect to decreasing sequences of bounded
above Þnitary variables.6 In practice, this comes down to being continuous
with respect to almost all monotone sequences ofÞnitary gambles . This
property has already been used by Krak et al. [58] in order to obtain an
equivalence result about hitting times and hitting probabilities in imprecise
Markov chains. Theorem4.7.4, on the other hand, further establishes the
importance of Þnitary variables and their limits when it comes to charac-
terising E

eb
Q,V. In fact, Theorem 4.7.4 will be a key result for obtaining our

alternative axiomatic characterisation of E
eb
Q,V in Section 6.2290.

In light of Theorems 4.7.3. and 4.7.4, one might now wonder how
far the continuity of E

eb
Q,V with respect to sequences of Þnitary gambles

stretches. We know that E
eb
Q,V is not necessarily continuous with respect

to general pointwise convergence, but perhaps it could still be continuous
if we restrict ourselves to converging sequences of Þnitary gambles. Unfor-
tunately, as the following example shows, this is not the case, not even for
sequences of indicators of cylinder events.

Example 4.7.5. Let X ! { ) , * } and consider the same upper expectations
tree Q¥ as in Example4.6.5179; as explained in that example, we then have
that E

eb
Q,V(- |>) = sup(- |>) for all (- , >) ' V 9 X ! . Observe that for the se-

quence() +* )+' N of situations, we have that E
eb
Q,V(1) +* |" ) = sup(1) +* ) = 1 for

all + ' N. Yet, it can also be checked thatlim +* +$ 1) +* = 0, which implies
that E

eb
Q,V(lim +* +$ 1) +* |" ) = E

eb
Q,V(0|" ) = 0, where the last equality follows

from Proposition 4.4.3 [ EC1163]. So we Þnd that

lim
+* +$

E
eb
Q,V(1) +* |" ) = 1 ! 0 = E

eb
Q,V( lim

+* +$
1) +* |" ).

Hence, since(1) +* )+' N is a sequence of Þnitary gambles,E
eb
Q,V does in gen-

eral not satisfy continuity with respect to pointwise convergence of Þnitary
gambles. "

6Indeed, by conjugacy [Corollary 4.3.7162], Theorem 4.6.1175 implies that Eeb
Q,V is con-

tinuous with respect to decreasing sequences that are bounded above, and Theorem4.7.3.

implies that Eeb
Q,V is continuous with respect to increasing sequences that are bounded below.
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4.7.3 Expressions forEeb
Q,V in terms of (limits of) Þnitary gambles

Our next two results further emphasize the central role of the variables
in F and Lb for the characterisation of E

eb
Q,V. The Þrst one states that the

upper expectation E
eb
Q,V( $|>) of any variable $ ' V, conditional on any > '

X ! , is the lower envelope of the upper expectationsE
eb
Q,V(- |>) of variables

- ' Lb that are (pointwise) equal to or larger than $ on " (>). The second
one further parses this expression and fully characterisesE

eb
Q,V using only

its values on the Þnitary gambles. Together with Theorem4.7.4! , both
of these results will be crucial in Chapter 6283, where E

eb
Q,V will be given

an alternative characterisation in terms of some fairly simple axioms. It is
also interesting to compare these results to Proposition3.5.1097, which fully
characterisesEQ using only its values on F 9 X ! , as it sheds some light on
the di! erences betweenE

eb
Q,V and EQ.

Proposition 4.7.6. Consider any upper expectations treeQ¥, any $ ' V and
any > ' X ! . Then

E
eb
Q,V( $|>) = inf

!
E

eb
Q,V(- |>) : - ' Lb and - #> $

"

= inf
!
E

eb
Q,V(- |>) : - ' Lb and - # $

"
. (4.12)

Proof. BecauseE
eb
Q,V is monotone [EC4163 in Proposition 4.4.3164], we have that

E
eb
Q,V( $|>) ( E

eb
Q,V(- |>) for any - ' Lb such that $ ( > - . It therefore follows immedi-

ately that

E
eb
Q,V( $|>) ( inf

!
E

eb
Q,V(- |>) : - ' Lb and - #> $

"
( inf

!
E

eb
Q,V(- |>) : - ' Lb and - # $

"
,

where the last inequality follows from the fact that - # $ implies - #> $ for any
- ' V. It remains to prove that inf

!
E

eb
Q,V(- |>) : - ' Lb and - # $

"
( E

eb
Q,V( $|>).

Consider anyM 1 ' Meb(Q¥) such that lim M 1 exists within " (>) and such that
lim M 1 #> $. Let M be the extended real process deÞned byM (A) ! M 1(A) for
all A 3 >, and by M (A) ! +$ for all A $ >. We show that M is a bounded below
supermartingale such that lim M # $. The processM is bounded below becauseM 1

is. Moreover, we have, for all A3 >, that Q>
A(M (Aá))= Q>

A(M 1(Aá))( M 1(A) = M (A)
becauseM 1 is a supermartingale, and, for all A$ >, we also have thatQ>

A(M (Aá))(
M (A) because thenM (A) = +$ . Hence,M is also a supermartingale. Furthermore,
note that lim M => lim M 1 #> $ and, for any path ? not going through >, that
lim M (? ) = +$ # $(? ), which all together implies that lim M # $.

Now, let (- +)+' N be the sequence deÞned by- +(? ) ! M (? +) for all + ' N and
all ? ' ! . Then it is clear that (- +)+' N is a sequence of+-measurable, and therefore
Þnitary, extended real variables that is uniformly bounded below. Moreover, since
lim M exists everywhere, we have that- (? ) ! lim +* +$ - +(? ) = lim +* +$ M (? +)
exists for all ? ' ! . Hence,- ' Lb and becauselim M # $also - # $. It furthermore
follows from DeÞnition 4.7160 that E

eb
Q,V(- |>) ( M (>) becauselim M #> - (since, in
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4.7 Behaviour of game-theoretic upper expectations w.r.t. Þnitary variables

fact, lim M = - ). This implies that

inf
!
E

eb
Q,V(- |>) : - ' Lb and - # $

"
( M (>) = M 1(>).

Since this holds for any M 1 ' Meb(Q¥) such that lim M 1 exists within " (>) and
lim M 1 #> $, it follows from Proposition 4.5.4173 that, indeed,

inf
!
E

eb
Q,V(- |>) : - ' Lb and - # $

"
( E

eb
Q,V( $|>).

As already mentioned, the following result fully characterises E
eb
Q,V in

terms of its values onF 9 X ! .

Proposition 4.7.7. For any upper expectations treeQ¥ and any ( $, >) ' V 9
X ! , we have that

E
eb
Q,V( $|>)

= inf
!
lim inf
+* +$

E
eb
Q,V(- +|>) : - + ' F, (; 0 ' R) - + # 0 and lim

+* +$
- + #> $

"
.

Proof. Fix any ( $, >) ' V 9 X ! . We Þrst prove that

E
eb
Q,V( $|>) ( inf

!
lim inf

+* +$
E

eb
Q,V(- +|>) : - + ' F, (; 0 ' R) - + # 0 and lim

+* +$
- + #> $

"
.

(4.13)
Fix any sequence(- +)+' N in F that is uniformly bounded belowÑso there is a 0 ' R
such that - + # 0 for all + ' NÑand such that lim +* +$ - + #> $. Then, by Corol-
lary 4.6.2177,

lim inf
+* +$

E
eb
Q,V(- +|>) # E

eb
Q,V( lim

+* +$
- +|>) # E

eb
Q,V( $|>),

where the last inequality follows from Proposition 4.4.3164 [ EC4163]. Since the in-
equality above holds for all sequences(- +)+' N in F that are uniformly bounded below
and for which lim +* +$ - + #> $, we conclude that Eq. (4.13) holds.

To prove the converse inequality, Þx any- ' Lb such that - #> $. According to
Theorem 4.7.4183, there is a sequence(- +)+' N in F that is uniformly bounded below
and for which lim +* +$ - + = - and

E
eb
Q,V(- |>) = lim

+* +$
E

eb
Q,V(- +|>) = lim inf

+* +$
E

eb
Q,V(- +|>).

As a result, since (- +)+' N is moreover uniformly bounded below and is such that
lim +* +$ - + = - #> $, we obtain that

E
eb
Q,V(- |>) # inf

!
lim inf

+* +$
E

eb
Q,V(- +|>) : - + ' F, (; 0 ' R) - + # 0 and lim

+* +$
- + #> $

"
.

Since the inequality above holds for all - ' Lb such that - #> $, we infer from
Proposition 4.7.6. that

E
eb
Q,V( $|>) # inf

!
lim inf

+* +$
E

eb
Q,V(- +|>) : - + ' F, (; 0 ' R) - + # 0 and lim

+* +$
- + #> $

"
,

which together with Eq. ( 4.13) concludes the proof.
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4.8 Concluding notes on the deÞnition of a game-theoretic upper
expectation

An important contribution of this chapter to the theory of game-theoretic
probability is, besides that it establishes a multitude of fundamental prop-
erties for game-theoretic upper expectations, that it provides an overview of
the possible deÞnitions and an argumentation for why one speciÞc version
stands out. Such an overview and argumentation is particularly relevant
because many slightly di! erent deÞnitions for a global game-theoretic up-
per expectation have appeared in the literature [8, 86, 88, 109], and it is
not always clear what these di! erences entail. Most versions only di! er in
how the supermartingales are allowed to behave. Propositions4.5.4173 and
4.5.5174, as well as [85, Proposition 7.7], show that the deÞnition of E

eb
Q,V

is fairly robust with respect to changes that concern the limit behaviour of
supermartingales and, more speciÞcally, how this limit behaviour relates to
the variable $ in consideration. A choice that does have a large impact is
whether to use real-valued or extended real-valued supermartingales, and
whether we require them to be bounded below or not. We have chosen to
adopt a version of the game-theoretic upper expectation with bounded be-
low extended real-valued supermartingalesMeb(A¥), mainly because of our
Þndings in Sections4.1131Ð4.3152, but also because of some claims about the
desirable features ofE

eb
A ,VÑrecall the end of Section 4.2.3145. Using the re-

sults from Sections4.4162ÐSection4.7180 we can now conÞrm these claims.
Let us Þrst brießy recall the following considerations from Sections4.1131Ð
4.3152.

Given a general acceptable gambles treeA¥, the game-theoretic upper
expectation E

rB
A ,V is the version with the most direct and intuitive interpre-

tation because it solely involves the use ofbounded supermartingales; we
regard this to be a practically sensible assumption because we interpret su-
permartingales as capital processes and because, in a realistic, practical con-
text, one can never borrow or gain an unbounded or inÞnite amount of
money. The versionE

rB
A ,V furthermore coincides with the versions E

r
A ,V and

E
rb
A ,VÑwhich are interpretationally less direct because they use real-valued

supermartingales that are not bounded (above)Ñon the domain V 9 X ! .
On the domain V 9 X ! , all three the upper expectations E

rB
A ,V, E

r
A ,V and

E
rb
A ,V turn out to be unsuitable; E

r
A ,V has the undesirable feature that it

sometimes becomes lower than its corresponding game-theoretic lower ex-
pectation [Example 4.2.1139]; E

rB
A ,V and E

rb
A ,V sometimes return excessively

largeÑconservativeÑvalues [Example 4.2.2140]. An appropriate solution
to these issues was found by adopting the use of extended real supermartin-
gales. This led us to the deÞnition ofE

eb
A ,V, which on its turn is equivalent
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to E
eb
Q,V as long as the upper expectations treeQ¥ agrees with A¥ through

Eq. (3.1)50; recall Theorem 4.3.6161.7

Now, apart from solving the issues raised in Examples 4.2.1139

and 4.2.2140Ñand also the one in Example 3.6.199 due to Proposi-
tion 4.2.8150 and Example 4.1.1133Ñ E

eb
A ,V was claimed to have numerous

desirable properties; this is now conÞrmed by the results in Sections4.4162Ð
Section 4.7180. Among others, E

eb
A ,V satisÞes extended coherence proper-

ties, a general law of iterated upper expectations, continuity with respect
to increasing (bounded below) sequences and continuity with respect to
decreasing (bounded above) sequences of Þnitary variables. These results
were established for E

eb
Q,VÑbecause the parametrisation in terms of upper

expectations trees is more convenientÑbut, by Theorem4.3.6161, they also
hold for any acceptable gambles treeA¥ and the corresponding upper ex-
pectation E

eb
A ,V.

Moreover, a Þnal argument for the use of E
eb
Q,VÑor E

eb
A ,VÑis that, as

was claimed at the end of Section4.2.3145, and as we will show next, E
eb
A ,V

coincides with E
>

A ,V. Recall from Section4.2.2142 that E
>

A ,V was by deÞnition
equal to E

rb
A ,VÑor, better, E

rB
A ,VÑon V 9 X ! , and was further deÞned on

V9X ! by imposing continuity with respect to upper and lower cuts [ CU1143,
CU2143]. As we have argued there, we believe the deÞnition ofE

>

A ,V to make
more sense, interpretationally speaking, than the one ofE

eb
A ,V because the

former still fundamentally relies on bounded real-valued supermartingales
instead of extended real-valued ones. Since the upper expectationsE

>

A ,V and
E

eb
A ,V coincide, E

>

A ,V can thus serve as an alternativeÑand more intuitiveÑ
characterisation for E

eb
A ,V.

Proposition 4.8.1. For any acceptable gambles treeA¥, we have that

E
eb
A ,V( $|>) = E

>

A ,V( $|>) for all ( $, >) ' V 9 X ! .

Proof. First note that E
eb
A ,V extends (the restriction to V 9X ! of) E

rb
A ,V due to Propo-

sition 4.2.8150. SinceE
eb
A ,V(á|>) for any > ' X ! moreover satisÞesCU1143 and CU2143

by Theorem4.6.1175, Proposition 4.6.3178 and Theorem4.3.6161, and sinceE
>

A ,V(á|>)
is by DeÞnition 4.3143 the unique global upper expectation that extends E

rb
A ,V (on

V 9 X ! ) and is such that, for all > ' X ! , E
>

A ,V(á|>) satisÞesCU1143 and CU2143, we
obtain that E

eb
A ,V coincides with E

>

A ,V on the entire domain V 9 X ! .

4.9 Relationship to Shafer and VovkÕs work

We conclude this chapter on game-theoretic upper expectations with a
brief study on the relation between our work and that of Shafer and Vovk. Of

7Results similar to Theorem 4.3.6161 could also be deduced for the upper expectations
Er

A ,V, Erb
A ,V and ErB

A ,V.
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Figure 4.2 Schematic overview of the most important game-theoretic ap-
proaches and their connections.

course, many others have contributed signiÞcantly to the Þeld as well [8, 9,
21, 74, 88], yet we regard Shafer and VovkÕs new book [85] to be our main
point of reference because (i) it proposes a full-ßedged and self-contained
theory of game-theoretic probability that covers a broad range of results and
topics; (ii) it is recent and therefore takes into account and/or includes most
of the novel contributions to the ÞeldÑcontrary to [ 86], which is in some
aspects already outdated; and (iii) Part II in [ 85] concerns material that is
closely related to what we have presented here.

4.9.1 A brief overview

The starting point in Shafer and VovkÕs frameworkÑnot only in [85]
but also in [ 86, 88, 109]Ñis not necessarily an acceptable gambles treeA¥

or an upper expectations tree Q¥, but rather a sequential game where
three playersÑForecaster, Skeptic and RealityÑor sometimes two playersÑ
Skeptic and WorldÑplay according to a so-called testing protocol. Testing
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4.9 Relationship to Shafer and VovkÕs work

protocols lay down the rules of the game. One such testing protocol was
already more or less introduced in Section3.2.361 where we introduced the
Þnitary game-theoretic upper expectationEf

A ,V. Shafer and Vovk, however,
also consider a broad range of other testing protocols, varying from very
simple onesÑsee e.g. [85, Protocol 1.1]Ñto rather abstract and general
onesÑsee e.g. [85, Protocol 7.12]. Pointing out the di ! erences with our
approach, and certainly understanding what these di! erences entail, can
however be a rather challenging task. We now sketch an overview of what
the most important aspects are one should take into account when com-
paring our work with theirs. Our results are mainly related to the results
situated in [ 85, Part II], so we focus only on the material presented therein.

(i) In [ 85, Part II], a player called ÔRealityÕÑor ÔWorldÕ in absence of
ForecasterÑdecides what the outcome of each round is. This is only a
matter of interpretation; one could just as well regard RealityÕs moves
to be the subsequent observations of the state of a stochastic process.

(ii) The local state spaceÑthe move space for Reality or WorldÑis in [85,
Part II] not necessarily Þnite, nor Þxed; see e.g. [85, Protocol 7.10].

(iii) The local models in [85, Part II]Ñwhich are speciÞed by ForecasterÑ
always take the form of a particular type of upper expectation; see [85,
Section 6.1] and DeÞnition 4.8191 below. Moreover, note that, though
this turned out to have no e! ect on the resulting game-theoretic upper
expectation, we actually took coherent sets of acceptable gambles to
be starting point rather than local upper expectations.

(iv) The local models Q¥ or A¥ are in our case assumed to be known be-
forehand; that is, we assume that Skeptic knows what ForecasterÕs
movesÑthe speciÞcation of the modelsQ>

> or A >
>Ñfor each situation

> ' X ! are going to be, and thus what options Skeptic is going to have
in each situation, before he starts playing. In [85, Protocol 7.12], for
instance, this is not the case as Forecaster is there only required to
reveal his moves in each round, after he has observed previous moves
by Skeptic and Reality.8 His forecasts or moves are in that case called
ÔprequentialÕ [21]. Mathematically speaking, this comes down to al-
lowing each local upper expectation to depend on the situation and
on the previous moves by Skeptic. Though this seems to always im-
pact the generality of their approach in the positive, it only e ! ectively
does so when we are considering Þnite or countable state spaces. As
Shafer and Vovk argue themselves, for general state spaces, one can

8In contrast to Section 3.2.361 where SkepticÕs moves are the (process) di! erences#M of
the corresponding real supermartingaleM , SkepticÕs moves in the Ôextended realÕ context are
the local variables M (>á); see e.g. [85, Protocol 7.1].
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always turn a prequential protocolÑe.g. [ 85, Protocol 7.12]Ñinto an
equivalent non-prequential oneÑe.g. [ 85, Protocol 7.1].

It is clear that the di ! erences described in point(ii) ! and (iv) ! impact
the generality of Shafer and VovkÕs approach in the positive. To assess how
the di! erence in (iii) ! impacts generality, on the other hand, a little bit
more care is required. We will study the relation between Shafer and VovkÕs
type of upper expectation [85, Section 6.1] and our local upper expecta-
tions in Section 4.9.2* below. As we will see, their type of (local) upper
expectation is more general than ours. Nevertheless, we do not consider
this additional expressive power to be a positive feature, becauseÑas we
will also show belowÑon the one hand, the resulting global game-theoretic
upper expectations are not a! ected by it, and on the other hand, compat-
ibility of local and global upper expectations cannot be guaranteed if we
were to work with their more general type of (local) upper expectation.

Besides, though our local upper expectations are less general than those
of Shafer and Vovk, we have also set forward a game-theoretic approach
based entirely on local (coherent) sets of acceptable gambles. By Theo-
rem 4.3.6161, we know that this does not a! ect the values of the resulting
global game-theoretic upper expectation, but still, as we have discussed in
Section2.533 and Section3.1.248, sets of acceptable gambles are more gen-
eral than upper expectations, and so it was a priori not given, neither trivial,
that these two types of local models would lead to equivalent global upper
expectations. Additionally, our acceptability-based approach sheds light on
the connection between Shafer and VovkÕs theory and the traditional Þeld
of behavioural imprecise probabilities [3, 106, 110, 113]. Shafer and Vovk
have also used a type of local model similar to coherent sets of acceptable
gambles in their Þrst book [86, Section 8.3], but the setting there involves
only gambles and real-valued supermartingales; we refer to De Cooman
& Hermans [9] for an in-depth overview on how the setting in [ 86, Sec-
tion 8.3] compares to the behavioural coherence approach of Walley [110],
for stochastic processes with a Þnite time horizon.

Finally, we also want to nuance our earlier statements about the in-
creased generality of Shafer and VovkÕs approach in aspects(ii) ! and (iv) ! :
by restricting ourselves to Þnite state spaces, and to non-prequential fore-
casts, we were able to establish some crucial results that are absent or dif-
ferent in Shafer and VovkÕs book [85]. Most notably, Theorem 4.7.3182

is similar to [ 85, Lemma 9.12] due to Lemma 5.5.5251 below, yet [ 85,
Lemma 9.12] requires strong topological conditions on how the local mod-
els are allows to vary, only involves non-negative variables, and is only stated
for unconditional global upper expectations. There appears to be no analo-
gon of Proposition 4.7.7185 in [ 85]; neither does there seem to be ones for
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the more technical results Theorem4.7.4183 or Proposition 4.7.6184, which
will be crucial in Chapter 6283 to establish an axiomatic characterisation of
E

eb
A ,V or E

eb
Q,V.

4.9.2 Upper expectations according to Shafer and Vovk

The following deÞnition speciÞes what Shafer, Vovk and Takemura call
a ÔsuperexpectationÕ in [88] and what Shafer and Vovk call an Ôupper expec-
tationÕ in [85]. In order to di ! erentiate with our notion of an upper expec-
tation, we will refer to it as an SV-upper expectation.9 They deÞne this type
of upper expectation for general possibility spacesY, but we immediately
apply it here to the case where Y is the Þnite state spaceX .

DeÞnition 4.8 (SV-upper expectations). An SV-upper expectation E on
L (X ) is an extended real-valued map onL (X ) that satisÞes the follow-
ing axioms:

SV1. E(&) = &for all &' R;

SV2. E( $+ - ) ( E( $) + E(- ) for all $, - ' L ( Y);

SV3. E(( $) = ( E( $) for all ( ' R> and all $ ' L ( Y);

SV4. $ ( - - E( $) ( E(- ) for all $, - ' L ( Y).

SV5. lim +* +$ E( $+) = E (lim +* +$ $+) for any increasing sequence( $+)+' N0

of non-negative variables in L b( Y). !

We immediately have the following constant additivity property for an
SV-upper expectation.

Corollary 4.9.1. For any SV-upper expectationE on L (X ), we have that

SV6. E( $+ ; ) = E( $) + ; for all $ ' L (X ) and all ; ' R.

Proof. Fix any $ ' L (X ) and any ; ' R. By SV2and SV1, we have that

E( $) = E( $) + ; & ; = E( $) + E(; ) & ; # E( $+ ; ) & ; = E( $+ ; ) + E(&; ) # E( $).

So we obtain that E( $+ ; ) & ; = E( $), and thus that E( $+ ; ) = E( $) + ; .

Since Shafer and Vovk use these SV-upper expectations as local modelsÑ
or moves by ForecasterÑin their testing protocols, we are interested in how
these SV-upper expectations are related to our notion of an extended lo-
cal upper expectation, which is characterised by coherence onL (X ), and

9Their deÞnition is, as far as we know, not based on a single speciÞc interpretation. Rather,
they draw inspiration from various subÞelds in probability theory to obtain these axioms.
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by the continuity properties CU1143 and CU2143 on L (X ). We gather our
Þndings in the following proposition.

Proposition 4.9.2. For any (unconditional) upper expectationE : L (X ) *
R, the following statements hold:

(i) if E is coherent onL (X ) and satisÞesCU1143 and CU2143, then E is an
SV-upper expectation;

(ii) if E is an SV-upper expectation, thenE is coherent onL (X ) and satisÞes
CU1143.

Proof. To prove (i) , assume thatE is coherent on L (X ) and satisÞesCU1143 and
CU2143. Then PropertiesLE1156 and LE6156 in Proposition 4.3.4156 guarantee that
E satisÞesSV1! and SV5! . We next prove that E also satisÞesSV2! , SV3! and
SV4! , and hence, that it is an SV-upper expectation.

SV2! : Consider any two $, - ' L (X ) and any &' R. Then, since $@& # &and
- @& # &, we have that $@&+- @& # 2&. In a similar way, we deduce that $@&+- @& # $+- .
Hence, combining both inequalities, we obtain that $@& + - @& # max{ $ + - , 2&} =
( $+ - )@2&. Moreover note that $@&, - @& and ( $+ - )@2& are all variables in L b(X ), so
we can apply LE4156 and subsequentlyLE2156 to infer that

E
-
( $+ - )@2&. ( E( $@& + - @&) ( E( $@&) + E(- @&).

The inequality above holds for any &' R, so we have that

E( $+ - )
CU2143= lim

&* &$
E

-
( $+ - )@&. = lim

&* &$
E

-
( $+ - )@2&. ( lim

&* &$

=
E( $@&) + E(- @&)

>

= lim
&* &$

E( $@&) + lim
&* &$

E(- @&)
CU2143= E( $) + E(- ),

where the existence of the limits after the inequality follows from the monotonicity
[ LE4156] of E, and where the second to last equality follows from the fact that E( $@&)
and E(- @&) are increasing in &and our convention that +$ & $ = +$ .

SV3! : Consider any $ ' L (X ). First note that, since multiplication with a
positive constant ( ' R> is order preserving on R, we have that

max{ ( $(, ), &} = max{ ( $(' ), ( &
( } = ( max{ $(' ), &

( } for all ' ' X and all &' R.

Hence, (( $)@& = ( $@&
( for all & ' R and all ( ' R>. Since moreover $@&

( ' L b(X ),
we can apply LE3156 to infer that E ((( $)@&) = E

+
( $@&

(

,
= ( E

+
$@&

(

,
for all & ' R

and all ( ' R>. This then implies that, for any ( ' R>,

E (( $)
CU2143= lim

&* &$
E

-
(( $)@&. = lim

&* &$
( E

+
$@&

(

,
= ( lim

&* &$
E

+
$@&

(

,

= ( lim
&* &$

E
-
$@&. CU2143= ( E ( $) .

Finally, that E satisÞesSV4! follows trivially from the monotonicity [ LE4156]
of E on L b(X ) in combination with CU2143. Hence,E satisÞesSV1! ÐSV5! and is
therefore an SV-upper expectation.
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To prove (ii) . , assume thatE is an SV-upper expectation. We Þrst show that
E is coherent on L (X ). To this end, note that E is real-valued on L (X ) due to
SV4191 and SV1191.10 Hence, according to DeÞnition2.632, it su" ces to prove thatE
satisÞesC132ÐC332. This is trivial: C132 follows from SV1191 and SV4191; C232 follows
from SV2191; and C332 follows from SV3191 and SV1191. Now, to see that E satisÞes
CU1143, Þx any $ ' L b(X ) and any increasing sequence(&+)+' N of non-negative
reals such that lim +* +$ &+ = +$ . Then clearly ( $?&+ & inf $?&1 )+' N is an increasing
sequence of non-negative variables inL b(X ) that moreover converges to $&inf $?&1 .
Hence,SV5191 implies that

lim
+* +$

E( $?&+ & inf $?&1 ) = E( $& inf $?&1 ). (4.14)

Since $ is bounded below and &1 is a non-negative real number, we have that
& inf $?&1 ' R, and therefore by SV6191 that lim +* +$ E( $?&+) = E( $). Further-
more, for any +, H ' N such that H > +, we clearly have that $?&+ ( $?& ( $?&H

for all & ' R such that &+ ( & ( &H . Due to SV4191, this also implies that
E( $?&+) ( E( $?&) ( E( $?&H ) for all & ' R such that &+ ( & ( &H . Since this
holds for any +, H ' N such that H > +, and since lim +* +$ &+ = +$ , it follows
that lim &* +$ E( $?&) = lim +* +$ E( $?&+) = E( $), where the last equality follows from
our earlier considerations. So we indeed conclude thatE is coherent on L (X ) and
satisÞesCU1143.

So we see that, as a consequence of(i) . , each of our local extended up-
per expectationsQ>

> deÞned through coherence andCU1143 and CU2143, can
always be seen as an SV-upper expectation. Hence, SV-upper expectations
are at least as general as our extended local upper expectations. The fol-
lowing example shows that this class of local models is in fact strictly more
general.

Example 4.9.3. Consider any Þnite state spaceX such that |X | > 1 and
the upper expectation E : L (X ) * R deÞned by

E( $) !

'
&$ if $ < +$ pointwise and $(' ) = &$ for some ' ' X ;

sup $ otherwise,

for all $ ' L (X ). We show that E satisÞesSV1191ÐSV5191, but not CU2143.
SV1191: This follows trivially from the deÞnition of E.
SV2191: Consider any two $, - ' L (X ). If there is some ' ' X such

that $(' ) = +$ , then we have that E( $) = +$ and therefore also that
E( $) + E(- ) = +$ , which implies the desired inequality. Due to symmetry,
the inequality is also satisÞed if- (' ) = +$ for some ' ' X . Hence, consider
the case where both $ < +$ and - < +$ pointwise. Then we clearly also

10Recall from the beginning of Section4.3.1153 that being real-valued on L (X ) is a neces-
sity for being coherent on L (X ).
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have that $+ - < +$ pointwise. If moreover $(' ) = &$ for some ' ' X ,
then also $(' ) + - (' ) = &$ (because- (' ) < +$ ) which, together with the
fact that $ + - < +$ pointwise, implies that E( $ + - ) = &$ and thus the
desired inequality. Once more, the same can be concluded if- (' ) = &$
for some ' ' X because of symmetry. Hence, we are left with the situation
where both $and - Ñand therefore also $+- Ñare real-valued. Then we can
immediately infer that E( $+ - ) = sup( $+ - ) ( sup $+ sup- = E( $) + E(- ).

SV3191: Consider any ( ' R> and any $ ' L (X ). If $ < +$ pointwise
and $(' ) = &$ for some ' ' X , then also ( $ < +$ pointwise and ( $(' ) =
&$ , which implies that ( E( $) = ( (&$ ) = &$ = E(( $). Otherwise, if $ >
&$ pointwise or $(' ) = +$ for some ' ' X , then also ( $ > &$ pointwise
or ( $(' ) = +$ , which implies that ( E( $) = ( sup $ = sup( $ = E(( $).

SV4191: Consider any $, - ' L (X ) such that $ ( - . If $ < +$ pointwise
and $(' ) = &$ for some ' ' X , then E( $) = &$ and therefore automati-
cally E( $) ( E(- ). Otherwise, if $ > &$ pointwise or $(' ) = +$ for some
' ' X , then also - > &$ pointwise or - (' ) = +$ for some ' ' X . Then it
follows from the deÞnition of E that E( $) = sup $ ( sup- = E(- ).

SV5191: Consider any increasing sequence( $+)+' N0 of non-negative vari-
ables in L b(X ). Since $+ # 0 > &$ pointwise, we have that E( $+) = sup $+
for all + ' N0. Clearly, $ ! lim +* +$ $+ is non-negative too, so we also have
that E( $) = sup $. Hence, we infer that

lim
+* +$

E( $+) = lim
+* +$

sup
' ' X

$+(' ) = sup
+' N0

sup
' ' X

$+(' ) = sup
' ' X

sup
+' N0

$+(' )

= sup
' ' X

$(' ) = E( $),

where the second and the fourth equality follows from the increasing char-
acter of ( $+)+' N0 .

As a conclusion,E is an SV-upper expectation onL (X ). However, it is
easy to see that it does not satisfyCU2143. Indeed, consider the extended
real variable &$ I' , where ' ' X . Then we have that E(&$ I' ) = &$ .
On the other hand, E((&$ I' )@&) = E(&I' ) = 0 for all non-positive & ' R
(indeed, note that sup&I' = 0 because|X | > 1). So E(&$ I' ) = +$ ! 0 =
lim &*&$ E((&$ I' )@&), which implies that E does not satisfyCU2143. "

Though SV-upper expectations are strictly more general than our ex-
tended local upper expectations, it follows from Proposition 4.9.2(ii) 192 that
the increased generality solely concerns the domainL (X ) \ L b(X ); see
the corollary below. Furthermore, if an extended local upper expectationÑ
in our senseÑand an SV-upper expectation are such that they coincide on
L b(X ), then the former will always provide conservative bounds for the
latter.
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Corollary 4.9.4. For any SV-upper expectationE on L (X ), there is an upper
expectationE1on L (X ) that satisÞesCU1143 and CU2143, whose restriction to
L (X ) is coherent, and is such thatE( $) = E1( $) for all $ ' L b(X ). For any
suchE1, we additionally have thatE( $) ( E1( $) for all $ ' L (X ) \ L b(X ).

Proof. Let E1on L b(X ) simply be deÞned as to be equal toE, and on L (X )\ L b(X )
by CU2143. Then, by Proposition4.9.2(ii) 192, we have thatE1satisÞesCU1143 and that
it is coherent on L (X ). By deÞnition, E1 coincides with E on L b(X ) and satisÞes
CU2143 on L (X ) \ L b(X ). SinceCU2143 is moreover trivially satisÞed onL b(X ) (by
any upper expectation), this establishes the Þrst statement. To see that the second
statement holds, Þx any $ ' L (X ) \ L b(X ), and note that

E( $) ( lim
&*&$

E( $@&) = lim
&*&$

E1( $@&)
CU2143= E1( $),

where the Þrst inequality and existence of the Þrst limit follows from the monotonic-
ity [ SV4191] of E.

Hence, if we restrict ourselves to the domain L b(X ), our local mod-
els are as general as these of Shafer and Vovk. Since game-theoretic up-
per expectationsÑin our framework as well as that of Shafer and VovkÑ
are deÞned through supermartingales that are bounded below, and since
the local models characterise supermartingales through Eq. (4.3)159, this
implies that, as far as the resulting game-theoretic upper expectations are
concerned, it does not matter which type of local upper expectation is being
used.

In fact, for this reason, if one wishes to remain as general as possi-
ble, one may just as well choose to not imposeany conditions on the do-
main L (X ) \ L b(X ). In our case, this simply corresponds to excluding
CU2143 from the deÞnition of our local upper expectations. Due to Proposi-
tion 4.9.2(ii) 192 and the example below, this deÞnes a set of upper expecta-
tions on L (X ) that is strictly largerÑand thus more generalÑthan the set
of SV-upper expectations.

Example 4.9.5. Let E : L (X ) * R be deÞned byE( $) ! sup $ for all
$ ' L b(X ) and by E( $) ! 0 for all $ ' L (X ) \ L b(X ). Then it can easily
be checked thatE is coherent on L (X ) and that it satisÞesCU1143. Yet, it
clearly does not satisfySV2191 and SV4191. Indeed, observe that

E(&$ + 1) = E(&$ ) = 0 %1 = E(&$ ) + E(1),

so E violates SV2191. E also violates SV4191 becauseE(&$ ) = 0 & &1 =
E(&1). "

One major reason why we nevertheless imposeCU2143 onto the local
upper expectations is because, without it, we do not necessarily have com-
patibility with the global upper expectation on the entire domain L (X ).
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This can be seen as follows. For any upper expectations treeQ¥ and any
extended upper expectations treeQ'

¥ : > ' X ! 7* Q'
> for which the individ-

ual local models Q'
> extend Q> and only satisfy CU1143 (and not necessarily

CU2143), the local upper expectations Q'
> will coincide with the local upper

expectationsQ>
> on L b(X ), and so the global game-theoretic upper expecta-

tion E
eb
Q' ,V corresponding to Q'

¥ÑdeÞned in an analogous way asE
eb
Q,VÑwill

coincide with E
eb
Q,V. Hence, by Corollary 4.6.4179 and the fact that Q>

> satis-
ÞesCU2143 for all > ' X ! , we have that, for all ( $, ' 1:" ) ' L (X ) 9 X ! ,

E
eb
Q' ,V( $(#" +1)|' 1:" ) = E

eb
Q,V( $(#" +1)|' 1:" ) = Q>

' 1:"
( $) = lim

&*&$
Q>

' 1:"
( $@&)

= lim
&*&$

Q'
' 1:"

( $@&)

As a result,Q'
' 1:"

should indeed satisfyCU2143 if one wishes to have that

E
eb
Q' ,V( $(#" +1)|' 1:" ) = Q'

' 1:"
( $).

Now let us summarize our considerations above; if we are solely inter-
ested in the properties of the global game-theoretic upper expectation, and
care little about compatibility with the local models, then the bestÑthe most
generalÑthing to do is to impose coherence and CU1143 onto the local up-
per expectations. This approach is strictly more general than using SV-upper
expectations; see Proposition4.9.2(ii) 192 and Example 4.9.5! . If, on the
other hand, we Þnd it desirable to have (full) compatibility with the local
models, then we should additionally impose CU2143 onto the local mod-
els. This approach is strictly less general than using SV-upper expectations;
see Proposition4.9.2(i) 192 and Example4.9.3193. All things considered, we
do not see what advantage could be gained from using SV-upper expecta-
tions compared to the other two optionsÑthat is, adopting coherence and
CU1143ÐCU2143 (if one desires compatibility) or only adopting coherence
and CU1143 (if one wishes to remain as general as possible).

On top of this, the deÞnition of an SV-upper expectation is, as far as we
can tell, not based on a clear interpretation or argumentation. Our char-
acterisation, on the other hand, starts from the widely encountered notion
of coherenceÑwhich can be given a clear interpretation in terms of betting
behaviour or sets of probabilities [recall DeÞnition 2.632]Ñand uses a basic
and intuitive continuity axiom [ CU1143] to go from L (X ) to L b(X ). Our
extension from L b(X ) to L (X ) using CU2143 subsequently follows from
a conservativity argument. Moreover, recall from Proposition 4.3.1153 that
these extended local upper expectations can also be seen as to result from
extended local sets of acceptable gambles.
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4.A Proof of Theorem4.3.6

Ñ A33$"1+)$% Ñ

4.A Proof of Theorem 4.3.6

Proof of Theorem4.3.6161. Fix any ( $, >) ' V 9 X ! . That

E
eb
A ,V( $|>) = inf

%
M (>) : M ' Meb(A¥) and lim inf M #> $

&

# inf
%
M (>) : M ' M G

eb (Q¥) and lim inf M #> $
&

= E
eb, G
Q,V ( $|>)

# inf
%
M (>) : M ' Meb(Q¥) and lim inf M #> $

&
= E

eb
Q,V( $|>),

follows immediately from Proposition 4.3.5159. So it su" ces to prove that
E

eb
A ,V( $|>) ( E

eb
Q,V( $|>). Consider any M ' Meb(Q¥) such that lim inf M #> $. Let

M 1 be the extended real process deÞned byM 1(A) ! M (>) for all A%>and, for all
situations that follow >, by the recursive relation

M 1(A') !

'
M (A') if M 1(A) < +$ ;

+$ if M 1(A) = +$ ,
for all A3 >and all ' ' X .

Then it is clear that M 1(A) # M (A) for all A 3 >, and therefore that lim inf M 1 #>

lim inf M #> $. M 1 is also bounded below becauseM is bounded below. Moreover,
to see that M 1 ' Meb(Q¥), note that M 1(Aá)= M 1(A) for all A$ >and thus by LE1156

[which we can apply becauseM 1 is bounded below] that Q>
A(M 1(Aá))= M 1(A). On

the other hand, for any A3 >, if M 1(A) < +$ , then by the supermartingale character
of M we infer that

Q>
A(M 1(Aá))= Q>

A(M (Aá))( M (A) ( M 1(A).

If M 1(A) = +$ , then also M 1(Aá) = +$ and thus by LE1156 Q>
A(M 1(Aá)) = +$ (

M 1(A). Hence,Q>
A(M 1(Aá))( M 1(A) for all A' X ! , and sinceM 1is moreover bounded

below, we conclude that indeed M 1 ' Meb(Q¥).
Now Þx any E> 0 and let Gbe the extended betting process deÞned by

G(' 1:" ) !

'
#M 1(' 1:" ) & E2&" if M 1(' 1:" ) < +$ ;

&E2&" if M 1(' 1:" ) = +$ ,
for all ' 1:" ' X ! .

We Þrst prove that

M 1(" ) +
" &1$

.=0

G(' 1:.) (' .+1) = M 1(' 1:" ) &
" &1$

.=0

E2&. for all ' 1:" ' X ! , (4.15)

by using an induction argument on the length " ' N0 of the situations ' 1:" . That this
equality is true for the situation ' 1:" = " is trivial. Then suppose that it holds for all
situations ' 1:" ' X " of a certain length " ' N0. Consider any situation ' 1:" +1 ' X " +1

197
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of length " + 1. Then we have that

M 1(" ) +
"$

.=0

G(' 1:.) (' .+1) = M 1(" ) +
" &1$

.=0

G(' 1:.) (' .+1) + G(' 1:" ) (' " +1)

= M 1(' 1:" ) &
" &1$

.=0

E2&. + G(' 1:" ) (' " +1), (4.16)

where the last equality follows from the induction hypothesis. If M 1(' 1:" ) < +$ ,
then we have that G(' 1:" ) (' " +1) = M 1(' 1:" +1) & M 1(' 1:" ) & E2&" , and therefore that

M 1(" ) +
"$

.=0

G(' 1:.) (' .+1) = M 1(' 1:" ) &
" &1$

.=0

E2&. + M 1(' 1:" +1) & M 1(' 1:" ) & E2&"

= M 1(' 1:" +1) &
"$

.=0

E2&.,

where we used the fact that M 1(' 1:" ) ' R becauseM 1(' 1:" ) < +$ and M 1 is
bounded below. On the other hand, if M 1(' 1:" ) = +$ , then we also have that
M 1(' 1:" +1) = +$ in the case that ' 1:" 3 > simply due to the deÞnition of M 1. The
deÞnition of M 1 also implies that M 1(' 1:" +1) = +$ in the case that ' 1:" $ >, because
then ' 1:" +1 % > and so M 1(' 1:" +1) = M 1(>) = M 1(' 1:" ) = +$ . So, in all cases, we
have that M 1(' 1:" +1) = +$ if M 1(' 1:" ) = +$ . Since G(' 1:" ) (' " +1) = &E2&" by the
deÞnition of G, Eq. (4.16) implies that

M 1(" ) +
"$

.=0

G(' 1:.) (' .+1) = M 1(' 1:" ) &
" &1$

.=0

E2&. + M 1(' 1:" +1) & E2&"

= M 1(' 1:" +1) &
"$

.=0

E2&..

So, for any ' 1:" +1 ' X " +1, we have that M 1(" ) +
# "

.=0 G(' 1:.) (' .+1) = M 1(' 1:" +1) &
# "

.=0 E2&., which proves the induction step and therefore establishes Eq. (4.15)! .
As a result of Eq. (4.15)! and the fact that M 1 superhedges$ on " (>), we Þnd

that, for any ? ' " (>),

lim inf
" * +$

?
M 1(" ) + CG(? " )

@
= lim inf

" * +$

?
M 1(" ) +

" &1$

.=0

G(? 1:.) (? .+1)
@

= lim inf
" * +$

?
M 1(? 1:" ) &

" &1$

.=0

E2&.
@

# lim inf M 1(? ) & 2E# $(? ) & 2E.

So the extended real processM ! deÞned byM ! (A) ! M 1(" ) + 2E+ CG(A) for all
A' X ! superhedges$ on " (>).

We furthermore show that & G(' 1:" ) ' A >
' 1:"

for all ' 1:" ' X ! , and therefore that
M ! is an extended real supermartingale according toA¥. For any ' 1:" ' X ! , we
either have that M 1(' 1:" ) = +$ or that M 1(' 1:" ) < +$ . If M 1(' 1:" ) = +$ , then
G(' 1:" ) = &E2&" by deÞnition. Since L # (X ) + A ' 1:" + A >

' 1:"
due to the coherence

[ D127] of A ' 1:" = A >
' 1:"

, L (X ), this implies that & G(' 1:" ) ' A >
' 1:"

. On the other
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hand, if M 1(' 1:" ) < +$ , then G(' 1:" ) = #M 1(' 1:" ) & E2&" by deÞnition. SinceM 1 is
bounded below, we also have that&M 1(' 1:" ) is real and M 1(' 1:" á)is bounded below,
and so we infer that

Q>
' 1:"

-
G(' 1:" )

.
= Q>

' 1:"

-
#M 1(' 1:" ) & E2&" .

= Q>
' 1:"

-
M 1(' 1:" á)& M 1(' 1:" ) & E2&" .

LE5156= Q>
' 1:"

(M 1(' 1:" á))& M 1(' 1:" ) & E2&"

( M 1(' 1:" ) & M 1(' 1:" ) & E2&" = &E2&" ,

where the inequality follows from the supermartingale character of M 1. Since
A¥ and Q¥ agree, Proposition 4.3.1153 implies that Q>

' 1:"
= Q>

' 1:" ,A . So, since
Q>

' 1:"
( G(' 1:" )) ( & E2&" , the deÞnition of Q>

' 1:" ,A implies that there is an : ' R<

such that (: & G(' 1:" )) ' A >
' 1:"

. Using Lemma4.2.5146, we arrive at the fact that
& G(' 1:" ) ' A >

' 1:"
. Hence, for any ' 1:" ' X ! , we have that & G(' 1:" ) ' A >

' 1:"
, which

implies that the extended real processM ! = M 1(" ) + 2E+ CG is an extended real
supermartingale according to A¥.

It remains to check that M ! is bounded below. This can be easily deduced by
recalling Eq. (4.15)197 which implies that, for any ' 1:" ' X ! ,

M ! (' 1:" ) = M 1(" ) + 2E+ CG(' 1:" ) = M 1(" ) + 2E+
" &1$

.=0

G(' 1:.) (' .+1) (4.17)

= M 1(' 1:" ) + 2E&
" &1$

.=0

E2&., (4.18)

and therefore M ! (' 1:" ) # M 1(' 1:" ). Then, since M 1 is bounded below, we Þnd
that M ! is also bounded below. Together with the fact that it is an extended real
supermartingale according to A¥, we obtain that M ! ' Meb(A¥). Moreover recalling
that lim inf M ! #> $, we have by the deÞnition of E

eb
A ,V and Eq. (4.17) that

E
eb
A ,V( $|>) ( M ! (>) = M 1(>) + 2E&

|>|&1$

.=0

E2&. ( M 1(>) + 2E.

Since this holds for anyE> 0, we infer that E
eb
A ,V( $|>) ( M 1(>). Furthermore, recall

that M 1(>) = M (>) by deÞnition of M 1, so we arrive at the fact that E
eb
A ,V( $|>) (

M (>). Since this holds for anyM ' Meb(Q¥) such that lim inf M #> $, we infer that

E
eb
A ,V( $|>) ( inf

%
M (>) : M ' Meb(Q¥) and lim inf M #> $

&
= E

eb
Q,V( $|>),

which concludes the proof.

4.B Proofs of the results in Section 4.5

In the following proofs, we will frequently use the notion of a (tree)
cut; a collection S : X ! of pairwise incomparable situations. We call a
cut S complete if for all ? ' ! there is some9 ' S such that ? ' " (9).
Otherwise, we call S partial . For any two cutsS and T, we will write S # T
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if (/ J ' T)(; 9 ' S) 9 # J, and similarly for S 2 T. Furthermore, we write
that S $ T and S 3 T if, respectively, T # S and T 2 S. Analogously to
what we did before for situations, we say that a path ? ' ! goes through
a cut S when there is some+ ' N0 such that ? + ' S. We will also use the
following sets:

[S, T] ! {> ' X ! : (; 9 ' S)(; J ' T)9 2 >2 J} ,

[S, T) ! {> ' X ! : (; 9 ' S)(; J ' T)9 2 ># J} ,

(S, T] ! {> ' X ! : (; 9 ' S)(; J ' T)9 # >2 J} ,

(S, T) ! {> ' X ! : (; 9 ' S)(; J ' T)9 # ># J} .

We will also use the simpler notation > to denote the cut {>} that consists
of the single situation > ' X ! . In speciÞc, all the previous notations are
meaningful if we replace the cuts S or T by a situation.

Proof of Proposition4.5.1172. Let > ' X ! be any Þxed situation where M (>) is
real. We can assume thatM is non-negative and that M (>) = 1 without loss of
generality. Indeed, because the original supermartingale is bounded below and real
in >, we can obtain such a process by translating and scalingÑby adding a positive
constant and then multiplying the supermartingale by a positive realÑthe originally
considered supermartingale in an appropriate way. This process will then again
be a (bounded below) supermartingale because the local modelsQ>

A satisfy LE5156

and LE3156. Moreover, the new supermartingale will have the same convergence
character as the original one.

To start, Þx any couple of rational numbers0 < ) < * and consider the following
recursively constructed sequences of cuts(S) ,*

" )" ' N and (T) ,*
" )" ' N. Let

T) ,*
1 ! {A3 >: M (A) < ) and (/ A1 ' [>, A)) M (A1) # ) } ,

and, for " ' N,

1. let S) ,*
" ! {A' X ! : T) ,*

" # A: M (A) > * and (/ A1 ' (T) ,*
" , A)) M (A1) ( * } ;

2. let T) ,*
" +1 ! {A' X ! : S) ,*

" # A, M (A) < ) and (/ A1 ' (S) ,*
" , A)) M (A1) # ) } .

Note that all S) ,*
" and all T) ,*

" are indeed (partial or complete) cuts.
Next, consider the extended real processM ) ,* deÞned byM ) ,* (A) ! M (>) for

all A%>and by

M ) ,* (A') !

'
M ) ,* (A) + [M (A') & M (A)] if T) ,*

" 2 Aand S) ,*
" # Afor some " ' N;

M ) ,* (A) otherwise,

(4.19)

for all A' $ >with ' ' X . We prove that M ) ,* is a non-negative supermartingale that
converges to+$ on all paths ? ' " (>) such that

lim inf M (? ) < ) < * < lim sup M (? ). (4.20)
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For any situation Aand for any " ' N, when S) ,*
" # A, we denote by9A

" the (necessarily
unique) situation in S) ,*

" such that 9A
" # A. Similarly, for any " ' N, when T) ,*

" # A,
we denote by JA

" the (necessarily unique) situation in T) ,*
" such that JA

" # A. Note
that T) ,*

1 # S) ,*
1 # T) ,*

2 # á á á# T) ,*
+ # S) ,*

+ # á á á. Hence, for any situation Awe can
distinguish the following three cases:

¥ The Þrst case is thatT) ,*
1 ' A. Then we have that

M ) ,* (A) = M ) ,* (>) = M (>) = 1. (4.21)

¥ The second case is thatT) ,*
" # Aand S) ,*

" ' Afor some " ' N. Then by applying
Eq. (4.19). for each subsequent step, observing thatM ) ,* (>) is real [because it is
equal to 1], and cancelling out the intermediate terms which is possible because
M is real for any situation A1 ' X ! such that T) ,*

" 1 2 A1 and S) ,*
" 1 # A1 for some " 1 ' N

[this follows readily from the deÞnition of the cuts T) ,*
" 1 and S) ,*

" 1 ], we have that

M ) ,* (A) & M ) ,* (>) =
" &1$

@=1

=
M (9A

@) & M (JA
@)

>
+ M (A) & M (JA

" ). (4.22)

¥ The third case is thatS) ,*
" # Aand T) ,*

" +1 ' Afor some " ' N. Then we have that

M ) ,* (A) & M ) ,* (>) =
"$

@=1

[M (9A
@) & M (JA

@)] , (4.23)

where, again, we used the fact that M ) ,* (>) is real, and that M is real for any
situation A1 ' X ! such that T) ,*

" 1 2 A1 and S) ,*
" 1 # A1 for some " 1 ' N.

That M ) ,* (A) is non-negative, is trivially satisÞed in the Þrst case. To see that this
is also true for the third case, observe that0 < * < M (9A

@) and 0 ( M (JA
@) < ) for

all @' {1, ..., " } . This implies that M (9A
@) & M (JA

@) > * & ) > 0 for all @' {1, ..., " }
and therefore directly that M ) ,* (A) is non-negative because of Eq. (4.23) and the fact
that M ) ,* (>) = M (>) = 1. In the second case, it follows from Eqs. (4.22) and ( 4.23)
and the fact that M ) ,* (>) = M (>) = 1, that

M ) ,* (A) = M ) ,* (JA
" ) + M (A) & M (JA

" ). (4.24)

We prove by induction that M ) ,* (JA
@) # M (JA

@) for all @' {1, ..., " } , and therefore,
by Eq. (4.24) and becauseM is non-negative, that M ) ,* (A) is non-negative.

If @= 1, then either JA
1 = > or JA

1 ! >. If JA
1 = >, then M ) ,* (JA

1) = M ) ,* (>) =
M (>) = M (JA

1). If JA
1 ! >, we have, by the deÞnition of T) ,*

1 , that M (JA
1) < ) and ) (

M (>) = M ) ,* (>) = M ) ,* (JA
1). Hence, in both cases, we have thatM ) ,* (JA

1) # M (JA
1).

Now suppose thatM ) ,* (JA
@) # M (JA

@) for some @' {1, ..., " & 1}. Then, again using
the fact that M is real for any situation A1 ' X ! such that T) ,*

" 1 2 A1 and S) ,*
" 1 # A1 for

some" 1 ' N, it follows from Eq. ( 4.19). that

M ) ,* (JA
@+1) = M ) ,* (JA

@) + [M (9A
@) & M (JA

@)] # M (9A
@) > * > ) > M (JA

@+1),

which concludes our induction step. So indeed M ) ,* (JA
@) # M (JA

@) for all @ '
{1, ..., " } .
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Next, we show that Q>
A(M ) ,* (Aá)) ( M ) ,* (A) for all A ' X ! , and hence, that M

is a non-negative supermartingale. Consider anyA' X ! . If T) ,*
" 2 Aand S) ,*

" # Afor
some" ' N, it follows from Eq. ( 4.19)200 that

Q>
A(M ) ,* (Aá))= Q>

A(M ) ,* (A) + M (Aá)& M (A))
LE5156= Q>

A(M (Aá)) +M ) ,* (A) & M (A)

( M ) ,* (A),

where we were allowed to use LE5156 becauseM (A) < +$ as a consequence of the
fact that T) ,*

" 2 Aand S) ,*
" # Aand the deÞnitions of T) ,*

" and S) ,*
" , and where the last

step follows from M being a supermartingale and0 ( M (A) < +$ . Otherwise, if,
for all " ' N, we have that T) ,*

" # Aor S) ,*
" 2 A, then Q>

A(M ) ,* (Aá))= Q>
A(M ) ,* (A)) =

M ) ,* (A), where we have usedLE1156 for the last inequality. Hence, we have that
Q>

A(M ) ,* (Aá)) ( M ) ,* (A) for all A ' X ! , and we can therefore infer that M ) ,* is
indeed a non-negative supermartingale inMeb(Q¥).

Let us now show that M ) ,* converges to+$ on all paths ? ' " (>) for which
Eq. (4.20)200 holds. Consider such a path? . First, it follows from lim inf M (? ) < )
that there exists some+1 ' N0 such that ? +1 3 > and M (? +1 ) < ) . Take the Þrst
such +1. Then it follows from the deÞnition of T) ,*

1 that ? +1 ' T) ,*
1 . Next, it follows

from lim sup M (? ) > * that there exists someH1 ' N0 for which H1 > +1 and
M (? H1 ) > * . Take the Þrst suchH1. Then it follows from the deÞnition of S) ,*

1

that ? H1 ' S) ,*
1 . Repeating similar arguments over and over again allows us to

conclude that ? goes through all the cuts T) ,*
1 # S) ,*

1 # T) ,*
2 # á á á# T) ,*

" # S) ,*
" #

á á á. For all + > +1, let " + ' N be the index such that T) ,*
" +

# ? + and T) ,*
" ++1 ' ? +.

Note that " + * +$ for + * +$ . Now, if T) ,*
" +

# ? + and S) ,*
" +

' ? + for some
+ > +1, then we use Eq. (4.22)! to see that M ) ,* (? +) & M ) ,* (>) is bounded below
by (" + & 1)(* & ) ) + M (? +) & ) # (" + & 1)(* & ) ) & ) [ M is non-negative]. If on
the other hand S) ,*

" +
# ? + and T) ,*

" ++1 ' ? + for some + > +1, then Eq. (4.23)! implies
that M ) ,* (? +) & M ) ,* (>) is bounded below by " +(* & ) ) # (" + & 1)(* & ) ) & ) . All
together, M ) ,* (? +) & M ) ,* (>) is bounded below by (" + & 1)(* & ) ) & ) for all + > +1,
which implies that

lim
+* +$

-
M ) ,* (? +) & M ) ,* (>)

.
# lim

+* +$
(" + & 1)(* & ) ) & ) = +$ ,

becauselim +* +$ " + = +$ and (* &) ) > 0. This also implies that lim +* +$ M ) ,* (? +) =
+$ becauseM ) ,* (>) = M (>) = 1.

We now use the countable set of rational couplesU ! {( ) , * ) ' Q2 : 0 < ) < * }
to deÞne the processM ! :

M ! !
$

() ,* ) ' U

K ) ,* M ) ,* ,

with coe" cients K ) ,* > 0 that sum to 1. Hence, M ! is a countable convex combi-
nation of the non-negative supermartingales M ) ,* ' Meb(Q¥). By Lemma4.4.2163,
M ! is then a non-negative supermartingale in Meb(Q¥). It is moreover clear that
M ! (>) = M (>) = 1, implying, together with its non-negativity, that M ! is a >-test
supermartingale. We now show that M ! converges in the desired way as described
by the proposition.

If M does not converge to an extended real number on some path? ' " (>), then
lim inf M (? ) < lim sup M (? ). Since lim inf M (? ) # inf A' X ! M (A) # 0, there is at
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4.B Proofs of the results in Section4.5

least one couple() 1, *1) ' U such that lim inf M (? ) < ) 1 < *1 < lim sup M (? ), and
as a consequenceM ) 1,*1

converges to+$ on ? . Then also lim K ) 1,*1
M ) 1,*1

(? ) = +$
sinceK ) 1,*1

> 0. For all other couples () , * ) ' U \ {( ) 1, *1)} , we have that K ) ,* M ) ,* is
non-negative, soM ! indeed converges to+$ on ? .

Finally, we show that M ! converges in R on every path ? ' " (>) where M
converges to a real number. Fix any such? ' " (>). Then for any E ' R>, there
is an +! ' N0 such that, for all @# + # +! , |M (? @) & M (? +)| ( E and therefore
M (? @) & M (? +) # &E. Now Þx any couple of rational numbers 0 < ) < * and, for
any . ' N, let J?

. and 9?
. be the situations in respectivelyT) ,*

. and S) ,*
. where ? passes

through [if it passes through these cuts]. We prove that M ) ,* (? @) &M ) ,* (? +) # &2E
for any @# + # +! . To do so, let us distinguish the following four cases:

¥ T) ,*
1 ' ? + or S) ,*

" # ? + % T) ,*
" +1 for some " ' N and moreover, T) ,*

1 ' ? @ or
S) ,*

" 1 # ? @%T) ,*
" 1+1 for some " 1 ' N. Using Eqs. (4.21) and ( 4.23) for both ? + and

? @, we get that

M ) ,* (? @) & M ) ,* (? +) = [M ) ,* (? @) & M ) ,* (>)] & [M ) ,* (? +) & M ) ,* (>)]

=
" 1$

.=1

[M (9?
. ) & M (J?

. )] &
"$

.=1

[M (9?
. ) & M (J?

. )] ,

where we assume" 1 = 0 if T) ,*
1 ' ? @and " = 0 if T) ,*

1 ' ? +. Since" 1 # " [because
+ ( @and therefore ? + 2 ? @] and M (9?

. ) & M (J?
. ) > * & ) > 0 for all . ' N,

we have that M ) ,* (? @) & M ) ,* (? +) # 0 > &2E[where we also implicitly use the
convention that +$ & $ = +$ ].

¥ T) ,*
1 ' ? + or S) ,*

" # ? + %T) ,*
" +1 for some " ' N and moreover, T) ,*

" 1 # ? @%S) ,*
" 1 for

some " 1 ' N. Using Eqs. (4.21) and ( 4.23) for ? + and Eq. (4.22)201 for ? @, we
Þnd that

M ) ,* (? @) & M ) ,* (? +) = [M ) ,* (? @) & M ) ,* (>)] & [M ) ,* (? +) & M ) ,* (>)]

=
?" 1&1$

.=1

[M (9?
. ) & M (J?

. )] + M (? @) & M (J?
" 1)

@

&
"$

.=1

[M (9?
. ) & M (J?

. )] , (4.25)

where we assume" = 0 if T) ,*
1 ' ? +. Note that " 1 # " + 1, because" 1 # "

[since ? + 2 ? @] and " 1 = " is impossible. Indeed, if " = 0, " 1 = " is impossible
because" 1 ' N. Otherwise, if " > 0, " 1 = " would imply that S) ,*

" 1 = S) ,*
" # ? + 2

? @, contradicting the assumption that ? @ % S) ,*
" 1 . Hence, taking into account

that M (9?
. ) & M (J?

. ) > * & ) > 0 for all . ' N, we infer from Eq. (4.25) that
M ) ,* (? @) & M ) ,* (? +) # M (? @) & M (J?

" 1) [again, also using the convention that
+$ & $ = +$ ]. Finally, observe that ? +!

2 ? + 2 J?
" +1 2 J?

" 1 # ? @Ñthe situation
J?

" +1 exists becauseT) ,*
" +1 2 T) ,*

" 1 # ? @Ñand therefore, recalling how +! was chosen,

M ) ,* (? @) & M ) ,* (? +) # M (? @) & M (J?
" 1) # &E# &2E.
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¥ T) ,*
" # ? + %S) ,*

" for some " ' N and S) ,*
" 1 # ? @%T) ,*

" 1+1 for some " 1 ' N [we auto-
matically have that T) ,*

1 # ? @becauseT) ,*
1 2 T) ,*

" # ? + 2 ? @]. Using Eq. (4.22)201

for ? + and Eq. (4.23)201 for ? @, we get that

M ) ,* (? @) & M ) ,* (? +)

=
" 1$

.=1

[M (9?
. ) & M (J?

. )] &
?" &1$

.=1

[M (9?
. ) & M (J?

. )] + M (? +) & M (J?
" )

@

=
" 1$

.=1

[M (9?
. ) & M (J?

. )] &
?" &1$

.=1

[M (9?
. ) & M (J?

. )] + M (? +)
@

+ M (J?
" )

=
" 1$

.=1

[M (9?
. ) & M (J?

. )] &
" &1$

.=1

[M (9?
. ) & M (J?

. )] & M (? +) + M (J?
" ),

where the second step follows becauseM (J?
" ) is real [as a consequence of the

deÞnition of T) ,*
" ] and the third step follows because

# " &1
.=1 [M (9?

. ) & M (J?
. )] # 0

[since all M (9?
. ) & M (J?

. ) are positive] and M (? +) # 0 [because M is non-
negative]. Using the fact that " 1 # " and that all M (9?

. ) & M (J?
. ) are positive,

the equation above implies that

M ) ,* (? @) & M ) ,* (? +) #
" 1$

.="

[M (9?
. ) & M (J?

. )] & M (? +) + M (J?
" )

=
" 1$

.=" +1

[M (9?
. ) & M (J?

. )] + M (9?
" ) & M (? +)

# M (9?
" ) & M (? +),

where the equality follows from the fact that M (J?
" ) is real-valued and the last

inequality follows once more from the positivity of all M (9?
. ) & M (J?

. ). Then
since ? +!

2 ? + 2 9?
" Ñthe situation 9?

" exists becauseS) ,*
" 2 S) ,*

" 1 # ? @Ñwe infer
from our assumptions about +! that

M ) ,* (? @) & M ) ,* (? +) # M (9?
" ) & M (? +) # &E# &2E.

¥ T) ,*
" # ? + % S) ,*

" for some " ' N and T) ,*
" 1 # ? @ % S) ,*

" 1 for some " 1 ' N. Using
Eq. (4.22)201 for both ? + and ? @, we Þnd that

M ) ,* (? @) & M ) ,* (? +)

=
?" 1&1$

.=1

[M (9?
. ) & M (J?

. )] + M (? @) & M (J?
" 1)

@

&
?" &1$

.=1

[M (9?
. ) & M (J?

. )] + M (? +) & M (J?
" )

@

=
" 1&1$

.=1

[M (9?
. ) & M (J?

. )] + M (? @) & M (J?
" 1)

&
" &1$

.=1

[M (9?
. ) & M (J?

. )] & M (? +) + M (J?
" )

#
" 1&1$

.="

[M (9?
. ) & M (J?

. )] + M (? @) & M (J?
" 1) & M (? +) + M (J?

" )
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where the two last steps follow in a similar way as before; Þrst using the real-
valuedness ofM (J?

" ) and the non-negativity of both M (? +) and
# " &1

.=1 [M (9?
. ) &

M (J?
. )] , and then using the fact that " 1 # " and that all M (9?

. ) & M (J?
. ) are

positive. If " 1 = " , and therefore M (J?
" 1) = M (J?

" ) ' R, it follows from the
expression above thatM ) ,* (? @) & M ) ,* (? +) # M (? @) & M (? +) # &E # &2E.
Otherwise, if " 1 > " , then we use the real-valuedness ofM (J?

" ) to deduce from
the expression above that

M ) ,* (? @)&M ) ,* (? +)

#
" 1&1$

.=" +1

[M (9?
. ) & M (J?

. )] + M (? @) & M (J?
" 1) + M (9?

" ) & M (? +)

# M (? @) & M (J?
" 1) + M (9?

" ) & M (? +) # &2E,

where the last inequality follows from our assumptions about +! and the fact that
? +!

2 ? + 2 9?
" # J?

" 1 # ? @.

Hence, we conclude that for any E ' R>, there is an +! ' N0 such that M ) ,* (? @) &
M ) ,* (? +) # &2Efor all @# + # +! and any couple of rational numbers 0 < ) < * .

To see that this implies that M ! converges to an extended real number on
? , assumeex absurdo that it does not. Then there is some E ' R> such that
lim inf M ! (? ) < lim sup M ! (? ) & 2E. As proved above, there is an+! such that, for
all @# + # +! and any couple of rational numbers 0 < ) < * , M ) ,* (? @) &M ) ,* (? +) #
&2Eand therefore alsoM ) ,* (? @) # M ) ,* (? +) & 2E. Then it follows directly from the
deÞnition of M ! that also M ! (? @) # M ! (? +)&2Efor all @# + # +! . However, this is
in contradiction with lim inf M ! (? ) < lim sup M ! (? ) &2E, because the latter would
require that there is some couple @# + # +! such that M ! (? @) < M ! (? +) & 2E.
Hence,M ! converges to an extended real number on? .

Proof of Theorem4.5.2172. Due to Proposition 4.5.1172, there is an >-test super-
martingale M ! that converges to +$ on every path ? ' " (>) where M does not
converge to an extended real number. Let0 ' R be a lower bound for M and let
M 1 ! 1

M (>)&0+1 (M & 0 + M ! ). Since both M ! and M & 0 are supermartingales
[because of LE5156], Lemma 4.4.2163 implies that (M & 0 + M ! ) is a supermartin-
gale too and therefore, since1 ( M (>) & 0 + 1 < +$ [ M (>) is real], LE3156 implies
that M 1 is a supermartingale. Moreover, M 1 is non-negative because bothM & 0
and M ! are non-negative andM (>) & 0 + 1 # 1 which, together with M 1(>) = 1,
allows us to conclude that M 1 is an >-test supermartingale. Furthermore, consider
any path ? ' " (>) such that M (? +) does not converge to a real number. Then either
it converges to +$ or it does not converge in R [becauseM is bounded below]. In
the Þrst case, it follows from the non-negativity of M ! and the positivity of 1

M (>)&0+1

that M 1 also converges to+$ on ? . If M (? +) does not converge inR, then M !

converges to+$ on ? and therefore, becauseM & 0 is non-negative and 1
M (>)&0+1

is positive, M 1 also converges to+$ on ? . All together, we have that M 1 is an >-test
supermartingale that converges to+$ on every path ? ' " (>) where M does not
converge to a real number.
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Proof of Theorem4.5.3172. Since E
eb
Q,V(á|A) satisÞesEC5163 for any A ' X ! , we

have, for any & ' R and any ? ' ! , that lim inf +* +$ E
eb
Q,V( $|? +) # $(? ) if and

only if lim inf +* +$ E
eb
Q,V( $+ &|? +) # $(? ) + &. Therefore, and because$ is bounded

below, we can assume without loss of generality that $ is a global extended real
variable such that inf $ > 0.

We now associate with any couple of rational numbers0 < ) < * the following
recursively constructed sequences of cuts(S) ,*

" )" ' N0 and (T) ,*
" )" ' N. Let S) ,*

0 ! {>}
and, for " ' N,

1. let T) ,*
" ! { J ' X ! : S) ,*

" &1 # J, E
eb
Q,V( $|J) < ) and (/ A' (S) ,*

" &1, J)) E
eb
Q,V( $|A) # ) } ;

2. if T) ,*
" is non-empty, choose a positive supermartingaleM ) ,*

" ' Meb(Q¥) such that
M ) ,*

" (J) < ) and lim inf M ) ,*
" #J $ for all J ' T) ,*

" , and let

S) ,*
" ! {9 ' X ! : T) ,*

" # 9 : M ) ,*
" (9) > * and (/ A' (T) ,*

" , 9)) M ) ,*
" (A) ( * } ;

3. if T) ,*
" is empty, let S) ,*

" ! ) .

Note that all S) ,*
" and all T) ,*

" are indeed (partial or complete) cuts. We now Þrst
show that, if T) ,*

" is non-empty, there always is a supermartingaleM ) ,*
" that satisÞes

the conditions above. We infer from the deÞnition of the cut T) ,*
" that

inf

/
M (J) : M ' Meb(Q¥) and lim inf M #J $

0
= E

eb
Q,V( $|J) < ) for all J ' T) ,*

" .

So, for all J ' T) ,*
" , we can choose a supermartingaleM ) ,*

" ,J ' Meb(Q¥) such that
M ) ,*

" ,J (J) < ) and lim inf M ) ,*
" ,J #J $. Consider now the extended real processM ) ,*

"

deÞned, for all A' X ! , by

M ) ,*
" (A) !

'
M ) ,*

" ,J (A) if J 2 Afor some J ' T) ,*
" ;

) otherwise.

It is clear that M ) ,*
" (J) < ) and lim inf M ) ,*

" #J $ for all J ' T) ,*
" . We furthermore

show that M ) ,*
" is a positive supermartingale in Meb(Q¥).

It follows from Lemma 4.4.1163 that, for all J ' T) ,*
" ,

M ) ,*
" ,J (A) # inf

? ' " (A)
lim inf M ) ,*

" ,J (? ) # inf
? ' " (A)

$(? ) # inf $ > 0 for all A3 J. (4.26)

Since also) > 0, it follows that M ) ,*
" is positive. To show thatQ>

A(M ) ,*
" (Aá))( M ) ,*

" (A)
for all A ' X ! , Þx any A ' X ! and consider two cases. IfT) ,*

" 2 A, then M ) ,*
" (A) =

M ) ,*
" ,J (A) and M ) ,*

" (Aá) = M ) ,*
" ,J (Aá)for some J ' T) ,*

" , and therefore Q>
A(M ) ,*

" (Aá)) =
Q>

A(M ) ,*
" ,J (Aá)) ( M ) ,*

" ,J (A) = M ) ,*
" (A). If T) ,*

" # A, then for any ' ' X we either
have that A' ' T) ,*

" , which implies that M ) ,*
" (A') < ) , or T) ,*

" # A' and therefore
M ) ,*

" (A') = ) . Hence, we infer that M ) ,*
" (Aá) ( ) , and therefore, by LE4156 and

LE1156, that Q>
A(M ) ,*

" (Aá))( ) = M ) ,*
" (A). So we can conclude thatM ) ,*

" is a positive
supermartingale in Meb(Q¥).
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Next, consider the extended real processT ) ,* deÞned byT ) ,* (A) ! 1 for all A%>,
and

T ) ,* (A') !

'
M ) ,*

" (A')T ) ,* (A)/ M ) ,*
" (A) if T) ,*

" 2 Aand S) ,*
" # Afor some " ' N;

T ) ,* (A) otherwise,

(4.27)

for all A3 >and all ' ' X . We prove that this process is a positive>-test supermartin-
gale that converges to+$ on all paths ? ' " (>) such that

lim inf
+* +$

E
eb
Q,V( $|? +) < ) < * < $(? ). (4.28)

That T ) ,* is well-deÞned follows from the fact that, for any " ' N and any situation
Asuch that T) ,*

" 2 Aand S) ,*
" # A, M ) ,*

" (A) is positive and moreover real because of the
deÞnition of S) ,*

" . The processT ) ,* is also positive because, for any" ' N and any
situation Asuch that T) ,*

" 2 Aand S) ,*
" # A, M ) ,*

" (A) is real and positive andM ) ,*
" (Aá)is

positive, and therefore M ) ,*
" (Aá)/M ) ,*

" (A) is positive. Furthermore, if A' X ! is such
that T) ,*

" 2 Aand S) ,*
" # Afor some " ' N, then

Q>
A(T ) ,* (Aá))= Q>

A(M ) ,*
" (Aá)T ) ,* (A)/ M ) ,*

" (A))
LE3156,LE8156= Q>

A(M ) ,*
" (Aá))T ) ,* (A)/ M ) ,*

" (A) ( T ) ,* (A),

where the second step also uses the fact thatM ) ,*
" (Aá)and T ) ,* (A)/ M ) ,*

" (A) are pos-
itive [since, as we have shown above,M ) ,*

" (A) is real and positive, and T ) ,* (A) is
positive], and where the last step uses the supermartingale character ofM ) ,*

" to-
gether with the fact that T ) ,* (A)/ M ) ,*

" (A) is positive. Otherwise, if Ais such that, for
all " ' N, T) ,*

" # Aor S) ,*
" 2 A, then Q>

A(T ) ,* (Aá))= Q>
A(T ) ,* (A)) = T ) ,* (A) because of

LE1156. Hence, we have thatQ>
A(T ) ,* (Aá)) ( T ) ,* (A) for all A ' X ! , which together

with the fact that T ) ,* (>) = 1, allows us to conclude that T ) ,* is indeed a positive
>-test supermartingale in Meb(Q¥).

Next, we show that T ) ,* converges to +$ on all paths ? ' " (>) for which
Eq. (4.28) holds. Consider such a path ? . Then ? goes through all the cuts
S) ,*

0 # T) ,*
1 # S) ,*

1 # ... # T) ,*
" # S) ,*

" # .... Indeed, it is trivial that ? goes
through S) ,*

0 = {>} . Furthermore, it follows from lim inf +* +$ E
eb
Q,V( $|? +) < ) that

there is an +1 ' N such that ? +1 $ > and E
eb
Q,V( $|? +1 ) < ) . Take the Þrst such

+1 ' N. Then it follows from the deÞnition of T) ,*
1 that ? +1 ' T) ,*

1 . Next, it
follows from lim inf +* +$ M ) ,*

1 (? +) # $(? ) > * that there exists some H1 ' N
for which H1 > +1 and M ) ,*

1 (? H1 ) > * . Take the Þrst suchH1. Then it fol-
lows from the deÞnition of S) ,*

1 that ? H1 ' S) ,*
1 . Repeating similar arguments

over and over again allows us to conclude that? indeed goes through all the cuts
S) ,*

0 # T) ,*
1 # S) ,*

1 # ... # T) ,*
" # S) ,*

" # ....
In what follows, we use the following notation. For any " ' N0, let 9?

" be the
(necessarily unique) situation in S) ,*

" where ? goes through. Similarly, for any " ' N,
let J?

" be the (necessarily unique) situation in T) ,*
" where ? goes through. For all

+ ' N0, let " + ' N0 be deÞned by" + ! 0 if T) ,*
1 ' ? + and otherwise, let " + be such

that T) ,*
" +

# ? + and T) ,*
" ++1 ' ? +. Note that " + * +$ for + * +$ because? goes

through all the cuts T) ,*
1 # T) ,*

2 # ... # T) ,*
" # .... For any + ' N0 such that " + # 1,

we now have one of the following two cases:
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1. The Þrst case is that? + ' (T) ,*
" +

, S) ,*
" +

] . Then by applying Eq. (4.27)! for each
subsequent step, recalling thatT ) ,* (>) = 1, and cancelling out the intermediate
terms which is possible becauseM ) ,*

@ (>1) is real for any >1 ' [T) ,*
@ , S) ,*

@ ) and any
@' N [this follows readily from the deÞnition of the cuts T) ,*

@ and S) ,*
@ ], we Þnd

that

T ) ,* (? +) =

)
" +&19

@=1

M ) ,*
@ (9?

@)

M ) ,*
@ (J?

@)

*
M ) ,*

" +
(? +)

M ) ,*
" +

(J?
" +

)
.

Since M ) ,*
" +

(? +) # inf $ > 0 [due to Eq. (4.26)206], M ) ,*
@ (9?

@) > * > 0 for all
@' {1, ..., " + & 1} and 0 < M ) ,*

@ (J?
@) < ) for all @' {1, ..., " +} , we get that

T ) ,* (? +) #
+*

)

, " +&1 M ) ,*
" +

(? +)

)
#

+*

)

, " +&1 +inf $

)

,
.

2. The second case is that? + ' (S) ,*
" +

, T) ,*
" ++1] . Then, by repeatedly applying

Eq. (4.27)! , and sinceT ) ,* (>) = 1, we have that

T ) ,* (? +) =
" +9

@=1

M ) ,*
@ (9?

@)

M ) ,*
@ (J?

@)
.

SinceM ) ,*
@ (9?

@) > * > 0 and 0 < M ) ,*
@ (J?

@) < ) for all @' {1, ..., " +} , we Þnd that

T ) ,* (? +) >
+*

)

, " +

.

Since inf $ > 0, ) > 0 and *
) > 1, and since lim +* +$ " + = +$ , it follows from the

two expressions above that indeedlim +* +$ T ) ,* (? +) = +$ .
To Þnish, we use the countable set of rational couplesU ! {( ) , * ) ' Q2 : 0 <

) < * } to deÞne the processT :

T !
$

() ,* ) ' U

K ) ,*T ) ,* ,

with coe" cients K ) ,* > 0 that sum to 1. Hence,T is a countable convex combina-
tion of the positive >-test supermartingalesT ) ,* in Meb(Q¥). By Lemma4.4.2163, T
is then also a supermartingale in Meb(Q¥). It is also positive, because allK ) ,*T ) ,*

are positive. Since it is moreover clear thatT (>) = 1, the processT is a positive
>-test supermartingale in Meb(Q¥). Furthermore, T converges to+$ on the paths
? ' " (>) where lim inf +* +$ E

eb
Q,V( $|? +) < $(? ). Indeed, consider such a path? .

Then since $(? ) # inf $ > 0, there is at least one couple () 1, *1) ' U such that
lim inf +* +$ E

eb
Q,V( $|? +) < ) 1 < *1 < $(? ), and as a consequencelim +* +$ T ) 1,*1

(? +) =
+$ . Then also lim +* +$ K ) 1,*1

T ) 1,*1
(? +) = +$ , and since K ) ,*T ) ,* is positive for all

other couples () , * ) ' U \ ( ) 1, *1), the positive >-test supermartingaleT indeed con-
verges to+$ on ? .

4.C Stopping times, and proofs of Theorems 4.7.3 and 4.7.4

To prove Theorems4.7.3182 and 4.7.4183, we start with some technical
results concerning the nature of stopping times in discrete-time stochastic
processes with a Þnite state space.
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4.C Stopping times and proofs of Theorems4.7.3 and 4.7.4

4.C.1 Stopping times for discrete-time stochastic processes with Þ-
nite state space

A stopping time ! ' V is a variable taking values inN0 and is such that,
for any ? ' ! and with + = ! (? ), we have that ! ( ÷? ) = + for all ÷? ' " (? +).
Or, alternatively, we could say that ! is a stopping time if it takes values in
N0 and if, for any + ' N0 and any ? ' ! &1(+) ! { ÷? ' ! : ! ( ÷? ) = +}, we
have that " (? +) + ! &1(+). The following lemma shows that our deÞnition
of a stopping time agrees with the more traditional one that can for instance
be found in [ 5].

Lemma 4.C.1. A variable ! ' V taking values inN0 is a stopping time if and
only if the event! &1(+) for all + ' N0 is a union

<
' 1:+ ' S " (' 1:+) of cylinder

events of situations' 1:+ with length +.

Proof. Let ! be a stopping time and consider any+ ' N0. For any ? ' ! &1 (+), since
! is a stopping time, we have that " (? +) + ! &1(+). Hence, we also have that the
union

<
? ' ! &1 (+) " (? +) of the sets" (? +) over all ? ' ! &1 (+) is a subset of! &1 (+). That

<
? ' ! &1 (+) " (? +) is also a superset of! &1 (+), is trivial, so we Þnd that

<
? ' ! &1 (+) " (? +)

is equal to ! &1(+).
Conversely, suppose that! is a variable taking values in N0 such that the event

! &1 (+) for all + ' N0 is a union
<

' 1:+' S " (' 1:+) of cylinder events of situations ' 1:+ with
length +. Then consider any? ' ! and any ÷? ' " (? +) with + = ! (? ). Since! &1(+)
is a union of cylinder events of situations ' 1:+ with length +, and since obviously
? ' ! &1 (+) because+ = ! (? ), we obtain that " (? +) + ! &1(+) and therefore that
÷? ' ! &1 (+). As a result, we conclude that! ( ÷? ) = +.

For discrete-time stochastic processes with generalÑnot necessarily
ÞniteÑstate spaces, stopping times are not necessarily bounded above. If
the state space is assumed Þnite however, as is the case for our setting here,
then stopping times are automatically bounded above, and therefore always
belong to the spaceF of Þnitary gambles. This results from the following
fundamental lemma, which we will also use further on to prove some of our
crucial results.

Lemma 4.C.2. For any decreasing sequence(%+)+' N consisting of sets%+ that
are each non-empty and a Þnite union of cylinder events of situations of the
same length, we have thatlim +* +$ %+ is non-empty.11

Proof. This follows from the lemma on [ 5, p. 29]; again, as already mentioned in the
proof of Lemma 3.3.372, a Ôcylinder eventÕ according to [5] is in our language a Þnite
union of cylinder events of situations of the same length, and that the notion of a Ôthin

11Note that the Þniteness (or better, compactness) of the local state spaceX is a necessary
assumption for Lemma4.C.2 to hold.
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cylinder eventÕ in [5] corresponds to our notion of a cylinder event. Alternatively,
this result is also a special case of [111, Theorem 17.4 (a)Ð(b)] sinceX is Þnite and
therefore ! = X NÑif equipped with the product topologyÑis compact; we refer to
Section 5.5.2250 and Appendix 5.C274 for some basic topological facts about! .

Lemma 4.C.3. Any stopping time ! is a Þnitary gamble that is (sup! )-
measurable, withsup! ' N0.

Proof. We Þrst show that! is bounded, and therefore a gamble.! is clearly bounded
below because it takes values inN0. To prove that it is bounded above, consider the
sequence of events(%+)+' N deÞned by%+ ! {? ' ! : ! (? ) # +} for all + ' N. Then,
for any + ' N, the event %+ is a Þnite union of cylinder events of situations with
length +. Indeed, for any " ' N0 such that " < +, we have by Lemma4.C.1! that
! &1 (" ) = {? ' ! : ! (? ) = " } is a union

<
' 1:" ' S 1 " (' 1:" ) of cylinder events of situa-

tions of length " , and thus because" < + also the union
<

' 1:" ' S 1
<

' " +1:+' X +&" " (' 1:+)
of cylinder events of situations of length +. The event %&

+ = {? ' ! : ! (? ) < +}
is equal to the union

< +&1
" =0 ! &1 (" ), so %&

+ is also a union of cylinder events of situa-
tions of length +. Let us denote this union by

<
' 1:+' S " (' 1:+) with S + X +. Since

! =
<

' 1:+' X + " (' 1:+), we have that %+ = ! \ %&
+ =

<
' 1:+' X +\ S " (' 1:+). Hence, since

X is Þnite, %+ is indeed the Þnite union of cylinder events of situations of length
+. Furthermore, by its deÞnition, (%+)+' N is clearly decreasing. Hence, if%+ is non-
empty for all + ' N, then Lemma 4.C.2! implies that lim +* +$ %+ is also non-empty.
This would mean that there is a path ? ' ! such that ? ' %+ for all + ' N, and
so by deÞnition of %+, that ! (? ) # + for all + ' N. But this is in contradiction with
the fact that ! takes values inN0, so we must have that %+ is empty for some + ' N
and therefore that ! (? ) < + for all ? ' ! . So ! is bounded above, which together
with the fact that ! is bounded below, implies that ! is a gamble. The fact that ! is
bounded above and that it takes values inN0, also clearly implies that sup! ' N0. To
see that ! is (sup! )-measurable, consider any? ' ! and any ÷? ' " (? sup! ). Then
÷? ' " (? ! (? ) ) because! (? ) ( sup! and therefore, since ! is a stopping time, we
have that ! (? ) = ! ( ÷? ).

With any stopping time ! , we can also naturally associate a (tree) cut
S! ! {A ' X ! : (; ? ' ! ) A = ? ! (? ) } = {? ! (? ) : ? ' ! } (see Ap-
pendix 4.B199 for deÞnitions and notations concerning cuts). The following
lemma shows thatS! is indeed a cut, and that this cut is moreover complete.

Lemma 4.C.4. For any stopping time! , the setS! : X ! is a complete cut.

Proof. To see thatS! is a cut, supposeex absurdo that there are two (di ! erent)
situations ? ! (? 1)

1 and ? ! (? 2)
2 in S! such that ? ! (? 1)

1 2 ? ! (? 2)
2 . Then we have that

! (? 1) ( ! (? 2) and that ? 2 ' " (? ! (? 1)
1 ). The latter implies, by the fact that ! is

a stopping time, that ! (? 2) = ! (? 1). So since? ! (? 1)
1 2 ? ! (? 2)

2 , it must be that
? ! (? 1)

1 = ? ! (? 2)
2 . This is in contradiction with our assumption that ? ! (? 1)

1 and ? ! (? 2)
2

are di! erent, so we conclude that all situations in S! are pairwise incomparable and
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therefore, that S! is a cut. To see whyS! is moreover a complete cut, observe that
since ! takes values inN0, it follows that, for any ? ' ! , ? ! (? ) is a situation, which
by deÞnition is an element ofS! ; it is moreover clear that for this situation ? ! (? ) , we
have that ? ' " (? ! (? ) ). Hence,S! is a complete cut, because for all? ' ! , there is
a situation 9 ' S such that ? ' " (9).

4.C.2 Proofs of Theorems4.7.3 and 4.7.4

For the following lemmas, we will associate with any sequence( $+)+' N0

of +-measurable variables and any stopping time! , the global variable $! ' V
deÞned by $! (? ) ! $! (? ) (? ). For any extended real processC and any
(tree) cut S, we will furthermore use CAS to denote the extended real pro-
cess stopped atS:

CAS (>) !

'
C(>) if >$ S;

C(9(>)) if >3 S,
for all > ' X ! ,

where, for any > 3 S, 9(>) denotes the unique situation in the cut S such
that > 3 9(>). That 9(>) is unique follows from the fact that S is a cut, and
thus the situations in S are incomparable; indeed, for any second91(>) ' S
such that > 3 91(>), and for + ! |9(>)| and H ! |91(>)|, we will have that
9(>) = >1:+ 3 >1:H = 91(>) if + ( H, or 91(>) = >1:H 3 >1:+ = 9(>) if H ( +,
which contradicts the incomparability of 9(>) and 91(>). For any stopping
time ! , we also use the notation CA! to denote the extended real process
stopped at the cut S! associated with ! .

The following basic lemma shows that stopping a supermartingale does
not impact the fact that it is a supermartingale.

Lemma 4.C.5. For any upper expectations treeQ¥, any M ' Meb(Q¥), and
any (complete or partial) cut S, we have that the stopped processM AS is a
supermartingale inMeb(Q¥). In particular, for any stopping time ! , we have
that M A! ' Meb(Q¥).

Proof. The processM AS is bounded below becauseM is. To see that M AS is a
supermartingale, note that

M AS (Aá)!

'
M (9(A)) if A3 S;

M (Aá) if A$ S,
for all A' X ! .

So for any situation A 3 S, we have that M AS (A) = M (9(A)) and that M AS (Aá) =
M (9(A)), which implies that Q>

A(M AS (Aá))= M AS (A) because ofLE1156. On the other
hand, for any situation A $ S, we have that M AS (A) = M (A) and that M AS (Aá) =
M (Aá). So here too, becauseM is a supermartingale and thusQ>

A(M (Aá)) ( M (A),
we have that Q>

A(M AS (Aá))( M AS (A). As a consequence,M AS ' Meb(Q¥).
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The last statement, that M A! ' Meb(Q¥) for any stopping time ! , then follows
from the fact that S! is a cut, due to Lemma 4.C.4210, and the fact that M A! =
M AS! .

Lemma 4.C.6. Consider any upper expectations treeQ¥, any > ' X ! and
any sequence( $+)+' N0 of +-measurable gambles that converges pointwise to a
variable $ ' V that is bounded above. Then, for anyH ' N0 and any : ' R
such that E

eb
Q,V( $|>) < : , there is a stopping time! such that H ( ! and

E
eb
Q,V( $! |>) ( : .

Proof. Fix any H ' N0, any : ' R such that E
eb
Q,V( $|>) < : , and any E ' R>.

According to the deÞnition of E
eb
Q,V( $|>), there is a supermartingale M ' Meb(Q¥)

such that M (>) ( : and lim inf M #> $. We start by showing that, for any ? ' " (>)
and any +! ' N0, there is some natural number+ # +! such that M (? +) +E# $+(? ).

So consider any? ' " (>). First note that lim inf M (? ) + E > $(? ) because
lim inf M #> $, lim inf M (? ) > &$ [ M is bounded below] and $(? ) < +$ [ $ is
bounded above]. This implies that there is a real number < such that lim inf M (? ) +
E > < > $(? ). Then, since ( $+(? ))+' N0 converges to $(? ) and < is a real such
that < > $(? ), there is some index R(? ) ' N0 such that < > $+(? ) for all + #
R(? ). Furthermore, by the deÞnition of the limit inferior and the fact that < is a
real such that lim inf M (? ) + E > <, there is a second indexQ (? ) ' N0 such that
M (? +) + E > < for all + # Q (? ). This tells us that M (? +) + E > < > $+(? ) for
all + # max{ R(? ), Q (? )} . This indeed implies that, for any +! ' N0, there some
+ # +! such that M (? +) + E# $+(? ).

Let @be the length of the string >and consider the variable ! ' V deÞned by

! (? ) !

'
inf

%
+ # max{@, H} : M (? +) + E# $+(? )

&
if ? ' " (>);

max{@, H} otherwise,
for all ? ' ! .

It clearly follows from the argument above that ! takes values inN0. We will now
also show that ! (? ) = ! ( ÷? ) for any ? ' ! and any ÷? ' " (? ! (? ) ), implying that !
is a stopping time, and therefore, by Lemma4.C.3210, that sup! ' N0 and that ! is
a (sup! )-measurable gamble. Furthermore, we then trivially have that ! # @and
! # H.

To this end, consider any ? ' ! and any ÷? ' " (? ! (? ) ). We distinguish two
cases:? ' " (>) and ? " " (>). If ? ' " (>), then it follows from the deÞnition of ! that
M (? ! (? ) )+E# $! (? ) (? ). Since? ! (? ) = ÷? ! (? ) [because ÷? ' " (? ! (? ) )] and since $! (? )

is ! (? )-measurable by assumption, this implies thatM ( ÷? ! (? ) ) +E# $! (? ) ( ÷? ). Then,
according to the deÞnition of ! and since ÷? ' " (>) [because! (? ) # @and ? ' " (>),
and therefore ÷? ' " (? ! (? ) ) + " (>)], we have that ! ( ÷? ) ( ! (? ). On the other hand,
since ÷? ' " (>) and ? ' " ( ÷? ! ( ÷? ) ) [because ? ! (? ) = ÷? ! (? ) and ! ( ÷? ) ( ! (? )], we
can infer, in exactly the same way as before, that also! (? ) ( ! ( ÷? ). So we conclude
that ! (? ) = ! ( ÷? ) when ? ' " (>). If ? " " (>), then ÷? " " (>) because! (? ) # @and
therefore " (? ! (? ) ) , " (>) = ) . Then it follows immediately from the deÞnition of !
that ! (? ) = ! ( ÷? ). So ! is indeed a stopping time and thus a (sup! )-measurable
gamble for which it moreover holds that ! # @and ! # H.
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For any ? ' ! , we now let 9! (? ) be the unique situation in S! such that ? '
" (9! (? )). This situation 9! (? ) exists and is unique becauseS! is a complete cut due
to Lemma 4.C.4210. By deÞnition of S! , we also clearly have that 9! (? ) = ? ! (? ) .
Hence, by the deÞnition of M A! , we obtain that

lim
H* +$

M A! (? H ) = lim
H* +$

M (9! (? )) = M (9! (? )) = M (? ! (? ) ) for all ? ' ! .

Therefore, by the deÞnition of ! , we have that

lim
H* +$

-
M A! (? H ) + E

.
= M (? ! (? ) ) + E# $! (? ) (? ) = $! (? ) for all ? ' " (>).

Then by DeÞnition 4.7160 and taking into account that M A! ' Meb(Q¥) by
Lemma4.C.5211, and therefore that M A! +E ' Meb(Q¥) [because the local modelsQ>

>

satisfy LE5156], it follows that E
eb
Q,V( $! |>) ( M A! (>) + E. Moreover, M A! (>) = M (>)

because! # @and therefore > $ S! or > ' S! , so we also have thatE
eb
Q,V( $! |>) (

M (>) + E ( : + E. Since this inequality holds for any E ' R>, we infer that
E

eb
Q,V( $! |>) ( : , which together with the fact that ! is a stopping time such that

H ( ! , establishes the lemma.

The idea underlying the proof of Theorem 4.7.3182 is borrowed from
[ 23, Theorem 3]. However, just as in [8, 94], real supermartingales were
adopted there. Moreover, our result here considers sequences of (extended
real) Þnitary variables that are bounded above, instead of sequences of+-
measurable gambles.

Proof of Theorem4.7.3182. Note that, because $ is the pointwise limit of a de-
creasing sequence( $+)+' N0 of bounded above variables, $ is also bounded above.
Because $+ # $++1 # $ for all + ' N0 and E

eb
Q,V is monotone [EC4163], the limit

lim +* +$ E
eb
Q,V( $+|>) exists and we have that lim +* +$ E

eb
Q,V( $+|>) # E

eb
Q,V( $|>). So we

are left to show that lim +* +$ E
eb
Q,V( $+|>) ( E

eb
Q,V( $|>).

Consider the sequence ( $@&+
+ )+' N0 and note that it su" ces to show that

lim +* +$ E
eb
Q,V( $@&+

+ |>) ( E
eb
Q,V( $|>), where the limit lim +* +$ E

eb
Q,V( $@&+

+ |>) exists be-
cause( $@&+

+ )+' N0 is clearly decreasing [since( $+)+' N0 is decreasing] andE
eb
Q,V is mono-

tone [EC4163]. Indeed, it will then follow that lim +* +$ E
eb
Q,V( $+|>) ( E

eb
Q,V( $|>) be-

cause $+ ( $@&+
+ for all + ' N0 and therefore, by EC4163, that lim +* +$ E

eb
Q,V( $+|>) (

lim +* +$ E
eb
Q,V( $@&+

+ |>) ( E
eb
Q,V( $|>).

Since ( $+)+' N0 is a sequence of Þnitary variables that converges decreasingly to
$, the same holds for the sequence( $@&+

+ )+' N0 . In fact, ( $@&+
+ )+' N0 is even a sequence

of Þnitary gambles because each$+ is bounded above. Now let - + ! $@&+
+ for all

+ ' N0 and consider the sequence(- P
+)+' N0 deÞned by the recursive expression in

Eq. (4.11)180, with - P
0 a real constant such that - P

0 # sup- 0 [this is possible be-
cause- 0 = $@0

0 is a gamble]. Due to Lemma 4.7.1(i) 181, (- P
+)+' N0 is a sequence of

+-measurable variables. Since(- +)+' N0 = ( $@&+
+ )+' N0 is a sequence of Þnitary gam-

bles that converges decreasingly to$, it follows from Lemma 4.7.1(iii) 181, (v) 181 and
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(vi) 181 that (- P
+)+' N0 is a sequence of+-measurable gambles that converges decreas-

ingly to $. Due to Lemma4.7.1(vii) 181, we moreover have that

lim
+* +$

E
eb
Q,V( $@&+

+ |>) = lim
+* +$

E
eb
Q,V(- +|>) = lim

+* +$
E

eb
Q,V(- P

+|>). (4.29)

Consider any real number : > E
eb
Q,V( $|>), which is possible because$ is bounded

above and therefore, byEC1163, E
eb
Q,V( $|>) < +$ . Then since (- P

+)+' N0 is a sequence
of +-measurable gambles that converges decreasingly to$, Lemma 4.C.6212 implies
that there is a stopping time ! such that E

eb
Q,V(- P

! |>) ( : [we simply let H = 0 in
the lemma]. Since (- P

+)+' N0 is decreasing andE
eb
Q,V is monotone [EC4163], and since

sup! ' N0 due to Lemma 4.C.3210, we have that

: # E
eb
Q,V(- P

! |>) # E
eb
Q,V(- P

(sup! ) |>) # lim
+* +$

E
eb
Q,V(- P

+|>),

so we infer that lim +* +$ E
eb
Q,V(- P

+|>) ( : . Recalling Eq. (4.29), it follows that
lim +* +$ E

eb
Q,V( $@&+

+ |>) ( : . Since this holds for any real : > E
eb
Q,V( $|>), we conclude

that lim +* +$ E
eb
Q,V( $@&+

+ |>) ( E
eb
Q,V( $|>) as desired.

For any net {&(H,+) }H,+' N0 in R, we say that & ! lim (H,+)* +$ &(H,+) ' R
is the (Moore-Smith) limit [ 67] of {&(H,+) }H,+' N0 if, for each neighbour-
hood %of &, there is a couple (H! , +! ) ' N2

0 such that &(H,+) ' %for all
H # H! and all + # +! . For the deÞnition of a neighbourhood, see [111,
Section 2.4]. In our setting, the neighboorhoods of a real number & ' R
are all the sets that include an openE-disk { ) ' R : |) & &| < E} around &
[ 111, Example 4.4(b)], and the neighbourhoods around +$ are all the sets
that include { ) ' R : ) > 0} for some 0 ' R, and similarly for neighbour-
hoods around &$ ; see Section1.614 for the open sets in R. Furthermore,
for any net { $(H,+) }H,+' N0 in V such that lim (H,+)* +$ $(H,+) (? ) exists for all
? ' ! , we write lim (H,+)* +$ $(H,+) to denote the variable in V deÞned by
lim (H,+)* +$ $(H,+) (? ) for all ? ' ! .

Lemma 4.C.7. Consider any sequence( $+)+' N0 in V that converges pointwise
to some variable$ ' Vb. Then we have thatlim (H,+)* +$ $?H

+ = $.

Proof. Consider any? ' ! . First consider the case that $(? ) ' R and Þx any E '
R>. Then there is an+! ' N0 such that | $+(? )& $(? )| < Efor all + # +! . Consider any
H! # $(? )+E. Then for all + # +! and all H # H! , we have that $+(? ) < $(? )+E( H,
so $?H

+ (? ) = $+(? ) and therefore |$?H
+ (? ) & $(? )| = |$+(? ) & $(? )| < E. Since this

holds for any E > 0 [and since any neighboorhood of $(? ) ' R includes an open
E-disk] we have that lim (H,+)* +$ $?H

+ (? ) = $(? ). If $(? ) = +$ , Þx any 0 > 0. Then
there is an +! ' N0 such that $+(? ) > 0 for all + # +! . If we now take H! # 0,
then clearly also $?H

+ (? ) # 0 for all + # +! and all H # H! . Hence, we have that
lim (H,+)* +$ $?H

+ (? ) = $(? ) which, together with our earlier considerations, allows
us to conclude that lim (H,+)* +$ $?H

+ = $.
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Proof of Theorem4.7.4183. Fix any > ' X ! and any $ ' Lb. According to Propo-
sition 4.7.2182, there is a sequence( $+)+' N0 of +-measurable gambles that converges
pointwise to $ and such that 0 ( $+ ( sup $ for all + ' N0, where 0 is any real
number if inf $ = +$ and 0 ! inf $ if inf $ ' R [ inf $ = &$ is impossible because
$ is bounded below].

Fix any @' N and note that the sequence( $?@
+ )+' N0 is a sequence of+-measurable

gambles that converges pointwise to $?@ because ( $+)+' N0 is a sequence of+-
measurable gambles that converges pointwise to$. Moreover, $?@is bounded above
by @, so Lemma4.C.6212 guarantees that, for any H ' N0 and any : ' R such that
E

eb
Q,V( $?@|>) < : , there is some stopping time! such that H ( ! and E

eb
Q,V( $?@

! |>) ( : .
Since $?@ is both bounded below and above and E

eb
Q,V satisÞesEC1163, we have

that E
eb
Q,V( $?@|>) ' R and therefore, that E

eb
Q,V( $?@|>) < E

eb
Q,V( $?@|>) + 1/ @. So

in particular, for any H ' N0, there is a stopping time ! such that H ( ! and
E

eb
Q,V( $?@

! |>) ( E
eb
Q,V( $?@|>) + 1/ @. Lemma 4.C.3210 moreover implies that sup! ' N0

for any such a stopping time.
It follows from the above that there is a sequence{! @} @' N0 of stopping times ! @

such that ! 0 = 0 and, for all @' N, ! @# sup! @&1 + 1 and E
eb
Q,V( $?@

! @
|>) ( E

eb
Q,V( $?@|>) +

1/ @. We now show that { $?@
! @

} @' N0 is a sequence of Þnitary gambles that is uniformly
bounded below and that converges pointwise to $ such that lim @* +$ E

eb
Q,V( $?@

! @
|>) =

E
eb
Q,V( $|>).

Each $?@
! @

is a gamble because it is bounded above by@and because, since each
$+ is bounded below by 0, $?@

! @
is bounded below by min{ 0, @}. It then also follows

that { $?@
! @

} @' N0 is uniformly bounded below by min{ 0, 0} . To see that each $?@
! @

is
Þnitary, recall that each ! @is (sup! @)-measurable, by Lemma4.C.3210. This implies
that ! @(? ) = ! @( ÷? ) for any ? ' ! and any ÷? ' " (? (sup! @) ), and therefore that

$?@
! @

(? ) = $?@
! @(? ) (? ) = $?@

! @( ÷? ) (? ) = $?@
! @( ÷? ) ( ÷? ) = $?@

! @
( ÷? ),

where the third equality follows from the fact that $?@
! @( ÷? ) is ! @( ÷? )-measurable [be-

cause( $@
+ )+' N0 is a sequence of+-measurable gambles] and that ÷? ' " (? (sup! @) ) +

" (? ! @( ÷? ) ) [because! @( ÷? ) ( sup! @]. As a consequence, each$?@
! @

is indeed (sup! @)-
measurable, and therefore Þnitary.

To see that{ $?@
! @

} @' N0 converges pointwise to $, recall that ( $+)+' N0 is a sequence
of gambles that converges pointwise to $ ' Lb. So Lemma 4.C.7. implies that
lim (@,+)* +$ $?@

+ = $, meaning that, for any ? ' ! and any neighbourhood %of $(? ),
there is a couple (@! , +! ) ' N2

0 such that $?@
+ (? ) ' %for all @# @! and all + # +! .

Then, since { ! @} @' N0 is strictly increasing in @[because ! @ # sup! @&1 + 1 for all
@' N], there is an @1 ' N0 such that @# @! and ! @(? ) # +! for all @# @1. Together
with the above, this implies that $?@

! @
(? ) = $?@

! @(? ) (? ) ' %for all @# @1. Since there
is such an@1 ' N0 for any ? ' ! and any neighbourhood %of $(? ), we have that
lim @* +$ $?@

! @
= $.

Finally, to see that lim @* +$ E
eb
Q,V( $?@

! @
|>) = E

eb
Q,V( $|>), recall that { ! @} @' N0 is such

that E
eb
Q,V( $?@

! @
|>) ( E

eb
Q,V( $?@|>) + 1/ @for all @' N. So we have that

lim sup
@* +$

E
eb
Q,V( $?@

! @
|>) ( lim sup

@* +$

+
E

eb
Q,V( $?@|>) + 1/ @

,
= lim sup

@* +$
E

eb
Q,V( $?@|>) = E

eb
Q,V( $|>),
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where the last equality follows from Theorem 4.6.1175 which we can apply be-
cause { $?@} @' N0 is an increasing sequence inVb [because $ is bounded be-
low] that converges pointwise to $ ' Vb. On the other hand, we have that
lim inf @* +$ E

eb
Q,V( $?@

! @
|>) # E

eb
Q,V( $|>) because of Corollary4.6.2177 and the fact that

{ $?@
! @

} @' N0 is uniformly bounded below by min{ 0, 0} and converges pointwise to $.
Hence, we conclude thatlim @* +$ E

eb
Q,V( $?@

! @
|>) = E

eb
Q,V( $|>).

As a Þnal step, we consider the sequence( $1
@)@' N0 !

-
( $?@

! @
) P

.
@' N0

deÞned
through Eq. (4.11)180, with & = 0. Then, by Lemma 4.7.1(i) 181, (iv) 181Ð(vi) 181,
we have that ( $1

@)@' N0 is a sequence of+-measurable gambles that is uniformly
bounded below and converges pointwise to$. Lemma4.7.1(vii) 181 and the fact that
lim @* +$ E

eb
Q,V( $?@

! @
|>) = E

eb
Q,V( $|>) moreover imply that lim @* +$ E

eb
Q,V( $1

@|>) = E
eb
Q,V( $|>).

So we conclude that( $1
@)@' N0 is a sequence of+-measurable gambles that is uniformly

bounded below and that converges pointwise to $ such that lim @* +$ E
eb
Q,V( $1

@|>) =
E

eb
Q,V( $|>).
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Ever since the release of KolmogorovÕs landmark contribution [56] 1 in the
1930Õs, probability theory has become predominately measure-theoretic in
nature. This branch of probability theory aims to quantify uncertainty in
terms of probability measures: probability charges that, apart from satisfy-
ing Þnite additivity, are assumed to satisfy the axiom of countable additiv-
ity [ 55, Section II.1]. 2 So similarly as in Section 2.222 and Section 3.369,
probabilitiesÑin the form of charges or measuresÑare thus considered to
be the primary objects, and linear expectations and upper expectations are
only regarded to be the derived secondary objects. The fact, however, that
probability measures are assumed to additionally satisfy the axiom of count-
able additivity changes matters dramatically: it ensures that probability
measures and the corresponding measure-theoretic expectationsÑobtained
by Lebesgue integrationÑpossess powerful limit properties, which in turn
can be seen as one of the major reasons for the success of the measure-
theoretic framework. A second crucial factor for this success, which was
largely due to the work of Kolmogorov [ 56] and, in the context of stochas-
tic processes, due to that of Doob [33], is that the framework can be based
entirely on a small number of simple and clean axioms. This axiomatic ap-
proach was, at the time, considered to be uniquely elegant, and it provided
a much required uniÞed approach to probability theory.

Yet, apart from these undeniable advantages, the measure-theoretic ap-
proach also has some serious drawbacks. The most important, to us, being
that it is strongly ÔpreciseÕ in spirit; one posits a single probability measure
and all inferences are being deduced from this single probability measure. It
therefore hides the inferential nature of probabilistic reasoning. Of course,

1Though the work of Kolmogorov is often cited as what gave birth to todayÕs measure-
theoretic probability theory, it was itself preceded by a series of impactful advances by Borel,
FrŽchet, LŽvy and many others [87].

2The axiom of countable additivity is equivalent to the axiom of continuity [ 87, Sec-
tion 5.2.1].

217



Measure-theoretic upper expectations

to remain more general, we can instead consider sets of probability mea-
sures. However, the properties and especially the continuity properties of
the resulting imprecise (upper and lower) expectation operators remain
relatively unexplored thus farÑyet we know that they will inevitably be
weaker than their classical precise counterparts.3 Another issue is that clas-
sical measure-theoretic probability is typically only concerned with events
of positive probability, making conditioning on events of probability zero a
bit of a nuisanceÑwhich is typically circumvented by using a mathematical
trick involving equivalence classes. Lastly, the variables for which measure-
theoretic expectations are deÞned are always required to be measurable: an
abstract assumption that, though mostly justiÞed in practice, complicates
the mathematical analysis considerably.

In this chapter, we try to do away with these issues, and consider a suit-
ably adapted type of measure-theoretic global upper (and lower) expecta-
tion whose continuity properties, though less powerful than their precise
measure-theoretic counterparts, are still considerably stronger than those
of the Þnitary probability-based upper expectations from Section3.369.

We start by considering the precise case, where local dynamics are de-
scribed by a single precise probability tree, and deal with the latter two is-
sues. Instead of turning the precise probability tree into a single probability
measure on! Ñor a ! -algebra on! Ñ, as is done classically, we turn the pre-
cise probability tree into a global (conditional) probability measure. Such
a global probability measure is close in spirit to the notion of a full condi-
tional probability measure [ 4]; it essentially speciÞes a probability measure
on (an algebra on) ! for each situation > ' X ! , which describes the global
dynamics of the stochastic process if we are sure that the path? taken by the
process will pass through this situation >; see Section5.1220. This course of
reasoning is similar toÑand inspired byÑthe one presented by Lopatatzidis
[ 62, Chapter 3], and it enables us to meaningfully deÞne measure-theoretic
expectations conditional on situations that have probability zero. Subse-
quently, to extend the domain of these conditional measure-theoretic ex-
pectations from measurable variables to all global variablesV, we propose
two possible upper expectation operators, which can be seen as variations
of the standard upper Lebesgue integral. We argue why they are suitable
as extensions, and show that they are equivalent; this will be the topic of
Section 5.2227.

After an intermediate section (Section 5.3235) on the properties of this
common precise measure-theoretic upper (respectively lower) expectation,
we generalise in Section5.4240 towards an imprecise context. We do this in

3The continuity properties of measure-theoretic upper and lower probabilities , deÞned as
upper and lower envelopes over sets of probability measures, were however already thoroughly
studied by KrŠtschmer [59].
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a straightforward and intuitive manner, similar as before in Section 3.369, by
applying the foregoing ÔpreciseÕ course of reasoning to each compatible pre-
cise probability tree, and then taking an upper (lower) envelope of all the
measure-theoretic upper (lower) expectations obtained from these compat-
ible precise probability trees. In that way, we obtain our desired ÔimpreciseÕ
measure-theoretic upper (lower) expectation.

Apart from suggesting a suitable generalisation away from the classical
measure-theoretic setting, the current chapter also aims to examine, on the
one hand, the characteristic properties of the generalised measure-theoretic
upper expectations thus obtained, and, on the other hand, the relation be-
tween these operators and the game-theoretic upper expectations discussed
in the previous chapter. First, in Section5.3235, we consider the case where
local models are precise; we prove that measure-theoretic upper expecta-
tions and game-theoretic upper expectations are then equal on their entire
domain, thereby generalisingÑfor Þnite state spacesÑan earlier result [ 85,
Theorem 9.3] by Shafer and Vovk. The most important properties of the
ÔpreciseÕ measure-theoretic upper expectation then follow immediately from
this equality and the fact that they are already known to be satisÞed by the
game-theoretic upper expectation.

Section 5.4240 then, considers the imprecise case and, apart from intro-
ducing general measure-theoretic upper expectations as discussed above,
presents a number of important properties for these measure-theoretic op-
erators; e.g. extended coherence, a relation withEQ, continuity from below,
and two speciÞc types of continuity from above. Finally, in Section5.5249,
we use these properties to establish an equality with the game-theoretic
upper expectation on two complementary types of domains: the set of all
bounded below measurable variables, andÑif the local sets of probability
mass functions are closedÑthe set of all monotone limits of Þnitary gam-
bles. We argue that, together, these domains cover almost all practically
relevant inferences, and therefore that, in practice, the two types of upper
expectationsÑthe measure-theoretic and the game-theoreticÑcan often be
regarded as equivalent. We also discuss their relation in case they are not
equivalent, and conclude the chapter with an overview on how, and in which
aspects, our result generalises the results of Shafer and Vovk in [85, Chap-
ter 9].

Concluding this introductory section, we want to mention that there is
also an alternative route one may take in generalising classical measure-
theoretic probability in order to deal with the need for imprecision; by using
sub- or super-additive probability measures as a starting point instead of
global probability measures, as in the classical case, or sets of them, as in
our case. This approach was largely initiated by ChoquetÕs work [6] on
capacities and non-additive measures, and the study of these objects has
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Figure 5.1 Overview of the global upper expectations treated in this and
previous chapters.

grown to be a major topic of interest; see e.g. [28, 31, 42, 43, 59]. However,
the setback with using a single non-additive measure instead of a set of
probability measures is that it penalizes generality considerably; see [106,
Chapter 6] and [ 31, p.viii] for an elaborate treatment of the topic. Though
we do not adopt this approach in the context of the current dissertation,
some of our results in Section5.5249 nevertheless rely crucially on results
from the theory of non-additive measures.

5.1 From charges to measures

In the current section, we aim to come to grips with the notions of count-
able additivity and probability measures, and show how they lead us to de-
Þne global probability charges on domains considerably larger than those
considered in Section3.369.

5.1.1 The requirement of countable additivity

Recall Section3.369, where we proposed a possible and straightforward
method for extending a given imprecise probability tree P ¥ to a global upper
expectation EP . The upper expectationEP was constructed in three steps;
Þrst, for all 2 0 P ¥, we considered a globalÑÞnitely additiveÑprobability
charge on <X ! = 9X ! [DeÞnition 3.270] connected to 2 by Eq. (3.12)72;
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5.1 From charges to measures

then, for each such global probability chargeP2, we deÞned a correspond-
ing global upper expectation E2 on V 9 X ! using the (upper) Lebesgue inte-
gral (or upper S-integral) [DeÞnition 3.578]; and Þnally, we took an upper
envelope of these global upper expectations over all2 0 P ¥ to obtain our
global upper expectation EP corresponding toP ¥. Though elegant as it may
seem, this way of deÞning a global upper expectationÑeven only on global
gamblesÑwas not satisfactory. This became apparent when we considered
Example3.6.199; it was shown that E2 may lack elementary continuity prop-
erties, and that it therefore sometimes returns overly conservative values.

A possible way to perhaps remedy this issue, is to rely on the notion of
countable additivity [ 4, 5, 56, 89] for (global) probability charges; this
property strengthens the Þnite additivity condition [ GP370] to also apply to
countable (disjoint) unions of events.

DeÞnition 5.1 (Countable additivity) . A(n) (unconditional) probability
charge Pu on an algebra A + 1(! ) is called countably additiveÑor, ! -
additiveÑif, for any sequence (%.). ' N in A such that %.' N%. ' A ,

%. , %I = ) for any . ! I - Pu(%.' N%.) =
#

.' N Pu(%.).

Analogously, a global probability charge P on A 9 X ! , with A an algebra
such that <X ! = + A + 1(! ), is called countably additive if, for all > ' X ! ,
the (unconditional) probability charge P(á|>) on A is countably additive. !

Imposing countable additivity typically allows us toÑuniquelyÑextend
(global) probability charges to a larger domain, while still preserving fairly
strong limit properties. Before we get into the details, let us Þrst gather some
intuition and see how the condition of countable additivity can be used to
resolve the issue from Example3.6.199.

Example 5.1.1. Reconsider the precise probability tree 2 from Exam-
ple 3.6.199; then we have that 2() |>) = 1 and 2(* |>) = 0 for all > ' X ! .
Let us consider two di! erent global probability charges on 1(! ) 9 X ! that
are related to 2 by Eq. (3.12)72; a countably additive one and a Þnitely addi-
tive one. The Þrst global probability chargeP1 is deÞned, for all %+ ! and
> ' X ! , by P1(%|>) ! 1 if >)) á á á' %, and P1(%|>) ! 0 otherwise. To see
that P1 is a global probability charge, it su" ces to check thatGP170ÐGP470

are satisÞed.
We only prove GP470 and leave GP170ÐGP370 to the reader, as they are

fairly straightforward. Fix any %+ ! and any >, A' X ! such that >2 A. We
need to show that P1(%, " (A)|>) = P1(%|A)P1(A|>). Let @! |A| & |>| # 0 be
the di! erence in length between the situationsAand >. Then we either have
that A = >)@and then " (A) = " (>)@) or otherwise, that " (A) , " (>)@) = ) .
Suppose the former is true. Then>)) á á á' " (A) and so it follows from the
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deÞnition of P1 that P1(A|>) = 1. For any % + ! , we then also have that
A)) á á á= >)) á á á' %if and only if >)) á á á' %, " (A), and therefore that
P1(%|A) = P1(%, " (A)|>), which together with P1(A|>) = 1 establishesGP470

for the case thatA= >)@. Now suppose on the other hand that" (A) , " (>)@) =
) . Then we clearly have that >)) á á á" " (A) and therefore that P1(A|>) = 0
and that P1(%, " (A)|>) = 0, which immediately establishesGP470.

So, in summary, P1 always satisÞesGP470 (and GP170ÐGP370) and is
therefore a global probability charge on 1(! ) 9 X ! . It can moreover be
checked easily thatP1 satisÞes Eq. (3.12)72. The (unconditional) probability
of the event ! \ { ))) á á á }according to P1 is equal to 0, and the (uncondi-
tional) probability of the singleton { ))) á á á }according to P1 is furthermore
equal to 1; these values are in line with our intuition.

Moreover, observe thatP1 is countably additive, and actually the unique
countably additive global probability charge on 1(! ) 9 X ! that satisÞes
Eq. (3.12)72. That P1 is countably additive is easy to check. To show that
it is unique, consider any global probability charge P on 1(! ) 9 X ! that
satisÞes Eq. (3.12)72, and observe that the values ofP on <X ! = 9X ! are
uniquely determined by Proposition 3.3.473 [since the restriction of P to
<X ! = 9X ! is by DeÞnition 3.270 again a global probability charge]. In par-
ticular, for any > ' X ! , we have that P(>)+* |>) = 0 for all + ' N0. Note
that " (>) \ { >)) á á á }= %+' N0 " (>)+* ), and therefore by countable additivity
that P(" (>) \ { >)) á á á }|>) =

#
+' N0 P(>)+* |>) = 0. Hence, it now follows in a

straightforward way from GP170ÐGP370 that P(%|>) = 1 if >)) á á á' %and
P(%|>) = 0 otherwise, and thus indeed that P = P1.

We next consider a second global probability chargeP2 on 1(! ) 9 X !

that is not countably additive. We start by deÞning the map P! on K !
(<X ! = 9 X ! ) % {({ >)) á á á }, >) : > ' X ! } by P! (%|>) ! P1(%|>) for any
(%, >) ' <X ! =9X ! and P! (>)) á á á |>) ! 0 for any > ' X ! . Note that this deÞ-
nition is internally consistent because{>)) á á á }" <X ! =for all > ' X ! due to
Lemma 3.3.372. We aim to show that P! can be extended to a global prob-
ability charge P2 on the entire domain 1(! ) 9 X ! . To this end, we will use
the extension result [62, Theorem 8], which requires us to Þrst show thatP!

is a Ôcoherent conditional probabilityÕ according to [62, DeÞnition 5]. This
means checking a condition similar to Proposition 3.3.1(iii) 71: we need to
check that, for all + ' N, all ( 1, . . . , ( + ' R and all (%1, >1), . . . , (%+, >+) ' K ,

sup
+ +$

.=1

( .1>.

-
I%. & P! (%. |>.)

. 1
1
1%+

.=1 " (>.)
,

# 0.

By deÞnition, the map P! coincides with P1 on <X ! = 9X ! . As a result,
because we know that the global probability charge P1 satisÞes the con-
dition above on its entire domain [since it is a global probability charge
and due to Proposition 3.3.1], we have that P! satisÞes the inequality
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5.1 From charges to measures

above if (%1, >1), . . . , (%+, >+) ' <X ! = 9X ! : K . So it remains to check
that, for any + ' N0, any H ' N, ( 1, . . . , ( + ' R, ÷( 1, . . . , ÷( H ' R,
(%1, >1), . . . , (%+, >+) ' <X ! = 9X ! and A1, . . . , AH ' X ! ,

sup
+ +$

.=1

( .1>.

-
I%. & P! (%. |>.)

.

+
H$

I=1

÷( I1AI

+
IAI)) ááá& P! (AI)) á á á |AI)

, 1
1
1%+

.=1 " (>.)
A

%H
I=1" (AI)

,
# 0.

By deÞnition, we have that P! (AI)) á á á |AI) = 0 for all I = {1, . . . , H } , and
therefore that

H$

I=1

÷( I1AI

+
IAI)) ááá& P! (AI)) á á á |AI)

,
=

H$

I=1

÷( I1AI IAI)) ááá=
H$

I=1

÷( IIAI)) ááá. (5.1)

So, if + = 0, we indeed obtain that

sup
+ +$

.=1

( .1>.

-
I%. & P! (%. |>.)

.

+
H$

I=1

÷( I1AI

+
IAI)) ááá& P! (AI)) á á á |AI)

, 1
1
1%+

.=1 " (>.)
A

%H
I=1" (AI)

,

= sup
+ H$

I=1

÷( IIAI)) ááá

1
1
1%H

I=1 " (AI)
,

# 0.

If + # 1, it su" ces to show that

sup
+ +$

.=1

( .1>.

-
I%. & P! (%. |>.)

.

+
H$

I=1

÷( I1AI

+
IAI)) ááá& P! (AI)) á á á |AI)

, 1
1
1
-
%+

.=1 " (>.)
. ,

# 0,

or, even stronger, to show that

sup
+ +$

.=1

( .1>.

-
I%. & P! (%. |>.)

.

+
H$

I=1

÷( I1AI

+
IAI)) ááá& P! (AI)) á á á |AI)

, 1
1
1
-
%+

.=1 " (>.)
.

\
-
%H

I=1 {AI)) á á á }
. ,

# 0.

Using Eq. (5.1) and taking into account that the supremum above is taken
over a set that does not contain any of the pathsAI)) á á á, the desired in-
equality follows if we manage to show that

sup
+ +$

.=1

( .1>.

-
I%. & P! (%. |>.)

. 1
1
1
-
%+

.=1 " (>.)
.

\
-
%H

I=1 {AI)) á á á }
. ,

# 0. (5.2)
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To this end, observe by Lemma3.3.372 that the variable I%. for all . =
{1, . . . , +} , and thus also the variable

# +
.=1 ( .1>.

-
I%. & P! (%. |>.)

.
is Þnitary.

So it is @-measurable for some@' N0. By our earlier considerations, we
already know that

sup
+ +$

.=1

( .1>.

-
I%. & P! (%. |>.)

. 1
1
1%+

.=1 " (>.)
,

# 0.

So since
# +

.=1 ( .1>.

-
I%. & P! (%. |>.)

.
is @-measurableÑand thus only takes

a Þnite number of di! erent valuesÑthere is an ' 1:@ ' X @ such that
# +

.=1 ( .1>.

-
I%. & P! (%. |>.)

.
is larger than or equal to 0 on all paths ? '

" (' 1:@). Hence, since there are (inÞnitely many) paths in " (' 1:@) di! erent
from the paths AI)) á á áfor I = {1, . . . , H } , it is clear that Eq. (5.2)! in-
deed holds. SoP! is a Ôcoherent conditional probabilityÕ according to [62,
DeÞnition 5].

Now, [ 62, Theorem 8] says that P! can be extended to a Ôcoherent con-
ditional probabilityÕ P2 on the entire domain 1(! ) 9 X ! . It then follows
from [ 62, DeÞnition 5] that P2 satisÞes Proposition3.3.1(iii) 71, and thus by
Proposition 3.3.1(i) 71 that P2 is a global probability charge on 1(! ) 9X ! . It
is also obvious thatP2 satisÞes Eq. (3.12)72. SinceP1 is the unique countably
additive global probability charge on 1(! ) 9 X ! that satisÞes Eq. (3.12)72,
and sinceP2 cannot be equal toP1, we infer that P2 is not countably additive.

So, in summary, there exists a global probability chargeP2 on 1(! ) 9X !

that satisÞes Eq. (3.12)72 and that is not countably additive, but this global
probability charge returns values that contradict our intuition; it assigns
(unconditional) probability zero to the path ))) á á á, and [by GP170ÐGP370]
assigns (unconditional) probability one to ! \ { ))) á á á }. On the other hand,
the unique countably additive global probability charge P1 returns values
that are in line with our intuition. "

In light of our Þndings above, it seems that a global upper expecta-
tion based on countably additive global probability charges will prove to
be a more informative and adequate global model compared to the Þnite-
additivity-based upper expectations E2 or EP . In order to deÞne such a
global model, we need to delve into the somewhat abstract world that is
called measure theory.

5.1.2 Probability measures and CarathŽodoryÕs extension theorem

In Example 5.1.1221, we considered a countably additive global prob-
ability charge P1 on the domain 1(! ) 9 X ! that is compatible with the
(im)precise probability tree 2 according to Eq. (3.12)72. For general pre-
cise probability trees, however, such a compatible countably additive global
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5.1 From charges to measures

probability charge on 1(! ) 9 X ! does not necessarily exist. This essen-
tially follows from the work of Vitali [ 108] and others on the nature of
non-measurable sets. For instance, consider the precise probability tree2,
deÞned by 2(' |>) ! 1/|X | for all ' ' X and all > ' X ! , and the cor-
responding unique probability charge P2(á|" ) on <X ! =that is described by
Proposition 3.3.473. This Þnitely additive probability charge P2(á|" ) on <X ! =
is automatically countably additive [ 5, Theorem 2.3], but it cannot be ex-
tended to a countably additive probability charge on 1(! ).4,5 We refer the
reader to [70, Chapter 5] and [ 5, Section 3] for a didactic treatment on this
topic.

Though a countably additive global probability charge on <X ! = 9X !

cannot always be extended to the entire domain1(! ) 9 X ! , we can always
extend it to a smaller domain that is still considerably larger than <X ! = 9
X ! : the domain of all events in the ! -algebra generated by<X ! = (and all
situations). In general, a ! -algebra A on a non-empty set Y is an algebra
on Y that is closed under countable unions:

(/ . ' N) %. ' A - (%.' N%.) ' A .

Since any algebra is closed under taking complements, a! -algebra is also
closed under countable intersections. For any algebraB, we use ! (B) to
denote the smallest ! -algebra that includes B and call ! (B) the ! -algebra
generated byB; the algebra ! (B) always exists because any arbitrary inter-
section of ! -algebras is itself a! -algebra [5, Section 2].6 In particular, we
use ! (X ! ) to denote the ! -algebra generated by<X ! =. Any element %of
a ! -algebra A will be called A -measurable. The following deÞnition of a
probability measure is standard; see [4, 5, 56, 89].

DeÞnition 5.2 (Probability measures & global probability measures). A
countably additive (unconditional) probability charge Pu on a ! -algebra
A + 1(! ) is called a probability measure. Analogously, a countably ad-
ditive global probability charge P on A 9 X ! , with A a ! -algebra such that
<X ! = +A + 1(! ), is called a global probability measure.7 !

4At least, if we adopt the continuum hypothesis and the axiom of choice (AC) .
5For if P2 (á |" ) would be endowed with a countably additive extension to the entire power-

set 1 (! ), then it can be derived that each singleton in ! must have probability zero, and thus
by [70, Theorem 5.6] that all sets in 1 (! ) must have probability zero. But this is in contradic-
tion with the fact that P2 (á |" ) is a probability charge, because this demands thatP2 (! |" ) = 1;
see also [5, p. 45Ð46].

6And, of course, because there is at least one! -algebra including B, namely the power-
set 1 (! ).

7A general measure, the main object of interest in measure theory, is not necessarily
normed and need not take values in [0, 1] . Instead, it takes values in R# and is only re-
quired to satisfy countable additivity. Measures can be seen as generalised notions of ÔlengthÕ
or ÔvolumeÕ for abstract spaces.
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Now, as claimed earlier, given any countably additive global probability
charge P on <X ! = 9X ! , we can extend P to the domain ! (X ! ) 9 X ! and
preserve countable additivityÑin fact, such an extension will even always
be unique . This follows immediately from the famous extension theorem
by Constantin CarathŽodory [5, 89, 112].

Theorem 5.1.2 (CarathŽodoryÕs extension theorem). For any countably ad-
ditive probability chargeP1 on an algebraA + 1(! ), there is a unique proba-
bility measureP on ! (A ) such thatP1(%) = P(%) for all %' A . In particular,
this probability measureP is given, for all %' ! (A ), by

P(%) = inf
! $

. ' N
P1(%.) : %. ' A and %+ %.' N%.

"
.

Proof. The existence and uniqueness ofP follow from [ 5, Theorem 3.1]. The ex-
pression for P follows from the discussion in [ 5, p.37Ð41].

Combined with Proposition 3.3.473, this extension theorem leads us to the
following central conclusion.

Proposition 5.1.3. For any precise probability tree2, there is a unique global
probability measureP2 on ! (X ! ) 9 X ! that satisÞes Eq.(3.12)72.

Proof. Due to Proposition 3.3.473, there is a unique global probability charge P1
2 on

<X ! = 9X ! satisfying Eq. (3.12)72. It moreover follows from [ 5, Theorem 2.3] that,
for any > ' X ! , the unconditional probability charge P1

2(á|>) on <X ! = is countably
additive. Hence, we can apply Theorem5.1.2 to each P1

2(á|>) individually, to obtain
a unique global probability measure P2 on ! (X ! ) 9 X ! that extends the global prob-
ability charge P1

2. The global measureP2 then clearly also satisÞes Eq. (3.12)72. To
see thatP2 is moreover the only global probability measure P2 on ! (X ! ) 9 X ! that
satisÞes Eq. (3.12)72, assume that there is a second global probability measureP2

on ! (X ! ) 9 X ! satisfying Eq. (3.12)72. Then it follows from Proposition 3.3.1(i) 71

[by applying it twice] that the restriction of P2 to <X ! = 9X ! is a global probability
charge. This restriction also clearly needs to satisfy Eq. (3.12)72. Due to the unique-
ness ofP1

2, it follows that this restriction is equal to P1
2, and hence by the construction

of P2 and Theorem 5.1.2 we have that P2 = P2.

Observe that the restriction of this unique global probability measure P2

to <X ! = 9 X ! then still takes the intuitive form as described by Propo-
sition 3.3.473. Additionally, one may also note that the probability mea-
sure P2(á|" ) corresponding to the initial situation " could have just as well
be obtained from applying Ionescu-TulceaÕs extension theorem [89, Theo-
rem 2.9.2] to the local probability mass functions 2(á|>).
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5.2 Measure-theoretic upper expectations for precise probability
trees

To obtain global linear expectations and upper expectations from global
probability measures, we will use the well-known Lebesgue integral. It is
probably the type of integral used most commonly in the modern measure-
theoretic probability theory, and largely owes this status to the fact that
it has considerably stronger continuity properties compared to other well-
known integrals, e.g. the Riemann/Darboux integral. Moreover, our use of
the Lebesgue integral here is in line with our approach in Section3.3.374,
where our choice of integralÑthe S-integralÑwas completely equivalent to
the Lebesgue integral. As was already mentioned there, the Lebesgue in-
tegral introduced here for global probability measures and measurable (ex-
tended real) variables willÑperhaps counter-intuitivelyÑbe closer in ap-
pearance to the S-integral from DeÞnition 3.376 than to the Lebesgue in-
tegral presented in Tro! aes & De Cooman [106, DeÞnition 8.27] (see also
Proposition 3.3.676).

The measure-theoretic concepts that will be used in the following
sectionsÑincluding the deÞnition of the Lebesgue integralÑare immedi-
ately adapted to our speciÞc stochastic processes setting; we refer to Ap-
pendix 5.A263 for a more general, and perhaps more familiar introduction
of some of these concepts.

5.2.1 Measurable variables

Central to the deÞnition of the Lebesgue integral is the concept of mea-
surability for extended real variables; for any ! -algebra A + 1(! ), a vari-
able $ ' V is called A -measurable if {? ' ! : $(? ) ( &} ' A for all
&' R.8 If it is clear from the context which algebra we are considering, we
will simply call $ measurable . The notion of measurability for extended
real variables with respect to ! -algebras that we have just introduced is
in accordanceÑin the sense that it extendsÑthe earlier notion from Sec-
tion 3.3.374, where measurability of a gamble was introduced as the re-
quirement that it should be the uniform limit of a sequence of simple gam-
bles; this can be deduced from [106, Proposition 1.19] and [ 106, DeÞni-
tion 1.17] (and the considerations in Appendix 5.A263). We also extend the
notion of being A -simple to non-negative extended real variables: for any
algebra A + 1(! ), a non-negative variable $ ' V is called A -simple if it

8As is shown in Appendix5.A263, this notion of measurability for extended real variables
is equivalent to the standard notion where one uses the inverse image of sets in the Borel
! -algebra on R.
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is a Þnite sum
# +

.=1 ) .I%. with ) 1, . . . , ) + ' R# and %1, . . . , %+ ' A [ 102,
DeÞnition 1.3.2].

We gather all ! (X ! )-measurable global variables in the setV! , and we
let V! and V! ,b be the respective subsets of all bounded and bounded be-
low ones. The following result shows that the set V! is closed under point-
wise countable inÞma and suprema, and that it is closed under pointwise
convergence. To state the result, for any sequence( $+)+' N in V, we let
B

+' N $+(? ) ! sup{ $+(? ) : + ' N} and
C

+' N $+(? ) ! inf { $+(? ) : + ' N}
for all + ' N.

Proposition 5.2.1. For any sequence( $+)+' N in V! , we have that

MV1.
B

+' N $+ ' V! and
C

+' N $+ ' V! .

MV2. lim inf +* +$ $+ ' V! , lim sup+* +$ $+ ' V! , and if lim +* +$ $+ exists
then lim +* +$ $+ ' V! .

Proof. Since {? ' ! :
B

+' N $+(? ) ( &} =
D

+' N{? ' ! : $+(? ) ( &} and
{? ' ! :

C
+' N $+(? ) ( &} = %+' N{? ' ! : $+(? ) ( &} , MV1 follows immedi-

ately from the fact that the class of all ! (X ! )-measurable sets is closed under count-
able unions and intersections; see also [89, p. 209]. MV2 also follows from MV1
since lim inf +* +$ $+ =

B
+' N

C
H#+ $H and lim sup+* +$ $+ =

C
+' N

B
H#+ $H , and since

lim +* +$ $+ is simply a special case oflim inf +* +$ $+ or lim sup+* +$ $+.

5.2.2 Measure-theoretic expectations

For the deÞnition of the Lebesgue integral, we follow Billingsley [5,
Chapter 3],9,10 yet immediately limit ourselves to integrals over ! and with
respect to probability measures on! (X ! ):

DeÞnition 5.3 (The Lebesgue integral). Consider any probability measure
P on ! (X ! ), and any non-negative $ ' V! . Then the Lebesgue integral of$
with respect to P is deÞned as

7
$dP ! sup

'
+$

.=1

inf ( $|%.)P(%.) : %. ' ! (X ! ) and (%.)+
.=1 partitions !

(

.

(5.3)

9Many slightly di ! erent, yet equivalent versions of the deÞnition of the Lebesgue integral
can be found in the literature; e.g. compare [5, Chapter 3] with [ 89, Section 2.6]. That these
versions are indeed equivalent is illustrated by Proposition5.2.2* , and also clariÞed at the end
of [ 5, Chapter 3, Section 15] and, for bounded non-negative variables, in [89, Remark 2.6.6].

10This version of the Lebesgue integral bases itself (for non-negative variables) solely on
the lower (Lebesgue) integral, and does not demand equivalence with the upper (Lebesgue)
integral. This is in contrast to the procedures from DeÞnition 3.376 and Proposition 3.3.676. A
clariÞcation for this is given in Footnote 12232.
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5.2 Measure-theoretic upper expectations for precise probability trees

For a general $ ' V! , we let $+ ! $@0 and $& ! &( $?0), and the Lebesgue
integral is then deÞned by

7
$dP !

7
$+dP &

7
$&dP,

unless
8

$+dP =
8

$&dP = +$ , in which case the Lebesgue integral of$
with respect to P is not deÞned. !

We say that the Lebesgue integral
8

$dP of a variable $ ' V! exists,
simply if it is deÞned. If both

8
$+dP and

8
$&dP are real, then $ is called

P-integrable. Confusingly enough, the integral
8

$dP may still exist if $ is
not P-integrable; it su" ces that either

8
$+dP ! +$ or

8
$&dP ! +$ ; note

that
8

$+dP = &$ or
8

$&dP = &$ is impossible because the Lebesgue
integral is clearly non-negative for non-negative variables. Alternatively, we
could have also deÞned the Lebesgue integral (for non-negative variables)
as a supremum over all the non-negative! (X ! )-simple variables smaller or
equal than $Ñan expression that is similar to the one in Proposition 3.3.676

and to the one of the Lebesgue integral in [81, 89, 102]. The following result
is well-known to hold, yet because we did not Þnd a suitable reference for
it, we provide an explicit proof for it here.

Proposition 5.2.2. For any probability measureP on ! (X ! ), the following
statements hold.

(i) For any non-negative! (X ! )-simple variable $, and
# +

.=1 ) .I%. any repre-
sentation of $,

7
$dP =

+$

.=1

) .P(%.)

(ii) For any general non-negative$ ' V! ,

7
$dP = sup

/ 7
- dP : - is ! (X ! )-simple and0 ( - ( $

0
.

Proof. To prove (i) , suppose that $ is non-negative and ! (X ! )-simple and that
# +

.=1 ) .I%. is a representation for $. Then by [5, Theorem 15.1.(iv)] we have that
E( $) =

# +
.=1 ) .E(I%. ), which by [ 5, Theorem 15.1.(i)] in turn implies that E( $) =

# +
.=1 ) .P(%.) as desired.

To see that(ii) holds, Þx any general non-negative$ ' V! and start by observing
that, for any partition (%.)+

.=1 of ! such that %. ' ! (X ! ) for all . ' {1, . . . , +} , we
trivially have that

# +
.=1 inf ( $|%.)I%. is a non-negative ! (X ! )-simple variable smaller

or equal than $. Due to property (i) , we thus have that
# +

.=1 inf ( $|%.)P(%.) =
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8 # +
.=1 inf ( $|%.)I%. dP. As a consequence, it follows that

7
$dP = sup

/ +$

.=1

inf ( $|%.)P(%.) : %. ' ! (X ! ) and (%.)+
.=1 partitions !

0

( sup

/ 7
- dP : - is ! (X ! )-simple and 0 ( - ( $

0
.

The converse inequality now trivially follows from the fact that, as can be ob-
served from DeÞnition 5.3228, the Lebesgue integral is monotone with respect to
non-negative variables inV! .

We next use the Lebesgue integral to deÞne the global linear expectation
corresponding to a precise probability tree.

DeÞnition 5.4 (Global measure-theoretic expectations). Consider any pre-
cise probability tree 2, let P2 be the unique global probability measure from
Proposition 5.1.3226, and let P|>

2 ! P2(á|>) for any > ' X ! . Then the global
measure-theoretic expectationE2,M is deÞned byE2,M ( $|>) !

8
$dP|>

2 for all
( $, >) ' V! 9 X ! such that

8
$dP|>

2 exists. !

Note that, in deÞning the expectationE2,M (á|>), we integrate with respect
to the unconditional probability measure P2(á|>), which was obtained from
a forward construction only involving the probabilities 2(á|A) for which A
followed >; recall Eq. (3.12)72 and Proposition 3.3.473. This should be con-
trasted with the more traditional measure-theoretic approach, where condi-
tional probabilities and expectations are derived from a single unconditional
probability measure using BayesÕ rule and/or the Radon-Nikodym deriva-
tive; also see Appendix5.A263. As mentioned below Proposition3.3.473, our
alternative approach allows us to condition in a meaningful way on situa-
tions of probability zero. Remark, however, that the unconditional expecta-
tion E2,M (á)! E2,M (á|" ) is completely equivalent to the usual unconditional
expectation used in standard measure-theoretic probability theory.

As mentioned earlier, the prominent role of the Lebesgue integral in
modern probability theory is mainly due to its mathematically convenient
propertiesÑin particular, to its strong continuity properties. Since E2,M is
deÞned in terms of this Lebesgue integral, it inherits these properties. We
next list some of the properties that will be used in the main text; we refer
to Appendix 5.A263 for a more complete overview. Note in particular that
ME3 below conÞrms that E2,M is linear (in its Þrst argument).

Proposition 5.2.3. For any precise probability tree2 and any > ' X ! , the
following statements hold:

ME2. if $ ( - then E2,M ( $|>) ( E2,M (- |>) for all $, - ' V! such that
E2,M ( $|>) and E2,M (- |>) exist.
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5.2 Measure-theoretic upper expectations for precise probability trees

ME3. E2,M () $ + *- |>) = ) E2,M ( $|>) + *E2,M (- |>) for all ) , * ' R and all
$, - ' V! that are P|>

2 -integrable.

ME4. E2,M ( $|>) exists for all $ ' V! that are bounded below or above.

ME5. E2,M ( $|>) is real and $ is P|>
2 -integrable for all (bounded) $ ' V! .

ME6. &E2,M ( $|>) = E2,M (&$|>) for all $ ' V! such thatE2,M ( $|>), or equiv-
alently E2,M (&$|>), exists.

ME7. Consider any sequence( $+)+' N in V! that converges pointwise to a
variable $ ' V! . If there is a P|>

2 -integrable variable $! ' V! such
that | $+| ( $! for all + ' N, then $ and all $+ are P|>

2 -integrable and

lim
+* +$

E2,M ( $+|>) = E2,M ( $|>).

ME8. Consider any increasing sequence( $+)+' N in V! . If there is an $! ' V!

such thatE2,M ( $! |>) > &$ and $1 # $! , then

lim
+* +$

E2,M ( $+|>) = E2,M ( $|>) where lim
+* +$

$+ = $.

ME9. Consider any decreasing sequence( $+)+' N in V! . If there is an $! ' V!

such thatE2,M ( $! |>) < +$ and $1 ( $! , then

lim
+* +$

E2,M ( $+|>) = E2,M ( $|>) where lim
+* +$

$+ = $.

ME10. E( $ + ; ) = E( $) + ; for all ; ' R and all $ ' V! that are bounded
below.

Proof. See Lemma5.A.1264 in Appendix 5.A263.

5.2.3 Beyond measurable variables

Next, we want to drop the constraint of ! (X ! )-measurability and extend
our global measure-theoretic expectationE2,M to a global operator that is de-
Þned on all global variables (and conditional situations). It is unconventional
to do so in standard measure-theoretic probability because this means giv-
ing up linearity of the resulting global (upper/lower) expectation operator.
However, as already mentioned in the paragraph above DeÞnition3.578, this
does not concern us, since we will work with imprecise local modelsÑand
thus also imprecise global modelsÑin the end anyway.

As far as we know, there is however no real consensus on how measure-
theoretic expectations should be extended from measurable variables to
non-measurable variables. One possible approach would beÑif for the mo-
ment, we limit ourselves to non-negative variables and upper expectationsÑ
to simply use the formula from Eq. (5.3)228 and apply it to the entire domain
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of all non-negative variables. The problem with this approach is that the re-
sulting operatorÑwhich is typically called the lower Lebesgue integral Ñ
would take the form of a lower expectation rather than that of an upper
expectation; e.g. it can easily be deduced from the expressions in Propo-
sition 5.2.2229 (and the fact that the supremum in Proposition 5.2.2(ii) 229

remains equal to the supremum in Eq. (5.3)228 for non-measurable $) that
the lower Lebesgue integral would be super-additive instead of sub-additive.
Hence, a possible alternative would then be to use the conjugateupper
Lebesgue integral , described by

7
$dP = inf

'
+$

.=1

sup( $|%.)P(%.) : %. ' ! (X ! ) and (%.)+
.=1 partitions !

(

= inf

/ 7
- dP : - is ! (X ! )-simple and - # $

0
,

for any non-negative $ ' V and any general probability measure P on
! (X ! ).11 The problem here is that

8
$dP does not necessarily coincide

with the standard (lower) Lebesgue integral from DeÞnition 5.3228 on
non-negative ! (X ! )-measurable variables; see [5, Problem 15.1] or [ 89,
p.244]. 12 Since the (lower) Lebesgue integral, and thusE2,M, always exists
on this domain, the upper Lebesgue integral too cannot be used as a device
for extending the expectation E2,M.

Because none of the options above are satisfactory, we propose an ex-
tension of our own. It is strongly inspired by the upper Lebesgue integral
but adapted to not only approximate from above by ! (X ! )-simple variables,
but also by more general variables from the domain of the Lebesgue inte-
gral. Our extension is moreover introduced in two slightly di ! erent, yet
equivalent ways.

DeÞnition 5.5 (Global measure-theoretic upper expectations for precise
probability trees) . Consider any precise probability tree 2. Let E1

2,M and
E2

2,M be deÞned, for all ( $, >) ' V 9 X ! , by

(i) E1
2,M ( $|>) ! inf

!
E2,M (- |>) : - ' V! ,b and - # $

"
;

(ii) E2
2,M ( $|>) ! inf

!
E2,M (- |>) : - ' V! , E2,M (- |>) exists and- # $

"
.

11That these two expressions are equivalent can be deduced in an analogous way as how
we proved Proposition 5.2.2229.

12This is also the reason why, in contrast to DeÞnition3.376, the Lebesgue integral for un-
bounded or extended real-valued functions is usually not deÞned as the common upper/lower
Lebesgue integral (if both the upper and lower Lebesgue integral exist and are equal). The
latter is sometimes called the Darboux-Young approach [89, p.244].
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5.2 Measure-theoretic upper expectations for precise probability trees

Then E1
2,M and E2

2,M are equal and the common operator is what we refer to
as the global measure-theoretic upper expectationE2,M. !

Note that it is valid to write E2,M (- |>) for all - ' V! ,b in the deÞnition
of E1

2,M becauseE2,M (- |>) always exists for such a bounded below variable-
[ ME4231].

Our proof of the equality between E1
2,M and E2

2,M uses the following
lemma, which guarantees that E1

2,M is an extension ofE2,M.

Lemma 5.2.4. For any precise probability tree2, we have thatE1
2,M ( $|>) =

E2,M ( $|>) for all ( $, >) ' V! 9 X ! such thatE2,M ( $|>) exists.

Proof. Fix any ( $, >) ' V! 9 X ! such that E2,M ( $|>) exists. By the monotonicity
[ ME2230] of E2,M, we have that

E1
2,M ( $|>) = inf

!
E2,M (- |>) : - ' V! ,b and - # $

"
# E2,M ( $|>). (5.4)

To see that the converse inequality holds, observe that, sinceE2,M ( $|>)Ñand thus8
$dP|>

2 Ñexists, we have that E2,M ( $+|>) or E2,M ( $&|>) is real. Hence, if E2,M ( $+|>) =
+$ then E2,M ( $&|>) ' R and therefore E2,M ( $|>) = +$ , and the converse inequality
then follows trivially. We proceed to show that the desired converse inequality also
holds if E2,M ( $+|>) < +$ .

Consider the decreasing sequence( $@&+)+' N of lower cuts of $. Then, for any
+ ' N, the global variable $@&+ is bounded below and ! (X ! )-measurable [MV1228].
Hence, indeed,

E1
2,M ( $|>) = inf

!
E2,M (- |>) : - ' V! ,b and - # $

"

( inf
+' N

E2,M ( $@&+|>) = lim
+* +$

E2,M ( $@&+|>) = E2,M ( $|>),

where the second equality follows from the decreasing character of the sequence
( $@&+)+' N and the monotonicity [ ME2230] of E2,M, and the Þnal equality follows from
ME9231, which we can use because$@&+ ( $@0 = $+ for all + ' N and E2,M ( $+|>) < +$
by assumption.

Proof of DeÞnition5.5. . Fix any ( $, >) ' V 9 X ! . That E1
2,M ( $|>) # E2

2,M ( $|>) fol-
lows immediately from the fact that E2,M (- |>) exists for each- ' V! ,b and therefore,
that the inÞmum in E2

2,M ( $|>) is taken over a set that is at least as large as the set
over which the inÞmum is taken in E1

2,M ( $|>). On the other hand, we have that

E2
2,M ( $|>) = inf

'

E2,M (- |>) : - ' V! , E2,M (- |>) exists and- # $

(

= inf

'

E1
2,M (- |>) : - ' V! , E2,M (- |>) exists and- # $

(

# E1
2,M ( $|>),

where the second equality follows from Lemma5.2.4 and the inequality follows from
the monotonicity of E1

2,MÑwhich is itself a consequence of the deÞnition of E1
2,M.
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It follows that DeÞnition 5.5232 is valid and that, due to Lemma 5.2.4! ,
the global measure-theoretic upper expectationE2,M is an extension ofE2,M.
In fact, it can easily be veriÞed that E2,M is the most conservative exten-
sion that satisÞes monotonicity [EC4163]; in other words, it is the natural
extension of E2,M under monotonicity.

Corollary 5.2.5. For any precise probability tree2, the global upper expec-
tation E2,M is the most conservative global upper expectation onV 9 X ! that
extendsE2,M and that is monotone [EC4163].

Proof. Fix any ( $, >) ' V9X ! and any global upper expectationE1 that is monotone
[ EC4163] and that coincides with E2,M on its domain. Then,

E2,M ( $|>) = E1
2,M ( $|>) = inf

!
E2,M (- |>) : - ' V! ,b and - # $

"

= inf
!
E1(- |>) : - ' V! ,b and - # $

"
# E1( $|>),

where the second equality is simply the deÞnition ofE1
2,M, the third equality follows

from the fact that E1 coincides with E2,M on the domain of the latter, and the in-
equality follows from the fact that E1 is monotone [EC4163]. The result now follows
immediately from the fact that, due to Lemma 5.2.4! , the global upper expectation
E2,M is itself an extension of E2,M and the fact that E2,M is monotone [EC4163]Ñdue
to the deÞnition of E1

2,M.

We can also extend the measure-theoretic expectationE2,M to a ÔpreciseÕ
measure-theoretic lower expectation by using expressions analogous to
(i) Ð(ii) in DeÞnition 5.5232, but where the inÞma are replaced by suprema
that range over all variables - that are smaller or equal than $. We imme-
diately see that the resulting common lower expectation is then related to
E2,M by conjugacy, which is why we will continue to only work with the up-
per expectation E2,M. We useV! ,a in the following deÞnition to denote the
set of all bounded above variables in V! .

DeÞnition 5.6 (Global measure-theoretic lower expectations for precise
probability trees) . Consider any precise probability tree 2. Let E1

2,M and
E2

2,M be deÞned, for all ( $, >) ' V 9 X ! , by

(i) E1
2,M ( $|>) ! sup

!
E2,M (- |>) : - ' V! ,a and - ( $

"
;

(ii) E2
2,M ( $|>) ! sup

!
E2,M (- |>) : - ' V! , E2,M (- |>) exists and- ( $

"
.

Then E1
2,M and E2

2,M are equal and the common operator is what we refer to
as the global measure-theoretic lower expectationE2,M. Moreover, we have
that E2,M ( $|>) = &E2,M (&$|>) for all ( $, >) ' V 9 X ! . !
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Proof. To see thatE1
2,M is related to E1

2,M by conjugacy, it su" ces to observe that for
any ( $, >) ' V 9 X ! ,

&E1
2,M ( $|>) = & inf

!
E2,M (- |>) : - ' V! ,b and - # $

"

= sup
!
&E2,M (- |>) : - ' V! ,b and - # $

"

= sup
!
E2,M (&- |>) : - ' V! ,b and - # $

"

= sup
!
E2,M (&- |>) : & - ' V! ,a and & - ( & $

"

= sup
!
E2,M (- |>) : - ' V! ,a and - ( & $

"
= E1

2,M (&$|>),

where the third step follows from ME6231 and ME4231. In a similar way, once again
using ME6231, we can show that E2

2,M is related to E2
2,M by conjugacy. The equality

between E1
2,M and E2

2,M then subsequently follows from the equality between E1
2,M

and E2
2,M [DeÞnition 5.5232] and these conjugacy relations.

A multitude of properties can now be established for the upper expecta-
tion E2,MÑfor instance, extended coherence [EC1163ÐEC6163] and a mono-
tone convergence theoremÑbut, we prefer not to do so just yet. For we
will show in the next section that E2,M is equal to E

eb
Q,V if Q¥ is the (upper)

expectations tree that agrees with 2, and so E2,M will then inherit all the
properties that we have in Chapter 4129 established for E

eb
Q,V.

5.3 Relation to game-theoretic upper expectations in a precise
context

In the current context where the local dynamics are described by a pre-
cise probability tree 2, we look at how E2,M is related to the game-theoretic
upper expectation E

eb
Q,V with Q¥ ! Q¥,2 the (upper) expectations tree that

agrees with 2 according to Eq. (3.4)52; so

Q>,2( $) =
$

' ' X

$(' ) 2(' |>) for all $ ' L (X ) and all > ' X ! .

We immediately state the main result of this section:

Theorem 5.3.1. Consider any precise probability tree2 and the expectations
treeQ¥ ! Q¥,2 that agrees with2 according to Eq.(3.4)52. Then

E2,M ( $|>) = E
eb
Q,V( $|>) for all ( $, >) ' V 9 X ! .

Recall furthermore that, due to Theorem 4.3.6161, the theorem above
will also hold if we were to replace E

eb
Q,V by the game-theoretic upper expec-
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tation E
eb
A ,V deduced from any acceptable gambles treeA¥ that agrees with

Q¥ according to Eq. (3.1)50.13

The proof of Theorem 5.3.1! is centrally based on a measure-theoretic
version of LŽvyÕs zero-one law [Theorem5.A.3267] and an adapted game-
theoretic version of VilleÕs theorem [Lemma5.B.3272]. VilleÕs (original)
theorem [107] characterises a null (or P-null) event in terms of measure-
theoretic martingales that converge to inÞnity. This characterisation is con-
ceptually very close to how null events are deÞned in the game-theoretic
framework [see Section 4.5171], and this is why it becomes a crucial tool
when relating both frameworks. Shafer and Vovk were the Þrst to make this
relation concrete; we refer to [ 85, Theorem 9.3] for their most recent ver-
sion of a result that connects both frameworks. Apart from the fact that we
only consider Þnite state spaces, our Theorem5.3.1! generalises [85, Theo-
rem 9.3] in a number of ways: it applies to conditional expectations whereas
[ 85, Theorem 9.3] only considers unconditional expectations; it establishes
equality on the entire domain of all extended real variables, whereas [85,
Theorem 9.3] only does so for ! (X ! )-measurable (bounded) gambles; and,
as mentioned above, it also holds if one were to consider game-theoretic
upper expectations corresponding to acceptable gambles trees.

Stating VilleÕs theorem and (a measure-theoretic version of) LŽvyÕs zero-
one law, and showing how it leads to Theorem 5.3.1! , would require
us to introduce various measure-theoretic notions such as Þltrations and
Radon-Nikod#m derivatives. Hence, in order not to overload the main text
with these abstract concepts, we have relegated part of the proof of Theo-
rem 5.3.1! to Appendix 5.B267. More precisely, we start here from the fol-
lowing partial resultÑwhose proof is the topic of Appendix 5.B267Ñwhich
states thatE2,M and E

eb
Q,V are equal onV! 9X ! . So this result is very similar to

[ 85, Theorem 9.3], but we nevertheless give a self-contained proof for it (in
Appendix 5.B267) because [85, Theorem 9.3] di ! ers in context and style;
and because our result involves conditioning. Moreover, observe that, in
contrast with the proof of [ 85, Theorem 9.3], our proof of Proposition 5.3.2
does not rely on the notion of a measure-theoretic (super)martingale. This,
we believe, makes the proof easier to grasp.

Proposition 5.3.2. Consider any precise probability tree2 and the expecta-
tions treeQ¥ ! Q¥,2 that agrees with2 according to Eq.(3.4)52. Then

E2,M ( $|>) = E
eb
Q,V( $|>) for all ( $, >) ' V! 9 X ! .

Theorem5.3.1! can now be established by combining Proposition5.3.2

13Note that, unlike the relation between precise probability trees 2 and (upper) expecta-
tions trees Q¥, the relation between Q¥ and A¥ in this precise case is not one-to-one.
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with the continuity properties of E2,M and E
eb
Q,V, and the representation of

E
eb
Q,V in terms of limits of Þnitary variables [Proposition 4.7.6184].

Proof of Theorem5.3.1235. We start by showing that the equality is true for all
( $, >) ' V! ,b 9 X ! . So Þx any ( $, >) ' V! ,b 9 X ! . Because $ is bounded be-
low and ! (X ! )-measurable, the expectationE2,M ( $|>) exists [ME4231] and therefore
E2,M ( $|>) = E2,M ( $|>) due to Corollary 5.2.5234. We can moreover assume that$
is non-negative without loss of generality because it is bounded below and both
E2,M (á|>)Ñand thus E2,M (á|>)Ñand E

eb
Q,V are constant additive with respect to real

constants; seeME10231 and EC5163. Consider now the increasing sequence( $?+)+' N0

of upper cuts and note that each $?+ is bounded and ! (X ! )-measurable [MV1228].
UsingME8231Ñwhich we are allowed to use because $?0 is P|>

2 -integrable [by ME5231

and the fact that $?0 is bounded] and because( $?+)+' N0 is increasingÑwe have that
E2,M ( $|>) = lim +* +$ E2,M ( $?+|>). As a consequence, we infer that

E2,M ( $|>) = lim
+* +$

E2,M ( $?+|>) = lim
+* +$

E2,M ( $?+|>) = lim
+* +$

E
eb
Q,V( $?+|>) = E

eb
Q,V( $|>),

where the second equality follows from the fact that E2,M extends E2,M [Corol-
lary 5.2.5234], the third equality follows from Proposition 5.3.2. , and the last equal-
ity follows from Theorem 4.6.1175. Hence, we conclude thatE2,MÑand thus E2,MÑ
and E

eb
Q,V coincide on the domain V! ,b 9 X ! .

To see that the equality also holds on the general domainV 9 X ! , we Þx any
( $, >) ' V 9 X ! , and note that

E2,M ( $|>)
Def. 5.5232= E1

2,M ( $|>) = inf
!
E2,M (- |>) : - ' V! ,b and - # $

"

= inf
!
E

eb
Q,V(- |>) : - ' V! ,b and - # $

"
# E

eb
Q,V( $|>),

where the third equality follows from the already established equality between
E2,M and E

eb
Q,V on V! ,b 9 X ! , and where the inequality follows from Proposi-

tion 4.4.3164 [ EC4]. To show that the converse inequality holds, we will use Propo-
sition 4.7.6184.

Consider any- ' Lb that is the pointwise limit of a sequence (- +)+' N0 of Þnitary
gambles - + ' F. Since any Þnitary gamble is clearly! (X ! )-measurable, - is the
pointwise limit of a sequence of ! (X ! )-measurable gambles. Then it follows from
MV2228 that - itself is also ! (X ! )-measurable. Furthermore, by the deÞnition ofLb,
- is also bounded below. Hence, by the equality ofE2,M and E

eb
Q,V on V! ,b 9 X ! ,

we have that E
eb
Q,V(- |>) = E2,M (- |>). Since this holds for any - ' Lb, we infer by

Proposition 4.7.6184 that

E
eb
Q,V( $|>) = inf

!
E

eb
Q,V(- |>) : - ' Lb and - # $

"

= inf
!
E2,M (- |>) : - ' Lb and - # $

"
# E2,M ( $|>),

where the inequality follows from the monotonicity [ EC4163] of E2,M as established
by Corollary 5.2.5234.
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Measure-theoretic upper expectations

That the measure-theoretic upper expectation E2,M and the game-
theoretic upper expectation E

eb
Q,V coincide for precise probability trees, is a

powerful result. On the one hand, it allows us to infer that all properties of
the game-theoretic upper expectationE

eb
Q,V proved in Sections4.4162Ð4.8186

carry over to the measure-theoretic upper expectationE2,M; indeed, since
these properties were all proven to hold in a context with general upper
expectations trees, they surely hold in the special case where the (upper)
expectations trees correspond to precise probability trees. Many of these
properties are already known to holdÑeven in a stronger formÑfor the
standard measure-theoretic (linear) expectation E2,M on V! 9 X ! , but as
this operator is usually not extended beyond the domain V! 9 X ! , little is
typically said about the properties of the upper expectation E2,M. We give
an overview of the most signiÞcant ones.

Corollary 5.3.3. Consider any precise probability tree2 and the expectations
treeQ¥ ! Q¥,2 that agrees with2 according to Eq.(3.4)52. Then the following
statements hold:

(i) The restriction ofE2,M to V 9 X ! is coherent.

(ii) E2,M satisÞes the extended coherence propertiesEC1163ÐEC6163.

(iii) For any $ ' V and any " ' N0,

E2,M ( $|#1:" ) = E2,M

+
E2,M ( $|#1:" +1)

1
1
1#1:"

,
.

(iv) For any ( $, >) ' V 9 X ! and any (- , A) ' F 9 X ! ,

E2,M ( $|>) ( E2( $|>) = EQ ( $|>) and E2,M (- |A) = E2(- |A) = EÞn
Q (- |A).

(v) For any > ' X ! and any increasing sequence( $+)+' N0 in Vb,
lim +* +$ E2,M ( $+|>) = E2,M (lim +* +$ $+|>). [Continuity from below]

(vi) For any> ' X ! and any decreasing sequence( $+)+' N0 of Þnitary bounded
above variables,lim +* +$ E2,M ( $+|>) = E2,M (lim +* +$ $+|>).

[Continuity w.r.t. decreasing Þnitary variables]

(vii) For any > ' X ! and any $ ' Lb, there is a sequence( $+)+' N0 of +-
measurable gambles that is uniformly bounded below and that converges
pointwise to $ such that lim +* +$ E2,M ( $+|>) = E2,M ( $|>).

Proof. The properties above follow from combining Theorem 5.3.1235 with, respec-
tively,

(i) . Corollary 4.4.5167;

(ii) . Proposition 4.4.3164;

(iii) . Theorem 4.4.4166;
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5.3 Relation to game-theoretic upper expectations in a precise context

(iv) . Corollary 4.4.8170, Corollary 4.4.9170 and Theorem 3.5.291;

(v) . Theorem 4.6.1175;

(vi) . Theorem 4.7.3182;

(vii) . Theorem 4.7.4183.

On the other hand, we can also reason in the reverse direction, and use
Theorem5.3.1235 and the information about E2,M to draw conclusions about
E

eb
Q,V. Indeed, E2,M is deÞned using the Lebesgue integral with respect to

(countably additive) probability measures, so the extensionsE2,M and E
eb
Q,V

inherit all its strong and desirable properties on the subset ofV! 9X ! where
E2,M exists. We again limit ourselves to formulating the most eminent ones.

Corollary 5.3.4. Consider any (upper) expectations treeQ¥ for which there is a
precise probability tree2 such that the agreeing treeQ¥,2 deÞned by Eq.(3.4)52

coincides withQ¥. Then the following statements hold:

(i) E
eb
Q,V( $|>) = &E

eb
Q,V(&$|>) = Eeb

Q,V( $|>) for all bounded below or above
$ ' V! and all > ' X ! . [precision/self-conjugacy]

(ii) E
eb
Q,V() $ + *- |>) = ) E

eb
Q,V( $|>) + *E

eb
Q,V(- |>) for all $ ' V! ,b, all - ' V! ,

> ' X ! and ) , * ' R. [linearity]

(iii) Consider any> ' X ! and any ( $+)+' N in V! that converges pointwise
to a variable $ ' V! . If there is an $! ' V! such that | $+| ( $! for all
+ ' N and E

eb
Q,V( $! |>) < +$ , then lim +* +$ E

eb
Q,V( $+) = E

eb
Q,V( $).

[dominated convergence]

(iv) Consider any> ' X ! and any decreasing sequence( $+)+' N in V! . If
there is an $! ' V! such that E

eb
Q,V( $! |>) < +$ and $1 ( $! , then

lim +* +$ E
eb
Q,V( $+|>) = E

eb
Q,V(lim +* +$ $+|>). [continuity from above]

Proof. (i) follows from Theorem 5.3.1235, Corollary 5.2.5234, properties ME6231

and ME4231, and conjugacy [Corollary 4.3.7162].
To see that Property(ii) holds, note that by (i) and Proposition 4.4.3164 [ EC3]

that ) E
eb
Q,V( $|>) = E

eb
Q,V() $|>) and *E

eb
Q,V(- |>) = E

eb
Q,V(*- |>). So it su" ces to prove

that E
eb
Q,V( $1 + - 1|>) = E

eb
Q,V( $1|>) + E

eb
Q,V(- 1|>) where $1 ! ) $ is a bounded below or

above variable in V! and - 1 ! *- is a gamble in V! . To this end, we already have by
Proposition 4.4.3164 [ EC2] that

E
eb
Q,V( $1 + - 1|>) ( E

eb
Q,V( $1|>) + E

eb
Q,V(- 1|>).

To prove the converse inequality, we can use the self-conjugacy [(i) ] of E
eb
Q,V on

bounded below and above variables. Indeed, $1 + - 1 is bounded below or above
because$1 is bounded below or above and- 1 is bounded. Since&( $1+ - 1) = &$1& - 1

because- 1 is a gamble and thus real-valued,(i) and Proposition 4.4.3164[ EC2163]
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Measure-theoretic upper expectations

thus imply that

E
eb
Q,V( $1 + - 1|>) = &E

eb
Q,V(&$1 & - 1|>) # &

-
E

eb
Q,V(&$1|>) + E

eb
Q,V(&- 1|>)

.

= &E
eb
Q,V(&$1|>) + (&E

eb
Q,V(&- 1|>))

= E
eb
Q,V( $1|>) + E

eb
Q,V(- 1|>),

where in the second equality we used the fact thatE
eb
Q,V(&- 1|>) ' R, which follows

from Proposition 4.4.3164[ EC1163] and the fact that - 1 is bounded.

To see that Property (iii) ! holds, suppose that there is an $! ' V! such
that | $+| ( $! for all + ' N and E

eb
Q,V( $! |>) < +$ . Since |$+| ( $! for all

+ ' N, $! is non-negative, and so by Proposition4.4.3164 [ EC1] and the fact that
E

eb
Q,V( $! |>) < +$ , we Þnd that E

eb
Q,V( $! |>) ' R# . Theorem 5.3.1235 therefore guaran-

tees that E2,M ( $! |>) ' R# . Since $! ' V! is non-negative, its expectationE2,M ( $! |>)
exists [ME4231] and so it follows from Corollary 5.2.5234 that also E2,M ( $! |>) ' R# .
Hence, $! is P|>

2 -integrable. The desired statement now follows from ME7231, Corol-
lary 5.2.5234 and Theorem 5.3.1235.

Finally, to prove Property (iv) ! , suppose that( $+)+' N is decreasing and that there
is an $! ' V! such that E

eb
Q,V( $! |>) < +$ and $1 ( $! . Then by Theorem5.3.1235 we

also have that E2,M ( $! |>) < +$ , which by DeÞnition 5.5(ii) 232 implies that there is
a - ' V! such that - # $! and E2,M (- |>) < +$ . Since $1 ( $! , we then also have
that $1 ( - . Hence, combiningME9231, Corollary 5.2.5234 and Theorem5.3.1235, we
indeed Þnd that lim +* +$ E

eb
Q,V( $+|>) = E

eb
Q,V(lim +* +$ $+|>) as desired.

5.4 Measure-theoretic upper expectations for imprecise proba-
bility trees

Similarly to what we did in Section 3.369, we will generalise measure-
theoretic upper (and lower) expectations from a precise to an imprecise
context by taking upper (resp. lower) envelopes of the upper (lower) ex-
pectations corresponding to the individual compatible precise probability
trees. Concretely, consider the general case where the local dynamics are
described by an imprecise probability treeP ¥. Recall that a precise prob-
ability tree 2 is called compatible with P ¥, and that we write 2 0 P ¥, if
2(á|>) ' P > for all > ' X ! . For each compatible precise tree2 0 P ¥, we
can proceed as in Sections5.1220Ð5.2227, constructing a global probability
measureP2 on ! (X ! ) 9 X ! and subsequently using the Lebesgue integral
to deÞne the corresponding global expectationE2,M and global upper and
lower expectations E2,M and E2,M. The upper (resp. lower) envelope of the
global upper (lower) expectations E2,M (E2,M) over all the compatible pre-
cise trees2 0 P ¥ is what deÞnes our global measure-theoretic upper (lower)
expectation corresponding toP ¥.
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5.4 Measure-theoretic upper expectations for imprecise probability trees

DeÞnition 5.7 (Global measure-theoretic upper and lower expectations
for imprecise probability trees). For any imprecise probability tree P ¥, the
global measure-theoretic upper and lower expectation are deÞned, for all
( $, >) ' V 9 X ! , by

EP ,M ( $|>) ! sup
20P ¥

E2,M ( $|>) and EP ,M ( $|>) ! inf
20P ¥

E2,M ( $|>),

with E2,M and E2,M for any 2 0 P ¥ described by DeÞnition5.5232 and DeÞ-
nition 5.6234 respectively. !

In particular, if we consider measurable variables that are bounded below
or above, then these measure-theoretic upper and lower expectations sim-
ply reduce to upper and lower envelopes of standard Lebesgue integrals
[DeÞnition 5.4230]Ñas is conÞrmed by Corollary 5.4.1 below. The exten-
sion beyond measurable (bounded below or above) variables set out in
Section 5.2.3231Ñwhich may appear unconventional to a more traditional
measure-theoretic practitionerÑthus becomes irrelevant in that case. For
any imprecise probability tree P ¥, let us denote this simpliÞed measure-
theoretic upper and lower global expectation by E

B
P ,M and EB

P ,M; so, for any
( $, >) ' V! 9 X ! such that $ is bounded below or above, let

E
B
P ,M ( $|>) ! sup

20P ¥

E2,M ( $|>) and EB
P ,M ( $|>) ! inf

20P ¥

E2,M ( $|>),

with E2,M for any 2 0 P ¥ described by DeÞnition5.4230. Recall from ME4231

that E2,M ( $|>) indeed exists for all ( $, >) ' V! 9 X ! such that $ is either
bounded below or above.

Corollary 5.4.1. For any imprecise probability treeP ¥ and any ( $, >) ' V! 9
X ! such that $ is bounded below or above, we have that

EP ,M ( $|>) = E
B
P ,M ( $|>) and EP ,M ( $|>) = EB

P ,M ( $|>).

Proof. This follows from Corollary 5.2.5234, and the deÞnitions of EP ,M, EP ,M, E
B
P ,M

and EB
P ,M.

All properties that will be proved for the more generalÑbut also more
complexÑupper and lower expectation EP ,M and EP ,M thus also hold for
the simpliÞed upper and lower expectation E

B
P ,M and EB

P ,M, as long as these
properties areÑif possibleÑrestricted to apply only to ! (X ! )-measurable
variables that are bounded below or above.

Global measure-theoretic upper and lower expectations are again re-
lated by conjugacy, and so it su" ces to focus mainly on upper expectations.

Corollary 5.4.2 (Conjugacy). For any imprecise probability treeP ¥ and any
( $, >) ' V 9 X ! , we have thatEP ,M ( $|>) = &EP ,M (&$|>).
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Measure-theoretic upper expectations

Proof. Consider any ( $, >) ' V 9 X ! and note that

&EP ,M ( $|>) = & inf
20P ¥

E2,M ( $|>) = sup
20P ¥

&E2,M ( $|>) = sup
20P ¥

E2,M (&$|>) = EP ,M (&$|>),

where the penultimate step follows from the conjugacy between E2,M and E2,M for
any precise probability tree 2 [DeÞnition 5.6234].

Contrary to the precise case, where the properties of the (linear) ex-
pectations corresponding to probability measures have been thoroughly
studiedÑat least, on the domain of measurable functionsÑthe properties
of the (imprecise) measure-theoretic upper expectationEP ,M as introduced
in DeÞnition 5.7240 are relatively unknownÑeven for measurable functions.
We now aim to address this imbalance. In particular, we will Þrst focus on
establishing basic properties such as coherence, extended coherence axioms,
and a relation with the Þnitary global upper expectation EP presented in
Chapter 345. We will then go on to prove that EP ,M is continuous from be-
low, continuous with respect to decreasing Þnitary gambles converging inV,
and, under a compactness condition on the local models, continuous with
respect to decreasing Þnitary gambles converging inVÑthese will consti-
tute the measure-theoretic counterparts of Theorems4.6.1175 and 4.7.3182.
These properties will then subsequently allow us to establish an equality
between E

eb
Q,V and EP ,M on a fairly large domainÑthat will be the topic of

the next section.

5.4.1 Extended coherence and relation to the natural extensionEÞn
Q

That EP ,M is coherent and satisÞes the extended coherence axioms
EC1163ÐEC6163 can be straightforwardly deduced from the fact that this is
true for the upper expectation E2,M corresponding to any precise probability
tree 2 0 P ¥.

Proposition 5.4.3. For any imprecise probability treeP ¥,

(i) the restriction ofEP ,M to V 9 X ! is coherent;

(ii) EP ,M satisÞes the extended coherence propertiesEC1163ÐEC6163.

Proof. (i) . By Corollary 5.3.3(i) 238, we know that, for any 2 0 P ¥, the restriction
of E2,M to V 9 X ! is coherent. So for all 2 0 P ¥, + ' N0, ( 0, ( 1, . . . , ( + ' R# and
( $0, >0), ( $1, >1), . . . , ( $+, >+) ' V 9 X ! , we have by DeÞnition3.782 that

sup

:
( 01>0

+
$0 & E2,M ( $0|>0)

,
&

+$

.=1

( .1>.

+
$. & E2,M ( $. |>.)

, 1
1
1%+

.=0 " (>.)
;

# 0.
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5.4 Measure-theoretic upper expectations for imprecise probability trees

Since all ( . are non-negative, and since E2,M ( $. |>.) ( sup210P ¥
E21,M ( $. |>.) =

EP ,M ( $. |>.) for all ( $., >.), we then surely also have that

sup

:
( 01>0

+
$0 & E2,M ( $0|>0)

,
&

+$

.=1

( .1>.

+
$. & EP ,M ( $. |>.)

, 1
1
1%+

.=0 " (>.)
;

# 0.

This holds for all 2 0 P ¥, so we Þnd thatsup(- 2|%+
.=0 " (>.)) # 0 for all 2 0 P ¥, where

each - 2 is deÞned by

- 2 ! ( 01>0

+
$0 & E2,M ( $0|>0)

,
&

+$

.=1

( .1>.

+
$. & EP ,M ( $. |>.)

,
.

Since, for any 2 0 P ¥,

0 ( sup(- 2| %+
.=0 " (>.)) = max

%
sup(- 2|" (>0)), sup(- 2| %+

.=0 " (>.) \ " (>0))
&

,

we surely either have thatsup(- 2|%+
.=0 " (>.)\ " (>0)) # 0 for at least one 2 0 P ¥, or that

sup(- 2|" (>0)) # 0 for all 2 0 P ¥. Suppose the former is true. Note from the deÞnition
above that - 2I%+

.=0" (>. ) \ " (>0) = - 21I%+
.=0" (>. ) \ " (>0) for all 21 0 P ¥, and therefore also that

- 2I%+
.=0" (>. ) \ " (>0) = inf 210P ¥ - 21I%+

.=0" (>. ) \ " (>0) . So sincesup(- 2| %+
.=0 " (>.) \ " (>0)) # 0, we

have that

0 ( sup( inf
210P ¥

- 21| %+
.=0 " (>.) \ " (>0)) ( sup( inf

210P ¥

- 21| %+
.=0 " (>.)),

which by the deÞnition of all - 21 and the fact that inf 210P ¥ &E21,M ( $0|>0) =
&sup210P ¥

E21,M ( $0|>0) = &EP ,M ( $0|>0), implies that

0 ( sup

:
( 01>0

+
$0 & EP ,M ( $0|>0)

,
&

+$

.=1

( .1>.

+
$. & EP ,M ( $. |>.)

, 1
1
1%+

.=0 " (>.)
;

.

So by DeÞnition 3.782 we have that EP ,M is coherent on V 9 X ! if the above also
holds for the case that sup(- 2|" (>0)) # 0 for all 2 0 P ¥. To show that this is true,
note that, for any 2 0 P ¥, since the supremum is taken over" (>0),

0 ( sup

:
( 01>0

+
$0 & E2,M ( $0|>0)

,
&

+$

.=1

( .1>.

+
$. & EP ,M ( $. |>.)

, 1
1
1" (>0)

;

= &( 0E2,M ( $0|>0) + sup

:
( 0 $0 &

+$

.=1

( .1>.

+
$. & EP ,M ( $. |>.)

, 1
1
1" (>0)

;
.

Since this holds for any tree 2 0 P ¥, and since inf 20P ¥ &( 0E2,M ( $0|>0) =
&( 0 sup20P ¥

E2,M ( $0|>0) = &( 0EP ,M ( $0|>0) [because( 0 is non-negative] we have that

0 ( & ( 0EP ,M ( $0|>0) + sup

:
( 0 $0 &

+$

.=1

( .1>.

+
$. & EP ,M ( $. |>.)

, 1
1
1" (>0)

;

= sup

:
( 01>0

+
$0 & EP ,M ( $0|>0)

,
&

+$

.=1

( .1>.

+
$. & EP ,M ( $. |>.)

, 1
1
1" (>0)

;

( sup

:
( 01>0

+
$0 & EP ,M ( $0|>0)

,
&

+$

.=1

( .1>.

+
$. & EP ,M ( $. |>.)

, 1
1
1%+

.=0 " (>.)
;

,
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where the equality uses once more the fact that the supremum is taken over" (>0).
(ii) 242. Corollary 5.3.3(ii) 238 states that E2,M satisÞesEC1163ÐEC6163 for each

2 0 P ¥. Using this fact together with the deÞnition of EP ,M, it can then readily be
inferred that Properties EC1163ÐEC6163 also hold for EP ,M.

As far as the relation with the Þnitary upper expectation EP is con-
cerned, it is easy to see thatEP ,M is always at least as informative asEP

on its domain V 9 X ! .

Proposition 5.4.4. For any imprecise probability treeP ¥, we have that

EP ,M ( $|>) ( EP ( $|>) for all ( $, >) ' V 9 X ! .

Proof. Fix any ( $, >) ' V 9 X ! . For any 2 0 P ¥ and the agreeing (upper) expec-
tations tree Q¥ ! Q¥,2 deÞned by Eq. (3.4)52 [or Eq. ( 3.3)51], we have by Theo-
rem 5.3.1235 that14

E2,M ( $|>) = E
eb
Q,V( $|>) ( EQ ( $|>) = E2( $|>),

where the second equality follows from Corollary 4.4.8170, and the third from The-
orem 3.5.291 and the fact that Q¥ could alternatively be obtained from Eq. (3.3)51

if we were to consider an imprecise probability tree that consists for each situation
> ' X ! of the singleton 2(á|>). Since the equality above holds for any 2 0 P ¥, we
infer from the deÞnition of EP ,M and the deÞnition [DeÞnition 3.679] of EP that

EP ,M ( $|>) = sup
20P ¥

E2,M ( $|>) ( sup
20P ¥

E2( $|>) = EP ( $|>).

The following proposition shows that EP ,M and EP actually coincide on the
Þnitary domain F 9 X ! .

Proposition 5.4.5. For any imprecise probability treeP ¥, we have that

EP ,M ( $|>) = EP ( $|>) for all ( $, >) ' F 9 X ! .

Proof. Fix any ( $, >) ' F 9 X ! . Then, for any 2 0 P ¥ and the agreeing (upper)
expectations tree Q¥ ! Q¥,2 deÞned by Eq. (3.4)52, we have by Theorem5.3.1235

that
E2,M ( $|>) = E

eb
Q,V( $|>) = EQ ( $|>) = E2( $|>) = E2( $|>)

where the second equality follows from Corollary 4.4.9170 and the fact that $ ' F,
the third from Corollary 3.5.392, and the last from Proposition 3.3.879. Since the
equality above holds for any 2 0 P ¥, we infer from the deÞnition of EP ,M and the
deÞnition of EP [DeÞnition 3.679] that

EP ,M ( $|>) = sup
20P ¥

E2,M ( $|>) = sup
20P ¥

E2( $|>) = EP ( $|>).

14The fact that E2,M ( $|>) ( E2 ( $|>) could also be deduced from the deÞnitions ofE2,M

and E2.
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5.4 Measure-theoretic upper expectations for imprecise probability trees

Proposition 5.4.4. says that EP ,M is always at least as informative as
EP , yet sinceEP ,M satisÞes continuity from below [see Theorem5.4.7 fur-
ther on] and EP sometimes fails to satisfy this type of continuity [Exam-
ple 3.6.199], and since by Proposition 5.4.5. both global upper expecta-
tions coincide on F 9 X ! , it can be seen thatEP ,M will sometimes be strictly
smallerÑmore informativeÑthan EP .

Example 5.4.6. Reconsider the precise probability tree 2 from Exam-
ple 3.6.199. Recall that for the corresponding Þnitary upper expectation
E2Ñor equivalently, EP for P ¥ the imprecise tree consisting out of the sin-
gle mass function 2(á|>) for each > ' X ! Ñwe had that

lim
" * +$

E2(I4 "
*
) = lim

" * +$
P2(4 "

* ) = 0 ! 1 = P2( lim
" * +$

4 "
* ) = E2( lim

" * +$
I4 "

*
)

= E2(I4 * ).

In contrast, sinceE2,M coincides with E2 by Proposition 5.4.5. Ñremember
that 2 is simply a particular type of imprecise probability tree P ¥Ñand since
E2,M is continuous from below [see Theorem5.4.7] we have that

0 = lim
" * +$

E2,M (I4 "
*
) = E2,M (I4 * ).

So, indeed,E2,M (or more generally EP ,M) is sometimes strictly smaller than
E2 (or EP ). "

5.4.2 Continuity with respect to two types of monotone sequences

We will now show that EP ,M is continuous with respect to increasing se-
quences inVb, that it is continuous with respect to decreasing sequences in
F that are uniformly bounded below, and that it is continuous with respect
to general decreasing sequences inF if the local sets of mass functionsP >

are closed (or compact). The proof of the Þrst result is relatively straightfor-
ward since EP ,M is an upper envelope of operators that are monotone and
continuous with respect to increasing sequences inVb.

Theorem 5.4.7 (Continuity from below) . For any imprecise probability tree
P ¥, any > ' X ! and any increasing sequence( $+)+' N in Vb, we have that

lim
+* +$

EP ,M ( $+|>) = EP ,M ( $|>), with $ ! sup
+' N

$+ = lim
+* +$

$+.

Proof. For any 2 0 P ¥, Theorem 5.3.1235 and Theorem4.6.1175 together imply that

lim
+* +$

E2,M ( $+|>) = E2,M ( $|>). (5.5)
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This holds for any 2 0 P ¥, so we have that

lim
+* +$

EP ,M ( $+|>) = sup
+' N

EP ,M ( $+|>) = sup
+' N

sup
20P ¥

E2,M ( $+|>) = sup
20P ¥

sup
+' N

E2,M ( $+|>)

= sup
20P ¥

lim
+* +$

E2,M ( $+|>)

= sup
20P ¥

E2,M ( $|>)

= EP ,M ( $|>),

where the Þrst equality follows from the fact that ( $+)+' N is increasing and the mono-
tonicity [ EC4163] of EP ,M [due to Proposition 5.4.3242], where the fourth equality
also follows from the fact that ( $+)+' N is increasing and the monotonicity [EC4163]
of E2,M for each 2 0 P ¥ [due to Corollary 5.3.3(ii) 238], and where the penultimate
equality follows from Eq. ( 5.5)! above.

Next, we show that EP ,M is also continuous with respect to decreasing se-
quences inF that are uniformly bounded belowÑin other words, sequences
in F that converge decreasingly to a gamble inV. The proof is less straight-
forward than that of Theorem 5.4.7! , as it essentially relies on the technical
topological results from Appendix 3.E.1120. Nonetheless, it su" ces to only
explicitly use Lemma 3.E.8126; a result that by Proposition 5.4.5244 contin-
ues to hold if we replace the Þnitary global upper expectationsE2 and EP

by the measure-theoretic upper expectationsE2,M and EP ,M.

Lemma 5.4.8. For any imprecise probability treeP ¥, any > ' X ! , and any
decreasing sequence( $+)+' N in F that converges to a gamble$ ' V,

sup
20P ¥

lim
+* +$

E2,M ( $+|>) = lim
+* +$

EP ,M ( $+|>).

Proof. This follows from Lemma 3.E.8126 and the fact that EP and EP ,M [and thus
also E2 and E2,M for all 2 0 P ¥] coincide on F 9 X ! [Proposition 5.4.5244].

The desired downward continuity of EP ,M now follows immediately.

Proposition 5.4.9. For any imprecise probability treeP ¥, any > ' X ! and
any decreasing sequence( $+)+' N in F that is uniformly bounded below,

lim
+* +$

EP ,M ( $+|>) = EP ,M ( $|>) with $ ! inf
+' N

$+ = lim
+* +$

$+.

Proof. Since $ = inf +' N $+ is bounded below [because the sequence( $+)+' N is uni-
formly bounded below] and bounded above by sup $1 [which is real because $1 is a
gamble], we have that $ is a gamble. Hence, due to Lemma5.4.8, we have that

lim
+* +$

EP ,M ( $+|>) = sup
20P ¥

lim
+* +$

E2,M ( $+|>).

But by Corollary 5.3.3(vi) 238 and the deÞnition of EP ,M, the right-hand side is equal
to EP ,M ( $|>), so we indeed Þnd that lim +* +$ EP ,M ( $+|>) = EP ,M ( $|>).
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The following example shows that if the sequence in Proposition5.4.9.

is not uniformly bounded below, the continuity may no longer hold.

Example 5.4.10. Consider the state spaceX = { ) , * } , any imprecise prob-
ability tree P ¥ such that P " = { ; ' P(X ) : 0 < ; () ) < 1} , and any non-
positive 1-measurable variable- . Then, for any 2 0 P ,

E2,M (- ) = E2,M (- ) =
7

- dP|"
2 = - () )P|"

2 () ) + - (* )P|"
2 (* )

= - () )P2() |" ) + - (* )P2(* |" )

= - () ) 2() |" ) + - (* ) 2(* |" ),

where the Þrst follows from the fact that E2,M is an extension ofE2,M [Corol-
lary 5.2.5234] together with the fact that E2,M (- ) exists because- is 1-
measurable and non-positive [ME4231], where the third follows from Propo-
sition 5.2.2(i) 229, the fact that &- = &- () )1) & - (* )1* is a non-negative
! (X ! )-simple variable and ME6231, and where the last equality follows
from the fact that P2 satisÞes Eq. (3.12)72 by assumption [see Proposi-
tion 5.1.3226]. Hence,

EP ,M (- ) = sup
20P ¥

=
- () ) 2() |" ) + - (* ) 2(* |" )

>

= sup
; ' P "

=
- () ); () ) + - (* ); (* )

>

= sup
0<; () )<1

=
- () ); () ) + - (* )(1 & ; () ))

>
, (5.6)

where the last equality follows from the construction of P " . Now con-
sider the sequence of non-positive1-measurable gambles( $+)+' N deÞned
by $+() ) = &+ and $+(* ) = 0 for all + ' N. Then by Eq. (5.6) we have that
EP ,M ( $+) = sup0<; () )<1 [(&+); () )] = 0 for all + ' N. On the other hand,
the limit $ ! lim +* +$ $+ is also a non-positive1-measurable variable, with
$() ) = &$ and $(*) = 0. Hence, Eq. (5.6) also applies here, and so we
get that EP ,M ( $) = sup0<; () )<1 [(&$ ); () )] = sup0<; () )<1(&$ ) = &$ . As a
result, we have that

lim
+* +$

EP ,M ( $+) = 0 ! &$ = EP ,M ( $) = EP ,M ( lim
+* +$

$+).

Note that in contrast the conjugate lower expectation EP ,M is continuous
with respect to the decreasing sequence( $+)+' N. Indeed, in a similar way,
we can infer that EP ,M ( $+) = inf 0<; () )<1 [(&+); () )] = &+ for all + ' N, and
that EP ,M ( $) = inf 0<; () )<1 [(&$ ); () )] = &$ , which implies that

lim
+* +$

EP ,M ( $+) = &$ = EP ,M ( $) = EP ,M ( lim
+* +$

$+).
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Note that this continuity for EP ,M could also been deduced from conjugacy
[Corollary 5.4.2241] and the fact that EP ,M is continuous with respect to
increasing sequences inVb [Theorem 5.4.7245]. "

The downward continuity can still be preserved, though, if we restrict
ourselves to imprecise probability treesP ¥ whose local sets of mass func-
tions P > are closed. In accordance with our earlier conventions, we here
mean closed with respect to the topology of pointwise convergence [Ap-
pendix 3.E.1120] on P(X ); also see [24] for more details. Note that, since
P(X ) is metrizable and compact [Appendix 3.E.1120], the closednessÑand
thus the compactness [111, Theorem 17.5 (a)]Ñof a subset P > of P(X ) im-
plies its sequential compactness [111, Section 17G.3]. This implies that the
limit point of any convergent sequence in P > itself also belongs toP >. This
property can be used in conjunction with the following lemmaÑwhich is
similar to Lemma 3.E.7125 but for measure-theoretic upper expectationsÑ
to obtain the desired continuity. This lemma uses a notion of convergence
for precise probability trees; we consider a sequence(2.). ' N of precise prob-
ability trees to converge if there is some limit tree 2 such that, for each
> ' X ! , the mass functions (2. (á|>)). ' N converge (pointwise) to the mass
function 2(á|>); see Appendix3.E.1120.

Lemma 5.4.11. For any imprecise probability treeP ¥, any decreasing se-
quence( $+)+' N in F and any > ' X ! ,

lim
+* +$

E2,M ( $+|>) = lim
+* +$

EP ,M ( $+|>),

where the precise probability tree2 is the limit of some convergent sequence
(2.). ' N of precise probability trees, each of which are compatible with the im-
precise treeP ¥.

Proof. This follows from Lemma 3.E.7125 and the fact that EP and EP ,M [and thus
also E2 and E2,M] coincide on F 9 X ! [Proposition 5.4.5244].

Proposition 5.4.12 (Continuity w.r.t. decreasing Þnitary gambles). For any
imprecise probability treeP ¥ such thatP A is closed for allA' X ! , any > ' X !

and any decreasing sequence( $+)+' N in F,

lim
+* +$

EP ,M ( $+|>) = EP ,M ( $|>) with $ ! inf
+' N

$+ = lim
+* +$

$+.

Proof. Since ( $+)+' N is decreasing andEP ,M is monotone [EC4163] due to Proposi-
tion 5.4.3242, we immediately have that lim +* +$ EP ,M ( $+|>) # EP ,M ( $|>). To prove
the converse inequality, note that by Lemma5.4.11,

lim
+* +$

E2,M ( $+|>) = lim
+* +$

EP ,M ( $+|>),
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5.5 Relation to game-theoretic upper expectations in an imprecise context

where the precise probability tree 2 is the limit of some convergent sequence(2.).' N

of precise probability trees, each of which being compatible with the imprecise tree
P ¥. By Corollary 5.3.3(vi) 238, this yields

E2,M ( $|>) = lim
+* +$

EP ,M ( $+|>). (5.7)

Now note that 2 0 P ¥. Indeed, for any A ' X ! , since the trees 2. converge
to 2, the mass functions 2. (á|A) converge to 2(á|A). For all . ' N, we have that
2. (á|A) ' P A because2. 0 P ¥, and so the sequential compactness ofP A implies that
lim .* +$ 2. (á|A) = 2(á|A) ' P A. Since this holds for any A' X ! , we infer that 2 0 P ¥.
As a result, we infer from Eq. (5.7) and the deÞnition of EP ,M that

EP ,M ( $|>) # lim
+* +$

EP ,M ( $+|>).

as desired.

5.5 Relation to game-theoretic upper expectations in an impre-
cise context

We now turn to one of the main subjects of this chapter and, in fact,
of the entire dissertation; the relation between the game-theoretic global
upper expectation E

eb
Q,V and the measure-theoretic upper expectationEP ,M

in a general imprecise context. We already know from Section5.3235 that
E

eb
Q,V and EP ,M are equal on all of V 9 X ! as soon as we limit ourselves to

precise probability trees and (linear) expectations trees. It will turn out that,
to a large extent, the equality still holds in the imprecise case. Concretely,
we will show that E

eb
Q,V and EP ,M coincide for all variables (and situations)

that are (i) ! (X ! )-measurable and bounded below or (ii) if the local sets of
mass functionsP > are closed, decreasing limits of Þnitary gambles. Observe
that variables of type (ii) are not necessarily of type (i) because the former
may not be bounded below. As we will discuss later on in Section5.5.4257,
an equality on these two types of domains su" ces to regardE

eb
Q,V and EP ,M

as two interchangeable, equivalent models for almost all practical purposes.
Moreover, bear in mind that, in all of this, we can always simply replace E

eb
Q,V

by the game-theoretic upper expectationE
eb
A ,V obtained from an agreeing

acceptable gambles treeA¥ due to Theorem 4.3.6161.

5.5.1 A general inequality

Before we prove any equality betweenE
eb
Q,V and EP ,M, let us Þrst estab-

lish an inequality that holds on the entire domain V 9X ! ; namely, that E
eb
Q,V

is always larger than or equal toÑat least as conservative asÑEP ,M.
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Measure-theoretic upper expectations

Proposition 5.5.1. Consider any imprecise probability treeP ¥ such thatP A

is closed for allA' X ! , and let Q¥ ! Q¥,P be the upper expectations tree that
agrees withP ¥ according to Eq.(3.3)51. Then

E
eb
Q,V( $|>) # EP ,M ( $|>) for all ( $, >) ' V 9 X ! .

Proof. Fix any ( $, >) ' V 9 X ! and any 2 0 P ¥. Let Q¥ be the (upper) expectations
tree that agrees with the precise probability tree 2 according to Eq. (3.4)52. Then
note that QA(- ) ( QA(- ) for all - ' L (X ) and all A ' X ! due to how Q¥ and Q¥

are related to the treesP ¥ and 2 [resp. Eq. (3.3)51 and Eq. (3.4)52]. Hence, it then
follows from the deÞnition of a supermartingale that Meb(Q¥) + Meb(Q¥), and so by
DeÞnition 4.7160 that E

eb
Q,V( $|>) # E

eb
Q,V( $|>). By Theorem5.3.1235 and sinceQ¥ is the

expectations tree that agrees with 2, this implies that E
eb
Q,V( $|>) # E2,M ( $|>). Since

this holds for any 2 0 P ¥, we obtain that

E
eb
Q,V( $|>) # sup

20P ¥

E2,M ( $|>) = EP ,M ( $|>).

It can be observed that the inequality above sometimes becomes strict;
see Example5.5.16259 below, where we will also further discuss the rele-
vance of Proposition5.5.1! .

5.5.2 An equality for bounded below ! (X ! )-measurable variables

To prove that EP ,M and E
eb
Q,V coincide on bounded below ! (X ! )-

measurable variables, we require the notions of continuity and upper semi-
continuity.

Let ! be endowed with the topology generated by the cylinder events
" (X ! ) = { " (>) : > ' X ! }Ñthe smallest topology including " (X ! ) [ 111,
Problem 5.D]. As we show in Appendix 5.C274, a set in this topology is
open if and only it is a countable union of cylinder events. This topology is
moreover metrizable and compact, and coincides with the product topology
on ! = X N (where X is endowed with the discrete topology). For any
two topological spaces Y, Z Ñand hence, in particular, for ! and R (or R)
respectivelyÑa map $: Y * Z is continuous if the inverse image $&1(0) =
{ , ' Y : $(, ) ' 0} is an open subset ofY for each open 0 + Z [ 37, 53,
111]. A real-valued function $: Y * R is called upper semicontinuous
(u.s.c.) if { , ' Y : $(, ) < ) } is an open subset (or if { , ' Y : $(, ) # ) }
is a closed subset) of Y for each ) ' R; see [53, p.71 & p.186], [ 111,
Problem 7.K] and [37, p.61]. The function $ is called lower semicontinuous
(l.s.c.) if &$ is u.s.c. A function $: Y * R is continuous if and only if it is
u.s.c. and l.s.c. [37, p.61]; so if { , ' Y : $(, ) < ) } and { , ' Y : $(, ) > ) }
are open for all ) ' R. Furthermore, the pointwise limit of any decreasing
sequence( $+)+' N of continuous real-valued functions $+ on Y is u.s.c. (if this
limit is itself real-valued) [ 111, Problem 7.K (2)].
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5.5 Relation to game-theoretic upper expectations in an imprecise context

We will henceforth use Vu to denote the set of all real-valued (possi-
bly unbounded) functions on ! Ñthis in contrast with V which denotes all
bounded real-valued functions (or gambles) on ! . Note that, since ! (X ! )
contains all countable unions of cylinder events, and thus all open subsets
of ! , any u.s.c. global variable in Vu is ! (X ! )-measurable. Moreover, one
may check using the topology on! that any Þnitary real-valued variable (or
gamble) is a continuous real-valued variable (resp. gamble) on! , but not
necessarily the other way around. We next show that u.s.c. variables inVu

can always be obtained as limits of decreasing sequences of Þnitary variables
(or gambles). The proof of this result can be found in Appendix 5.C274.

Lemma 5.5.2. For any $ ' Vu, we have that $ is u.s.c. if and only if it is
the pointwise limit of a decreasing sequence( $+)+' N of extended real variables,
each of which is Þnitary and bounded below. Moreover,$ is both u.s.c. and
bounded above if and only if it is the pointwise limit of a decreasing sequence
( $+)+' N of Þnitary gambles.

Lemma 5.5.2 leads us to two interesting intermediate results; the Þrst
is that, since EP ,M and E

eb
Q,V coincide on all Þnitary gambles,EP ,M and E

eb
Q,V

coincide on all u.s.c. gambles. We Þrst state thatEP ,M and E
eb
Q,V coincide on

all Þnitary gambles.

Corollary 5.5.3. For any imprecise probability treeP ¥ and the agreeing upper
expectations treeQ¥ ! Q¥,P deÞned by Eq.(3.3)51,

EP ,M ( $|>) = E
eb
Q,V( $|>) for all ( $, >) ' F 9 X ! .

Proof. This follows readily from Proposition 5.4.5244 and Corollary 4.4.9170.

Corollary 5.5.4. Consider any imprecise probability treeP ¥ and let Q¥ !
Q¥,P be the upper expectations tree that agrees according to Eq.(3.3)51. Then
EP ,M ( $|>) = E

eb
Q,V( $|>) for any > ' X ! and any $ ' V that is u.s.c.

Proof. Corollary 5.5.3 says that EP ,M and E
eb
Q,V coincide on F 9 X ! . By Proposi-

tion 5.4.9246 and Theorem4.7.3182, EP ,M and E
eb
Q,V are both continuous with respect

to decreasing sequences of Þnitary gambles that converge inV. Hence, since any
u.s.c. gamble is a decreasing limit of Þnitary gambles due to Lemma5.5.2, we infer
that EP ,M and E

eb
Q,V coincide on all ( $, >) ' V 9 X ! for which $ is u.s.c.

On the other hand, Lemma 5.5.2 also implies that continuity with re-
spect to decreasing (uniformly bounded below) sequences of u.s.c. gam-
bles is actually not stronger than continuity with respect to decreasing (uni-
formly bounded below) sequences of Þnitary gambles:
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Lemma 5.5.5. Any operatorF: V * R that is monotone and that is continu-
ous with respect to decreasing sequences of Þnitary gambles that are uniformly
bounded below, is also continuous with respect to decreasing sequences( $+)+' N

of u.s.c. gambles that are uniformly bounded below; i.e.

lim
+* +$

F( $+) = F( $), with $ ! inf
+' N

$+ = lim
+* +$

$+.

Proof. Consider any decreasing sequence( $+)+' N of u.s.c. gambles that is uniformly
bounded below and let $ ! inf +' N $+ = lim +* +$ $+. Then, for all + ' N, it follows
from Lemma 5.5.2! and the fact that $+ is a gamble [and thus bounded above] that
there is a decreasing sequence(- +,H )H' N of Þnitary gambles such thatlim H* +$ - +,H =
$+. Now let (CH )H' N be the sequence of variables deÞned by

CH (? ) ! min{ - +,H (? ) : 0 ( + ( H} for all ? ' ! .

Because each(- +,H )H' N is decreasing, (CH )H' N is also decreasing. The variablesCH

for all H ' N are clearly boundedÑand hence, they are gamblesÑand they are also
Þnitary because, on the one hand,- +,H is Þnitary for all + ' N, and on the other
hand, the minimum over a Þnite number of Þnitary variables is trivially also Þnitary.
So (CH )H' N is a decreasing sequence of Þnitary gambles. Furthermore, note that
CH # $ because- +,H # $+ # $ for all +, H ' N, and therefore lim H* +$ CH # $. To
see that alsolim H* +$ CH ( $, Þx any ? ' ! and any ) ' R such that ) > $(? ).
Since lim +* +$ $+ = $, there is some +1 ' N such that ) > $+1(? ) and since also
lim H* +$ - +1,H = $+1, there is someH1 # +1 such that ) > - +1,H1(? ). Then certainly
) > CH1(? ), and since (CH )H' N is decreasing, we have that) > lim H* +$ CH (? ). This
holds for any ) ' R such that ) > $(? ), so we have that lim H* +$ CH (? ) ( $(? ),
which in turn implies that lim H* +$ CH ( $ because? ' ! was chosen arbitrarily.
So we have that, indeed, inf H' N CH = lim H* +$ CH = $. Since $ is bounded below
because( $+)+' N is uniformly bounded below, (CH )H' N is moreover uniformly bounded
below. Then recalling that (CH )H' N is a decreasing sequence of Þnitary gambles, it
follows from the assumptions about F that lim H* +$ F(CH ) = F( $). Furthermore, note
that, due to the decreasing character of(- +,H )H' N and ( $+)+' N,

CH (? ) = min{ - +,H (? ) : 0 ( + ( H}

# min{ $+(? ) : 0 ( + ( H} = $H (? )

for all H ' N and all ? ' ! . So, $H ( CH for all H ' N, which by the monotonicity
of F implies that

lim
H* +$

F( $H ) ( lim
H* +$

F(CH ) = F( $),

where the Þrst limit exists because( $+)+' N is decreasing andF is monotone. The
converse inequalityÑthat lim H* +$ F( $H ) # F( $)Ñfollows from the decreasing char-
acter of ( $+)+' N and the monotonicity of F.

Since both EP ,M and E
eb
Q,V satisfy the type of continuity described in

Lemma 5.5.5! , we immediately obtain the following result.
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Proposition 5.5.6. Consider any imprecise probability treeP ¥ and any upper
expectations treeQ¥, any > ' X ! and any decreasing sequence( $+)+' N of u.s.c.
gambles that is uniformly bounded below. Then

lim
+* +$

EP ,M ( $+|>) = EP ,M ( $|>) with $ ! inf
+' N

$+ = lim
+* +$

$+,

and similarly for E
eb
Q,V.

Proof. Since any decreasing sequence of Þnitary gambles that is uniformly bounded
below trivially converges to a gamble, we have by Proposition5.4.9246 that EP ,M is
continuous with respect to decreasing sequences of Þnitary gambles that are uni-
formly bounded below. This is also true for E

eb
Q,V because of Theorem4.7.3182. Hence,

since both operators are also monotone [EC4163] due to Proposition 4.4.3164 and
Proposition 5.4.3242, the desired statement thus follows from Lemma5.5.5251.

As a Þnal step towards establishing our desired result, we will use a
result called ChoquetÕs capacitability theorem. This theorem can be found
in many di ! erent textbooks, but we will make use of the speciÞc version of
Dellacherie [28]. We do this because DellacherieÕs notion of a capacity can
directly be applied to an extended real-valued functionalÑsuch as EP ,M and
E

eb
Q,VÑwhereas most other sources restrict capacities to take the form of set-

functions. Let us start by introducing some key concepts and terminology
regarding capacitability.

Let V# be the set of all variables taking values in R# and Vu
# the set

of all (possibly unbounded) variables taking values in R# . The following
deÞnition is borrowed from [ 28, Section II.1.1]. 15

DeÞnition 5.8 (Capacities). A functional F : V# * R# is called a capacity
on ! if it satisÞes the following three properties:

CA1. $ ( - - F( $) ( F(- ) for all $, - ' V# ;

CA2. lim +* +$ F( $+) = F (lim +* +$ $+) for any increasing sequence( $+)+' N in
V# ;

CA3. lim +* +$ F( $+) = F (lim +* +$ $+) for any decreasing sequence( $+)+' N

of u.s.c. variables inVu
# . !

15Dellacherie [28] does not explicitly state a deÞnition for a u.s.c. function, yet we suppose
that he is using the standard deÞnitions that we also adopt here; for instance, it is mentioned
at the bottom of [ 28, p.4] that the level sets UH

+ are compact (or closed) for $H
+ being u.s.c.,

and that the converse is true for $H
+ being l.s.c. In any way, from [28, p.3], it is sure that his

notion of u.s.c. implies being a decreasing limit of continuous real-valued functions, which, as
already mentioned in the beginning of Section 5.5.2250, implies being u.s.c. according to our
deÞnition. Any capacity according to us is thus surely a capacity according to Dellacherie [28],
which is su" cient for all our further results to hold.
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Recall from the beginning of this sectionÑSection 5.5.2250Ñthat ! is
compact and metrizable, which is in line with DellacherieÕs assumption
about the set Ô6Õ in [28, Section II.1.1]; see [28, Introduction, Paragraph 2].
Furthermore, observe thatCA3! only applies to sequences inVu

# instead of
sequences inV# ; this too corresponds to the deÞnition given in [28, Sec-
tion II.1.1] because Dellacherie always considers u.s.c. functions to be real-
valued [28, Introduction, Paragraph 2]. In fact, one could restate CA3!

so as to only apply to sequences that are uniformly bounded above (and
below); this follows immediately from the decreasing character and the fol-
lowing lemma.

Lemma 5.5.7. Any u.s.c. variable$ ' Vu
# is bounded and therefore a gamble.

Proof. $ is clearly bounded below, so it su" ces to prove that $ is bounded above.
Recall from Lemma 5.5.2251 that $ is the pointwise limit of a decreasing sequence
( $+)+' N of Þnitary bounded below variables. Assumeex absurdo that $ is not
bounded above. Then, for each+ ' N, since $+ # inf H' N $H = $, it follows that
$+ is also not bounded above. Since each$+ can only take a Þnite number of di! er-
ent valuesÑbecause it is Þnitary and X is ÞniteÑwe must have that $+(? ) = +$
for at least one ? ' ! . So, for each + ' N, the set %+ ! {? ' ! : $+(? ) = +$ }
is non-empty. Since $+ is Þnitary, %+ is a Þnite union of cylinder events, and since
( $+)+' N is decreasing, the sequence(%+)+' N is clearly also decreasing. Hence, by
Lemma 4.C.2209, there exists a path ? ' ! such that ? ' %+ for all + ' N. This
means, by the deÞnition of the sets%+, that $+(? ) = +$ for all + ' N, and therefore
also that $(? ) = lim +* +$ $+(? ) = +$ . But this is in contradiction with the fact that
$ is real-valued.

It therefore followsÑalmost immediatelyÑfrom the earlier deduced
continuity properties for EP ,M and E

eb
Q,V, that the restrictions of EP ,M (á|>)

and E
eb
Q,V(á|>) to V# are both capacities on! .

Proposition 5.5.8. For any imprecise probability treeP ¥, any upper expecta-
tions treeQ¥, and any > ' X ! , the restrictions ofEP ,M (á|>) and E

eb
Q,V(á|>) to

V# are capacities on! .

Proof. Property CA1! follows for EP ,M (á|>) from Proposition 5.4.3242 and for
E

eb
Q,V(á|>) from Proposition 4.4.3164. That EP ,M (á|>) and E

eb
Q,V(á|>) satisfy Prop-

erty CA2! follows from Theorem 4.6.1175 and Theorem 5.4.7245, respectively, and
the fact that V# + Vb. Finally, that they satisfy Property CA3! follows from Propo-
sition 5.5.6! , together with the fact that, as a consequence of Lemma5.5.7, u.s.c.
variables in Vu

# are gambles [and uniformly bounded below by 0].

Now, for any capacity F on ! , we say that a variable $ ' V# is F-
capacitable if

F( $) = sup
%
F(- ) : - ' Vu

# , - is u.s.c. and $ # -
&
. (5.8)
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A variable $ ' V# is called universally capacitable if it is F-capacitable for
all capacities F on ! . Now, ChoquetÕs capacitability theorem [28, Theorem
II.2.5] states that any analytic (non-negative) variable is universally capac-
itable. The deÞnition of an analytic (non-negative) variable can be found
in [ 28, 53]; we do not explicitly give it here, because it is a rather abstract
concept that, in practice, can often be replaced by the simpler and better-
known notion of a Borel-measurable (non-negative) variable, which is in our
case in turn equivalent to the notion of a ! (X ! )-measurable (non-negative)
variable; see Corollary 5.C.2278 and Proposition 5.C.3278. Taking this into
account, [28, Theorem II.2.5] allows us to state the following weaker ver-
sion of ChoquetÕs capacitability theorem:

Theorem 5.5.9 (ChoquetÕs capacitability light). Any! (X ! )-measurable vari-
able $ ' V# is universally capacitable.

It now su" ces to combine this theorem with what we already know to
obtain the desired type of equality.

Theorem 5.5.10. Consider any imprecise probability treeP ¥ and let Q¥ !
Q¥,P be the upper expectations tree that agrees according to Eq.(3.3)51. Then,
for any > ' X ! and any ! (X ! )-measurable bounded below variable$ ' Vb,
we have thatEP ,M ( $|>) = E

eb
Q,V( $|>).

Proof. Let $ ' Vb be bounded below and ! (X ! )-measurable. Since$ is bounded
below, and both EP ,M and E

eb
Q,V are constant additive [Proposition 4.4.3164 EC5], we

may assume without loss of generality that $ is non-negativeÑand therefore, that
$ ' V# . Then, according to Theorem5.5.9, the variable $ is universally capacitable.
Since EP ,M (á|>) and E

eb
Q,V(á|>) are both capacities on ! by Proposition 5.5.8. , this

implies that

EP ,M ( $|>) = sup
!
EP ,M (- |>) : - ' Vu

# , - is u.s.c. and $ # -
"

and

E
eb
Q,V( $|>) = sup

!
E

eb
Q,V(- |>) : - ' Vu

# , - is u.s.c. and $ # -
"
.

Now recall Corollary 5.5.4251, which says that EP ,M (C|>) = E
eb
Q,V(C|>) for all u.s.c.

gamblesC ' V. Since all u.s.c. variables- ' Vu
# are gambles due to Lemma5.5.7. ,

we obtain that EP ,M ( $|>) = E
eb
Q,V( $|>).

Note that, since this equality is valid for bounded below ! (X ! )-measurable
variables, the measure-theoretic upper expectationEP ,M in the result above
can be replaced by its simpliÞed versionE

B
P ,M, which was deÞned as an

upper envelope of standard ÔpreciseÕ Lebesgue integrals.
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Corollary 5.5.11. Consider any imprecise probability treeP ¥ and let Q¥ !
Q¥,P be the upper expectations tree that agrees according to Eq.(3.3)51. Then,
for any > ' X ! and any ! (X ! )-measurable variable$ ' Vb that is bounded
below, we have thatE

B
P ,M ( $|>) = E

eb
Q,V( $|>).

Proof. This follows from Corollary 5.4.1241 and Theorem 5.5.10! .

Also note that the theorem above in particular also implies that EP ,M

and E
eb
Q,V coincide on all limits of increasing sequences of Þnitary gambles;

e.g. hitting times [Example 4.2.2140].

Corollary 5.5.12. Consider any imprecise probability treeP ¥ and let Q¥ !
Q¥,P be the upper expectations tree that agrees according to Eq.(3.3)51. Then
EP ,M ( $|>) = E

eb
Q,V( $|>) for any > ' X ! and any $ ' V that is the pointwise

limit of an increasing sequence of Þnitary gambles.

Proof. Consider any > ' X ! and any increasing sequence( $+)+' N in F, and let
$ ! lim +* +$ $+ = sup+' N $+ be its pointwise limit. Since ( $+)+' N is increasing and $1
is a (bounded) gamble, we have that $ is bounded below. To see that $ is more-
over ! (X ! )-measurable, it su" ces to observe that any Þnitary gamble is! (X ! )-
measurable [because the level sets will be Þnite unions of cylinder events] and then
use MV2228. So we have that $ ' V! ,b, and therefore the desired equality follows
from Theorem 5.5.10! .

5.5.3 An equality for decreasing limits of Þnitary gambles

The equality in Theorem 5.5.10! already covers a great deal of vari-
ables, yet if local sets of mass functions are closed, we can extend this
equality even further to also involve decreasingÑnot necessarily bounded
belowÑlimits of Þnitary gambles.

Theorem 5.5.13. Consider any imprecise probability treeP ¥ such thatP A is
closed for allA ' X ! and let Q¥ ! Q¥,P be the upper expectations tree that
agrees according to Eq.(3.3)51. ThenEP ,M ( $|>) = E

eb
Q,V( $|>) for any > ' X !

and any $ ' V that is the pointwise limit of a decreasing sequence of Þnitary
gambles.

Proof. Corollary 5.5.3251 says thatEP ,M and E
eb
Q,V coincide on F 9 X ! . By Proposi-

tion 5.4.12248 and Theorem4.7.3182, EP ,M and E
eb
Q,V are both continuous with respect

to decreasing sequences of Þnitary gambles, soEP ,M and E
eb
Q,V also coincide on all

( $, >) ' V 9 X ! for which $is the pointwise limit of a decreasing sequence of Þnitary
gambles.

Again, the equality above can equally well be stated for the simpliÞed
upper expectation E

B
P ,M.
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Figure 5.2 Schematic overview of the measure-theoretic approach, and how
it relates to the game-theoretic approach.

Corollary 5.5.14. Consider any imprecise probability treeP ¥ such thatP A is
closed for allA ' X ! and let Q¥ ! Q¥,P be the upper expectations tree that
agrees according to Eq.(3.3)51. ThenE

B
P ,M ( $|>) = E

eb
Q,V( $|>) for any > ' X !

and any $ ' V that is the pointwise limit of a decreasing sequence of Þnitary
gambles.

Proof. Any Þnitary gamble - is clearly ! (X ! )-measurable because the level sets
{? ' ! : - (? ) ( &} are Þnite unions of cylinder events. SoMV2228 implies that any
pointwise limit of a decreasing sequence of Þnitary gambles is a! (X ! )-measurable
variable. Such a limit is clearly also bounded above, so the desired statement follows
from Corollary 5.4.1241 and Theorem 5.5.13. .

5.5.4 Concluding notes on the relation betweenEP ,M and Eeb
Q,V

If the local sets of mass functionsP > are closed, Theorem5.5.10255 can
be combined with Theorem5.5.13. , and together they establish an equality
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between EP ,M and E
eb
Q,V for nearly all practically relevant variables. This be-

comes clear if, apart from upper expectations, we also take a look at the con-
jugate lower expectations. Indeed, in a practical situation with a Þxed vari-
able of interest, we usually want to assess both the corresponding upper and
lower expectation at the same time; see e.g. [58, 62]. Theorem 5.5.10255

and Theorem5.5.13256 can be extended to this two-sided setting, and what
we get can be summarized as follows.

Corollary 5.5.15. Consider any imprecise probability treeP ¥ and let Q¥ !
Q¥,P be the upper expectations tree that agrees with it according to Eq.(3.3)51.
Then, for any> ' X ! and any ! (X ! )-measurable gamble$ ' V, we have that

EP ,M ( $|>) = E
eb
Q,V( $|>) and EP ,M ( $|>) = E

eb
Q,V( $|>).

If the setsP A are moreover closed for allA' X ! , then the above equalities also
hold for any (extended real-valued) variable$ ' V that is the pointwise limit
of a monotone (decreasing or increasing) sequence of Þnitary gambles.

Proof. The equality between EP ,M and E
eb
Q,V for ! (X ! )-measurable gambles follows

from Theorem 5.5.10255. The equality for the lower expectations follows from con-
jugacy and Theorem5.5.10255. Indeed, if $ is an ! (X ! )-measurable gamble, then so
is &$, and therefore, by Theorem5.5.10255, we have that EP ,M (&$|>) = E

eb
Q,V(&$|>).

This implies by Corollary 5.4.2241 and Corollary 4.3.7162 that EP ,M ( $|>) = E
eb
Q,V( $|>).

Now suppose that the setsP Aare moreover closed for allA' X ! . Then the equal-
ity between EP ,M and E

eb
Q,V for decreasing limits of Þnitary gambles follows from The-

orem 5.5.13256. On the other hand, the equality (between the upper expectations)
for increasing limits of Þnitary gambles follows from the equality on Þnitary gambles
[Corollary 5.5.3251] and the continuity of both operators with respect to increasing
bounded below sequences [Theorem4.6.1175 and Theorem 5.4.7245]. 16 So we have
that EP ,M and E

eb
Q,V coincide for all monotone (decreasing or increasing) limits of

Þnitary gambles. So it remains to prove that this also holds for the lower expecta-
tions EP ,M and E

eb
Q,V. To that end, note that if $ is the pointwise limit of a monotone

sequence of Þnitary gambles, then so is&$, and hence, by what we have just proved,
EP ,M (&$|>) = E

eb
Q,V(&$|>). This implies by Corollary 5.4.2241 and Corollary 4.3.7162

that &EP ,M ( $|>) = &E
eb
Q,V( $|>) and therefore that EP ,M ( $|>) = E

eb
Q,V( $|>).

Note that the equality for ! (X ! )-measurable gambles already covers
many practically relevant inferences; limit upper and lower expected time
averages [26, 93], hitting probabilities [ 58] and (bounded) stopping times
[see Lemma4.C.3210] to name but a few. Another example is the upper and
lower probability of the event that the pathwise time average of a function

16It can also be deduced from Theorem5.5.10255 though, since any increasing limit of
Þnitary gambles is clearly bounded below and also! (X ! )-measurable because Þnitary gambles
are ! (X ! )-measurable and because the setV! of ! (X ! )-measurable variables is closed under
taking pointwise limits [ MV2228].
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5.5 Relation to game-theoretic upper expectations in an imprecise context

$ ' L (X ) eventually remains within some given interval; so the event %
consisting of all paths ? ' ! such that

) ( lim inf
+* +$

1
+

+$

.=1

$(? .) ( lim sup
+* +$

1
+

+$

.=1

$(? .) ( * ,

with ) and * two reals such that ) ( * . Such events are typically of interest
when studying ergodic behaviour; see [26].

The fact that boundedness of the considered variable (or gamble) is re-
quired is a serious issue though, since, as we have mentioned before in Sec-
tion 3.698 and Section 4.2139, unbounded and extended real-valued vari-
ables often also belong to our Þeld of interest. Most of these unbounded
and/or extended real variables can be written as monotone limits of Þnitary
gamblesÑe.g. hitting times [ 58]Ñand as such this clariÞes the importance
of the second part of Corollary5.5.15. . Caution should be taken here, how-
ever, because we can only ensure that this equality for monotone limits of
Þnitary gambles holds when the local sets of mass functions are closed.

If local sets of mass functions are not closed, then, as was shown in
Example 5.4.10247, the measure-theoretic upper expectationEP ,M may fail
to be continuous with respect to decreasing sequences of Þnitary gambles.
Since E

eb
Q,V on the other hand always satisÞes this type of continuity [The-

orem 4.7.3182], and since the two types of upper expectations coincide
on Þnitary gambles [Corollary 5.5.3251], then the inequality in Proposi-
tion 5.5.1249 must sometimes become strict.

Example 5.5.16. Recall the situation from Example 5.4.10247. We had that

lim
+* +$

EP ,M ( $+) = 0 ! &$ = EP ,M ( $),

with $ ! lim +* +$ $+ the pointwise limit of the decreasing sequence( $+)+' N.
Due to Corollary 5.5.3251 and Theorem 4.7.3182, it then follows that

0 = lim
+* +$

EP ,M ( $+) = lim
+* +$

E
eb
Q,V( $+) = E

eb
Q,V( $).

Hence, we have thatE
eb
Q,V( $) > EP ,M ( $). "

It follows from Proposition 5.5.1249 that, even if game-theoretic upper
expectations and measure-theoretic upper expectations do not coincide, the
game-theoretic upper expectationE

eb
Q,V still always provides a conservative

upper bound for the measure-theoretic upper expectation EP ,M. Analo-
gously, by using conjugacy, one can then also easily see thatEeb

Q,V provides
a conservative lower bound for EP ,M.

Now, if we take a step back and look at the overall features ofE
eb
Q,V and

EP ,M as global uncertainty models, it seems a done deal that the game-
theoretic upper expectation E

eb
Q,V comes out as the better of the two. Our

statement is supported by the following four arguments:
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(i) The deÞnition of E
eb
Q,V is obtained from direct behavioural principles

and therefore has an interpretation that is clear, and perhaps even in-
tuitive. The deÞnition of EP ,M in contrast, is rather implicitÑsince
probability charges and measures are then primary objectsÑand re-
lies crucially on the abstract notion of measurability.

(ii) The previous issue is not only relevant from a philosophical point of
view, but also from a mathematical one, because it makes the analysis
of E

eb
Q,V easier compared to that ofEP ,M. We do not have to care about

troublesome issues such as checking measurability. Instead, we can
simply focus on building supermartingales; a job that is often more
intuitive to perform than Þnding a suitable choice for a (compatible)
precise probability tree and determining its corresponding Lebesgue
integral (and checking measurability).

(iii) As mentioned above and shown in Proposition5.5.1249, E
eb
Q,V provides

a conservative upper bound forEP ,M, and Eeb
Q,V provides a conservative

lower bound for EP ,M. Hence, if there is no good reason to use either
game-theoretic upper and lower expectations or measure-theoretic up-
per and lower expectations, then it is safestÑor more robustÑto work
with game-theoretic upper and lower expectations.

(iv) As shown in Example5.4.10247, EP ,M sometimes lacks continuity with
respect to decreasing sequences of Þnitary gambles, and thusEP ,M
sometimes lacks continuity with respect to increasing sequences of Þni-
tary gambles. We consider this to be a deÞciency; the limit variablesÑ
e.g. hitting timesÑof such sequences( $+)+' N are simply considered to
be abstract idealisations of the individual Þnitary gambles $+ for ar-
bitrarily large +, and so we typically also want the upper and lower
expectations of such limit variables to assess the upper and lower ex-
pectations of the Þnitary gambles$+ for large +. This is only guaranteed
if the adopted global upper and lower expectations are continuous.

A possible argument that might be advanced to mitigate the somewhat
negative image of EP ,M given above is that, in a precise context, the vast
amount of standard measure-theoretic literature provides a broad variety of
powerful results for EP ,MÑor, better, E2,MÑon the domain of measurable
variables. Yet, by Theorem5.3.1235, these properties also all hold for the
game-theoretic upper expectationE

eb
Q,V obtained from the agreeing (upper)

expectations treeQ¥, so there is nothing to be gained in this respect.

Another argument for the defence could be that, compared to the game-
theoretic upper expectation, the measure-theoretic upper expectationEP ,M

allows us to model uncertainty in a more ßexible manner. Indeed, recall
from Theorem 4.3.6161 that E

eb
A ,V could be replaced byE

eb
Q,V with Q¥ ! Q¥,A
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the agreeing upper expectations treeÑthat never takes into account the
boundary structure of the sets A >. A similar thing cannot be done for the
measure-theoretic upper expectationEP ,M however. Consider, for instance,
the setting from Example 5.4.10247 and replace the open setP " by its clo-
sure P 1

" = { ; ' P(X ) : 0 ( ; () ) ( 1} = P(X ); then we obtain the same
agreeing upper expectations treeÑits initial upper expectation is simply the
vacuous upper expectationÑbut the resulting measure-theoretic upper ex-
pectation clearly di! ers on the variable $ ! &$ 1) . The measure-theoretic
upper expectation EP ,M can thus distinguish between di! erences in the lo-
cal models in ways that E

eb
Q,V is unable to. The reason, however, why we do

not Þnd this argument convincing is that, as was raised in point(iv) . above,
EP ,M lacks certain basic continuity properties if local sets of mass functions
are not closed. We are therefore inclined to only considerEP ,M as a possible
option if local sets of mass functions are closed, and in that case there is no
longer a di! erence in generality compared toE

eb
Q,V.

This being said, it should not be forgotten that the comparison we draw
here between the game-theoretic and measure-theoretic approaches is fo-
cussed on our current setting; that is, a setting where we start from the
local models Q¥ or P ¥ (or A¥), and where the speciÞc global upper expecta-
tions E

eb
Q,V or EP ,M are the eventual objects of interest. These considerations

should by no means be extrapolated to other settings; on the contrary, there
are cases where the measure-theoretic approach would deÞnitely be more
suited. A great advantage of it, for instance, is its capability to extend gen-
eral initialÑyet preciseÑassessments, which may come in the form of gen-
eral global probabilities rather than only local Ôone-stepÕ probabilitiesÑas
was the case in our treatment. Moreover, the domain of conditioning events
can in the measure-theoretic framework easily be extended beyond the set
of all situations. The game-theoretic framework lacks such features.

5.5.5 Relation to Shafer and VovkÕs work

Before we conclude this chapter, it seems appropriate to spend a few
words on how our work here compares to that of Shafer and Vovk in [85,
Chapter 9]. As readers that are familiar with their work may have noticed,
the idea to use ChoquetÕs capacitability theorem to extend the domain of the
equality between E

eb
Q,V and EP ,M from u.s.c. variables to ! (X ! )-measurable

(or analytic) variables already appears in [85, Chapter 9]. Apart from that,
it can also be observed that Lemma3.E.7125Ñwhich underlies the proof of
Proposition 5.4.9246 and Proposition 5.4.12248Ñis also strongly inspired by
the proof of [ 85, Lemma 9.10]. So it is fair to say that [ 85, Chapter 9] served
as an important inspiration for our work in Sections 5.4240Ð5.5249. Nonethe-
less, there are several aspects which make our work here stand apart from
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that in [ 85, Chapter 9], and we next aim to highlight the most important of
these aspects.

The Þrst and most important di! erence is that Shafer and Vovk con-
sider supermartingales and game-theoretic upper expectations under the
prequential principle. Recall from point (iv) 189 of the discussion in Sec-
tion 4.9.1188 that, in that case, ForecasterÕs movesÑthe speciÞcation of the
local models A > or Q>Ñare not required to be known beforehand for each
situation > ' X ! , but instead are allowed to also depend on previous moves
by Skeptic. While this assumption allows them to remain more generalÑ
note that, in contrast with (ii) 189, local state spaces are now assumed Þnite
for both us and them (in [ 85, Section 9.2])Ñthe beneÞt that we gain from
dropping it is remarkable; it allows us to replace [ 85, Lemma 9.10] and [85,
Theorem 9.7], which require strong topological conditions on how the local
models can be chosen (by Forecaster),17 with respectively Corollary 5.5.4251

and Theorem 5.5.10255, which are similar, but do not need any topological
conditions at all.

A second notable di! erence is that our results involve larger domains;
Theorem5.5.10255 applies to bounded below (! (X ! )-measurable) variables,
and Theorem5.5.13256Ñwhich holds if local models are closedÑapplies to
any decreasing (extended real-valued) limit of Þnitary gambles. The equal-
ities established in [85, Lemma 9.10] and [85, Theorem 9.7], however,
only apply to bounded variables.18 The fact that this extension in domain
is relevant can be deduced by looking at Corollary 5.5.15258; as already
mentioned, the second type of equalityÑfor monotone limits of Þnitary
gamblesÑis of considerable importance, yet it is exactly this class of vari-
ables that is missing in Shafer and VovkÕs results. Moreover, our results also
allow conditioning on situations, whereas the ones in [85, Chapter 9] only
apply to unconditional upper expectations.

Finally, though we have stated all of our results for the upper expecta-
tion E

eb
Q,V, we know by Theorem 4.3.6161 that they all remain to hold if E

eb
Q,V

is replaced by the game-theoretic upper expectationE
eb
A ,V obtained from an

acceptable gambles treeA¥. Recall that the latter are more general than
upper expectations trees, so a prioriÑwithout Theorem 4.3.6161Ñit is not
guaranteed, nor trivial that this can be done. Shafer and Vovk [85, Chap-
ter 9], on the other hand, always limit themselves to the case where local
models come in the form of upper expectations.

17More speciÞcally, Forecaster is required to choose elementsN from a compact metrizable
parameter space$ , which are then mapped to a corresponding local upper expectation by a
upper semicontinuous mappingE; see [85, Protocol 9.5].

18[ 85, Theorem 9.7] applies to (bounded) analytic variables, but recall from the discussion
above Theorem5.5.9255 that we could have just as well stated Theorem5.5.10255 for analytic
variables instead of ! (X ! )-measurable variables.
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Ñ A33$"1+)$% Ñ

5.A Basic measure-theoretic concepts

The purpose of this appendix section is, on the one hand, to establish
some of the basic properties of measure-theoretic expectations that we have
used throughout this chapter, and on the other hand, to set some concepts
in place as a preparation for proving Proposition5.3.2236Ñwhich will be the
topic of the next section. We limit ourselves to the bare essentials; for more
contextual information we refer to a multitude of textbooks on the topic of
measure-theoretic probability [5, 32, 80, 89, 90, 102].

A measurable space ( Y, A ) is a couple where Y is a non-empty set and
A is a ! -algebra on Y. We say that %+ Y is A -measurable if %' A , and
we say that an extended real-valued function $: Y * R is A -measurable
if the set $&1(0) ! { , ' Y : $(, ) ' 0} is A -measurable for every 0 '
B (R). Here, B (R) denotes the Borel ! -algebra on R, being the ! -algebra
generated by all openÑor, by complementation, closedÑsets in R; recall
Section1.614 for the topology on R. A subset0 of R is in B (R) if and only if
0 is the union of a Borel subset ofR and one of the four subsets of{+$ , &$ }
[ 40, Section 1.4, Problem 17]. This leads to a notion of measurability that
is equivalent to the one used by Billingsley [5, p. 184]. The Borel ! -algebra
B (R) can also be generated alternatively from the sets{ ' ' R : ' &&} or the
sets{ ' ' R : ' %&} where &' R and & takes the form < or ( and %takes the
form of > or #; see for instance [81, Lemma 8.3]. So, as we have done in the
main text, we can alternatively characterise the A -measurable functions as
those functions $: Y * R such that { , ' Y : $(, ) ( &} ' A for all &' R [ 5,
Theorem 13.1. (i)]. Typically, in measure-theoretic probability literature,
an A -measurable real-valued function $ is called a random variable . We
gather all (possibly unbounded) random variables in the setL u

A ( Y), and all
A -measurableextended real-valued functions $in L A ( Y). A non-negative
extended real-valued function $: Y * R# is A -simple if it is a Þnite sum
# +

.=1 ) .I%. with ) 1, . . . , ) + ' R# and %1, . . . , %+ ' A . It is therefore trivially
an element of L A ( Y).

A probability space ( Y, A , P) is a measurable space( Y, A ) equipped
with a probability measure P on A [ 5, p.23]. We say that an event %' A
is P-null if P(%) = 0, and we say that % is P-almost sure if P(%) = 1.
We will also say that a property about the elements in Y holds P-almost
surely ( P-a.s.) if the event consisting of all elements for which the property
holds is P-almost sure [5, p.60]. 19 Note that, since a probability measure

19Recall from Section4.5171 that the game-theoretic notion of almost surely (a.s.) is deÞned
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is (countably) additive [DeÞnition 5.1221] and since it always takes values
between zero and one [5, p.22], the intersection %, 0 ' A of two P-almost
sure events%, 0 ' A , is itself also P-almost sure.

For any probability space ( Y, A , P), the corresponding (measure-
theoretic) expectation E is deÞned byE( $) !

8
Y

$dP for all $ ' L A such
that

8
Y

$dP is deÞned (or exists), where the latter is the Lebesgue integral
of $over Y with respect to P. The Lebesgue integral for a general probabil-
ity space is deÞned similarly as in DeÞnition5.3228; we nevertheless state it
for the sake of completeness.

DeÞnition 5.9 (The Lebesgue integral). Consider any probability space
( Y, A , P), and any non-negative $ ' L A . Then the Lebesgue integral of
$ with respect to P is deÞned as

7
$dP ! sup

'
+$

.=1

inf ( $|%.)P(%.) : %. ' A and (%.)+
.=1 partitions Y

(

.

For a general $ ' L A , we let $+ ! $@0 and $& ! &( $?0), and the Lebesgue
integral is then deÞned by

7
$dP !

7
$+dP &

7
$&dP,

unless
8

$+dP =
8

$&dP = +$ , in which case the Lebesgue integral of$
with respect to P is not deÞned (does not exist). !

If both
8

$+dP < +$ and
8

$&dP < +$ , and thus E( $+) =
8

$+dP and
E( $&) =

8
$&dP are realÑneither of them can be equal to &$ because the

Lebesgue integral is clearly non-negative for non-negative variablesÑthen
we say that $ is P-integrable. The following is a list of convenient properties
for measure-theoretic expectations/Lebesgue integrals that we have used in
the main text; recall Proposition 5.2.3230.

Lemma 5.A.1. For any probability space( Y, A , P) and any two $, - '
L A ( Y), &' R and ) , * ' R, the following properties hold:

ME1. E(&) = &;

ME2. $ ( - - E( $) ( E(- ) if E( $) and E(- ) exist;

ME3. E() $ + *- ) = ) E( $) + *E(- ) if $, - are P-integrable;

ME4. E( $) exists if $ is bounded below or above;

ME5. If $ is bounded, thenE( $) is real and $ is P-integrable;

by means of supermartingales that converge to+$ . It is equivalent to demanding that the lower

probability Peb
Q,V (%) of the event %of interest is 1, yet does not require %to be measurable.
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5.A Basic measure-theoretic concepts

ME6. &E( $) = E(&$) if E( $) (or equivalently E(&$)) exists.

The following statements hold for any sequence( $+)+' N in L A ( Y):

ME7. If ( $+)+' N converges pointwise to a variable$ ' L A ( Y), and |$+| ( $!

for all + ' N, with $! ' L A ( Y) a P-integrable variable, then$ and all
$+ are P-integrable and

lim
+* +$

E( $+) = E( $).

ME8. If ( $+)+' N is increasing and there is an$! ' L A ( Y) such thatE( $! ) >
&$ and $1 # $! , then

lim
+* +$

E( $+) = E( $) where lim
+* +$

$+ = $.

ME9. If ( $+)+' N is decreasing and there is an$! ' L A ( Y) such thatE( $! ) <
+$ and $1 ( $! , then

lim
+* +$

E( $+) = E( $) where lim
+* +$

$+ = $.

The following statements hold for any two bounded below$, - ' L A ( Y) and
; ' R:

ME10. E( $+ ; ) = E( $) + ; ;

ME11. $ = - P-almost surely - E( $) = E(- ).

Proof. Property ME1. follows straightforwardly from the deÞnition of the Lebesgue
integral [DeÞnition 5.9. ].

Property ME2. for non-negative $and - also follows trivially from the deÞnition
of the Lebesgue integral. That it holds for general $ and - , can be inferred from the
observation that, if $ ( - , then $+ ( - + and $& # - &, and thus [by ME2. for non-
negative functions] that E( $+) ( E(- +) and E( $&) # E(- &). It then indeed follows
from the deÞnition of the Lebesgue integral that E( $) ( E(- ).

Property ME3. is taken directly from [ 5, Theorem 16.1 (ii)].
Property ME4. for bounded below $ follows from the fact that E( $&) is Þnite,

which is on itself a consequence of$& being bounded above (and trivially bounded
below by 0) and properties ME1. and ME2. . In a similar way, property ME4.

holds for bounded above $.
To establish ME5. , suppose that $ is bounded (above and below). Then by

ME4. the expectation E( $) exists, and due toME1. and ME2. we moreover have
that inf $ ( E( $) ( sup $. Since $ is bounded, it follows that E( $) is real. In a
similar way, one can establish thatE( $+) and E( $&) are real, and therefore that $ is
P-integrable. This establishesME5. .

To prove ME6, assume thatE( $) exists. By the deÞnition of the Lebesgue inte-
gral, we then have that

&E( $) = &E( $+) + E( $&) = &E((&$)&) + E((&$)+) = E(&$),

265



Measure-theoretic upper expectations

and as a consequence, thatE(&$) moreover exists. Furthermore, that the existence
of E(&$) implies the existence ofE( $) = E(&(&$)), follows in the same way.

Property ME7! follows from [ 5, Theorem 16.4].
To prove ME8! , Þx any increasing ( $+)+' N for which there is an $! ' L A ( Y)

such that E( $! ) > &$ and $1 # $! . Let $ ! lim +* +$ $+. Then ( $+
+ )+' N is a sequence

of non-negative extended real-valued functions that converges increasingly to$+.
Hence, by [5, Theorem 15.1 (iii)], we have that lim +* +$ E( $+

+ ) = E( $+). On the
other hand, since $! ( $1 ( $+ ( $ for all + ' N [because ( $+)+' N is increasing], we
have that ( $! )& # $&

+ # $& # 0 for all + ' N. Moreover, sinceE( $! ) = E(( $! )+) &
E(( $! )&) > &$ by assumption, we have thatE(( $! )&) < +$ [recall that E(( $! )+) =
E(( $! )&) = +$ is not allowed in the deÞnition of the Lebesgue integral]. Since ( $! )&

is non-negative,E(( $! )&) is non-negative too [clearly by DeÞnition 5.9264], and so by
the fact that E(( $! )&) < +$ we obtain that ( $! )& is P-integrable. Hence, byME7!

[and taking into account that | $&
+ | = $&

+ ( ( $! )& and that lim +* +$ $&
+ = $&], we have

that lim +* +$ E( $&
+ ) = E( $&). Combining this with the fact that lim +* +$ E( $+

+ ) =
E( $+), we obtain that

lim
+* +$

+
E( $+

+ ) & E( $&
+ )

,
= lim

+* +$
E( $+

+ ) & lim
+* +$

E( $&
+ ) = E( $+) & E( $&),

where in the Þrst step we were allowed to bring the limits inside because 0 (
lim +* +$ E( $&

+ ) ( E( $&
+ ) < +$ due to the monotonicity [ ME2264] of E, and the fact

that 0 ( $&
+ ( ( $! )& and E(( $! )&) < +$ . Since thus E( $&) = lim +* +$ E( $&

+ ) (
E( $&

+ ) < +$ , the expectationsE( $+) = E( $+
+ )&E( $&

+ ) and E( $) = E( $+)&E( $&) surely
exist, and thus by the equality above we indeed Þnd thatlim +* +$ E( $+) = E( $).

Property ME9! follows from ME8! by using the fact that &E(- ) = E(- &) &
E(- +) = E((&- )+) & E((&- )&) = E(&- ) for any - ' L A ( Y) such that E(- ) exists.

To prove ME10! , we also make use ofME8! . Fix any ; ' R. Note that the
sequences( $?+)+' N and ( $?+ + ; )+' N are both sequences of real-valued functions that
converge increasingly to $ and $ + ; , respectively. Moreover, since $ is bounded
below, we have that all $?+ and $?+ + ; are bounded below by a single real constant
& ' R. By ME1264, we have that E(&) = & ' R. Note moreover that it follows
from the A -measurability of $ that all $?+ and $?+ + ; are A -measurableÑe.g. if
{ , ' Y : $(, ) ( ) } ' A for all ) ' R, then clearly also { , ' Y : $?+(, ) ( ) } ' A
for all ) ' R. Hence, we can applyME8! [with $! = &], to Þnd that

E( $+ ; ) = lim
+* +$

E( $?+ + ; ) = lim
+* +$

E( $?+) + ; = E( $) + ; ,

where the second equality follows from ME1264 and the linearity [ ME3264] of E,
which we can apply because each$?+ is bounded below and bounded above, and
therefore by ME5264 P-integrable.

To prove ME11! , we can assume without loss of generality that $ and - are
both non-negative; indeed, this follows from the fact that they are both bounded
below and from ME10! . Property ME11! then follows immediately from [ 5, The-
orem 15.2 (v)].

Conditional measure-theoretic expectations are typically deÞned us-
ing the so-called Radon-Nikod#m derivative [ 5, Section 34]. Concretely,
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5.B Proof of Proposition 5.3.2

the conditional expectation ERN( $|B) of a P-integrable random variable
$ ' L u

A ( Y) with respect to a ! -algebra B + A , is any P-integrable random
variable that is B-measurable and that satisÞes

8
Y

$I%dP =
8

Y
ERN( $|B)I%dP

for all % ' B or, using a di! erent notation,
8

%
$dP =

8
%

ERN( $|B)dP for all
% ' B. It is shown in [ 5, Section 34] that such a conditional expectation
ERN( $|B) always exists, and that it is unique up to a P-null setÑso any two
versions of the conditional expectation ERN( $|B) coincide P-almost surely.
The value of ERN( $|B) on a P-null set can be chosen arbitrarilyÑprovided
it remains B-measurableÑsince it will not change the value of the integral8

%
ERN( $|B)dP =

8
Y

ERN( $|B)I%dP ; also see PropertyME11265 above. Re-
call from ME5264 above that, if $ is bounded, then $is P-integrable and thus
the conditional expectation ERN( $|B) always exists. We moreover have the
following convenient property.

Lemma 5.A.2 ([ 5, p.445]) . For any probability space( Y, A , P) and any
bounded random variable$ ' L u

A ( Y), we have thatERN( $|A ) = $ P-almost
surely.

A (discrete) Þltration (A +)+' N0 on a measurable space( Y, A ) is a se-
quence of (strictly) increasing ! -algebras inA ; so A 0 : A 1 : á á á: A . We
will use A $ to denote the smallest ! -algebra that includes the ! -algebras
A + for all + ' N0. We say that ( Y, A , (A +)+' N0) is a Þltered measurable
space if ( Y, A ) is equipped with a Þltration (A +)+' N0 , and moreover say
that ( Y, A , (A +)+' N0 , P) is a Þltered probability space if it additionally
has a ! -additive measure P on A . The following result will be key in es-
tablishing a relation between the measure-theoretic and the game-theoretic
framework.

Theorem 5.A.3 (LŽvyÕs zero-one law [5, Theorem 35.6]) . For any Þltered
probability space( Y, A , (A +)+' N0 , P) and any P-integrable $ ' L u

A ( Y), we
have that lim +* +$ ERN( $|A +) = ERN( $|A $ ) P-almost surely.

5.B Proof of Proposition 5.3.2

We start with establishing a property similar to BayesÕ rule [WC482] for
the global expectation E2,M.

Lemma 5.B.1. For any precise probability tree2, any non-negative$ ' V! ,
and any >, A' X ! such thatA2 >,

E2,M ( $1>|A) = E2,M ( $|>)P2(>|A).

Proof. Recall from DeÞnition 5.4230 and DeÞnition 5.3228, that for any non-negative
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Measure-theoretic upper expectations

- ' V! and any 9 ' X ! ,

E2,M (- |9) = sup

/ +$

.=1

inf (- |%.)P2(%. |9) : %. ' ! (X ! ) and (%.)+
.=1 partitions !

0
.

(5.9)
Since, for any %. ' ! (X ! ), we have that

inf (- |%.)P2(%. |9)
GP370= inf (- |%.)P2(%. , " (>)|9) + inf (- |%.)P2(%. \ " (>)|9)

( inf (- |%. , " (>))P2(%. , " (>)|9) + inf (- |%. \ " (>))P2(%. \ " (>)|9),

Eq. (5.9) above implies that

E2,M (- |9) ( sup
! +$

.=1

inf (- |%., " (>))P2(%., " (>)|9)+inf (- |%.\ " (>))P2(%.\ " (>)|9) :

%. ' ! (X ! ) and (%.)+
.=1 partitions !

"
.

On the other hand, if (%.)+
.=1 partitions ! and is such that %. ' ! (X ! ) for all . =

{1, . . . , +} , then since the algebra! (X ! ) is closed under (countable) intersections
and taking complements, and since clearly " (>) ' ! (X ! ), we also have that the
events(%., " (>))+

.=1 and (%.\ " (>))+
.=1 together form a partition 20 of ! where %., " (>) '

! (X ! ) and %. \ " (>) ' ! (X ! ) for all . = {1, . . . , +} . As a result, we have that the
supremum on the right-hand side of the inequality above cannot be larger than the
one in Eq. (5.9), which thus implies that

E2,M (- |9) = sup
! +$

.=1

inf (- |%. , " (>))P2(%. , " (>)|9)+inf (- |%. \ " (>))P2(%. \ " (>)|9) :

%. ' ! (X ! ) and (%.)+
.=1 partitions !

"
.

Since the equality above holds for any non-negative- ' V! and any 9 ' X ! , and
since $ is a non-negative! (X ! )-measurable gamble, we have in particular that

E2,M ( $1>|A)

= sup
! +$

.=1

inf ( $1>|%. , " (>))P2(%. , " (>)|A)

+ inf ( $1>|%. \ " (>))P2(%. \ " (>)|A) : %. ' ! (X ! ) and (%.)+
.=1 partitions !

"

= sup
! +$

.=1

inf ( $|%. , " (>))P2(%. , " (>)|A) : %. ' ! (X ! ) and (%.)+
.=1 partitions !

"
,

(5.10)

where in the last equality we used the fact that inf ( $1>|%. \ " (>))P2(%. \ " (>)|A) = 0
for all . = {1, . . . , +} , which follows from the fact that $1>(? ) = 0 for all ? ' %. \ " (>)
if %. \ " (>) is non-empty, and which follows from P2() |A) = 0 [ GP671] if %. \ " (>) is

20We permit ourselves a slight abuse of terminology by allowing a partition to also contain
empty sets.
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5.B Proof of Proposition 5.3.2

empty. In a similar way, we obtain that

E2,M ( $|>)

= sup
! +$

.=1

inf ( $|%. , " (>))P2(%. , " (>)|>)

+ inf ( $|%. \ " (>))P2(%. \ " (>)|>) : %. ' ! (X ! ) and (%.)+
.=1 partitions !

"

= sup
! +$

.=1

inf ( $|%. , " (>))P2(%. , " (>)|>) : %. ' ! (X ! ) and (%.)+
.=1 partitions !

"

= sup
! +$

.=1

inf ( $|%. , " (>))P2(%. |>) : %. ' ! (X ! ) and (%.)+
.=1 partitions !

"
, (5.11)

where the penultimate equality follows from GP370 and the fact that, due to GP370

and GP270, we have that P2(%. \ " (>)|>) = P2(%. %" (>)|>) & P2(" (>)|>) = 0 for any
%. ' ! (X ! ); and where the last equality follows from GP871. But sinceP2 is a global
probability charge, we have by GP470 and Eq. (5.10). that

E2,M ( $1>|A)

= sup
! +$

.=1

inf ( $|%. , " (>))P2(%. |>)P2(>|A) : %. ' ! (X ! ) and (%.)+
.=1 partitions !

"

= P2(>|A) sup
! +$

.=1

inf ( $|%. , " (>))P2(%. |>) : %. ' ! (X ! ) and (%.)+
.=1 partitions !

"
.

Hence, by Eq. (5.11), the latter term is equal to P2(>|A)E2,M ( $|>), and thus we have
arrived at the desired equality.

Recall that, for any precise probability tree 2 and > ' X ! , since P2 de-
notes the unique global probability measure on ! (X ! ) 9 X ! according to
Proposition 5.1.3226, the map P2(á|>) = P|>

2 is a(n) (unconditional) proba-
bility measure on ! (X ! ). This allows us to apply the concepts and results
from Appendix 5.A263 here, for each individual situation > ' X ! and the
corresponding probability space (! , ! (X ! ), P|>

2 ). Note in particular that,
for any > ' X ! , our global measure-theoretic expectation E2,M (á|>) from
the main text is the same as the standard measure-theoretic expectation
E|> corresponding to (! , ! (X ! ), P|>

2 ). The reason that we useE|> as an al-
ternative notation for E2,M (á|>) is because it reminds one of the fact that we
are actually considering an unconditional expectation in the usual measure-
theoretic sense. We furthermore useE|>

RN to denote any version of the condi-
tional expectation corresponding to (! , ! (X ! ), P|>

2 ) according to the Radon-
Nikod#m derivative [Appendix 5.A263].

We moreover equip the measurable space(! , ! (X ! )) with the Þltration
(A +)+' N0 where, for any + ' N0, A + is the ! -algebra generated by the cylin-
der events" (' 1:+) with ' 1:+ ' X +. Note that, for any + ' N0, since the cylin-
der events " (' 1:+) form the atoms of A +, and since there are only Þnitely
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many of these atoms (becauseX is Þnite), any element of A + can be writ-
ten as a Þnite union of such cylinder events" (' 1:+). It is then clear that any
A +-measurable function is an+-measurable variable.

The following rather technical lemma is vital in proving Proposi-
tion 5.3.2236.

Lemma 5.B.2. Consider any precise probability tree2, any non-negative
$ ' V! and any > ' X ! , let E|> = E2,M (á|>) be the corresponding measure-
theoretic expectation, and letQ¥ ! Q¥,2 be the expectations tree that agrees
with 2 according to Eq.(3.4)52. Then we have that

(i) for all + # |>|, the +-measurable variableE2,M ( $|#1:+) is a version of the
conditional expectationE|>

RN( $|A +).

(ii) the (extended) real processE2,M ( $|á): A ' X ! 7* E2,M ( $|A) is a game-
theoretic supermartingale inMeb(Q¥).

Proof. Fix any + # |>|. By deÞnition, a version ofE|>
RN( $|A +) is anyP|>

2 -integrable ran-
dom variable that is A +-measurable and that satisÞes

8
$I%dP|>

2 =
8

E|>
RN( $|A +)I%dP|>

2

for all % ' A +. Let us prove that these conditions are met for the variable
E2,M ( $|#1:+), Due to ME5264 and the fact that $ is a (bounded) ! (X ! )-measurable
gamble, E2,M ( $|#1:+) exists and is real-valued. It is clearly also+-measurable, and
therefore, as we have already discussed above, it isA +-measurable. Obviously, since
A + : ! (X ! ), E2,M ( $|#1:+) is ! (X ! )-measurable and thus, by its real-valuedness, a
random variable. Moreover, E2,M ( $|#1:+) can only take a Þnite number of values [be-
causeX is Þnite], and it must therefore be bounded, which in turn by ME5264 implies
that it is P|>

2 -integrable. So it remains to prove that
8

$I%dP|>
2 =

8
E2,M ( $|#1:+)I%dP|>

2

for all %' A +.

To this end, we start by proving that
8

$1' 1:+dP|>
2 =

8
E2,M ( $|#1:+)1' 1:+dP|>

2 for all
' 1:+ ' X +. First consider any ' 1:+ ' X + such that ' 1:+ $ >. By the fact that + # |>|,
this implies that ' 1:+ 6 > and thus that " (' 1:+) , " (>) = ) . So then, by ME2264 and
Proposition 5.2.2(i) 229,

7
$1' 1:+dP|>

2 (
7

(sup $)1' 1:+dP|>
2 = (sup $)P|>

2 (' 1:+) = (sup $)P2(' 1:+|>)

= (sup $)P2() |>) = 0,

where the penultimate step follows from GP871 and the fact that " (' 1:+) , " (>) = ) ,
and where the last step follows from GP671. On the other hand, we can use the
lower bound inf $ instead of the upper bound sup $, and repeat a similar reasoning
to infer that

8
$1' 1:+dP|>

2 # 0, and so we have that
8

$1' 1:+dP|>
2 = 0. In a completely

similar way, we can also deduce that
8

E2,M ( $|#1:+)1' 1:+dP|>
2 = 0. So we conclude

that
8

$1' 1:+dP|>
2 =

8
E2,M ( $|#1:+)1' 1:+dP|>

2 for any ' 1:+ ' X + such that ' 1:+ $ >.

Next, consider any ' 1:+ ' X + such that ' 1:+ 3 >. Then, by Lemma5.B.1267, we
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5.B Proof of Proposition 5.3.2

have that
7

$1' 1:+dP|>
2 = E2,M ( $1' 1:+ |>) = E2,M ( $|' 1:+)P2(' 1:+|>)

= E2,M ( $|' 1:+)P|>
2 (' 1:+) = E2,M ( $|' 1:+)

7
1' 1:+dP|>

2

=
7

E2,M ( $|' 1:+)1' 1:+dP|>
2 =

7
E2,M ( $|#1:+)1' 1:+dP|>

2 ,

where the fourth equality follows from Proposition 5.2.2(i) 229, and the penultimate
equality follows from ME3264 [which can be applied because1' 1:+ is P|>

2 -integrable
due to ME5264].

Now, to prove that
8

$I%dP|>
2 =

8
E2,M ( $|#1:+)I%dP|>

2 for any general %' A +, note
that the situations ' 1:+ ' X + form the atoms of A +, which by the fact that there are
only Þnitely many of them, implies that %can be written as a Þnite union%H

.=1" (A.) of
cylinder sets " (A.) of such situations A. ' X +. Since we can clearly assume (without
loss of generality) that these cylinder sets" (A.) are mutually disjoint, we obtain that
I% =

# H
.=1 1A. . Hence, by ME3264 [which we can apply in the chain below because

all the involved terms are bounded and thus, byME5264, P|>
2 -integrable] and the fact

that
8

$1A. dP|>
2 =

8
E2,M ( $|#1:+)1A. dP|>

2 for all A. due to the considerations above,

7
$I%dP|>

2 =
7

$
# H

.=11A. dP|>
2 =

H$

.=1

8
$1A. dP|>

2 =
H$

.=1

8
E2,M ( $|#1:+)1A. dP|>

2

=
7

E2,M ( $|#1:+)
# H

.=1 1A. dP|>
2

=
7

E2,M ( $|#1:+)I%dP|>
2 .

This establishes(i) . .
To prove (ii) . , we need to show that E2,M ( $|á): A ' X ! 7* E2,M ( $|A) is an el-

ement of Meb(Q¥). That E2,M ( $|á)is bounded below follows from the fact that $ is
bounded and PropertiesME2264 and ME1264. Furthermore, for any ' 1:+ ' X ! , note
that E2,M ( $|' 1:+) = E2,M ( $1' 1:+ |' 1:+) due to ME11265 and the fact that, by GP871 and
GP671, P|' 1:+

2 (" (' 1:+)&) = P2(" (' 1:+)&|' 1:+) = 0. Hence, byME3264 and ME5264,

E2,M ( $|' 1:+) = E2,M ( $1' 1:+ |' 1:+) = E2,M ( $
#

' ++1 ' X 1' 1:++1 |' 1:+)

=
$

' ++1 ' X

E2,M ( $1' 1:++1 |' 1:+).

By Lemma5.B.1267, the fact that P2 satisÞes Eq. (3.12)72 due to Proposition 5.1.3226,
and the deÞnition of Q' 1:+ , the latter is equal to

$

' ++1 ' X

E2,M ( $|' 1:++1)P2(' 1:++1 |' 1:+) =
$

' ++1 ' X

E2,M ( $|' 1:++1) 2(' ++1 |' 1:+)

= Q' 1:+

-
E2,M ( $|' 1:+á)

.
= Q>

' 1:+

-
E2,M ( $|' 1:+á)

.
,

where Q>
' 1:+

is the extension ofQ' 1:+ deÞned throughCU1143 and CU2143 as described
in Section 4.3152. So we obtain that E2,M ( $|' 1:+) = Q>

' 1:+

-
E2,M ( $|' 1:+á)

.
for all ' 1:+ '

X ! and thus, together with its bounded belowness, this implies that the process
E2,M ( $|á)is in Meb(Q¥).
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The last intermediate result that we need in order to prove Proposi-
tion 5.3.2236 is a result similar to VilleÕs theorem [86, Proposition 8.14(2)].
The main di! erences are that our statement is speciÞcally adapted to
the context of discrete-time stochastic processes, and that it involves
game-theoretic supermartingales rather than measure-theoretic martin-
gales. Nonetheless, many of the ideas that we use to prove the result below
are borrowed from [ 86, Proposition 8.14].

Lemma 5.B.3. Consider any precise probability tree2 and the agreeing ex-
pectations treeQ¥ deÞned according to Eq.(3.4)52. Then, for any %' ! (X ! )
and > ' X ! such thatP2(%|>) = 0, there is a non-negative game-theoretic su-
permartingaleM ' Meb(Q¥) such thatM (>) ' R and such thatM converges
to +$ on %.

Proof. Recall from Proposition 5.1.3226 that P2 is the unique global probability mea-
sure on ! (X ! ) 9 X ! that satisÞes Eq. (3.12)72. Let P!

2 be the restriction of P2 to
<X ! = 9X ! Ñthis is clearly a global probability charge on <X ! = 9X ! that also satis-
Þes Eq. (3.12)72. Then it follows from the proof of Proposition 5.1.3226 that, for any
> ' X ! , the (unconditional) probability measure P2(á|>) on ! (X ! ) is arrived at by ap-
plying Theorem 5.1.2226 to the (unconditional) probability charge P!

2 (á|>) on <X ! =.
Hence, by the expression in Theorem5.1.2226, we have that, for all %' ! (X ! ),

P2(%|>) = inf
! $

.' N
P!

2 (%. |>) : %. ' <X ! =and %+ %.' N%.

"

= inf
! $

.' N
P2(%. |>) : %. ' <X ! =and %+ %.' N%.

"
.

Now consider any % ' ! (X ! ) such that P2(%|>) = 0. Then, for any E> 0 and any
@' N, due to the expression above, there is a collection(%@,.).' N of events in <X ! =
such that

#
.' N P2(%@,. |>) ( 2&@Eand %+ %.' N%@,..

For any . ' N, let M @,. be the (extended) real process deÞned byM @,. (A) !
P2(%@,. |A) for all A ' X ! . By Proposition 5.2.2(i) 229 [and since %@,. ' <X ! = +
! (X ! )], we have that P2(%@,. |A) = E2,M (I%@,.

|A) for all A ' X ! , and therefore by
Lemma5.B.2(ii) 270 [and since %@,. ' ! (X ! ) and thus I%@,.

' V! ] that M @,. ' Meb(Q¥).
Since %@,. ' <X ! =, we have by Lemma3.3.372 that %@,. is " -measurable for some
" ' N0, in the sense that %@,. = %=1:" ' F " (=1:" ) for some F + X " . Then, for all H # "
and , 1:H ' X H , due to GP270 we have that P2(%@,. |, 1:H ) = P2(%=1:" ' F " (=1:" ) |, 1:H ) = 1
if , 1:" ' F. Or, since %@,. = %=1:" ' F " (=1:" ) [and thus since the indicator I%@,.

is " -
measurable], for all ? ' ! and H # " , we have that P2(%@,. |? 1:H ) = 1 if I%@,.

(? 1:" ) =
I%@,.

(? ) = 1. Hence, by the deÞnition of M @,., we have that lim inf M @,. # I%@,.
.

For all . ' N, by the deÞnition of M @,. and GP170, we know that M @,. [and thus
also lim inf M @,.] is non-negative. Hence, the process

#
.' N M @,. and the variable
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#
.' N lim inf M @,. exist, and thus by the considerations above, for all? ' ! ,

$

.' N
I%@,.

(? ) (
$

.' N
lim inf M @,. (? ) = sup

+' N

+$

.=1

lim inf M @,. (? )

= sup
+' N

+$

.=1

lim
H* +$

inf
I#H

M @,. (? I) = sup
+' N

lim
H* +$

+$

.=1

inf
I#H

M @,. (? I) ( sup
+' N

lim inf
I* +$

+$

.=1

M @,. (? I)

( lim inf
I* +$

sup
+' N

+$

.=1

M @,. (? I) = lim inf
$

.' N
M @,. (? ), (5.12)

where we used the non-negativity of M @,. in the third equality. Since %+ %.' N%@,.,
we have that I% (

#
.' N I%@,.

, and therefore the inequality above implies that I% (
lim inf

#
.' N M @,.. So if we let M @ !

#
.' N M @,., then I% ( lim inf M @. Moreover,

since M @,. ' Meb(Q¥) for all . ' N and since M @,. is non-negative for all . ' N, we
have by Lemma4.4.2163 that M @is a non-negative supermartingale inMeb(Q¥). On
top of this, since

#
.' N P2(%@,. |>) ( 2&@Eby assumption, and sinceM @,. (>) = P2(%@,. |>)

by deÞnition, we also have thatM @(>) =
#

.' N M @,. (>) ( 2&@E.
The above holds for any@' N, so if we let M !

#
@' N M @[which is possible

because eachM @is non-negative], then again by Lemma4.4.2163 we infer that M
is a non-negative supermartingale inMeb(Q¥). Moreover, sinceM @(>) ( 2&@Efor all
@' N, we have that M (>) ( E and therefore, together with its non-negativity, we
obtain that M (>) ' R. Finally, since I% ( lim inf M @for all @' N, we can infer in a
similar way as we have done in Eq. (5.12) that

$

@' N

I% (
$

@' N

lim inf M @( lim inf
$

@' N

M @= lim inf M .

Since the variable
#

@' N I% is equal to +$ for all ? ' %, we conclude that M indeed
converges to+$ on the event %.

Proof of Proposition5.3.2236. Fix any $1 ' V! and any ' 1:+ ' X ! . First ob-
serve that, because$1 ' V! is bounded, E2,M ( $1|' 1:+) = E|' 1:+ ( $1) exists [ME4264]
and so E2,M ( $1|' 1:+) = E2,M ( $1|' 1:+) becauseE2,M extends E2,M according to Corol-
lary 5.2.5234. Hence, it su" ces to show that E2,M ( $1|' 1:+) = E

eb
Q,V( $1|' 1:+). We will

prove that E2,M ( $|' 1:+) = E
eb
Q,V( $|' 1:+) for the non-negative ! (X ! )-measurable gam-

ble $ ! $1 & inf $1 (the variable $ is indeed a gamble because$1 is a gamble and
therefore inf $1 ' R), which then implies that E2,M ( $1|' 1:+) = E

eb
Q,V( $1|' 1:+) because

E2,M (á|' 1:+) and E
eb
Q,V both satisfy the constant additivity property; see ME10265 and

Proposition 4.4.3164 [ EC5].
We Þrst show thatE

eb
Q,V( $|' 1:+) ( E2,M ( $|' 1:+). To do so, we will prove that there

is some & ' R such that, for all E > 0, there is a game-theoretic supermartingale
M E ' Meb(Q¥) such that M E(' 1:+) = E2,M ( $|' 1:+) + E&and lim inf M E # $. Indeed,
the desired inequality then follows immediately from the deÞnition of E

eb
Q,V.

Consider the Þltered probability space(! , ! (X ! ), (A H )H' N0 , P|' 1:+
2 ) and the cor-

responding measure-theoretic expectationE|' 1:+ = E2,M (á|' 1:+). Since $ is bounded
and ! (X ! )-measurable, it is surelyP|' 1:+

2 -integrable [ME5264], and therefore, by The-
orem 5.A.3267, we have that

lim
H* +$

E|' 1:+
RN ( $|A H ) = E|' 1:+

RN ( $|A $ ) P|' 1:+
2 -almost surely.
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Note that A $ = ! (%H' N0 A H ) is the smallest ! -algebra ! (X ! ) generated by all
cylinder events, which, by Lemma 5.A.2267 [and the boundedness of $], implies
that E|' 1:+

RN ( $|A $ ) = $, P|' 1:+
2 -almost surely. Hence, since the intersection of two

P|' 1:+
2 -almost sure events is itself alsoP|' 1:+

2 -almost sure [p.264], we have that
lim H* +$ E|' 1:+

RN ( $|A H ) = $ P|' 1:+
2 -almost surely.

Due to Lemma5.B.2(i) 270 and since $is non-negative, we know that E2,M ( $|#1:H )
is a version ofE|' 1:+

RN ( $|A H ) for all H # +, so we obtain that lim H* +$ E2,M ( $|#1:H ) = $
P|' 1:+

2 -almost surely. So, if we let M be the extended real process deÞned by
M (A) ! E2,M ( $|A) for all A ' X ! , then lim inf M = lim H* +$ M (#1:H ) = $ P|' 1:+

2 -
almost surely. Moreover, since $ is non-negative, it follows from Lemma 5.B.2(ii) 270

and the deÞnition of M , that M ' Meb(Q¥). Furthermore, consider Lemma5.B.3272

and note that it ensures that there is a non-negative supermartingaleM 1 ' Meb(Q¥)
such that & ! M 1(' 1:+) ' R and that converges to +$ on all paths ? ' ! such
that lim inf M (? ) ! $(? ). Indeed, the set of all such paths? has probability zero
becauselim inf M = $ P|' 1:+

2 -almost surely.
Consider now any E> 0 and let M E be the process deÞned byM E(>) ! M (>) +

EM 1(>) for all > ' X ! . Then M E ' Meb(Q¥) because of Lemma4.4.2163. Further-
more, note that lim inf M E(? ) # $(? ) for all ? ' ! . Indeed, if lim inf M (? ) = $(? )
for some ? ' ! , then also lim inf M E(? ) # $(? ) becauseE and M 1 are non-
negative. If lim inf M (? ) ! $(? ) for some ? ' ! , then M 1, and therefore also
EM 1, converges to+$ , which, together with the fact that M is bounded below [due
to M ' Meb(Q¥)], implies that M E converges to+$ on ? . Hence, also in this case,
we have that lim inf M E(? ) # $(? ), so we can conclude thatlim inf M E # $. More-
over, recall that &= M 1(' 1:+) ' R and that M (' 1:+) = E2,M ( $|' 1:+), so we have that
M E(' 1:+) = M (' 1:+) + EM 1(' 1:+) = E2,M ( $|' 1:+) + E&. Hence, M E satisÞes all the de-
sired conditions and we conclude that indeed E

eb
Q,V( $|' 1:+) ( E2,M ( $|' 1:+), and thus

E
eb
Q,V( $1|' 1:+) ( E2,M ( $1|' 1:+).

Then we are left to show that E
eb
Q,V( $|>) # E2,M ( $|>) for any $ ' V! and

any > ' X ! . However, this can be easily deduced from the already obtained
inequality and the self-conjugacy of E2,M. Indeed, &$ is ! (X ! )-measurable and
bounded, and therefore P|' 1:+

2 -integrable [ME5264], so we can apply ME3264 to
Þnd that E2,M ( $|>) = E|>( $) = &E|>(&$) = &E2,M (&$|>). Since we have al-
ready shown that E

eb
Q,V(- |>) ( E2,M (- |>) for all - ' V! , we have in particu-

lar that E
eb
Q,V(&$|>) ( E2,M (&$|>), which implies that E2,M ( $|>) = &E2,M (&$|>) (

&E
eb
Q,V(&$|>) = E

eb
Q,V( $|>) ( E

eb
Q,V( $|>), where the last inequality follows from Propo-

sition 4.4.3164 [ EC1].

5.C Topological results for the sample space !

Consider the distance functionV on ! deÞned by

V(? , ? 1) ! 2&+ with + ! inf { " ' N: ? " ! ? 1
" } , (5.13)

for all ? , ? 1 ' ! . Then it can easily be checked thatV is a metric on ! . Fur-
thermore, as is shown by the lemma below, the topology on! corresponding
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to this metric V is the same as the topology that we have adopted through-
out the main text; that is, the smallest topology containing (generated by)
the set of all cylinder events " (X ! ) = { " (>) : > ' X ! } or, equivalently [ 111,
Problem 5.D], the (unique) topology for which " (X ! ) is a subbase.21 Recall
that a base for a topology is a collectionB of sets (in this topology) such that
any open set can be written as an arbitrary union of sets inB [ 111, DeÞni-
tion 5.1], and that a subbase is a collectionS of sets (in this topology) such
that all Þnite intersections of elements in S form a base for this topology
[ 111, DeÞnition 5.5]. The above conÞrms our claim that ! is metrizable.

Furthermore, the lemma below also shows that this metric topology co-
incides with the product topology on ! = X N, with X (being Þnite) given
the topology consisting of all its subsets; that is, the discrete topology [111,
Example 3.2 C]. Since this discrete topology onX is Þnite, it is clear by
the deÞnition of compactness [111, DeÞnition 17.1] that X is compact.
Hence, since the product of compact spaces is itself compact in the prod-
uct topologyÑTychono ! Õs theorem [111, Theorem 17.8]Ñwe have that
! = X N is compact.

Lemma 5.C.1. The topology on! generated by" (X ! ), the metric topology on
! corresponding toV, and the product topology on! are all equal. Moreover,
a set in this common topology is open if and only if it is a (possibly empty)
countable union of cylinder events.

Proof. First recall that the set of all open E-disks form a subbase for the metric
topology. Indeed, [111, DeÞnition 2.5] says that a set % + ! is open if and only
if, for each ? ' %, there is an open E-disk about ? contained in %, which by the
second part of [111, DeÞnition 5.1] implies that the open E-disks form a base for the
metric topology on ! . Any topologyÑand thus in particular the metric topologyÑ
is closed under taking Þnite intersections, so the metric topology contains all Þnite
intersections of openE-disks [and also all possible unions of these intersections, since
any topology is closed under taking unions]. Furthermore, since theE-disks form a
base, any open set can be written as an arbitrary union ofE-disks, and thus surely
as an arbitrary union of Þnite intersections of E-disks. Hence, the set of all Þnite
intersections of E-disks forms a base for the metric topology, and thus the set of all
E-disks forms a subbase for this topology.

Next, consider any openE-disk; that is, for any E> 0 and any ? ' ! , consider the
set {? 1 ' ! : V(? , ? 1) < E}. If E > 1, let @! 0; otherwise, let @' N0 be the unique
natural number such that 2&@&1 < E ( 2&@. Then, for all ? 1 ' " (? @), since inf { " '
N: ? 1

" ! ? " } # @+ 1, we have by Equation (5.13) that V(? , ? 1) ( 2&@&1 < E. On the
other hand, for any ? 1 " " (? @), we infer in a similar way that V(? , ? 1) # 2&@# E.
Hence, both facts taken together, we obtain that " (? @) = {? 1 ' ! : V(? , ? 1) < E}

21The experienced reader may also understand that this topological space! is homeomor-
phic to the Cantor space; see [53, Theorem 7.4] and Lemma 5.C.4278.
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is the open E-disk around ? . Conversely, one can see that any cylinder event" (' 1:@)
with ' 1:@ ' X ! , is an open E-disk around any ? ' " (' 1:@) if E > 0 is such that
2&@&1 < E( 2&@. As a consequence, the family of openE-disks in ! is the same as the
set " (X ! ) of all cylinder events and therefore, since the former is a subbase of the
metric topology, the set " (X ! ) is a subbase of the metric topology. As a result, due
to [ 111, Problem 5.D], this establishes the equivalence between the metric topology
and the smallest topology containing " (X ! ) (or the topology generated by " (X ! )).

Let us show that the same holds for the product topology on ! = X N. Since
the set {{ ' } : ' ' X } forms a (sub)base for the discrete topology onX [ 111, Ex-
ample 5.2 (b)], it follows from the discussion below [ 111, DeÞnition 8.3] that the
setsS+,, ! {? ' ! : ? + = , } with + ' N and , ' X form a subbase for the prod-
uct topology on ! . Clearly, any such setS+,, is the union of the cylinder events
" (' 1:+&1, ) with ' 1:+&1 ' X +&1, so the topology generated by the cylinder events
{ " (>) : > ' X ! } is Þner than (includes) the product topology. On the other hand,
any cylinder event " (' 1:+) with ' 1:+ ' X ! is the Þnite intersection of the setsS.,' .

with . ' {1, . . . , +} , so we also have that the product topology is Þner than the one
generated by{ " (>) : > ' X ! } . All together, we conclude that the topology generated
by the cylinder events { " (>) : > ' X ! } coincides with the product topology.

It remains to prove the second statement, which says that a set in this common
topology is open if and only if it is empty or a countable union of cylinder events.
In other words, we have to prove that B ! {%.' N" (>.) : (/ . ' N) >. ' X ! } % ) is the
topology generated by the subbase" (X ! ). That B is closed under arbitrary unions
follows from the fact that the set X ! of all situations is countable (sinceX is Þnite).
Indeed, any union of elements of B is a (possibly empty) union of cylinder events,
and sinceX ! Ñand therefore also { " (>) : > ' X ! }Ñis countable, this union can al-
ways be written as a (possibly empty) countable union, therefore implying that it is
an element of B. Now, consider any Þnite intersection

D
I' {1,...,+} %I of elements of B

and let us check that this too is an element ofB. If at least one %I is equal to the empty
set ) , then the intersection

D
I' {1,...,+} %I is also equal to) and thus in B. If not, then

by the deÞnition of B each %I is equal to some union
<

.' N " (>., I) of cylinder events.
So we have that

D
I' {1,...,+} %I =

D
I' {1,...,+}

<
.' N " (>., I). Using distributivity, this Þnite

intersection can be rewritten as
<

.1 ' N
<

.2 ' N á á á
<

.+' N
D

I' {1,...,+} " (>.I, I); a countable
union of Þnite intersections of cylinder events. So we have that this countable union
is an element ofBif we manage to show that any Þnite intersection of cylinder events
is itself a cylinder event or empty. In order to do so, consider the intersection of any
two cylinder events " (' 1:+) and " (, 1:H ) with ' 1:+ ' X ! and , 1:H ' X ! . Note that this
intersection is non-empty if and only if, either, + ( H and ' 1:+ = , 1:+, or, if + > H
and ' 1:H = , 1:H . In the Þrst case, we have that" (' 1:+) , " (, 1:H ) = " (, 1:H ) and, in
the second case, we have that" (' 1:+) , " (, 1:H ) = " (' 1:+). Hence, the intersection of
any two cylinder events is either empty or itself a cylinder event and therefore, any
Þnite intersection of cylinder events is empty or a cylinder event. By our previous
considerations, this implies that B is indeed closed under Þnite intersections. To-
gether with the fact that B is closed under arbitrary unionsÑand trivially includes !
and the empty subset) : ! Ñwe may conclude that B is a topology on ! . It is more-
over clear from the deÞnition of B, that B is contained in the topology generated by
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" (X ! ) and, conversely, sinceB is a topology containing all cylinder events, that the
(smallest) topology generated by " (X ! ) is contained in B. Hence, both topologies
are equal.

Proof of Lemma5.5.2251. We start by proving the two direct implications. Let
$ ' Vu be u.s.c. and let ( $+)+' N be deÞned by

$+(? ) ! sup({&+} %{ $(? 1) : ? 1 ' " (? +)}) ,

for all ? ' ! and all + ' N. Then ( $+)+' N is clearly a decreasing sequence of+-
measurableÑand thus ÞnitaryÑbounded below variables (since $+ # &+). If $ is
bounded above, then each$+ is clearly also bounded above, so in that case( $+)+' N

is a sequence of gambles. So it only remains to show thatlim +* +$ $+(? ) = $(? )
for any ? ' ! . That lim +* +$ $+(? ) # $(? ) holds, follows from the fact that, due
to the deÞnition of the variables $+, $+(? ) # $(? ) for all + ' N. To prove the
converse inequality, Þx any real) > $(? ) [remember that $ is real-valued]. Since
$ is u.s.c., the set{? 1 ' ! : $(? 1) < ) } is an open set, which moreover contains
? . According to Lemma5.C.1275, any open set in ! is a countable union of cylinder
events. Since? belongs to {? 1 ' ! : $(? 1) < ) } , one of these cylinder events
contains ? . This implies that there is some + ' N0 such that $(? 1) < ) for all
? 1 ' " (? +). Then, for any " # +, since " (? " ) + " (? +), we obviously also have
that $(? 1) < ) for all ? 1 ' " (? " ). Hence, $" (? ) ( ) for all " # max{|) |, +} , which
implies that lim " * +$ $" (? ) ( ) . This holds for any real ) > $(? ), so we Þnd that
lim " * +$ $" (? ) ( $(? ), as desired.

To prove the two converse implications, consider any$ ' Vu that is the pointwise
limit of a decreasing sequence( $+)+' N of Þnitary bounded below variables. We show
that, for any ) ' R, the set %! {? ' ! : $(? ) < ) } is open, and therefore that $ is
a u.s.c. variable. It will then be clear that $ is moreover bounded above if( $+)+' N is a
sequence of gambles, because in that case$ ( $1 ( sup $1 ' R. So Þx any) ' R and
note that the sequence(%+)+' N of events deÞned by%+ ! {? ' ! : $+(? ) < ) } for
all + ' N, is increasing and converges to%because( $+)+' N converges decreasingly
to $. So we have that %=

<
+' N %+. Moreover, for any + ' N, because$+ is Þnitary,

there is a " ' N such that $+ only depends on the Þrst" states, and so the set%+ is a
(possibly empty) Þnite union of cylinder events of the form " (' 1:" ) with ' 1:" ' X " .
So, by Lemma5.C.1275, each set%+ is open. Since any union of open sets is open
again, we obtain that %=

<
+' N %+ is indeed open.

The last part of this section is devoted to proving that the ! (X ! )-
measurable (non-negative) variables are the same as the Borel-measurable
(non-negative) variables, and that these are in turn a subset of the analytic
(non-negative) variables; a result that we have used in the main text to re-
state ChoquetÕs capacitability theorem [28, Theorem II.2.5] in the form of
Theorem 5.5.9255.

Let B (! ) be the (smallest) ! -algebra generated by all open sets in! ;
that is, the Borel ! -algebra on ! [ 53, Section 11.A]. A global variable $ ' V
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is called Borel-measurable if it is measurable with respect to the ! -algebra
B (! ) (or simply B (! )-measurable); that is, if the inverse image $&1(0) !
{? ' ! : $(? ) ' 0} is in B (! ) for every 0 ' B (R); recall Appendix 5.A263.
It is clear that this notion of Borel-measurability is in accordance with the
general one in [53, Section 11.C]. Moreover, also infer from Appendix5.A263

that the Borel-measurable variables can alternatively be characterised as
those variables $ ' V for which {? ' ! : $(? ) ( &} ' B (! ) for all &' R.

The following result follows almost immediately from Lemma 5.C.1275.

Corollary 5.C.2. The Borel ! -algebra B (! ) coincides with the! -algebra
! (X ! ) generated by the cylinder events. A variable$ ' V is thus Borel-
measurable if and only if it is! (X ! )-measurable.

Proof. By Lemma5.C.1275, any open set in ! is a (possibly empty) countable union
of cylinder events. So, by deÞnition of ! (X ! ), all open sets are included in the ! -
algebra ! (X ! ) and therefore, ! (X ! ) includes the Borel ! -algebraB (! ). Conversely,
it is clear that ! (X ! ) is not larger than the Borel ! -algebraB (! ) because each cylin-
der event is itself open. The last statement then simply follows from the deÞnition
of measurability (Borel-measurability or ! (X ! )-measurability).

Without explicitly stating the deÞnition of an analytic function [ 28, Def-
inition I.1.4], we next show that any ! (X ! )-measurable non-negative vari-
able $ ' V# is analytic. The fact that any Borel-measurable non-negative
function (on ! ) is analytic, and thus by Corollary 5.C.2 that any ! (X ! )-
measurable non-negative global variable is analytic, is already stated in
[ 28, Corollary I.6], but we nevertheless give an independent proof because
Dellacherie [28] characterises Borel-measurable functions in a somewhat
di! erentÑpresumably equivalentÑway.

Proposition 5.C.3. Any ! (X ! )-measurable non-negative variable$ ' V# is
analytic according to [28, DeÞnition I.1.4].

The proof relies on the following topological fact about ! Ñthe deÞni-
tions of a separable space and a zero-dimensional space can be found in [53,
p.3] and [ 53, p.35], respectively.

Lemma 5.C.4. The space! is metrizable, separable and zero-dimensional.

Proof. The metrizability follows from Lemma 5.C.1275. To prove that ! is separable,
we need to show that there is a countable subset of! that is dense in ! . Let W+ !
be any set of paths obtained by including, for each situation > ' X ! , a single path
? from the cylinder event " (>); such a setWexists and is countable becauseX ! is
countable.22 To see thatWis dense in ! , recall from Lemma 5.C.1275 that any open

22And by evoking the Axiom of Dependent Choice.
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set in ! is a countable union of cylinder events. Since, for any cylinder event" (>),
the set Wcontains by deÞnition at least one path from " (>), it is clear that Walso
contains at least one path from each open set in! , and thus that Wis dense in ! .

Furthermore, ! is zero-dimensional if it is Hausdor! and has a base of sets that
are both open and closed (that is, clopen sets). That this is true is mentioned on [53,
p.35], but we can also easily derive it ourselves. Indeed, since! is metrizable, and
since any metrizable space is Hausdor! [ 53, p.18], ! is Hausdor! . The cylinder
events " (X ! ) moreover form a base of ! [by Lemma 5.C.1275], and any cylinder
event " (' 1:" ) is both open [Lemma 5.C.1275] and, because" (' 1:" ) is the complement
of the Þnite union %=1:" ' X " \{ ' 1:" } " (=1:" ), closed.

Proof of Proposition5.C.3. . We prove that any Borel-measurable non-negative
variable $ ' V# is analytic; the desired statement then follows from Corol-
lary 5.C.2. . To this end, we start by using [53, Theorem 24.3] which guaran-
tees that, if ! and R are metrizable and R is separable, then the setVB of Borel-
measurable variables is the union%PBP of all sets BP of variables of Baire classP.
Without going into detail, P here is any ordinal number such that 1 ( P < ? 1

where ? 1 is the Þrst uncountable ordinal, and Baire classes are recursively deÞned
by starting with variables of Baire class1 and then iteratively deÞning new larger
Baire classes by including pointwise limits of sequences of variables in the preceding
Baire classes; see [53, DeÞnition 24.1]. Let us Þrst check that! and R are metrizable
and that R is separable. The metrizability of ! is guaranteed by Lemma5.C.4. , and
the metrizability of R follows from [ 40, Problem C.11]Ñrecall from Section 1.614

that our topology on R corresponds to the one in [40, Example C.2.1]. Taking into
account this topology, it is also clear that the rational numbers Q are dense in R
and thus that R is separable [53, p.3]. So by [53, Theorem 24.3] the set VB of
Borel-measurable variables is equal to the union%PBP.

Next, let us show that the union %PBP is the smallest subset ofV that contains all
continuous variables and that is closed under taking pointwise limits. Let T be any
subset of V that contains all continuous variables and that is closed under taking
pointwise limits. To see that %PBP + T, we will apply the principle of transÞnite
induction [ 44, p.66] on the ordinal numbers P (see [44, p.56] for the deÞnition of
an Ôinitial segmentÕ). We are allowed to use this principle because the set of all ordinal
numbersPsuch that 1 < P < ? 1 is well-ordered by [44, p.79]. To start the induction,
we prove that B1 is in T. This follows from [ 53, Theorem 24.10], which implies that
any variable in B1 is the pointwise limit of continuous variables, and thus an element
of T. Note that we can indeed use [53, Theorem 24.10] because, as shown earlier,
R is metrizable and separable, and! is metrizable, separable and zero-dimensional
by Lemma 5.C.4. . To prove the induction step, consider any ordinal number P
such that 1 < P < ? 1, and assume that%P1<PBP1 + T. Any variable $ in BP is by [53,
DeÞnition 24.1] the pointwise limit of a sequence { $+}+' N of variables in %P1<PBP1, and
thus also the pointwise limit of a sequence{ $+}+' N of variables in T. SinceT is closed
under taking pointwise limits, we have that $ ' T, and since $ is any variable in BP,
we obtain that BP + T and therefore that %P1( PBP1 + T. This proves the induction
step, and so by the principle of transÞnite induction, we infer that %PBP + T [where
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P ranges over all ordinal numbers such that1 < P < ? 1]. It now su " ces to observe
that %PBP itself contains all continuous variables [53, p.190] and that it is closed
under taking pointwise because, as discussed above, [53, Theorem 24.3] implies
that it is equal to the set VB of Borel-measurable variables, which is itself closed
under taking pointwise limits; see [ 53, Example 11.2 (i)] and take into account
that R is metrizable. So %PBP is the smallest set of variables inV that contains all
continuous variables and that is closed under taking pointwise limits. Hence, by
[ 53, Theorem 24.3], the same is thus true for the set VB of all Borel-measurable
variables.

We continue to show that the setVB ,# of all Borel-measurable non-negative vari-
ables is the smallest subset ofV# that contains all continuous non-negative variables
and that is closed under taking pointwise limits. It is clear that, since VB con-
tains all continuous variables and is closed under taking pointwise limits, that the
subset of VB of all non-negative variablesÑthe set VB ,# of all Borel-measurable
non-negative variablesÑcontains all non-negative continuous variables and is also
closed under taking pointwise limits. To see that VB ,# is also the smallest such set,
consider any second setK + V# that contains all non-negative continuous vari-
ables and that is closed under taking pointwise limits. Then it is clear that the set
{ $ ' V : $+, $& ' K } contains all continuous variables in V and is also closed under
taking pointwise limits; the former follows from the fact that, for any continuous
variable $ in V, the variables $+ and $& are also continuous (and non-negative), and
the latter follows from the fact that lim +* +$ $+ = lim +* +$ $+

+ & lim +* +$ $&
+ for any

converging sequence( $+)+' N in V (and the fact that K is closed under taking point-
wise limits). Since VB is the smallest set that contains all continuous variables and
is closed under taking pointwise limits, it follows that VB + { $ ' V : $+, $& ' K } .
This implies that for any $ ' VB ,# , since $ = $+ and $ ' VB , we have that $ ' K ,
and thus that VB ,# + K . So VB ,# is indeed the smallest subset ofV# that contains
all continuous non-negative variables and is closed under taking pointwise limits.

It now only su" ces to establish that the setVA,# of all analytic (non-negative)
variables in V# [ 28, DeÞnition I.1.4] contains all continuous non-negative variables
and is closed under taking pointwise limits, because we can then combine this with
our observation that VB ,# is the smallest subset ofV# that contains all continuous
non-negative variables and is closed under taking pointwise limits, to infer the de-
sired statement that the set VB ,# of Borel-measurable non-negative variables is a
subset of the analytic non-negative variables. ThatVA,# is closed under taking point-
wise limits follows from [ 28, Theorem I.2.5]. To see thatVA,# contains all continuous
non-negative variables, observe from the text below [28, DeÞnition I.1.4] that all Ôel-
ementary Borel functionsÕ are analytic. The notion of an elementary Borel function
is deÞned in [28, DeÞnition I.1.3]; in particular, it follows from this deÞnition that
any continuous non-negative real-valued variable inV# is an elementary Borel func-
tion,23 and is therefore analyticÑfor recall from [ 28, Introduction, Paragraph 2] that
continuous functions according to Dellacherie [28] take values in the non-negative
realsR# . SoVA,# contains all continuous non-negative real-valued variables. Finally,

23This is also explicitly mentioned by Dellacherie [28] himself, in the proof of [ 28, Corol-
lary I.2.6].
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let us check that any continuous non-negative (not necessarily real-valued) variable
$ is the pointwise limit of a sequence of continuous non-negative real-valued vari-
ables, and therefore, since we have already shown thatVA,# is closed under tak-
ing pointwise limits, that VA,# contains all continuous non-negative (not necessarily
real-valued) variables. Since $ is continuous, we also have that $?+ for any + ' N is
continuous; indeed, $?+ is u.s.c. because$is u.s.c. (since it is continous) and the sub-
level sets{? ' ! : $?+(? ) < ) } for all ) ' R are either equal to {? ' ! : $(? ) < ) }
(if ) ( +) or equal to ! (if + < ) ), and similarly we can infer that $?+ is l.s.c. So $?+

is continuous for all + ' N, and it is clearly also real-valued and non-negative (be-
cause $ is non-negative). Hence, since( $?+)+' N converges pointwise to $, we obtain
that $ is the pointwise limit of a sequence of continuous non-negative real-valued
variables.
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Ñ Chapter VI Ñ

A*+!-(#+) ,33$& $*3$)#(#+!"%

The previous two chapters each introduced and studied a particular type
of global upper expectation. Each of these operators turned out to have
fairly nice continuity properties, yet their construction also relied on a very
speciÞc language and interpretation. Game-theoretic upper expectations
take local sets of acceptable gambles as a starting point, and then use notions
such as supermartingales and superhedging to construct a global model.
Measure-theoretic upper expectations on the other hand take local sets of
mass functions as a starting point, and then use probability measures and
upper integrals to extend beyond the local level.

In the current chapter, we take a more direct route. Starting from an up-
per expectations tree, we will construct a global model solely by imposing
some basic requirementsÑaxiomsÑand by using conservativity arguments.
In that respect, the approach is similar to the one that leads to the natural
extensionsEÞn

Q and EQ under coherence; recall Section3.480. However, a
crucial di! erence is that we will now only impose coherence on the domain
F 9 X ! , and use some type of continuity axiom to extend beyond this Þni-
tary domain. Doing so seems to be necessary in order to obtain desirable
continuity behaviour of the resulting global upper expectationÑrecall from
Section 3.698 that the natural extension EQ under coherence alone lacked
a rather basic type of continuity from below. Choosing the type of conti-
nuity axiom is a delicate matter however; preferably, we want it to be as
weak and intuitive as possible, yet it should also be su" ciently strong in or-
der to result in a global upper expectation with satisfactory properties. The
speciÞc continuity axiom that we will suggest is fairly weak, and will follow
intuitively from an approximation argument that regards global non-Þnitary
variables as representing idealised Þnitary gambles (seeCo2286 further be-
low). However, the global upper expectation thatÑthrough conservativ-
ity argumentsÑwill result from imposing this weaker type of continuity,
will exhibit strong continuity behaviour nonetheless. In fact, the axiomatic
model thus obtained will turn out to be equal to the game-theoretic upper
expectation E

eb
A ,V and hence, for a large part, also to the measure-theoretic
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Figure 6.1 Overview of all the global upper expectations treated in this dis-
sertation.

upper expectation EP ,M.
Though comparable to game-theoretic or measure-theoretic upper ex-

pectations in terms of continuity behaviour, it is the simple and universal
character of its deÞnition that really sets our axiomatic model apart from
these other two global models. In that respect, it is very similar to our deÞ-
nition of EQ, which solely relied on upper expectations trees, coherence and
conservativity arguments; none of these notions require any particular in-
terpretation; they can instead be motivated or given meaning starting from
multiple points of view. The only notable di ! erence with EQ is that our new
axiomatic model hinges on an additional continuity axiom, but, here too, no
particular interpretation for an upper expectation is required. Moreover, we
will also provide a wide variety of alternative but equivalent characterisa-
tions for our axiomatic model, including a full axiomatisation that does not
rely on any additional conservativity arguments. Apart from their obvious
mathematical beneÞts, these alternative characterisations allow readers to
interpret and motivate our axiomatic model in an even more ßexible way.

The structure of this chapter is rather straightforward: in Section 6.1* ,
we introduce and argue for the use of some speciÞc axioms, and then subse-
quently use these axioms to deÞne a global upper expectation. We then con-
tinue to study the propertiesÑand the existenceÑof this axiomatic global
upper expectation in Sections 6.2290 and 6.3294. More precisely, in Sec-
tion 6.2290, we prove the existence of our axiomatic upper expectation, and
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show that it is equal to the game-theoretic upper expectation, and hence,
for a large part, also to the measure-theoretic upper expectation. In Sec-
tion 6.3294 then, we establish several alternative characterisations for our
axiomatic model, including a full axiomatisationÑnot based on additional
conservativity argumentsÑand a constructive characterisation. The latter
is of considerable importance on a practical level, since it explicitly tells us
how to calculate the value of our axiomatic upper expectation for any kind
of variable.

Finally, in Section 6.4302, we study whether the continuity axiom that
characterises our global model can be relaxed even further. We consider
one speciÞc weakening of the continuity axiom and show that the newly
obtained global upper expectation is essentially a trivial adaptation of the
upper integral proposed by Daniell [19]. In general contexts however, the
properties of this Daniell-like global upper expectation are not quite satisfac-
tory, and so we areÑin generalÑinclined to stick with the original stronger
continuity axiom. Nevertheless, there are three particular instances where
it does perform well; if we restrict ourselves to monotone limits of Þnitary
gambles, if we restrict ourselves to the domain of all indicators, andÑfor all
possible variables and situationsÑif the local models are precise.

6.1 Natural extension under a continuity axiom and a mono-
tonicity axiom

In order to propose a global model that is, in its interpretation, as uni-
versal as possible, we start from an upper expectations treeQ¥ to describe
the local dynamics of our stochastic process; recall that upper expectations
trees can always be seen as to directly result from acceptable gambles trees
or imprecise probability trees through Eqs. 3.150 and 3.351, respectively.
One of the simplest and most intuitive ways to then extend Q¥Ñor better
E

pre
Q Ñis by using the natural extension under coherence, or equivalently un-

der WC182ÐWC482; recall DeÞnition 3.886. The downside of this approach,
however, is that the resulting model EQ lacks some basic but desirable con-
tinuity properties, which is why we dismissed it at the end of Chapter 345

and went on to study more involved types of global upper expectations in
the subsequent chapters.

Yet, as we also remarked at the end of Section3.698, no such continu-
ity issues arise if we restrict our attention to the Þnitary domain F 9 X ! .
Moreover, the restriction of EQ to this Þnitary domainÑor simply the natu-
ral extension EÞn

Q under coherence toF 9 X ! [Corollary 3.4.789]Ñcoincides
not only with all the other Þnitary global upper expectations EA , Ef

A ,V and
EP on F 9 X ! [Theorems 3.5.190 and 3.5.291], but also with the continuity-
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based upper expectationsE
eb
Q,V and EP ,M on F 9 X ! [Corollary 4.4.9170 and

Proposition 5.4.5244]. Hence, it seems that the extension from the prelimi-
nary upper expectation E

pre
Q to EÞn

Q is a done deal, and so we will henceforth
take EÞn

Q on F 9 X ! as a starting point for deÞning our axiomatic global
upper expectation. Nevertheless, our axiomatic model will later on also be
given alternative characterisations that are based on directly extendingÑ
for instance, using coherence and continuityÑthe initial upper expectation
E

pre
Q ; see Section6.3294.

The continuity axioms and monotonicity

Given a global upper expectationE : V 9 X ! * R that extends EÞn
Q , one of

the weakest types of continuity axioms that we can and will want to impose
on E is the following:

Co1. For any increasing sequence( $+)+' N in F, and any > ' X ! ,

lim sup
+* +$

E( $+|>) # E( $|>) with $ ! sup
+' N

$+ = lim
+* +$

$+.

Note that Co1 is weak because it only applies to sequences that areincreas-
ing and that consist of Þnitary gambles Ña motivation for this axiom will
be given shortly. Apart from this continuity axiom, we will moreover always
impose that E should be monotone onV 9 X ! :

EC4! . $ ( - - E( $|>) ( E(- |>) for any $, - ' V and > ' X ! .

This monotonicity property is weaker than EC4163 because it requires an
inequality between two variables $ and - on their entire domain ! , rather
than only on the cylinder set " (>). Note that, if we assume a global upper
expectation to satisfyEC4! , imposing Axiom Co1becomes equivalent to im-
posing continuity with respect to increasing sequences inFÑwhich is, for
readers who are familiar with Choquet integration, perhaps more comfort-
able or natural to impose as an axiom:

Co1=. For any increasing sequence( $+)+' N in F, and any > ' X ! ,

lim
+* +$

E( $+|>) = E( $|>) with $ ! sup
+' N

$+ = lim
+* +$

$+.

Though Axiom Co1 is elegant and weak, we also consider an alternative
but stronger version of the axiom, which applies to all converging sequences
in F that are uniformly bounded below:

Co2. For any sequence( $+)+' N in F that converges pointwise and that is
uniformly bounded below, and any > ' X ! ,

lim sup
+* +$

E( $+|>) # E( $|>) with $ ! lim
+* +$

$+.
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Clearly, Co2. implies Co1. , and therefore also impliesCo1=
. if combined

with monotonicity [ EC4!
. ]. The converseÑthat Co1. or Co1=

. implies
Co2. Ñis not true though; see Section 6.4.3310 later on.

A motivation for the axioms

First and foremost, our motivation for the axioms above, and thus also for
the global axiomatic upper expectations introduced below, is basedÑas we
will clarify in the next paragraphÑon the interpretational convention that
we regard higher upper expectations to be more conservative (or less in-
formative). We feel this convention is appropriate because it is true for all
global upper expectations that we have encountered so far, whether they
are of the probability-based type, or the behavioural/game-theoretic type.
Indeed, if an upper expectation denotes an upper bound on the linear ex-
pectations corresponding to a set of probability charges/measures, then a
higher upper bound is obviously more conservative (or less informative).
On the other hand, if an upper expectation denotes the inÞmum selling (or
hedging) prices corresponding to a set of acceptable gambles (resp. super-
martingales) then, again, higher selling (hedging) prices are more conser-
vative (or less informative). Note also that this convention is in line with
what we have already said in Section2.6.338 and Section 3.4.285, where
we argued for the use of the natural extensionÑthe most conservative or
largest extensionÑunder coherence.

Now, apart from the convention above, our motivation for Co1. and
Co2. additionally stems from our di ! erence in interpretation between Þni-
tary gambles and non-Þnitary (extended real) variables. For we consider
Þnitary gambles to be the only global variables that have direct practical
signiÞcance; they depend on the states of the stochastic process up until
some Þnite time horizon, and they can only take real values. Global vari-
ables that depend on the entire inÞnite path taken by the process, or take
the values+$ or &$ , are only given an implicit interpretation in the sense
that they are considered to be abstract idealisations of Þnitary gambles that
lie arbitrarily close. 1 In particular, if $ is the pointwise limit of a sequence
( $+)+' N of Þnitary gamblesÑand if $ is itself not a Þnitary gambleÑ, then $
is considered to be an idealisation of$+ for large +; think of e.g. hitting times
[Example 4.2.2140], hitting probabilities [Example 3.6.199], stopping times,
inÞnite time averages [26], . . . As a result, we typically desire the upper
expectation E( $|>) of such a global limit variable to give information about
the upper expectation E( $+|>) for a generically large value of +. Given this
point of view, Co2. is then only a minimal requirement; it simply demands

1Recall that a similar point was raised in the paragraph below DeÞnition4.3143, where we
said that extended real variables are being regarded as idealisedÑboundedÑgambles.

287



Axiomatic upper expectations

that, for any converging (uniformly bounded below) sequence ( $+)+' N of
Þnitary gambles, and the corresponding sequence

-
E( $+|>)

.
+' N of upper ex-

pectations, the upper expectationE( $|>) of the limit variable $ should not
exceed the ÔmaximumÕ value that

-
E( $+|>)

.
+' N attains at large +. If this con-

dition were not satisÞed2 then, since we regard higher upper expectations
to be less informative, E( $|>) would not take into account information given
by the limit values of

-
E( $+|>)

.
+' N, which we consider to be unwarranted.

Furthermore, sinceCo1286 is simply a weakened version ofCo2286, it can be
argued for on similar grounds.

Though the reasoning above essentially applies toany converging se-
quence in F, Co2286 (and in particular Co1286) nonetheless only applies to
sequences that are uniformly bounded below. Mathematically speaking, this
is no problem since we ideally want to impose axioms that are as weak as
possible anywayÑas long as we obtain a global model with desirable fea-
tures. From an interpretational point of view, however, the condition of
being uniformly bounded below seems rather arbitrary and, based on mere
intuition, we would be inclined to drop it. This is not a good idea though, be-
cause it would make global upper expectations sometimes attain extremely
low values; we will come back to this issue in Chapter7323.

Lastly, it remains to motivate monotonicity [ EC4!
286]. In general, this

property is satisÞed by almost all upper expectations; for one, all the global
upper expectations that we have studied so far satisfy it. It therefore does
not appear to be very controversial. On the domain F 9 X ! , monotonic-
ity will automatically be satisÞed becauseEÞn

Q satisÞesWC584 and we re-
quire our desired global upper expectation to extend EÞn

Q . That monotonic-
ity [ EC4!

286] should also hold on the more general domain V 9 X ! can
then be argued in a somewhat similar way as before, using approximation
arguments; since we have that larger Þnitary gambles lead to higher up-
per expectations, we also assume that largerÑabstract and idealisedÑ(not
necessarily Þnitary) extended real-valued variables return higher upper ex-
pectations.

Axiomatic global upper expectations

Given that we choose to acceptCo1286 and EC4!
286, we can take the nat-

ural extension of EÞn
Q under these two axioms, which if it exists, delivers

us with a Þrst candidate for a possible axiomatic global upper expectation.
The natural extension here is deÞned similarly as in Section3.4.285, but
extended to apply to general operators onV 9 X ! ; so it is once more the

2This is for instance the case in Example3.6.199 for the upper expectations
-
E2 (I4 "

,
)
.
+' N

and E2 (I4, ). In fact, it can be seen that the sequence(I4 "
,
)" ' N0 there is increasing, and thus

that the corresponding upper expectation E2 does not even satisfyCo1286.
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pointwise largest orÑsince we consider higher upper expectations to be
more conservativeÑthe most conservative extension satisfying a speciÞc
set of axioms.

DeÞnition 6.1. For any upper expectations treeQ¥, we let E
"

Q,A be, if it ex-
ists, the natural extension of EÞn

Q to V 9 X ! under Co1286 and EC4!
286. !

We will see later onÑin Section 6.4302Ñthat this natural extension E
"

Q,A

always exists, and that it moreover can be identiÞed as an imprecise ver-
sion of DaniellÕs upper integral. Furthermore, we will also show there that
it can be elegantly characterised as an extension of the preliminary upper
expectation E

pre
Q .

If we moreover choose to accept the stronger axiomCo2286 instead of
Co1286, then we obtain the following axiomatic global upper expectation.

DeÞnition 6.2. For any upper expectations treeQ¥, we let EQ,A be, if it
exists, the natural extension ofEÞn

Q to V9X ! under Co2286 and EC4!
286. !

Once more, as we will show in Sections6.2" and 6.3294, this global upper
expectation EQ,A exists and can be given various alternative characterisa-
tions.

The reason that we let E
"

Q,A and EQ,A be deÞned as the natural
extensionsÑthe most conservative extensionsÑunder their respective ax-
ioms, is the same as in Section3.4.285. Taking any smaller global upper
expectation would mean adding information on top of the already accepted
axioms (and what EÞn

Q says), which we do not consider to be necessary.
Moreover, if one nevertheless desires to impose further axioms or add more
information, then the natural extension still provides conservative (upper)
bounds.

The axiomatic lower expectations EQ,A and E"

Q,A
are obtained from the

upper expectationsEQ,A and E
"

Q,A by conjugacy; so, for all ( $, >) ' V 9 X ! ,

EQ,A( $|>) ! &EQ,A(&$|>) and E
"

Q,A
( $|>) ! &E

"

Q,A(&$|>). (6.1)

Using conjugacy to deÞne axiomatic lower expectations is justiÞedÑand
perhaps even intuitiveÑbecause all other types of upper and lower expecta-
tions satisfy it. Nonetheless, if one desires so, one could equivalently deÞne
these axiomatic lower expectations independently, starting from a (conju-
gate) lower expectations tree, and then following a similar reasoning to how
we deÞnedEQ,A and E

"

Q,A, but where all steps are ÔconjugateÕ; e.g. we do not
take the pointwise largest extension, but the pointwise smallest extension
(of some initial lower expectation).

When it comes to choosing betweenE
"

Q,A and EQ,A, the former appears
to be more appealingÑat least, at Þrst sightÑsimply because its deÞnition is
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based on the weaker and simpler axiomCo1286. Of course, much depends on
whether this operator E

"

Q,A exhibits satisfactory continuity behaviour, and
in particular we would want it to satisfy Co2286Ñsince we have just argued
it to be desirable. Unfortunately however, as we will show in Section 6.4302,
this is not necessarily the case:E

"

Q,A may fail to satisfy Co2286. We are
therefore inclined to work with EQ,A instead of E

"

Q,A.
Besides it satisfying a stronger continuity axiomÑand actually more

than oneÑanother major reason why we prefer to use EQ,A instead of E
"

Q,A

is that EQ,A will turn out to coincide with E
eb
Q,VÑor E

eb
A ,V for an agreeing

tree A¥Ñon the entire domain V 9 X ! . Hence, by Theorems5.5.13256

and 5.5.10255, it will also coincide with EP ,MÑfor an agreeing tree P ¥Ñ
on a rather large domain. It is clear that this considerably increases the
relevance ofEQ,A compared to that of E

"

Q,A. We will therefore mainly study
the properties of EQ,A in the coming sections, and only come back to those
of E

"

Q,A at the end.
Furthermore, all this being said, we want to stress that the deÞnitions of

EQ,A and E
"

Q,A, or rather, the justiÞcation of these deÞnitions, do not hinge
on any particular interpretation for a global upper expectation. Indeed, we
started from an upper expectations tree to parametrise the local dynamics of
a stochastic process; this parametrisation can on itself already be regarded
as resulting from either a behavioural approach involving sets of acceptable
gambles, or from a probability-based approach involving sets of probability
mass functions. We then continued to considerEÞn

Q as a Þrst extension of
the local models; this extension was simply obtained fromÑonlyÑadopting
WC182ÐWC482 or, equivalently, coherence; properties that can once more
be motivated from a behavioural point of view and from a probability-based
point of view. The two axioms that we then additionally impose, Co2286

and EC4!
286 for EQ,A, or Co1286 and EC4!

286 for E
"

Q,A, follow only from
an approximation argument; no particular interpretation is required here
either.

6.2 Relation to game-theoretic and measure-theoretic upper ex-
pectations

Let us start by proving that, for any upper expectations tree Q¥, the
game-theoretic upper expectationE

eb
Q,V satisÞes all the deÞning properties

of the axiomatic upper expectation EQ,A, which will therefore imply that the
latter exists and coincides with E

eb
Q,V on all of V 9 X ! . Afterwards, in Sec-

tion 6.3294, we will establish various alternative characterisations for EQ,A,
one of which will be a full axiomatisation, without a conservativity argu-
ment.
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6.2 Relation to game-theoretic and measure-theoretic upper expectations

The game-theoretic upper expectation E
eb
Q,V is surely smaller than or

equal to EQ,AÑif it exists. This follows immediately from the deÞnition of
EQ,A and the fact that E

eb
Q,V extends EÞn

Q , and satisÞesEC4!
286 and Co2286,

due to Corollary 4.4.9170, Proposition 4.4.3164 and Corollary 4.6.2177.
To prove that they are in fact equal, we will crucially rely on Proposi-
tion 4.7.6184 and Theorem 4.7.4183; the former expressesE

eb
Q,V in terms of

its values on the domain Lb 9 X ! of all bounded below limits of Þnitary
variables (and situations), whereas the latter provides a crucial continuity
property for E

eb
Q,V on this domain. We start with the following lemma.

Lemma 6.2.1. For any upper expectations treeQ¥, the upper expectationE
eb
Q,V

extendsEÞn
Q and satisÞesCo2286 and EC4!

286. Moreover, for any other upper
expectationE1 on V 9 X ! that satisÞes these conditions, we have that

E1( $|>) ( E
eb
Q,V( $|>) for all ( $, >) ' Lb 9 X ! .

Proof. Observe that E
eb
Q,V extends EÞn

Q by Corollary 4.4.9170, and that it satisÞes
Co2286 by Corollary 4.6.2177 and EC4!

286 by Proposition 4.4.3164. So it remains to
prove that, for any second global upper expectationE1 on V 9 X ! that extends EÞn

Q

and satisÞesCo2286 and EC4!
286, that E1( $|>) ( E

eb
Q,V( $|>) for all ( $, >) ' Lb 9 X ! .

Fix any ( $, >) ' Lb 9 X ! . By Theorem 4.7.4183, there is a sequence( $+)+' N of Þni-
tary gambles that is uniformly bounded below and that converges pointwise to $
such that lim +* +$ E

eb
Q,V( $+|>) = E

eb
Q,V( $|>). Since both E

eb
Q,V and E1 extend EÞn

Q , E
eb
Q,V

coincides with E1 on F 9 X ! , and so we have that

lim
+* +$

E1( $+|>) = lim
+* +$

E
eb
Q,V( $+|>) = E

eb
Q,V( $|>).

Applying Co2286 to the left-hand side, we obtain that E1( $|>) ( E
eb
Q,V( $|>), as desired.

The remaining step, which is showing that E
eb
Q,V is also the most con-

servative global upper expectation on the entire domain V 9 X ! among all
those that extend EÞn

Q and satisfyCo2286 and EC4!
286, now follows trivially

from Proposition 4.7.6184.

Theorem 6.2.2. For any upper expectations treeQ¥, the natural extension
EQ,A exists and is equal to the upper expectationE

eb
Q,V.

Proof. We simply show that E
eb
Q,V is the pointwise largest global upper expectation

on V 9 X ! that extends EÞn
Q and satisÞesCo2286 and EC4!

286. Since E
eb
Q,V exists

by its very deÞnition, and since the natural extensionEQ,A is deÞned as the largest
extension under these conditions, this immediately implies the desired statement.
We know by Lemma 6.2.1 that E

eb
Q,V extends EÞn

Q and satisÞesCo2286 and EC4!
286,

so it su" ces to prove that E
eb
Q,V is the (pointwise) largest global upper expectation

satisfying these properties.
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To this end, consider any global upper expectationE1 on V 9 X ! that extends
EÞn

Q and satisÞesCo2286 and EC4!
286, and Þx any ( $, >) ' V 9 X ! . Then, by Propo-

sition 4.7.6184, we have that

E
eb
Q,V( $|>) = inf

!
E

eb
Q,V(- |>) : - ' Lb and - # $

"

# inf
!
E1(- |>) : - ' Lb and - # $

"
# E1( $|>),

where the Þrst inequality follows from Lemma 6.2.1! and our assumptions about
E1, and where the second inequality follows from the fact that E1 satisÞesEC4!

286

by assumption.

An immediate consequence of this main theorem is thatEQ,A also coin-
cides with EP ,M on a fairly large domain, given that Q¥ and P ¥ agree.

Theorem 6.2.3. For any imprecise probability treeP ¥ and upper expecta-
tions tree Q¥ that agree according to Eq.(3.3)51, we have thatEQ,A( $|>) =
EP ,M ( $|>) for all ( $, >) ' V! ,b 9 X ! . If P A is moreover closed for allA ' X ! ,
then alsoEQ,A( $|>) = EP ,M ( $|>) for all ( $, >) ' V 9 X ! such that $ is the
pointwise limit of a decreasing sequence of Þnitary gambles.

Proof. The Þrst statement follows immediately from Theorem 6.2.2! and
Theorem 5.5.10255. The second follows from Theorem 6.2.2! and Theo-
rem 5.5.13256.

Theorems6.2.2! and 6.2.3 can be seen as two of the most important re-
sults of this dissertationÑif not the most important. They have considerable
merit both at a philosophical level and at a mathematical level. Philosophi-
cally speaking, it is most interesting that game-theoretic upper expectations,
which are based on behavioural notions such as supermartingales and su-
perhedging, coincide with the upper expectations EQ,A resulting from a di-
rect and interpretation-free axiomatic approach. Due to Theorem6.2.3, the
same can be said, to a large extent, for measure-theoretic upper expecta-
tions. The axiomatic model EQ,A serves as an alternative characterisation
that is neutral in interpretation and conceptually much more direct than
either of the two other types of global upper expectations. From a mathe-
matical point of view, Theorems 6.2.2! and 6.2.3 provideÑand hopefully
will continue to provideÑa large number of additional insights about the in-
volved global upper expectations. In particular, these theorems ensure that
all the considered global upper expectations share the same properties and
features. So properties that were previously only known to hold for only
one or two types of global models, suddenly are seen to hold for all three of
them, and similarly for any additional properties that might be discovered
in future work. We have already extensively used a similar mechanism in
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6.2 Relation to game-theoretic and measure-theoretic upper expectations
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Figure 6.2 Schematic overview of the possible continuity-based approaches
and their connections.

Chapter 5217, where we deduced a large number of properties for measure-
theoretic upper expectations (especially in the precise case) from the fact
that they are known to hold for game-theoretic upper expectations. We can
now do the same for EQ,A, establishing properties for it by exploiting its
equality with E

eb
Q,V.

Corollary 6.2.4. For any upper expectations treeQ¥, the following statements
hold:

(i) The restriction ofEQ,A to V 9 X ! is coherent.

(ii) EQ,A satisÞes the extended coherence propertiesEC1163ÐEC6163.

(iii) For any $ ' V and any " ' N0,

EQ,A( $|#1:" ) = EQ,A

+
EQ,A ( $|#1:" +1)

1
1#1:"

,
.
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(iv) For any ( $, >) ' V 9 X ! ,

EQ,A( $|>) = inf
!
EQ,A(- |>) : - ' Lb and - # $

"
;

(v) For any > ' X ! and any increasing sequence( $+)+' N in Vb,
lim +* +$ EQ,A( $+|>) = EQ,A(lim +* +$ $+|>). [Continuity from below]

(vi) For any> ' X ! and any decreasing sequence( $+)+' N of Þnitary bounded
above variables,lim +* +$ EQ,A( $+|>) = EQ,A(lim +* +$ $+|>).

[Continuity w.r.t. decreasing Þnitary variables]

(vii) For any > ' X ! and any $ ' Lb, there is a sequence( $+)+' N of +-
measurable gambles that is uniformly bounded below and that converges
pointwise to $ such that lim +* +$ EQ,A( $+|>) = EQ,A( $|>).

(viii) For any > ' X ! and any sequence( $+)+' N in Vb that is uni-
formly bounded below,E

eb
Q,V( $|>) ( lim inf +* +$ E

eb
Q,V( $+|>) with $ !

lim inf +* +$ $+. [FatouÕs lemma]

Proof. The properties above follow from combining Theorem6.2.2291 with, in order,

(i) . Corollary 4.4.5167;

(ii) . Proposition 4.4.3164;

(iii) . Theorem 4.4.4166;

(iv) . Proposition 4.7.6184;

(v) . Theorem 4.6.1175;

(vi) . Theorem 4.7.3182;

(vii) . Theorem 4.7.4183.

(viii) . Corollary 4.6.2177.

6.3 Alternative characterisations for EQ,A

Our starting point for the deÞnition of EQ,A was the Þnitary upper ex-
pectation EÞn

Q , a global upper expectation that itself results from accepting
WC182ÐWC482 (or coherence)Ñand these properties aloneÑon the Þnitary
domain F 9 X ! . We considered this to be the simplest and most convinc-
ing way of introducing our axiomatic model, since there seems to be no
disagreement on how a global upper expectation should be deÞned on the
domain F9X ! Ñall the global upper expectations we have considered so far
coincide with EÞn

Q on F 9 X ! . Yet, on the other hand, this approach is some-
what indirect in the sense that we consider two extensions: one from the
local modelsQ¥Ñor, equivalently, from E

pre
Q Ñto EÞn

Q , and then subsequently
from EÞn

Q to EQ,A. One may therefore be inclined to desire a deÞnition of
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EQ,A as a one-step extension of the local modelsQ¥; this is what we set out
to explore next.

We will moreover give a full axiomatisation of EQ,AÑand thus also E
eb
A ,V

and, for a large part, EP ,MÑwithout any conservativity arguments, similar
to what we did for EÞn

Q and EQ in Section 3.4.387. Lastly, we will mold
these characterising axioms together into a single formula; this provides us
with a more constructive characterisation of EQ,A that does not rely on any
existence arguments.

Let us already give an overview of the possible properties for global up-
per expectations that, on top of Co2286 and EC4!

286, will be used in the
results about to come. They are stated for a general global upper expecta-
tion E : V 9 X ! * R and a general upper expectations treeQ¥:

NE1. E( $(#" +1)|' 1:" ) = Q' 1:"
( $) for all $ ' L (X ) and ' 1:" ' X ! ;

NE2. E( $|>) = E( $1>|>) for all ( $, >) ' F 9 X ! ;

NE3. E( $|#1:" ) = E(E( $|#1:" +1)|#1:" ) for all $ ' F and " ' N0 such that
E( $|#1:" +1) is real-valued.

NE3( . E( $|#1:" ) ( E(E( $|#1:" +1)|#1:" ) for all $ ' F and " ' N0;

NE4L. E( $|>) = inf
!
E(- |>) : - ' Lb and - # $

"
for all ( $, >) ' V 9 X ! ;

Co3. For any > ' X ! and any sequence( $+)+' N in F that converges point-
wise and that is uniformly bounded below,

lim
H* +$

E( inf
+#H

$+|>) = E( $|>) with $ ! lim
+* +$

$+;

Co4. For any > ' X ! and any increasing sequence( $+)+' N in Lb,

lim
+* +$

E( $+|>) = E( $|>), with $ ! sup
+' N

$+ = lim
+* +$

$+.

Co5. For any > ' X ! and any decreasing sequence( $+)+' N in F that is
uniformly bounded below,

lim
+* +$

E( $+|>) = E( $|>), with $ ! inf
+' N

$+ = lim
+* +$

$+;

PropertiesNE188ÐNE388 were already introduced in Section 3.4.387, and
they fully characterise EÞn

Q [Theorem 3.4.688]. Property NE3( is a weak-
ened version of the law of iterated upper expectations [NE388], 3 and NE4L

3Strictly speaking, NE3( is not weaker than NE388 because the latter only applies if
E( $|#1:" +1) is real-valued. Nonetheless, since all the global upper expectations on which we
will impose NE3( and/or NE388 will always be real-valued anyway, we will always pretend,
for the sake of simplicity, as if NE3( is weaker than NE388.
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is similar to NE488 but where the approximation is with respect to variables
that are in LbÑinstead of FÑand that moreover lie above the considered
variable $on their entire domainÑrather than only on " (>) as is the case for
NE488. Finally, Co3! ÐCo5! are three speciÞc continuity properties; note
in particular that Co3! is a type of continuity with respect to increasing se-
quences. PropertiesCo2286ÐCo4! can be ordered depending on how strong
they are; Co4! is the strongest, Co2286 the weakest (under monotonicity
[ EC4!

286]).

Lemma 6.3.1. For any global upper expectationE on V 9 X ! , we have that
Co4! implies Co3! . If E is moreover monotone [EC4!

286], then Co3! im-
pliesCo2286.

Proof. Fix any global upper expectationE on V 9 X ! . First suppose thatE satisÞes
Co4! . To show that E satisÞesCo3! , consider any > ' X ! and any converging
sequence( $+)+' N in F that is uniformly bounded below. Let $ ! lim +* +$ $+ and,
for all " ' N, let - " be the global variable deÞned by- " ! inf " ( + $+. Since ( $+)+' N

is uniformly bounded below, each - " is bounded below, and since each- " is clearly
also the pointwise limit of the Þnitary gambles inf " ( +( H $+ for H * +$ , we have
that - " ' Lb for all " ' N. The sequence(- " )" ' N is moreover increasing [due to its
deÞnition], so we have by Co4! that

lim
" * +$

E
-
inf
" ( +

$+
1
1>

.
= lim

" * +$
E(- " |>) = E

-
lim

" * +$
- "

1
1>

.
= E

-
lim

" * +$
inf
" ( +

$+
1
1>

.

= E
-
lim inf

+* +$
$+

1
1>

.

= E
-

lim
+* +$

$+
1
1>

.
= E( $|>),

establishing that Co3! also holds.
To establish the second claim, suppose thatE satisÞesEC4!

286 and Co3! . Again,
Þx any > ' X ! and any converging sequence( $+)+' N in F that is uniformly bounded
below, and let $ ! lim +* +$ $+. By Co3! , we have that

lim
" * +$

E
-
inf
" ( +

$+
1
1>

.
= E( $|>).

Due to the monotonicity [ EC4!
286] of E, we have that lim sup" * +$ E( $" |>) #

lim " * +$ E(inf " ( + $+|>), and therefore that

lim sup
" * +$

E( $" |>) # E( $|>).

This establishesCo2286 for E.

6.3.1 Alternative natural extensions of E
pre
Q or EÞn

Q

We start by expressingEQ,A as a natural extension ofE
pre
Q [Eq. (3.13)85]

under a series of axioms that are as weak as possible. The alternative char-
acterisations of EQ,A that we will then give afterwards, will all be natural
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extensions ofE
pre
Q (or EÞn) under some strongerÑbut also fairly intuitiveÑ

axioms.

Proposition 6.3.2. For any upper expectations treeQ¥, the upper expecta-
tion EQ,A is the natural extension ofE

pre
Q under NE288, NE3(

295, Co2286 and
EC4!

286.

Proof. It follows from DeÞnition 6.2289 that EQ,A satisÞesEC4!
286 and Co2286. Def-

inition 6.2289 also says thatEQ,A extends EÞn
Q , which is itself an extension of the

preliminary upper expectation E
pre
Q [DeÞnition 3.886], so EQ,A extends E

pre
Q . That

EQ,A moreover satisÞes the propertiesNE288 and NE3(
295 follows from the fact that

EQ,A extends EÞn
Q , from Theorem 3.4.688[ NE288] and from Corollary 3.5.794. So,

according to the deÞnition of the natural extension, it su" ces to prove that EQ,A is
larger or equal than any other global upper expectation E on V 9 X ! that extends
E

pre
Q and that satisÞesNE288, NE3(

295, EC4!
286 and Co2286. To this end, let us Þrst

show that EÞn
Q Ñand thus EQ,AÑis always larger or equal than E on F 9 X ! .

Start by noting that, for any ' 1:. ' X ! and any (. + 1)-measurable gamble
- (#1:.+1),

E(- (#1:.+1) |' 1:.)
NE2
= E(- (' 1:. #.+1) |' 1:.) = E

pre
Q (- (' 1:. #.+1) |' 1:.)

= EÞn
Q (- (' 1:. #.+1) |' 1:.)

NE2
= EÞn

Q (- (#1:.+1) |' 1:.), (6.2)

where the second equality follows from the fact that E extendsE
pre
Q , and where the

third equality follows from the fact that, by deÞnition, EÞn
Q extendsE

pre
Q . Now Þx any

( $, >) ' F 9 X ! and let " ! |>| be the length of >. Since $ is Þnitary, there surely is
some@# " such that $ is (@+1)-measurable. SinceE satisÞesNE3(

295 and EC4!
286,

we have that

E( $|#1:" ) ( E(E( $|#1:" +1) |#1:" ) ( E(E(E( $|#1:" +2) |#1:" +1) |#1:" )

( E(E(á á áE( $|#1:@) á á á |#1:" +1) |#1:" ).

Applying Eq. (6.2) to the inner upper expectation of the rightmost term, we obtain
that

E( $|#1:" ) ( E(E(á á áE(EÞn
Q ( $|#1:@)|#1:@&1) á á á |#1:" +1) |#1:" ).

Since EÞn
Q ( $|#1:@) is real-valued [by Corollary 3.4.283 and Corollary 3.4.587] and

clearly @-measurable, it is automatically bounded and thus an@-measurable gamble.
Hence, by once more applying Eq. (6.2), we obtain that

E( $|#1:" ) ( E(E(á á áEÞn
Q (EÞn

Q ( $|#1:@)|#1:@&1) á á á |#1:" +1) |#1:" ).

We can do the same with the other upper expectations, working our way outwards
to Þnd that

E( $|#1:" ) ( EÞn
Q (EÞn

Q (á á áEÞn
Q ( $|#1:@) á á á |#1:" +1) |#1:" ).
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It now su" ces to recall that Corollary 3.5.794 holds for EÞn
Q , and therefore that the

above inequality implies that E( $|#1:" ) ( EÞn
Q ( $|#1:" ). Since>is a situation of length

" , we have in particular that E( $|>) ( EÞn
Q ( $|>), and since this holds for any ( $, >) '

F 9 X ! , we have that EÞn
Q is always larger or equal than E on F 9 X ! . The upper

expectation EQ,A extends EÞn
Q , so we consequently have thatE( $|>) ( EQ,A( $|>) for

all ( $, >) ' F 9 X ! .
We next show that this inequality also holds on the domain Lb 9 X ! . Fix any

couple ( $, >) ' Lb 9 X ! . By Corollary 6.2.4(vii) 294, there is a sequence( $+)+' N of
Þnitary gambles that is uniformly bounded below and that converges pointwise to
$ such that lim +* +$ EQ,A( $+|>) = EQ,A( $|>). SinceE(- |>) ( EQ,A(- |>) for all - ' F as
we have just proved above, and sinceE satisÞesCo2286, we have that

E( $|>) ( lim sup
+* +$

E( $+|>) ( lim sup
+* +$

EQ,A( $+|>) = lim
+* +$

EQ,A( $+|>) = EQ,A( $|>).

Hence, we indeed have thatE( $|>) ( EQ,A( $|>) for all ( $, >) ' Lb 9 X ! . Finally,
to see that this inequality also holds on the entire domain V 9 X ! , consider any
( $, >) ' V 9 X ! and note that by Corollary 6.2.4(iv) 293,

EQ,A( $|>) = inf
!
EQ,A(- |>) : - ' Lb and - # $

"

# inf
!
E(- |>) : - ' Lb and - # $

"
# E( $|>),

where the second step follows from the fact that, as we have just proved above,
E(- |>) ( EQ,A(- |>) for all - ' Lb, and where the Þnal step follows the fact that E
satisÞesEC4!

286 by assumption.

The following result establishes a characterisation of EQ,A as being a
natural extension of E

pre
Q under coherence onF 9 X ! and Axioms Co2286

and EC4!
286. One may check that coherence onF 9 X ! is aÑstrictlyÑ

stronger condition than NE288 and NE3(
295,4 and so the result can easily

be seen to follow from Proposition 6.3.2! above. The characterisation may
nonetheless be convenient for those who consider coherence to be a basic
requirement for upper expectations.

Corollary 6.3.3. For any upper expectations treeQ¥, EQ,A is the natural ex-
tension of E

pre
Q under coherence onF 9 X ! , Co2286 and EC4!

286.

Proof. Proposition 6.3.2! says that EQ,A extends E
pre
Q and satisÞesEC4!

286 and
Co2286. EQ,A is also coherent on F 9 X ! because it extendsEÞn

Q [by deÞnition],
and becauseEÞn

Q is coherent by Corollary 3.4.587. Any other global upper expec-
tation E on V 9 X ! that extends E

pre
Q , that is coherent on F 9 X ! , and that satis-

ÞesEC4!
286 and Co2286, also satisÞesNE288 and NE3(

295 due to Theorem 3.4.384

4Even when a global upper expectation extendsE
pre
Q and satisÞesNE288 and NE3(

295,
there is nothing that bounds its values from below on couples ( $, ' 1:+) ' F 9 X ! with $ not
(+ + 1)-measurable. We leave it as an exercise for the reader to check that this permits such
a global upper expectation to violate coherence. On the other hand, due to Theorem3.4.384

and Proposition 3.4.484, coherence impliesNE288 and NE3(
295.
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and Proposition 3.4.484. Hence, by Proposition6.3.2297, E( $|>) ( EQ,A( $|>) for all
( $, >) ' V 9 X ! .

The next characterisation of EQ,A is based on continuity with respect to
increasing sequences [Co4295]; a property that is satisÞed by upper inte-
grals/expectations of all sortsÑalso upper integrals/expectations that we
have not discussed in this dissertation; e.g. Choquet integrals [6, 28, 29].
We express it as a natural extension ofEÞn

Q , because we want to emphasize
the extension from F9X ! to V 9X ! through Co4295 (and EC4!

286), but one
may also express it as a natural extension ofE

pre
Q as we did in the previous

two results.

Corollary 6.3.4. For any upper expectations treeQ¥, the upper expectation
EQ,A is the natural extension ofEÞn

Q under Co4295 and EC4!
286.

Proof. By deÞnition, EQ,A extends EÞn
Q and satisÞes EC4!

286. Due to Corol-
lary 6.2.4(v) 294, EQ,A also satisÞesCo4295. Any other global upper expectation E on
V 9 X ! that extends EÞn

Q and that satisÞesEC4!
286 and Co4295, also satisÞesCo2286

due to Lemma 6.3.1296. Hence, sinceEQ,A is by deÞnition the largest extension of
EÞn

Q satisfying EC4!
286 and Co2286, we indeed obtain that E( $|>) ( EQ,A( $|>) for all

( $, >) ' V 9 X ! .

6.3.2 Full axiomatisation

What properties or axioms su" ce in order for a global upper expectation
to be equal to EQ,A? Or, equivalently, what properties su" ce in order for a
global upper expectation to be equal to E

eb
Q,V and, for a large part, EP ,M?

So far, our characterisations for EQ,A always established that it is the most
conservative upper expectation under some given set of properties. A full
axiomatisation of EQ,A without any conservativity arguments is still lack-
ing at this point; we now provide such an axiomatisation, with the goal of
proposing a series of axioms that is as weak and simple as possibleÑthough
the latter is admittedly sometimes somewhat of a subjective matter.

We start by axiomatisingEQ,A on the domain Lb9X ! . Recall that Co3295,
though it may look abstract at Þrst sight, simply imposes continuity with
respect to some very speciÞc increasing sequences [see e.g. Lemma6.3.1296].

Lemma 6.3.5. For any upper expectations treeQ¥, a global upper expectation
E on V9X ! is equal toEQ,A on Lb 9X ! if and only if it satisÞesNE188ÐNE388,
Co3295 and Co5295.

Proof. First note that EQ,A itself satisÞes the axioms above. Indeed, Theorem3.4.688

and the deÞnition of EQ,A imply that EQ,A satisÞesNE188ÐNE388. Axiom Co5295

follows from Corollary 6.2.4(vi) 294, and Axiom Co3295 follows from the fact that
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EQ,A satisÞesCo4295 by Corollary 6.3.4! , and since Co4295 implies Co3295 by
Lemma 6.3.1296. Since EQ,A satisÞes the axioms above, a global upper expectation
E on V 9 X ! that is equal to EQ,A on Lb 9 X ! will also satisfy these axioms, be-
cause these axioms solely involve variables inLb. It is clear that this is the case for
NE188ÐNE388 and Co5295. It is also the case forCo3295 because, for any converg-
ing sequence( $+)+' N in F that is uniformly bounded below, inf +#H $+ for any H ' N
and $ ! lim +* +$ $+ are both bounded below and limits of Þnitary gambles. This
establishes necessity ofNE188ÐNE388, Co3295 and Co5295.

To prove su" ciency, suppose thatE is any global upper expectation onV 9 X !

satisfying NE188ÐNE388, Co5295 and Co3295. Then E coincides with EÞn
Q on F 9 X !

by Theorem 3.4.688, which by the fact that EQ,A extendsEÞn
Q [by deÞnition] implies

that E coincides with EQ,A on F 9 X ! . Now Þx any ( $, >) ' Lb 9 X ! . According to
Proposition 4.7.2182, the variable $ is the pointwise limit of a sequence ( $+)+' N in F
that is uniformly bounded below.

Let us Þrst show that E(inf +#H $+|>) = EQ,A(inf +#H $+|>) for any H ' N. For
any H ' N, let (- H

+ )+' N be the sequence inV deÞned by - H
+ ! inf +#@#H $@for all

+ # H, and - H
+ ! $H for all + < H. Then it can easily be checked that, since

( $+)+' N is a sequence of Þnitary gambles,(- H
+ )+' N is a sequence of Þnitary gambles.

Moreover, (- H
+ )+' N clearly converges decreasingly toinf +#H $+, and (- H

+ )+' N is uni-
formly bounded below because( $+)+' N is uniformly bounded below. Hence, sinceE
and EQ,A both satisfy Co5295, and since we already knowE and EQ,A to coincide on
F 9 X ! , we obtain that

E
-

inf
+#H

$+
1
1>

.
= lim

+* +$
E(- H

+ |>) = lim
+* +$

EQ,A(- H
+ |>) = EQ,A

-
inf
+#H

$+
1
1>

.
.

Since the equality above holds for allH ' N, and sinceE and EQ,A satisfyCo3295,
it follows that

E( $|>) = lim
H* +$

E
-

inf
+#H

$+
1
1>

.
= lim

H* +$
EQ,A

-
inf
+#H

$+
1
1>

.
= EQ,A( $|>).

To axiomatise EQ,A on the entire domain V 9 X ! , we only need to add
Axiom NE4L

295 to the list in Lemma 6.3.5! ; it simply says that the values
of EQ,A on V 9 X ! are obtained by approximating from above using the
variables in the domain Lb 9 X ! .

Proposition 6.3.6. For any upper expectations treeQ¥, the upper expectation
EQ,A is the unique global upper expectation satisfyingNE188ÐNE388, Co5295,
Co3295 and NE4L

295.

Proof. By Lemma 6.3.5! , we know that EQ,A satisÞesNE188ÐNE388, Co5295 and
Co3295. That it satisÞes NE4L

295 follows from Proposition 4.7.6184 and Theo-
rem 6.2.2291. To prove the uniqueness ofEQ,A, consider a second global upper ex-
pectation E on V 9 X ! satisfying the axioms above. Then Lemma6.3.5! says that
E and EQ,A coincide on Lb 9 X ! . The fact that they coincide on all of V 9 X ! then
follows immediately from the fact that they both satisfy NE4L

295.
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6.3 Alternative characterisations for EQ,A

6.3.3 A direct formula

Though the axiomatic characterisations presented previously are at-
tractive from a theoretical point of view, pragmatically oriented readers
will still be on the lookout for some formula that allows them to derive
the values of the upper expectation EQ,A more directly. The expression
for the game-theoretic upper expectation E

eb
Q,V in DeÞnition 4.6149 is in

that sense convenient to work with, because it directly expressesE
eb
Q,V( $|>)

for anyÑgeneralÑcouple ( $, >) ' V 9 X ! in terms of the allowable su-
permartingales Meb(Q¥). Similarly, Proposition 3.5.1097Ñor, even better,
Corollary 3.5.1298Ñshows that EQ ( $|>) for any ( $, >) ' V 9 X ! can simply
be obtained by looking at the values of EÞn

Q on all Þnitary gambles that are
larger or equal than $ on " (>).

The result below provides a similar practical formula for EQ,A. It deliber-
ately takes the values ofEÞn

Q as a starting point, because these can easily be
obtained from the local models; one method to do so is to use the formula
in Lemma 3.D.5116. For particular types of Þnitary gambles, and particu-
lar types of trees, more e" cient methods can be found in [58, 63, 100].
Furthermore, as we have already mentioned a few times [e.g. Section4.7180

and Section5.5.4257], we are often interested in limits of Þnitary gambles, or
even more speciÞcally, monotone limits of Þnitary gambles. In those cases,
instead of using the formula below, it is more convenient to use the continu-
ity properties Corollary 6.2.4(v) 294 and (vi) 294 in conjunction with the fact
that EQ,A coincides with EÞn

Q on F 9 X ! .

Proposition 6.3.7. For any upper expectations treeQ¥ and any ( $, >) ' V 9
X ! , we have that

EQ,A( $|>)

= inf
!
lim inf
+* +$

EÞn
Q (- +|>) : - + ' F, (; 0 ' R) - + # 0 and lim

+* +$
- + #> $

"

= inf
0 ' R

inf
!
lim inf
+* +$

EÞn
Q (- +|>) : - + ' F, - + # 0 and lim

+* +$
- + #> $

"
.

Proof. It follows from Theorem 6.2.2291 and Proposition 4.7.7185, that, for any
( $, >) ' V 9 X ! ,

EQ,A( $|>) = inf
!
lim inf

+* +$
EQ,A(- +|>) : - + ' F, (; 0 ' R) - + # 0 and lim

+* +$
- + #> $

"
.

Recalling that EQ,A extendsEÞn
Q [by deÞnition], we immediately obtain the Þrst de-

sired equality. The second equality follows trivially from the Þrst, because

!
lim inf

+* +$
EÞn

Q (- +|>) : - + ' F, (; 0 ' R) - + # 0 and lim
+* +$

- + #> $
"

=
A

0' R

!
lim inf

+* +$
EÞn

Q (- +|>) : - + ' F, - + # 0 and lim
+* +$

- + #> $
"

.
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Axiomatic upper expectations

6.4 The natural extension under a weaker continuity axiom

In this Þnal section, we examine whether the deÞnition of EQ,A as the
most conservative extension ofEÞn

Q under EC4!
286 and Co2286 can be fur-

ther relaxed by replacing Co2286 with Co1286. In other words, we study
whether E

"

Q,AÑif it existsÑis equal to EQ,A and, more generally, what the
main characteristics of E

"

Q,A are. The upper expectationE
"

Q,A is particularly
interesting because, as we will discuss in Section6.4.2304, it can be seen as
a imprecise-probabilistic generalisation of DaniellÕs upper integral.

6.4.1 Existence ofE
"

Q,A and a direct formula

We start by establishing the existence ofE
"

Q,A, and by giving a formula
that is similar toÑbut more elegant thanÑthe one given for EQ,A in Propo-
sition 6.3.7! .

Proposition 6.4.1. For any upper expectations treeQ¥, the natural extension
E

"

Q,A exists and, for any( $, >) ' V 9 X ! ,

E
"

Q,A( $|>) = inf
!

lim
+* +$

EÞn
Q (- +|>) : - + ' F, - + ( - ++1, lim

+* +$
- + #> $

"

= inf
!

lim
+* +$

EÞn
Q (- +|>) : - + ' F, - + ( - ++1, lim

+* +$
- + # $

"

= inf
!

sup
+' N

EÞn
Q (- +|>) : - + ' F, - + ( - ++1, sup

+' N
- + # $

"
.

Proof. We start by proving the Þrst equality. Let E on V 9 X ! be deÞned, for all
( $, >) ' V 9 X ! , by

E( $|>) ! inf
!

lim
+* +$

EÞn
Q (- +|>) : - + ' F, - + ( - ++1, lim

+* +$
- + #> $

"
,

where the limit lim +* +$ EÞn
Q (- +|>) indeed exists for any increasing sequence(- +)+' N

in F becauseEÞn
Q is monotone by Proposition 3.4.484 [ WC584]. We show that E

is the most conservativeÑpointwise largestÑglobal upper expectation on V 9 X !

that extends EÞn
Q and satisÞesEC4!

286 and Co1286. By the deÞnition of the natural
extension, this will then automatically imply the existence of E

"

Q,A and the equality
of E and E

"

Q,A.
Let us Þrst check thatE coincides with EÞn

Q on F 9 X ! , or in other words that
E extends EÞn

Q . That E( $|>) ( EÞn
Q ( $|>) for any ( $, >) ' F 9 X ! follows immediately

from the deÞnition of E; we can simply consider the (increasing) sequence inF that
is equal to $ for all indices. To prove the converse inequality, observe that, for any
( $, >) ' F 9 X ! ,

E( $|>) = inf
!

lim
+* +$

EÞn
Q (- +|>) : - + ' F, - + ( - ++1, lim

+* +$
- + #> $

"

# inf
!
lim inf

+* +$
EÞn

Q (- +|>) : - + ' F, (; 0 ' R) - + # 0 and lim
+* +$

- + #> $
"

,
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6.4 The natural extension under a weaker continuity axiom

because any increasing sequence(- +)+' N in F is bounded below (by inf - 1), and the
corresponding limit lim +* +$ EÞn

Q (- +|>) = lim inf +* +$ EÞn
Q (- +|>) always exists due to

the monotonicity [ WC584 in Proposition 3.4.484] of EÞn
Q . Proposition 6.3.7301 says

that the right-hand side in the inequality above is equal to EQ,A( $|>), so we obtain
that E( $|>) # EQ,A( $|>). Since EQ,A moreover extendsEÞn

Q , we infer that E( $|>) #
EÞn

Q ( $|>) for all ( $, >) ' F 9 X ! .
Furthermore, that E satisÞesEC4!

286 follows straightforwardly from its deÞni-
tion. To see that it also satisÞesCo1286, consider any > ' X ! and any increasing
sequence(- +)+' N in F. Let - ! sup+' N - + = lim +* +$ - +. Then we have that

E(- |>) ( lim
+* +$

EÞn
Q (- +|>) = lim

+* +$
E(- +|>) = lim sup

+* +$
E(- +|>),

where the inequality follows from the deÞnition of E, and the Þrst equality follows
from the fact that E extendsEÞn

Q . Hence,E is a global upper expectation that extends
EÞn

Q and satisÞesEC4!
286 and Co1286.

To prove that E is the largest such global upper expectation, consider any global
upper expectation E1 that extends EÞn

Q and satisÞesEC4!
286 and Co1286. Fix any

( $, >) ' V 9 X ! , and consider any increasing sequence(- +)+' N in F such that
lim +* +$ - + #> $. Let (÷- +)+' N be the sequence deÞned by÷- + ! - +I" (>) + +I" (>)& for
all + ' N. Then we clearly have that (÷- +)+' N is an increasing sequence inF such that
lim +* +$ ÷- + = lim +* +$ - +I" (>) + (+$ )I" (>)& # $. Moreover,

lim
+* +$

EÞn
Q (- +|>) = lim

+* +$
EÞn

Q (÷- +|>) = lim
+* +$

E1(÷- +|>) # E1( lim
+* +$

÷- +|>) # E1( $|>),

where the Þrst equality follows from NE288 in Theorem 3.4.688 and the fact that
÷- +I" (>) = - +I" (>) for all + ' N, the Þrst inequality from the fact that E1 satisÞesCo1286,
and the last inequality from the monotonicity [ EC4!

286] of E1. Since the inequality
above holds for any increasing sequence(- +)+' N in F such that lim +* +$ - + #> $, we
obtain from the deÞnition of E that E( $|>) # E1( $|>). Hence,E is indeed the largest
global upper expectation onV9X ! that coincides with EÞn

Q and that satisÞesEC4!
286

and Co1286. This establishes the Þrst equality in the statement above.
To prove the second equality, note that obviously, for any ( $, >) ' V 9 X ! ,

E
"

Q,A( $|>) = inf
!

lim
+* +$

EÞn
Q (- +|>) : - + ' F, - + ( - ++1, lim

+* +$
- + #> $

"

( inf
!

lim
+* +$

EÞn
Q (- +|>) : - + ' F, - + ( - ++1, lim

+* +$
- + # $

"
.

To establish the converse inequality, consider any increasing sequence(C+)+' N in F
such that lim +* +$ C+ #> $. Let (÷C+)+' N be deÞned by÷C+ ! C+I" (>) ++I" (>)& for all + ' N.
Then, sincelim +* +$ C+ #> $, we have that lim +* +$ ÷C+ = lim +* +$ C+I" (>) +(+$ )I" (>)& #
$. Moreover, the sequence(÷C+)+' N still is an increasing sequence of Þnitary gambles,
so we get that

inf
!

lim
+* +$

EÞn
Q (- +|>) : - + ' F, - + ( - ++1, lim

+* +$
- + # $

"
( lim

+* +$
EÞn

Q (÷C+|>)

= lim
+* +$

EÞn
Q (C+|>),
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Axiomatic upper expectations

where the last step follows from the fact that ÷C+I" (>) = C+I" (>) for all + ' N, and
the fact that EÞn

Q satisÞesNE288. Since the above holds for any increasing sequence
(C+)+' N in F such that lim +* +$ C+ #> $, we infer that

inf
!

lim
+* +$

EÞn
Q (- +|>) : - + ' F, - + ( - ++1, lim

+* +$
- + # $

"

( inf
!

lim
+* +$

EÞn
Q (- +|>) : - + ' F, - + ( - ++1, lim

+* +$
- + #> $

"
= E

"

Q,A( $|>).

The Þnal equality in the statement above now follows trivially from the increas-
ing character of the sequences(- +)+' N, and the fact that EÞn

Q is monotone by Propo-
sition 3.4.484 [ WC584].

The following result shows that E
"

Q,A is additive with respect to real con-
stants; a property that we will need later on.

Proposition 6.4.2. For any upper expectations treeQ¥, we have thatE
"

Q,A( $+
; |>) = E

"

Q,A( $|>) + ; for all ( $, >) ' V 9 X ! and ; ' R.

Proof. Consider any ( $, >) ' V 9 X ! and ; ' R. According to Proposition 6.4.1302,
we have that

E
"

Q,A( $+ ; |>) = inf
!

lim
+* +$

EÞn
Q (- +|>) : - + ' F, - + ( - ++1, lim

+* +$
- + # $+ ;

"
.

Note that a sequence of global variables(- +)+' N is an increasing sequence of Þnitary
gambles such that lim +* +$ - + # $ + ; , if and only if (- + & ; )+' N is an increasing
sequence of Þnitary gambles such thatlim +* +$ (- + & ; ) # $. Moreover, by Propo-
sition 3.4.4 [ WC784], we have that EÞn

Q (- +|>) = EÞn
Q (- + & ; |>) + ; for any such a

sequence(- +)+' N and all + ' N. Hence,

E
"

Q,A( $+ ; |>)

= inf
!

lim
+* +$

EÞn
Q (- + & ; |>) + ; : (- + & ; ) ' F,

(- + & ; ) ( (- ++1 & ; ), lim
+* +$

(- + & ; ) # $
"

= E
"

Q,A( $|>) + ; .

6.4.2 Daniell-like upper expectations

One of the reasons why we Þnd the extensionE
"

Q,A of EÞn
Q interesting is

that it can be seen as an imprecise adaptation of DaniellÕs [19] method for
extending a linear expectation. This method uses similar ideas as those that
are used in standard measure theory to extend the domain of a measure,
with the di ! erence that linear expectations are now immediately considered
to be the initial objects and that continuity arguments are directly applied
to linear expectations rather than probability measures.

304



6.4 The natural extension under a weaker continuity axiom

The classical Daniell extension

Concretely, DaniellÕs [19] method for extending a linear expectation consists
of the following three steps, of which we will only sketch the essentials; we
refer to [ 103, Chapter 6] and [ 38, Section 5.1] for more details.

(i) The initial object that we aim to extend ought to be an elementary
integral Xon a vector lattice K . A vector lattice is a non-empty set
of real-valued functions $: Y * R closed under pointwise addition,
(Þnite) minima, (Þnite) maxima, and scaling with a real number; e.g.
F is a vector lattice. An elementary integral X: K * R on a vector
lattice K is a functional that is linear [ 103, (a), (b) on p.283], that
takes non-negative values on (pointwise) non-negative functions [103,
(c) on p.283], and that additionally satisÞes [ 103, (d) on p.283]:

lim
+* +$

X( $+) = 0 if ( $+)+' N is decreasing inK and lim
+* +$

$+ = 0. (6.3)

(ii) The integral X is extended to the domain of all over- and under-
functions by imposing continuity. An over-function $ ' K o is the (ex-
tended real-valued) pointwise limit of an increasing sequence of func-
tions in K ; an under-function $ ' K u is the (extended real-valued)
pointwise limit of a decreasing sequence of functions inK . The inte-
gral Xis then deÞned, for any $ ' K o, by

X( $) ! lim
+* +$

X( $+) if ( $+)+' N is increasing in K and lim
+* +$

$+ = $,

and similarly for any under-function $ ' K u. It can be shown that, due
to the assumptions aboutXand K , this deÞnition does not su! er from
ambiguity.

(iii) The upper integral X( $) of any extended real-valued function $: Y *
R for which there is a - ' K o such that - # $, is now deÞned by the
following upper approximation:

X( $) ! inf
%
X(- ) : - ' K o and - # $

&
.

Analogously, the lower integral X( $) of any extended real-valued func-
tion $ for which there is a - ' K u such that - ( $, is deÞned by

X( $) ! sup
%
X(- ) : - ' K u and - ( $

&
.

If X( $) and X( $) are both deÞned, real-valued and coincide, then the
common value X( $) ! X( $) = X( $) is called the integral of $. It can
again be proved that this deÞnition of Xis consistent with its earlier
deÞnition on K o %K u, and therefore that this new integral Xextends
the earlier one.
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Axiomatic upper expectations

The measure-theoretic enthousiast may indeed spot great similarities
between the reasoning above and how probability measuresÑsometimes
called pre-measuresÑare usually extended; see e.g. [102, Section 1.7].
DaniellÕs [19] method can therefore be seen as the functional analysis analo-
gon of the classical measure-theoretic approach. In our context, where (up-
per) expectations are the main objects of interest, this method is therefore
much more natural and direct than any of the measure-theoretic procedures
described in Chapter5217. Of course, since it only involves linear function-
als, the applicability of this method is restricted to a precise context. The
adaptation5 to our imprecise setting, however, seems rather straightforward.
As we will see, this adaptation furthermore results in the same operator as
the axiomatic upper expectationE

"

Q,A deÞned earlier. Let us attempt to make
this clear.

An imprecise Daniell-like extension

In our context, we use F as our initial vector lattice, and, for any Þxed
> ' X ! , we let EÞn

Q (á|>) : F * R be our ÔelementaryÕ upper expectation.
We put ÔelementaryÕ between quotation marks becauseEÞn

Q (á|>) satisÞes all
the characteristic properties of an elementary integral, apart from the fact
that it is sublinear instead of linear [ 103, (a), (b) on p.283]; sublinearity
follows from the fact that EÞn

Q satisÞesWC282 and WC382 by deÞnition; the
fact that EÞn

Q is non-negative on non-negative gambles [103, (c) on p.283]
follows from Proposition 3.4.4[ WC684]; Eq. ( 6.3)! , Þnally, follows from
Corollary 6.2.4(vi) 294, the fact that EQ,A extends EÞn

Q , and the fact that
EÞn

Q (0|>) = 0 due to Proposition 3.4.4[ WC684].
Next, similar to step (ii) ! , we extend EÞn

Q (á|>) to all over-functions Fo

and under-functions Fu by imposing continuity; that is, we let the extension
EQ,D(á|>) on Fo %Fu be deÞned byEQ,D( $|>) ! lim +* +$ EÞn

Q ( $+|>) for any
$ ' Fo and any increasing sequence( $+)+' N in F such that lim +* +$ $+ = $,
and similarly for any $ ' Fu and any decreasing sequence( $+)+' N in F such
that lim +* +$ $+ = $. It can easily be checked, using Corollary6.2.4(v) 294

and (vi) 294 and the fact that EQ,A extends EÞn
Q , that this deÞnition of EQ,D

does not su! er from ambiguity and that EQ,D indeed extendsEÞn
Q . In fact, it

follows from the same arguments thatEQ,D coincides with EQ,A on (Fo%Fu)9
X ! , and therefore by Corollary 6.2.4(ii) 293 that EQ,D is monotoneÑwe will
use this property shortly. Furthermore, observe that the set of all real-valued
over-functions is exactly the class of bounded below lower semicontinuous
(l.s.c.) variables in Vu, and that the set of all real-valued under-functions is

5We do not call it a generalisation because we restrict our attention to the setting of
discrete-time Þnite-state processes; in that respect, DaniellÕs [19] approach is much more gen-
eral since it considers abstract possibility spaces, vector lattices and elementary integrals.
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6.4 The natural extension under a weaker continuity axiom

the class of bounded above upper semicontinuous (u.s.c.) variables inVu;
this follows from Lemma 5.5.2251 (and the deÞnition of an l.s.c. variable).

Finally, similar as in step (iii) 305, we extend EQ,D(á|>) one step further to
the entire domain V, by using an outer approximation:

E
o
Q,D( $|>) ! inf

%
EQ,D(- |>) : - ' Fo and - # $

&
for all $ ' V.6

The obtained upper expectation E
o
Q,D is then an extension of the previous

Daniell-like expectation EQ,D.

Corollary 6.4.3. For any upper expectations treeQ¥, the upper expectation
E

o
Q,D extendsEQ,D.

Proof. Consider any ( $, >) ' (Fo %Fu) 9 X ! . If $ ' Fo, then clearly E
o
Q,D( $|>) =

EQ,D( $|>) becauseEQ,D(á|>) is monotone as mentioned above. If $ ' Fu, then the
inequality that E

o
Q,D( $|>) # EQ,D( $|>) follows once more from the monotonicity of

EQ,D(á|>). To prove the converse inequality, note that $ = lim +* +$ $+ = inf +' N $+
for some decreasing sequence( $+)+' N in F + Fo [because $ is an under-function].
Hence, by the deÞnition of E

o
Q,D and since $+ # $ for all + ' N,

E
o
Q,D( $|>) ( lim

+* +$
EQ,D( $+|>) = EQ,D( $|>),

where the equality (and also the existence of the limit) follows from the deÞnition
of EQ,D.

The Daniell-like upper expectation E
o
Q,D that we have deÞned above can

now easily be seen to coincide with our axiomatic upper expectationE
"

Q,A

on the entire domain V 9 X ! ; indeed, it follows from the continuity of EQ,D
with respect to increasing sequences inFÑwhich itself follows immediately
from how EQ,D was deÞned onFoÑand the fact that EQ,D extendsEÞn

Q , that,
for any ( $, >) ' V 9 X ! ,

E
o
Q,D( $|>) = inf

%
EQ,D(- |>) : - ' Fo and - # $

&

= inf
%
EQ,D( lim

+* +$
- +|>) : - + ' F, - + ( - ++1, lim

+* +$
- + # $

&

= inf
%

lim
+* +$

EQ,D(- +|>) : - + ' F, - + ( - ++1, lim
+* +$

- + # $
&

= inf
%

lim
+* +$

EÞn
Q (- +|>) : - + ' F, - + ( - ++1, lim

+* +$
- + # $

&

= E
"

Q,A( $|>),

where the last step follows from Proposition 6.4.1302.

6In accordance with step (iii) 305, the inÞmum in this deÞnition is always taken over a
non-empty set; e.g. it is easy to see that the constant- ! +$ is in Fo and always satisÞes
- # $.
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That E
"

Q,A and E
o
Q,D coincide ought not to surprise us as they are essen-

tially built on the same principles: Þrst adopting continuity with respect
to increasing sequences inF (this corresponds to Co1286 or Co1=

286 in the
case ofE

"

Q,A) and then approximating from above (this corresponds to tak-
ing the most conservative extension or natural extension underEC4!

286).
This makes this way of extending EÞn

Q very elegant. Nevertheless, it re-
mains to be seen how well the resulting common operator E

"

Q,A performs
in terms of continuity properties. The Daniell (outer/inner) integral is well-
understood and known to satisfy many strong continuity properties in a
precise contextÑsimilar to those of the Lebesgue integral with respect to a
probability measureÑbut we are unaware of any existent results about an
imprecise variant such asE

"

Q,A. In Sections 6.4.3310 and 6.4.4314, we will
investigate the properties of E

"

Q,A and how it relates to EQ,A.

A note about the Daniell lower extension

Before we continue to study the properties of E
"

Q,A, we want to point out
an interesting fact about the Þnal step in our construction of E

o
Q,D. We took

the upper integral E
o
Q,D as our object of interest, but said nothing about the

lower integral E
u
Q,D which approximates from the inside:

E
u
Q,D( $|>) ! sup

%
EQ,D(- |>) : - ' Fu and - ( $

&
for all ( $, >) ' V 9 X ! .

The reason is that, as we will clarify shortly, E
o
Q,D and E

u
Q,D do not coincide in

many cases, and thenE
o
Q,D clearly is the more intuitive choice when it comes

to deÞning a global upper expectation operator. Yet, though its deÞnition
may be somewhat counter-intuitive, it actually turns out that on a large
part of its domain, E

u
Q,D coincides with EQ,A, and therefore also with E

eb
Q,V

[Theorem 6.2.2291] and, actually, if P A is closed for all A' X ! , then when
E

u
Q,D and EQ,A coincide, E

u
Q,D and EP ,M coincide as well [Theorem 6.2.3292].

Proposition 6.4.4. For any upper expectations treeQ¥ and any ( $, >) ' V 9
X ! such that $ is bounded below and! (X ! )-measurable, or the limit of a
decreasing sequence inF, we have thatE

u
Q,D( $|>) = EQ,A( $|>).

Proof. First recall from the discussion above thatEQ,D coincides with EQ,A on (Fo %
Fu) 9 X ! ; this followed from, on the one hand, the deÞnition of EQ,D which starts
from EÞn

Q and assumes continuity with respect to monotone sequences of Þnitary
gambles, and on the other hand, Corollary6.2.4(v) 294 and (vi) 294 and the fact that
EQ,A extendsEÞn

Q . Hence, we have that

E
u
Q,D( $|>) = sup

%
EQ,A(- |>) : - ' Fu and - ( $

&
for all ( $, >) ' V 9 X ! . (6.4)

Next, note from the above equality and the monotonicity [ EC4!
286] of EQ,A that E

u
Q,D

coincides with EQ,A on the under functions (and situations) Fu 9 X ! . Hence, since
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6.4 The natural extension under a weaker continuity axiom

any limit $ ' V of a decreasing sequence inF isÑby deÞnitionÑin Fu, we have that
E

u
Q,D( $|>) = EQ,A( $|>) for any such $ and any > ' X ! .

So it remains to prove that E
u
Q,D( $|>) = EQ,A( $|>) for any $ ' V! ,b and any

> ' X ! . To this end, we will once more use ChoquetÕs capacitability theorem [Theo-
rem 5.5.9255]. First observe that, sinceEQ,A coincides with E

eb
Q,V [Theorem 6.2.2291],

we have by Proposition 5.5.8254 that the restriction of EQ,A(á|>) to V# is a capacity
on ! . Since $is bounded below and! (X ! )-measurable, the variable $1 ! $&inf $is
non-negative and clearly still ! (X ! )-measurable. Hence, Theorem5.5.9255 says that

EQ,A( $1|>) = sup
%
EQ,A(- |>) : - ' Vu

# , - is u.s.c. and- ( $1
&
.

We next show that, for any Þxed - ' V, we have that - ' Vu
# and - is u.s.c. if and

only if - # 0 and - ' Fu. Suppose that- ' Vu
# and - is u.s.c. Then by Lemma5.5.7254

- is bounded above (and clearly below) and thus by Lemma5.5.2251 the pointwise
limit of a decreasing sequence(- +)+' N of Þnitary gambles. So then we indeed have
that - # 0 and - ' Fu. Conversely, suppose that- # 0 and - ' Fu. Then by
Lemma 5.5.2251 - is u.s.c. and bounded above, and thus also real-valued because-
is non-negative. Hence,- ' Vu

# and - is u.s.c. as desired.
So, by the equality above, we have that

EQ,A( $1|>) = sup
%
EQ,A(- |>) : - ' Fu, - # 0 and - ( $1

&
( E

u
Q,D( $1|>),

where the inequality follows from Eq. ( 6.4). . To prove the converse inequality,
consider any - ' Fu such that - ( $1. Since $1 is non-negative, we also have that
- + ( $1 with - + = - @0. Moreover, since - ' Fu, we also have that - + ' Fu; indeed, if
(- +)+' N is a decreasing sequence inF such that lim +* +$ - + = - , then we also have that
((- +)+)+' N is a decreasing sequence inF such that lim +* +$ (- +)+ = - +. Moreover, it
follows from - ( - + and the monotonicity of EQ,A, that EQ,A(- |>) ( EQ,A(- +|>). Since
this holds for any - ' Fu such that - ( $1, we indeed Þnd that

E
u
Q,D( $1|>) = sup

%
EQ,A(- |>) : - ' Fu and - ( $1

&

( sup
%
EQ,A(- |>) : - ' Fu, - # 0 and - ( $1

&
= EQ,A( $1|>).

So we conclude thatE
u
Q,D( $1|>) = EQ,A( $1|>). It remains to show that this implies that

E
u
Q,D( $|>) = EQ,A( $|>). Since $1 = $&inf $with inf $ ' R [because $is assumed to be

bounded below], it su" ces to check thatE
u
Q,D and EQ,A are additive with respect to

real constants. ForEQ,A, this follows from Corollary 6.2.4(ii) 293[ EC5163]; for E
u
Q,D,

this then follows from Eq. ( 6.4). , the fact that EQ,A is constant additive and the
fact that, for any - ' V and any ; ' R, we clearly have that - ' Fu if and only if
- + ; ' Fu.

Since E
u
Q,D coincides with EQ,A on the domain of couples ( $, >) ' V 9

X ! such that $ ' V! ,b or $ is the limit of a decreasing sequence inF, it
has the same desirable properties asEQ,A on this domain. Most practically
relevant inferences are included in this domain (recall Section 5.5.4257),
and so, technically speaking,E

u
Q,D is a suitable global upper expectation.

However, since its deÞnition is rather unconventional and not very intuitive,
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Axiomatic upper expectations

we are inclined to regard E
u
Q,D mainly as a technical construct, which may

operate as an alternative characterisation forEQ,A or E
eb
Q,VÑor perhaps even

EP ,MÑin many cases, but not necessarily convincing as a deÞnition of a
global model for discrete-time stochastic processes.

Furthermore, our claim that E
o
Q,D and E

u
Q,D do not coincide in many

cases is illustrated by two examples further on [Example6.4.5 and Exam-
ple 6.4.6314]. They show that E

"

Q,AÑwhich is equal to E
o
Q,DÑmay already

di! er from EQ,A for bounded pointwise limits of Þnitary gambles, which
since EQ,A and E

u
Q,D coincide on such limits (because, as clariÞed near the

end of Example 6.4.6314, such a limit is always in V! ,b), implies that E
o
Q,D

and E
u
Q,D di! er on such limits. Hence, the domain where the Daniell-like

upper integral E
o
Q,D and Daniell-like lower integral E

u
Q,D coincide, and thus

where a common Daniell-like integral as in (iii) 305 can be deÞned, is in some
cases too small to be practically relevant. Moreover, such a commonÑupper
and lowerÑintegral is in the classical ÔpreciseÕ setting important because it
is a linear operator, yet, in our case, even on the domain whereE

o
Q,D and

E
u
Q,D coincide, neither of these operators need to be linear (since the upper

expectation EÞn
Q itself already isnÕt linear). Hence, there is no good reason

to restrict our attention to such a common operator, instead of working with
E

o
Q,D (or E

u
Q,D).

6.4.3 E
"

Q,A fails to satisfy a crucial continuity axiom

A Þrst obvious question that one may pose about the nature ofE
"

Q,A is
whether it satisÞes the continuity property Co2286; for if it did, then it would
follow from the deÞnitions of E

"

Q,A and EQ,A that both upper expectations are
equal, and therefore that E

"

Q,A has the sameÑand desirableÑcharacteristics
as EQ,A. We would then preferably adopt E

"

Q,A as the main characterisa-
tion of this common global upper expectation, simply because it relies on
a weaker continuity argument; one that is moreover the same as DaniellÕs
continuity argument in the precise case.

Unfortunately, and somewhat remarkably, this is not the case. This is
shown by the following example.

Example 6.4.5. Consider the state spaceX ! { ) , * , &} , and let P ¥ be
the imprecise probability tree where, for each > ' X ! , P > is the set of all
probability mass functions 2 such that 2(* ) = : and 2() ) = 2(&) = (1&: )/ 2
for some 0 ( : ( 1. The agreeing upper expectations treeQ¥ is then
described by Eq. (3.3)51; for all > ' X ! and all $ ' L (X ), it is given by

Q>( $) ! sup
0( : ( 1

=
: $ (* ) + (1 & : )( $() ) + $(&))/ 2

>
.

The treesP ¥ and Q¥ model the case where a subject has vacuous beliefs
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6.4 The natural extension under a weaker continuity axiom

about whether the next state value will be * or an element of { ) , &} , but
where if she knows the latter is true she deems it equally likely that either
) or &will be the next state value.

Now let us look at the values of E
"

Q,A for the sequence( $+)+' N of Þnitary
gambles deÞned, for all+ ' N, by

$+(? ) !

23334

333
5

1 if ? " = * " &1) for some 1 ( " ( +;

0 if ? + = * +;

&1 if ? " = * " &1&for some 1 ( " ( +,

for all ? ' ! .

So $+ for any + ' N depends on the Þrst+ states of the process; it is equal
to 1 if the Þrst state di! erent from * in this (Þnite) sequence is ) ; it is equal
to &1 if the Þrst state di! erent from * in this (Þnite) sequence is &; and it
is equal to 0 if all states in this sequence are* . So it is clear that ( $+)+' N is
a sequence of Þnitary gamblesÑin fact, each$+ is +-measurable. Moreover,
( $+)+' N converges pointwise to the global gamble $ deÞned by

$(? ) !

23334

333
5

1 if ? " = * " &1) for some " ' N;

0 if ? = *** á á á;

&1 if ? " = * " &1&for some " ' N,

for all ? ' ! .

So $(? ) for any ? ' ! is equal to 1 if the Þrst state di! erent from * in ? is
) ; it is equal to &1 if the Þrst state di! erent from * in ? is &; and it is equal
to 0 if all states in ? are * . We will show that lim +* +$ E

"

Q,A( $+) = 0 and
E

"

Q,A( $) # 1/ 2, thus establishing that Co2286 does not hold for E
"

Q,A.
We Þrst prove that E

"

Q,A( $+) = 0 for all + ' NÑand therefore that
lim +* +$ E

"

Q,A( $+) = 0. Fix any + ' N and note that E
"

Q,A( $+) = EÞn
Q ( $+)

due to the deÞnition of E
"

Q,A and the fact that $+ is a Þnitary gamble. So it
su" ces to show thatEÞn

Q ( $+) = 0.
Start by observing that, due to Proposition 3.5.996 and because $+ is

+-measurable,

EÞn
Q ( $+|* +&1) = Q*+&1 ( $+(* +&1á))= Q*+&1 (I) & I&)

= sup
0( : ( 1

=
: 0 + (1 & : )(1 & 1)/ 2

>
= 0.

Furthermore, since $+ is constant and equal to1 on the cylinder set " (* +&2) ),
we have by Theorem3.4.6 [ NE288] and Proposition 3.4.484 [ WC684] that

EÞn
Q ( $+|* +&2) ) = EÞn

Q ( $+1*+&2) |* +&2) ) = EÞn
Q (11*+&2) |* +&2) ) = 1.

In an analogous way, we can deduce thatEÞn
Q ( $+|* +&2&) = &1. Hence,

EÞn
Q ( $+|* +&2á)is equal to the local gamble I) & I& ' L (X ), and so it follows
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in a similar way as beforeÑnote that EÞn
Q ( $+|#1:+&1) is (+ & 1)-measurable

and a gamble because of Proposition3.4.484 [ WC684]Ñthat

EÞn
Q (EÞn

Q ( $+|#1:+&1)|* +&2) = Q*+&2 (EÞn
Q ( $+|* +&2á))= Q*+&2 (I) & I&) = 0.

Using the law of iterated upper expectations for EÞn
Q [Corollary 3.5.794], we

obtain that

EÞn
Q ( $+|* +&2) = EÞn

Q (EÞn
Q ( $+|#1:+&1)|* +&2) = 0.

We can now simply repeat this entire reasoning; we have that
EÞn

Q ( $+|* +&3) ) = 1 and EÞn
Q ( $+|* +&3&) = &1 because of Theo-

rem 3.4.6 [ NE288] and Proposition 3.4.484 [ WC684], and therefore that
EÞn

Q ( $+|* +&3á)= I) & I&. This again implies that

EÞn
Q ( $+|* +&3) = EÞn

Q (EÞn
Q ( $+|#1:+&2)|* +&3) = Q*+&3 (EÞn

Q ( $+|* +&3á))

= Q*+&3 (I) & I&) = 0.

Applying this reasoning over and over again, eventually yields that indeed

EÞn
Q ( $+) = EÞn

Q ( $+|*0) = 0.

To show that E
"

Q,A( $) # 1/ 2, we use the formula in Proposition 6.4.1302.
Fix any increasing sequence(- +)+' N in F such that lim +* +$ - + # $, and any
E > 0. Since lim +* +$ - +(*** á á á )# $(*** á á á )= 0, there is an ÷+ ' N such
that - ÷+(*** á á á )# &E. The gamble- ÷+ is Þnitary and therefore H-measurable
for some H ' N, so this implies that - ÷+(? ) # &E for all ? ' " (* H ). Since
(- +)+' N is increasing, we also have that- +(? ) # &E for all + # ÷+ and all
? ' " (* H ).

Let us now focus on the values that the gambles(- +)+>÷+ take on the
cylinder event " (* H ) ). Since $ is equal to the constant 1 on this entire
cylinder event, we know that (- +(? ))+>÷+ for any ? ' " (* H ) ) converges to
a value larger than or equal to 1. Let %+ ! {? ' " (* H ) ) : - +(? ) < 1 & E}
for all + ' N such that + > ÷+. Then, by what we have previously said,
lim +* +$ %+ = ) . We now show that in fact %+! = ) for some Þnite +! > ÷+.

Observe that (%+)+>÷+ is a decreasing sequence of events because(- +)+>÷+

is increasing. Moreover, each%+ is a Þnite union of cylinder events; indeed,
this follows from the fact that each - + is Þnitary and the Þniteness ofX . As
a result, since lim +* +$ %+ is empty, we infer by Lemma 4.C.2209 that %+!

must be empty for at least one+! > ÷+ [and consequently also for all + larger
than +! ].

Since %+! is empty, we have that - +! (? ) # 1 & Efor all ? ' " (* H ) ), and
therefore that - +! 1*H ) # (1 & E)1*H ) . On the other hand, since +! > ÷+, we
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6.4 The natural extension under a weaker continuity axiom

also know from before that - +! (? ) # &Efor all ? ' " (* H ). In particular, we
have that - +! (1*H * + 1*H &) # &E(1*H * + 1*H &). So we Þnd by adding these
two inequalities that

- +! 1*H # (1 & E)1*H ) & E(1*H * + 1*H &). (6.5)

The variable on the right-hand side is an (H + 1)-measurable gamble, and
therefore Proposition 3.5.996 guarantees that

EÞn
Q

-
(1 & E)1*H ) & E(1*H * + 1*H &)

1
1* H .

= Q*H
-
(1 & E)I) & E(I* + I&)

.

= sup
0( : ( 1

=
: (&E) + (1 & : )(1 & E& E)/ 2

>

= sup
0( : ( 1

=
& : / 2 + 1/ 2 & E

>
= 1/ 2 & E.

Hence, by Eq. (6.5), Proposition 3.4.484 [ WC584] and Theo-
rem 3.4.6 [ NE288], we have that

1/ 2 & E( EÞn
Q

-
- +! 1*H |* H .

= EÞn
Q (- +! |* H ). (6.6)

Next, note that EÞn
Q (- +! |* H ) ( EÞn

Q (- +! ). Indeed, using the law of iterated
upper expectations [Corollary 3.5.794] and Lemma 3.D.4116Ñwhich we can
apply due to Proposition 3.4.484 [ WC1185] and the fact that EÞn

Q extendsE
pre
Q

by deÞnitionÑwe have for any 0 ( . ( H & 1 that

EÞn
Q (- +! |* .) = EÞn

Q (EÞn
Q (- +! |#1:.+1) |* .) = Q* .

-
EÞn

Q (- +! |* .á)
.

# EÞn
Q (- +! |* .+1),

where the last inequality follows from the deÞnition of Q* . [simply consider
the case where: = 1]. Since this holds for all 0 ( . ( H & 1, we obtain
that EÞn

Q (- +! |* H ) ( EÞn
Q (- +! |* 0) = EÞn

Q (- +! ). Combining this with Eq. ( 6.6),
we infer that 1/ 2 & E( EÞn

Q (- +! ).
The rest of the proof is now straightforward: Since (- +)+' N is increas-

ing, and since EÞn
Q is monotone by Proposition 3.4.484 [ WC584], the previ-

ous inequality implies that 1/ 2 & E ( lim +* +$ EÞn
Q (- +). This holds for any

E > 0, so we get that 1/ 2 ( lim +* +$ EÞn
Q (- +). This holds for any increas-

ing sequence(- +)+' N in F such that lim +* +$ - + # $, so by the formula in
Proposition 6.4.1302 we obtain that 1/ 2 ( E

"

Q,A( $).
So we conclude that lim +* +$ E

"

Q,A( $+) = 0 but that E
"

Q,A( $) # 1/ 2, and
therefore that E

"

Q,A does not satisfyCo2286. "

As already argued in Section6.1285, we believe Axiom Co2286 to be a
desirable property for global upper expectations to have. SinceE

"

Q,A does
not satisfy this axiom, we regard this global upper expectation as somewhat
inadequate. Our belief grows even stronger if we compare the behaviour of
E

"

Q,A to that of the three other main upper expectations EQ,A, E
eb
Q,V (or E

eb
A ,V
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for any agreeing tree A¥) and EP ,M in the example above; these three global
models all return the value 0 for the gamble $.

Example 6.4.6. Reconsider the upper expectations treeQ¥ and the variables
( $+)+' N and $ from Example 6.4.5310. Recall that EÞn

Q ( $+) = 0 for all + ' N.
SinceEQ,A extendsEÞn

Q , this implies that also EQ,A( $+) = 0 for all + ' N, and
therefore that lim +* +$ EQ,A( $+) = 0. Since ( $+)+' N is a sequence inF that is
clearly uniformly bounded below (by &1), Co2286 implies that

0 = lim
+* +$

EQ,A( $+) # EQ,A( $). (6.7)

By conjugacy [Eq. (6.1)289], this yields 0 ( EQ,A(&$), which by EC1163 in
Corollary 6.2.4(ii) 293 in turn implies that 0 ( EQ,A(&$). It follows from
symmetry considerations of the treeQ¥ and the variable $, that EQ,A(&$) =
EQ,A( $). As a result, we obtain that 0 ( EQ,A( $), which together with
Eq. (6.7) allows us to infer that EQ,A( $) = 0. So we conclude that

lim
+* +$

EQ,A( $+) = 0 = EQ,A( $),

and therefore that EQ,A is continuous with respect to the sequence( $+)+' N

of Þnitary gambles.
To see that the same is true for the upper expectationsE

eb
Q,V and E

eb
A ,VÑ

for any agreeing acceptable gambles treeA¥Ñit su " ces to use Theo-
rem 6.2.2291 and Theorem 4.3.6161. Finally, that it holds for EP ,M for
any agreeing imprecise probability tree P ¥ can be deduced from Theo-
rem 6.2.3292, and the fact that $ is in V! ,b. Indeed, $ is clearly bounded
below, and it is moreover ! (X ! )-measurable because each Þnitary gamble
$+ is ! (X ! )-measurable [since the level sets{? ' ! : $(? ) ( &} for all &' R
are Þnite unions of cylinder events] and because ofMV2228. "

Another reason why one may not want to useE
"

Q,A as a global model,
is the fact that E

"

Q,A does not satisfyCo4295 or any other stronger form of
continuity from below (with respect to increasing sequences). Indeed, for
if it did, then, since E

"

Q,A is monotone [EC4!
286] by deÞnition, E

"

Q,A would
satisfyCo2286 due to Lemma6.3.1296. But this is impossible as we just shown
above. Though we considerCo4295 or any other stronger form of continuity
from below to be less intuitive and compelling than Co2286, one might still
want to impose it simply because it is a property common to all sorts of
(upper) expectations.

6.4.4 E
"

Q,A as a suitable alternative for EQ,A in three special cases

Though E
"

Q,A does not really qualify as a suitable global model in general
contexts, there are still three particular instances whereE

"

Q,A has all the nice
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6.4 The natural extension under a weaker continuity axiom

features that we would like it to have; (i) if the global variable of interest
is the limit of a monotone sequence of Þnitary gambles, (ii) in a precise
context where the local dynamics are described by linear expectations trees
and/or precise probability trees, (iii) and in a context where we are solely
interested in global upper (and lower) probabilities rather than global upper
(and lower) expectations. It turns out that E

"

Q,A is equivalent to EQ,A in these
three special cases, and therefore that it is then also equivalent toE

eb
Q,V and,

for a large part, to EP ,M. Moreover, it follows trivially from the deÞnitions
of E

"

Q,A and EQ,A that, even when E
"

Q,A does not coincide with EQ,A, it still
provides a conservative bound for the latter.

Corollary 6.4.7. For any upper expectations treeQ¥, we have thatE
"

Q,A( $|>) #
EQ,A( $|>) for all ( $, >) ' V 9 X ! .

Proof. This follows immediately from the fact that Co2286 is stronger than Co1286,
and DeÞnition 6.1289 and DeÞnition 6.2289.

An equality for monotone limits of Þnitary gambles

Let us start by establishing thatE
"

Q,A and EQ,A coincide on all pointwise lim-
its of monotone (increasing or decreasing) sequences of Þnitary gambles. As
already mentioned in Section 4.7180 and 5.5.4257, these limits already make
up a fair deal of all the variables that are relevant for practical purposes.
Any hitting time, for instance, can be written as the limit of an increasing
sequence of ÔstoppedÕ hitting times; see Example4.2.2140 for a case where
we consider the hitting time B) of a single state) ' X .

Corollary 6.4.8. For any upper expectations treeQ¥, any > ' X ! and any
monotone sequence( $+)+' N of Þnitary gambles that converges to some$ ' V,

EQ,A( $|>) = E
"

Q,A( $|>) and EQ,A( $|>) = E
"

Q,A
( $|>)

Proof. EQ,A and E
"

Q,A coincide on F 9 X ! because they are both equal toEÞn
Q by

deÞnition. Then, if the sequence of Þnitary gambles( $+)+' N is increasing, the desired
equality follows from Corollary 6.2.4(v) 294 and the continuity of E

"

Q,A with respect
to ( $+)+' N due to Co1=

286 [because it satisÞesCo1286 and EC4!
286 by deÞnition].

On the other hand, if ( $+)+' N is decreasing, thenEQ,A is continuous with respect
to ( $+)+' N due to Corollary 6.2.4(vi) 294 [since gambles are always bounded above].
Then, becauseE

"

Q,A is always equal to or larger than EQ,A due to Corollary 6.4.7,

EQ,A( $|>) ( E
"

Q,A( $|>) ( lim
+* +$

E
"

Q,A( $+|>) = lim
+* +$

EQ,A( $+|>) = EQ,A( $|>),

where the second inequality follows from EC4!
286 and the decreasing character of

( $+)+' N, and where the Þrst equality follows from the fact that E
"

Q,A and EQ,A are both
by deÞnition equal to EÞn

Q on F 9 X ! . The equality between the lower expectations
then follows from conjugacy [Eq. ( 6.1)289].
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Note in particular that E
"

Q,A satisÞes, apart from continuity with respect to
increasing sequences of Þnitary gambles [Co1=

286], also continuity with re-
spect to decreasing sequences of Þnitary gambles; this is due to the proof
above, or by Corollary 6.4.8! and Corollary 6.2.4(vi) 294.

An equality for the precise setting

To show that E
"

Q,A coincides with EQ,A for precise local models, it su" ces to
simply check that E

"

Q,A is equal to the traditional ÔpreciseÕ Daniell integral as
described in Section6.4.2(i) 305Ð(iii) 305, with EÞn

Q (á|>) now fulÞlling the role
of an actualÑlinearÑelementary integral (and not merely a sublinear one
as in the discussion below Section6.4.2(i) 305Ð(iii) 305). The desired equality
then follows immediately from the fact that the standard Daniell integral
satisÞes continuity properties similar to those ofEQ,A. We concretize this
reasoning in the proof of the following lemma.

Lemma 6.4.9. For any precise probability tree2 and the agreeing (upper)
expectations treeQ¥ according to Eq.(3.4)52, E

"

Q,A satisÞesCo4295.

Proof. Let us check that our upper expectationE
"

Q,A(á|>) for any > ' X ! is equal to
the Ôouter Daniell extensionÕEo

P from [ 38, Section 5.1.3], with P a speciÞc count-
ably additive probability charge [DeÞnition 5.1221]. As we will see, the desired re-
sult for E

"

Q,A will then follow from the Ômonotone convergence theoremÕ [38, Theo-
rem 5.10]. Though the monotone convergence theorem for the Daniell integral is
well-established, and can also be found in earlier textbooksÑe.g. [103, Chapter 6]Ñ
we choose to base ourselves on the work in [38, Section 5.1] because it is adapted
to also allow extended real-valued expectations rather than only real-valued ones.

The construction of Eo
P in [ 38, Section 5.1] relies on a countably additive (un-

conditional) probability charge P on an algebra (or Þeld) of events F . It follows
from [ 38, Lemma C.3] and DeÞnition 5.1221 that theÑsomewhat unconventionalÑ
deÞnition of countable additivity in [ 38, Section 5.1] is equivalent to countable ad-
ditivity in ourÑtraditionalÑsense. The elementary integral in [ 38, Section 5.1] is
denoted by EP, and is deÞned by [38, Eq. (2.19)]; that is, for all F -simple gambles,

EP( $) !
+$

.=1

) .P(%.), (6.8)

with
# +

.=1 ) .I%. any representation of $ [recall Section 3.3.374]. A reasoning entirely
the same as in Section6.4.2(i) 305Ð(iii) 305 is then further followed to deÞne the upper
Daniell integralÑor outer Daniell extensionÑ Eo

P in [ 38, Section 5.1].
For any arbitrary but Þxed > ' X ! , consider the global probability charge P2 on

<X ! = 9X ! that satisÞes Eq. (3.12)72Ñaccording to Proposition 3.3.473 this global
probability charge exists and is unique. The unconditional probability charge P2(á|>)
on <X ! =is then countably additive according to [ 5, Theorem 2.3]. So we can apply
the procedure above to deÞne the corresponding elementary integralEP2 (á|>) [ac-
cording to Eq. (6.8)] on all <X ! =-simple gambles, and subsequently the outer Daniell
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extension Eo
P2

(á|>) [according to Section 6.4.2(i) 305Ð(iii) 305] on all global variables
$ ' V. Then Eo

P2
(á|>) satisÞes the continuity described in [38, Theorem 5.10], be-

cause this continuity solely concerns ÔD-integrableÕ variables and the ÔDaniell expec-
tation ED

PÕ in [38, Theorem 5.10] is simply a restriction of the outer Daniell extension
to ÔD-integrableÕ variables.

We next show that E
"

Q,A(á|>) is equal to Eo
P2

(á|>), and therefore that E
"

Q,A(á|>)
also satisÞes the continuity in [38, Theorem 5.10]. Let E2(á|>) be deÞned from P2

according to DeÞnition 3.477. Then its restriction to F coincides with the elemen-
tary integral EP2 (á|>) (on F): indeed, the <X ! =-simple gambles are equal to the Þni-
tary gambles F [Lemma 3.3.575], and it is clear from DeÞnition 3.477 and Proposi-
tion 3.3.6(i) 76 that E2(á|>) on F is deduced fromP2(á|>) in agreement with Eq. (6.8). ,
and thus in the same way as howEP2 (á|>) was deduced from P2(á|>). By Corol-
lary 3.5.392, and since Q¥ agrees with 2 according to Eq. (3.4)52 (or Eq. (3.3)51),
E2(á|>) is also equal toEQ (á|>), and thus by Corollary 3.4.789 equal to EÞn

Q (á|>) on F,
so we infer that EÞn

Q (á|>) is equal to EP2 (á|>). SinceEo
P2

(á|>) is the outer Daniell exten-
sion of EP2 (á|>) [according to Section 6.4.2(i) 305Ð(iii) 305] and since, as we have al-
ready shown, E

"

Q,A(á|>) coincides with the outer Daniell extensionÑor upper Daniell
integralÑ E

o
Q,D(á|>) deduced from EÞn

Q according to Section 6.4.2(i) 305Ð(iii) 305, we
obtain that Eo

P2
(á|>) and E

"

Q,A(á|>) are equal.
Hence, for any > ' X ! , since Eo

P2
(á|>) satisÞes the continuity in [38, Theo-

rem 5.10], we have that E
"

Q,A(á|>) satisÞes the continuity in [38, Theorem 5.10]. Ax-
iom Co4295 then follows as a special case, because all variables inLb are ÔD-integrableÕ
according to Proposition4.7.2182 and [38, Theorem 5.12], and becauseEo

P2
(á|>) [and

hence, E
"

Q,A(á|>)] can never take the value &$ for a D-integrable variable that is
bounded below due to [38, Theorem 5.9 (DE3)].

Theorem 6.4.10. Consider any (upper) expectations treeQ¥ for which there
is a precise probability tree2 such that Q¥ is equal to the agreeing treeQ¥,2

deÞned by Eq.(3.4)52. Then we have that

E
"

Q,A( $|>) = EQ,A( $|>) for all ( $, >) ' V 9 X ! .

Proof. SinceE
"

Q,A satisÞesCo4295 by Lemma6.4.9. , and moreover extendsEÞn
Q and

satisÞesEC4!
286 by deÞnition, it follows from Corollary 6.3.4 that E

"

Q,A is always
smaller than or equal to EQ,A. Hence, combined with Corollary 6.4.7315, we obtain
that EQ,A and E

"

Q,A are equal.

The fact that E
"

Q,A coincides with EQ,A (in the precise case) guarantees
that it possesses all the same features asEQ,A, and thus also that it coincides
with E

eb
Q,V and E2,M (for an agreeing precise tree 2); see (i) " below. So in

particular E
"

Q,A satisÞes the properties from Corollary6.2.4293Ñwhich we
will not present separately for the sake of brevityÑand, as a result of its
equality with E2,M, it satisÞes some additional strong continuity properties
which we list next.
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Axiomatic upper expectations

Corollary 6.4.11. For any precise probability tree2 and the agreeing (upper)
expectations treeQ¥ according to Eq.(3.4)52, the following statements hold:

(i) E
"

Q,A( $|>) = E
eb
Q,V( $|>) = E2,M ( $|>) for all ( $, >) ' V 9 X ! .

(ii) E
"

Q,A( $|>) = E"

Q,A( $|>) for all bounded below or above$ ' V! and all
> ' X ! . [being precise]

(iii) E
"

Q,A() $ + *- |>) = ) E
"

Q,A( $|>) + *E
"

Q,A(- |>) for all $ ' V! ,b, all - ' V! ,
> ' X ! and ) , * ' R. [linearity]

(iv) Consider any> ' X ! and any ( $+)+' N in V! that converges pointwise to
a variable $ ' V! . If there is a $! ' V! such that | $+| ( $! for all + ' N
and E

"

Q,A( $! |>) ( +$ , then lim +* +$ E
"

Q,A( $+) = E
"

Q,A( $).
[dominated convergence]

(v) Consider any> ' X ! and any decreasing sequence( $+)+' N in V! . If
there is a $! ' V! such that E

"

Q,A( $! |>) < +$ and $1 ( $! , then
lim +* +$ E

"

Q,A( $+|>) = E
"

Q,A(lim +* +$ $+|>). [monotone convergence]

Proof. Property (i) follows from Theorem 6.4.10! , Theorem 6.2.2291 and Theo-
rem 5.3.1235. Properties (ii) Ð(v) follow from (i) and Corollary 5.3.4239.

An equality for upper and lower probabilities

Another, perhaps surprising instance whereE
"

Q,A is equal to EQ,A occurs
when we consider general imprecise local models but restrict our atten-
tion to global indicators. Or in other words, if we only look at the upper
and lower probabilities associated with E

"

Q,A and EQ,A. Recall from Sec-
tion 3.1.352 that, for any upper expectations tree Q¥, the (global) upper
probability PQ,A and (global) lower probability PQ,A associated with EQ,A

and EQ,A are deÞned by

PQ,A(%|>) ! EQ,A(I%|>) and PQ,A(%|>) ! EQ,A(I%|>),

for all %+ ! and > ' X ! . The upper and lower probabilities P
"

Q,A and P"

Q,A
are deÞned similarly.

Theorem 6.4.12. For any upper expectations treeQ¥, any % + ! and any
> ' X ! , we have that

PQ,A(%|>) = P
"

Q,A(%|>) and PQ,A(%|>) = P
"

Q,A
(%|>)

The theorem above can be deduced straightforwardly from the following
lemma, which is expressed in terms of game-theoretic upper expectations.
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6.4 The natural extension under a weaker continuity axiom

Lemma 6.4.13. For any upper expectations treeQ¥, any %+ ! , any A' X ! ,
and any E > 0, there is a countable collectionD of pairwise incomparable
situationsÑa tree cutÑsuch that

%, " (A) +
A

>' D

" (>) and E
eb
Q,V(

#
>' D1>|A) ( E

eb
Q,V(I%|A) + E.

Proof. SinceE
eb
Q,V(I%|A) is real by Proposition4.4.3 (EC1163), it follows the deÞnition

of E
eb
Q,V that there is a bounded below supermartingale M ' Meb(Q¥) such that

M (A) ( E
eb
Q,V(I%|A) + E/ 2 and lim inf M #A I%. So, for all ? ' %, " (A), there is a

" ? # |A| such that M (? " ) # 1 & E/ 2 for all " # " ? . Let D1 be the set of situations
>1 3 Asuch that >1 = ? " ? for some ? ' %, " (A), and let Dbe deÞned by

D ! {> ' D1: (C>1 ' D1) >1 # >} .

Then note that
<

>1' D1 " (>) =
<

>' D " (>). Indeed, for any >1 ' D1 \ D, there is at least
one ÷> ' D1 such that ÷># >1. Let ÷>1 ' D1 be such a situation with minimal length; then
there are no situations ÷> ' D1 such that ÷> # ÷>1. Hence, we must have that÷>1 ' D.
Moreover, " (÷>1) 5 " (>1) because÷>1 # >1. Since this holds for any>1 ' D1\ D[and since
clearly D1 4 D] we thus have that

A

>1' D1
" (>) =

A

>' D

" (>). (6.9)

Furthermore, note that the situations in D are pairwise incomparable: for any two
situations >1, >2 ' D, >1 # >2 is impossible, because if this would hold then>1, >2 ' D1

and >1 # >2, implying that >2 cannot be in D. Moreover, recall that the situations
X ! = %.' NX . are countable because the state space is Þnite.7 Hence, D : X ! is a
countable collection of pairwise incomparable situations.

SinceDis made up out of pairwise incomparable situations, it is a (possibly par-
tial) cut, and so we can let M AD be the supermartingale M stopped at the cut D.
Since M ' Meb(Q¥), we have by Lemma4.C.5211 that also M AD ' Meb(Q¥). Fur-
thermore, for any > ' D, since > ' D1 and by the deÞnition of D1, we know that
M (>) # 1 & E/ 2. Hence, sinceM AD remains constant for all situations that follow >,
we have that lim inf M AD(? ) # 1 &E/ 2 for all ? ' " (>). Since this holds for all > ' D,

lim inf M AD(? ) + E/ 2 # 1 for all ? '
A

>' D

" (>).

Recall that lim inf M #A I%, which by Lemma4.4.1163 implies that M , and thusÑ
because every> ' D + D1 follows AÑalso M AD, is non-negative for all situations that
follow A. Hence, by the inequality above,

lim inf M AD + E/ 2 #A I<
>' D " (>) .

Since the situations in Dare pairwise incomparable, we have thatI<
>' D " (>) =

#
>' D 1>.

Plugging this back into the inequality above, gives us

lim inf (M AD + E/ 2) = lim inf M AD + E/ 2 #A
#

>' D 1>.

7This continues to hold for countable state spaces.
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Taking into account that M AD ' Meb(Q), and thus by LE5156 in Proposition 4.3.4156,
that (M AD + E/ 2) ' Meb(Q), we obtain by the deÞnition of E

eb
Q,V that

E
eb
Q,V(

#
>' D 1>|A) ( (M AD + E/ 2)(A) = M AD(A) + E/ 2.

Furthermore observe thatM AD(A) = M (A) because all situations inDfollow A[by the
deÞnition of D1 and D]. The inequality above and our assumptions about M then
imply that

E
eb
Q,V(

#
>' D 1>|A) ( M (A) + E/ 2 ( E

eb
Q,V(I%|A) + E.

It remains to check that %, " (A) +
<

>' D " (>). Since for any ? ' %, " (A), there
is a " ? # |A| such that ? " ? ' D1, it is clear that %, " (A) +

<
>1' D1 " (>1). Hence, the

desired inclusion follows from Eq. (6.9)! .

Proof of Theorem6.4.12318. We Þrst prove the equality for the upper probabili-
ties. We trivially have that

PQ,A(%|>) = EQ,A(I%|>) ( E
"

Q,A(I%|>) = P
"

Q,A(%|>),

where the inequality follows from Corollary 6.4.7315. To prove the converse inequal-
ity, recall from Theorem 6.2.2291 that EQ,A is equal to E

eb
Q,V. Hence, for any E, there

is by Lemma6.4.13318 a countable collection D of pairwise incomparable situations
such that

%, " (>) + %A' D" (A) and EQ,A(
#

A' D 1A|>) ( EQ,A(I%|>) + E.

The countable sum
#

A' D 1A can be written as the limit lim +* +$
#

A' D,|A|( + 1A of the
increasing sequence(

#
A' D,|A|( + 1A)+' N. Note, moreover, that (

#
A' D,|A|( + 1A)+' N is a

sequence of Þnitary gambles. Since% , " (>) + %A' D" (A), we also have that
lim +* +$

#
A' D,|A|( + 1A #> I%. Moreover, due to Corollary 6.2.4(v) 294 and the fact that

EQ,A extendsEÞn
Q , we have that

EQ,A(
#

A' D 1A|>) = lim +* +$ EQ,A(
#

A' D,|A|( + 1A|>) = lim +* +$ EÞn
Q (

#
A' D,|A|( + 1A|>).

Combined with EQ,A(
#

A' D 1A|>) ( EQ,A(I%|>) + E, we get that

lim
+* +$

EÞn
Q (

#
A' D,|A|( + 1A|>) ( EQ,A(I%|>) + E.

Hence, taking into account the fact that (
#

A' D,|A|( + 1A)+' N is an increasing sequence of
Þnitary gambles such thatlim +* +$

#
A' D,|A|( + 1A #> I%, we have by Proposition6.4.1302

that

E
"

Q,A(I%|>) ( EQ,A(I%|>) + E.

This holds for any E > 0, so E
"

Q,A(I%|>) ( EQ,A(I%|>). Together with the ear-
lier deduced inequality, we obtain that EQ,A(I%|>) = E

"

Q,A(I%|>) and therefore that
PQ,A(%|>) = P

"

Q,A(%|>).
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6.4 The natural extension under a weaker continuity axiom

The equality for the lower probabilities can then be deduced from conjugacy
[Eq. (6.1)289] and the equality between the upper probabilities; indeed, for any
0 + ! ,

1 & PQ,A(0|>) = 1 & EQ,A(I0 |>) = 1 + EQ,A(&I0 |>) = EQ,A(1 & I0 |>) = EQ,A(I0&|>)

= PQ,A(0&|>),

where the third step follows from EC5163 in Corollary 6.2.4(ii) 293. A similar
equality can then be deduced for the lower probability P

"

Q,A
(0|>) using conjugacy

[Eq. (6.1)289] and Proposition 6.4.2304. Hence, since the upper probabilitiesPQ,A

and P
"

Q,A are equal, the lower probabilities PQ,A and P
"

Q,A
are also equal.

SinceP
"

Q,A is equal toPQ,A, it follows from Theorem 6.2.2291 and 6.2.3292

that P
"

Q,A is also equal to the game-theoretic upper probabilityP
eb
Q,V and, for

all ! (X ! )-measurable events, equal to the measure-theoretic upper prob-
ability PP ,M or its simpliÞed variant P

B
P ,M (for an agreeing tree P ¥), and

similarly, due to conjugacy, for the lower probabilities.

Corollary 6.4.14. LetQ¥ andP ¥ be any upper expectations tree and imprecise
probability tree that agree according to Eq.(3.3)51. Then, for any%+ ! and
any > ' X ! , we have that

P
"

Q,A(%|>) = P
eb
Q,V(%|>) and P

"

Q,A
(%|>) = P

eb
Q,V(%|>).

If %is moreover! (X ! )-measurable, then

P
"

Q,A(%|>) = PP ,M (%|>) = P
B
P ,M (%|>);

P
"

Q,A
(%|>) = PP ,M (%|>) = PB

P ,M (%|>).

Proof. The Þrst statement follows from Theorems6.4.12318 and 6.2.2291, the conju-
gacy ofE

eb
Q,V [Corollary 4.3.7162], and the fact that upper and lower probabilities are

speciÞc instances of upper and lower expectations. The equality betweenP
"

Q,A and
PP ,M, and betweenP

"

Q,A
and PP ,M, follows from Theorems 6.4.12318 and 6.2.3292, the

conjugacy of EP ,M [Corollary 5.4.2241], and the fact that I% is a ! (X ! )-measurable
gamble if the event %is ! (X ! )-measurable. The remaining two equalities, between
PP ,M and P

B
P ,M, and betweenPP ,M and PB

P ,M, follow from the fact that P
B
P ,M and PB

P ,M

are restrictions of respectivelyPP ,M and PP ,M to ! (X ! )-measurable events; this fol-
lows from Corollary 5.4.1241.

We furthermore obviously have that all the properties of EQ,A in Corol-
lary 6.2.4293 also hold for E

"

Q,A, if we restrict ourselves to the domain of
indicators. In order not to overload this text with excessively many similar
results, we will not state this as a separate result.
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Ñ Chapter VII Ñ

C!")2,%+!"%

Our work has focused on global upper expectations for discrete-time
stochastic processes with a Þnite state space. We have considered a wide va-
riety of them; some were entirely new, some already existed or were based
on methods frequently used in di! erent contexts. We examined the charac-
teristic features of all these global upper expectations in considerable depth,
and laid great emphasis on the problem of how these global models are re-
lated to each other. This was done not only to present a technical overview
of the matter; above all else, we hope this manuscript provides a unifying
guideline on how and why we should use certain types of global upper ex-
pectations. Let us give a brief summary of our Þndings, and highlight some
of them a bit more.

We distinguished amongst six di! erent classes of global upper expec-
tation, and within each of these classes we often further distinguished be-
tween several possible deÞnitions for a global upper expectation. The Þrst
three classes that we studied were the Þnitary ones [Chapter345]; they
consisted of the Þnitary behavioural or betting-based upper expectations
EA and Ef

A ,V, the Þnitary probability-based upper expectation EP , and the
Þnitary axiomatic or coherence-based upper expectationsEQ and EÞn

Q . Each
of these three classes are based on di! erent types of local modelsÑA¥, P ¥

and Q¥, respectivelyÑand subsequently use extension procedures that are
unique to the framework that is associated with the corresponding type of
local modelsÑsets of acceptable gambles/martingales, sets of probabilities
and upper expectations, respectively. Since none of these extension proce-
dures rely on a continuity assumption, the Þnitary upper expectations can
be interpreted in a direct and intuitive way, and their mathematical analysis
is, compared to the continuity-based global upper expectations, relatively
straightforward. Moreover, as we have shown in Section3.590, all these dif-
ferent types of Þnitary global upper expectations coincide if the local mod-
els are chosen in accordance with each other, which can perhaps be seen as
the most profound advantage of (any of) these Þnitary upper expectations.
Unfortunately however, these Þnitary upper expectations are only deÞned
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on the domain V 9 X ! and, as was discussed in Section3.698, areÑin our
opinionÑonly suited for use on the even smaller domain F 9 X ! because
they lack basic but important continuity properties.

The subsequent chapters were then concerned with three types of global
upper expectations that can be seen as the continuity-based counterparts
of the three Þnitary global upper expectations. These upper expectations
are deÞned on the entire spaceV 9 X ! and are marked by relatively
strong (continuity) properties, therefore allowing us to deal with extended
real-valuedÑnot necessarily ÞnitaryÑglobal variables in a meaningful way.
However, their more complex and involved design implies that introducing,
interpreting and studying these global models becomes harder.

Chapter 4129 studied game-theoretic upper expectations; global opera-
tors that express a gamblerÕs inÞmum starting capital such that he is able to
hedge the global variable of interestÑpossibly by playing for an inÞnitely
long time. These operators were Þrst introduced by Shafer and Vovk [85,
86] but have since then appeared in many di! erent forms, and within many
di! erent contexts [8, 26, 60, 88, 101, 109]. We discussed a multitude of
possible deÞnitions, and argued why the versionsE

eb
A ,V and E

>

A ,VÑwhich
coincideÑare to be preferred over the other ones. Moreover, we also showed
in Section 4.3152 that E

eb
A ,V can be alternatively characterised in terms of up-

per expectations treesQ¥, and that the resulting operator E
eb
Q,V is then often

equivalent to the one used by Shafer and Vovk in their latest book [85]; see
Section 4.9187. The remaining part of Chapter 4129 was devoted to estab-
lishing a host of properties for these global operators, with a heavy focus on
proving or disproving continuity properties.

Chapter 5217 then treated global upper expectations deduced from the
framework of measure-theoretic probability. We started with the precise
case; yet the construction of our global measure-theoretic (upper) expecta-
tion in this traditional context already di ! ered from the classical approach
in two notable ways: we use (conditional) global probability measures in-
stead of a single (unconditional) probability measure in order to meaning-
fully condition on events of probability zero; and we extended the global
expectation beyond the domain of measurable variables, due to which it be-
came an upper expectation instead of an expectation. We showed that in
this precise case, the measure-theoretic upper expectation coincides with
the game-theoretic upper expectation on the entire domainV 9 X ! [Theo-
rem 5.3.1235], and therefore that properties of either one can be borrowed
and applied to the other one. Subsequently, in the general imprecise set-
ting, we deÞned the measure-theoretic upper expectation as the upper en-
velope of the ÔpreciseÕ measure-theoretic upper expectations corresponding
to the compatible precise probability trees. Several strong continuity prop-
erties were established, and this in turn lead us to conclude that these global
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measure-theoretic upper expectations are for many practically relevant vari-
ables equal to global game-theoretic upper expectations, especially if the
local sets of probability mass functions are closed; see Corollary5.5.15258.

Finally, it is the material presented in Chapter 6283 that I believe to be
the most compelling of all, and certainly the material that I am most proud
of. The axiomatic approach described there is simple and straightforward,
yet, has to our knowledge never been attempted beforeÑor at least not in
this imprecise discrete-time stochastic processes setting. We took the Þni-
tary upper expectation EÞn

Q on F 9 X ! as our starting point, because its
deÞnition is based on the simple and weak AxiomsWC182ÐWC482 (which
are equivalent to conditional coherence) and because all the global upper
expectations that we have discussed in this dissertation turn out to coincide
with EÞn

Q on the restricted domain F 9 X ! . Our subsequent extension then
simply relied on imposing monotonicity [ EC4!

286] in addition to continuity
with respect to speciÞc sequences of Þnitary gambles. Two versions of the
latter were considered; Co1286, which solely concerns increasing sequences,
and Co2286, which concerns not necessarily increasing but still bounded be-
low sequences. We then argued to take as global upper expectationE

"

Q,A or
EQ,A, which are the most conservative ones among all those that extendEÞn

Q
and that satisfy EC4!

286 and Co1286, or EC4!
286 and Co2286, respectively. It

quickly turned out that EQ,A is equal to E
eb
Q,V [Theorem 6.2.2291] and there-

fore that it also inherits all the powerful properties of E
eb
Q,VÑone of the most

important being that it is for a large part equal to EP ,M [Theorem 6.2.3292].
On the other hand, though the deÞnition of E

"

Q,A is conceptually even more
attractive than that of EQ,A, and though it can moreover be seen as an impre-
cise generalisation of DaniellÕs integration approach [19], it may for some
limits of Þnitary gambles return overly conservative values. This is why, in a
general context and considering general global variables, we prefer the use
of EQ,A over E

"

Q,A.
Nonetheless, we do want to stress that the three instances considered in

Section 6.4.4314 where E
"

Q,A and EQ,A coincide, are encountered frequently.
Indeed, the Þrst is where the considered variable of interest is a Þnitary
gamble or the limit of a monotone sequence of Þnitary gambles. Most of the
practically relevant variables that we know of, such as hitting times, stop-
ping times or averages over a Þnite time interval [58, 100], are of this type.
A second situation whereE

"

Q,A and EQ,A coincide is where local models are
assumed to be precise; an assumption that is still often madeÑrightly or
not. Finally, both these operators are also equivalent on the domain of all
indicators, which means that they give rise to the same upper and lower
probabilities. It requires little explanation that we are sometimes only in-
terested in such upper and lower probabilities rather than general upper
and lower expectations; an important and commonly encountered inference
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is for instance the hitting (upper and lower) probability of a certain subset
%+ X ; see Example3.6.199 and [58]. Interestingly enough, the equality on
the domain of all indicators can also be seen to imply that, if the restrictions
of the (unconditional) upper expectations EQ,A(á|>) and E

"

Q,A(á|>) to V are
2-monotone [6, 13, 106] for all > ' X ! , then the global upper expectations
EQ,A and E

"

Q,A coincide on the domain V 9 X ! of all gambles and situations.
This can be deduced from the representation result [106, Theorem 6.22],
which implies that 2-monotonicity of an unconditional coherent upper ex-
pectation, together with the domain of this upper expectation being a set of
gambles with a structure that is rich enough, is su" cient for this upper ex-
pectation to be fully determined by its restriction to the indicators. Such an
upper expectation can then be written as a Choquet integral with respect
to its corresponding upper probabilities. It remains to be seen, however,
whether the 2-monotonicity of EQ,A(á|>) and E

"

Q,A(á|>) (or their restrictions
to V) can be characterised in an elegant and useful way, for instance using
the form of the local models Q¥.

All things considered, the axiomatic upper expectationEQ,A can in prac-
tice often be replaced by E

"

Q,A. It is then preferable to do so because, as
already mentioned, the deÞnition of E

"

Q,A is more direct, it requires a user
to accept weaker axioms, and it agrees with DaniellÕs traditional approach
to extending integrals.

Now, if we take a step back and think about the simple but central ques-
tion posed in the beginning of Chapter 345 about how to extend imprecise
local models to a single global uncertainty model, we have now made up
our minds; the axiomatic upper expectation EQ,AÑoften to be replaced by
E

"

Q,AÑis what we will go with. This because of its simple and direct deÞni-
tion, and because of its strong continuity properties; but the most important
reason, we feel, is its universal character. Indeed, as pointed out at the end
of Section 6.1285, the deÞnitions of EQ,A and E

"

Q,A do not hinge on any par-
ticular interpretation, nor do they require a user to quantify uncertainty in
one speciÞc way, or within one speciÞc framework. The Þnitary upper ex-
pectation EÞn

Q Ñthe starting point for these global operatorsÑis deÞned in
terms of Axioms WC182ÐWC482, or equivalently coherence, which can be
motivated from both a behavioural point of view, and a probability-based
point of view; the subsequent extension of EÞn

Q then relies on a monotonic-
ity axiom and a continuity axiom, which can both be argued for on the
basis of a neutral approximation argument. This is in sheer contrast with
the (continuity-based) global upper expectations E

eb
A ,V and EP ,M which are

each constructed from a single and distinct point of view; game-theoretic
upper expectations start from local sets of acceptable gambles, and use the
language of gambling to extend beyond this point; measure-theoretic up-
per expectations start from local sets of probability mass functions, and use
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probability charges and measures to extend towards a global level. This dis-
tinction between probability-free (behavioural) approaches and probability-
based approaches has a long-standing history and is also present on a more
general scale, not only in our speciÞc context of discrete-time stochastic pro-
cesses. Our axiomatic approach reconciles both worlds, at least in our con-
text of discrete-time stochastic processes, and therefore frees the pragmatic
user from the controversial debate about how uncertainty ought to be inter-
preted and quantiÞed.

Lastly, to Þnish this plea in favour of the axiomatic approach, we want
the reader to think of the success of KolmogorovÕs work [56] in the Þeld
of measure theory; his approach was purely axiomatic and provided the
mathematical foundations for a theory of probability in a clear and elegant
fashionÑwhich was apparently much needed at the time it was published
[ 87]. By no means, we compare the value, relevance or scale of our work to
that of KolmogorovÕs, but we do hope that, for the Þeld of imprecise discrete-
time stochastic processes, our work may serve a similar purpose.

Future outlook

As tradition will have it, we conclude this chapter with a discussion of some
topics that may be worthwhile investigating further. A Þrst one concerns the
deÞnition of EQ,A, and more speciÞcally the form of Axiom Co2286. Recall
that it applies only to converging sequences inF that are uniformly bounded
below. The condition of being uniformly bounded below makes the axiom
weaker, which is desirable from an abstract mathematical perspective. But
our motivation for Axiom Co2286 just as well applies to general converging
sequences inF as it applies to uniformly bounded below ones, so why canÕt
we modify Co2286 to apply to general sequences? Well,EÞn

Q itself does not
necessarily satisfy such a generalised type of continuity, and so there need
not exist an extension of EÞn

Q that satisÞes such a continuity property.1

Example 7.0.1. Let X ! { ) , * } and consider the expectations treeQ¥ de-
Þned byQ>( $) ! ( $() ) + $(* ))/ 2 for all $ ' L (X ) and > ' X ! . Then it can
easily be derived from the law of iterated (upper) expectations [Proposi-
tion 3.5.996] that, for any $ ' F and any " ' N for which $ is " -measurable,
the upper expectation EÞn

Q ( $) is the average of $Õs values over all situations
of length " :

EÞn
Q ( $) = 1

|X |"

$

' 1:" ' X "

$(' 1:" ) = 1
2"

$

' 1:" ' X "

$(' 1:" ). (7.1)

1Of course, one could overthrow this argument by simply suggesting that a global upper
expectation should not always extendEÞn

Q
, but we honestly do not see any good reasons to do

so.
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Now let ( $+)+' N be the sequence deÞned by$+ ! &22+1) +* for all + ' N.
It is clear that $+ ' F for all + ' N, and it can also be checked that
lim +* +$ " () +* ) = ) and therefore that lim +* +$ $+ = 0. But by Eq. (7.1)!

and the fact that each $+ is clearly (+ + 1)-measurable, we have that

EÞn
Q ( $+) = 1

2++1

$

' 1:++1 ' X ++1

$+(' 1:++1) = 1
2++1

$

' 1:++1 ' X ++1

&22+1) +* (' 1:++1)

= & 1
2++1 22+ = &2+&1.

As a result, lim +* +$ EÞn
Q ( $+|>) = &$ . But ( $+)+' N converges to the Þnitary

gamble 0, so we have that

lim
+* +$

EÞn
Q ( $+|>) = &$ %0 = EÞn

Q (0) = EÞn
Q

-
lim

+* +$
$+

.
,

where the second equality follows from the fact that EÞn
Q satisÞesWC382

by deÞnition. Hence, EÞn
Q cannot satisfy a generalised type ofCo2286 that

applies to general sequences inF. "

It is clear from the example above that modifying Co2286 to apply to not
necessarily bounded below sequences is not a good ideaÑprobably not even
if an extension were to exist. Still, the bounded below requirement in Co2286

seems somewhat arbitrary from a philosophical point of view, and it begs
the question whether Co2286 cannot be modiÞed in one way or another in
order to arrive at an axiom that is more natural altogether. Perhaps it should
apply to sequences that converge in a stronger way than simply pointwise,
and perhaps the bounded below requirement can then be dropped? Food
for thought.

Two other possible routes for future research concern generalising the
present theory in two ways. The Þrst is to generalise to a setting where the
state spaceX is (countably or uncountably) inÞnite. The ideas and prin-
ciples that give rise to the deÞnitions of the game-theoretic and measure-
theoretic global upper expectations would in such a context remain essen-
tially the same. For instance, Shafer and Vovk [85] allow for general state
spaces, and the deÞnition of their global game-theoretic upper expectation
relies on entirely the same concepts as ours. In the measure-theoretic case,
Ionescu-TulceaÕs extension theorem [89, Theorem 2.9.2] would allow us to
extend local probability measures similar to how Proposition 5.1.3226 allows
us to extend local probability mass functions.

As far as the properties of these hypothetical game-theoretic and
measure-theoretic global upper expectations are concerned, much shall de-
pend on the additional conditions that we impose on the local models. For
instance, in order to obtain continuity of the game-theoretic upper expec-
tation with respect to increasing sequences, we shall at least need to im-
pose this upward continuity on the local upper expectations. This becomes
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clear if we look at the proof of Theorem 4.6.1175, which explicitly relies on
the continuity property LE6156 of the local upper expectations. We did not
need to impose it in our treatment hereÑor at least not on the set L (X )
of gamblesÑbecause our state spaceX was assumed Þnite. The measure-
theoretic upper expectation, on the other hand, shall probably remain con-
tinuous with respect to increasing sequences, simply because it will be an
upper envelope of Lebesgue integrals with respect to! -additive probabil-
ity measuresÑhere too, there is a continuity assumption at the local level,
because we would start from sets of local probability measures (which are
each! -additive).

The question under which conditions the game-theoretic and measure-
theoretic upper expectations will remain to be continuous with respect to de-
creasing Þnitary gambles [the counterparts of Theorem4.7.3182 and Propo-
sition 5.4.9246] is more tricky, though. A Þrst issue would of course be what
we understand under ÔÞnitaryÕ gambles or variables if the state space is
inÞniteÑthe continuity would surely not hold if we allow a Þnitary gam-
ble to simply be any bounded variable that depends on the process state at
a Þnite number of time instances. An alternative could be to deÞne them as
bounded variables that are both continuous and only depend on the process
state at a Þnite number of time instancesÑnote that, due to Lemma5.5.2251

and the paragraph above it, this is in line with our treatment here. Yet, even
then, we are convinced that some additional conditions will need to be sat-
isÞed before one can guarantee the downward continuity of these global up-
per expectations. For instance, Lemma4.C.2209, which is crucial for proving
Theorem 4.7.3182, can be extended to inÞnite state spaces, but only if the
considered state space remains to be compact. Apart from that, we suspect
that, for game-theoretic upper expectations, either supermartingales should
be restricted in how they are allowed to behave or some more continuity
conditions should be imposed on the local upper expectations, and that for
measure-theoretic upper expectations, the sets of local probability measures
will need to be compact or satisfy some other topological condition. All this
is no more than a calculated guess, though, and we certainly did not look
into the details. Yet, if game-theoretic and measure-theoretic global upper
expectations would satisfy comparable continuity properties in the case of
inÞnite state spaces as they do here in the case of Þnite state spaces, then
ChoquetÕs capacitability theorem [Theorem5.5.9255] could again be used
to establish an equality between the two operators.

Lastly, we did not talk about how our axiomatic global upper expecta-
tions should be adapted in order to appropriately deal with inÞnite state
spaces. This is di" cult to predict, though, since many of its characteris-
ing concepts and properties are speciÞcally adapted to the Þnitary setting;
e.g. what are the sequences of Þnitary gambles/variables in this new con-
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text? Can we guarantee existence and uniqueness in this new context? Here
too, additional assumptions for the local upper expectations shall need to
be made in order to arrive at satisfactory results.

Another interesting way in which this work can perhaps be generalised,
is to consider or develop global upper expectations that allow us to condition
on more general events than only (cylinder events of) situations. We have
little knowledge of existing work done on this part, especially in the game-
theoretic caseÑall the more compelling to look into it.

Of course, though our work was mainly aimed at examining the the-
oretical aspects of imprecise stochastic processes, we hope that it can also
play its part in more practically oriented research. Continuity properties, for
instance, can be combined with backwards recursive algorithms [62, 100]
to obtain methods for computing the upper expectations of (Þnitary and)
non-Þnitary variables; in [ 58], such a reasoning is used to obtain upper and
lower expected hitting times and probabilities. On the other hand, one may
also evoke our results on the connections between the di! erent types of
global models to borrow algorithms and techniques speciÞcally developed
for one type of global model and apply them to any other type.

Finally, it would also be worthwhile to further investigate how our work
compares to the material in some neighbouring research Þelds. In partic-
ular, the work of Denk et al. [ 30] on Daniell-Stone type of (global) upper
expectations seems interesting; comparing the form of our lower Daniell
extension E

u
Q,DÑwhich due to Proposition 6.4.4308 is for a large part equal

to our axiomatic (and thus also the game-theoretic and measure-theoretic)
upper expectationÑto the extension described in [ 30, Theorem 3.10], it
seems that a close connection must exist, at least for bounded measurable
variables. Equally compelling seems to be the relation with the sublinear
expectations proposed by Cohen et al. [7]; as [ 7, Theorem 2.1] and [ 7,
DeÞnition 2.4] show, the expectation operators treated there must in some
sense be similar to our measure-theoretic global upper expectations.
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The present is in every age merely the shifting point at which

past and future meet, and we can have no quarrel with ei-

ther. There can be no world without traditions; neither can

there be any life without movement. We cannot bathe twice

in the same stream, though, as we know to-day, the stream

still ßows in an unending circle. There is never a moment

when the new dawn is not breaking over the earth, and never

a moment when the sunset ceases to die. It is well to greet

serenely even the Þrst glimmer of the dawn when we see it,

not hastening towards it with undue speed, nor leaving the

sunset without gratitude for the dying light that once was

dawn.

Havelock Ellis.
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