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This is the end. The last words | put down, a Pnal ert.
The journey is not bPnished though. It has changed me,
and therefore it is unimaginable to continue without it.

It takes me to places and allows me to see.
It is where | can calmly celebrate.

An immense no-manQs-land close to my doorstep.
| will still come and go many times.

The four and a half years that lie behind me have been interesting, to say the
least. | will not attempt to express the feelings that | have felt, or the lessons
that | have learned. At this point, | mainly feel privileged for having been
allowed to spend four years of my life on studying Onature®. | had the time
and resources to engross myself in a beld, to a level that | was able to push
the boundaries of what is known. | could share my knowledge and ideas,
perhapsNand hopefullyNinspired some people, and even earned respect
for this. It is a job that has enriched me in so many aspects, and | largely
owe it to a good dose of luck: | was born in the right country, raised in a
stable environment, enjoyed proper education, su ered no Omajor® medical
issues and was surrounded by lovely people. Therefore, | feel privileged.

Sure, not all went well. Some who read this might know this better than
I do. | have walked some rough roads and took some wrong turns. But in
hindsight it is always easy to say such things. On top, it doesnOt make me,
nor you, any happier, so 101l shut up about it. :)

Although there was a good dose of luck involved, we should of course
not discredit the generous € orts of all those lovely people that have sur-
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rounded me throughout the years. This entire expedition would have failed
dramatically without them. Life would fail dramatically without them. As

I am writing this, the words of a great saxophone player echo in my head
and reRect how | feel: OThank you for living, it is fucking tricky!O

Let me start o by thanking the two persons that were largely respon-
sible for guiding and aiding me on a professional level during the past four
years: my two supervisors, Jasper De Bock and Gert de Cooman.

Jasper for the countless evenings that youOve passed, not with your fam-
ily, but with checking my sloppy proofs and my poorly structured textsNI
believe | also owe Annelien an apology for this. For all those midnight calls,
and the elaborate discussions we had at the blackboard and in the pub. |
have learned alot from our interactions. Many of the ideas found in this
book, and also in the rest of my work, owe their existence to you. Perhaps
your approach was a bit harsh from time to time, but then again, | always
got the feeling that you strongly believed in me. Maybe this was your way of
pushing me to my limits, and | can ensure you that it was € ective. Thank
you for pushing me, for letting me learn and for showing me how to believe
in myself.

Gert for allowing me to put things into perspective, both research-wise
and on a personal level. For planting a seed in my head four or Pve years ago,
when the idea of doing an applied engineering job seemed rather saddening
to me; | like the tree that came out of it, by the way! | have not only become
a better thinker due to you, but also, and especially, a better speaker. If there
is one trait | would describe you with, it is humour. IOIl always remember
the contagious smile peeping into my ¢ ce, saying Obye byeO in a way that is
slightly suspicious and made me wonder Ois he just being kind or did | miss
something here?® Thanks for all the awkward funny moments.

Apart from a set of great supervisors, | also had a bunch of great col-
leagues. The atmosphere created by them is unlike what | have ever experi-
enced beforeNwhich is perhaps not that surprising given that this job was
my brst job ever. Itis both enjoyable and stressful, heart-warming and com-
petitive, dead serious and extremely childish. The persons responsible for
this are/were, in alphabetical order, Alexander, Arne, Arthur, Floris, Keano,
Michiel, Simon, Stavros and Thomas. In particular, | want to thank Alexan-
der, whom | have considered to be a sort of professional older brother. How
many stupid mistakes | was able to avoid because of your precious advice, |
couldnOt count. Due to you, | am now considerably less terrible at working
with LATEX, and | was able to save hours or even days on the design of this
thesis layoutNthank you for allowing me to borrow your template! Sorry for
all the times | walked into your 0" ce interrupting your Row of concentra-
tion, and sorry for having to hear all my frustrations about silly little things.
Thank you for the HierbaOs, the tasty ice creams and the evenings at Den
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Draak, tjapper; hopefully we can have lots more of them in the future! An-
other colleagues that deserves some additional praise, is Floris. [Ove always
felt that a good friend brings out both the best and the worst in someone,
and thatOs exactly what you do to me. May we never grow up, darling.

On a more professional note, | would like to express my gratitude to-
wards Vladimir Vovk. Even when strict COVID-precautions were being im-
posed all over Europe, you made it possible for me to come over and enjoy
an interesting six weeks at the Royal Holloway University of London. Thank
you for having me; it is a shame that | didnOt have more time in between my
writing to follow up on your thought-provoking questions.

I would also like to thank all the members of the examination committee
for having read and reviewed this entire dissertation. | hope that you have
enjoyed the book a bit more than | have enjoyed writing it. Reading your
nice words, detailed comments and unexpected questions, did make me feel
enthusiastic about the whole thing again, though. | appreciate it.

Next, it is time to thank all those people that have been there for me and
that didn®t understand anything of what | was doing the last four years: my
family and (non-colleague) friends. Let me start with my lovely parents:
Steve and Marina. Dad, though your contribution to my mathematical edu-
cation was rather modest, you have been an endless source of inspiration in
so many other aspects of life. YouOve taught me to work hard, contaminated
me with a cycling obsession, and allowed me to listen to some amazing mu-
sic. | admire your eagerness to learn and your ability to bght for an idea,
especially now, given that you are already in your 60s. 101l be proud if | end
up the same way as you. Mom, thank you for the unconditional love and
care you have given meNit must have been hard, somewhat more than a
decade ago, when | was probably the most abominable obnoxious teenager
ever. Due to your straightforward way of communicating | am now way to
honest when people ask for my opinion, and thanks to your splendid cooking
skills | have become way to critical when a dish is served to meNnot always
the best combination. Hopefully you are proud now that | will Pnally start
a Oreal® job.

Also a big thanks to my brother, Elias, for designing the wonderful cover
of this book, and, of course, for being a such great inBuence both musically
and artistically.

To all my friends: | apologize for letting this dissertation take up mon-
strous proportions of time, and for all those moments that | lied to you,
claiming that it was going to be bnished in just one or two months. Undoubt-
edly, it would have been better to have spent a bit more of that time with
you. | thank the boys from AalstNLaurian, Nick, Peter, Stef and ViktorNfor,
among all other things, providing non-stop hilarious nonsense for more than
ten years; thank you Lieke for the long walks and intense talks; and thank
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you Simon for your words of wisdom and destroying my knee. Of course
there are many others that have a special place in my heart, yet, since this
preface is already becoming longer than | intendedNI guess | didnOt learn
anythingN, | will keep it to a general OTHANK YOU!O

Finally, it remains to express my gratitude to one last person: my love,
Sara. There is no one who | can be more myself with than you. You know
me as | am, without inhibitions, without distortion, in my purest form. | am
well aware of the fact that this is not always a good thing: | was stressed out
when writing my dissertation, badly tempered all the times we didnOt have
food on time, depressed when my knee was hurting, selPpsh when making
travel plans, and lazy when lying in the couch and in need of a foot massage.
Yet, though | am not always proud of it, | strongly neededNand still needN
to be this unbltered version that you allow me to be. To share my emotions,
and to digest thoughts instead of letting them swirl out of control. To not
feel alienated in a world that is never to be understood. You are my friend,
my companion, my fellow traveller, my warmth in cold days. For all that
you have given me, love, | bow to you.
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This dissertation is concerned with the study of discrete-time stochastic pro-
cesses, which are dynamical systems that change over time in an uncertain
way, and for which these changes only occur at discrete time instances. We
will specibcally focus on those cases where the state of the process at any sin-
gle time instant can only take a Pnite number of possible values; the stochas-
tic process is then called a Pnite-state discrete-time stochastic process. To
describe and draw conclusions about the behaviour of such a stochastic pro-
cess, we use imprecise probability models, and in particular conditional up-
per expectations. These so-called global upper expectations exist in many
di! erent forms and shapes, and it is our aim in this dissertation to study the
theoretical aspects of these models, reveal the relations between them, and
suggest new suitable global upper expectations of our own invention.

Our narrative starts with the basic setting of a single (unknown) variable
taking values in a Pnite set, and presents three possible mathematical mod-
els for quantifying the uncertainty with respect to such a variable. These
three models are all called imprecise probability models, because they gen-
eralise the standard probability modelNa probability measure, charge or
mass functionNto robustly deal with those situations where it is infeasible
or not justibed to specify such a Oprecised probability model. The brst type
of imprecise probability model that we consider is a set of probability mass
functions (or credal set), which gathers all probability mass functions that
are deemed possible. The second type of imprecise probability model is a
set of acceptable gambles, and captures a subjectOs beliefs by expressing her
attitude towards gambling on the value of the uncertain variable considered.
Finally, we also look at coherent upper and lower expectations; these can
be interpreted behaviourally, as expressing a subjectOs inbmum selling and
supremum buying prices, or more traditionally, as representing upper and
lower tight bounds on a collection of plausible (linear) expectations. We
discuss the well-known relations between these models and present some
basic extension procedures.

We then move on to consider the specibc setting of discrete-time stochas-
tic processes. The act of modelling such a stochastic process starts at a local
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level, where we make assessments about how the process is going to change
from one time instant to the next. These assessments can typically be ac-
quired from data or subjective expert opinions, and are then mathematically
expressed in terms of one of the three types of imprecise uncertainty models
mentioned earlier. Though the local models form what is typically directly
available from observation, in the end, we are interested in more global fea-
tures of the process. These global features involve, for instance, upper and
lower (bounds on) expected hitting times, expected time average behaviour,
or hitting probabilities. In order to make inferences of such kind, we thus
want to extend and combine the local models into a single joint Oglobal®
model, which in our case will always be a global upper expectation. Mathe-
matically speaking, these global models are extended real-valued operators
whose brst argument is an extended real-valued function or variable on the
space of all possible inPnite state sequences, and whose second argument is
a specibc type of conditioning event.

Global upper expectations can be obtained in various di erent frame-
works, using various di! erent techniques. We brst consider three so-called
Pnitary global upper expectations. These global upper expectations are
characterised by the common property that they extend the local models
without the use of any continuity assumptions, which is why we call them
Pnitary. Their debnitions are relatively simple and rely on concepts that are
well-known in the theory of imprecise probabilities. One is deduced in the
behavioural framework of sets of acceptable gambles, one is obtained as the
upper envelope of the expectations corresponding to a set of globalNpnitely
additiveNprobabilities, and one is debned axiomatically, as the natural ex-
tension under conditional coherence. We study the mathematical properties
of these global operators, present alternative characterisations for them, and
show that, if the local models from which these di! erent global upper ex-
pectations are derived are chosen in accordance with each other, then all
these Pnitary global upper expectations coincide. It will turn out, however,
that these Pnitary upper expectations only behave well on the domain of
bounded Pnitary variables, which are bounded real-valued functions that
depend on the states of the process only at a bPnite number of time instances.
This domain is not large enough for many practical purposes, which is why
we are inclined to look at other more involved types of global upper expec-
tations.

One brst such type are the game-theoretic upper expectations intro-
duced and, for a large part, studied by Shafer and Vovk B5, 86]. These
types of global upper expectations start from sets of acceptable gambles,
or sometimes upper expectations, on a local level, and then use allowable
betting strategiesNsupermartingalesNto turn these local assessments into
global assessments. Concretely, the game-theoretic upper expectation rep-
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resents a subjectOs inbmum starting capital such that, by using an allowable
betting strategy, he can surely hedge the uncertain pay-d corresponding to
the considered variable. Multiple di! erent versions of game-theoretic upper
expectations have been used in the literature, and we brst argue why one
of them is to be preferred over the others. We then go on to prove a broad
range of properties for this operator, with a strong emphasis on its continuity
properties. We show in particular that it satisbes continuity with respect to
bounded below increasing sequences, continuity with respect to decreasing
sequences of bounded above Pnitary variables, and continuity with respect
to decreasing lower cuts. These properties are considerably stronger than
those of the Pbnitary global upper expectations, and they make the game-
theoretic upper expectation more suitable for use on general domains of
variables.

Next, we introduce and study global upper expectations that are cen-
trally based on the notion of a (countably additive) probability measure.
More precisely, we start from local sets of probability mass functions, com-
bine and extend these to form a set of plausible global probability measures,
and the associated global upper expectation is then the upper envelope of
the expectations corresponding to this set of global probability measures.
The domain of this global upper expectation is furthermore extended to
also include general, not necessarily measurable variables by relying on up-
per (Lebesgue) integrals. We again study the properties of this operator, and
in particular show that its continuity properties are comparable to those of
the game-theoretic upper expectation. These properties then allow us to es-
tablish that these two types of global upper expectations are equal on a fairly
large domain of variables; large enough to cover most practically relevant
inferences.

The Pnal type of global upper expectation that we consider is an ax-
iomatic one, similar to the Pnitary axiomatic global upper expectation, but
where a continuity property is added as one of the debning axioms. Two
slightly di! erent versions of this continuity axiomNand thus also of the re-
sulting axiomatic global upper expectationNare considered; one is weaker
than the other, but since they both solely apply to sequences of bounded bni-
tary variables they are actually both fairly weak. We show that the axiomatic
upper expectation based on the stronger of the two axioms coincides with
the game-theoretic upper expectation, and therefore also for a large part
with the measure-theoretic upper expectation. The axiomatic upper expec-
tation based on the weaker axiom, on the other hand, can be seen as an
Oimprecise-probabilisticO generalisation of the Daniell integral9]. We show
that, though this weaker type of axiomatic upper expectation is sometimes
too conservative, it still is equal to its stronger counterpart, and therefore
possesses desirable properties, in many practical situations.
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Dit proefschrift richt zich op de studie van stochastische processen in dis-
crete tijd; dynamische systemen die op een onzekere manier veranderen
doorheen de tijd, en waarbij deze veranderingen zich enkel voordoen op
discrete tijdstippen. We zijn in het bijzonder gesnteresseerd in die geval-
len waar de toestand van het proces op elk tijdstip slechts een eindig aan-
tal waarden kan aannemen. Het proces heeft dan een zogenoemde ein-
dige toestandsruimte. Om het gedrag van een dergelijk proces wiskundig
te beschrijven, alsook om erover te redeneren, gebruiken we imprecieze-
waarschijnlijkheidsmodellen, en meer bepaald, conditionele bovenverwach-
tingswaardeoperatoren. Er bestaan veel verschillende soorten zulke zoge-
noemde Oglobale® bovenverwachtingswaardeoperatoren, en het is ons doel
om de theoretische eigenschappen van deze operatoren te bestuderen, hun
onderlinge relaties te onthullen, en nieuwe gepaste conditionele bovenver-
wachtingswaardeoperatoren in te voeren.

Allereerst beschouwen we het eenvoudige geval van een enkele onzekere
veranderlijke die een eindig aantal waarden kan aannemen, en behandelen
we drie soorten modellen die ons in staat stellen om de onzekerheid over een
dergelijke veranderlijke wiskundig te beschrijven. Deze drie modellen wor-
den alle imprecieze-waarschijnlijkheidsmodellen genoemd, omdat ze het
klassieke waarschijnlijkheidsmodel B een waarschijnlijkheidsmaat, -lading,
of -massa b veralgemenen om robuust te kunnen handelen in die situaties
waar het niet mogelijk is, of niet gerechtvaardigd is, om zoOn klassiek Opre-
cies® waarschijnlijkheidsmodel te specibceren. Het eerste type imprecieze-
waarschijnlijkheidsmodel is een verzameling van massafuncties, of ook cre-
dale verzameling genoemd. ZoOn verzameling bevat alle massafuncties die
we mogelijk achten. Het tweede type imprecieze-waarschijnlijkheidsmodel
is een verzameling van aanvaardbare gokken, en tracht iemands overtuigin-
gen voor te stellen door uit te drukken welke gokken over de waarde van een
onzekere veranderlijke hij of zij bereid is aan te gaan. Tot slot bekijken we
ook coherente boven- en onderverwachtingswaardeoperatoren; zij kunnen
gedragsmatig geenterpreteerd worden, als iemands minimale verkoopsprij-
zen en maximale aankoopprijzen, of op een meer traditionele manier, als
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nauwe boven- en ondergrenzen op een verzameling van mogelijke (lineaire)
verwachtingswaardeoperatoren. We bespreken de gekende relaties tussen
deze drie types modellen en behandelen enkele eenvoudige methoden die
ons in staat stellen om deze modellen uit te breiden.

Vervolgens kijken we naar de specibeke context van stochastische pro-
cessen in discrete tijd met eindige toestandsruimte. Het modelleren van
zoOn proces begint typisch op een lokaal niveau, waar we uitspraken doen
over hoe (wij geloven dat) het proces zal veranderen van het ene tijdstip
naar het volgende. Hiervoor kan men zich vaak baseren op beschikbare
data of op de mening van een ervaringsdeskundige. Deze lokale uitspra-
ken worden dan wiskundig voorgesteld door een van de drie imprecieze-
waarschijnlijkheidsmodellen die we zojuist hebben beschreven. Hoewel
men vaak wel een idee heeft over het lokale gedrag, zijn we uiteindelijk
voornamelijk geenteresseerd in de meer globale kenmerken of eigenschap-
pen van een stochastisch proces. Zulke kenmerken zijn bijvoorbeeld boven-
en ondergrenzen op de verwachte tijd tot bereik, en boven- en ondergrenzen
op verwacht tijdsgemiddeld gedrag. Om conclusies te kunnen trekken over
zulke globale aspecten willen we de lokale modellen uitbreiden en combi-
neren tot een enkel globaal model, dat in ons geval de vorm zal aannemen
van een globale bovenverwachtingswaardeoperator. ZoOn globale bovenver-
wachtingswaardeoperator is wiskundig gezien een uitgebreid-re‘lwaardige
functionaal wiens eerste argument een uitgebreid-re‘lwaardige functie of
veranderlijke is op de ruimte van alle mogelijke oneindige toestandsrijen,
en wiens tweede argument een specibek soort conditionerende gebeurtenis
is.

Globale bovenverwachtingswaardeoperatoren kunnen verkregen wor-
den op veel verschillende manieren. We behandelen eerst drie soorten
zogenoemde Pnitaire bovenverwachtingswaardeoperatoren. Deze boven-
verwachtingswaardeoperatoren worden gekarakteriseerd door de gemeen-
schappelijke eigenschap dat ze de lokale modellen uitbreiden zonder ge-
bruik te maken van enige continusteitsaannames B daarom noemen we ze
dus Pnitair. De debnities van deze modellen zijn relatief eenvoudig en steu-
nen op concepten die welgekend zijn in de imprecieze waarschijnlijkheids-
leer. Er is er een die afgeleid is uit het concept van een verzameling van
aanvaardbare gokken, een die de vorm aanneemt van bovengrenzen op de
verwachtingswaarden die overeenkomen met een verzameling van globale
b eindige additieve B waarschijnlijkheden, en een die axiomatisch gedebni-
eerd wordt, als de natuurlijke extensie onder conditionele coherentie. We
behandelen de wiskundige eigenschappen van deze globale operatoren, pre-
senteren alternatieve karakteriseringen, en tonen aan dat, als de lokale mo-
dellen waarvan deze globale modellen zijn afgeleid in overeenstemming zijn
met elkaar, alle Pnitaire bovenverwachtingswaardeoperatoren samenvallen.
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Anderzijds zullen we ook zien dat deze Pnitaire bovenverwachtingswaarde-
operatoren enkel geschikt zijn voor gebruik op het domein van begrensde
Pnitaire veranderlijken; dit zijn begrensde re‘lwaardige functies die afhan-
gen van de toestanden van het proces op slechts een eindig aantal tijdstip-
pen. Dit domein is niet groot genoeg voor de meeste praktische doeleinden
en daarom zijn we ertoe genoopt om andere, meer complexe soorten globale
bovenverwachtingswaardeoperatoren te onderzoeken.

Een eerste dergelijke soort globale bovenverwachtingswaardeoperator
die we bekijken is de speltheoretische bovenverwachtingswaardeoperator,
ingevoerd en bestudeerd door Shafer en Vovk 85, 86]. Zulke globale ope-
ratoren starten, op een lokaal niveau, van verzamelingen van aanvaard-
bare gokken, of soms van lokale bovenverwachtingswaardeoperatoren, en
gebruiken dan toelaatbare gokstrategie'n B supermartingalen ® om deze
lokale informatie om te zetten naar globale bovenverwachtingswaarden.
Meer concreet geeft de speltheoretische bovenverwachtingswaardeopera-
tor het minimale startkapitaal aan waarmee iemand, door een toelaatbare
gokstrategie te kiezen en aan te houden, met zekerheid uiteindelijk meer
geld zal hebben dan de onzekere prijs die verbonden is met de beschouwde
veranderlijke. Verschillende versies van de speltheoretische bovenverwach-
tingswaardeoperator zijn in het verleden gebruikt en we tonen eerst aan
waarom een specibeke versie te verkiezen is boven alle anderen. Vervol-
gens bewijzen we een hele reeks eigenschappen voor deze operator, met een
bijzondere klemtoon op zijn continusteitseigenschappen. We tonen onder
andere aan dat hij voldoet aan continusteit ten opzichte van naar onder be-
grensde stijgende rijen, continusteit ten opzichte van dalende rijen van naar
boven begrensde Pnitaire veranderlijken, en continusteit ten opzichte van
dalende onder-sneden. Deze eigenschappen zijn beduidend sterker dan die
van de Pnitaire bovenverwachtingswaardeoperatoren, waardoor de spelthe-
oretische bovenverwachtingswaardeoperator geschikter is voor het gebruik
op een algemeen domein.

Daarnaast introduceren en behandelen we ook een globale bovenver-
wachtingswaardeoperator die afgeleid is uit het concept van een (aftelbaar
additieve) waarschijnlijkheidsmaat. Meer bepaald starten we van lokale
verzamelingen van massafuncties, vervolgens combineren we ze en breiden
we ze uit tot een verzameling van globale waarschijnlijkheidsmaten, en tot
slot debni‘ren we de geassocieerde globale bovenverwachtingswaardeope-
rator als de kleinste bovengrens van de verwachtingswaarden afgeleid uit
deze verzameling van globale waarschijnlijkheidsmaten. Door gebruik te
maken van (Lebesgue-)boven-integralen, wordt het domein van deze ope-
rator bovendien uitgebreid zodat het ook niet noodzakelijk meetbare ver-
anderlijken bevat. We onderzoeken de eigenschappen van deze maatthe-
oretische operator, en tonen in het bijzonder aan dat zijn continusteitsei-
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genschappen gelijkaardig zijn aan die van de speltheoretische bovenver-
wachtingswaardeoperator. Deze eigenschappen stellen ons vervolgens in
staat om te bewijzen dat deze twee soorten operatoren samenvallen op een
betrekkelijk groot domein van veranderlijken; een domein dat de meeste
praktisch relevante veranderlijken bevat.

Een laatste soort globale bovenverwachtingswaardeoperator die we be-
kijken is axiomatisch gedebnieerd, gelijkaardig aan de Pnitaire axiomati-
sche globale bovenverwachtingswaardeoperator, met dit belangrijk verschil
dat er nu een continusteitsaxioma wordt toegevoegd als een van de karak-
teriserende axiomaOs. Twee enigszins verschillende versies van dit continu-
steitsaxioma B en dus ook van de resulterende axiomatische globale boven-
verwachtingswaardeoperator B worden behandeld; het ene is zwakker dan
het andere, maar aangezien ze allebei enkel betrekking hebben op rijen van
begrensde Pnitaire veranderlijken zijn ze eigenlijk beiden relatief zwak. We
tonen aan dat de axiomatische globale bovenverwachtingswaardeoperator
gebaseerd op het sterkere axioma samenvalt met de speltheoretische boven-
verwachtingswaardeoperator, en daardoor ook op een groot gebied samen-
valt met de maattheoretische bovenverwachtingswaardeoperator. Ander-
zijds kan de axiomatische globale bovenverwachtingswaardeoperator ge-
baseerd op het zwakkere axioma kan gezien worden als een Oimprecies-
probabilistisched veralgemening van de Daniell-integraall9]. We tonen
aan dat, hoewel deze globale bovenverwachtingswaardeoperator in som-
mige gevallen te conservatief is, hij desondanks op een groot gebied sa-
menvalt met zijn axiomatisch sterkere tegenhanger, en dus veel van zijn
gewenste eigenschappen overneemt.
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Probability measures are without doubt amongst the most common and cel-
ebrated mathematical tools to quantify beliefs and draw inferences about
the uncertain evolution of a discrete-time stochastic process B3, 52, 54,
90]. Recent decades however have seen the rise of an entire family of alter-
native and more general uncertainty models, which we commonly refer to
as imprecise probability models [3, 83, 106, 110]. These models are charac-
terised by the common property that they allow reasoning to be performed
in an informative and conservative way, even in those situations where it
is infeasible or inappropriate to specify a single probability measure. Such
situations may for instance arise when data about the considered stochastic
process is scarce, or when expert judgements are conf3icting.

However, with the exception of game-theoretic upper and lower expec-
tations [85, 86], most imprecise probability models were not specibcally
designed with the stochastic processes setting in mind. This setting is some-
what unique, and it is often not clear how imprecise probability models
canNand shouldNbe adapted and applied to it. Some of the approaches
that we will discuss here are not entirely new, and can be seen as modibed
versions of already existing approaches. Some others, then, are suggestions
of our own invention. Yet, whatever their origin, it is the possible proper-
ties of such adapted imprecise probability models that will turn out to be
decisive for reaching acceptance amongst a broad audience. Our aim in this
respect is to clarify, to shed light on the characteristic properties of these
models, and to bring forth the mathematical relations that either tie them
together or set them apart.

1.1 Context and motivation

A stochastic process can be roughly described as any system or phe-
nomenon that changesNtypically over timeNin an uncertain way. Such
processes are omnipresent and we have to deal with them in everyday life.
Think for instance of the COVID pandemic and the related number of in-
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fected people. Or, not unrelated to this, the Ructuations of the stock market.
A good understanding of such processes has never been more vital.

This dissertation is not a work on medicine or virology though, and
neither is it concerned with bnance. We study stochastic processes from
a purely mathematical perspective, where they are regarded as collections
of uncertain variables or uncertain states indexed by time. We focus on
discrete-time stochastic processes3b, 45, 54, 86, 90], which are processes
whose time index takes values in the set of natural numbersNthis in con-
trast with continuous-time stochastic processes B3, 52] where time takes
values in the set of positive real numbers. Such processes are typically ac-
companied by a number of parameters that describeNin a non-deterministic
mannerNthe (uncertain) values of the individual uncertain states. From
these parameters one aims to draw global inferences such as, for instance,
average/ergodic behaviour or expected hitting times. The mathematical re-
search on discrete-time stochastic processes, and in particular on discrete-
time Markov chains [45, 48, 54], has been going on for more than a cen-
tury, and our acquired insights about them are being applied extensively in
a wide variety of scientibc pbelds, including mathematical Pnance |71, 79],
gueueing theory [2, 71], biology [ 36, 41] and many more. Moreover, it
is worth noting that the mathematical treatment of discrete-time stochastic
processes goes back to the pioneering work of Huygens, de Fermat and Pas-
cal [51, 84]Noften associated with the very dawn of probability theoryN
where they brst appeared as chance games between two or more players.

The act of modelling a discrete-time stochastic process almost always
starts o on a local level, where we quantify beliefs about how the process
is likely to change from one time instant to the next. That is to say, for any
time instant " # 0 and for every possible evolution of the process up to
time ", we make non-deterministic (or probabilistic) statements about the
state #.,1 at the next time instant. For instance, in the case of the COVID
pandemic, we typically specify the expected number of people that will be
infected by tomorrow or next week (being #-.1), based on a growth ratio
and the number of infected people during the past week or month. If such
local assessments are expressed in terms of probability mass functions or
probability distributions on the possible values of the next state #-.,, and
if these probabilities only depend on the current state of the process and
not on any past states, then we say that the process is a bnite-state Markov
chain [45, 48, 54]Nfor instance, for the COVID pandemic, if our probabil-
ity distribution for tomorrowOs number of infected people only depends on
todayOs number of infected people and todayOs growth ratio, and not on any
past values of these variables. Markov chains are only special cases though,
and in general, assessments about the incremental change of the processOs
state may depend on the entire history of the process, and may also be
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mathematically expressed in terms of various uncertainty models dl erent
from probability mass functions or probability distributions. One restricting
assumption that we always make, though, is that the processOs state at
any given time instant " can only take a bnite numberof di! erent possible
values.

One starts from local assessments because they are typically what is
readily available from data or expert knowledge, yet our eventual interest
typically lies in more global features of the stochastic process. This could in-
volve, for instance, the time average of a real-valued function on the states
of the process, or the time until the process state will attain a certain value.
In the case of the COVID pandemic, a typical question of interest would
be: Owhat is the expected time until all available intensive care beds in the
country are occupied?® The local uncertainty models do not tell us anything
about such featuresNat least not directly. As such, we are confronted with a
challenge central in the study of all discrete-time stochastic processesOHow
do we combine and extend local uncertainty models such that we can make
informative judgements about global properties of the process?0

As it often goes with questions of considerable importance, this one too
does not have a single all-encompassing answer. There are many possible
routes one can follow, each with their own strengths and Raws. Perhaps
the most famousNor infamous depending on oneOs perspectiveNone is the
measure-theoretic approach b, 32, 81, 90, 112]. In this approach, the local
probabilities are combined and extended to a single (countably additive)
global probability measure on a su' ciently large domain of global eventsK
subsets of the space of all possible trajectories of the process. These global
probability measures then lead, by means of integration, to expectations,
which can on their turn be used to draw inferences.

Yet, in spite of its popularity, the measure-theoretic approach has some
drawbacks. One, for instance, is the multitude of abstract mathematical con-
cepts on which the theory is founded, which may hinder users to come to
grips with the practical meaning of the treated objects. The most important
however, we feel, is the fact that the theory assumes that beliefs about the lo-
cal dynamics can be modelled, for every possible history up until some time
instant, by a single probability mass function. When information or data
about the process is scarce, for instance due to time or budget restrictions, or
when it is inconsistent, for instance due to conficting expert statements, itis
often unwarranted to specify such a single mass function fL10]. During the
start of the COVID pandemic, for example, there was little epidemiological
data on which we could rely and, on top of that, expert opinions were seri-
ously divided. In those situations, we are typicallyNor should beNinclined
to act conservatively and only make partial judgements about probability
mass functions, leading us to consider an entire set of Oplausible® probability
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mass functions. In fact, in some cases, even sets of probability mass func-
tions do not su" ce or are not the appropriate tool to express a subjectOs
beliefs.

To model the local dynamics in a more general and robust manner, we
instead use three types of so-calledmprecise probability model$3, 83, 106,
110]. One type of model are the sets of probabilitiesNalso known as credal
sets'Nmentioned above. Another model are sets of acceptable gambles,
where a subject expresses its beliefs about an uncertain phenomenon by
simply specifying which gamblesNuncertain payo! s depending on the out-
come(s) of the phenomenonNshe is willing to accept (or reject). Lastly, we
also consider upper expectations; these are generalisations of the traditional
(linear) expectations and can be interpreted either behaviourally, as a sub-
jectOs inbmum acceptable selling prices for gambles, or probabilistically, as
upper bounds on the expectations corresponding to a set of probabilities.

Though locally we will consider all three of the above imprecise prob-
ability models, in the end, on a global level, we will only be interested in
the resulting upper expectations or, better, the global upper expectations
Mathematically speaking, such a global upper expectation is an operator
that associates with each (possibly extended) real-valued function/variable
$ on the sample spaceNthe set of all possible inPnite paths that the pro-
cess can followNand any conditioning event? % an extended real number,
which we simply call the upper expectation of $conditional on % One rea-
son for our focus on global upper expectations is that these operators arise
naturally in both a behavioural framework with sets of acceptable gambles
and a probabilistic framework with sets of probability charges or measures.
More important is that, regardless of the framework one works in, (global)
upper expectations are typically of central interest when one aims to draw
inferences about a stochastic process. In that respect, they fulbl the same
role as traditional linear expectations, with the caveat that they only provide
us with upper and lower bounds?® rather than precise numerical values for
inferences such as expected time-averages or expected hitting times. Yet,
this should not alarm us, nor surprise us; these partial judgements are only
a result of the fact that the local models were designedNin contrast to tra-
ditional precise modelsNwith the purpose to correctly distinguish between

1The term Ocredal setO is used more specibcally to refer to sets of bnitely additive probability
charges that are closed and convex.

2Strictly speaking, the conditioning events will not be general subsets of the sample space,
but will always assumed to correspond to a (single) possible history of the process up until
some Pnite time instant.

3Lower bounds are provided by (global) lower expectations rather than (global) upper ex-
pectations. Nonetheless, lower expectations are mathematically speaking equivalent to upper
expectations because they can be put in a one-to-one relationNthis relation is often called the
conjugacy relatioNhence, why we focus on upper expectations only.
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what is known and what is not known. Hence, the upper and lower bounds
provided by global upper expectations allow us, in the end, to reason in
a way that is more robust and conservative with respect to our own igno-
rance

The beld of imprecise probabilities is, compared to traditional probabil-
ity theory, still in its infancy. For the purpose sketched above, where we
want to extend local models to a single global upper expectation, one could
employ numerous possible methods. Yet some of them have never been ap-
plied in this specibc context before. Others are simply badly documented.
A brst aim of this dissertation is to clarify on this account, by providing an
overview of the possible approaches and presenting suitable debnitions for
each of themNsometimes developed here for the Prst time. We distinguish
between six types of global upper expectations, depending on the type of
local model they start from and the extension arguments they rely on.

A brst class are the pnitary global upper expectations. There are three of
them; one based on sets of bnitely additive probabilities, one based on sets
of acceptable gambles, and one axiomatic type that is based on the notion
of conditional coherence for upper expectations [106, 110, 113]. We call
them Pnitary because they extend local models solely employing Pnitary
argumentsNno continuity arguments are involved. Their debnitions are
simple and intuitive, and follow from applying concepts well-known within
imprecise probability theory. Their critical shortcoming, however, is that
they only work well for functions on the sample space that are bounded and
pnitaryNthe latter meaning that the function only depends on the states of
the process up to some bnite time instant. This domain is insd cient for
many practical purposes; the hitting time of a certain state value, for in-
stance, is a function on the sample space that depends on the entire inPnite
path taken by the process and that may sometimes take the valug-$ .

A second andNwe thinkNmore interesting class of global upper expec-
tations are those whose debnition involves one or more continuity assump-
tions. Such continuity assumptions allow us to broaden the domain of vari-
ables that can be mathematically reasoned with in a meaningful way. More
specibcally, these continuity-based operators allow us to reason with ex-
tended real-valued (not necessarily Pnitary) functions on the sample space,
including hitting times/probabilities or limiting time averages. The catch,
though, is that their analysis is considerably more challenging.

A brst such type of global upper expectation can be seen as a general-
isation of the measure-theoretic (linear) expectations that we spoke about
earlier. The starting point are sets of local probability mass functionsNone

4Apart from WalleyOs seminal work 110], we also recommend [57, Chapter 1] for a short
but excellent read on the motivation for upper expectations in stochastic processes.
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set for each possible Pnite history of the process. We pick a single probability
mass function from each of these sets and then construct a corresponding
global probability measure by using techniques familiar from classical mea-
sure theory® By repeating this for every possible selection of local probabil-
ity mass functions, we obtain an entire set of compatible global probability
measures. The resultingmeasure-theoretic upper expectationthen obtained
by taking an upper envelope over the expectations associated with this set
of global probability measures.

A second type of continuity-based global upper expectation that we
study are the game-theoretic upper expectatioriatroduced and advocated
by Shafer and Vovk [85, 86]. As the name itself suggests, these operators
are derived from a game-theoretic type of reasoning, where the specibca-
tions of the local models, in the form of sets of acceptable gambles or up-
per expectations, characterise the moves of a brst playerNOForecasterONand
where a second playerNOSkepticONaims to become rich by betting against
ForecasterOs moves. The possible evolutions of SkepticOs capital form (su-
per)martingales, and the corresponding global upper expectation of a func-
tion $is the smallest possible value for which there is a (super)martingale
that starts in this value and eventually hedgesNexceeds the value ofN $.°
Game-theoretic upper expectations are attractive because they combine a
high level of generality with an easy-to-use constructive 3avour, while still
satisfying many powerful limit laws and continuity properties. These advan-
tages have already led to game-theoretic upper expectations being applied
in a multitude of occasions [8, 26, 58, 60, 88].

Last in our list of continuity-based upper expectations is a suggestion of
our own. Itis an axiomatic model that aims to combine the intuitive and uni-
versal elements of the Pnitary global upper expectations, and the powerful
mathematical properties of the continuity-based global upper expectations.
The axioms on which its construction is based are clear and simple; it is a
combination of the well-known coherence properties and a single, rather
weak continuity property. A conservativity argument is furthermore used
to determine, amongst all the global upper expectations that satisfy these
properties, our unique desired axiomatic model.

Apart from presenting, motivating and developing possible approaches
to arrive at a global upper expectation, a second aim of this dissertationN
which of course partially inRuences the brstNis to study the properties of
these global upper expectations. In particular, a considerable part of our
work is devoted to provingNand disprovingNcontinuity properties. Such

5The continuity assumption in this case comes disguised under the form of countable ad-
ditivity, which is by depPnition satisped for a probability measure.

8The continuity assumption here comes disguised under the fact that we allow super-
martingales to hedge the considered variable at QinpnityO.
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Figure 1.1 Overview of the approaches treated in this dissertation.

continuity properties are important from both a theoretical and a practi-
cal point of view, but their relevance is perhaps best illustrated by simply
recalling measure-theoretic expectations and how two of their most cele-
brated propertiesNthe dominated convergence theorem and the monotone
convergence theoremNhave contributed to the success of measure theory
in modern probability theory.

A Pnal aim of the dissertation is to establish relations between the dif-
ferent types of global upper expectations. We will show that all bnitary
global upper expectations coincide, at least if their respective local models
are chosen in accordance with each other. More importantly, we will show
that the same is, to a large extent, true for the continuity-based global upper
expectations. The merit of such connections is obvious as they allow us to
take results, properties and algorithms developed for only one type of global
upper expectation and apply them to all other equivalent global upper ex-
pectations. Even more important is that, due to such results, we may arrive
at a consensus about the proper choice of an imprecise global model; any of
the three is suitable because, in the end, it does not matter which is chosen.

1.2 Related work

As already mentioned, the study of discrete-time stochastic processes
goes back to the work of Christiaan Huygens p1] in 1657, who himself
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was inspired by the conversations between Blaise Pascal and Pierre de Fer-
mat [ 20, 84]. The early 20th century saw a burst of developments in the beld
of measure theory, which were synthesized and used by Kolmogorov $6]

to form the mathematical foundations for his axiomatic approach to prob-
ability theory. Since then, probability theoryNand the study of discrete-
time stochastic processes in specibcNhas been largely based on measure-
theoretic principles.

In spite of this popular status, it seems that relatively little attention was
devoted to rigorously developing a measure-theoretic approach in a stochas-
tic processes setting where initial local models come in the form of sets of
probabilities. Some considerable ¢ ort has already been put into generalis-
ing probability-based precise models for specibc types of processed(, 45,
92], but this research typically only involves global (upper and lower) ex-
pectations obtained from Pnitely additive probabilities (rather than count-
ably additive probabilities) and on the domain of Pnitary variablesNin that
sense, they can hardly be called Omeasure-theoreticO. On the other hand,
the study of Miranda & Za! alon [66] is in line with what we will do, in
the sense that it examines the continuity properties of upper and lower en-
velopes over sets of countably additive probabilities (or previsions). Unfortu-
nately though, this study is not adapted to the stochastic processes setting.
Lopatatzidis [62] proposes a measure-theoretic model that is very similar to
our measure-theoretic global upper expectation, yet his results focus mainly
on the domain of bPnitary bounded variables. A recently discovered contribu-
tion is that of Cohen et al. [ 7]; their extended sub-linear expectations seem
closely related to our global measure-theoretic upper expectations, yet the
work in [ 7] seems to be mainly concerned with integrability conditions and
martingale properties, rather than properties of the global sub-linear expec-
tation operatorNa more thorough examination is required before we can do
precise statements though. Finally, there is also the well-established theory
of capacities and Choquet integration as introduced by Choquet p] and fur-
ther developed by Dellacherie [28], Denneberg [31], and Greco [42, 43].
This theory generalises the classical measure-theoretic picture to deal with
imprecision by using a capacity instead of a single probability measure. The
corresponding extension procedures are not specibcally designed for the set-
ting of stochastic processes, yet the adaptation to this setting is rather im-
mediate and the resulting method is then close in spirit to what we will do
here. Nonetheless, the notion of a capacityNa specibc type of non-additive
measureNis less general than the sets of probability charges/measures that
we will consider [ 14, 31, 106].

The relative lack of interest in measure-theoretic models within the peld
of imprecise stochastic processesNand imprecise probabilities in generalK
is most likely due to the fact that imprecise probabilities has its roots in
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the work of de Finetti [ 27], P. M. Williams [ 113] and Walley [ 110], who
all took betting behaviour rather than probability measures as a primitive
notion. The notion of coherenceNcentral in the betting based approach
of [113] and [ 110]Nhas not been applied very often within the context

of discrete-time stochastic processes, except for those instances where the
process involves bnitely many time steps, or where the variables of inter-
est are of the pnitary type [9, 11, 25]. A more popular tool seems to be
the game-theoretic upper expectations developed by Shafer and Vovk§5,
86, 109]. Shafer and Vovk themselves drew inspiration from the work of
Ville [107], whose ideas did not receive immediate recognition and were
unjustly overlooked by many. Since the release of Shafer and VovkOs brst
book [86] however, game-theoretic probabilities and functionals have be-
come signibcantly more popular, leading to a multitude of advances [8, 9,
60, 62, 85, 88, 101]. Our contributions to the Peld of game-theoretic upper
expectations can be found in, among others, P5, 97, 98].

Finally, a related line of research that came under our attention only
recently, is that on the non-linear expectations introduced by Peng [73].
Especially the contributions of Denk et al. [30], Nendel [ 68] and, as men-
tioned earlier, Cohen et al. [7] bear a close connection with our work and
deserve to be further investigated.

1.3 Overview of the chapters

We start our narrative in Chapter 217 with the introduction of three im-
precise probability models: sets of probabilities, sets of acceptable gambles
and coherent upper (and lower) expectations. We consider a single un-
certain variable taking values in a bnite possibility space, and show that a
subjectOs beliefs about such a variable can be suitably expressed in either of
these three models. We employ well-known results by P. M. Williams [L13]
and Walley [110] to establish close connections between the three models,
and also briel3y discuss some extension methods.

The possibility space in Chapter2,; is assumed Pnite, because the mod-
els introduced there are used in Chapter3,s to debne the local models of
our discrete-time stochastic processes, the state space of which we assume
to be Pnite. After we have done so, Chapter3,s splits into three major sec-
tions; each of them is devoted to a single type of local model, and shows how
these local models can be extended to a global upper expectation. These ex-
tensions will largely rely on rather well-establishedNPnitaryNnotions such
as conditional coherence and conditional probability charges [18, 34, 106,
110, 113]. Due to the specibc context of stochastic processes, elegant alter-
native characterisations can be given for these three Pnitary global upper ex-
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pectations. One is that the acceptability-based global upper expectation can
be seen to coincide with a modibed type of game-theoretic upper expecta-
tion where supermartingales are required to hedge at a bnite time horizon.
On the other hand, we also establish a convenient axiomatisation for the no-
tion of conditional coherence (for global upper expectations) and that of a
conditional probability charge. Finally, we show that all the di ! erent types
of bnitary global upper expectations coincideNif their respective local mod-
els are chosen in accordance with each otherNand prove or disprove some
important properties. Crucially, we show that these Pnitary global upper
expectations lack basic continuity properties and are therefore unsuitable
to be applied on a general domain of variables.

The structure of Chapter 345 is then more or less repeated for the
continuity-based global upper expectations, but on a larger scale; Chap-
ter 41,9 is devoted to game-theoretic upper expectations, Chapters,;7 is
devoted to measure-theoretic upper expectations, and ChapteB,g3 studies
axiomatic continuity-based upper expectations. These three chapters form
the core of this dissertation, as most of our novel ideas and results are pre-
sented therein.

Chapter 4,9 starts with a discussion of the di! erent possible debnitions
for a global game-theoretic upper expectation. We reason in a stepwise man-
ner, always enlarging the domain of variables, and making modiPcations to
the originalNmost basicNdebnition in order to bt our needs. This part also
involves procedures for extending the local modelsNsets of acceptable gam-
bles, but also upper expectationsNto deal with extended real-valued local
variables. Eventually, we end up with a version of the global game-theoretic
upper expectation that is equivalent to Shafer and VovkOs latest version in
[85, Part 1], but where our local models need not be expressed in terms of
upper expectations, but can also be expressed in terms of sets of acceptable
gambles. We then continue to present a series of fundamental results for this
global upper expectation; some of them have already been stated elsewhere,
and then we simply adapt their proofs to our setting; some of them are en-
tirely of our own invention. Among many other results, we prove a law of
iterated upper expectations, continuity from below, continuity from above
with respect to bnitary gambles and FatouOs lemma. At the end of the chap-
ter, we come back to the dil erent possible debnitions of the game-theoretic
upper expectation, and show that, in retrospect, the version adopted by us
in the preceding partNand thus also the one adopted by Shafer and VovkRN
could have been replaced by an equivalent but more intuitive and direct
version.

Chapter 55,7 starts d as one would expect, by introducing some stan-
dard measure-theoretic notions and terminology. We debne countable ad-
ditivity for the global (conditional) probability charges introduced in Chap-
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ter 345, and use the acquired so-called global probability measures to debne
conditional linear expectations on measurable extended real-valued vari-
ables. A variant of the upper Lebesgue integral will then provide us with a
suitableNnon-linearNextension to the domain of all extended real-valued
variables. In this precise setting, where we consider only a single local prob-
ability mass function for every possible history of the process, we show
that this measure-theoretic approach is entirely equivalent to the game-
theoretic approach. Afterwards, we consider the more general imprecise
setting where local models are given by sets of probability mass functions,
and debne the corresponding global measure-theoretic upper expectation
as an upper envelope over the compatible Oprecise® measure-theoretic upper
expectations. We then show that this imprecise measure-theoretic upper ex-
pectation satisbes several types of continuity, which on its turn allows us to
infer that measure-theoretic upper expectations and game-theoretic upper
expectations coincide on a fairly large domain; it includes all bounded mea-
surable variables and, for closed local models, all monotone limits of bnitary
gambles.

In Chapter 6,53, we propose to modify the Pnitary coherence-based ap-
proach from Chapter 3,5 by simply adding an extra continuity axiom (and a
straightforward monotonicity axiom). We discuss several possibilities, and
come up with a specibc continuity axiom that su’ ces for obtaining a global
upper expectation that is equally powerful as game-theoretic and measure-
theoretic upper expectations. In fact, we will show that this axiomatic global
upper expectation is always equal to the game-theoretic upper expectation,
and thus to a large extent also equal to the measure-theoretic upper expec-
tation. We moreover prove a series of alternative characterisations for this
axiomatic model, and show that it bears a close relationship with DaniellOs
notion of an upper integral [ 19].

The dissertation is concluded in Chapter 73,3, where we look at the
larger picture and explain what role our work might play in further research
on stochastic processes.

1.4 Publications

This manuscript contains much of what INwith the help of many fellow
researchersNhave developed during the past four years as a PhD student.
Many of the presented results can already be found elsewhere, yet this book
aims to synthesize them into a single all-encompassing picture. Specibcally,
this dissertation gathers results from the following publications.

(i) Natan TOJoens, Gert de Cooman & Jasper De Bock. Continuity of the
Shafer-Vovk-Ville operator. In: Proceedings of the 9th International
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Conference on Soft Methods in Probability and Statistics . Vol. 832.
2018, pp. 2000207

(i) Natan TOJoens, Jasper De Bock & Gert de Cooman. In search of a global
belief model for discrete-time uncertain processes. In:Proceedings of
the 11th International Symposium on Imprecise Probabilities: The-
ories and Applications . Vol. 103. 2019, pp. 377D385

(i) Natan TOJoens, Jasper De Bock & Gert de Cooman. Game-theoretic up-
per expectations for discrete-time Pnite-state uncertain processes. In:
Journal of Mathematical Analysis and Applications 504 .2 (2021)

(iv) Natan TOJoens, Jasper De Bock & Gert de Cooman. A particular upper
expectation as global belief model for discrete-time Pnite-state uncertain
processes. In:International Journal of Approximate Reasoning 131
(2021), pp. 30B55

(v) Natan TOJoens & Jasper De Bock. Global upper expectations for discrete-
time stochastic processes: in practice, they are all the same! In:Pro-
ceedings of the 12th International Symposium on Imprecise Proba-
bilities: Theories and Applications . Vol. 147. 2021, pp. 310319

The present work also includes various new ideas and results that have never
been published before. The most signibcant among these, we believe, are:

¥ The connections between the dl erent possible axiomatic (continuity-
based) approaches, and how these on their turn relate to an imprecise
Daniell-like approach; see Section6.3,94 and Section 6.43q,.

More modest, but still noteworthy unpublished contributions are:

¥ Many of the debnitions and results presented in Chapter3,s, includ-
ing the equivalence between acceptability-based and (Pnitary) game-
theoretic global upper expectations [Section 3.2.3¢;], the axiomatisation
of conditional coherence [Section 3.4.1g,].

¥ The connections between local sets of acceptable extended real-valued
gambles and extended(-real valued) local upper expectations in Sec-
tion 4.3155.

¥ The results in Section5.4,49 and Section 5.5,49, Which generalise many
of those in Publication (v) above to deal with local sets of probability mass
functions that are not necessarily closed and convex.

During my time as a PhD student, | have also engrossed myself in the theory
of imprecise discrete-time Markov chains. Imprecise Markov chains are gen-
eralisations of classical Oprecise® Markov chains, where local transition prob-
abilities are replaced by sets of local probabilities and where the Markov
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assumption applies to these sets as a wholeNso these sets are assumed to
only depend on the current state of the process and not on any past state$.
The work presented here in this dissertation is intended for a setting with
general, not necessarily memoryless, local modelsNwhether that be sets of
probabilities or other types of local modelsNand so it in particular applies

to the setting of imprecise Markov chains.

My work on imprecise Markov chains has focused on the long-term time
average behaviourNor ergodic behaviourNof these stochastic processes,
and on practical algorithms for computing certain types of inferences. |
have chosen not to include this work in this dissertation though, because
| feel that a more coherent and convincing story can be told by restricting
myself solely to the study of global upper expectations.

My work on imprecise Markov chains can be found in the following ar-
ticles.

(vi) Natan TOJoens, Thomas Krak, Jasper De Bock & Gert de Cooman. A
recursive algorithm for computing inferences in imprecise Markov
chains. In: Proceedings of the 15th European Conference on
Symbolic and Quantitative Approaches to Reasoning with Uncer-
tainty . Vol. 11726. 2019, pp. 455D465

(vi) Thomas Krak, Natan TOJoens & Jasper De Bock. Hitting times and
probabilities for imprecise Markov chains. In: Proceedings of the
11th International Symposium on Imprecise Probabilities: Theo-
ries and Applications . Vol. 103. 2019, pp. 265D275

(viii) Natan TOJoens & Jasper De Bock. Limit behaviour of upper and lower
expected time averages in discrete-time imprecise Markov chains.
In: Information Processing and Management of Uncertainty in
Knowledge-Based Systems, IPMU2020, Proceedings. Vol. 1237.
2020, pp. 224238

(ix) Natan TOJoens & Jasper De Bock. Average behaviour in discrete-time
imprecise Markov chains: a study of weak ergodicity. In: Interna-
tional Journal of Approximate Reasoning 132  (2021), pp. 181b
205

(x) Jasper De Bock & Natan TOJoens. Average behaviour of imprecise
Markov chains: a single pointwise ergodic theorem for six di er-
ent models. In: Proceedings of the 12th International Symposium
on Imprecise Probabilities: Theories and Applications . Vol. 147.
2021, pp. 90b99

“Strictly speaking, these are called imprecise Markov chainsinder epistemic irrelevancgs,
46).
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1.5 Navigating this dissertation

This work is divided into seven chaptersNthe current introductory chap-
ter includedNand is provided with a list of symbols and a bibliography near
the end. Chapters are divided into sections, which are themselves some-
times further divided into subsections or even subsubsectionsNthe latter
will not be numbered. Chapters are often accompanied by one or more ap-
pendix sections, where we then gather results and proofs that we believe
would otherwise, due to their technical nature or considerable size, obscure
some of our arguments in the main text.

External references are denoted by a number between square brackets;
the corresponding number in the bibliography at the end of this manuscript
then gives the full reference to the appropriate piece of literature. So, for in-
stance, [33] is a book on stochastic processes written by Doob and published
in 1953. This dissertation also includes a multitude of internal references to
theorems, lemmas, propositions, equations, ... To enhance readability, we
accompany these internal references with a subscript number that indicates
the page on which the referred content can be found; so Theorem4.4.41¢6
can be found on pagel66. If the content to which we refer is on the previous
or subsequent page, then the subscript number is replaced by the symbols
I and" respectively; if the content is on the same double-page spread,
then the subscript is omitted. For instance, the next section is Sectionl.6.

1.6 Some mathematical notations

We Pnish this initial chapter with the introduction of some basic notions
that will be used throughout the entire manuscript.

Number sets

We useN to denote the set of all natural numbers (without zero), and we
let No ' N %{0}. R is the set of all real numbers, andR%, R. and R<
are the subsets of, respectively, all non-negative, positive and negative ones.
WeletR! R%{+$,&}, R. ! R, %{+$}and Ry ! Ry %{+$},
and we extend the strict total order relation < on R to R by positing that
& < &< +$ forall &' R. We furthermore endow R with the usual
topology corresponding to the two-point compactibcation [40, Example 1
in Appendix C]. The open sets inR are then the open sets inR, the sets
{" R:">&and{ ' R:" < &forall & R, and any union of these
sets.

14
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Most of the arithmetical operations in R are extended to R in a trivial
way; we let &+$ =+$ and && $ = &% forallreal & +$ +$ = +$ and
&$&S$ =&$,((+$)=(&() (&) =+$ and (&() (+$) =( (&%) = &$
forall ( ' R.. Two important and perhaps less obvious conventions are
that 0(+$) = 0(&$) = Oand that +$&$ =&$ +$ = +$. The latter
is a typical convenient choice when working with upper expectations; see
[85, OTerminology and NotationO], where the same convention is adopted,
and [8], where the dual convention (+$&$ =&$ +$ = &$) is adopted
because it considers lower expectations as the primary objects. So with our
conventions, for example,) # * implies that ) & * # 0, but not necessarily
0#* &) forany two ) and * in R.

We say that a sequence{&}.  in R is increasing if & ( & for all

N, and decreasing if & # &+ for all + ' NNso a sequence that
remains constant is both increasing and decreasing. We say thaf&}. n is
strictly increasing or strictly decreasing if similar but strict versions of the
respective inequalities hold.

The inbmum and supremum of the empty set) are assumed to be equal
to +$ and &$ , respectively.

+

Extended real-valued functions

For any two setsX and Y, we useX ¥ to denote the set of all functions
$:Y* X.WeletL (Y)! RY denote the set of all extended real-valued
functions on Y,® and let L_b(Y) be the subset of all the bounded below
ones; that is, L ,(Y) is the set of all functions $' L () for which there is
a&' Rsuchthat $(,) # &forall , " Y.

Forany $' L (Y), weletinf $! inf v $(,)andsup$! sup.y ().
The binary relations =, (, #, > and < on the setL_(Y) of gambles are al-
ways intended to be taken point-wise, unless mentioned otherwise. So, for
anytwo $- ' L (Y), wewrite $( -if $(,) ( -(,)forall, ' Y. Limits
of extended real-valued functions are also intended to be taken pointwise,
unless mentioned otherwise; so, for any $and ($)+ N in L_(Y), we write
that lim. +¢ $ = $if lim» 4 $(,) = $(,) forall , ' Y. Similar conven-
tions are adopted for the limit inferior and limit superior of a sequence of
extended real-valued functions.

Furthermore, a sequence($). n in L (Y) is called increasing if it is
pointwise increasing and decreasing if it is pointwise decreasing, and sim-
ilarly for the strict versions of these notions. Equivalently, we can say that

8\We will often refer to extended real-valued functions as extended real-valued OvariablesO;
see Chapter3,s. However, this choice of terminology is somewhat tricky, as it may get confused
with the notion of an Ouncertain variable® introduced in Chaptet;7, and so we therefore prefer
not to use it already here.
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($)+ N isincreasing if $ ( $+ forall +' N, and decreasing if & # $41
forall +" N.

Gambles

Given any non-empty setY, agamble $on Y [75, 106, 110] is a(n) (ex-
tended) real-valued function on Y that is bounded, meaning that there is
a real number &# 0 such that &&( $(,) ( &forall , ' Y. The set of all
gambles onY is denoted byL (). A specibc type of gamble that will often
be encountered is the indicator |, of a set %+ Y it takes the value 1 for all
, ' %and 0 otherwise.

The conventions introduced above for extended real-valued functions
apply in particular to gambles. In this respect, it behoves us to mention that
it is somewhat unconventional to let > and < be point-wise operators be-
tween gambles; typically, the expression$> - forany $- ' L (YY) is taken
to mean that $# - and $! -, and similarly for the relation <. This alter-
native relation between two gambles will never be used in this dissertation
thoughRithe only exception is in the notations that will be introduced next.

The setL »(Y) denotes the set of all gambles$' L (YY) suchthat $# O,
and similarly for L ((Y), L>(Y) and L <(Y). Moreover, we let L #(Y) !
L(Y)\{0}andLg(Y)! L#(Y)\{O0}. Insummary, we thus have that

Lo(Y) +Lg(Y)+La(Y) and Lo(Y)+Lg(Y)+L((Y).

The uniform closure cl (A) of a set of gamblesA + L (Y) is equal to
the set of all uniform limits of sequences in A [111, Theorem 11.7], [ 106,
Section 1.6]:

I

c(A)! $' L (Y): +[jn;1$ sup|$& $| = 0 for a sequence($).+ nin A
Furthermore, the positive linear span of a set of gamblesA is denoted by

posi(A); 4
posi(A) ! {" L, (.$:+" N ('R5 8" A}
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N Chapter 11 N
MI1$22+"0 ,")B&H(+"#. '1& '+"+#$
31%%+4+2+#. %3()$%

Consider a subject who is uncertain about the value that a variable/ takes

in some set Y, referred to as the possibility space of/ . The subject here

can be anyone/anything showing some form of intelligent or rational be-
haviour; be it You, Your Computer, or even Dear Mr. President. The vari-
able/ might, for instance, be the state of the weather tomorrowNin which
case{Sunny, Cloudy, Rainy} could be an appropriate choice for Y Nor the
stock price of Apple Inc. for a given time instant in the futureNin this case,

Y = Ry, where any real number, ' Y is a price expressed in some cur-
rency. For obvious reasons/ is then referred to as an Ouncertain® or OrandomO
variable.

Given this general setting where we have a subject that is uncertain but
still has some beliefs about the value of an uncertain variable/ , how do
we quantify these beliefs? This is far from a trivial task and, essentially,
this simple question lies at the hart of every mathematical theory of uncer-
tainty. In general, one may choose from a broad spectrum of formalisms and
mathematical languages to do so. Most commonly, probabilities are used for
this purpose, but as we will argue in this chapter, and as we have already
brielly mentioned in Chapter 1;, a single probability distribution or mass
function is in many cases too restrictive to correctly assess a subjectOs be-
liefs. We will therefore instead use three more general types of models; sets
of probabilities, (coherent) sets of acceptable gambles and coherent upper
(and lower) expectations. They are part of a larger family of so-called im-
precise probability models , which aim to describe uncertainty in a robust
and informative manner in situations where, loosely speaking, it is unwar-
ranted to specify a single probability distribution. Within this family, the
three previously mentioned types of models are among the most popular
and general ones; see, for instance, 12, 15, 16, 17, 22, 46, 75, 91, 106,
110].

In the current chapter, we introduce these three types of imprecise
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Modelling uncertainty for Pnite possibility spaces

probability models in a gentle manner and only consider the simple case
where the uncertain variable / takes values in aPnite non-empty pos-
sibility space Y. Our focus is on bnite possibility spaces because theRN
unconditionalNuncertainty models treated here will be used in the follow-
ing chapters as local models in stochastic processes with a Pnite state space;
see Section3.1.2,43. Most of what we will present is directly borrowed from
the work of P. M. Williams [ 113] and Walley [ 110]. We introduce coherence
for unconditional upper expectations, discuss its connections with coherent
sets of acceptable gambles and sets of probabilities, and present the notion of
natural extension under coherence. Since much more is known about these
concepts than what we will present here, the current chapter may perhaps
appear rather dull or unimportant, especially to the better informed reader.
Yet, unimportant as it may seem, the simple set-up in this chapter forms a
perfect basis for some of our more involved arguments later on. Coherence,
for instance, will attain a more complex form in Chapter 345 when we apply
it to global upper expectations in a stochastic process. Most importantly, this
chapter already beautifully illustrates the special role that will be reserved
for (coherent) upper expectations in our entire story. They arise as objects
of interest in both behavioural frameworks such as that of sets of accept-
able gambles or game-theoretic probability, and probabilistic frameworks
such as that of bnitely additive probabilities or measure-theoretic probabil-
ity, therefore forming the intersection between two complementary schools
of thought.

2.1 Modelling uncertainty with probabilities

One of the most common ways to model the beliefs of a subject is by
means of probabilities. A (Pnitely additive) probability on a Pnite possibil-
ity space Y is a function P that associates with each subseso+ Y a value
P(99 in the interval [0, 1]. This value P(%9 expresses the degree to which
our subject believes that/ will take a value in % the closer this value is
to 1, the more likely our subject deemsitthat/ ' % The occurrence that/
takes a value in %is called an event; in fact, we will henceforth leave the
interpretation implicit, and simply call any subset 0 + Y an event. The
value P(% for any event %is called the probability of %

Probability charges and probability mass functions

Apart from the fact that a bnitely additive probability PNalso called a prob-
ability charge Nshould take values in [0, 1], it is also required to be nor-
malised and (Pnitely) additive. Normalisation says that the trivial event
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2.1 Modelling uncertainty with probabilities

Y Nthat is, / taking a value in Y Nhappens with probability 1. Additivity
says that, for any two disjoint events %and 0, the probability of the event
%%0Nthat is, / taking a value in either %or ONis the sum of the proba-
bilities P(%9 and P(0). The following dePnition can be found in [ 5, 77, 89,
106], and uses the notation 1(Y) ! 2Y to denote the powerset of Y the
set of all subsets of Y.

Debnition 2.1 (Probabilities/probability charges) . For any bnite non-empty
setY,wecallP:1(Y)* R a(Pnitely additive) probability or a probability
chargeonY if, forall %0"' 1(Y),

P1.0( P(%9 [lower bounds];
P2. P(Y)=1 [normalisation];
P3. %, 0=)- P(%%0)=P(% +P(0) [Pnite additivity]. !

Since Y is assumed bnite, it can easily be seen that probability charges
on Y are one-to-oneNthere is a bijective relationNwith probability mass
functions on Y. The latter can simply be seen as probability charges re-
stricted to the singletons in Y.

Debnition 2.2 (Probability mass functions). For any Pnite non-empty set
Y,wecall 2: Y * R a probability mass function on Y if it takes values in
[0,1] andis such that v 2(,) = 1. !

We use P(Y) to denote the set of all probability mass functions on
Y. We leave it to the reader to check that any probability mass function
2" P(%) debnes a probability chargeP: 1(Y) * R by the relation
P(9 !  2(,)forall %' 1(Y), and that any probability charge P has a
unique probability mass function 2 to which it is related in this way. Since,
probability mass functions are equally as general as probability charges on
Y, we prefer to use probability mass functions because of their simplicity.

Example 2.1.1. Consider a possibility spaceY = {),*, & consisting of
three elementsNthese may for instance be three possible answers to a ques-
tion, and / is then the (unknown) correct answer. Let 2: Y * R be such
that 2()) = 2(*) = 2(8 = % Then 2 is a probability mass function on
Y; more specibcally, it models the situation where our subject deems it
equally likely that the correct answer / is), * or & Then 2 is also some-
times called the uniform distribution . Note that, for the probability charge

P corresponding to 2, we have that P({)}) = P({*}) = P{&) = % that
P{).*) = PU* &) = P({),&) = % that P({),*,&) = 1 and that
PO)=0. "
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A note on the interpretation of probabilities

We always interpret probabilities in a subjective way [27, 39, 110]; they
represent the beliefs of a person or a machine that is uncertain with respect
to some entity or phenomenon. These beliefs may be based on collected
data or experience, or just mere facts; e.g. COVID-vaccines make people less
susceptible to become infected by COVID. Yet, any two subjects need not to
assess the same probabilities to the dierent possible outcomes; for their be-
liefs may be based on classibed data or personal experience, or sometimes
an incomprehensible reasoning. The subjective interpretation of a probabil-
ity is also called the epistemic interpretation, and this interpretation can
further be divided into di ! erent sub-interpretations [110]. One of them is
the behavioural interpretation that was advocated by de Finetti [ 27]; prob-
abilities then represent betting behaviour or preferences between a number
of possible actions. This behavioural interpretation is similar to the philos-
ophy underlying the sets of acceptable gambles framework, which we will
introduce shortly in Section 2.3.

In contrast with the subjective approach above, we could also interpret
probabilities in a frequentist or aleatoric way [39, 69]. Probabilities are
then considered to be physical properties of the system, not depending on
an observer. More precisely, the frequentist probability of an event is the
relative frequency of the times that this event occurs in a long series of ob-
servations; e.g. the probability of landing Heads when tossing a fair coin is
assumed to be%, because we land Heads half of the time when perform-
ing this experiment over and over againNfor a su" ciently long time. This
frequentist interpretation of probability has a few drawbacks though; it is
highly unpractical since probabilities are to be derived from empirical study
onlyNfor instance, we cannot rely on the (subjective) judgements of an
expertNand, perhaps more alarming, the interpretation only holds under
the assumption that experiments can be repeatedNe.g. Owhat is the 50th
decimal digit of 3?0. On the other hand, note that the subjective interpre-
tation always allows a subject himself/itself to employ a frequentist inter-
pretation. Because of this higher level of Bexibility, we choose to adopt the
subjective interpretation. Nonetheless, none of our mathematical results ac-
tually hinge on this interpretation.

Gambles and expectations

A real-valued function $on Y is called agamble on Y; note that, since we
are considering bnite Y, any gamble on Y is always bounded, and so our
choice of terminology here is in accordance with the traditional terminology;

see Sectionl.6;6. A gamble $may represent an actual gamble; in that case
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2.1 Modelling uncertainty with probabilities

the uncertainNpossibly negativeNreward is equal to  $(, ) if the value of / is

, " Y,with $(,) being a price expressed in some given currency. In general,
however, we do not restrict ourselves to this interpretation and interpret a
gamble $as an abstract uncertain quantity that depends on the value off .
The set of all gambles onY is denoted by L (Y).

Given a probability mass function 2 on Y, we use the corresponding
expectation E, to make statements about gambles inL (Y); it is debned
by $

E(9) ! 2(,)%(,) forall $' L (Y). (2.1)

Y

The value E;($) for any $' L is then called the expected value of, or
simply the upper expectation of $ Using a frequentist interpretation, such
an expected valueE,( $) then represents the average value of$ taken over
a large number of observations of/ . Our subjective interpretation, how-
ever, leaves room for whatever interpretation one prefers; for instance, an
expected valueE,($) may represent a subjectOs fair price for the gambl,
where $is then interpreted as an actual uncertain reward depending on
the value of / . We will come back to the interpretation as fair prices in
Section 2.3.2y9.

Expectations are often an object of interest in probability theory because
they allow us to draw general inferences about a system, which can on its
turn lead to making decisions.

Example 2.1.2. Taking into account the mental state of your girlfriend, wife
or husbandNHappy (4 ), Tired (5) or Emotionally unstable (6)N, should
you continue discussing a delicate topic, or stop and go read a book? We
represent the former action by the gamble § = ($(4), $(5), &(6)) =
(1,0, &5) that turns out well ( $(4) = 1) if / is equal to 4, but turns out
very bad (%(6) = &5) if / = 6. The latter action is represented by the gam-
ble $ =(%(4), $(5), $(6)) = (0,1, &1) thatturns outwell ( $(5) = 1)if /
is equal to 5, but also turns out somewhat bad ($(6) = &1) if / = 6. If we
assessNpurely hypotheticalNthe probabilities of 4,5 and 6 as respectively
3,2 and i, then we obtain that E($%) = & and E($) = 3. Hence, the ex-
pectation of $ is higher than that of &, and you should therefore depnitely
continue reading this book. "

The following straightforward proposition says that expectations derived
from probability mass functions are always linear operators, which is why
we often call them linear expectations .

Proposition 2.1.3. For any probability mass function 2 on Y, any
$-' L(Y)andany( ' R,
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(i) inf $( Ex(9 ( sup$* [bounds];
(i) Ex($+-)=Ex(9 +Ex(-) [additivity];
(i) E2(($) = (Ex(9 [homogeneity].

Proof. These properties can be straightforwardly derived from the dePpnitions of 2
[DePnition 2.2;4] and E; [Eq. (2.1), 1. O

Conversely, given an expectationE satisfying the properties (i) £jii)
above, the restriction of this expectation operator to the space of all indi-
cators forms a probability charge. Indeed, it can easily be checked that the
set function P: 1(Y) * R debned byP(% ! E(l) for all %' 1(Y)
then satisbesP1;0EP3,4, and is therefore a probability charge on Y Nrecall
Section 1.64¢ for the debnition of an indicator o,

2.2 Modelling uncertainty with sets of probabilities

In the previous section, we have modelled a subjectOs beliefs with a single
probability mass function on Y or, equivalently, a single probability charge
on Y. However, it may well be that a subject is unable or not willing to
specify such a single probability mass function. This especially occurs when
there is a lack of data or information about the system at hand, or when our
subject bases himself on conficting expert advise (or other information).
Forcing our subject to choose a single probability mass function may then
lead to unwarranted decisions, as is illustrated by the next example.

Example 2.2.1. Consider a container with (possibly) three types of
coloured balls contained in it; red ones, green ones and blue ones. There are
6 balls in total, and exactly 2 of them are red. There is no other information
givenNthe remaining 4 balls may be all green, all blue, or any combination
of these colours. If/ is the (uncertain) colour of a ball drawn from this
container, what is the probability of drawing Red, Blue or Green?

We have that Y = {7, 0,8} and we can assume the probability 2(7) to
be equal to % Yet, we have absolutely no idea about the values of the prob-
abilities 2(8) and 2(0) apart from the fact that they lie between 0 and ‘6‘.
In standard Oprecised probability theory this lack of knowledge or beliefs is
typically modelled by assuming the probabilities 2(8) and 2(0) to be equal.
The expectation of the gamble $= ($(7), $(8), $(0)) = (&1, &1, 3) would
then become

E(9) = $(7)25(7) + $(8)20(8) + $(0)20(0) = &12 & 12 +32=2>0

1Since the possibility spaceY is bnite here, the inbmum and supremum can be replaced
by a minimum and a maximum.
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2.2 Modelling uncertainty with sets of probabilities

Hence, according to the reasoning above,$ is a gamble with positive ex-
pected pay-d Nif for a minute we interpret its values as actual pay-o! sN
and we are therefore inclined to accept the gamble $ However, this con-
clusion is clearly inconsistent with reality; only few people would actually
be willing to accept $because there might be no blue balls in the container,
and then there is no chance of gaining any money at all. "

2.2.1 Sets of probability mass functions

In order to model the beliefs of a subject in a more Rexible and robust
way, we can usesets of probability mass functions P instead of a single
probability mass function; such a set can then loosely be interpreted as the
set of all probability mass functions our subject deems Opossible®. One of
the most common and simple ways of obtaining such a seP is by specify-
ing upper and lower bounds on individual probabilities; e.g. our beliefs in
Example2.2.1  are correctly represented by the set

P={2"P(Y):2(7)=2}={2" P(Y): 2( 2(7) ( 3}.

In general, however, such upper and lower bounds on individual probabili-
ties do not su" ce to characterise a seP + P(Y).

Example 2.2.2. Consider again the container from Example2.2.1. but
where it is now given that there are an equal amount of green and blue
balls, and where nothing is said (or known) about how many red balls there
are in the container. Our beliefs are in that case correctly represented by
the set

P ={2" P(Y): 2(8) = 2(0)}.
Such a setP is called a comparative probability model [65]. It can be
checked that this set can never be characterised by only using upper and
lower bounds on the individual probabilities. "

We will often call any set P + P(Y) an imprecise probability model,
or simply an imprecise model, because it is a generalisation of the tradi-
tional probability mass functionNa Oprecise® modelNwhere the individual
parameters/probabilities are only partially specibed. Concerning the inter-
pretation of our setsP + P(Y), let us mention that we do not regard the set
P to be an exhaustive or complete representation of our subjectOs beliefs;
that is, the setP may include more than what our subject actually deems
possible. This seems sensible because in most realistic situations we can only
gather or represent part of a subjectOs beliefs, simply because of constraints
on time, money, and so forth. We refer to Walley [110, Chapter 2] for more
details on such interpretational aspects, and for a more elaborate motivation
for imprecise probability models.
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Modelling uncertainty for Pnite possibility spaces

2.2.2 Upper and lower expectations from sets of probability mass
functions

Of course, since we are now considering sets of probability mass func-
tions P, we cannot specify a single expected value for each gamble any
more. Instead, we will have an entire set of such expected values. The up-
per and lower bounds of these sets are what we call theupper and lower
expectations corresponding toP .

Debnition 2.3. For any non-empty set of probability mass functionsP , the
corresponding upper and lower expectation Ep and E are debned, for all
$' L (Y), by 3
Ep (9! supEx($ =sup  2(,)%(,)and
2P 2P vy

E- (9! inf Ex(9) = inf i 2(,) (). !

Upper and lower expectations are of major importance because, just as
their precise counterparts, they allow us to draw various non-trivial conclu-
sions, which on their turn may lead to decisions. Decision making becomes
somewhat more delicate than in the precise case though, since we can now
come up with several di! erent methods that each have their own advan-
tages and disadvantages; see e.g.[10, Section 3.9] and [50].

Example 2.2.3. Reconsider the situation from Example 2.2.1,,, where
P ={2" P(Y): 2(7) = %} is the set that represents our beliefs about
the colour / of the ball that is drawn next. Then the corresponding upper
and lower expectation Ep ($) and E,, ($) of the gamble $= (&1, &1, 3) are
respectively %) and &1. If we wish to remain conservative, then we should
base ourselves on the worst-case scenario, which is represented by the lower
expectation E; ($) = &1 < 0. Hence, in that case, we should not accept the
gamble $Nindeed, this is similar to the conclusion that we made at the end

of Example2.2.1,,. This corresponds to the" -maximin approach from [ 50].
On the other hand, the best-case scenario is represented by the upper expec-
tation Ep ($) = g > 0. Hence, if potential negative pay-d s are little of an
issue, then based on this information we might want to accept the gamble
$ This would then corresponds to the " -maximax approach from [50]. "

Upper and lower expectations also satisfy several basic properties that
will turn out convenient later on. We list the most important ones.

Proposition 2.2.4. Consider any non-empty sé® + P(Y), and letEp and
E; be the upper and lower expectations correspondingRoaccording to Def-
inition 2.3. Then, forany$ - ' L (Y)and (' Ry,
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2.2 Modelling uncertainty with sets of probabilities

(). Ep (&9 = &E, (9 [conjugacy];
(). inf $( E- (9 ( Er (9 ( sup$ [bounds];
(i) . Ep ($+-) ( Ep (9 +Ep ().

E. ($+-)#E. (9 +E (-) [sub-/super-additivity];

(V). Erp (($) = (Er (9); Es (($) = (E» (9 [non-negative homogeneity].

Proof. All these properties can be easily deduced from DePnitior2.3, . O

Note in particular that, due to (i) above, upper and lower expectations
are related by conjugacy, and so it actually su" ces to only study either up-
per expectations or lower expectations; we will focus on upper expectations.

A special case of a set of probability mass functions is whef® consists
of only a single probability mass function 2. The upper and lower expecta-
tions are then equal, and their common values are then given by the linear
expectation E,. The corresponding upper and lower expectations are then
called self-conjugate .

In contrast to the above, if P consists of all the probability mass functions
in P(Y), then we call P the vacuous model; it represents a complete lack
of knowledge or beliefs about the value of/ . The corresponding upper ex-
pectation Ep ($) forany $' L () is equal to sup $ and the corresponding
lower expectation E; (9 is equal toinf &

2.2.3 Upper and lower probabilities from sets of probability mass
functions

By restricting upper and lower expectations to the domain of all indi-
cators we obtain so-calledupper and lower probabilites Pr and Py, re-
spectively; so, for any setP + P(Y), they are debned byPs (% ! Ep (lo)
and P, (9 ! E; (lo) forall %' 1(Y). Alternatively, it follows from Dep-
nition 2.3, that, for all %' 1(Y),

= $

Po (%! supP(W =sup 2(,);
2'p 2P 2%

Po (99! inf Py(% =inf  2().

%

So upper and lower probabilities give tight upper and lower bounds on
the individual probabilities associated with a set P Nas was to be expected
from their nameNand are therefore an object of interest in many applica-
tions. As already mentioned, such upper and lower bounds on individual

probabilities can be used to derive a compatible setP? of probability mass
functions from, but not all sets P can be obtained in this way; see also [L10,
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Modelling uncertainty for Pnite possibility spaces

Section 2.7.3].2 We therefore typically regard upper and lower probabili-
ties as secondary objects derived from sets of probabilities/probability mass
functions.

2.3 Modelling uncertainty with sets of acceptable gambles

It was brieBy mentioned in Section 2.1;g that probabilities can be given
a behavioural interpretation, yet there actually exists a full-Redged theory
that is entirely build on the idea that a subjectOs betting behaviour ought to
be regarded as the fundamental primary object, rather than probabilities;
the theory of sets of acceptable gambles (or sets of desirable gambles)7p,
76, 106, 110, 113]. This theory has grown largely from the ideas presented
by P. M. Williams [113] and Walley [ 110]. We next outline some basic but
important concepts in this Peld, and show how they naturally lead us to
debne corresponding upper and lower expectations.

2.3.1 Sets of acceptable gambles

In the current framework, any gamble $' L (Y) is interpreted as an

uncertainNpossibly negativeNreward $(/ ) that depends on the value of
the variable / . A central assumption here is that the (real-valued) rewards
or pay-o! s $(,) associated with such a gamble$representlinear utilities
for a subject, in the sense that, for any&' Ry, the price &%, ) is worth &
times as much as$(,). If a subject specibes that she bnds a gambl& '
L (YY) acceptable, then we simply take this to mean that she is willing to
accept the uncertain reward associated with the gamble $[76, 106, 113].
Accepting a gamble is weaker than Pnding it desirable fL10] or preferring
it above the status quo; our subject accepting a gamble$ may also entail
that she is indi! erent with respect to exchanging $for the zero gamble ON
which represents the status quoNand vice versa; see also AxionD1+ in the
dePnition of coherence.

The beliefs that a subject has about will lead her to make statements
about which gambles $' L (Y) she bPnds acceptable. For instance, if she is
completely certain that / takesNor, will takeNthe value , ' Y, then she
will typically accept any gamble $' L (Y) that gives her non-negative pay-
ol $(,) # Owhen/ =,. Or, conversely, in case she is completely uncertain
about the value of / , she might only accept those gambles that are sureN
whatever the value of / Nnot to give her a negative pay-o! . In this way, one

2For closed and convex sets of mass functions, a $ucient condition for being fully char-
acterised by the corresponding upper and lower probabilities is that the associated upper (or
lower) expectation is 2-monotone; see [106, Theorem 6.22].
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2.3 Modelling uncertainty with sets of acceptable gambles

can thus see that a subjectOs beliefs can be modelled by considering et
of acceptable gambles D + L (Y).

Of course, our notion of acceptability has little meaning on its own; if
our subject chooses to be completely irrational in her specibcation oD Nfor
instance, she includes gambles$ ' D that give her a (strictly) negative re-
ward irrespectively of what happensNit should not be expected that, using
whatever system of logical reasoning, this information will allow us to come
up with any sensible conclusions. Hence, in order to be practically mean-
ingful, we shall want to impose some minimal properties on D; properties
that translate our idea of rational behaviour. > These properties are what we
call coherence.

Debnition 2.4 (Coherent sets of acceptable gambles)We say that a set of
acceptable gamblesD + L (Y) is coherent if, for any two $,- ' L (Y) and
any (' R,

D1. L4(Y)+D [accepting non-negative rewards];
D2. L4(Y), D=) [avoiding partial loss];
D3. $-'D- $+-'D [combination];
D4. $' D- ($'D [scale invariance]. !

The debnition above is entirely the same as that of [L06, Debnition 3.2],
apart from the fact that the scaling axiom [BA3] in [ 106, Debnition 3.2] is
with non-negative (, whereas we only allow ( to be positive [ D4]; our choice
is in that sense more in line with that of P. M. Williams [ 113, Footnote 1] and
Quaeghebeur et al. [76, Sections 2.10.7 and 2.4]. Nevertheless, this clearly
makes no dil erence, mathematically speaking, because the zero gamble is
always included in a set of acceptable gambles that is coherent according to
DePnition 2.4 due to D1Nwhich is in fact the reason why we prefer to keep
D4 as weak as possible.

Let us brieRy clarify the meaning of the coherence axioms above. Prop-
erty D1 requires that a coherent set of acceptable gamblesD should in-
clude all the $' L 4(Y) that surely give a non-negative reward; in other
words, our subject should always accept the status quo, and any gamble
that never makes her lose money, and that in some cases makes her receive
money. Property D2 on the other hand requires that a coherent set of accept-
able gamblesD should never include any gambles$' L »(Y) from which
our subject can never gain anything, and that in some cases make her lose
moneyNthis requirement is called avoiding partial loss. The motivation for

30ne could question, however, whether it is reasonable to assume that all subjects, if,
representing actual persons, indeed act rationally.
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Modelling uncertainty for Pnite possibility spaces

D1, and D2 is self-evident?

Axioms D3, and D4, , on the other hand, are concerned with how ac-
ceptability of certain gambles lead us to conclusions about the acceptability
of other gambles. Axiom D3, says that, if two gambles $,- ' L (YY) are
acceptable, then their sum $+- should also be acceptable. AxionD4, says
that, if a gamble $' L () is acceptable, then any scaled versior( $ with
( > 0 should also be acceptable. The motivation forD3; and D4, relies
on the fact that pay-o! s corresponding to gambles are assumed to be linear
utilities for our subject; we refer to [ 110, Section 2.2.4] for more details.
Note that D3, and D4, together imply that D should form a convex cone;
that is, posi(D) = D.

It can moreover easily be deduced fromD1, and D3; that coherent
sets of acceptable gambles satisfy the following monotonicity property.

Corollary 2.3.1. For any set of acceptable gambl& + L (YY) that is coher-
ent,and any two $ - ' L (Y),

D5. if $' Dand $( -,then- "' D.

Furthermore, for the same reasons as for sets of probability mass func-
tions P in Section 2.2,,, we again do not assume a coherent set of acceptable
gamblesD to be anexhaustive representation of our subjectOs beliefs. Math-
ematically speaking, this means thatD may actually include less gambles
than the set of all gambles deemed acceptable by our subject.

Example 2.3.2. A special set of acceptable gamble® is the brst orthant
L #(Y). It can be checked thatD = L 4(Y) is coherent, and more specib-
cally that it is the smallest possible set of acceptable gambles that is coherent.
Since no gambles are included inD apart from the trivially acceptable ones,
this set D can be seen to model the case where our subject is not willing
to make any non-trivial commitments with regard to the uncertain value of

/ . Itis the acceptability-counterpart of the setsP of probability mass func-
tions consisting of all possible probability mass functions (recall the end of
Section 2.2.2,4), and is also referred to as thevacuous model. "

Example 2.3.3. In utter contrast to the vacuous model described above,
we can also considermaximal coherent sets of acceptable gambles 12];
coherent sets of acceptable gambles for which there exists no coherent set

4AxiomsD1; and D2, can sometimes be found in a slightly di erent form; some authors
prefer to exclude 0 from the set of trivially acceptable gambles, or sometimes only include the
strictly positive gambles in the set of trivially acceptable gambles; similar observations can be
made for the trivially non-acceptable gambles. Such weaker versions of Axiom®1; and D2
are typically used when interpreting acceptability in a stronger wayNin that case, it is often
called desirability or strict desirability. We refer to [ 76] for an overview on this matter.
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2.3 Modelling uncertainty with sets of acceptable gambles

of acceptable gambles that is strictly larger. For instance, ifY = {7,8, 0}
are the three possible colours of a ball drawn from a containerNRed, Green
and Blue, respectivelyNthen the sets{$' L (Y): $(7) + $(8) + $(0) # 0}
and {$" L(Y): §(7) > 0} %{$" L (Y): $7) =0, $(8) + $0) # 0}
are maximal coherent sets of acceptable gambles. The former corresponds
to the case where our subject deems the colours Red, Green and Blue all
equally likely to come up; the latter corresponds to case where our subject
is (almost) certain that the ball will be Red, and that, if it is known that the
ball is not Red or if he is not allowed to put stakes on the colour Red, he
deems it equally likely that either Green or Blue will come up. "

2.3.2 Upper and lower expectations from sets of acceptable gambles

Given a coherent set of acceptable gamble® that models the beliefs
of our subject, we typically want to make judgements about the Ovalued or
Opriced of certain gambles of interest. To do so, we associgteer and lower
expectations with D.

Debpnition 2.5. For any coherent set of acceptable gambledD, the corre-
sponding upper and lower expectationsEp and E, are real-valued opera-
torsonL (Y) debned, forall $' L (Y), by

Ep(9! inf{: ' R:: &$' D}andE, (9! sup{: ' R: $&: ' D}. !

So, forany $' L (), the value Ep ($) represents the inbmum accept-
able selling price corresponding toD; indeed, forany : ' R, accepting: & $
is the same as accepting the transaction of selling the uncertain reward$for
the Pxed price: . Conversely,E ($) represents the supremum buying price
corresponding to D. Observe thatEp ($) and Ej, ($) always lie between
inf $and sup $ and therefore are indeed both real, due to AxiomsD1,7 and
D227.

Example 2.3.4. Reconsider the situation from Example 2.3.3, , and let
Di! Lg(Y)andD,! {$" L(Y): $(7)+ $(8)+ $(0) # 0}. Thenitcan
be inferred that the vacuous model D, gives as upper and lower expectations
Ep, (9 =sup $andEp,($) =inf $forall $' L (Y). Onthe other hand, for
the model D, which considers Red, Green and Blue equally likely to come
up, the upper and lower expectations coincide and are equal toED2($) =
ED2($):($(7)+$(8)+$(0))/3f0rall $' L (Y). "

It can be shown that upper and lower expectations corresponding to
coherent sets of acceptable gambles satisfy the same convenient properties
as upper and lower expectations corresponding sets of probabilities.
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Proposition 2.3.5. Consider any coherent set of acceptable gamtilesand let
Ep and Ep be the upper and lower expectations corresponding@oaccording
to Debnition2.5; . Then, forany $- ' L (Y)and (' Ry,

() Ep (&9 =&E, (9 [conjugacy];
(i) inf $( Ep(9 ( En(9 ( sup$ [bounds];
(i) Ep($+-) ( Ep(® +Ep(-);

Ep($+-) # Ey (9 +Ey(-) [sub-/super-additivity];

(iv) Ep(($)=(Ep(9;Ep(($)=(Ep(9 [non-negative homogeneity].

Proof. Property (i) follows straightforwardly from Debnition 2.5, . Indeed, for any
$' L (Y), we have that

Ep(&$ =inf{: ' R:: +$' D} =inf{& ' R: $&: ' D}
=&sup{: ' R: $&: ' D} =&E, (9.

Properties (ii) &iv) can be easily deduced from Debnition2.5, and the coherence
of D. Alternatively, they also follow from the fact that Ep and Ep are Ocoherentd in
the sense of [L06, Debnition 4.10], and therefore that they satisfy the properties
in [ 106, Theorem 4.13]. O

Note again that, due to the conjugacy property (i) above, we can limit
ourselves to only working with upper expectations. In some instances, as
was the case for the upper and lower expectation:“:__D2 and EDz inthe exam-
ple above, it can happen that the upper and lower expectation coincideNit
can be observed that this will always be the case for upper and lower ex-
pectations deduced from maximal coherent sets of acceptable gambles. The
upper and lower expectations are then again calledself-conjugate . They
represent a subjectOfwir prices [27]; indeed, forany $' L (Y), if Ep (9
denotes the common value ofEp ($) and E ($), then our subject is willing
to sell $for any price : higher than Ep ($), and willing to buy $ for any
price : lower than Ep ($).

We do want to stress, however, that we consider the existence of fair
prices to be only a special case and that, in general, we allow inPmum (ac-
ceptable) selling prices to be higher than supremum (acceptable) buying
prices; see(ii) above. By doing this, we allow for indeterminacy in a sub-
ject®s gambling behaviour, in the sense that our subject may choose, for any
price : ' R and any gamble $' L (Y), to neither sell $for :, nor buy $
for : . If we were to restrict ourselves to only working with self-conjugate
(linear) expectations or maximal sets of acceptable gambles, then we would
always force our subject to either sell $for : , or buy $for :, which seems
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2.4 Coherent upper and lower expectations directly

like a strong and unnatural limitation. ° The case of maximal indeterminacy
is in Example 2.3.4,9 represented by the vacuous modeEDl, because there
Ep,($ = sup$and Ep, (9 =inf $forall $' L (Y), and so our subject
is then only willing to sell or buy gambles in such a way that she can never
lose from her transactions. We again refer to Walley [L10] for more details.

2.3.3 Upper and lower probabilities from sets of acceptable gambles

Just as we did in Section2.2.3,5 for upper and lower expectations as-
sociated with sets of probability mass functions, we can associate ampper
and lower probability Pp and P, with a coherent set of acceptable gam-
bles D by restricting the upper and lower expectations Ep and Ep to the
domain of indicators; so, for any coherent set of acceptable gambleD, we
let Po (% ! Ep(le) and Py (A ! Ep(log forall %' 1(Y). The upper
and lower probability Pp and P, corresponding to a coherent setD do not
represent upper and lower bounds on possible individual probabilities as in
Section 2.2.3,5, but rather represent the inPmum and supremum stakes at
which our subject is willing to bet on the occurence of an event. Indeed,
it follows from the dePnition of Ep [Debnition 2.55] that Pp (%9 for any
%' 1(Y) is the inbmum price : ' R for which our subject is willing to
accept the the uncertain reward that is equal to: & 1 if %occurs, and that
is equal to : otherwise. Conversely,P, (% for any %' 1(Y) is the supre-
mum price : ' R for which our subject is willing to accept the the uncertain
reward that is equal to 1 & : if %occurs, and that is equal to&: otherwise.

2.4 Coherent upper and lower expectations directly

We have seen in the previous sections that both the framework of (sets
of) probabilities and the framework of sets of acceptable gambles naturally
lead us to debne upper (and lower) expectations, which are often more
convenient or interesting than the (sets of) probabilities or sets of accept-
able gambles they are derived from, especially when aiming to draw in-
ferences about the system at hand. The upper expectations deduced from
these frameworks moreover have some characteristic properties, which were
listed in Propositions 2.2.4,4 and 2.3.5. . In many cases, these character-
istic properties are all we need and care aboutNfor instance, when deriv-
ing (other) mathematical properties or when performing calculationsN-and
then the debnitions of the upper expectations given above are rather lengthy

5The only exception where we would allow a subject to be indeterminate when working
with self-conjugate (linear) expectations, is when the proposed selling or buying price : is
exactly equal to Ep (9).
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and indirect. Moreover, they also demand a user to base himself on ei-
ther the framework of probabilities or the framework of acceptable gam-
bles, and therefore to choose between two contrasting interpretations of an
upper expectation. In light of obtaining a more direct and universal dep-
nition of an upper expectation, a possible and logical strategy would be to
simply start from the properties in Propositions 2.2.4,4 and 2.3.530, and
propose them as debning axioms. This approach was followed by P. M.
Williams [113] and Walley [ 110]. They showed that the following three
simple axiomsNwhich are the same as Proposition 2.2.4(ii) -5EXiv) 25 and
Proposition 2.3.5(ii) 308(iv) soNare enough to fully characterise the upper
expectations in Debnitions2.3,4 and 2.5,9; they are specibed, for any real-
valued operatorE: L (Y)* R,any $-"' L (Y)and (' Rg, by

Cl.E(9(sup$ [upper bound];
C2. E($+-) ( E(9 +E(-) [sub-additivity];
C3. E(($) = (E(9 [non-negative homogeneity].

In accordance with Propositions2.2.4,4 and 2.3.53, the lower expectation E
corresponding to an upper expectationE is simply depbned by the conjugacy
relation;

E(9! &E(&P forall $' L (Y). (2.2)

The following uses C1EC3 to debne the notion of a coherent upper ex-
pectation , and establishes our claim that these axioms are enough to char-
acterise the upper expectations from DepPnition2.3,4 and DepPnition 2.529.

Debnition 2.6. For any operator E: L (Y) * R the following conditions

are equivalent. If anyNand hence allNare satisbed then we call E a coher-
ent upper expectation, and the corresponding conjugate operatorE debned
by Eqg. (2.2) a coherent lower expectation.

() E satisbesC1EC3;

(i) Eis the upper envelopeEp corresponding to some non-empty setP
of probability mass functions;

(i) E is equal to the inbmum selling prices Ep corresponding to some
coherent set of acceptable gamble®D. !

Proof. That (ii) implies (i) follows from Proposition 2.2.4,,. That (i) implies (i)
follows from Proposition 2.3.530. That (i) implies (i) follows from the lower envelope
theorem [110, Theorem 3.3.3 (b)] and conjugacy.® That (i) implies (iii) follows from
[106, Theorem 4.2] and conjugacy. O

SA similar result was actually prst stated by Huber [49, Section 10.2], and later used by
Artzner et al. [ 1, Proposition 4.1] to characterise coherent risk measures.
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Note that no independent explicit debnition of aNnot necessarily
coherentNupper expectation has been given so far. Upper expectations
will appear in several di! erent contexts and take multiple di! erent forms
throughout this dissertation. In this chapter, they will always assume them
to be real-valued operators onL (Y), yet, in later chapters, they will be
modibed to also take values in the extended real numbersR, or to even
take two arguments instead of only one. In general, no additional implicit
assumptions are made with respect to the form or properties of upper ex-
pectations; they will typically take a more specibc form, but this will then
be mentioned explicitly at the point of relevance.

Apart from C1 BC3 , coherent upper and lower expectations addition-
ally satisfy some basic but convenient properties. The following result can
be easily deduced from [110, Section 2.6.1.] and the conjugacy relation

[Eq. (2.2). 1.

Proposition 2.4.1. Consider any coherent upper expectati@on L (Y), let
E be debned by conjugacy, and bx a/- ' L (Y) and; ' R. ThenE and
E satisfy the following properties:

C4 $( -- E(9 ( E(-) [monotonicity];
C5. inf $( E(9 ( E(9 ( sup$ [bounds];
C6. E($+;)=E(9 +; [constant additivity];
C7. E($+-) ( E(9 +E(-) ( E($+-) [mixed super-/sub-additivity];
C8. for any sequencg $}. n, in L (Y): [uniform convergence]

Jim sup|$& $[=0 - lim_ E($) =E(9).

2.5 Upper expectations are slightly less expressive

We have put forward coherent upper expectations as central objects of
interest because they can be given a universal meaning, as is established
by Debnition 2.6, above, and because they often allow us to conveniently
draw inferences about the systems at hand; e.g. recall Example.1.2;;
and 2.2.3,4. One could therefore be tempted to immediately express ev-
erything in terms of coherent upper expectations, yet care should be taken
here, since upper expectations are actually less expressive than sets of prob-
abilities or coherent sets of acceptable gambles. In other words, for any
coherent upper expectation E, the set P in Debnition 2.6, need not to
be unique; there may be multiple sets of probabilities leading to the same
coherent upper expectation. Similar considerations hold for upper expec-
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tations deduced from coherent sets of acceptable gambles. Let us clarify
this.

If we want to associate a set of probability mass functions to a coherent
upper expectation E, one possibility is to consider the set of all probability
mass functions for which the associated expectation is smaller than (or equal
to) E:

_ % —_ &
PE)! 2" P(Y): (8 L(Y))#,'v2(,)$(,)( E(® . (293

It follows from [ 110, Section 3.3.3] and conjugacy that the upper
envelopeNaccording to Debnition 2.3,4Nover this set P (E) indeed coin-
cides with E. Moreover, it also clear from Debnition 2.3,4 that P (E) must
always be the largest such set. BuP (E) should not necessarily be the only
such set as there can also be smaller ones. For instance, removing the points
that are not extreme’ from the convex setP (E)Nand therefore making it
non-convexNdoes not alter the values of the upper expectation that results
from it [ 110, Theorem 3.6.2]. On the other hand, since we are consider-
ing suprema of expectations, the boundary structure of a set of probability
mass functions is often irrelevant as well, in the sense that any two sets
P, and P, that have the same closuré will have the same resulting upper
expectation. This is also the reason why the one-to-one correspondence in
[110, Theorem 3.6.1] only involves sets of probabilities that are closed (or
compact).

Example 2.5.1. Suppose that the possibility spaceY = {),*} consists of
two elements) and *. Let 21,2, ' P(Y) be two probability mass functions
on Y suchthat0 ( 2;()) < 2() ( 1. LetPy! {21, 2:},

Pa! {2" P(Y): 20) ( 20) ( 2())} and

Pa! {2" P(Y): 21(0)) < 20) < 220))}-
The setsP ; and P , are di! erent but have the same extreme points; namely
2; and 2,. On the other hand, it can be checked thatP 3 is not closed, but
that its closure is equal to P ; (which is trivially closed).

As far as the corresponding upper expectations are concerned, we have
that, forany $' L (Y),

B, (9) =, fzulg}Z())$()) +[1&2())] $(*)
= sup }2())[$())&$(*)] + $(*)

2'{21,2

7An extreme point of a convex set0 is an element in 0 that cannot be written as a convex
combination of other elements in 0.

8We here mean the closure under uniform convergence or the closure under pointwise
convergence; both are equivalent becauseY is Pnite.
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2.5 Upper expectations are slightly less expressive

Soif $()) # $(*), then by the factthat 2,()) > 2;()) we knowthat Ep , ($) =
2,0)[$0)) & $(*)] + $(*). If on the other hand $()) < $(*), then by 2,()) >
21()) we have that Ep , ($) = 2:())[$0) & $(*)] + $(*). It can be inferred
in analogous way, and by using the dePnitions ofP , and P 3, that the same
expressions hold forEp , and Ep ,; that is,

Ep, (9 =Epy (9 = 20)[30) & $()] + $(*) if $()) # $(*) and
Ep, (9 =Epy (9 = 20.0)[30) & $()] + $(*) if $0) < $(*).

In a similar way, we have that the boundary structure of a coherent set
of acceptable gamblesD has no impact on the associated upper expectation
Ep . For instance, it can easily be proved using Debnitior2.5,¢ that two co-
herent sets of acceptable gambles with the same (uniform) closure will give
the same upper expectation. We do not prove this explicitly, but prefer to
illustrate this with an example. Furthermore, note that convexity is always
satisbed for a coherent set of acceptable gambles due tB3,; and D4,7, and
therefore that there is no extra degree of freedom in this respect.

Example 2.5.2. Reconsider the situation from Example2.3.4,9. Let D, !
{$" L(Y): §(7) + $(8) + $(0) # 0} be debned as previously, and let
Ds ! {$' L(Y): 7)+ $(8) + $(0) > 0} %{0}. Then it can easily
be checked that D, and D3 are both indeed coherent sets of acceptable
gambles. Moreover, by Debnition2.5,9, we also have that, forall $' L (Y),

Ep, (%) = Ep, (9 = ((7) + $(8) + (0))/3=Ep, (9 = Ep, (9.

Yet, it is clear that D, ! Dj3 as for instance- = (-(7),-(8),-(0)) !

(&1, %, 1) is an element of D3 but not of D..

Given a coherent upper expectationE, one possible coherent set of ac-
ceptable gambles that can be associated witlE is the set D(E) that results
from interpreting E as inbmum selling prices:

_ % _ &
DE)! : &% $' L(Y) ando/: > E(9 %L #(Y)&
0
= $" L(Y):0<E(9 %L 4x(Y), (249

where we immediately used the coherence ofE and conjugacy for the sec-
ond equality. As is pointed out in [114, Section 3.3] this set D(E) is the
smallest coherent set of acceptable gambles for which the associated upper
expectationNaccording to DePnition 2.5,4Nis equal to E.

The increased expressiveness of both coherent sets of acceptable gam-
bles and sets of probabilities compared to coherent upper expectations may
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Modelling uncertainty for Pnite possibility spaces

in some cases turn out to be practically relevant; we will henceforth devote
little attention to it though, and simply referto [ 110, Sections 3.7] and [82]
for a more elaborate discussion on this matter. However, one of the major
reasons for bringing this topic to the fore is that it urges caution when mod-
elling stochastic processes, as we will do in the following chapters. For in
such a stochastic processes setting [Sectio3.1.2,g], we usually start o!
from (multiple) local models, given as either sets of probability mass func-
tions, sets of acceptable gambles or upper expectations, and the central aim
is then to combine and extend these local models to obtain more global in-
formation about the stochastic process at hand. A naive approach would
be to immediately, from the start, express all local beliefs in terms of up-
per expectations and then simply extend from here onNas, in the end, we
will be interested in global upper expectations anyway. Yet, it is a priori not
given whether this is equivalent to brst performing an extension in one of
the more general frameworks (sets of probabilities or sets of acceptable gam-
bles), and then afterwards transitioning to (the less expressive) global up-
per expectationsNwhich is the preferred route if one wishes to preserve the
initial given information as much as possible. We will thereforeNamongst
other reasonsNstudy three separate approaches of constructing a global up-
per expectation; one for each of the three dil erent types of local models.

2.6 Extension of an uncertainty model

So far, we have established that a subjectOs beliefs about an uncertain
variable / can be modelled in three di! erent ways; by means of a set of
probabilities, a coherent set of acceptable gambles, or a coherent upper ex-
pectation. Nonetheless, in practical situations, when eliciting beliefs from
a real-life subject, it should not be expected that such a subject will specify
an entire set of probabilities that she deems possible, or specify an entire
cone of gambles that she deems acceptable. Or, in the framework of upper
expectations, it seems unrealistic to ask our subject to immediately spec-
ify her inbmum selling prices, or her upper bounds on linear expectations,
for all gambles inL (Y). Even if her beliefs itself can be expressed by a
full-Bedged coherent upper expectation, in reality, we often do not have
the time, money or tools to gather all the necessary information needed to
characterise this upper expectation. Hence, whatever the framework we are
considering, the initial assessments of a subject typically do not match the
structural conditions of the models discussed before. As a result, in order
to draw inferences, we are confronted with the question of how to extend
initial partial assessments to fully developed sets of probabilities, coherent
sets of acceptable gambles or coherent upper expectations.
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2.6 Extension of an uncertainty model

2.6.1 Extensions for sets of probabilities

Performing an extension within the framework of sets of probabilities
or sets of acceptable gambles is rather straightforward. In fact, for sets of
probabilities, there does not really exist a concrete extension mechanism;
as brieBy mentioned in Section2.2,,, we usually start o! with some given
bounds on certain probabilities, or more generally, some restrictions on the
form of the possible probabilities. Our next step is then simply to consider
the largest set of probability mass functions that is compatible with these re-
strictions; so if R denotes a (not necessarily Pnite) collection of restrictions,
and compatibility of a probability mass function 2 with the restrictions R is
denotedby 20 R,then{2' P(Y): 20 R} isthe desired set of probability
mass functions. For instance, reconsidering Example.2.3,4, the collection
of restrictions R consisted only out of the restriction that 2(7) = % The
reason why we consider the largest set among all possible ones is due to
conservativity considerations; taking smaller sets essentially means adding
more restrictions, and thus more information on top of what is given by our
subject. It could also be that the set{2' P(Y): 20 R} is empty and thus
that there are no probability mass functions compatible with the restrictions
R; in that case, we call R inconsistent.

2.6.2 Extensions for sets of acceptable gambles

Consider a (not necessarily coherent) set of acceptable gamblef\ +
L (YY) that represents the initial assessments of our subject. The sefA
may take any form, and is most likely to include only a Pnite number of
gamblesNand therefore not to be coherent. Adopting Axioms D1,78D4,;
however allows us to say something about the acceptability of gambles that
are not included in A. Concretely, AxiomsD1,7, D357 and D4, tell us that
our subject should accept, apart from the gambles inA itself, the gambles
in the cone

: ! (

E(A)! posi(A %L 4+(Y))= (.$:+" N, $" A%L4(Y), (" Rs ,

=1

which is obtained by including L #(Y) and taking all positive linear combi-
nations. Note that adding more gambles to the setE(A ) would mean adding
more information apart from what A and Axioms D1,7, D3,7 and D47 tell
us. If E(A) does not include any gambles fromL 4 (Y )Nand therefore does
not violate D2,7;Nthen E(A) is coherent and, since nothing more can be
deduced from Axioms D1,,ED4,7, it is the smallest coherent set of accept-
able gambles extending the assessmenté.. So, since smaller coherent sets
of acceptable gambles are obviously more conservativeE(A) is then the
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Modelling uncertainty for Pnite possibility spaces

most conservative coherent set of acceptable gambles that extend4, and
is therefore our desired coherent extension ofA.

However, it could of course also be thatE(A), L #(Y) ! ) ;inthat case,
we infer from A that our subject is willing to accept a gamble in L #(Y).
By adopting D257, we have agreed upon the fact that this is irrational, and
this prevents us from extending her assessmenté\ to a coherent set of ac-
ceptable gambles. We then callA inconsistent. These considerations are
gathered in the following depnition [ 106, 110].

Debnition 2.7. We say that a setA + L (Y) of acceptable gambles iscon-
sistent if E(A), Lx(Y) =) . Ifthisis the case, thenE(A) is the smallest
coherent set of acceptable gambles includingA , and it is called the natural
extension of A. !

Proof. Itis clear from the dePnition of E(A) that this set E(A) satisPesD1,7, D3,7
and D4,;. If A is consistent, then E(A) additionally satispes D2,;, and thus E(A)
is then coherent. It is moreover clear from the debnition of E(A) that any other
coherent set of acceptable gambles includingA must always include E(A) too, so
E(A) is indeed the smallest coherent set of acceptable gambles including? . O

2.6.3 Direct extensions of upper expectations

Suppose now that our subjectOs initial assessments are represented by
an upper expectationE : K * R on some arbitrary domain K + L (Y)N
these can represent inbmum selling prices, upper bounds on linear expecta-
tions/probabilities or both. Again, it is most likely the subject only specibes
a bnite number of values, and therefore that K is Pnite (but we do not
necessarily requireK to be Pnite). Our aim is to extend E from K to the
entire spaceL (Y) such that the resulting extended operator is coherent in
the sense of Debnition2.63,. As before, two crucial questions then come to
mind; OUnder what conditions can we perform such an extension?® and Olf
there are multiple extensions possible, which one do we take?0.

General coherence

The following result gives an answer to our brst question. It is stated as a
dePnition though, more specibcally as a renewed dePnition ofcoherence.
Coherence was indeed already introduced earlier on, with Debnition2.63,,
but the concept is well-known to generalise to upper expectations on general
domains K . This generalised notion immediately turns out to be su" cient
(and necessary) in order for a coherent extensionNin the sense of Debni-
tion 2.63,Nto exist. The debnition below is due to P. M. Williams [ 113], but
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2.6 Extension of an uncertainty model

we use [106] in our proof because P. M. Williams [113] immediately gives
a version of coherence for conditional upper expectations.

Debnition 2.8. Consider any upper expectationE : K * R on an arbitrary
domain K + L (). Then the following conditions are equivalent. If anyN
and hence allNof them hold, we call E coherent.

(i) E is the restriction of a coherent upper expectation EL L (Y)* R
according to DePnition 2.63;
(i) forall +'" N, (o0,(1,--.,(+' Rgand %, %.....%" K,
)

*
"y

sup (o(H&E($)& (($&E($)) #0.
=1

(iii) there is a non-empty setP of probability mass functions on Y such
that E coincides with E» on K ;

(iv) there is a coherent setD of acceptable gambles such thaE coincides
with Ep on K . !

Proof. Itis clear that due to DePnition 2.63,, conditions (i) , (iii) and (iv) are equiva-
lent. The fact that (ii) is equivalentto (i) follows rather straightforwardly from [ 106,
Debpnition 4.10 (B) and (E)] and conjugacy. O

WhatOs perhaps somewhat unfortunate about this general notion of co-
herence, or at least if we compare it to the simpler version in DebPnition2.63,,
is that it cannot be characterised in terms of the three simple axiomsC13,D
C33, any more; the requirement (i) above only usesC13,BC33, in an indi-
rect manner; in general, it does not su' ce for an upper expectation E on
a general domain K to satisfy (the restricted versions of) C13,BC3s, to be
coherent. The requirement (ii) above is direct, but the involved expression
is, compared to C13,BC33,, more di" cult to grasp and makes mathematical
analysis less straightforward. This requirement can nevertheless be intu-
itively motivated on behavioural grounds; a topic for which we like to refer
to [110, Section 2.5]Nnote that a characterisation similar to (i) can be
found in [ 110, Section 2.5.4].

The natural extension of an upper expectation

By condition (i) in the debnition above it is clear that coherence is necessary
and su' cient in order for a coherent extension to the entire spacel (Y)
to exist. Yet, even if the initial upper expectation E: K * R is coherent,
this extension might still not be unique and so the question remains which
extension to pick. Once more, we will choose for the most conservative
extension; in this case that translates to choosing the (pointwise) largest
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upper expectation. For indeed, that larger upper expectations correspond
to more conservativeNless committal or less informativeNjudgements can
be argued on the basis of the dual meaning of a coherent upper expectation.
Using an interpretation in terms of upper bounds on possible probabilities or
expectations, larger (or higher) coherent upper expectations mean higher
upper bounds, which are more conservativeNless informative. On the other
hand, using an interpretation in terms of inbmum selling prices, larger co-
herent upper expectations represent higher inbmum selling prices, which
are again more conservative.

The most conservativeNor thus the pointwise largestNcoherent exten-
sion among all possible coherent extensions is called thaatural extension
under coherence , or simply the natural extension [110, 113].

Debnition 2.9. Consider a coherent upper expectationE: K * R on an
arbitrary domain K + L (). Then there is aNtrivially uniqueNpointwise
largest coherent extensionE of E to L (Y). This extended upper expecta-
tion Etis called the natural extension of E. !

Proof. The existence ofE* follows from [ 106, Theorem 4.26(ii)] and conjugacy. O

Two explicit expressions for the natural extension

Debnition 2.9 guarantees that the natural extension of a coherent upper
expectation exists, yet the form and properties of this natural extension are
still to be derived implicitly from the fact that it satispes C13,BC8;3 and
the fact that it is the largest among all coherent extensions. More explicit
and tangible characterisations of this natural extension can nonetheless be
obtained by relying on the close connections with the frameworks of sets of
probabilities and sets of acceptable gambles.

Suppose once more that we are given a coherent upper expectatioft on
some domainK + L (). If we regard E as being upper bounds on possible
expectations corresponding to probabilities, then the set

_ % | . # — &
PE)! 2" P(Y):(/$ K) v2()$%)( E(® . (2.5)

is the largest possible set of probability mass functions that is compatible
with the upper bounds represented by E. Note moreover that the expres-
sion above is simply a generalisation of the expression given foP (E) in
Section 2.533, which is why we are allowed to use the same notation. It can
be shown that, since E was assumed coherent, the seP (E) is non-empty
and has the natural extensionE as its upper envelope. This result was brst
stated by Walley [110, Section 3.3.3].
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2.6 Extension of an uncertainty model

Theorem 2.6.1. For any coherent upper expectatiok on K + L (Y), the
setP (E) is non-empty. Moreover, the natural extensioR” of E to L (Y) is
equal to the upper expectatiolt, ® deduced fronP (E) according to Debni-
tion 2.354.

Proof. This follows from [ 110, Section 3.3.3] or [ 106, Theorem 4.38] and by ap-
plying conjugacy. O

A similar thing can be done for sets of acceptable gambles. Consider a
coherent upper expectation E on some domainK + L (Y), and let A (E)
be the set of all gambles that are deemed acceptable if we interpretE as
inbmum selling prices; so we let

0,

A(E) ! % es s K and: >E($)&. (2.6)

Note that, strictly speaking, A (E) is not the smallestNmost conservativeN
set of acceptable gambles that corresponds to the interpretation of as rep-
resenting a subjectOs inPmum selling prices; indeed, this interpretation only
implies that, forany $' K , there are: > E($) arbitrarily close to E($) for
which : & $is acceptable, and not that this is the case forall : > E($). By
starting from A (E) as the initial set of acceptable gambles that corresponds
to E, we already implicitly adopt the property of coherence that, if : & $
is acceptable, then< & $ must also be acceptable for all< > : [D1,7; and
D3,/]. The expression for A (E) above is also similar to the one for D(E)
given in Section 2.533, but A (E) here is not necessarily coherent whereas
D(E) always is.

As was brst pointed out by P. M. Williams [113, Theorem 1]Nthough
less explicitly and in a somewhat di erent settingNthe set A (E) is consis-
tentif E is coherent, and the upper expectationEE(A (&) s then the natural
extension of Eto L ().

Theorem 2.6.2. For any coherent upper expectatiogB on K + L (Y), the set
of acceptable gambled (E) is consistent. Moreover, the natural extensida"
of Eto L (YY) is equal to the upper expecta‘tior."cE(A ®) according to Debni-
tion 2.559. It is given, forall $' L (Y), by

(
4 + ,
E(9=inf : " R:: &$# (.  E($)&$ .+ N,$' K,(.' R,
=1

Proof. Suppose thatE is coherent, and let E dePned through conjugacy; so, for
all $such that &$' K, we let E($) ! &E(&$). Then it can be inferred from
Debnition 2.839 (ii) 39, that E is coherent in the sense of [L06, Debnition 4.10 (E)].
Hence, by [106, Debnition 4.10(C)] and [ 106, Debnition 4.6(A)], the set A (E) is
consistent in the sense of [L06, DePnition 3.4(B)], which in turn implies that it is
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consistent according to our Debnition 2.735. That EE(A &) is equal to the natural
extension E* then follows from [ 106, Theorem 4.26(ii)], conjugacy, and the fact
that our depPnition of E(&)is equivalent to the one of the natural extension in [ 1086,
Theorem 3.7]. Finally, the expression for E*in the statement above then follows from
[106, Debnition 4.8] and conjugacy (and the fact that coherence implies Oavoiding
sure lossO106, Debnition 4.10]). O

Extending non-coherent upper expectations

If we interpret upper expectations to be non-exhaustive representations of a
subjectOs beliefsNas we usually doNthen the requirement ofextending an
initial upper expectation is in fact unnecessarily stringent. As in such a case,
there is nothing that prevents us from updating or sharpening the already
given upper expected values. If unnecessary, we prefer not to do this due
to conservativity considerations, but in some cases this additional freedom
of correcting already specibed assessments provides the opportunity to still
come up with a coherent Osharpened® model in cases where a (coherent)
extension would simply not exist. In particular, these cases occur if our
subject, in the act of specifying her initial upper expectation, does not fully
take into account the consequences of her own statements.

So, in such a case, we want our OextendedO upper expectaﬁ%nn L (Y)
to dominate or sharpen the initial upper expectation E: K * R; that is,
E' should be equal to or smaller than E on K . If there exists at least one
such smallerNdominatingNcoherent upper expectation, then E is called
consistent, or is said to avoid sure loss 106, DePnition 4.6]. In this case,
there must moreover always exist a pointwise largestNmost conservativeRN
upper expectation that is coherent and dominatesE, and this upper ex-
pectation is then typically also called the natural extension of E; see [110,
Section 3.1.2] or [106, Theorem 4.26(i)]. ° As established by [L06, Deb-
nition 4.10(C)] and the example below, consistency is strictly weaker than
coherence. Furthermore, if an upper expectationE is coherentNand there-
fore also consistentNthen the generalised type of natural extension above
is the same as the natural extension from DebPnition2.949; see [106, The-
orem 4.26]. So in that case it is again an actual extension, and thus the
freedom to sharpen a subjectOs assessments only really becomes relevant if
we are dealing with non-coherent upper expectations.

Example 2.6.3. Consider any non-empty setY with |Y| # 2, any § '

L (Y),let, ' Y and let E be debned byE(%) ! %(,)andE($ ! sup$
forall $' L (Y)\{ &}. Then note that, if §(,) < $ (=) forsome=" Y such
that =! ,, the upper expectation E is not coherent. Indeed, then § ! 0

®Though, confusingly enough, it need not necessarily be an actual extension.
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2.6 Extension of an uncertainty model

andthus2$ ! 4, which implies that
E(2%) = sup(2%) # 2%(9 > 24(,) = 2E(9),

which violates non-negative homogeneity [C33,] and sub-additivity [ C2s,].
Yet, it is not di" cult to Pnd a coherent upper expectation onL (Y) that
dominates E; e.g. consider the (linear) upper expectation E! debned by
EY9 = () forall $' L (Y). SoE is consistent and therefore, according
to [110, Section 3.1.2] or [106, Theorem 4.26(j)], its Onatural extension®
exists. "

We will never make use of the notions of consistency or sharpening for
upper expectations, though. The coming chapters deal with discrete-time
stochastic processes and will solely discuss extension procedures that allow
us to go from local upper expectations to global upper expectations. These
local upper expectations will always be assumed coherent (and dePned on
the entire domain of all local gambles) from the start anyway, and so, similar
as explained here for the present simple Pnitary context, the extensions that
we will be interested in will never sharpen or dominate the initial local upper
expectations. Of course, in order to adhere to a more realistic scenario, the
coherent local upper expectations can nevertheless be regarded as if they are
derived from some initial consistentNbut not necessarily coherentN(local)
upper expectations as in the way set out above. We refer the interested
reader to [106, 110] for more details on the topic of consistency and natural
extension for non-coherent upper expectations.

In fact, the extension procedures described in the following chapters will
also never explicitly use the methods introduced here in Section2.634 for p-
nite possibility spaces. This is because the discrete-time stochastic processes
setting requires us to deal with (uncountably) inbnite possibility spaces and
to perform specibc types of extensions, for which the methods just presented
are inadequate. Our reason for nevertheless devoting an entire section to
them is because many of the key ideas underlying these methods are sim-
ilar but clearer than those that underlie the the more involved procedures
discussed in future chapters.
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Consider a subject whose beliefs about aNPnite or inbniteNseries#,, #,,
#, &4 4,48¢-, 4 a af uncertain variables we want to model. Each of these un-
certain variables #- take values in the same Pnite non-empty seX , and the
index " ' N can be interpreted as a discrete time indication. For example,
"' N may denote the "-th day of the year, and the variable #. may be the
state of the weather in Ghent on that " -th day. The state could then involve
detailed information about the weatherNthe average temperature, humid-
ity, air pressure, ... Nbut it can also be a rough simplibcation, with the set
of possible valuesX for instance being {Sunny, Cloudy, Rainy}. Any such
sequence(#-)-+ y of uncertain variables, indexed by a discrete time variable
"' N, is what we call a discrete-time stochastic process .

In the previous chapter, we have seen how sets of probability mass func-
tions, sets of acceptable gambles, and coherent upper expectations can each
provide an appropriate way to model (unconditional) beliefs about a single
uncertain variable / taking values in a bnite set. The context of stochastic
processes requires a somewhat more complicated set-up though, since we
have to deal not with a single, but with a possibly inPnite sequence of un-
certain variablesNthe corresponding total possibility space will therefore
not necessarily be bnite. Moreover, since it is a processNa physical system
changing through timeNthat we are modelling, we need a model that can
incorporate new information as it becomes available. If the process advances
one time step from " to " + 1, and the new value of the state #.,; is pre-
sented, this should be taken into account by our uncertainty model. In other
words, we want to be able to condition on such newly arrived information,
and we therefore need a conditional global uncertainty model.

The current chapter aims to show how the notions of (sets of) probability
mass functions, sets of acceptable gambles, and coherent upper and lower
expectations as introduced previously for bnite possibility spaces, can be
suitably adapted and generalised in order to develop joint global models for
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stochastic processes. We start in Sectio3.1+ from local assessments on
the variables #1, #», #3, ... individually. These assessments are expressed
in the form of one of the three types of (unconditional) uncertainty models
introduced in the previous chapterNthis is possible because the local state
spaceX is always assumed to be Pnite. We then combine and extend these
local models in order to obtain a single global model, which will always take
the form of a conditional upper expectation. We will do this in di ! erent
ways, depending on the type of local model that is started from.

In Section 3.254, we start from local sets of acceptable gambles and pro-
pose an extension that is entirely based on the behavioural framework of
sets of acceptable gambles 106, 113]. The resulting global upper expecta-
tions will then represent inbmum (acceptable) selling prices. Furthermore,
it will also be shown that this upper expectation can be given an alternative
characterisation in terms of super- and submartingales; game-theoretic con-
cepts that represent allowable betting strategies. The game-theoretic upper
expectations considered in this chapter, however, are bnitary in nature and
do not use the concept of superhedging at inPnity; this is in contrast with the
Shafer and Vovk type of game-theoretic upper expectation B5, 86] treated
in Chapter 4.

Section 3.3g9 then, considers global upper expectations deduced from
local probability mass functions. Our central notion to extend from a lo-
cal to a global level will be that of a conditional probability charge [ 18,
34]. From conditional probability charges we will derive global upper ex-
pectations by prst using (Lebesgue-wise) integration and then taking upper
envelopes. Mark however that we donot necessarily consider countably ad-
ditive probability charges in this chapter; global upper expectations based
on countably additive probability chargesNprobability measuresNwill be
discussed in Chapter5,;7. Not doing so not only makes our treatment more
general, but it also allows us to introduce probability-based global upper
expectations in a more tangible way, without having to introduce technical
machinery such as! -algebras or the notion of measurability corresponding
to such! -algebras.

A last type of global upper expectation is discussed in Section3.4gg,
and is based on the framework of coherent upper and lower expectations.
We will Prst propose four simple axioms, common to both behavioural and
probability-based global upper expectations. This axiomatisation will more-
over be shown to be equivalent to the usual requirement of conditional co-
herence [106, 113]Na result that, to our knowledge, has not been stated
before. The global upper expectation will then subsequently be debned
as the most conservative extension (of the local upper expectations) under
these axiomsNor, equivalently, the natural extension under conditional co-
herence. We conclude Sectior8.4gy by proving two alternative characterisa-
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tions for the axiomatic/coherence-based global upper expectation; the brst
is a direct and explicit formula which can be used in practice to do infer-
ence; the second is a full axiomatisationNwithout conservatismNthat will
turn out to be highly convenient in our further mathematical analysis.

In our penultimate section, Section 3.5¢g, we study the relation between
the global models introduced and discussed in Section3.2s6E8.4g0. It will
turn out that, if local models are chosen in a logical way to agree with one
another, then the corresponding global upper expectations will all be equal.
This is a fundamentalNand newNresult, that we argue to have merit in a
number of di! erent ways.

Finally, in Section 3.693, we expose the Achilles heel of this common
global model; it lacks some minimalNweakNcontinuity properties, there-
fore sometimes leading to extremely conservative, or even meaningless val-
ues for non-bnitary variablesNvariables that depend on an inPnite number
of process states. This ought not to surprise us entirely since, after all, none
of the global upper expectations treated here relies, in their depPnition, on
any continuity assumption. All extension mechanisms are Pnitary in na-
ture. Our reasons for nevertheless devoting an entire chapter to these Obni-
taryO global upper expectations is threefold; brst and foremost, these Pni-
tary global upper expectations are actually perfectly suited if one is solely
interested in the domain of Pnitary bounded variables; secondly, our study
of them, and especially our observation that they lack minimal continuity
properties, urges the necessity of using the more involved continuity-based
global upper expectations in Chapter4;,986,53 when dealing with more gen-
eral domains; and Pnally, our choice is also due to didactic considerations,
since the Pnitary global upper expectations introduced here allow us to al-
ready set many fundamental ideas and concepts in place, before introducing
their more complicated continuity-based variants in Chapter 41,9562g3.

3.1 Stochastic processes

Before we construct a global model for discrete-time stochastic pro-
cesses, we brst elaborate on the underlying mathematical structure of such
a process. We introduce notions that are essential for a suitable treatment
of stochastic processes, and clarify what the di erence is between local and
global uncertainty models.

3.1.1 About event trees, situations and paths

As mentioned earlier, any sequence(#-)-- y of uncertain states taking
values in a state spaceX is called a discrete-time stochastic process. We
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Finitary upper expectations in discrete-time stochastic processes

will always assume that X is bnite, and in this case the stochastic process
can be visualised in a so-called event tree; see Figur8.1« . It presents each

possible partial (and possibly empty) realisation #; ="' 1,#, = '5,..., # =
". of the process as a bnite sequence of state valugs.- ! '1',44aa "' X" .
These Pnite sequences of state values are callesltuations , and we gather
all of them in X' ! % yX". The empty sequence” ! ‘1o =) is

called the initial situation , and corresponds to the case where there are no
observations about the values of the stateg#-)-: y. Thelength of a situation
>' X' is denoted by [|3].

On the other hand, an inbnite sequence? ="';',' 3 aa éf state values is
called apath; such a path? represents so to speak an entire (idealised) tra-
jectory or realisation of the process, where the" -th state value of ? , denoted
by ? -, represents the value of the state#- at time ". We write ! | X Nto
denote the set of all paths. For any path? ' ! and any", @ Ng, we let
?2..49! ?+ad% .gbe the situation that consists of ? O8-th to " + @th state
values. We also let?” ! ?..forall 2 ' ! andall" ' Np. Furthermore,
an important type of eventNa subset of ! Nis the cylinder event " (> of a
situation >' X ';itistheset{? ' ! : 2 P =3} of all paths that go through
the situation >

For any two situations >and A we write >A X' to denote the concate-
nation of >and A The same can be done for the concatenation of a situation
>and a path ? . The path >? will then clearly go through >and, in fact, we
can write the cylinder event " (3 as{>?: ? ' ! }. For any two situations
>A' X', we write that >2 Aor A3 > and say that >precedesAor that A
follows >, if there is some9 ' X' such that >9= A We then also say thatA
starts with > Furthermore, we write that ># Aor A$ > if >2 Aand >! A
Foranytwo > A' X', if >2 Athen" (3 4 " (A, and if ># Athen" (5 5 " (A.
If neither ># A nor A# > then we say that >and Aare incomparable and
write that >6 A In that case, we have that" (5, "(A =) .

3.1.2 The local description of a stochastic process

Irrespectively of how we construct a conditional (global) uncertainty
model for a stochastic procesg(#-)- N, the starting point is almost always a
description of the local behaviour of the process. That is, how the process
state #- is likely to change or develop from one time instant " to the next
"+ 1. In most applications, this is what is directly available from a subject,
being it either a real person, a bunch of data and/or knowledge about the
system. For example, given the stock#- of face masks in some inventory at
the " -th day of the year, we usually have an idea about how many face masks
are likely to be produced and consumedNand, perhaps, thrown awayNthat
day, and hence, an idea about how many face maské-,; will be left by the
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Figure 3.1 The event tree of a discrete-time stochastic process with state
spaceX ={",,}.

next day. Yet, itis less obvious to assess the expected time until the inventory
is out of stock, or, more importantly, what the probability is that such a ter-
rible event will ever happen! Such inferences involve the process behaviour
on a more global level and, in order to make statements about them, we will
need to combine and extend the given local assessments. However, it is far
from trivial how we should do so, especially in an imprecise probabilities
context and when dealing with an inPnite time horizon. In fact, one could
argue that this is the prime reason why there exist multiple di! erent types
of global uncertainty models for stochastic processes; each of these global
models relies on a di erent set of principles and assumptions to combine
and extend the local assessments.

But let us pbrst return to the original problem of describing a stochas-
tic process locally. In a traditional precise context, this is commonly done
by specifying a (precise) probability tree  2; such a tree maps each situ-
ation ' ;.- ' X' to a probability mass function 2(&f1.+) on the Pnite state
spaceX . Each so-called local mass function2(4]1.-) then represents be-
liefs about the value of the next state #-.,, given that the partial realisation
#, | #,48% ="', of the process was observed. The use of a single prob-
ability charge 2(&$) for each>' X ' would however considerably restrict the
generality of our approachNfor recall our considerations from Chapter 2;7.
We therefore instead use either of the following more general Oimprecise®
approaches to model the local dynamics of a stochastic process.

First, we can simply consider a generalisation of the concept of a (pre-
cise) probability tree; an imprecise probability tree Py: >' X' 7* P,
maps each situation>to a non-empty set of probability mass functionsP - on
X . Each of these sets of probability mass function#’ . is called a local set of
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probability mass functions, and should be considered as containing all prob-
ability mass functions 2(a#) that a subject deems OpossibleO, whee |>) for

each’' ' X represents the probability that #,., takes the value' given that

#1.5 = >was observed. If an imprecise probability treeP y consists, for each
situation >' X', of only a single probability mass function 2(&$), then we

regard the imprecise treeP y and the precise tree2: >' X' 7* 2(&}) as one
and the same object, and also simply calP  a precise probability tree .

A second possible approach to model the local dynamics of a stochastic
process is by means of aracceptable gambles tree ; a map Ay: >' X' 7*
A that maps each situation >to a coherent set of acceptable gamblesA .
on X . Such a set of acceptable gambled\. is called a local set of acceptable
gambles and, as was the case for a local set of probability mass functions,
expresses beliefs about the value of the next state# ... More precisely, it
contains the variables $' L (X ) for which a subject is willing to accept the
gamble $(#}5+1) whose uncertain pay-d depends on#,+1 given that she
observed#y; 5 = >

Finally, we can also describe the local dynamics in terms of anupper
expectations tree Q,: >' X' 7* Q,; each situation >' X' is then mapped
to a coherent unconditional upper expectation Q.: L (X) * R. Such
a coherent upper expectationQ, is called a local upper expectation andf
though Q. is an unconditional upper expectation in the technical senseNit is
interpreted as expressing a subjectOs beliefs about the value of the next state
#51+1 given that #1.5) = >was observed. Specibcally, in accordance with our
considerations from Chapter 2,7, the value Q.($) for any >' X' and any
$' L (X ) can either be regarded as a subjectOs inbmum selling price for the
gamble $(#5+1), or as an upper envelope over a set of linear expectations
that a subject deems possible. Moreover, it may also be that our subject did
actually not specify an entire coherent upper expectation for each>"' X'
in the brst place, but that Q. is the natural extension of some general local
assessments made by herNwhich are then assumed to be consistent.

Using the methods from Chapter2;;, we can relate acceptable gambles
trees, imprecise probability trees and upper expectations trees as follows.
For any acceptable gambles treeA, the corresponding upper expectations

tree 6¥,A is debned, forall $' L (X ) and>"' X', by DePnition 2.559:
0,

_ % &
Qa(9! inf ' R:: &S A, . (3.1)

It follows from Debnition 2.63, that each @A is coherent, and therefore
that @,A is indeed an upper expectations tree. We say that any two trees
A, and Q, agree if they are related by this Eq. (3.1) or, equivalently, if Q, is
equal to 6¥,A . Recall from Section 2.533 that there are typically multipleN
di! erentNcoherent sets of acceptable gambles leading to the same coherent
upper expectation, and hence, there are also typically multiple dil erent
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Figure 3.2 The upper expectations treeQy of a discrete-time stochastic pro-
cess with state spaceX = {',,}.

acceptable gambles trees that agree with the same upper expectations tree.
Consequently, acceptable gambles trees are somewhat more expressive than
upper expectations trees.

Given an upper expectations treeQ,, one possible agreeing acceptable
gambles tree that can always be chosen is the treéd 5 for which the set
A, 50 for each >' X' is derived from the coherent upper expectation Q,
according to Eqg. (2.4)3s:

Ag! {8 L(X):0<Q (9} %L 4(X), (3.2)

where Q_ forany > X! is the conjugate lower expectation corresponding to
Q> Moreover, for any >' X !, as was mentioned in Section2.533, the coher-
ent set of acceptable gamblesA is the smallestNthe most conservativeN

one for which the associated upper expectatlon is equal toQ,. For any other
acceptable gambles treeA, that agrees with Q,, we thus have thatA.5 ot A.
forall >' X'

The relations between imprecise probability trees and upper expecta-
tions trees can be deduced in a similar way. That is, for any imprecise prob-
ability tree P, the corresponding upper expectations tree@,p is debned,
forall $' L (X)and>" X', by DePnition 2.3,4:

| "

Qp (9! sup ()20 2ah " P . (3.3)

X

Once more, it follows from DePnition 2.63, that each @p is coherent, and
therefore that @,p is indeed an upper expectations tree. A special case is
when P is a precise probability tree 2; in that case the corresponding upper
expectations tree@,p is equal to the upper expectations treeQy,, dePned
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by

Q2(9! ¥ $(")2( | forall $' L (X)andall>' X', (3.4)
X
Recall from Eq. (2.1)»; and Proposition 2.1.3,; that each Q,,, is then actually
a linear expectation, which is why we will often call Qy, a linear expecta-
tions tree or simply an expectations tree instead of an upper expectations
tree.

We say that an imprecise probability treeP y and an upper expectations
tree Q, agree if they are related by Eq. (3.3): or, equivalently, if Q, is equal
to Q‘P . It follows once more from the discussion in Section2.533 that there
are (typically) multiple di ! erent imprecise probability trees agreeing with
a single upper expectations tree, and thus that imprecise probability trees
can be regarded as to be somewhat more expressive than upper expectations
trees. Given an upper expectations treeQ,, one specibc imprecise probabil-
ity tree that agrees with it is the tree P yg for which the set P .5 for each

>' X ! is derived from Q. according to Eq. (2.3)34:
| n

; $ —
Psg! 2@p" PX): (s LX)  $()2(P(Q(9 . (35
X

Then for any other imprecise probability tree P, that agrees with Q,, it again
follows from the discussion in Section 2.533 that P . + P ;g for all >' X L

WhatOs important to note at this point is that, by specifying either an
acceptable gambles tree, an imprecise probability tree, or an upper expec-
tations tree, we parametrize the dynamics of a stochastic process. In other
words, as far as our theoretical study is concerned, we do not distinguish
between any two stochastic processes with the same state spacé and
the same acceptable gambles tree/imprecise probability tree/upper expec-
tations tree, even though they may describe two completely di erent phys-
ical systems in reality.

3.1.3 Global variables and global upper expectations

Acceptable gambles trees, imprecise probability trees and upper expec-
tations trees all parametrize a stochastic process by telling us how the pro-
cess is likely to changeNor how we believe it to changeNfrom one time
instant to the next, yet they do not give information, at least not directly,
about many practically relevant inferences such as, for example, the time
B it takes until the process is in a giv%p state' ' X Nthat is, the hitting
time of * Nor the "-step time averaget 'él C(#g of a real-valued function
C(#g that depends on the state#gat a single time instant @ Such infer-
ences can depend, in the most general case, on the entire inbnite trajectory
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or path ? taken by the process. More specibcally, these inferences can al-

ways be written as functions from the space of all paths! = X N to the
extended realsR = R %{+$ , &$ }. For instance, the hitting time B is given
byB (?)! inf{"' N:?.='}forall ? ' ! and the "-step time average

of C(#:) takes the value+ ", C(? g forall 2 ' 1 .

For a general possibility spaceY, we henceforth call the extended real-
valued functions in L (Y) = RY extended real-valued variables on Y,
and more specibcally, we call the functions inV ! L_(! ) global variables ,
and the functions in L_(X ) local variables .* A similar distinction is made
between global gambles and local gambles, and we gather all of them in the
setsV! L (! )andL (X) respectively. We moreover letVo,! L o(! ) and
Vg ! L g(! ) where %takes the form of any of the relations >, $ or #, and
where & takes the form of any of the relations <, # or ( .

We often regard, forany " ' Np, the sequence#;.- as the map on! that
returns the prst" state values? ;.- ofapath? ' ! . Forany- ' L (X "), we
then write - (#1.+) to denote the global variable formed by the concatenation
- 8#,.~. Global variables of this type will play an important role further on,
and are called bnitary variables ; so a variable $' V is called bnitary if we
can write that $ = - (#..-) for some" ' Nand some- ' L (X "). Finitary
variables thus depend on the process state only at a bPnite number of time
instances. If we want to make clear that a Pnitary variable $ = - (#.+)
depends specibcally on the prst state values, the variable $ will be called
"-measurable . We will then often allow ourselves a slight abuse of notation,
and write $(' 1.+) for any '+ ' X" to denote the constant value $(?) =
-("1r) of $forall 2 * " (' 1.). Note that if a variable $is "-measurable for
some" ' Ng, then it is trivially also @measurable for all @# "; we will be
using this property a lot when working with Pnitary variables. We denote
the set of all bnitary variables by F, and the set of all bnitary gamblesf
bounded Pnitary variablesNby F. An example of a Pnitary gamble that we
will often encounter is the indicator 1., ! I,y of the cylinder event
"("y)={?" 1 :2" ='..} corresponding to a situation ' ;.- ' X '.

In order to express beliefs about global variables, we aim to construct a
binary function E: V9 X' * R that maps each global variable $' V and
each situation>" X' to an extended real number E($>). Such an operator,
and more generally, any function E: K * R on a subsetK of V9 X', will

lWe referred to/ as an uncertain or random variable in Chapter2;7, yet the term Ovariable®
is henceforth used in a more formal fashion, to refer to any (not necessarily extended real-
valued) map $ on the corresponding possibility space Y Nwhich may for example be X or
I in the context of stochastic processes. Often, a variable$ will have the interpretation of
representing the uncertain quantity $(/ ) that depends on the value of/ in Y, but we typically
leave this interpretation implicit. The uncertain variable / itself is a variable in this more formal
sense by letting it correspond with the identity map on Y.
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be called aglobal upper expectation .

Many di! erent sorts of global upper expectations will be deduced
throughout the course of this manuscript, and there is no single interpre-
tation that covers them all. We can however categorise them in three dl er-
ent clusters, depending on their starting point and the corresponding inter-
pretational principles from which they result: behavioural global upper ex-
pectations deduced from acceptable gambles trees, probability-based global
upper expectations deduced from imprecise probability trees, and direct ax-
iomatic global upper expectations deduced from upper expectations trees.
This distinction is somewhat similar to the distinction made in Chapter 237
for coherent (unconditional) upper expectations, and once more, for each
of these di! erent approaches, global upper expectations are eventually the
main objects of interest when drawing inferences. They express an upper
Ovalued or an inbmum selling OpriceONbehaviourallyNor a tight upper bound
on (linear) expectationsNprobabilisticallyNfor each global variable, which
can then in turn be used to make decisions with; see [L10, Section 3.9]
and [50] or Example 2.2.3,4. It is exactly this role of a global upper ex-
pectation as being a universal object of interest that constitutes our main
reason for focussing our study on themRNinstead of global sets of acceptable
gambles or global sets of probability charges. Nevertheless, there are some
specibc problems where the additional expressive power of sets of probabil-
ities and/or sets of acceptable gambles with respect to upper expectations
may actually play an important role, and where we are thus somewhat more
restricted in our approach; we refer to [ 82] or [ 110, Section 3.7] for a dis-
cussion of such cases.

Instead of a global upper expectation, one could just as well work with
a global lower expectation E: K * R on a subsetK of V9 X'. Such
a global lower expectation often has an interpretation or debnition that is
complementary to that of a global upper expectation; behavioural global
lower expectations representslower Ovalues® supremum buying Oprices®
for global variables, whereas probabilistic global lower expectations repre-
sent tight lower bounds on possible (linear) expectations of global variables.
We say Ojust as well®, because (as we will see) a global upper expectafion
and a global lower expectation ENof the same type and deduced from the
same local modelsNwill always be related to each other by the conjugacy
relation:

E($> = &E(&$» forall ($> ' K such that (&$> ' K.
Hence, there is no loss in generality by solely focussing on global upper
expectations; properties and results for global lower expectations can then

simply deduced from the relation above.
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Figure 3.3 Overview of the global upper expectations in this chapter.

Furthermore, for any global upper expectation E and any global lower
expectation E on a domain K + V 9 X', the corresponding global upper
probability P and global lower probability P are debned by restricting E
and E to the indicators (and all situations); so, for any (%> ' 1(! )9 X'
such that (I, » ' K, we let

P> ! E(lu>) and P(%) ! E(lo).

In the present chapter, we will limit ourselves to building global upper
expectations only on global gamblesV (and situations X '). Moreover, for
each of the three clustered types of global upper expectations described
above, we will only discuss the ones that are based on Pnitary arguments;
there will be no limit or continuity arguments involved in the extension from
the local uncertainty models to the corresponding global upper expectation.
This in contrast with Chapters 4,,9E6,53, where we will modify the bnitary
global upper expectations to incorporate some type of continuity argument;
see Fig.3.3 for a schematic overview.

Furthermore, care to note that, though local upper expectations are by
debnition assumed to be coherent, a similar (conditional version of the co-
herence) condition is not necessarily assumed for global upper expectations,
even if they are restricted to the domain V 9 X '. Furthermore, though the
second argument of a global upper expectation is mathematically speaking
always a situation >' X', this is actually no more than a shorthand no-
tation and should be understood as taking the (global) upper expectation
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conditional on the cylinder event " (> + ! . For any global upper expec-
tation E and any $' V, we will let E($) ! E(H") and E(9 ! E(3");
these should then be thought of as the unconditional global upper and lower
expectation of $. The slight misuse of notation where a situation >' X' is
used instead of its corresponding cylinder event" (5, will sometimes also
be adopted in other instances when it is clear from the context what we
mean; e.g. sup($|> denotes the supremumsup(9|" (3). An (in)equality
is also sometimes subindexed by a situation, which then means that the
(in)equality only holds on the corresponding cylinder event; e.g. $ (> -
means that $(?) ( -(?) forall 2 ' " (3.

3.2 Global upper expectations from acceptable gambles trees

The purpose of a global upper expectation is always to extend the local
uncertainty models, which may come in the form of an acceptable gambles
tree, an imprecise probability tree or an upper expectations tree. In the
current section, we consider the case where the local uncertainty models are
given in the form of an acceptable gambles tree. Moreover, our construction
of the corresponding global upper expectation will be entirely based on the
framework of sets of acceptable gambles as it was introduced in Chapte®; ;.

3.2.1 Extending local assessments to global assessments

Suppose that we are given an acceptable gambles tred\,. Recall that
A forany's. ' X "isthen interpreted as the set of all gambles$' L (X)
for which our subject bnds the uncertain reward $(#-.1) acceptable, given
that she observed#;.» = '1... This can be translated as saying that our
subject bnds theglobal gamble $(#-+1)1: . acceptable; indeed, this gamble
is equal to the uncertain reward $(#-.1) unless the path taken by the process
does not go through ' 1.+, in which case the gamble is called & Nmeaning
that no money (or units of utility) is (are) exchanged. The set that gathers
all these acceptable global gambles is denoted byDa :

Da ! {$(#1)l .1 1" X and $' A} (3.6)

Note that the set of acceptable gamblesDyp is simply a translation of the
local assessmentsAy to a global level without any additional information
included.

Next, we can extend D in the usual way, using the coherence axioms
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D1,7, D3,7 and D4,7, with ! taking the role of Y:
' (

I

E(Da) = posi Da %Vs = ($:+' N, $' Da %Vs, (' Rs

- (3.7)
If Da is consistentNthat is, if E(Da), Vi =) Nthen E(D,) is the small-
est coherent set of acceptable global gambles that include®, and is then
called the natural extension of Da [Debnition 2.73g].
The following two lemmas reveal the remarkably simple nature of the
setsposi Do and E(Da ), and will be used shortly to prove that Da is
consistent.

Lemma 3.2.1. For any acceptable gambles tref,,
0
- .38
posi Dp = $(#jp141)1s: PnitesetD: X'and $' A, .
> D
Proof. It is clear by the depnition of the positive span posi(4 and the set Da
[Eq. (3.6)_, 1, that/ 0
posi D 4 $(#4+1) 1> non-empty Pnite setD: X' and $' A, .
3 D
Since0' A.forall >' X' by D1y, itis also clearthat0 ' posi _DA ", and therefore
that / 0

- . $
posi Da 4 $(#4+1)1-: Pnite setD: X' and $' A, .
D _
To prove the converse inclusion, bx any$ ' posi Dy . Then thereisan+ ' N,
an C_#' Dp forall . " {1,...,+4},anda (. ' R, forall ." {1,...,+}, such that

$="",(C. Then, forany . " {1,...,+}, we have by Eq. 8.6). that there is

an>"' X'anda- ' A, suchthatC = - (#5.4)1,. Let Dbe the set of all such
situations >, and let $
$! (.- forall >' D (3.8)
S {i:+}
Then we have that ’
$(H#ppe1) 15 = (- (#p)ls= (- (#Hpn)ls = (c
> D > D {%E;ﬂ SD {%E;ﬂ D {1,,5;4-}
= (C=%

Moreover observe thatD: X' is a bnite set because the situations: are enumerated

over the bnite index set{1,...,+}. Toseethat$' A.forany >' D, it su" cesto
observe by Eqg. 8.8) that $ is a positive linear combination of gambles-. ' A.and
to take into account that A, is a convex cone [because it is coherent]. O

Lemma 3.2.2. For any acceptable gambles tref,,
0

$
E(Da)= -+  $(#p1)ls: PnitesetD: X', -' Vyand $' A, .
> D
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Proof. It is clear by the debnition of the positive span posi(§ and the set Dp
[EQ. (3.6)s6], that

E(Da) = posi _DA/ %V 0

$
4 -+ $(#a)ls PnitesetD: X', -' Vyand $' A, .
> D
To prove the converse inclusion, bx any$' E(Da ). Then by Eq. 3.7); thereis an
+' N,arh$' Da %V forall . ' {1,...,+}anda(. ' R.forall ."' {1,...,+},such
that $= ., (. $. SinceV; is a convex cone that includes the zero gamble, there is
some- ' Vg such that

$ $ $ $ $
$= (.$= (.$+ ($=-+ ($=-+ (.% (3.9
"{1,....+} {1,....+} ML, 4 {1,....+} "{1,....+}
$' Vg $" Vit $" Vi $' Dp \Vy
where the last %ep follows from the fact that $ ' Da %V forall . ' {1,...,+}.

The latter sum = (1 4 5 D, v (.8 is Clearly an element of posi Da " if the sum
is taken over a non-empty set. If the sum is taken over an empty set, then it is
equal to 0 and therefore, since0 ' posi Da " by Lemma3.2.1, , also an element of
posi Da ". So, in either case, the sum is#?n element oposi Da " and can therefore,
by Lemma3.2.1, , be written as a sum "+ p $(#+1) 1> for some bnite setD: X'
and gambles$' A.forall >' D. Hence, we have that

/ 0
$
$' -+  $(#4a)ls: PnitesetD: X', -' Vyand $' A, ,
> D
which implies the desired inclusion. O

The following proposition establishes that, for any acceptable gambles
tree Ay, the set Do of acceptable gambles is consistent and thus that it can
be extended to a coherent set of acceptable gambles.

Proposition 3.2.3. For any acceptable gambles tref,, the setDa debned by
Eq.(3.6)se is consistent, and s& (D, ) is the natural extension oDa .

Proof. According to Debnition 2.755, we need to show that E(Dp), Vi =), or
equivalently that, for any $' E(D, ), we either have that $ = %or that $(?) > 0
forsome? ' ! . From Lemma3.2.2; , we know that $ = - + = . p $(#4+1)1> for
some- ' Vg, some Pnite setD : X' of situations and local gambles $ ' A. for
all >' D If  5p$(#4+1)1s = 0, then we have that $# 0 and thus clearly that the
desired condition is satisPed. Otherwise, if .+ p $(#34+1)1>! 0, let D'+ Dbe the set
of situations >in Dsuch that $! 0 [note that D' must then be non-empty]. Fix any
‘1 ' D'suchthatthereisnoA' D'suchthatA# ' .. [the existence of such a situation
' 1 is guaranteed by the fact that any given situation is clearly preceded by only
Pnitely many other situations]. Then since $,. ' A... and $,. ! 0, the coherence
[D2;7] of A.,. implies that there must be some'.,; ' X such that $,. (" ++1) > 0.
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3.2 Global upper expectations from acceptable gambles trees

Then, for any path ? ' " (' 1.-+1), we have that

$ $
§2)=-(2)+ $@p)L2)=-(2)+ $(2pa)1(?)

D > pt

$
# 0 8P pa)L(?) = $(? ) 1(?) + $(? 44)15(?)
» pt >#?'1I31 ) >3.>'1l_21
= $1:" (l “+1) + o $,~(’) |>|+1)1>(?) > $(7 |>|+1)1>(? ),
>3'>1:"+1 >3'>I1:"+1

where the second step follows trivially from the debnition of DY, the third from the
fact that - ' Vg, the fourth from the fact that 1.(?) = O for any >6' ;..,; [because
then" (3, " (' 1»+1) =) ], the bfth from the fact that, due to our choice of ' .., there
are no situations A' D'such that A# ' ;.- [and from the fact that 2" ="' ..], and the
last from the fact that $_. (" +1) > 0.

Next, let ' .., be any state inX if ' 1..4; " DY or otherwise, if ' 1.4q " DY let "oy
be such that $,..,, (' »+2) > 0; the latter is possible because of the same reasons as
before. Thenforany? ' " (' 142) © " (' 1-+1), we have by the inequality above that

$ $ $
¥?) > $(? 1441)1(?) = (7 1) 1(?) + $(? 1441)1(?)
ot Dt Dt

>3'>I1:'*+1 >‘=§1:"+1 >3'>I1:"+2
= $(' "+2) + $(9 |>|+1)1>(?)
> pt N
=l 3B 142
#0082 pa)1(2),
> pt
3B 142

where the second equality follows from the factthat ? |,., |« = ?-+2 = ' -4 because
? ' " (' 1»+2), and where the last inequality follows from how we chose ' -.,. We can
now simply repeat the same reasoning; let' -3 be any state inX if ' 1., " DY or
otherwise, if ' ;..o ' DY let' .3 be suchthat$, ., (' -3) > O [which is again possible
because of the same reasons as before]. Then for ang ' " (' 1043) © " (' 1v42), We
have by the previous inequality that

$ $ $
$(?) > $(?2 ) 15(?) = $(? ) 15(?) + $(? p+1) 15(?)

> pt > N
B a2 >:$1:"+2 $ B 143
= $("raz) + $(? 14+1)15(?)
> > pt
=42 3143
# $(? 3+0) 15(?).
> pt
>3 1:"+3
We can continue to do this, choosing new consecutive states .4, "' +4s5,... Iin the

same way, until at some point we encounter an' -, for which there are no situations
in >' D‘anymore such that>3 ' ;.-,,, which is guaranteed to happen becauseD and
D' are Pnite. Then we have that

. $(? 14+1)15(?) =0,

B s
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Finitary upper expectations in discrete-time stochastic processes

and hence, by the argument above, that$(? ) > 0. So we conclude thatE(Dya ), Vi =
) and therefore that Dp is consistent. O

3.2.2 The global upper and lower expectation associated with a set
of acceptable global gambles

Given an acceptable gambles treé\y, we have associated with it a global
set of acceptable gamblesD, and shown that the natural extension of this
global set Dy existsNit is equal to E(Da ). The global upper expectation
Ea:VO9X'* R and global lower expectation E, : V9 X' * R corre-
sponding to Ay are now debned as follows; for all ($,5 "' V9 X',

Ea (8! inf{: ' R: ( &91."' E(Da)}; (3.10)
E, (39! sup: ' R:($&:)L." E(Da)}.

The upper and lower expectation Ea and E, are related by conjugacy, and
so it su" ces to focus on the upper expectationEp .

Corollary 3.2.4 (Conjugacy). For any acceptable gambles trég, and ($ > '
V9 X', we have thatE, ($>) = &Ea (&9$).

Proof. Observe that

&E (&% = &inf{: ' R: (: + §1.' E(Da)}
=sup{& ' R: (: +91.' E(Da)}
=sup{: ' R: (& +9L." E(Da)} =E, (8. O

The dePnition of E, s, in spirit, similar to the debnition of an uncon-
ditional upper expectation that corresponds to a coherent set of acceptable
gambles [see Debnition2.5,¢], in the sense that Ea again represents inb-
mum acceptable selling prices corresponding to the sete(Da ). However,
the formula is now somewhat altered to suitably deal with conditioning on
situations. More concretely, it is based on the interpretation that if, condi-
tional on any situation >' X', a subject bPnds it acceptable to sell a gamble
$' V for the price : ' R, this is taken to mean that she bnds the gamble
(: &9)1.acceptable, because this gamble is equal to & $if the process goes
through > and is called d otherwise (in which case no moneyNor units of
utilityNis exchanged). Note that this interpretation is in line with WalleyOs
contingent interpretation of conditional upper expectations (or previsions)
[110, Section 6.1.1]. The debnition above moreover agrees with traditional
dePnitions, which are usually stated for general conditioning events instead
of only situations; see for instance [114, Eqg. (2)].

60



3.2 Global upper expectations from acceptable gambles trees

3.2.3 The global upper expectation corresponding to an acceptable
gambles tree: 1tOs only a game!

The expression for the upper expectationEa given in Eq. (3.10). is not
very elegant, and quite impractical if one desires to compute its values; it
indirectly characterisesEa based on the setE(D, ), which itself ought to be
deduced from Eq. (3.7)57 or Lemma 3.2.257. A more direct characterisation
can however be given if we make use of the notions of super- and submartin-
gales. As we will see, this alternative characterisation arises naturally from
game-theoretic principles, and will therefore allow us to interpret Ea in a
game-theoretic way. We start by introducing the concepts of a real process,
a betting process and a sub-/supermartingale.

Real processes, betting processes, sub- and supermartingales

Areal process Cis simply a real-valued map on the situationsX '. We will
often use it to describe the evolution of a subjectOs capital as he gambles on
the subsequent values of the process statg- ; in that case, we will sometimes
call it a capital process. Abetting process Gis a map that associates with
each situation >' X' alocal gamble G(> ' L (X ). The value of the local
gamble G(3 in' ' X isthen denoted by G(3 (' ). With any betting process
G, we associate a real process<C® debned by

CG(I 1:") ! 1 G(I 1:@(I @1) forall ' 1" "X !-
@0

So C© denotes the evolution of a subjectOs capital if he starts with zero cap-
ital and gambles according to Gon the subsequent state values. Conversely,
with any real process C, we can also associate a betting proces¢ C given
by

# C(' 1:") ! C(' 1:" é-)& C(I 1:”) for all ' 1 ' X !,

where C(' 1.»a)is the local gamble that assumes the valueC(' 1.+, ) in, ' X.
We call # C the process di! erence of C. Note that, for any real process
C, the process dl erence # C is the unique betting process G such that
C=C(")+ CC.

Now, given an acceptable gambles treeA, we say that a betting process
Gis acceptable if G(3 ' Axforall >' X'. Areal processM is then called a
submartingale accordingto Ay, if the corresponding process dl erence#M
is acceptableNor, equivalently, if there is an acceptable betting process G
suchthatM =M (") + CC. A real processM is called a supermartingale
according to Ay if &M (3 ' A.forall >' X' (or, equivalently, if there is
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Finitary upper expectations in discrete-time stochastic processes

an betting process G such that & G is acceptable andM = M (") + C©).2
Hence,M is a supermartingale if and only if &M is a submartingale.

A submartingale M thus describes the possible evolutions of a subjectOs
capital if he adopts a strategy that, for each possible situation>' X', picks
a local gamble #M (3 ' A. among the ones that are regarded acceptable
by the local model A.. Or, if the sets Ay are specibed by the subject him-
self, a submartingale describes the possible evolutions of his capital if he
chooses to gamble simply according to his own beliefs. The notion of a su-
permartingale, which will be more central in our treatment than that of a
submartingale, can be interpreted in an equally intuitive way yet requires us
to consider a second subject that gambles against the beliefé\ . of our prst
subject. To make this more concrete, we imagine the following game be-
tween two subjectsNor, better, two playersNin which we use terminology
that is similar to that of Shafer and Vovk [ 85].

The brst player speciPes, for each>' X', the set of gamblesA. that
he bnds acceptable (which should be coherent); this player is calledrore-
caster. The second player, calledSkeptic, will take Forecaster up on his
commitments. More concretely, Skeptic plays according to the following
protocol, where M (") ' R denotes his (arbitrary) starting capital, where
"' Np is any point in time and #;.- = ' ;.- is any possible history up until
time ":

i. Skeptic chooses a local gamble ' & A, . ! {&$: $" A. .}

ii. The value' .41 of the next state #-., is revealed.

iii. SkepticOs capital becomed (' 1.++1) =M (" 1.0) + - (* »41).

Observe that, at any given situation' ;.- ' X ', Skeptic is required to choose
from the gambles in &A. .. and not the gambles in A. ... The reason is that
Forecaster accepts any gamble(#-+1) for which $' A. ., or equivalently,
is willing to o! er the gamble & $(#-.,) to someone else. So, since Skeptic
plays against Forecaster, he can only choose gambleg#:.1) = & $(#-.1) for
which - "& A ...

Now note that supermartingales can be interpreted as the possible evolu-
tions of SkepticOs capital if he uses a strategy to play against Forecaster in the
protocol above. Indeed, any map#M : >' X' 7* #M (5 ' & A.is a pos-
sible gambling strategy for Skeptic; by the debnition gf a supermartingale
this implies that the real processM given by M (") + "@Sg #M (" 1.9( @1)
forall "1 ' X', which describes the corresponding evolution of SkepticOs
capital if he starts with an initial capital of M ("), is a supermartingale.

2This alternative characterisation in terms of acceptable betting processes will be used in
Section4.2.3145.
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3.2 Global upper expectations from acceptable gambles trees

The set of all supermartingales for a given acceptable gambles treéy
will be denoted by M(A,); the corresponding set of submartingales by
M(A,). Note that the initial value C(") of a process CNwhich can be seen
as our subjectOs initial capitalNis irrelevant for whether C is a supermartin-
gale or not; if C' M(A,) thenalso: + C' M(A,) forall : ' R.

The following lemma describes the monotone behaviour of a sub- or
supermartingale along a path; it will be used later on in various proofs.

Lemma 3.2.5. Consider any acceptable gambles trég, any M ' M(A,),
‘1" X' and @4 ". Then we have that

M (1) ( M(1041) ( A4B M (' 1.9 for some’ 119" X &',

Furthermore, the converse inequalities hold for any supermartingale
M ' M(AY).

Proof. To prove the statement for a submartingaleM ' M(A,), brst observe that,
forany >' X' thereisan' ' X suchthatM (3 ( M (>'). Indeed, assume
ex absurdo that this is not the case, and soM (3 > M (>') for all * ' X . This
implies that #M (3 < 0. But this is in contradiction with M ' M(A,), because
the latter implies that #M (> ' A, and thus, by the coherence D2,;] of A, that
#M (® " L<(X). As aresult, we must have thatM (3 ( M (>') for some' ' X.
Since this holds for any general>' X', we can iteratively apply this implication
starting from * ;.- to infer that there is indeed some ' -41.¢" X & suchthatM (' 1.-) (
M (' 1-41) ( @46 M (' 1.9. The second statement about supermartingales ifVi(A,)
then follows trivially from the statement about submartingales and the depPnition of
a supermartingale. O

Global game-theoretic upper expectations

For any real processCand any" ' Ng, let C(#;.-) denote the "-measurable
gamble that assumes the valueC(? ") in ? ' | ; so C(#..) is the gamble
obtained by stopping C at time ". Then, given a setM(A,) of supermartin-
gales corresponding to an acceptable gambles treé\y, we debne the corre-
sponding Pnitary game-theoretic upper expectation EL viVOX '+ R
as follows:® forany $' Vand>"' X',
0,
EL (89 1 inf M (91 M * M(AY and (" # POM (#10) #.
(3.12)

Taking into account the interpretation of a supermartingale as described
above, the upper expectationE; v can be given a straightforward meaning:
forany ($> "' V9X', Ea ($P is the inbmum starting capital for Skeptic

3The superscript OfO &,  is intended to refer to Obnitary®, whereas the subscript OVO is
intended to refer to Jean Ville [107] as pointed out in Section 4.113.
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Finitary upper expectations in discrete-time stochastic processes

in the situation >such that, by playing against Forecaster according to the
protocol above, he can declare a bnite point in time" # |> where he will
surely have more money than the reward associated with the global gamble
$. Remark that the OsurelyO here refers to the fact that this is the case-
spectively of the path ? taken through the situation > In other words,
any starting capital in >larger than Ea ($|> allows Skeptic to (super-)hedge
the global gamble $at a Pnite time point in the future.

The Pnitary game- theoretic lower expectation Ef y can be depPned in
a complementary way asEA v usrng submartingales mstead of supermartin-
gales; forany $' Vand>' X',

0,

£l (59 sup M (3: M * M(A) and (* # )M (#2) (-

We do not go into full detail on how the dePnition above can be interpreted

in a game-theoretic setting but, roughly speaking, submartingales can be
seen as the possible evolutions of ForecasterOs capital when Skeptic is bet-
ting against him, and the lower expectation EfA ’V($|>) is then ForecasterOs
supremum starting capital in >such that it is still possible for Skeptic toN
surelyNprevent Forecaster from ending up with more money than the pay-

o! corresponding to the gamble $. The lower expectation E E v IS once more
related to the upper ¢ expectatlon EA v by conjugacy, WhICh |s why we will
henceforth focus on EA -

Corollary 3.2.6 (Conjugacy). For any acceptable gambles trég, and ($ > '
V9 X', we have thatEl, | (3] = &Ej (&3

Proof. Since, for any real processM , M ' M(A) if and only if &M ' M(A), we
have that

&E} (&3 .
= &lnf/ MG:M "' MAYand ;" # )M (#) #-&$
=sup /&M (3:M ' M(AYand ;" # )M (#) #.&$
=sup M (3: (&M) ' M(Ay) and (; " # |H) (&M )(#182 #. &%
= sup M(>) M M(A)and ;" # )M (#2) (- $ =E), (3. O

At this point, readers that are familiar with the global game-theoretic
upper expectations suggested by Glenn Shafer and Vladimir Vovk$5 86
109] will surely have noticed the close relation with our expression for EA v
in Eqg. (3.11), . In fact, the conceptual ideas that we have presented above
are entirely the same and largely due to them?# There are various impor-
tant technical di! erences, though, which we will currently not discuss in

4The close resemblance with Shafer and VovkOs game-theoretic framework i§] claribes
the title of this section.
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3.2 Global upper expectations from acceptable gambles trees

detail. The most important di! erence, at this point, is the fact that Shafer
and VovkOs game-theoretic upper expectations involve supermartingales that
(super-)hedge the considered gamble only at an inPnite time horizon and
not necessarily at a bnite time horizon as is the case foEL v- These types of
game-theoretic upper expectations, where (super-)hedging happens at an
inbnite time horizon, will be the subject of Chapter 41,9. We will there also
discuss in great detail what the correspondences and dierences are with
Shafer and VovkOs framework.

An equivalence between Ea and Ej

The following theorem establishes that, for any acceptable gambles treeA,
the upper expectation Ex obtained from A, using the standard coherence
arguments is entirely the same as the Pnitary game-theoretic upper expec-
tation EL v: see also Fig.3.4- . Due to its considerable length, we relegate
the proof to Appendix 3.A;q;.

Theorem 3.2.7. For any acceptable gambles tref, ,
Ea (8 =Ej (8] forall (33" VOX'.

The game-theoretic upper expectationEL v can thus be seen as an alter-
native characterisation for Ea , yet more intuitive and with a more construc-
tive Ravour. Furthermore, itis exactly this game-theoretic upper expectation
that will be later on, in Chapter 4,59, suitably adapted to involve a continuity
argument. This will then give us a debnition of the game-theoretic upper
expectation that is in line with Shafer and Vovk their game-theoretic up-
per expectations. Moreover, note that the equality above also holds for the
lower expectations E, and EfA \ because they are both related to their re-
spective upper expectations by conjugacy [see Corolland.2.4¢9 and Corol-
lary 3.2.6. ].

3.2.4 The law of iterated upper expectations

We conclude this section on behavioural upper expectations with proving
a law of iterated upper expectations [8, 62, 86]; a generalised version
of the law of iterated expectations or law of total probability in measure-
theoretic probability [ 89, Section 1.3. 2] The law will be crucial later on, in
Section 3.5¢9, when we relate E5 and EA v to other types of global upper
expectations.

We start with two lemmas, of which the Prst establishes a slightly mod-
iPed expression forEL v and the second implies thatEL v is real-valued on
VIOX'.
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Figure 3.4 Schematic overview of the bnitary behavioural approaches.

Lemma 3.2.8. For any acceptable gambles tred,, we have that, for all
(83" Vox',

Eh V(8D =inf{M (3: M ' M(A) and (" # |})( @ "M (#1.9 #> $}.
Proof. Fixany ($> ' V9X'. That
El v(8) (inf{M (3: M ' M(A,) and (; " # [4)( @ ")M (#1.9 #- $

is clear from the debnition of EfA v [Eq. (3.11)¢3]. To prove the converse inequality,
bx any M ' M(A,) such that M (#..-) #. $for some" # |3. Let M ! be the
real process debned, for all' 1.0' X', by M{(' 1.9 ! M (‘19 if @( ", and by
MY 19! M(y)if @ ". Then, forany '1.¢' X', #M (' 1.9 is either equal to
#M (' 1.9 or equal to 0. Since &#M (' 1.9 ' A. ., becauseM ' M(A,), and since
0" A ,due to D1, we have that &M ST A. g Since this holds for any
"1.0' X', we havethatM ' M(A,). Moreover, it is clear from the depnition of M !
that M Y(#1.9 = M (#1.+) for all @# ", which by the fact that M (#,.+) #. $implies
that M Y(#,.9 #. $for all @# ". Hence, we have that

inf{M"(3): M"* M(A)) and (; *# [4)(/ @ "M (#.9 #- 8 ( M) =M (3,
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3.2 Global upper expectations from acceptable gambles trees

where the last equality follows from the debnition of M > and the fact that " # |.
Since the inequality above holds for anyM ' M(A,) such that M (#;..) #. $for
some" # |3, we have by Eq. 3.11)¢3 that

inf{M (3: M " M(A,) and (; " # [4)(/ @ ")M (#1.9 #- % ( Ep v(31,

as desired. O

Lemma 3.2.9. For any acceptable gambles tre®, and any ($,> ' V9X',
we have that

. =f

inf (8> ( Ea v($ ( sup($>).

In particular, we have thatE} ,($ ' R.

Proof. To see thatEL v(8 ( sup($]), simply observe that the real processM

that is equal to the constant sup($> everywhere is, by D1,; of the local sets A,
a supermartingale in M(A,), and is clearly such that M (#,.-) #. $for some " #
[ [in fact it holds for all " ' Ng]. On the other hand, assume ex absurdo that
EL v(%» < inf($>. Then according to Eq. 3.11)¢3 there isaM ' M(A,) such
that M (3 < inf($» and M (#,.+) #. $for some" # [3. But Lemma 3.2.543 says
that there is @' ja ' X "% such that

M (>'pperr) ( M (3 < inf (8.

This is in contradiction with the fact that M (#1.) #- $#. inf ($]>. As a result, we
must have that E, , ($>) # inf (3. O

For any $ V, any '1» ' X' and any @' N, we use the
notation Ep (9" 1.-#4+1.-+@ to denote the " + @measurable variable tak-
ing the value Ea ($' 1" 1., 9 forall "% ..o " X @ and the notation
Ea (Ea ($|#1.+1) |#1.+) to denote the "-measurable variable taking the value
En (Ea ($#1-41)| 1) forall *1.- ' X ". Note that Ea (Ea ($#17+1)] 1.+)
is well-dePned, becauseEa ($|#1.-+1) is a gamble due to Lemma3.2.9 and
Theorem 3.2.7¢s. Analogous notations will be used for the global upper
expectation EL v and for all other global upper expectations in this disser-

tation.

Proposition 3.2.10 (Law of iterated upper expectations). For any acceptable
gambles treeAy, any $' V and any" ' Np, we have that

Ep v (Sl#t) = Ep V(B v(Sl#100) [H20),

and 3 o
Ea ($l#1:-) = Ea (Ea ($|#1:0+2) [#1).

Proof. Fix any $' V and any ';- ' X'. We brst establish the statement for
the game-theoretic upper expectation EfA v» and to that end, we begin by prov-
ing the inequality Ej (Ep v($#14)] 1+) ( Ea y(8 12). If Ej y(8'10) = +$,
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then this inequality is trivially satisped. If EL v(9%'1+) < +$ then, for any real
number : > EfA v(9l' 1), there is according to Lemma3.2.8¢¢ a supermartingale
M ' M(A,) such thatM (" 1) ( : and M (#1.9 #. .. $for all @arger or equal
than some"* # ". Then itis clear that, for any '-.; ' X, M (#1.9 # ..., $forall
@arger or equal than "'+ 1 # " + 1, and hence, again by Lemma3.2.845, we have
that Ej (8l 1+1) ( M (' 1.-+1). Since this holds for any' .., ' X, we obtain that
EL v(8#141) (. M (#141). Let M be the real process that is equal toM for
all situations that precede ' ;.- or are incomparable with ' ;.., and that is equal to
the constantM (' 1.+;) for all situations that follow ' ...; for some'.,; ' X . Then,
becauseEL v(8#141) (1. M (#1-41), we also have that

E;\ ,\/($I#l:"+l) ( fm M l(#l:"+1) = 1 M 1(#1:"+@ for all @# 1.

Moreover, observe thatM® ' M(A,). Indeed, for any A' X', #M YA is either
equal to #M (A or equal to zero. If it is equal to #M (A, then sinceM ' M(A,)
we have that &M (A ' A, If it is equal to zero, then by the coherence [D1,7]
of A,we also have that&#M (A ' A, Hence, in both cases &M YA ' A, and
since this holds for any A* X ! we indeed have thatM ' M(A,). Recalling that
EL v(®#a) (. M Y#1.-+g for all @# 1, this implies by Lemma 3.2.8¢5 and the
fact that EL v($l#1:41) is a (bounded) gamble by Lemma3.2.9, that

B v(Ba yv(S#10)] 1) (M) =M () (2
Since this holds for any real: > EfA v(9l' 1), we indeed have that
Ep v(Ep v (8#1-0)] 1) ( B o(80'10).

To prove the converse inequality, start by recalling thatEfA v($#1:41) is bounded
[due to Lemma 3.2.9, ]. Then Lemma 3.2.9; says thatEp (Ex v($l#141)] 1v)
is real. Fix any real: > Ejp y(Ej y($l#:1-41)|' 1) and any E ' R.. Then by
Lemma3.2.8¢ there must be a real processM ' M(A,) such thatM (' 1) ( : and
M (#1.9 # .. E; v($l#1:741) for all @arger or equal than some"*# ". Fixany ' «,; '
X . Then it follows that M (#1.9 #:,.,, EL (9 141) for all @arger or equal than
"1+1 # " +1, which by Lemma3.2.5¢; implies that M (* 1.-41) # E'A v(9l' 1-41). Since
M (' 1.-+1) isrealNbecause itis a real processNand sinceM (' 1.-41) # EfA V(" 141),
it follows from Lemma 3.2.8¢, that there is a real processM - ..., ' M(A,) such that
M) ( M) +Eand M. (#1.9 #,.,, $Tor all @arger or equal
than some"..,, # " + 1. This holds for any '-.; ' X, so sinceX is bnite, there is
moreover a bnite" ™! max..,;'x .., # " +1suchthatM. ., (#1.9 # ,.,, $forall
@t "Mand'. " X.

LetM' be the process that is equal toM + Efor all situations that precede or are
incomparable with ' 1.-, and thatis equal to M -, ., for all situations that follow ' 1.-+1
for some'.,; ' X. Since, as we have just shown previouslyM . .., (#1.9 # .., $
forall '..y ' X and all @4 "™# " +1# ", and sinceM ' (#1.9 = .., M+ .., (#1:0
foral '.yy ' X and all @# " +1 # ", we have that M ' (#1.9 #. . $forall
@# "# " +1#". We furthermore show that M ' * M(A,).
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3.3 Global upper expectations from imprecise probability trees

Forany'..; ' X, we have thatM' (' 141) = M., (C191) ( M (1) +E
implying that M ' (" 1-&)( M (' 1.+&) +Eand therefore that

&#M !(I 1:") = &M ! (' 1:”é) M ! (‘ 1:") # &M (I 1:"é) +M !(I l:”) &E
= &M (' 1»&) M (" 1) = &M (" 1).

Since&#M (' 1) ' A.,. bythefactthatM ' M(Ag), we have byD1,7; and D3, that
&#M' (" 1+) ' A. ... Moreover, for all situations A$ ' 1., we have that #M' (4 =
#M (A and therefore, sinceM ' M(A,), that &M '(A ' A, For all situations
A' X' such that A3 ' 1., for some' ..y ' X, we have that#M ' (4 = #M. ... (A
and thereforeNagain since M. ., ' M(A,)Nalso that &#M ' (A ' A, All together,
we have that &M ' (4 ' Aaforall A" X', and therefore that M' * M(A,).

Recalling that moreover M ' (#,.9 # .. $forall @# ""1# " and M'(' 1) =
M ('1-) +E( : +E Lemma3.2.8¢ implies that Ej y($'1+) ( M'('1) ( : +E
This holds foranyE' R. and anyreal: > EL I\,(E'A v($#141) | 1), SO we conclude
that indeed Ej (81" 1) ( Ely v (Bl y($#10) 1)

This proves the desired statement for the game-theoretic upper expectation
EL v- The desired statement for the upper expectationE, then follows from Theo-
rem 3.2.7¢s. O

3.3 Global upper expectations from imprecise probability trees

In this section, we take imprecise probability trees as the primary object
that parametrizes our stochastic process. Starting from these trees, we use
concepts such as global probability charges and global linear expectations to
build a corresponding global upper expectation. Later on, in Section3.5¢q,
we will then moreover see that these probability-based global upper expec-
tations are equivalent to the previously discussed behavioural global upper
expectationsEa and Ej, .

3.3.1 Global probability charges

Our construction of the probability-based global upper expectation will
fundamentally rely on the notion of a conditional probability charge. To
introduce such conditional probability charges, we require the notion of an
algebra. Analgebra or beld A on a non-emptyNgeneralNset Y is a col-
lection of subsets of Y that contains the empty subset) : Y and that is
closed under Pnite unions and complementation; that is, forany % 0 + A,
we have that %%0 ' A andthat %! Y\ %' A. It then follows that A
also contains the setY and that it is closed under Pnite intersections. The
largest algebra on Y is the powerset1(Y) ! {%+ Y} and the smallest
algebrais{Y,) }. For any algebraA + 1(Y), we use the notation A 8 to
denote A \{) }.
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The following debnition of a conditional probability charge is due to
Dubins [34, Section 3] and Regazzini [78, Debnition 2], who simply call
this object a Oconditional probabilityO.

Debnition 3.1 (Conditional probability charges). Let A ,B be any two al-
gebras (or belds) onY such thatB + A. Thenwe callP: A 9B®* R a
conditional probability charge if, forall %F' A and 0,G"' BS,

CP1.0 ( P(¥40) [lower bounds];
CP2.0 + %- P(%0)=1 [normalisation];
CP3. %, F=)- P(%%F|0) = P(%0) + P(F|0) [Pnite additivity];
CP4.G, 0! )- P(%, G|0) =P(AG, 0)P(G|0) [BayesO rule].!

The dePnition above will in our context only be applied to the case where
the possibility space Y takes the form of the sample space! . Moreover,
we are also not interested in probabilities conditional on general events in
1(1 ), but rather only in probabilities conditional on situations >' X'N
or better, on their corresponding cylinder events " (3. Therefore, we pro-
pose the following debnition of a global probability charge , where we use
"(X') ! {"(3:>" X'} to denote the set of all cylinder events.

Debpnition 3.2 (Global probability charges). For any algebraA on! such
that " (X ') + A, we say thatP: A 9X' * R s a global probability charge
if, forall %9F"' A andall 3A'" X' suchthat>2 A

GP1. 0 ( P(%> [lower bounds];
GP2."(® + %- P(YU» =1 [normalisation];
GP3. %, F=)- P(%%F|») =P(U> +P(F|» [Pnite additivity];
GP4. P(%, " (A]» = P(YAP(A> [BayesO rule]. !

Axiom GP2indicates that we take conditioning on a situation >' X' to
mean the same as conditioning on its cylinder event' (5. We will sometimes
also let a situation be the brst argument of a global probability charge; it
then simply refers to its corresponding cylinder eventNsee e.g. Eq. 3.12)7,.
It can easily be seen that, for any two algebrasA ,B on Y with " (X ') +
B + A, the restriction of a conditional probability charge on A 9 B® to
A 9" (X ")Nor A 9X 'NsatisPes GPIEGP4 and therefore that it is a global
probability charge. The converse implication is less trivial however; the fol-
lowing result establishes that it holds nonetheless. Moreover, it also showsN
see point(iii) » belowNthat any global probability charge according to Def-
inition 3.2 is a Oconditional probability in the sense of][or a Ocoherent
conditional probabilityO in the sense of §2]. Especially the version in [62,
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3.3 Global upper expectations from imprecise probability trees

Debpnition 5] is important to us because we will often use results from [62,
Section 3.4] in future derivations.

Proposition 3.3.1. For any algebraA on! such that"(X') + A, and any
mapP: A 9X'* R, the following statements are equivalent:

(i) Pis a global probability charge;

(i) P is the restriction of a conditional probability chargeP! dePned on
1(1)91(1)%

(i) foral + ' N, all (1,...,(+ " Randall (%,>),...,(%,>) '
A9X'.
tgr - . '
sup (1, lo &P(%[>) 1%L, "(>) # 0.5
=1

As far as the proof of the result above is concerned; we are convinced that it
follows from the statements in [4, p. 73], since a global probability charge
according to Debnition 3.2 seems to always satisfy conditions (a), (k)
and (by) in [ 4, p. 73]. We nonetheless choose to give an independent and
self-contained proof in Appendix 3.B;gs, since we can deduce it fairly easily
from our axiomatisation of coherence for global upper expectations further
on [Theorem 3.4.3g,4].

As a consequence of the result above, global probability charges inherit
the same basic properties satisped by conditional probability chargesNthe
proof of the following result is left as an exercise for the reader.

Proposition 3.3.2. For any global probability chargePon A 9X ', any %' A
and>' X', we have that
GP5 P(! D =1;
GP6& P() P =0;
GP7. 0 ( P(4) ( 1;
GP8 P(%> =P(%, " (9.
It readily follows from GP1 , GP3 and GP5that, for any global prob-
ability charge Pon A 9 X ' and any bxed situation>' X ', the set function

P(@ap: A * Risa(n) (unconditional) probability charge on A in the sense
of [ 77, 106], or a Pnitely additive probability measure in the sense of [5]. In

5The debnition in [4] additionally requires the inbmum of # 21 (1 1y &P(% [>)" over
%*zl" (>) to be smaller than or equal to 0, but it can be observed that this is implied by (iii) ; it
su" ces to switch the signs of the(.Os. On the other hand,§2, Debnition 5] uses a maximum
instead of a supremum, and in our case too the supremum could actually be replaced by a
maximum because it is taken over a Pnite number of (Pnite) values.
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particular, if we speak about the unconditional (global) probability charge
corresponding to P, we always meanP(a)! P(al).

3.3.2 Global probability charges from precise probability trees

Before building a global upper expectation from a general imprecise
probability tree, we Prst restrict ourselves to the special case that our
stochastic process is described by arecise probability tree 2: >' X' 7*
2(4P. We intend to use the local probability mass functions 2(&$) for all
>' X' to make assertions about global probability charges. These asser-
tions can straightforwardly be deduced from the interpretation of the mass
functions 2(&9): we will want to impose, for any global probability charge
P corresponding to 2, the condition that

P( 1o41] 1) = 2( »41|" 1+) forall "' Noandall 141" X ¥ (3.12)

Note that Eq. (3.12) is the same as the condition that is being imposed in
[62, Eq. (3.3)]. In fact, in general, much of what we will do in the current
section can be seen to be similar toNand inspired byNthe work in [ 62,
Section 3.4].

We start by establishing the existence of a global probability charge that
respects Eq. 8.12) and that is dePned on the smallest possible domain: the
set<X '=9X "', with X '=the (smallest) algebra generated by the cylinder
events" (X '). That the algebra <X ' =exists follows from the discussion in
[5, p.27D28].

Lemma 3.3.3. The algebra<X '=exists and, for any% + ! , we have that
%' <X '=if and only if it is a Pnite union of (disjoint) cylinder events. If this is
the case, then we moreover have thét= %..; " (=1:9 for some@ No and
F+X@

Proof. To establish the existence, brst note that a Ocylinder event of rankd accord-
ing to [ 5] is in our language a Pnite union % " (>) of cylinder events of situations
> of length +. Any such Ocylinder event of rank® must clearly be an element of any
algebra that includes " (X '), and so since |5, p.27D28] says that the set of Ocylin-
der events of all ranksO form an algebra, this algebra must be the smallest algebra
including " (X ') and thus be equal to <X ' = This establishes existence, and also im-
mediately that any %' <X '=is the Pnite union % gF" (=1.@ for some @ Ny and
F + X @ and thus that %is the bnite union of (disjoint) cylinder events. It then
remains to show the converse; that any pnite union of (disjoint) cylinder events is
an element of <X ' = This follows straightforwardly from the dePnition of the algebra
XK'= O

The next proposition not only conbrms the existence of a global proba-
bility charge on <X '=9X ' satisfying Eq. (3.12), it also says that this prob-

72



3.3 Global upper expectations from imprecise probability trees

ability charge is unique and that its values can be computed in an intuitive
way. The result is entirely the same as B2, Lemma 14], apart from the
fact that [ 62, Lemma 14] uses conditional probability measuresNsee [62,
DePnition 6 and below]Ninstead of global probability charges. The famil-
iarized reader, however, may notice that on the current domain of interest
X '=9X" there is no di! erence between the two notions, therefore allow-
ing us to nevertheless use p2, Lemma 14]. A formal proof of this result can
be found in Appendix 3.Bygs.

Proposition 3.3.4. For any precise probability tree, there is a unique global
probability chargeP, on X '=9X ' that respects Eq(3.12). . Specibcally,
forany' ;- ' X', any@ NpandanyF + X @5

$
PZ(O/QL@ F (::I.:@lI l:") = PZ(:l:d‘ 1:"),
=@ F
56 @l 2(=nlm:) if" < @nd=; =" g
if " # @and =1.@= ' 1@

with Pz(:l:dI 1) =51
30 otherwise.

The domain X '= 9X' is also immediately the largest domain that
we will consider for a global probability charge satisfying Eq. (3.12). N
at least, in this chapter. The reason is that, on a domain that is larger than
X'=9X"'Ne.g. 1(1 )9X "' or! (X")9X "' with | (X') the ! -algebra gener-
ated by <X ' =(see Chapter5,,7)Nthere is not necessarily one unique global
probability charge satisfying Eq. (3.12). . Uniqueness can however be pre-
served on the larger domain! (X ') 9 X', if we would additionally impose
countable additivity or ! -additivity on a global probability charge; see Chap-
ter 5,17. As mentioned in the introduction of this chapter, we choose not to
do so yet and prst study an approach that is solely based on Pnitely ad-
ditive probability charges. Finitely additive probabilities were advocated
by [27, 35, 77], and are more popular than their countably additive vari-
ants in the beld of imprecise probabilities, due to their generality and their
strong relationship with coherent upper expectations [105, 106, 110, 113].
Nonetheless, we will see in Section3.6gg that the resulting Pnitary global
upper expectation is not satisfactory for a general domainV 9 X ', and so
we will continue in Chapter 5,17 to study a more involved approach that is
based on countably additive global probability charges.

Furthermore, observe that there is another important aspect in which
our approach here dil ers from more traditional measure-theoretic ap-
proaches [, 89]: we consider conditional (global) probabilities to be

6By Lemma3.3.3, , any %' <X '=can be written as %y.6F" (=1:@ for some @ Np and
F+X@
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equally as fundamental as unconditional (global) probabilities, whereas the
typical measure-theoretic practices consider unconditional probabilities to
be primary objects and then deduce conditional probabilities from uncon-
ditional probabilities by means of BayesO rule. That is, for an uncondi-
tional probability charge P on an algebra A, the corresponding probabil-
ity P(%40) conditional on any 0 ' A 2 is in that case debned byP (%40) !
P(%, 0)/P(0). Of course, the latter is ill-debned if P(0) ! 0, a prob-
lem that is then usually Osolved® by allowing (%40) to take an arbitrary
value. Such an approach is inadequate when one wishes to retain infor-
mation about given conditional probabilitiesNthe local ones in our case.
Indeed, the unconditional probability charge P (&)= P(a)Y) corresponding
to a given conditional probability charge P(&|ajloes in general not allow us
to recover P(a|&)Hence the reason why we prefer to use conditional proba-
bility charges instead.

Lastly, though we choose not to extend a global probability charge be-
yond the domain <X '= 9X ', it is nevertheless possible to do soNthis can
be seen to follow from [ 78, Theorem 4] and the fact that, as pointed out by
Proposition 3.3.171, global probability charges are equivalent to Ocoherent
conditional probabilities restricted to a particular domain. Since in general
this means giving up unicity, we would have to work with a (non-empty)
set of global probability charges instead of a single one. By debning a (lin-
ear) expectation for each global probability charge in this setNusing the
integration techniques described belowNand then subsequently taking an
upper envelope over this set, we could come up with an alternative version
of the global upper expectation E, debned here, in Debnition3.5;5. Such
an approach, however, is conceptually rather di erent from what is done
in classical (measure-theoretic) probability theoryNand also from what we
will do in Chapter 5,,7Nwhere a single probability charge or measure al-
ways forms the central starting point.’

3.3.3 Global linear/upper expectations from precise probability trees

To obtain global linear expectations and upper expectations from global
probability charges, we will use the S-integral [47, 77, 105, 106]. We
choose to use this integral because (i) it is a conceptually easy type of inte-
gral, popular among those who study general (Pnitely additive) probability
charges, and (i) it is equivalent to the well-known Lebesgue integral that we

A reader that is familiar with WilliamsOs notion of conditional coherence [72, 114]
may nevertheless infer from the Oenvelope theorem@2] Section 3.1] and the fact that our
probability-based global upper expectation E, is coherent (see Corollary3.5.694 and Theo-
rem 3.4.3g4), that this alterative approach leads to a global upper expectation that is equivalent
to Eo.
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3.3 Global upper expectations from imprecise probability trees

will use later onNsee Debnition 5.3,,5Nbut adapted to deal with general
algebras and probability charges.

The measure-theoretic concepts that will be introduced in the following
sections are taken largely from [106, Section 1.8 and Chapter 8]. These
concepts deviate somewhat from the standard debnitions, because they are
adapted to deal with general algebras and general (Pnitely additive) prob-
ability charges on algebras. Measurability, for instance, is in the standard
case typically only associated with! -algebras, not with general algebras.
One may easily observe from [LO6, Section 1.8 and Chapter 8] that the
adapted notions that we use here are simple generalisations of the standard
measure-theoretic concepts.

Simple global gambles and measurable global gambles

For any algebra (or beld) A o I, we say that a gamble $' V is A -simple
[106, DePnition 1.16J¢if $=" 1)) lp forsome+"' N,)1,...,)+" Rand
%,...,% " A,and T ) ly is then called arepresentation of $ So the
linear span

% , , , L L&
span(A)! T)le:+" N) "R, %" A

is the set of all A -simple gambles. A gamble$ ' V is then called A -
measurable [106, Debnition 1.17 (B)] if it is in the uniform closure of
span(A), meaning that there is a sequence($). n of A -simple gambles
such that

+lir11$ sup|$& &|=0.

If it is clear from the context which algebra A we are considering, we will
simply call gambles simple or measurable, instead of respectivelA -simple
and A -measurable.

In this chapter, we will mainly be concerned with <X ' =simple gambles,
which can easily be seen to be equal to bPnitary gambles.

Lemma 3.3.5. We have thatF = span(<X ‘9.

Pro%{. Since for any bnitary gamble $' F thereisa" ' Ny such that we can write

$=". . x" $1)1,., and since all cylinder events are by dePnition included in
X '= it follows that F + span(<X'5. Conversely, consider any$' span(<X'9.
Let %)) ly, be any representation of $ For any . ' {1,..., +}, we have by

Lemma3.3.3;; that % is a Pnite union %'11 (>.1) of (disjoint) cylinder events " (>,).

So then we have thatly, = |- 1. forall . ' {1,..., +}, and therefore that
$ $ 8¢
$= )y = )L,
1

=1 I=1
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Hence, itis clear that $can thus be written as# ..@il *.1, forsome@ Ng, *4,..., o
R and A, ..., o' X ', So if,2 is the maximum of the lengths of the situations
A,..., A itis clear that $ = -@il*" 1, depends only on the states#,.,, and thus
that $is Pnitary. O

The S-integral or the Lebesgue integral

For the debpnition of the S-integral, we follow [ 106, DePnition 8.24] but
immediately state a version adapted to the context of stochastic processes.

Debnition 3.3. Consider any probability charge P on the algebra<X '= and
any $' V. Then the S-integral of $exists if the upper and lower S-integral
of $, respectively given by

7 ' (

P! inf sup($|%)P(%): % ' <X '=and (%)", partitions ! ;
=1

P! sup inf ($1%)P(%): % ' <X '=and (%)™, partitons !
=1

goincide. dn that gase, the S-integral of $is given by the common value
P! &P= &P. !

The following result gives an alternative characterisation for the S-
integral in terms of <X '=simple functions, and allows us to easily relate
the integral with otherNperhaps more familiarNtypes of integrals; e.g. the
Lebesgue integral.

Proposition 3.3.6. For any probability chargeP on the algebra<X '= the
following statements hold.

) . . #
(i) Forany<X'=simple$' V and any representation 1)l 0Of §
7 &
&P =) P(%).
=1
(i) For any general$' V, we have that

+ 17 0
$dP=inf  -dP:-' span(X 'S and- # $ and
7 17 0
$dP=sup  -dP:-' span(X'3S and- ( $ .
Proof. Property (i) follows from the debnition of the D-integral on all <X ' =simple

gambles [106, Depnition 8.13] and its equivalence with the S-integral [ 106, The-
orem 8.32]. Property (ii) follows from the equivalence between the S-integral and
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3.3 Global upper expectations from imprecise probability trees

the Lebesgue integral [L06, Theorem 8.28], and the fact that, as we have just stated,
the D-integral inside the debnition of the Lebesgue integral [106, Debnition 8.27]
is equal to the S-integral on the domain of <X ' =simple gambles. O

This result shows that indeed, as claimed above, the (upper/lower) S-
integral is completely equivalent to the (upper/lower) Lebesgue integral
given in [ 106, Depnition 8.27]; see also [106, Theorem 8.28]. So why do
we not use the (upper/lower) Lebesgue integral as our main integral here?
One reason is that we bnd the debnition of the S-integral more direct and
elegant. Another is that we already want to adhere to the choice of inte-
gral made in Chapter 5,;7 when we will deal with ( ! -additive) probability
spaces. We will there use BillingsleyO$] version of the Lebesgue integral
which, amusingly enough, is much more similar to Debnition 3.3, than the
debnition of the Lebesgue integral given in [106, Debnition 8.27]. Because
of the mathematical equivalence, and because we do not want our treatment
to be obscured by semantic delicacies, we henceforth simply refer to the
(upper/lower) S-integral Debnition 3.3, Nor thus Lebesgue (upper/lower)
integralNas the (upper/lower) integral

We next use this integral to dePne the global expectation corresponding
to a precise probability tree.

Debnition 3.4. Consider any precise probability tree 2, let P, be the unique
global probability charge from Proposition 3.3.475, and let Py | P, gél1>) for
any>' X'. Then the global expgctationE; is dePned byE,($/>) ! $dPy
forall ($> ' V9X' suchthat $JIP) exists. !

It can be inferred from [ 106, Proposition 8.17] and [ 106, Theorem 8.32]
that, for all <X '=measurable gambles, the integral exists and thus also
the expectation E;. Moreover, by [106, Theorem 8.32] andg[77, Theo-
rem 4.4.13 (ii)], for any >' X', we have that the integral &P}, and
thus the expectation E,(ap), is a linear operator on the domain where it
exists, which is why we sometimes callE; a global linear expectation.?

For gambles that are not <X ' =measurable, upper and lower integrals
may not coincide anymore. A possible alternative would then be to work
with either the upper or the lower integral itselfNfor these are debned on
all gambles. The reason why this is usually not done in standard Oprecise®
probability theory, is that this cannot be done without giving up linearity
of the resulting global operator. We do not consider this to be a problem
though; we will in general consider imprecise local models instead of the

8In the beld of coherent upper and lower expectations, the term O(conditional) linear ex-
pectationO or O(conditional) linear previsiond is typically used in a more general sense to refer to
a self-conjugate coherent (conditional) upper expectation; see e.g. [L06, Debnition 13.28].
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mass functions 2(&}) that we are now considering, so it should not be ex-
pected that linearity of the resulting global (upper) expectation can be pre-
served anyway.

Debnition 3.5. Consider any precise probability tree 2, let P, be the unique
global probability charge from Proposition 3.3.4,3, and let Py | P,(&p
for any >' X'. Then the global upper expectation E, and global lower
expectation E, are debned, for all ($>) ' V9 X ' by

7
Ex($»! Py
- (
= inf sup($|%)P5(%): % ' <X '=and (%)™, partitions !
7 =1
E (8! wPy
- (

4

= sup inf ($]%)P5(%): % ' <X '=and (%)%, partitons ! . !
1

Obviously, we debne our global upper expectationE, as an upper in-
tegral and not as a lower integral, because the former is always larger or
equal than the latter, and conversely for the global lower expectation E,.
The lower expectation E, is once more related to the upper expectationE,
by conjugacy.

Corollary 3§.7 (Conjugacy). For any precise probability tree2, we have that
E, (% = &E,(&$») forall ($ ' VIX'.

Proof. Forany ($> ' V9 X', we have that

/ 0
_ $*
&E; (& %> = &inf sup(&$%)PL(%): % ' <X '=and (%)™, partitions !
17" 0
= sup &sup(&$|%)P5(%): % ' <X '=and (%), partitions !
It 0

= sup inf ($]%)P5(%): % ' <X '=and (%)~, partitions !
=1

=E (8. O

This allows us to henceforth again focus mainly on upper expectationsEs,.

Observe by Debnition3.4; and DebPnition 3.37¢ that E, is an extension
of E. In particular, E, retains the basic form that the integral assumes on
X '=simple gamblesNor, by Lemma 3.3.5s5, on Pnitary gambles. Com-
bined with Proposition 3.3.4;3, this leads to the following result.
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Proposition 3.3.8. Consider any precise probability tre@. Then, for all
($'17)" FOX!',

Eo(8l' 1) = Eo(8l' 1 )- 6% @$(—1@)P2(-1d 1)
agx @ (v E2( al1),

whereP, on X '=9X ' is related to 2 according to Propositior3.3.4+3, and
where@> " is any natural number such that$is @measurable.

Proof. Fixany $' F,any';- ' X' andany @ " such that $|s¢@neasurableNth|s

is always possible because$is bnitary. Then we have that $ = 2.8 X e¥(=1.91.4

and so that $is X '=simple and that e X e$(=1.9 1=, is a representation of $

#ence, due to Proposition3.3.6(i) 76 and Debnition 3.4;7, we have that E;($|' 1+) =
@ X @$(=9P2(=1.d" 1.")- SinceE, is an extension of E,, we also have that

B8 1) = Eo(S 1) = - x e (=aPo (5 1),

The last equality in statement above then follows immediately from Proposi-
tion 3.3.44;. O

3.3.4 Global upper and lower expectations from imprecise probabil-
ity trees

Suppose that we are now given a general imprecise probability treeP
that associates with each situation>a set of probability mass functionsP .
Then we can apply the extension procedure from the previous section to
every precise probability tree 2 that is constructed by selecting, in each sit-
uation > a probability mass function 2(a# from the setP .. Any such precise
probability tree 2 is called compatible with P, and we make this clear by
writing 2 0 Py. The upper (resp. lower) envelope over the global upper
(lower) expectations E, (E,) corresponding to the compatible precise trees
20 P is then what we refer to as the global upper (lower) expectation Ep
(Ep ) corresponding to P y.

Debnition 3.6. Consider any imprecise probability treeP . The global up-
per expectation Ep and global lower expectation E, are debned, for all
(8" VOX', by

Ep (59! sup{Ex($D: 20P}andE, (89! inf{E,($D: 20 P},
with E, and E, forany 2 0 Py given by Debnition 3.5, . !

The probability-based upper and lower expectationsEp and E, areonce
more related by conjugacy, therefore allowing us to focus mainly on upper
expectations in the sequel.
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Corollary 3.3.9 (Conjugacy). For any imprecise probability tred” , we have
that E, ($>) = &Ep (&3> forall ($5' VIX'.

Proof. Forany ($> "' V9 X', we have that
&Ep (&%) = & SUPE,(&9) = inf &E,(&$) = inf E, (81 = E; (3,
20P 20P 4 20P

where the penultimate step follows from the conjugacy between E, and E, for any
precise tree 2; recall Corollary 3.3.77. O

If we restrict ourselves to the bnitary domain F 9 X ', the values of the
global upper expectation Ep can be obtained from the following simple ex-
pression.

Corollary 3.3.10. Consider any imprecise probability tre . Then, for all
($'1)" FOX',
Be (8 1) = sup Ea(§ 1): 20 P
"1) = SU ")
P L P E %/#1. ¥ - &
=sup . axe e = 2( .l 1) 20Py,

where@> " is any natural number such that$is @measurable.

Proof. This follows immediately from Proposition 3.3.8, and DePnition3.6, . O

3.4 Global upper expectations from upper expectations trees

Lastly, we consider the case where local dynamics are described by an
upper expectations treeQ, and ask ourselves the question how this tree can
be extended to a global upper expectation. Of course, we could associate
with Q, an agreeing acceptable gambles treeA, or an agreeing imprecise
probability tree Py, and then subsequently use the global upper expecta-
tions E5 or Ep from the respective frameworks. Yet this would raise the
guestion of which framework to pick and, if we would have chosen one,
which agreeing tree to choose; for recall that Eq. 3.2)5; and Eq. (3.5) s, re-
spectively provide expressions for an agreeing acceptable gambles tree and
an agreeing imprecise probability tree, but that these are not necessarily
the only agreeing acceptable gambles tree or agreeing imprecise probabil-
ity tree. Moreover, any of these approaches is rather indirect, both philo-
sophically and mathematically speaking, because we would start from the
framework of upper expectations, we would then switch to either the frame-
work of acceptable gambles or the framework of probability charges, only
to switch back in the end to the framework of upper expectations.
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Figure 3.5 Schematic overview of the Pnitary probabilistic approach.

Instead, to propose a more direct and interpretationally neutral global
upper expectation, we will put forward some basic axioms common to both
behavioural and probability-based global upper expectations. These axioms,
together, will turn out to be equivalent to the well-known requirement of
(conditional) coherence [ 106, 113]. We will use them as a tool to extend
local upper expectations to a global upper expectation, and the resulting
operator will be equivalent to the natural extension under coherence.?

3.4.1 An axiomatisation of coherence for global upper expectations

Consider any global upper expectationE on a domain K =1 9 X' +
V9X' wherel isalinear space of global gambles containing all constants
and is such that $1. ' | forall $' | and >' X'. Consider also the
following basic axioms for E; forall $- ' | ,all (' Ry and all 3A" X'
such that>2 A

9More specibcally, the natural extension of the upper expectation E%re debPned by
Eq. (3.13)8s.
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WC1. E($> ( sup($]> [upper bound];
WC2. E($+-1 ( E($) +E(-]D [sub-additivity];
WC3. E(($] = (E($] [non-negative homogeneity];
WC4. E ($&E($8)1LE =0 [BayesO rule].

It can then be observed that the behavioural global upper expectation
Ea Nand thus also E'y vNand the probability-based global upper expecta-
tion Ep both satisfy the axioms above. We will not explicitly prove this result
here, though, because it will later on simply follow from a more powerful
result; see Corollary 3.5.694.

Proposition 3.4.1. For any acceptable gambles tre&, and any imprecise
probability tree Py, the global upper expectation&, , EfA v and Ep satisfy
WCI1BbWVCA4.

Note that Proposition 3.4.1 on itself is already a motivation for adopting
WCIPWC4 as axioms to impose on a global upper expectationE; on the
one hand, the axioms follow from a behavioural interpretation of E as being
the upper expectation E5 or EfA v (or their restriction to | 9 X ") corre-
sponding to some acceptable gambles treéAy, and on the other hand, the
axioms also follow from a probability-based interpretation of E as being the
upper expectation Ep (or its restriction) corresponding to some imprecise
probability tree P .

But there is more to WC1BPWC4 than meets the eye; they are actually
equivalent to the requirement of conditional coherence for global upper ex-
pectations. This requirement is similar to, but more general than, the notion
of coherence that was introduced in Section2.43; and Section 2.6.33g for
unconditional upper expectations on a Pnite possibility spaceNrecall for in-
stance that the local upper expectationsQ. are assumed to be coherent.
Compare for instance the expression below to that in Debnition2.8(ii) 3.
Conditional coherence was brst formally introduced by P. M. Williams [113],
yet his original dePnition required a particular structure on the domain of
an upper expectation, and so we immediately adopt the generalised version
that was established later on [72, 104, 106]. We also immediately apply
this debnition to our context where we consider global upper expectations
instead of general conditional upper expectations.

Debnition 3.7 (coherence for global upper expectations) A global upper ex-
pectation Eon K + V9 X' is coherentif, forall +' N, all (o, (1,...,(+"
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Ry and all (%, %), (%.2),....($,>) ' K,

+ _ y$r + , 10 i
sup (oly, $&E(%®) & (1. $&E($») I%,"(>) #0. !
=1
The following corollary establishes that coherent global upper expec-
tations are real-valued, which makes our debnition above agree with tra-
ditional debnitions of coherence, which immediately apply to real-valued
conditional upper expectations [72, 113].

Corollary 3.4.2. Any coherent global upper expectatiof on a domainK +
V9 X' isreal-valued.

Proof. Assumeex absurdo that E($> = +$ for some ($> ' K. Then we have

that
+ +

sup L(S&E(HI)[> =sup SKE(HI[> =sup($&$ [ = sup(&$ | = &$ .

This is clearly in contradiction with the debnition of coherence. In an analo-
gous way, we can check thatE($]» ! &$ for all ($> ' K, because then
sup & 1.($S&E($)|> = &$. As aresult, E must be real-valued. O

Though the debpnition of coherence may look abstract, it can actually
be argued for on strong grounds and in a similar way as its unconditional
counterpart; it is once more based on the dual interpretation that E, on the
one hand, can represent the inbmum selling prices corresponding to a set of
acceptable gambles, and on the other hand, that it can represent the upper
envelope of the (conditional) expectations corresponding to a set of possi-
ble (conditional) probability charges. These connections are made math-
ematically brm by well-known results such as [113, Prop. 2, Theorems 1
and 2]Nnote the analogy of these results with the unconditional variants
in Section 2.43; and Section 2.63¢. In view of these results, it ought not to
surprise us thatEx Nand thus Ej yNforany A,andEp forany P are both
coherent; the former is obtained as the inbmum selling prices correspond-
ing to the coherent set E(Dp ) of acceptable gambles; the latter is obtained
as the upper envelope of the global expectationsE,Nif, for the sake of con-
ceptual ease, we restrict ourselves to a domain where the expectationg, all
existNcorresponding to the probability charges P, with 2 0 P . We do not
go into further detail concerning the motivation and interpretation of con-
ditional coherence, and simply leave it to the current conceptual treatment;
for a more elaborate discussion of the topic, we refer to the abundance of
literature hereof [ 72, 106, 110, 113].

The following theorem now says that the basic axiomsWC1 BWC4 are
indeed equivalent to the requirement of coherence for global upper expecta-
tions, at least if the domain of the considered global upper expectations has a
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structure that is rich enough. Therefore, and because of Propositior3.4.1g,,
Ea Nand thus EfA '\,Nand Ep are indeed coherent for any acceptable gam-
bles tree Ay and any imprecise probability tree P 4.

Theorem 3.4.3. Consider any global upper expectatioe on a domainK =

I 9X'+V9X"'wherel isa linear space of global gambles containing all
constants and is such thatsl. ' | forall $' | and>' X'. ThenEis
coherent if and only if it satisPeSVC1g, DN C4g,.

It is rather well-known that (conditional) coherence for general condi-
tional upper or lower expectations can be axiomatised in a similar way as
what is done here; see e.g. [L06, Theorem 13.33]. The main di! erence,
however, is that such results always require the domain of a conditional up-
per expectation to have a particular structure; a structure that is not satisped
by the domain | 9 X 'Nor I 9" (X ')Nof the global upper expectations in
the theorem above. Indeed, in [106, Theorem 13.33] for instance, the set
of conditioning events is assumed to be closed under bnite unions, which is
clearly not satisbed by the set of conditioning events' (X ') here. The proof
of Theorem 3.4.3 is therefore independent and does not rely on results such
as [106, Theorem 13.33]; it can be found in Appendix 3.Cyo7.

We next give an extensive list of properties that are satisbed by any global
upper expectation that satispesWC1g,PWC4g,, or, equivalently, that is co-
herent. The proof of this result, too, is relegated to Appendix 3.Cyg7.

Proposition 3.4.4. Consider any global upper expectatida on a domainl 9
X'+ V9X"' wherel is a linear space of global gambles containing all the
constants, and letE: | 9 X' * R be the corresponding conjugate lower

expectation. IfE satispesVC1g,DNC3s,, then for any$-'1,; "' R,and
>' X!

WC5. $(--- E($ ( E(-]D [monotonicity];
WC6. inf (8> ( E($» ( E($ ( sup($]) [bounds];
WC7. E($+; |9 = E($ +; [constant additivity];

WCB. E($+-[3 ( (1) +E(-1) ( E($+-1)
[mixed super-/sub-additivity];

WCQ. for any sequencg $}.+ n, in | : [uniform convergence]
+!J”+‘$ sup(|$& &P =0 - +1'T$ E(S]» = E($].

Furthermore, if we assume that is moreover such that$l. ' | for any
$' | and>' X', and that E satisPedNC4g,, then E additionally satisbes the
following properties; for any$' 1 , > A" X' suchthat>2 Aand' ;. ' X',
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WC10. E ($&E($A)14> = 0;
WC11 E (%> = E($1-]») and E (3] = E($1:]3);

WC12 E ($|' 1:") ( E(E ($|' 1:"#"+1) |I l:") and - .
E(H 1) #E E(H vo#i) [ 1

WC13. E ($#1.+) ( E(E ($|#1.741) |[#1.+) and
E($#.-) #E E($|#1 1) [

WC14. E($A # 0- E(S14> # 0
WC15. E($145 >0- E($A > 0.

I_n particular, all the properties above hold for any global upper expectation
E that satisPesWC15,®\WC4gs, and that is debned on the domaitv 9 X ! or
Fox'.

3.4.2 From local to global upper expectations using coherence

Consider any upper expectations treeQ,. We now want to use Ax-
ioms WC1g,PNC4g, (or coherence), to extend the local upper expectations
Q. to a single global upper expectation. However, since these two types of
upper expectations involve completely dil erent domains, it is mathemati-
cally not entirely clear what it means for a global upper expectation to Oex-
tendO the local upper expectation§),. To formalise this, we brst transform
the local assessmentdQ. into equivalent assessments about a preliminary
global upper expectation E%re on a subset of V 9 X ' Nsimilar to how we
went from an acceptable gambles treeA, to the set Dp ; see Eq. 3.6)s6.

We do this in accordance with the interpretation of the local upper ex-
pectations Q.; recall from Section 3.1.245 that Q.($) forany >' X' and any
$' L (X) is interpreted as the (coherent) upper expectationNwhich can
itself be interpreted behaviourally or in terms of probabilitiesNof S(#|51+1)
given that the history of the process is#;.5 = > The translation to a global
level is thus straightforward: we dePne the global upper expectation EQ by

—pre

Eg ($(#:41)] 1) ! 6.1:,,($) forall ($(#4+1)," 1) " Kopre, (3.13)

with Kpre ! {($(#+41),"1:): " " No,"1» ' X, $" L (X)}. Note that this
transformation from Q, to Ege does not add, nor remove information; it |s
merely a di! erent representation. Hence, we will often speak ofQ, and EQ
as being one and the same object For instance, if we say that a global upper
expectation Eon K + V 9 X' extends the tree@, then, mathematically
speaking, we take this to mean thatE extends EQ ; that is to say, that the
domain of E includes K pre @nd that E coincides with EQ on K pre.
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The natural extension under coherence

The global upper expectation that we are after is thus required to satisfy, on
the one hand, Eqg. (3.13), , and on the other hand, Axioms WC1g,®/NC4g,
(or coherence). A question that already comes to mind then, is whether
such a global upper expectation always exists. It will soon be shown that the
answer is positive, however, let us already think ahead and pose ourselves
the question: if there are multiple global upper expectations satisfying these
conditions, which one do we choose?

It is a question similar to the one raised in Section 2.635, and our an-
swer follows once more from conservativity considerations. To that end, we
start from the interpretation that higher/larger upper expectations are more
conservativeNor less informativeNuncertainty models. This can be justibed
on the basis of all the global upper expectations that we have previously
seenfEx, Ej, v and Ep Nbut, actually, it also plainly follows from inter-
preting a global upper expectation E as either representing inbmum selling
prices for global gamblesNnot necessarily those resulting from a tree AN
or representing upper bounds on possible global expectations corresponding
to possible global probability chargesNnot necessarily those resulting from
atreeP,. Indeed, under the prst interpretation, higher upper expectations
mean higher selling prices, which is clearly more conservative; under the
second interpretation, higher upper expectations correspond to higher up-
per bounds on the possible global expectations or probability charges, which
is again less informative and hence more conservative. Recall moreover that
the notion of coherenceNand thus also Axioms WC15,E\WC4g, Nis also mo-
tivated by this same dual interpretation, so it indeed makes sense to com-
bine Axioms WC1g,PNC4g, with the interpretation that larger global upper
expectations are more conservative.

Now, given an upper expectations tree Q,, our model of interest will
be the most conservative global upper expectation onV 9 X ' that extends
E%re and satisPesWC1g,PWNC4g, (or equivalently, that is coherent). In the
Peld of imprecise probabilities, and just as we did in Chapter2;,, the most
conservative extension of an upper expectation (conditional or not) under
some set%of properties is, if it exists, typically called the natural extension
under %[ 106, 110]. If %is the requirement of coherence, then the Ounde¥©
is often dropped and it is then simply called the natural extension without
further ado. In this chapter, we are thus considering the standard natural
extension ofE%re, yet later on in Chapter 6,53 we will also consider natural
extensions under more involved conditions.

Debnition 3.8. For any upper expectations treeQ,, the global upper expec-
tation Eg is, if it exists, the naturalNthe pointwise largestNextension of
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3.4 Global upper expectations from upper expectations trees

—pre

Eg to V 9 X' under WC182EWC482 Furthermore, E is, if it exists, the
natural extension of EQ to F9X' underWClng)NC482 The corresponding

lower expectations E Es and Egpnare debned by conjugacy. !

Though we have debned the lower expectationsE and Egpn using the
conjugacy relation, one could also debPne them as most conservativeNnow in
the sense of being the lowestNglobal lower expectations that satisfy axioms
similar but complementary to WC1g,®NC4g, (see for instance [106, Theo-
rem 13.11]), and that extend localNconjugateNlower expectations. Both
approaches are entirely equivalent, but for the sake of brevity and since we
are following an axiomatic approach anyway, we have chosen to go with the
former.

The following corollary shows that WC1g,PWC4g, in the depbnition above
can be replaced by the notion of (conditional) coherence.

Corollary 3.4.5. For any upper expectations tre@,, EQ is (if it exists) the
natural extension of EQ to V 9 X' under coherence, anEf is (if it exists)
the natural extension ofEQ to F9 X ' under coherence.

Proof. This follows immediately from Depnition 3.8, and Theorem 3.4.3g,. O

Before we establish the existence and theNtrivialNuniqueness of these
global upper expectations EQ and E , it still behoves us to clarify why we
want to choose, among all the global upper expectations extendingEQ and
satisfying WC1g,BPWC4g,, the most conservative global upper expectation.
Our reason is simple; choosing any otherNsmallerNglobal upper expecta-
tion would mean adding OinformationONor assumptionsNnot given byﬁge
nor by WC1g,BWC4g,. We are not necessarily arguing that it is undesirable
to impose more than WC1g,EWC4g, thoughNwe ourselves will impose an
additional property later on in Chapter 6,33Nbut since adding assumptions
impacts generality in the negative, it seems logical to start with a study of
the global upper expectation E@ (or E%”) that is solely based on the mini-
mal requirements WC1g,B®WWC4g, (or coherence) and nothing more. For if
Ea then turns out to be a suitable global upper expectation with desirable
features, the better. If not, and one desires to impose additional properties,
then Ea will still provide a conservative upper bound.

3.4.3 Existence, unigueness, and an axiomatisation

Unlike the depnitions of Ea , Ej,  and Ep 1°, the debnitions of Eg and
Ef are based on a non-constructive argument; they are simply operators

10Note that by Proposition 3.3.473 the transition from a precise probability tree 2to the
corresponding global probability charge P, , and thus also the rest of the dePnition of Ep , can
be regarded as constructive.
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satisfying a bunch of properties. Hence, there is no guarantee yet that these
operators exist, nor that they are uniqueNthough the latter is trivial. In the
current section, we establish this existence and uniqueness.

One possible way to prove the existence and uniqueness, is by showing
that EQ itself is coherent; it can then be derived from well-known results
such as [L06, Debnition 13.25] that the natural extensions EQ and EG un-
der coherence both exist (and are trivially unique). The coherence ofEQ ,
and the existence and form of the natural extensionsEg and EQ could
perhaps also be derived from the Marginal Extension Theorem in B4, The-
orem 2]. The issue however is that, apart from the fact that using this result
would Prst require us to extend the domain of E%re in a basic yet specibc
way, and require us to work with new concepts such as separate coherence
and conditioning on partitions, the result is only valid when we would want
to extend a family of conditional upper or lower expectations corresponding
to a Pnite series of partitions of the sample space . The partitions would
in our case be formed by the sets{" (3: |3 = +} consisting of all cylinder
events of a certain length+ ' Ny, yet there are inbnitely many such parti-
tions and so [64, Theorem 2] cannot be immediately applied here.

Instead of proving the coherence ofﬁ%re or using [64, Theorem 2], we
opt for the following approach; we present a set of axiomsNaimed to be
as weak as possibleNthat is st cient for being equal to natural extensions
E@ and Eg", and show that there always is a global upper expectation sat-
isfying these axioms. This guarantees the existence and trivial uniqueness,
and it also immediately provides an axiomatisationNwithout conservativ-
ity argumentsNfor the upper expectations Ea and E%n. We gather these
Pndings in one result, the proof of which can be found in Appendix 3.D;14.

Theorem 3 4.6. For any upper expectations tre®,, the upper expectations
EQ and E " exist. Furthermore, E is the unique global upper expectation
onF9 X' satlsfymg the foIIowmg axioms (stated for a general global upper
expectationE on F 9 X '):

NEL E($(#+1)| 1) =Q . (9 forall $' L (X)and' ' X'.
NE2. E($» = E($Ls]» forall $' Fand>" X'.

NE3. E($|#1.+) = E(E($#1.-41) [#1+) forall $' Fand" ' N such that
E(9$|#1.-41) is real-valued.

Moreover, Ea is the unigue global upper_expectation oW 9 X' satisfying
NEIENE3 and the following axiom (with E any global upper expectation on
VIox')

_ % & \
NE4. E($» =inf E(-]»:-"' Fand- #. $ forall $' Vandall>' X".
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The axiomatisation above is rather simple;NE1 demands compatibil-
ity with the local models, and NE2 guarantees that the second argument
of a global upper expectation plays the role of a conditioning event. NE2
is furthermore the same asWC11gs, so it is satisbed by any coherent global
upper expectation. NE3  says that Property WC13ssNwhich is satisbed
by any coherent global upper expectationNholds with equality. In other
words, NE3  says that the law of iterated upper expectationsNrecall Sec-
tion 3.2.4g5Nholds on the domain F9X '. Note that the axiom only applies
to those instances whereE ( $|#1.-+1) is real-valued, because therE ( $|#1.-+1)
is a (Pnitary) gamble and it can therefore be considered as an argument for
the upper expectation E(&#1.-). If E($|#1.-+1) would not be real-valuedN
which is possible for a general global upper expectationENthen the expres-
sion E(E( $|#1.++1) [#1.+) would be meaningless. Of course, sincé&Eg and E%”
are always real-valued due to Proposition3.4.4 [WC6g4] and their debni-
tions, NE3  holds for Eg and Eg‘ in all cases. In fact, thoughNE3 only
involves the domain F9 X !, it will be shown in Section 3.5.3g3 that the law
of iterated upper expectations holds forEa on the entire domain V9 X '.

Together, Axioms NE1 ENE3 uniquely determine the values of a
global upper expectation on all Pnitary gambles; more specibcally, it
straightforwardly leads to the form of E%” stated in Proposition 3.5.9g5N
see also Lemma3.D.5;16. Axiom NE4 , then, imposes that a global upper
expectationOs value on a general gamble i can be approximated arbitrar-
ily closely from above by its values on the bnitary gambles inF.

It can be observed rather straightforwardly from Theorem 3.4.6, above
that Eg is an extension ofE%". But, in fact, we can even prove more.

Corollary 3.4.7. For any upper expectations tre€,, Ea is the naturalN
pointwise largestNextension OE%n under monotonicity [WC5g,4].

Proof. That Eg extendsEg follows from Theorem 3.4.6 . That Eg, and thus also
Eg", is monotone [WC5g4] follows from Proposition 3.4.4g, and the fact that Eg
satisbesWC1g,PWC4g, by debnition. So it remains to show that Eg () # E($»
forany ($> ' V 9 X' and any global upper expectation E on V 9 X ! that ex-
tends Eg" and that is monotone [WC5,]. And indeed, since Eg satisbesNE4 by
Theorem3.4.6_

_ % &
Eg($>) =inf |Eg(-[®): - " Fand- #. 3.
. "—bn . '
—|nf0/56(-|>).- Fand- #. $ ~
=inf E(-P:-"' Fand- #.$ # E(%»,

where the last step follows from WC5g,. O

It is well-known that the natural extension (under coherence) is transi-
tive [ 106, Section 13.7.3] and therefore that Eg is automatically the nat-
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ural extension of Ef under coherence. However, what is strlklng about
Corollary 3.4.7, is that as far as this extension fromF 9 X' to V 9 X!

is concerned, we can replace coherence by the much weaker property of
monotonicity. As we will explain in Section 3.64g, the fact that monotonic-
|ty is the only property relating the values of Eg on (V\ F) 9 X' to those of
E " or Eg) on F9X ' is somewhat problematic when interested in general,
non Pnitary inferences.

3.5 Relation between the three approaches

The current section is concerned with how the axiomatic global upper
expectationsEg and Ef relate to, on the one hand, the behavioural global
upper expectations Ea and EA v and on the other hand, the probability-
based global upper expectationEp . As it will turn out, these global upper
expectations are all equal if, respectively, the treeA, agrees with Q,, and
the tree P, agrees with Q,.

3.5.1 Relation between axiomatic and behavioural global upper ex-
pectations

We brst show that, for any two trees A, and Q, that agree according to
Eqg. (3.1) 50, the global set of acceptable gamblesE(Da ) and the global up-
per expectation Ea also Oagree, in the sense that the inbmum selling prices
Ea deduced from E(Da) coincide with the values of Eg. One may have
noticed, however, when reading through Appendix 3.D;14, that our proof of
Theorem 3.4.6g5 was fundamentally based on the result that E, v (©r Ea)
satisPesNE1ggENE4gg, and therefore that the equality with Ea was essen-
tially already proved there.

Theorem 3.5.1. For any acceptable gambles tre®, and upper expectations
tree Q, that agree according to Eq(3.1) 59, we have that

Ea (8 =Ej (3> =Eg(8 forall $' Vandall>' X'.

Proof. Lemma 3.D.3;35 says that EfA v satisPesNEI1ggENE4gs. Hence, by Theo-
rem 3.4.6g5, Ep v is equal to Eg. That this also holds for Ex then follows from
Theorem 3.2.7¢s. O

3.5.2 Relation with probability-based global upper expectations

Next, we show that for any two agreeing trees P, and Q,, the global
upper expectation Ep [Debnition 3.679] obtained by taking an upper enve-
lope over all the global upper expectationsk, corresponding to a compatible
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Figure 3.6 Schematic overview of the possible Pnitary approaches and their
connections.

precise probability tree 2 0 Py, is equal to the axiomatic upper expectation
Eg. The proof of this result will be given at the end of this Section 3.5.2 .

Theorem 3.5.2. Eonsider any imprecise probability tre® , and any upper
expectations tre€, that agree according to Eq(3.3)s;. Then we have that

Ep (85 =Eg($ forall ($>' VIX'.

It then also immediately follows from Theorem 3.5.1 that Ep , Ex and
E; v coincide if Py and A, agree with a common upper expectations tree
Q, according to Eq. (3.3)s: and Eq. (3.1)so, respectively. See Fig3.6 for a
schematic overview of the connections between the global upper expecta-
tions Ep , Ea , En v and Eg.

As a special interesting case, Theoren8.5.2 says thatEp and Ea co-
incide if Py consists of only a single precise probability tree2. Note that
Ep , as debPned by Debnition3.679, then simply reduces toE,, given by Def-
inition 3.57g. Furthermore, using Proposition 3.3.879 and restricting to the
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domain to F 9 X', it follows that Ea can be expressed as a simple bnite
weighted sum.

Corollary 3.5.3. Consider any precise probability tre@ and let Q, be the
agreeing expectations tree according to E®.4)s,. Then, for any ($> '
F9 X', we have that

— # 6
Eo(8) =B =" . sxa& e & 2( ul1)
where@> " is any natural number such that$is @measurable.

In order to prove Theorem 3.5.2, , we show that Ep satisbesNElggD
NE4gg, and then subsequently use Theoren8.4.6gg to infer that Ep is equal
to Eg. We start by establishing thatEp satisPesNE 1ggENE3gg, which can al-
most immediately be seen to follow from [ 62, Theorem 21]. In the proof of
this result, and also further on in this dissertation, we rely on the following
notation (which was also already used in Appendix 3.D;114). For any situa-
tion ', ' X' and any (" +1)-measurable gamble- (#1.-+1), let - (* 1.-&)be
the local gamble on X that assumes the value- (' 1.+41) in '+41 ' X . Then,
for any upper expectations treeQ,, any " ' Ng and any (" + 1)-measurable
gamble - (#1.41), we useé#lz,‘ (- (#1.7+1)) to denote the "-measurable gam-
ble dePned by

Qi (- (H14)) (1) ! QL (-(Ca-@)forall 'y ' X

Observe that 6#1:,, (- (#1:041)) is indeed bounded and therefore a gamble,
because the local upper expectationQ. ., (- (' 1.-&))for all "1 * X " is real
due to coherence [C5z3].

Proposition 3.5.4. For any imprecise probability tre® y and the agreeing up-
per expectations tre€), according to Eq(3.3)s1, the global upper expectation
Ep satisPeNE1ggENE3gs.

Proof. [62, Theorem 21] says that, for any ", @' Ny such that @> ", and any
(@* 1)-measurable gambleC,

EL (Glthe) = Qo Quyoyy @48, Qun (O 4434, (3.14)

with E,la debned according to [62, Eq. (3.27)]. The latter is di! erent from our
debnition of Ep [Debnition 3.675] because [62, Eq. (3.27)] involves probability
measuresNcountably additive probability chargesNinstead of general probability
charges. This makes no di erence in the expression above though, because the two
global upper expectations coincide on Pnitary gambles; indeed, it can be checked
from [ 62, Egs. (3.18) and (3.27)] that, for any bnitary gamble $ ' F and any
' 1" "X !,

_ O 6 &
Eé (#' 1) =sup e X & (19 %20 ul1)20P,,
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3.5 Relation between the three approaches

where @# " is any natural number for which $is @measurable. Hence, according
to Corollary 3.3.10g, we indeed have thatEs ($]' 1.+) = Ep ($' 1+) forall ($" 1) "
F9X'. Thenitfollows from Eq. (3.14), and Lemma3.D.5;,¢ that Ep coincides [on
F 9 X '] with any global upper expectation E on F9 X ! that satispbesNE1ggENE3gg.
Lemma 3.D.3;5 gaurantees the existence of such a global upper expectatiort, so
we indeed bnd that Ep satispesSNE1ggENE3gs. O

The proof of the fact that Ep satisbesNE4gg is rather technical and there-
fore relegated to Appendix 3.E;2.

Proposition 3.5.5. For any imprecise probability treeP y, the global upper
expectationEp satisPeNE4ggs.

Proof of TheorenB.5.2q,. Proposition3.5.4. saysthatEp satisbesNE1lggENE3ss.
Proposition 3.5.5 says thatEp satisbesNE4gs. Hence, we infer by Theorem3.4.6g5
that Ep is equal to Eg. O

3.5.3 Implications of the equality between the three types of upper
expectations

The fact that the three types of global upper expectationsNEa (or EL V)

Ep and Ea Nare all equal if the respective trees agree has a number of inter-
esting consequences. First of all, it is clear that the three di erent types of
global upper expectations each rely on their own set of methods and ideas
to extend local models to global models, and so it is remarkable from a
philosophical point of view that, whether one uses gambling, probabilities
or axioms as a tool, one always ends up with the same global upper expec-
tation. Moreover, the fact that all these approaches lead to the same global
upper expectation signibcantly broadens the scope of this common upper
expectation; for a user may choose whatever framework suits him the best,
depending on e.g. his background knowledge or on practical considerations.
Finally, there are also a number of important mathematical consequences of
which we will now highlight the most important ones.

Coherence properties

Since the di! erent types of global upper expectations are all equal (if the
corresponding trees agree), it follows that all these global upper expecta-
tions share the same properties. Hence, any of the properties that were
previously proved to hold for one type of global upper expectation, can now
immediately be established for all other global upper expectations. In par-
ticular, since Ea is coherent and satisPeSWC1g,PWC15g5, thisis also true for
Ea and Ep . The fact that Ea is coherent (or satisPesWC1g,EWC4g,), how-
ever, also straightforwardly follows from Lemma 3.C.1;99 or Lemma3.D.6117
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Finitary upper expectations in discrete-time stochastic processes

(whose proofs can be seen to follow from standard results such as 113,
Proposition 2]). That Ep is coherent could also be shown using a result
such as [106, Proposition 13.42], which says that the lower (upper) enve-
lope of a set of coherent conditional lower (upper) expectations is itself a
coherent conditional lower (upper) expectation. In order to use this result,
however, we would thus brst be required to prove that E; is a coherent global
upper expectation for any precise probability tree 2.

Corollary 3.5.6. For any acceptable gambles tre®,, the global upper expec-
tations E5 and EL v are coherent and satisfyWC1g,DNC15s5. The same
holds for the upper expectatioitp corresponding to any imprecise probability
treeP .

Proof. The fact that Ex and Ej \ satisfy WC1g,EWC155 follows from Theo-
rem 3.5.149, the fact that E@ for any upper expectations tree Q, that agrees with
A, according to Eq. (3.1)50 satisPesWC1g,DNC4g, by debnition, and Proposi-
tion 3.4.4g4. The coherence of these global upper expectations then moreover follows
from Theorem 3.4.3g,. The statement aboutEp follows from Theorem 3.5.2;, and
again the debnition of E@ [for any upper expectations tree Q, that agrees with P,
according to Eq. (3.3)s:], Proposition 3.4.4g, and Theorem 3.4.3g,. O

Note that the corollary above also establishes Propositior3.4.1g, stated
earlier on in Section 3.4.1g;. One can easily check that Proposition3.4.1g,
was never used as a tool in any of the proofs so far, and thus that there is no
possibility that we have been adopting any type of circular reasoning. The
order was chosen in this particular fashion simply because, as mentioned in
Section 3.4.1g;, we regard Proposition 3.4.1g, as part of our motivation to
impose WC1g,B\WC4g, on a global upper expectation.

Law of iterated upper expectations

Another important consequence is that the global upper expectationsEg
and Ep are guaranteed to satisfy the law of iterated upper expectations on
the entire domain V 9 X '. It was already shown above that these upper
expectations satisfyNE3gg, and thus (since they are real-valued due to co-
herence [WC6g4]) that they satisfy the law of iterated upper expectations
on the restricted domain F9X ' . The fact that this property can be extended
to the entire domain V 9 X ' follows from Proposition 3.2.10¢; which says
that Ex satisPes the law of iterated upper expectations onv 9 X *.

Corollary 3.5.7 (Law of iterated upper expectations). For any upper expec-
tations treeQ,, any $' V and any" ' Np, we have that

Eé ($|#1) = E@ (EG ($|#1:7 1) |#1:).
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The same holds for the upper expectati@ corresponding to any imprecise
probability tree P , and for Egn if $' F.

Proof. The brst statement follows from Theorem 3.5.14, and Proposition 3.2.104;.
The second statement follows from Theorem3.5.249;, Theorem 3.5.1¢, [applied to
the upper expectations tree Q, that agrees with P, according to Eq. (3.3)s:] and
Proposmon 3.2.1047. The last statement about Ef follows from the fact that EQ
extends E " [Corollary 3.4.7g]. O

Overdimensioned local models

Perhaps the most remarkable consequence of all is that, even though accept-
able gambles trees and imprecise probability trees are both more expressive
than upper expectations trees when it comes to parametrising the local dy-
namics of a stochastic process [SectiorB8.1.2,g], this additional expressive
power vanishes when solely looking at the resulting global upper expecta-
tions.

Corollary 3.5.8. For any two acceptable gambles treds, and A} with the
same agreeing upper expectations tr€ga = Qua 1,

Ea (8 =Eas($ and Ej (8 = Ep1y(8)) forall ($3' VIX'

Similarly, for any two |mpreC|se probab|l|ty treesP , and P ! with the same
agreeing upper expectations trd@w = Q¥P 1, we have that

Ep ($» =Ep 2($» forall ($"' VX'

That acceptable gambles trees and imprecise probability trees are more
expressive than upper expectations trees was already discussed in Sec-
tion 3.1.243. More precisely, as mentioned and illustrated in Section2.533,
any two local sets of acceptable gambles with the same (uniform) closureN
so not necessarily with the same border structureNhave the same agreeing
local upper expectation. Similarly, any two local sets of probability mass
functions lead to the same agreeing local upper expectation if their convex
closures are equal. According to the corollary above, analogous considera-
tions hold on a global level, when we consider the global upper expectations
deduced from either acceptable gambles trees, imprecise probability trees
and upper expectations trees. In other words, it does not matter whether we
prstNalready on a local levelNtransition to the less expressive framework
of upper expectations and do all the extensions in this framework, or prst
remain in one of the more expressive frameworks, do all the extensions here,
and only transition in the end to the framework of upper expectationsNthe
resulting global upper expectations will always be the same; see Fig3.69;
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for a visual representation. This is not trivial because, in general, the bor-
der structure of a coherent set of acceptable gambles or a set of probability
charges may in fact impact the correspondingconditional upper expecta-
tions; see e.g. [75, Section 1.6.6]. In fact, later on when we have intro-
duced global upper expectations based on countably additive probability
charges and debned on a domain of extended real-valued variables (and sit-
uations), we will encounter instances where the boundary structure of the
local sets of probabilitiesP y impacts the corresponding global upper expec-
tation greatly; see Section5.4.2,45.

Direct explicit expressions

The axiomatic characterisations forﬁa and Eg” givenin Theorem 3.4.6gg are
elegant and universal in nature, but they are on the other hand inconvenient
in practice, when we need to compute the actual values of these operators.
Moreover, we know by Theorem3 5.1go and Theorem 3.5.2q; that Ea , EA v
and Ep coincide with EQ (and E " for appropriately chosen local models,
and so that the expressions in Eq. 6 10)60, EQ. (3.11) 43 and Debnition 3.67¢9
can be used as alternative tools to compute the values oﬁa (and Eg"), yet
these expressions are still rather indirect and not the most practical to work
with. To address this, we next present explicit expressions forﬁa and E%n
that allow us to straightforwardly compute their values, starting from the
values of theNinitially givenNlocal upper expectations Q,. Of course, by
Theorem 3.5.19¢ and Theorem 3.5.2g;, these expressions can also be used
to compute the values of Ea , Ej y and Ep .

We start with establlshlng the expression for the upper expectatlonEf
on the Pnitary domain F 9 X !

Proposition 3.5.9. For any upper expectations tre@, any - ' X', and
any (@* 1)-measurable gambleb(#,.@1) ' F with @# ",

E%n( $(#1@1)| 1) = 6#1,. -6#1:--+1 I éé#lz@l -6#1:@( H(#1.01)) AAA( 1-).

Furthermore, the same expression holds & , E v and Ep , with A, and
P, any two trees that agree withQ,.

Proof. The expression forﬁg” follows immediately from Lemma 3.D.5;16 and The-
orem 3.4.6g5. The remaining statement then follows from Theorem 3.5.1¢9 and
Theorem 3.5.2o,. O

In order to use the expression above to compute the value of
E "($(#1.91)| 1.+), it should be read backwards; one should start with

the inner term - g#1.@ ! Q#1 o (#1:01)), and compute - ¢’ 1. =+1.9 =
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Q oz S 1= @))for all =.1.0" X & ; subsequently, one should con-
sider - @1 (#1.@1) ! Q#,1 @ Qﬁ,1 @($(#1 @1)) and use the previously ob-
tained values of - f#,. g to compute its values in' ;.- = ,1. g forall =.;.@1 '

X @& gccording to

~@a( 1 m @) = Qpny g md 1T @d).

By repeatrng this procedure one eventually arrives at the value of-+ (' 1.+) !
Q#l: aa@#1 @ Q#1 @($(#1 @1)) aaq' 1-). We refer to [100] for a more
detailed explanation of comparable methods for imprecise Markov chains.

Once we have obtained the values of_E%", those of Eg can easily be de-
rived from it by means of the following expression. Note moreover that this
expression is similar to the expression of the natural extension under coher-
ence stated in [106, Theorem 13.55].

Proposition 3.5.10. For any upper expectations tre€®,, and any ($ > '
Vox!', I "

Eg($) =inf EZ(-|):-' Fand- #.$.
Furthermore, the equallty above remains to hold if we repIaEej and/or Ef
by eitherEa , EA v or Ep , with Ay and P any two trees that agree wrtrQ¥

Proof. The expression forEg follows immediately from the fact that Eg satisPes
NE4sgg by Theorem 3.4.6gg, and the fact that, also due to Theorem 3.4.6gg, E@ ex-
tends Ef The remaining statement then follows from Theorem 3.5.19 and The-
orem 3. 5 291, and the fact that EQ coincides with E on F9 X' due to Theo-
rem 3.4.6gg. O

The result above already establishes a fairly direct and simple charac-
terisation for Eg as being the inbmum value that Ef takes on all dominat-
ing Pnitary gambles. However, this way of expressrng the values oEQ can
be simplibed even further: we can restrict ourselves to taking the inbmum
value of E%" on a single speciPc sequence of dominating Pnitary gamblesN
instead of on all dominating ones. In fact, as is established by the following
lemma, it can be seen that this is true for any global upper expectation that
is monotone on F 9 X ! and satisPesNE4gg.

Lemma 3.5.11. Consider any global upper expectatidg: V9 X' * R that
is monotone WC5s,] on F9X ' and satisPedNE4gg. Then, forany$' V and
>' X!, we have that
E($p) = lim E(-+) = inf E(-+),
where (-.).+ n is the decreasing sequence of Pnitary gambles debned, for all
+' N, by
-(?)=-.(?")"! sup $2)foral? ' .
22

97



Finitary upper expectations in discrete-time stochastic processes

Proof. Note that lim .. .5 E(-.|>) exists and that lim.« . E(-.| = inf.yE(-+]3),
because(- ). \ is decreasing andE is monotone onF9X '. Soitsu' cesto prove that
E(9 = lim, 45 E(-,]5. Due to the depbnition of (-.). n, we have that $ ( -, for
all +' N, and therefore by NE4gg that also E($>) ( E(-.|» forall +' N. Hence, we
have that E($>) ( lim. .5 E(-+|5. To see that the converse inequality is also true,
observe that, for any real) > inf{E(-|9: - ' Fand- #. $}, thereisa-1' F such
that -*#. $and) # E(-Y>). Since-1is bnitary, it is H-measurable for someH # |3.
Consider any? ' " (3 and note that 2" 3 >and therefore that " (? ) + " (3. Then,
since-1#. $ we also have that-}(2) # $(2) forall ' "(?") + " (3. But -tis H-
measurable, so-(2) = -1(? ") is constantforall 2 ' " (?"). Hence,-}(?") # $(2)
forall ' "(?"), and therefore

2"y # sup §(2)=-u(2").
#0(2H)

This holds for any ? ' " (>), so we have that-! #. -, and therefore, by the mono-
tonicity of E on F9X ' thatE( 4 # E(-u|». Since(-.)+ n is decreasing and, again,
E is monotone on F 9 X !, this implies that E(-Y>) # lim.+ 43 E(-+|>. By the fact
that ) # E(-Y>, we have thus that) # lim.« .5 E(-.|>. Since this holds for any real
)y >inf{E(-|9: - "' Fand- #. $},andsinceE($> = inf{E(-|5): - ' Fand- #. $
by NE4gg, we infer that E($>) # lim . .5 E(-.]3. O

Corollary 3.5.12. For any upper expectations tre@,, any $' V and>' X',
we have that

= . =b . . =b

Eg(9p) = lim E5'(-+1) = inf EG'(-+ ),

where (-.). n is the decreasing sequence of bnitary gambles debned, for all
+' N, by
-(?2)=-.(29) ! sup () foral? ' .
(7
Furthermore, the statement above remains to hold if we replagg and/or EY
by eitherEa , EA v or Ep , with A, and P any two trees that agree withQ,.

Proof. The statement forEa follows immediately from Lemma 3.5.11, , the fact
that E@ satisPe3NC5g,4 by Proposition 3.4.4g4 [and because it satisbesVC1g,BDNC4g,
by debpnition], the fact that EQ satisPesNE4gg by Theorem 3.4.6g5, and the fact that
EQ extends E " by Corollary 3.4.7g. The remaining statement then follows from
Theorem 3.5. 190 and Theorem 3.5.24,, and the fact that EQ coincides with E " on
F 9 X' due to Theorem 3.4.6g. O

3.6 Finitary global upper expectations are not enough
From all we know so farNor rather, all what has been told so farNit
seems that any of the global upper expectations discussed above, whether

that is Ea , EA v» Ep or Eg, seems to have all features one could possible
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desire; due to its equivalence with other models, it can interpreted and mo-
tivated in various ways; it has an abundance of convenient mathematical
properties, including WC1g,®WC15g5 and the law of iterated upper expec-
tations; and its values can in practice be straightforwardly computed using
the explicit expressions in Lemma3.D.5;116 and Lemma3.5.11g7. Unfortu-
nately however, as the title of this section predicts, there is a price to payNa
price that we are not willing to accept. To get a clue of where the debcit lies,
let us go back to Corollary 3.4.7g9 and the discussion below it. There, it was
pointed out that the extension of the global upper expectatlon EQNWh|Ch
we can now also equwalently regard asEa , EA v or Ep Nfrom the domain
F9X'toV9X'did notentail much; this extension is solely based on
evoking the monotonicity property. It is therefore to be expected that this
extension will sometimes lead to rather uninformative conclusions about the
global upper expectation of some specibc global non-pnitary gambles. The
following simple example conbPrms our suspicion.

The example is expressed in terms of a(n) (im)precise probability tree 2
and the corresponding global upper expectationE,, however, one could just
as well repeat the same reasoning with an agreeing upper expectations tree
or an agreeing acceptable gambles tree, and their respective global upper
expectations. The example will also involve the upper probability P, corre-
sponding to the upper expectation E,; recall from Section 3.1.3s, that P, is
simply obtained from E, by restricting to the indicators.

Example 3.6.1. Consider a state spaceX ! {),*} consisting of two ele-
ments, and a precise probability tree 2 consisting of probability mass func-
tions that put all mass on ); so 2()|» = 1 and 2(*|» = Oforall >' X'.
Now consider the event4 . of ever hitting the state *; so 4. ! | \{))) aaa}
Since, at each time instant" ' Ng and for any possible history=,.. ' X ", the
local probability mass function 2(af;.») assigns probability 1 to ), we also
expect that probability 1 is assigned to the event that the brst' states are all
equal to ), with " ' Ny any arbitrary time instantNand this in fact follows
from Proposition 3.3.473. By idealisation, we would thus expect that prob-
ability 1 is assigned to the path? =))) a4,éand therefore that probability
0 is assigned to4 . But this is not what happens.

Indeed, recall Lemma3.5.114;Nwhich holds for E, because of Proposi-
tion 3.5.593 and Corollary 3.5.6¢4Nwhich says that, for the sequence (- +)+ n
debned by-.(?) ! supy .o+ la.(*) forall ? ' ! andall +' N,

Py(4+) = Ea(ls.) = Jim, Ep(-+).

Since every cylinder event" (3 includes a path for which * appears at
least one time, and thus a path that is in 4., we obtain that -,(?) =
SUPy v o+ la.(#) = 1forall 2 ' ! andall +' N. So by WC64 [which
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we can apply due to Corollary 3.5.6¢4], we have that E,(-,) = 1 for all
+' N. Hence, by the equality above, we bnd thatP,(4-) = 1; the upper
probability of 4. is 1.

The fact that this outcome P,(4+) = 1 is not in line with what we would
desire, is only strengthened if we additionally take into account the values
of the Ostopped® upper hitting probabilities. Indeed, let, forany " ' Ny be
the event of hitting * before time " + 1;

4,1 1\"()") = 0/@1:..')( 0O (=), (3.15)

where )" simply denotes the situation consisting of " times ). One may
check that 4, = %é‘é" (%) and 4. = Y%an," () #*), and therefore that
lim-« 4+ 4. = 4«. On the other hand, for any " ' Ng, we have by Proposi-
tion 3.3.879 and Eq. (3.15) that

— = $ $ %1
Pa(4.) = Ex(l,) = Pa(=1) = 2(=4l=:) =0
2 X)) = X W)} 0

where the last equality follows from the fact that, forany =.- * X " such that
=, =*forsome."' {0,...," &1}, we have that 2(=+1|=.) = 2(*|=.) =0
by assumption. As a result, we obtain that

lim Py(4.)=0! 1=P,(4-).
RULIN

In summary, we thus have that the upper probability P,(4.) of hitting *
before time " +1is equal to zeroforall " ' Ng, but that the upper probabrlrty
P,(4+) of hitting * over an inPnite time interval is one.

In the example above, we see that the global upper expectationE,
takes values on the Pnitary gamblesl,- that we would expect. For the
non-Pnitary gamble |4,, however, this is not the case; its resulting value
is extremely conservativeNeven vacuousNand seems to disregard any in-
formation given by the local models. Unfortunately, this phenomenon is not
unique to the specibc example above, nor to the probability-based global
upper expectation E,; as already mentioned under Corollary 3.4.7g9, and
as can also be seen from Corollan8.5.124g, the values ofEQ Nand thus by
Theorem 3.5.29; and Theorem 3.5.149 the values opr Ea, EA VNon non-
Pnitary gambles are derived from the values ofE " (or Eg, Ep, Ea, EA )
on F9X ' by only relying on monotonicity; a basic property that is often not
powerful enough to make informative statements about non-Pnitary gam-
bles. This is our Prst concern with the use ofEp , Ea , Ep v or Eg as a global
model.

Secondly, and equally as important: the domain of these global upper
expectations. They are only debned for (global) gambles, so real-valued
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functions that are bounded. However, many of the inferences encountered
in practice require the computation of (upper and lower) expectations of
functions that are not bounded, and often not even real-valued. For one,
the hitting time B, of a state) ' X ={),*} [see Section3.1.3s,] takes the
value +$ in the path ? =** 344

The reason that we have chosen, for now, to only consider global
gambles (and situations) as a domain for a global upper expectation, is
largely because the frameworks of sets of acceptable gambles and coher-
ent upper/lower expectations as initially developed by P. M. Williams [ 113]
and Walley [110] did not involve extended real-valued functions. For they
were built on the idea that gamblesNbounded real-valued functionsNcan
be interpreted as uncertain pay-d s, and that upper expectations can be
interpreted as inbmum selling prices for such gambles. Such an interpreta-
tion of course becomes somewhat less obvious if uncertain pay{os can be
inPnite in value. The problem of extending this theory beyond the domain
of bounded real-valued functions was already addressed by Trbaes & De
Cooman [106, Part Two], yet still only to deal with unbounded real-valued
functions and not extended real-valued functions. On the other hand, most
references [77, 106] on Pnitely additive probability charges that we are
aware of, also only involve integration over real-valued functions. All to-
gether, it thus seemed as a natural choice to brst consider and study the
domain of gambles and situations.

In the coming chapters, it is our aim to put forward other global models
that deal with these two issues each in their own distinct way. Once more,
we shall consider three dil erent types: a (non-Pnitary) game-theoretic
model, a measure-theoretic model, and an axiomatic model. Philosophi-
cally speaking, they can be seen as continuations of, respectively, the bni-
tary game-theoretic upper expectation EL v» the probability-based upper
expectation Ep , and the axiomatic upper expectation E@ presented in the
current chapter. The main di! erence is that the new models will not extend
the local models solely using bnitary principles, but also using one or more
continuity arguments. To clarify this distinction, we will often referNand
already have been referringfito Ej, , Ea, Ep , and Eg all together as the
Pnitary global upper expectations.

As a bnal remark before we move on, note that the Pnitary global up-
per expectations introduced in this chapter actually behave in a satisfactory
way if we are solely interested in the Pnitary domain F 9 X '. Indeed, the
undesirable behaviour that was illustrated by Example 3.6.199 Only occurs
if we look at non-Pnitary gambles. This observation will be used in Chap-
ter 6,83, where we will argue for the use of an axiomatic continuity-based
global upper expectation, and Whereﬁgn will serve as our starting point.
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N A33$"1+)$% KN

3.A Proof of Theorem 3.2.7

The proof of Theorem 3.2.7¢5 relies on the following lemma, which uses
the notation S.(Ay) for any +' Ny to denote the set of all submartingales
stopped at some time" larger than +, and with zero initial value:

SAY ! M () M M(A)M (") =0and " # +

Lemma 3.A.1. posi -DA " = S,(A,) for any acceptable gambles tre&, and
any +"' No.

Proof. To prove that posi Do~ + S.(A,), bx any $' posi Dp . Then, due to
Lemma3.2.1s7, there is a bnite setD; X' of situations and corresponding gambles
$' A.forall >' X', suchthat $= " s $(#44)1- Let#M be the betting process
debned, for all >' X', by #M (3 = $if >' D, and #M (3 = 0 otherwise. Then
since$' A.forall >' D and0' A.forall >' X' becauseA. satisbesD1,7, we
have that #M is acceptable and thus that the corresponding real proces#M [that
starts with initial value M (") ! 0] is a submartingale in M(Ay). Let" ' N be such
that " # +and such that" &1 is larger than or equal to the maximum of the lengths
of the situations in D [which is a natural number because Dis Pnite]. Then, to show
that M (#1.-) = $ consider any? ' ! and note that

1
M (#1:")(?) =M (? l:") = #M (? 1:@(? @1)

eg $
= #M (?1.9(? @1) + ) }#M (?19(? @1)

@{0,..." &1} @{0,..."&1
@D @D
= #M (?1.9(? @1) = $.(?e1) (3.16)
@1{0...."&1} @{0.,...." 81}
?1.6D 219D

where the penultimate and last step follow from our debnition of #M . The last term
involves a sum over the situations{?1.¢' D: @ {0,...," &1}}, but note that,
since" &1 is larger than or equal to the largest possible length of a situation in D,
we could equivalently write it as a sum over

{?12@' D:@ No}={>'"D: ;@ No)>=?14={>"D:?" "(39}.
So we get that

$ $ $
$.(?e1) = S ) = $(?24a)1(?) = ¥(?).

@{o,...,"&1 3 D 3D
{?l@o ! ?2'"(3)

Combined with Eqg. (3.16), this gives us that M (#;.+)(?) = $(?). Since this holds
forany ? ' !, we obtain that M (#,~) = $as desired. Together with the fact that
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M ' MAY), M(")=0and" # + we bnd that $' S.(A). Since this is true for
any $' posi Dp ', it follows that posi Da ~ + S.(A,).
The converse inclusion can be proved in a similar but easier fashion. Fix any

M ' M(A,) suchthatM (") =0, and any" # +. LetD! {>' X': |y ( " &1} and
let ! #M (3 forall >' D. ThenDis a Pnite set of situations becauseX is Pnite.
Moreover, $ ' A.forall >' D, becayseM ' M(A,) and therefore #M (3 ' A..
So it su' ces to prove thatM (#1.-) = »p $(#5+1) 1>, because it then follows from
Lemma3.2.15; that M (#,-) ' posi Da  as desired. To that end, observe that

ol 1
M(Cp)=M")+ #M(19( @1) = #M (' 1:9( @) forall "' X7,
@0 @0

becauseM (") = 0 by assumption. Hence, since the above holds for all ;.- ' X ",

18 $
M (#1:") = #M (' l:@)(#@l)l' 1;@(#1:@ = #M (>) (#|>|+1)1>(#1:|>|)

@01 gX @ §
= $(#py41) 15,
3D
where the second equality follows from the debnition of D, and the last from the
dePnition of the gambles $. O

Proof of TheorenB.2.7¢s5. Fixany $' V and >' X'. First note that, if we com-
bine Lemmas3.2.1s7 and 3.2.25;, we clearly get that E(Da ) = Vi +posi Da ~, which
on its turn implies by Lemma 3.A.1 that E(Dp) = Vi +S.(A,) forall +' No.!' As
a result, by Eq. (3.10)¢0, for all +' No,

Ea (8 =inf{: ' R: ( &91.' E(DA)} =inf{: ' R: ( &91L."' (Ve +S.(A))}.
(3.17)
Let us now establish that
Ea (81) # Ep (). (3.18)
Tothatend, Pxany+ # |JJandany: ' Rsuchthat(: &$1." (Vi +S.(Ay)). Then,
by the debpnition of S.(Ay), there is some- ' Vi, someM ' M(Ay) with M (") =0
and some" # +, such that

G &9HLo=-+M (#1-). (3.19)

Then we certainly have that: & $=. - + M (#.-), which by the fact that - ' V; in
turn implies that : & $#. M (#,.-), and therefore that

D&M (#) #s $ (3.20)

Next, let M ! be the real process debned byM (> | : &M (3 forall >' X'.
Then, for any >' X', we have that &M (5 = #M (3 and so, sinceM ' M(A,),
that &M > ' A.. Hence, M!is a supermartingale in M(A,). Moreover, by

11The sumK 1 + K, between two setsK 1,K> + V is debned as usually, as the se{ $+
-1 % K1,$' Kz}.
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Finitary upper expectations in discrete-time stochastic processes

Eg. (3.20), , we have that M Y(#,-) #. $ Let us next show that M (3) # 0 for
all =2 >

Suppose ex absurdo that M (») < O for some » 2 > Since we know that
M (") = 0, we infer that there must be someA' X' and' ' X such thatA' 2 >for
which M (A # 0and M (A') < 0. Then we have that#M (A (') < 0. This implies by
the coherence [D2,;] of Axthat there is some, ' X \{"'} such that#M (A(,) > 0,
and so, sinceM (A # 0, that M (A)) > 0. By Lemma3.2.5¢3, this implies that, for
all @# |A|, there is some' @' X &A1 such thatM (A, .9 > 0. Hence, since
"H#H+# 5 # ¢ # |A| = |A) there is some path? ' " (A) suchthatM (?") > 0.
Furthermore, recall that - ' Vg, so we also have thatM (? ") + - (?) > 0. Due to
Eq. (3.19), , thisinturnimpliesthat (: & $(?))1.(?) > 0. In particular, this implies
that ? ' " (3. Recalling that A' 2 =2 > this would imply that ? ' " (A"), yet this is
in contradiction with the earlier assumptionthat ? ' " (A) [and the factthat , ! '].
Hence, we must indeed have thatM (2) # 0 for all 2 >

The consideration above implies thatM ¥(>) = : &M (3 ( :. Combining this
with the earlier considerations that M1' M(A,), that M Y(#,..) #. $and that " #
+# |4, we bnd by Eq. 3.11)¢3 that

Eav(8) (M) (.

Since this holds for all : ' R such that (: & 91, " (Ve + S:(Ay)), we infer by
Eqg. (3.17), that Eqg. (3.18), holds.

To prove the converse inequalityNthat Ea (33 ( EL v($»Npx any M
M(A,) such that M (#,.-) #, $with " # |3. Let M1 be the real process debned
by '

MYA !

M (5 &M (A for all A3 >

M (» &M (3 =0forall A$ >

Then note that #M (A = &#M (A for all A3 > and #M (A = 0 otherwise. Hence,
since &M (A ' Axforall A' X', and since0' A,[because A ,satisbesD1,,] for

all A" X', we have thatM ' M(A,). Moreover, by the dePnition of M %, and since
" # |5, we also have thatM {(#;..) =. M (5 & M (#;.+). So, by our assumptions
about M , we infer that

Mi(#-) =M () &M (#1) (M (D& S

This means that M {(#;-)1. ( (M (3 & $1.. Note that, since " # | and due
to the debnition of M %, the gamble M (#,..) is zero outside " (3. Hence, the lat-
ter inequality can be simplibed to M (#.-) ( (M (9 & $1.. So the variable
-1 (M (&9 1.&M Y(#,.+) is non-negative, and also bounded becausebis bounded
and M (#,..) is bounded [becauseX is Pnite]. As a consequence, we have that
- ' Vg and that

-+Mi(#) = (M () & 91L..

Since M (") = 0 [by the debnition of M %, and since M1' M(A,), we have that,
with +=",
M &HL" (Ve +S.(Ay).
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3.B Proofs of the results in Section3.3

This in turn implies that
inf{: ' R: ¢ &9L." (Ve +S: (A} ( M(D. (3.21)

Hence, it follows from Eq. (3.17)103 that Ea ($/» ( M (3. Since this holds for any
M ' M(Ay) such that M (#;.-) #, $with " # |4, we infer from Eq. (3.11)63 that
Ea (8 ( Ej v($] as desired. O

3.B Proofs of the results in Section 3.3

Proof of Proposition3.3.171. We show that (i) 71 - (i) 72 - (i) 72 - (i) 72. So let
us start by proving that (jii) 7, holds for any global probability charge Pon A 9 X *.
In order to do so we will associate a global (upper) expectation E» with P, and show
that this expectation Ep satisPesWC1g,E\NC4g, on its domain. This will then imply
by Theorem 3.4.3g, that Ep is coherent according to DebPnition 3.7g,, and (iii) 71
will then straightforwardly follow by restricting the domain of this expectation Ep.
Furthermore, we want to point out that the proof of Theorem 3.4.3g, is independent
of the current result [Proposition 3.3.17;] or any other results in Section 3.349. This
guarantees that there can be no misunderstanding about whether we have adopted
any type of circular reasoning.

First note that, for any >' X', since the functional P(a: A * R satisbes
GP1,0BGP3;, and, by Proposition 3.3.2,;, GP5;4, it is a probability charge according
to [106, Debnition 1.15]. Hence, according to [106, Debnition 8.13], we can debne
E-(aP:span(A)* R by

Eo (8 ! ).P(%]>) forany $' span(A),
=1
with #Ll),l% any representation of § so+' N,);,...,)+" Rand%,...,% "' A
are suchthat $= " %) ly,. Let us check thatE satispesWC1g,EWC4g,.

To see thatWCls, holds, start by observing that, sinceE(ap for any >' X' is
debned according to [106, DePnition 8.13], [ 106, Theorem 8.15] says thatEp (&) is
a Olinear previsionO @pan (A ), and thus by [106, Corollary 4.14(% that Ep(- | (
sup- forall - ' span(A). Now bx any $' span(A) and let = *,) lo, be any
representation of $ Then we have that

+ +

+$+ L,
E(8)= )P®P= )P%, "OPN=B )lu-¢
=1 =1 =1

+¢+

5 )b B,
=1

where the second equality follows from Proposition 3.3.27:[ GP&;]. In a similar
way, since- !  $1, + sup($/»I-(yz is in span(A) [because" (3 and " (»*are in
A 4 <X '3, we also have that Ep (- |5) = Ep(- 155 = Ep($L.|>). Now, since Ep (- |3) (
sup- by our considerations above, and sincesup- = sup($|>, we indeed bnd that
Ep($®) = Ep($L:]9) = Ex(- |9 ( sup($>). This establisheswClg,.
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We leave it for the reader to check that Ep also satisbesWCZgzDNC:%ﬁz. To prove
WC4g,, consider any $' span(A) and 3 A' X' suchthat>2 A Let %) Iy be
any representation of $. Then we have that

+ +

(SEE(9)1n= () I &ER(S9)1a= ) InLa&En(SIALy

= ) dw @ &E (Al (4.
=1

Since"(A' A and%, "(A' A forall .' {1,...,+} becauseA is#py assumption
an algebra that includes <X '5 and thus all cylinder events " (X '), " ;) lo,, (3 &
Er($|Al- (4 is a representation of the gamble ($ & Er($|A)14 [and thus also ($&
E-($1A8)1a" span(A)]. So by the debnition of Ep, we have that

Er ($&En(8I8)14> =:+:1).P(%, " (AP &E-(SIAP(A>)
= L) P(%IAP(AY) & E-(SIAP(A)
= E-($AP(A>) & E-(SIAP(A>) = 0,

where the second equality follows frogp GP4,, and the third follows once more from
the depnition of E; and the fact that = %, ) Iy, is a representation of $
SoEp satisbesWC1g,PWC4g,, and is therefore coherent by Theorem3.4.3g4. Fix
any+' N,anyH ' NgsuchthatH ( +,any(1,...,(x ' Rg, any(u+1,...,(+" R,
and any (%,>),...,(%,>)"' A9X'. Then,forall (o' Ry andall (%,>)' A9
X', by Debnition 3.7g, and since (4, ..., (1, & 141, - . ., &( + are all non-negative,
+

- .# - :
SUP (oly lop &Ep(logl®) & (15 lop &En(lg[>)
=1

& (&)1 Iy &Es(lnl>) 1%, (>) #0.
SH+HL
In particular, by letting (o be equal to 0 and > be equal to one of the situations
>,aa@, we have that

o

Abutbai | _ | ;
ap &% (L &Eleb) + ¥ (1 T &E ) B, () 0
=1

=H+L
or equivalently,

+
# - . #+ - '%4- " '
O( sup & ,H:1(.1>_ I%&EP(I%|>) + ,:H+1(,l> I%&EP(I%|>) @:1 (>)
+ -
= sup #;1(,1>_ 1&1y & (L &Ep(ly]>))’
#

+ .+:H+1 ( .1>_ I% &EP(I%,|>.)l iﬂ/9)(:1 " (>)

+y + - _ . ,

=sup L (1 1p&(1&P(%[>)) + L (1o 1y &P(%[>) 196, " (>)
+ + s _ ,
Ssup T (L L &POO) + 7% (L Ty &P(P) e, ()

where the second equality follows from the depbnition of Ep, and the last from GP2,
and GP3;. Since the above holds forany+ ' N, any sequence ofrealq,...,(+' R
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3.C Proofs of the results in Section3.4.1

[we simply distinguished between the non-negative and the negative ones] and all
(%,=),...,(%,>) ' A 9X', and since A is an algebra and thus closed under
complementation, we indeed have that (jii) 7, in Proposition 3.3.17; holds.

In order to prove that (iii) 71 - (i) 71, suppose thatP: A 9 X' * R satispes
(i) 712. Then [62, Theorem 8] guarantees that we can extendP to the domain 1(! )9
1(! )8 such that it remains to satisfy (i) 7;. This extensionP*: 1(1 )9 1(! )8* R
satisPesCP1;,,BCP4,, according to [62, Theorem 7]. Hence, P is the restriction of a
conditional probability charge P*on 1(! ) 9 1(! ) according to Debnition 3.17.

Finally, the fact that (i) ;1 - (i) 71 follows straightforwardly from the dePnitions
of a conditional probability charge [DePnition 3.1;5] and a global probability charge
[DePnition 3.27¢]. O

Proof of Proposition3.3.473. [62, Lemma 14] establishes the existence of a
unique Oconditional probability measurePon <X '=9X ! satisfying Eq. (3.12)7, and
being of the appropriate form as described in Proposition3.3.473. According to [62,
Debnition 6], such a Oconditional probability measureBis simply a Ocoherent con-
ditional probability® [62, Debnition 5] for which P(a): X '=* R forany >' X'
is | -additive; see also Debnition5.1,,; further below. As established by Proposi-
tion 3.3.171, a Ocoherent conditional probability® o '=9X ' is a global probability
charge and vice versa, and so the notion of a Oconditional probability measure62]
on X '=9X ' is equivalent to the notion a global probability charge Pton X '=9X '
for which PY(ap): X'=* Rforany >' X' is!-additive. Yet, for any global prob-
ability charge P*on X '=9X "' and any>' X', we have by [5, Theorem 2.3] that
the bnite additivity of PYap on <X '=automatically implies its ! -additivity, so our
notion of a (general) global probability charge on <X '=9X"' is equivalent to the
notion of a Oconditional probability measure®p] on <X '=9X'. Our proposition
thus indeed follows from [ 62, Lemma 14]. O

3.C Proofs of the results in Section 3.4.1

Proof of Proposition3.4.4g4. We brst prove WC6g. Consider any>"' X', and
note that E(0|») = 0 because ofWC3s, and our convention that 0 (+$) = 0(&$) =
0. Therefore, for all $' 1, it follows from WC2s;, that 0 ( E($]>) + E(&9], or
equivalently [since +$ & $ = +$], that &E(&$> ( E($/». Applying WC1g, to
both sides, we bnd thatinf (3> = &sup(&$> ( & E(&$> ( E($» ( sup($).
Property WC6;4 now follows readily from the depnition of E.

To see that the remaining properties hold, note that WC6g, implies that the map
E (and therefore also E) is real-valued on | 9 X '. Properties WC5s, and WC7g,D
WC%, then follow from WC1g,BNC3g, using arguments well-known in the Peld
of coherent upper and lower expectations; see, for instance, the proof of [LO6,
Lemma 13.13], where they use lower expectations instead of upper expectations,
and where OgamblesO have a more general meaning because there they can also be
unbounded.
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Now suppose thatl is, apart from a linear space of global gambles that contains
all constants, also such that$l.' | forall $' | and>"' X'. Moreover suppose that
E additionally satisbesWC4s,. To prove the remaining properties, we will implicitly
make use of the fact that, due to WC6g4, E is real-valued. Consider any$' | and
any two »A' X' such that>2 A That WC10gs holds, follows immediately from
conjugacy; indeed, we have that

+ ’
E (S&E(3A)14> = &E (&S$+E($IA)1d> =&E (&%) &E((&9)|A 14> =0,

where the last step follows from applying WC4g, to the gamble (&$).
To prove WC11gs, note that, forany ; ' R, we have thatE(; LD =EG L =;

due to WC6g4. Hence, from WC4g, we obtain in particular that
_t _ ' WC2gp — _t_ L _
0=E (S&E(INLI> ( E(SLIY+E QE($HLI> = E(SL) &E(S).

But on the other hand, WC4g, also implies that
+ +

_ _ » WC8g4 _ _ v _
0=E (S&E(SM)LJ> # E(SLIY+E &E(SPHLJ> = E(SL]) &E(S).

So we bnd thatE($|>) = E($L.|>) as desired. The expression for the lower expecta-
tions then follows from conjugacy.
We continue by proving WC12s. Consider any $' | andany';- ' X', and
note that WC4g, implies that
+

E ($&E(Y 1v41))L ., ['1» =0forall "vyy ' X.

As a consequence, we have that
# _t ,
0=" ., 'x E ($&E(Y 1-+1))L .y |" 1
_ Yy _ ;
#E  ox (S&E(H 1))l | 1

H #

=E T x0T x E(S e)le
where the inequality follows from WC2;, and the fact that X is bnite. But note that
o S =8l and Ty E(S 1)Ly = E(S o)L
so we get that

+ s . . _+_ s
O#E S, &E(H v#)ly e #E S |10 &E E(H wofan) L 1o

where the last inequality follows from WC8&,4 and conjugacy. It now only remains to

apply WC11g5 to each of the above terms, to bnd that indeed
+

E E(8 1o#a) 10 #E(H 1),

The inequality for the lower expectations then follows readily from conjugacy.
Next, WC13s5 can be seen as a fairly straightforward consequence ofVC12%s. In-
deed, the expression for the upper expectations holds, by our debnition o ( $|#,.-)
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3.C Proofs of the results in Section3.4.1

+ — _t ; .
and E E ($#y41) 1 if E(H 12) ( E E($#100) | 1o forall "y ' X", But
this follows from applying WC11g5 twice, and then using WC12s5:

— +_ 1 — +_ ] — +_ ’
E E($#104) "1 =E E($#1rn) L1 =E E(H o#n) L 10
+ )
=E E(H 1#s) | 1o
HE(Y ).

The inequality for the lower expectations then follows once more from conjugacy.
To see thatWC14g5 holds, suppose thatE($|A # 0, and observe that

- . WC8g _ - .
E (S&E(SA)LIS  ( E(SL4)+E &E(SIA)Ld>
= E($14> &E E(SAL>
WC3g
=% E ($14>) &E(SIAE(LA ( E(SL4,
where we are allowed to use WC3g; in the third step becauseE($|A # 0, and where
the last step follows from the fact that E($|A # 0 and, because ofl,# 0 and WC6g4,
that E(14> # 0. Since the left-hand side of the expression above is equal t® due
to WC10gs, we bnd that 0 ( E ($14>) as desired.
Finally, in order to prove WC155, assume thatE($14> > 0 and observe that

E (S&E(SIA)14> # E(S149) +E &E($IA)14> = E ($14) &E E(3IA14>
> &E E($IALA>

where the brst step follows from WC2;;, and conjugacy, and where the last inequality
follows from the fact that E($14> > 0. The left-hand side of this expression is again
equal to 0 [due to WC10gs], and so we have that

0<E E(HALL (" sup(E(SIAL ( max{0, E(SIA}.

As a result, we have thatE($|A > 0.

The last statement, the fact that all the properties WC53,BWC1555 hold for a
global upper expectation E that satisbesWC1g,EWC4g, and that is debned onV 9
X! or F9 X', is trivial because it can easily be checked that bothV and F are
linear spaces of global gambles containing all the constants and are invariant under
multiplication with indicators of situations. O

Lemma 3.C.1. Consider any global upper expectatidhon a domainl 9X ' +
V 9 X ' such thatl is a linear space of global gambles. Théhis coherent if
there is a coherent set of acceptable global gamiesuch that

E($» =inf{: ' R: (: &91.' D}forall ($>"' 1 9X".

Proof. This result follows from [ 114, Proposition 1] as a special case. Indeed, sup-
pose that there is a coherent set of acceptable global gamble® such that

E($ =inf{: ' R: (: &91." D}forall (' | 9X' . (3.22)
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Then sinceD satisbesD1,; and D2,; by debnition, it also satispes properties C10 and
Cc20 in]14, Section 3]; care to note that the conditional events 6 in [ 114] are in our
case subsets of the sample space, and the Orandom quantitiesO i114] here take
the form of global gambles $on ! . Then if we let the conditional events 6_in [ 114,
Proposition 1] be of the form " (3 with >' X', then this result says that, if |  is a
linear subspace ofV for all >' X!, the global upper expectation E' depbned, for all
>' X'andall $' I, by

E'($! inf{: ' R: ( &9$1.' D},

is coherent [Debnition 3.7g,]. In particular, this is true if we let | ,forall >' X'
be equal to the bxed linear spacd , and then E' is equal to E due to Eq. (3.22); .
Hence, sinceE' is coherent, E is coherent too. O

Proof of TheorenB.4.3g4. Necessity of WC1g,EWC4g, can be inferred from [114,
Section 3.1]. In particular, note that any coherent global upper expectation E [Def-
inition 3.7g;] on | 9 X', is a (specibc) Oupper conditional previsionO according to
[114, Debnition 1], where the linear spacesX ¢ in [ 114, Debnition 1] are here all
equal to the bxed linear spacel , and where the real-valuedness ofE is guaranteed
by Corollary 3.4.2g;.
To prove/sd' ciency, suppose thatE satisbesWC1g,EWC4g, and let
+
D! L +C+" No-. ' 1,2 X' E(-|2)>0,C" Lx(t) .

=1
We will show that D is coherent and that its corresponding inbPmum selling prices
operator Ep, debned by

Ep($! inf{: ' R: (: &91.' D}forall ($>"' VIX', (3.23)

coincides with Eonl 9 X'. Lemma3.C.1 will then imply that E is coherent.

Let us brst check thatD is coherent. It is clear from the debnition of D that D1,;
and D3,; are satisbed. To see thaD4,; is satisped, consider any( > 0 and any $'
D, and letus check that($ ' D. Since$' D, we canwrite that $= %, - 1, +Cfor
some+"' No, -1,...,-+" | ,>,...,%" X', with E(- |>) >#9forall a4+
and someC' L (! ). Multiplying with ( > 0givesus($ =", (- .1, +(C. Forall
. {1,...,+}, we have that E(- |>) > 0, which by WC3s, implies that

0 < (E(- ) =E((- .I»),

and where E((- |>) is well-debned because-. ' | and | is a linear spaceNand
thus (-. ' | . Since moreoverC"' L (! ), and therefore (C ' L »(! ), it follows
that, indeed, by the debnition of D,
($= (-1, +(C' D.
=1
Finally, to prove that D2,; holds, assumeex absurdo that there i%a gamble$' D
suchthat $' L (! ). The factthat $' D again implies that $= "~ - 1, + Cfor
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some+"' No, -1,...,-+" | ,>,...,%" X' with E(-|>)>0forall ." {1,...,+},
and someC"' L4(!).,Since$" Lu(!)andC' Ly4('), we know that + # 1.
Note that the gamble = ., - 1, = $& Cis then an element of | because of our
assumptions aboutl [linear space and closed under multiplying with indicators of
situations] and because- ' | forall ."' {1,...,+}. Moreover, since$' L »+(! ) and
sinceC# 0, we have that $& C( Oand $&C! 0. Then, forall 1 ( . ( + we have
by WC6g, that E($& C|>) ( 0. But on the other hand, consider any. ' {1,...,+}
such that > has minimal length among the situations >, . .., > [itis clear that there
is such an.]. Thenthereareno 1" {1,...,+} suchthat>x # >, and therefore

# wcgy
E($&0>) =E( 1y -142) # E(-1140%)

=1

$ $
EGLP)+  EGLiP)+ E(iL[2)

1%1(; 1(#q|t(>Jr lﬁ( e|(>_+
= EGLiP)+ EGL4P).

1(1(+ 1(1(+

33> 26>

By WC11gs and WC6g4, we have that E(-,1,|>) = E(-,1,1;[>) = E(0|>) = 0 for any
> 6>, and so the above implies that

$ $ $
E(s&C>) = E(l) = EGLP)+  E(14P)

10 1(+ 101+ (J(+
23> 2=> 2$>

[N

Note that the brst sum in the expression above is strictly larger than zero because,
by assumption, we have thatE(-,|3) > Oforall 1 ( | ( +, and so by WC11gs that
E(-/15|%) > Oforall 1 ( 1 ( + The second sum is larger or equal than zero, because
the fact that E(-,|>) > Oforall 1 ( I ( +implies by WC14gs that E(-,1,|>) # O for
all 1 ( I ( +suchthat> $ >. Hence, both sums taken together, we should have
that E($& C|]>) > 0. Yet, this is in contradiction with our earlier conclusion. As a
result, the set of acceptable gamblesD satispesD2,;, and together with D1,; and
D3,,8D4,,, we obtain that D is coherent. It now remains to prove that E coincides
with the upper expectation Ep corresponding to D according to Eq. (3.23). .
As a brst step, we prove that for any$' V and any A" X',

$l,' D- $l,' Dp (3.24)

with
/&, 0
Dpa! -1+ Ci+ Noy- " 1> XLE(-|AY>0,C" Lau(t) .

=1
Sobxany$' VandanyA' X' suchthat$l,' D=Dp.Let" "' Npand's ' X'
be such that' ;.- = A If * = 0, then the desired implication is trivially true because
in that case $1,' Dy = Dj» So consider the case that' # 1 and let @< ". We show
that
$1a' D|' 1@" $1a' D|' L@1" (325)
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Suppose that $1, ' Dy ., and therefore that, for some + ' No, -1,...,-+ ' |,
..., " X' with E(- |'.¢2) > Oforall .' {1,...,+}, and someC" L 4(!),

$+

$1A = - .lv 1@ +C.

=1
The situations »,...,> ' X' can be categorised in three di erent groups [where
the order of the situations within these individual groups is of no importance]; let
91,...,9% ' X' bethose situations in>, ..., > that start with ' g4;let J;,..., ;"
X! be those situations in>, . . ., > that start with a di ! erent state than' @1; and let
Ki,...,Kignge ' X' all be equal to the empty situation " . LetLsy,..., Ly, M, ..., M
and Ny, . . ., Nigngo be the corresponding categorisation of the gambles 4, ..., -.; SO

we have that E(L |' 1.) > 0, E(M|' 1.¢)) > 0 and E(N|' 1.9 = E(N]| 1.d) > O.
Then we get that

$4 $2 +$—|&2
$1A= Ll 1;@191+ Ml 10 + Nl 1:@+C (326)
=1 ) =1 =
where, for all . ' {1,...,H}, the situation 9%is such that9 = ' ;9% Note that

'1.@¢16' 1.¢). forany J, and therefore that 1., . 1., , = 0. Since moreover' 1.¢1 2 A
and therefore that 1. . ,, 1a= 1, multiplying Eq. ( 3.26) with 1. .., gives us
$—| +$—|&2
$la= Ll gt N1 ., +CL - (3.27)
=1 =1
By assumption, we have thatE(L |' 1:19Y) = E(L|' 1.{) > Oforall . {1,...,H}.
Since alsoC # 0, and therefore CL. ., # O, it follows from the expression above
and the depnition of D ., thatthen $1," Dy g, if +&H &2 =0, or, in case that
+&H &2# 1, if "
E "N 101 > 0. (3.28)
To see that these conditions are metNthat is, that +&H &2 # 1 implies Eq. (3.28)N
we substract Eq. 3.27) from Eq. (3.26); this gives us

£ giez
0= M1 vt N (1 1:@& 1 1:@1) +C(1&1'1:@1)'
=1 =1
or, equivalently, that
+$—|&2 $2 +$—|&2
N1 ter M1 1.@. + N1 1:@+C(1&1'1:@1)'
=1 =1 =1

Since eachN and each M is by assumption an element ofl , it follows from the

assumptions about! that also eachN1. . , eachM1.  ; and eachN1.  in the
expression above is an element of . Sincel is moreover a linear space, it therefore
follows from the expression above thatC(1 & 1.,.,,) ' | . Hence, we can take the
lower expectation of both sides conditional on ' ;.gand immediately apply WC2;,,
to bnd that

-# R . ez .
E _+:&1H&2N- 1 L@l 't # E ML 1.@. I've + E NL 1:@|' L@
1

+E C(l &1 1;@1)'I 1:@.
$2 _ oo &2
# E ML 1.@. I e t E (N 1:@ ) (3.29)

=1 =1
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3.C Proofs of the results in Section3.4.1

where the second inequality follows from WC1lgs and the fact that
E C(1&1 1:@1)|' 1;@' # 0, which is itself a result of WC6, and the fact that
C(1&1,,) #0. Recall that, forall . ' {1,..., 2}, we have that E (M| 1.¢)) > O,
and therefore by WC14g; that E M1, , | 1.¢ # 0. Furthermore, we also have that
E(N|' 1.9 >Oforall .' {1,...,+&H & 2}. Hence, if + &H & 2 # 1Nimplying that
{1,...,+&H & 2} is non-emptyNit follows from Eq. ( 3.29). that

#,
E -=&H&2

HE2N 1,

1:@1|' 11@ >0,

and therefore, because ofWC15gs, that Eq. (3.28). indeed holds. As a result, $1,"
Dy 1.1+ Which in turn establishes Eq. (3.25)111. But recall that @< " was arbitrary,
so we can start from the fact $1,' D = D; and apply Eq. (3.25),4; iteratively to
eventually pnd that $1,' Dy ,. = Dja Hence, Eq. @.24)111 holds.

Next, we use Eq. 8.24)11; to show that Ep (34 = E($|A forall $' | and all
A" X', where Ep is debned byD according to Eq. (3.23)110. That Ep (33 ( E($A
forall $' | andall A' X', follows from the fact that, for all real : > E($/3,

WCTg4

E( &%A D +E(&$A =: &E($A >0,

where the leftmost term is well-dePned becaused is a linear space that includes the
constants. Indeed, this implies by the depbnition of D that (: & $)1," D for all real
. > E($/A, and so by Eq. 8.23) 11 that

Ep (A =inf{: ' R: (: & 91’ D} ( E(3A.

It remains to prove that Ep ($|A # E($A.

Fixany $' | ,anyA' X' andany: ' R suchthat(: & $1,' D. Then
Eq. (3.24)11: implies that also (: & $14" Dja By the debnition of Dy, we then have
that, for some + ' Ng, -1,...,-+ " |, >,...,% " X', with E(- ]AY > 0 for all
U {1,...,+},and someC" L 4(!),

(G &91a= -1+ C (3.30)
=1
Hence,
-# . wezg Bt - .
E(C &9INA=E ;- 1n+CA # E -1nA+E(CA#0, (331
=1

where one may again check that each of the considered lower expectations is well-
debPned because of Eq. 3.30) and the assumptions about| , and where the last
inequality follows, on the one hand, from the fact that, for all . ' {1,...,+},
E (- |AY > 0 and therefore by WC14g5 that E -_1A_>|A' # 0, and on the other hand,
from the fact that C# 0 and therefore by WC6g, that E (C|A # 0. The left-hand side
of Eq. (3.31) can also be seen to be equal to
WCligs

E(( &914A E(G &9A"T*: &E(9A.

Hence, by Eq. 8.31), we have that : # E($|A. But this holds for any : ' R such
that (: & $1,"' D, so

E(9A (inf{: ' R: ¢ & 91" D} =Ep (94,
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Finitary upper expectations in discrete-time stochastic processes

which is the inequality that we were after. So E coincides with the upper expectation
Ep corresponding to the coherent set of acceptable gambleD, which implies by
Lemma3.C.1,0¢ that E is coherent. This establishes the sti ciency of WC1g,EWC4s,,
and therefore concludes the proof. O

3.D Proof of Theorem 3.4.6

The proof of Theorem 3.4.6gg is divided into two parts: showing that
Axioms NE1gsENE4gs (or NE1ggENE3gg) are su” cient for a global upper
expectation to be the natural extensionEa (or E%n), and showing that there
always is a global upper expectation satisfying AXiomsNE1ggENE4gg. We
start with the latter; more specibcally, we show that EfA vNor equivalently,
Ea Nsatisbes NE1gsENE4gg for any acceptable gambles treeA.,.

3.D.1 Axioms NE1ENE4 are consistent

The following two results establish respectively NElgg and NE4gg
for El .

Lemma 3.D.1. For any acceptable gambles tré, and upper expectations tree
Q, that agree according to Eq¢(3.1)s9, We have that

Ep v($(#0)| 1) =Q (9 foral $' L (X)andall's- " X'

Proof. Since A, and Q, agree, we have thatQ, = Q,, and so we will make no
particular distinction in notation between Q, and @,A in the following reasoning.

Considerany $' L (X) and any';- ' X'. Fix any E> 0 and observe that
by Eq. (3.1)s there is an: ' R suchthat: ( Q _($+Eand: &$' A ..
Let M be the real process that is equal to the constant for all situations >such
that >%" ;.., and that is equal to $(' -+1) for all situations >such that >3 ' ;..,; for
some' .4 ' X . Thenforall >! ';.., we have that #M (3 = 0 and therefore, since
0 ' A. due to coherence D1,/], that &#M (3 ' A.. For the situation ' ;.. itself,
we have that #M (' 1») = $&: and thus, because of how we have chosen, that
&#M (‘1) ' A.,.. Sowe obtain thatM ' M(A,). Since by the debnition of M we
clearly also have thatM (#1.-41) # .. $(#-+1), the dePnition of EL v [Eq. (3.11)63]
implies that

Epv(S(#) 1) (M (1) =: ( Q. (9+E
This holds for any E> 0, so we bnd thatEf V(D) 1) ( QL (9.

Conversely, consider anyM ' M(A,) such that M (#y.¢ #. . $(#41) for some
@# ". First consider the case that@= ". Then we have thatM (' 1.») #.,. $(#:41),
and thus that M (* 1) # sup $(#-+1) = sup $ By the coherence [Cls,] of Q. L. this
implies that

M (1) # Q. (9.
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3.D Proof of Theorem 3.4.6

We now proceed to prove the same for the case thatM (#.9 #.,. $(#-.1) with
@> ". Then, forany '.,; ' X, we also have thatM (' 1.+1# 429 #: 1.y $( v41).
By Lemma3.2.543, we have that M (' 1-41) # M (' 1.9 for some ' ..2.9' X &4 so
the previous implies that M (" 1.41) # $(' »+1). Since this holds for any' ..; ' X, we
obtain that M (' 1.-&)# $and thus that #M (' 1) # $&M (' 1.+), or equivalently that
EHM (1) ( M ("1+) & $ Since&#M (' 1) ' A.,. by the factthat M ' M(A),
the monotonicity property D5,g implies that also M (‘1) & $' A.,.. But then it
follows from Eq. (3.1)s that

M (1) # Q. (9.

Hence, we have thatM (' 1) # Q. (9 forany M ' M(A,) such that M (#y.9 #e.
$(#-.+1) for some @# ", which implies by Eq. (3.11)e3 that

Q.. (9 ( Eh y(8(#)] 1.

Together with the previously obtained inequality that Q. L(D# EL V(S# )] ),
we obtain that Q . ($) = Ep y($(#-1)] 1) O

Proposition 3.D.2. For any upper expectations tredy, any $' V and >'

X!, we have that
| "

Ef y(3$9) =inf Ehy(-]):-' Fand- #. 8 .

0,
Proof. We brst prove that Ef V(3P # inf /EL v(P:-" Fand- #. $&. Consider
any real : > EfA v(%». Then there is a supermartingale M ' M(A,) such that
M (:andM (#.-) #, $forsome" # |3. Let- | M (#1.). Then we clearly have
that - ' F andthat - #. $ Since- = M (#;.), we surely have thatM (#;.-) #. -,
which implies that EfA vEP) (M3 ( ;. Sincewe knowthat- ' Fandthat - #. §,
we obtain that
inf{Ej v(-19: - ' Fand- #. $ ( :.

Since this holds for any real: > EL (3, we conclude that
| "
inf Ep y(-[9:-" Fand- #.$ ( Ej ($P.

The remaining inequality follows trivially from the fact that E; v IS monotone
[WC5g4], which can easily be inferred from the dePnition of EL v [EqQ. (3.11)63].
Indeed, forany - ' Fsuchthat- #. $ we have byWC5; that Ej (- |9 # Ep (3,

and so also that
| "

inf BN (-19:-' Fand- #.$ #Eh (3. 0
The following lemma gathers the two lemmas above, and combines them
with Proposition 3.2.1047 to show that EfA v SatisPesNE1ggENE4gg.

Lemma 3.D.3. For any acceptable gambles trég, and any upper expectations
tree Q, that agree according to E((.3.1) 59, Wwe have thatEL v satisPedNE1ggD

NE4gg.
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Proof. Lemma 3.D.1;14, Proposition 3.2.105; and Proposition 3.D.2, guarantee
that E', \ satisPes respectivelyNElss, NE3ss and NE4gs. That El v moreover sat-
isPesNE2g5 follows straightforwardly from its depbnition [Eq. ( 3.11)e3]. O

3.D.2 Proving the existence and uniqueness oﬁa and Eg" using Ax-
ioms NE1ENE4

We next aim to show that, apart from being internally consistent, Ax-
ioms NE1ggENE4gg (or NE188E1\1E388) also su' ce for a global upper expec-
tation to be equal to EQ (or E ". The existenceNand uniquenessNof EQ
and EQ will then follow automat|cally We start with a rather basic but tech-
nical lemma. It uses, for any situation' ;.- * X ' and any (" +1)-measurable
gamble - (#;.-4+1), the notation - (' ;.- &)to denote the local gamble onX that
assumes the value- (" 1.v41) in "vyg ' X

Lemma 3.D.4. Consider any upper expectations tré@, and any global upper
expectationE on FOX ' that extendsﬁ%re and that satispesVC11gs on FOX !.
Then, forany' ;.- ' X' and any (" + 1)-measurable gambles,

E(8 1) =Q . (%' 18))

Proof. We have thatp::ﬁé' 1#41)1 . = $L . and hence, becauseE satisbesWC11gs
and coincides with Eg
Q )

E(8'1+) S E($L . [ 1) S E(S( wo#oan) L] 1) = B(S( o #oi0)[ 10)
= E”'e(ss( 1) 1)
Q.. (%('1-8))

where the last equality follows from Eq. (3.13)gs. O

The following lemma shows that Axioms NE1ggENE3s3 Px the values of
a global upper expectation completely on the domainF 9 X '. For any up-
per expectations tree@, any " ' Ng and any (" + 1)-measurable gamble
- (#1:741), We write 6#1:,, (- (#1.v+1)) to denote the "-measurable gamble de-
Pned by

6#1:.. (- () () ! Q (- Crrd)forall gt X

Note that 6#1:,, (- (#1.+1)) is indeed a (bounded) gamble, because the local
upper expectation Q. (- m@)forall * g ' X " is real due to coherence

[C5s3].

Lemma 3.D.5. Consider any upper expectations tré&@, and any global upper
expectationE on F9 X ' that satisPedNE1gsENE3gg. Then, for any($ ' 1.-) '
FOX!',

E(S' 1) = Qo Qupyy 844, 4 Qi (9 44A( 1),
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3.D Proof of Theorem 3.4.6

with @# " any natural number such that $is (@*+ 1)-measurable.

Proof. First note that Lemma 3.D.4. can be applied to E here becauseE extends
Eg due to NElg and the debnition of S [Eq. (3.13)gs], and becauseE satisbes
WC11gs on F 9 X! due to NE2s. As a result, the variable E($|#1.¢ is equal to
5#1:@( $) due to Lemma3.D.4, and because$is (@+ 1)-measurable. Sincea#li@( 9
i_s real-valueij due to the coherence [C5z3] of Q. 1:@for all ' 1.¢' X @ we obtain that
E(81#1:9 = Qu.o 9 is real-va_lued, and more sp_ecibcally an@measurable gamble.

Next, consider the term E($|#1.@1). Since E($|#1.9 is real-valued, NE3gg says
that

E(Sl#1.a0) = EE(8l#1.0 #r.0a) = EQu, (9 Hr00)-

Then, since@lz@( $) is an @measurable gamble, Lemma3.D.4. implies that
E(8l#1:00) = E(Quo( 9lH101) = Qirgy Qunel 9 -

Again, since@lz@l(é)is real-valued due to the coherence of the local upper expec-
tations Q. raar WE obtain that E($|#1.@1) is real-valued, and more specibcally an
(@& 1)-measurable gamble.

We can then apply the same reasoning to the next termE($|#1.@2). Since
E(9|#1.@1) is real-valued, NE3s and the expression forE( $|#:.@.) above imply that

E($1#1:a2) = E(E(S1#101) #r@2) = Quy gy QoD Mraz

The fact that Q,, ., _6#11@( 9" is @& 1-measurable then implies by Lemma3.D.4.
that

E($H#rae) = 6#1:@2 6#1:@1 6#1:@( 9.
Now, we can continue to repeat the above reasoning, and it is clear that this will
eventually yield

E(8#1-) = Quy. Quyyy 4884, Qi (9 443,
and therefore, in particular, that
E(8'1+) = Qi Qoo 884, Qu o9 484( 1) O

Finally, before proving Theorem 3.4.6gg, we also need to establish that
EZ v satisPesWC1g,EWC4g, for any acceptable gambles treeA,.

Lemma 3.D.6. For any acceptable gambles trée,, the upper expectatiorﬁg v
satisbPeaNC1g, BN C4g,.

Proof. Recall that Ex is deduced from the set of acceptable global gamble€(D, )
according to Eq. (3.10)¢o, and that the set E(D, ) is coherent by Proposition3.2.3sg
[and the debnition of the natural extension of a set of acceptable gambles; see
Eq. (3.7)s7 and DePnition 2.735]. Hence, by Lemma 3.C.1309, We have that E, is
coherent, and thus by Theorem 3.4.3g,, that Ex satispesWC1g,PNC4g,. The de-
sired statement now follows from Theorem 3.2.74s. O
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Proof of TheorenB.4.6gg. We brst show thatE%” exists, and that it is the unique
global upper expectation onF9X ! that satisPesNE1gsENE3ss. To this end, itsu” ces
to prove that, for any global upper expectation E': FOX'* RthatsatisPesNElgD
NE3g, E' is equal to Ef Indeed, the existence of such an upper expectatiorE',
and therefore the eX|stence ofEf then follows from the fact that the restriction of
EA vio FOX', with A, any acceptable gambles tree that agrees withQ, [such a tree
A\, exists; recall the discussion surrounding Eq. 8.2)s;], satisPesNE1ggENE3gg due
to Lemma 3.D.3;35. The unigueness ofE' then moreover follows from the equality
with ED” and the fact that EE" is unique as a result of its depnition.

So bx any global upper expectatlonE FOX!'* Rthat satlsbesNElgga\lE?;gg
In order to show that E'is equal to E , we need to prove three properties of E';
that E' extends E5 , that E' satlsbesWCIBZBNC482, and that E' |s larger or equal
than any other global upper expectation on F 9 X' extendlng EQ and satisfying
WC1g,BWC4g,. The brst property follows from the fact that E' satisbesNElg. The
second property, that E' satisbesWC1g,DNC4g,, can be deduced as follows. Since
E' satisbesNE1ggENE3s5 by debnition, and since, for any acceptable gambles tree
A, that agrees with Q, [again, there is at least one such a treeA,], E; v satisbPes
NE1ggsBENE3sg by Lemma3.D.3y15, it follows from the expression in Lemma 3.D.5;15
that E' and E}, ,, coincide on the domain F 9 X '. Lemma3.D.6, says thatE} ,
satisPesWC1g,BWC4g, on its entire domain, and thus also on the restricted domain
F 9 X!, which implies that E' also satispesVC1g,PWC4,.

So it only remains to prove that E' is larger or equal than any other global upper
expectation on F9 X ! extendlng EQ and satlsfylng WC15,BWC4g,. Fix any global
upper expectation E on F 9 X ! extending EQ and satisfying WC15,BWC4g,, and
bx any ($ ') " FO9X'. Let@# " be any natural number such that $is (@+ 1)-
measurable [there surely exists such an@because $is Pnitary]. Since E satisbes
WC1g,BWC4g, by assumption, it follows from Proposition 3.4.4g, that E satisbes
WC13s5 and WC5g4, and so we have that

E($#1) ( E(E(S#r01) [#1)
( E(E(E($l#142) [#rm0) 1)
( E(E(A&B(Sl#1.0 & #|u)ltr). (3.32)
We can then replace each of the global upper expectations on the right-hand side by
local upper expectations. Indeed, E extends Ege by assumption and moreover sat-
isPesWC11gs due to Proposition 3.4.4g,4 and the fact that it satisPesWC1g,DNC4g,

by assumption. So by Lemma3.D.4,15 we infer that, for any ',. ' X' and any
(. +1)-measurable gamble-,

E(-|=) = Q. (- (=)
Equivalently, we can write that, for any . ' N and any (. + 1)-measurable gamble-,
E(-[#1) = Qu. (-).
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Applying this equation to each of the (global) upper expectations in the expression
on the right-hand side of Eq. (3.32). ,*? we obtain that

E(8#1) ( Qo Qupry 4By, Qu (9 2474, (3.33)

On the other hand, sinceE' satisbesNE1ggENE3gg, We have by Lemma3.D.5,4¢ that
E' (8'2) = 6#1,- 6#1:-‘“ éééﬁlﬁl 6#1:@( $ ada( ).

Combined with Eq. (3.33), this implies that E($' 1) ( E'($]' 1»). Since this is
the case for any($ ' 1~) ' F9 X' and any global upper expectationE on F9 X!
that extends Ege and satisPesWC1g,DNVC4g,, we indeed have thatE' is the natural
extension E%" of Ege to F9 X ! under WC1g,DNCAg,.

The second part of this proof is now concerned with showing that Eg exists, and
that it is the unique global upper expectation on V 9 X ' that satisPesNE1gsENE4gs.
In the same way as before, it sU ces to prove that, for any global upper expectation
E': VOX'* RithatsatisPesNElggENE4gg, E' is equal to Eg. Indeed, the existence
of E', and in that case the existence ofEg, then follows from the fact that E}y v, With
A, any acceptable gambles tree that agrees withQ, [where, again, there is at least
one such a treeA,], satispesNE1ggENE4gs due to Lemma 3.D.3;35. The uniqueness
of E' then again follows from the equality with Eg, and the fact that Eg is unique
due to its dePnition.

So bx any global upper expectationE' VIX!'* R thatsatispesSNElssENE4gs.
Since, as we have jUSt proved aboveE exists and is the unlque global upper ex-
pectatlon on F9 X! that satlsbesNElgga\lE38g, we have that E' is equal to E " on
F9X'. So, becauseE' satlsbesNE488, we bnd that, for any ($ 5'vox'

E'($ = inf Ea(-|>).-' Fand- #. $ . (3-34)

In order to show that E' is equal to Eg, we need to show that E' extends Eg ,
that E' satisPesWC1s,DWC4s,, and that E' is larger or equal than any other global
upper expectation onV 9 X ' extending Ege and satisfying WC15,PWC4g,. The brst
property follows from the fact that E' satisbesNElgg. The second property, thatE'
satisPesWC1g,EWC4g,, can be deduced in a similar way as before. Since, for any
acceptable gambles treeA, that agrees with Q,, the global upper expectation EL v
satisbesNE1ggENE4gg by Lemma 3.D.3;35, we have that, similarly as for E' [which
is simply a general global upper expectation satisfyingNE 1gsENE4gs],
) "

EL (8 =inf EX(-]9:-" Fand- #.$.

So, by Eq. 8.34), E' and EL v coincide. Hence, it follows from Lemma 3.D.6,17 that
E' satisbesWC1g,DNCdg,.

It now only remains to prove that E' is larger or equal than any other global
upper expectation on'V 9 X ' extending E%re and satisfying WC15,PNC4g,. Fix any

12Note that the arguments of the (global) upper expectatioDs in the expression on the right-
hand side of Eq. (3.32). must be (Pnitary) gambles becauseE is only debned onF9 X !, and
so otherwise this expression cannot be valid.
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global upper expectatlon EonV9X! extending E ® and satisfying WC1g,EWWCl4g;.
Then note that, since E is by debnition the p0|mW|se largest extension ofEQe to
F9 X' under WClgzaNC482, we have thatE "(-19 # E(-]® forall (-, " FOX!

Hence, forany ($,> ' V9 X', due to Eq. (3 34); ,
]

E'(§) =inf EX(-]9:- ' Fand- #. -3, .
#inf E(-[):-' Fand- #.$ # E($>,

where the last equality follows from the fact that E satisbesWCb5g4, which itself
follows from Proposition 3.4.4g, and the fact that E satisbesWC1g,EWC4,. O

3.E Proof of Proposition 3.5.5

3.E.1 Topological results for precise probability trees

Recall from Section 2.1,5 that P(X ) denotes the set of all probability
mass functions onX . Let O(44)be the total variation distance [24, Sec-
tion 7.1] debned, for any two mass functions 31,3, ' P(X), by

$
O31,32) ! max[31(% &32(%A1= = [31()&3:(),  (3.35)
%+ X 2"X

where we allowed ourselves a slight abuse of notation by writing 3 (%9 to
mean .43 (") for . ' {1,2}. Let P(X) be endowed with the topology
induced by O, which is equivalentNsee [ 24, Appendix A]Nto the topology

of pointwise convergence that we have implicitly adopted in the main text.

So P(X ) is metrizable and, by [24, Section 7], compact. Also, note that
any precise probability tree 2: > )ﬂl 7% 2(ap ' P(X) can be regarded
as an element of the product space P(>|< ), and that any imprecise
probability tree Py can be seen as a subset of . x ! P(X ). Saying that a
precise probability tree 2 is compatible with an imprecise probability tree
Pyis ;hen the same as saying that2 ' Py. We will moreover endow the
space’ s x! P(X) with the product topology or, equivalently, the topology

of pointwise convergence. A sequence of precise probability tree€2) : n
then converges if, for each situation>" X', the mass functions (2 (&) - n
converge pointwise.

Lemma 3.E.1. Any sequencg?2) .y of precise probability trees has a conver-
gent subsequence.

Proof. Since by Tychond Os theorem{11, Theorem 17.8] any product of compact
spaces is compact in the product topology, the compactness oP (X ) [and the fact
tha]t " sxt P(X) is endowed with the product topology] implies the compactness
of © +x' P(X). Moreover, [111, Theorem 22.3] says that any countable product
of metrizable spaces [if equipped with the product topology] is itself metrizable,
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50 the metrizability of P(X ) and the countability of X " imply the metrizability of

" syt P(X). [111, 17G.3.] says that for metric spacesNand thus also for metriz-
iable spacesNcompactness is equivalent to sequential compactness. Since we know
" sx P(X) to be compact and metrizable, we infer that it is sequentially compact.
Hence, by debnition' of sequential compactness, each sequencg): n (of precise
probability trees) in © »x: P(X ) has a convergent subsequence. O

Lemma 3.E.2. Consider any sequendg) - y of precise probability trees that
converges to some limit probability tre@. Then we have that

Iim$ E» (-9 =Ea(-|) forall - ' Fandall>' X".
Ko :
Proof. Fixany- ' Fandany>' X'. Observe that, by Proposition3.3.89,
_ $
Eo(-) = - (=:0P2(=:d (3-36)
=1:@ X @
and, forall . " N,
_ $
E2(-1» = - (=:9P2 (=:d. (3-37)
=@ X @

where P, and P, on X '=9X ' are related to respectively2 and 2 according to Propo-
sition 3.3.473, and where @> |A is any natural number such that - is @measurable.
Let' 1. ' X' be such that>=" 4. and Px any=;.¢' X @ Then we have that @ ".
We next show that P, (=.d> converges toP,(=.d> as a function of . ' N.

If =.. | 'y, then P, (5. d» = Oforall . ' N and alsoP,(=.d> = 0, so
P, (=1.d> surely converges toP,(=.4>. So it remains_to check whether it is true
for the case that %6 ='1~. Inthat case,P; (=1.d' 1) = @1 2 (S441|=1:4) converges
to Pz(zlzdl 1:") = ?;1 2(:++1|=1:+) if, for all + ' {": S, @& 1}: 2.(:++1|:1:+) con-
verges to 2 (=++1]|=1+). The latter is implied by the convergence of 2 to 2. Indeed,
since” »x' P(X) is equipped with the product topology, the convergence of 2. to
2 implies that, for any +' {",..., @& 1}, the mass function 2 (4 #..) converges to
2 (4 #..). Since the setP (X ) onits turn is equipped with the topology of pointwise
convergence, this implies that 2 (=.+1|=.+) converges t02 (=.+1|=1.+).

Now, to conclude the proof, note that the sums in Equations (3.36) and (3.37)
are over a bnite setX @because X is bniteNand the coe" cients- (=.¢ are real be-
cause- is a gamble. Since we have just shown that, for any=.¢' X @ the probability
P, (=.d> converges toP,(=.d>), it is therefore clear that the expectation E, (- [3)
converges toE, (- 3. O

The following lemma uses the supremum norm 66 on the set of all
gamblesL (Y) on a general non-empty setY; it is debPned by 6365 !
sup .y |$(, )| forall $' L (Y).

Lemma 3.E.3. Consider any two probability mass functiong, 2' P(X ), and
let E, and E;z be the corresponding linear expectations @&n(X ) according to
Eqg.(2.1)2;:. Then, forany$' L (X),

[E2(9) &E2(9)| ( O(2, 2)26$6; .
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Finitary upper expectations in discrete-time stochastic processes

Proof. SinceX is bnite, [92, Proposition 1] says that
max|E;(-) & Ez(-)| = A2, 2),
- 1

where F; is the set of all non-negative gambles inL (X ) such that 6-65 ( 1. Fix
any $' L (X ) and note that $& min $is non-negative. Moreover, if $& min $! 0,

we have that g ' Fy and therefore that

T $%min$ - T ®min$ -
|E2 6$&m"i]rl1n$6$ &E; 6$&mr?r|1n$e$ | ( A2 2).

It then su" ces to use the non-negative homogeneity and the constant additivity of
E, and E; [since they are debned by Eq. R.1),;] to obtain that indeed

[E2(9) &E2(9)] ( O(2, 2)6$& min $65 ( O(2, 2)2636; .

If on the other hand $& min $ = 0, then it is clear that $= &for some &' R, and
therefore that

[E2(9) &Ea(9)| = [E2(8) &E2(8]| = && &=0 ( O(2, 2)2636; .
O

Lemma 3.E.4. Consider any imprecise probability tre y and any convergent
sequencé?2) .\ of precise probability trees such tha? O Py forall . ' N. Let
2 be the limit of (2) . n. Then, for anyE> 0, there is a precise probability tree
20 P such that

|E2(-|» &Ea(-|D)| ( B6-65 forall - * Fandall >' X'.

Proof. Recall that : sx! P(X) is equipped with the product topology, so the con-
vergence of 2 to 2 implies that, for any >' X', the mass functions 2 (4$) con-
verge to 2 (4. Since P(X ) was endowed with the topology induced by Q this
in turn implies that, for any >' X' and any P > 0, there is an .(>P) ' N such
that O(2(ap), 2 (aP)) ( Pforall . # .(3P). Now bx any E > 0 and let (P.)- y,
be debned byP. | BE2%& forall " ' N,. Consider the precise probability tree 2
debned, for all >' X', by 2(&p ! 2(aP with 1! .(3Py). Then we have that
O(2(ah), 2(ah) ( Py = 28 for all >' X'. Moreover, since2 0 Py forall .' N,
and therefore, for all >' X', 2(&P = 2(ap ' P.with 1! .(3Py), we also have
that 20 P,.

Next, let Qy ! @2 and QL ! 6“, be the (upper) expectations trees associated
with respectively 2 and 2 according to Eq. (3.4)s,. Fixany- ' Fandany';. " X'.
Since- is Pnitary, it is surely (@ 1)-measurable for some@# ". Then, by combining
Proposition 3.5.49, and Lemma3.D.5;:4, we bnd that

Ex(-I'1+) = Qo Qupy 884, Quo(-) 444( 1), (3.38)
Forall =.' X @ Lemma3.E.3 implies that
Q=1:@(' (=:e))( Qil:@(' (=) *0(2(ak1.9. 2(aF1.9)26 (=: 2P
( Q;:@(- (=) *(2(a19, 2(aF1:9)26- 65
( Qlii@(- (=) +2°%- 65 .
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3.E Proof of Proposition3.5.5

So we have that
Qirel-) ( Qi () +R29%- 65 .

Plugging this back into Eqg. (3.38). , and using the monotonicity [ C4s3] and the
constant additivity [ C6z3] of all local (upper) expectations Q., we get that

Ex(-1 1) ( Qupe Qupoyy 88Ruy g, QF, () 44A( 1) +E2°% 6. (3.39)

Next, we apply a similar reasoning to the local (upper) expectation Q,.,, and the
corresponding @measurable gambIeQil:@(-). We have by coherence C5s3] that

in@(') ( 6 - 65 . Hence, in the same way as before, we bnd that

Quran (Qil:@(')) ( Q%pl:@l (Qilj@(-)) + 4@ 6

Plugging this back into Eqg. (3.39), and using the monotonicity [ C4s3] and the con-
stant additivity [ C6s3] of all local (upper) expectations Q., we get that

Ex(-I'10) ( Qi Qupyy 44RE . QL () 4AA( 1) + %@V 6 6 +E2°% 6.
We can continue to repeat this reasoning until we eventually arrive at
— - - - $@
B 1) ((Qh Qhy., 888, O () 484(1)+ 2966
(Q, Q. aa@l , Q () 444( 1) +E6 6.
Since, again by Proposition3.5.4g, and Lemma3.D.5;,4, we have that
Eo(-]'1-) = QL. QL. aa@h Qb (-) 4ad( ),

it follows that
Ep(-|' 1) ( Ba(-|' 1) +E6-65. (3.40)

The inequality above holds for any general- ' Fand any' - ' X'. Since&- is a
Pnitary gamble if - is a Pnitary gamble, we therefore also have that

Ex(& D ( Ex(& | +E6-6; forall - * Fandall >' X',
or, by the linearity of E, and E; on F [Proposition 3.3.87], that
Ex(-|) # Eo(-|») &E6-6; forall - ' Fandall >' X'.
Together with Eq. (3.40) [taking into account that this holds for any general - ' F
andany' ;- ' X'], and the fact that E, and E; are real-valued onF 9 X ' [this can
easily be seen from Proposition3.3.8,9] we obtain that
[E>(- |9 &Ez(-|9| ( B6-65 forall - * Fandall >' X',

as desired. O
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3.E.2 Proof of Proposition3.5.5

Before we prove NE4gg for Ep , we brst establish that E, satispes this
property for any precise probability tree 2, and show that both E, and Ep
are monotone.

Lemma 3.E.5. For any precise probability tree2, the upper expectatiorE,
satisPedNE4gs.

Proof. First note that E, satisbesWC5;, on F 9 X '; indeed, this can easily be
checked taking into account the last expression in Proposition3.3.879. We will use
this property two times in this proof.

Fixany ($> ' V9 X'. Then we have that

— % . &
E> (9> = inf 0/Ez(-|>): - ' span(X ‘=)&and -# 3

inf E,(-|9:-' Fand-# ¢, (3.41)

where the brst equality follows from Debpnition 3.57g, Proposition 3.3.6(ii) 76 and
Debpnition 3.376, and where the second equality follows from Lemma3.3.5+5. It thus
follows that 3 % &
E»($») #inf Ex(-[):-' Fand- #.$ .

To see that the converse inequality holds, consider any ' F suchthat- #. $ Let-?!
be the gamble that is equal to- (?) for all ? ' " (3 and that is equal to the constant
sup $for all other paths ?2 ' ! \ " (3. Thenitis clear that -* # $and that -' F.
Hence, Eq. B.41) implies that E($> ( E.(-Y3. But we have that-* =, -, and
therefore in particular that -*( . -, which by WC5g, of E, on F 9 X ! implies that

Eo(3) ( Eo(-'P) ( Eo(-1.
Since this holds for any- ' F such that - #. $ we infer that
_ % &
Ex($ (inf Ex(-]):-"' Fand- #. $ .

Taken together with the inequality above, we indeed conclude that E, satisbes
NE4gs. O

Lemma 3.E.6. For any precise probability tre and any imprecise probability
treeP ,, the upper expectation&, and Ep satisfyWC5g, onV 9 X .

Proof. SinceE, satisbedNE4gs by Lemma3.E.5, E, satisPesNC5s, on VIX '. To see
that WC5g, also holds for the upper expectationEp corresponding to any imprecise
probability tree P, it su" ces to recall Debnition3.6-,9 and use that, as we have just
proved above, for any precise probability tree 2, the upper expectation E, satisbes
WC5, onV 9 X', O

Most of the mathematical machinery that enables us to prove Propo-
sition 3.5.5¢3 is tucked away inside the following two lemmas. Though
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3.E Proof of Proposition3.5.5

fairly technical and abstract, we state them separatelyNinstead of in one
single proofNbecause they will be used later on in Section 5.4,49 to prove
a downward type of continuity for the measure-theoretic upper expectation
of Chapter 5,17.

Lemma 3.E.7. For any imprecise probability tre® y, any decreasing sequence
($)+nin Fandany>' X',

Jim Eo(8) # lim Ep (819,

where the precise probability tree is the limit of some convergent sequence
(2).-n of precise probability trees, each of which being compatible with the
imprecise treeP .

Proof. Since ($). n is decreasing andEp is monotone due to Lemma3.E.6 , we

have that lim .« .5 Ep ($|3 exists. Furthermore, note that Ep ($ |3 is real for all

+ ' N. Indeed, by Proposition 3.5.4¢,, Ep satisPesNE1ggENE3sg, and so Ep on

F 9 X' is given by the expression in Lemma3.D.556. Since ($). n is a sequence in
F, and since the local upper expectationsQ, are real-valued due to coherence [C5s],

this indeed implies that E» (%> is real forall +' N. As a result, for any bxedE> 0,

there is a sequence(2,).  of precise probability trees such that2, 0 P, and

Eun (&P +H+# supE,($]» =Ep (&9 forall +' N. (3.42)
20P y

By Lemma3.E.1;,, the sequence(2,). n has a convergent subsequence2,()) . n.

Let2! limx 45 2.() be the limit of this sequence, and let (%) n be the associated
subsequence of( $).- n. Since ($).- n is decreasing, ($)). n is also decreasing. So,
since E, is monotone by Lemma3.E.6_ , the limit lim « ¢ E2($,(‘) [ exists. Fix any
real number &> lim « 5 E;($()|» and any I ' N such that &> E,($(,[». Since
(2+()) n converges to 2, and since &)y is Pnitary, Lemma3.E.2;,; guarantees that
lim = 45 Bz, ($n1» = E2($(y»). Taking into account that & > Ex($)), this

implies that there are arbitrarily large _# I such that & > E2+(‘,)($(|)|>). For each
such", since ($%(,). n is decreasing andEzm is monotone by Lemma3.E.6. , and

since " #_I, this in turn implies that &> E,, ., ($)[»). Using Eq. (3.42), we obtain

that &> Ep ($()|») & E +("). Since this holds for arbitrarily large " # | [and thus

also for arbitrarily large +(")], we have that &# liminf « .5 Ep ($()1®. Once more
using the decreasing character of( $) - v and the monotonicity of Ep , we infer that

lim « 45 Ep ($()[» exists and that &# lim « .5 Ep ($(y[». This inequality holds for

any real number &> lim « 1¢ E,($()|», so we have that

lim Ex($()) # lim Ep ($()1.

The sequence($)) . is a subsequence of the decreasing sequencgh). n, S0 by
the monotonicity of E, and Er the above inequality implies that

lim Ex(&]9 # lim Ep (&]. (3.43)
+* +$ + +$
The desired statement then follows by moreover recalling that each2, (or 2,(,) is
compatible with P, and that 2! lim « .5 2.(,. O

125



Finitary upper expectations in discrete-time stochastic processes

Lemma 3.E.8. For any imprecise probability tre€ y, any decreasing sequence
($)+ n in F that converges to a gamblé' V, and any>' X',

sup lim E(&») = lim Ep ($]9.
20P  ** 9 s

Proof. Due to Lemma3.E.7; , we have that
Lif[js Ex(&] # Lin3$ Ep (33, (3.44)

where 2 is the limit of a convergent sequence(2).y of precise probability trees,
each of which is compatible with the imprecise tree P,. Fix any E > 0. Then by
Lemma3.E.4;,;, there is a compatible precise tree2 0 P, such that

[Eo(- 1) &Ea(- || ( B6-6 forall - " F.
Since ($)+ \ is a sequence of bnitary gambles, this implies that
[E2($]) &Ea($]9)| ( E6S65 forall +' N.

Moreover, since ($). n converges decreasingly to$, we have, for all + ' N, that
inf $( $ ( sup$ and therefore that 6%6; ( 0 ! max{6%$6s,6%65}. So the
inequality above implies that

[Eo($|9 &E2($[9)| ( EOforall +' N.
In particular, we then have that
E.($]) ( Ez2(&[» +Eoforall +' N,

and therefore, that

Jim E2(819) (im Ex(8]) +EQ
where the existence of the limit on the right-hand side follows from ($). n being de-
creasing andE; being monotone due to Lemma3.E.6,,,. Combining this inequality
with Eq. (3.44), we obtain that

Jim o (81 (im Es(S) +EQ
which by the fact that 2 0 P, implies that
Jim Ep (819 ( 250%;: Jim E>($[) +EQ

where, again, the existence of the limit on the right-hand side follows from ($).
being decreasing andE, for any 2 0 P, being monotone [Lemma 3.E.6,24]. Since
this holds for any E> 0, and since 0 = max{6%$6;, 6% 65 } is real because$and $
are gambles, we infer that

lim Ee (415 ( sup lim E;($]3).
+ +$ 20P¥+* +$

The converse inequality follows from the fact that Ep (&[> = sup210P¥E21($|>) #
Ex(%|? forall +' Nandall 20 P,. O
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3.E Proof of Proposition3.5.5

Proof of Proposition3.5.5¢3. Fix any $' V and any >' X'. Note that, because
Ep satisbesWC5g4 by Lemma 3.E.6,4,

Er (8 ( inf{Ep (-]9:-"' Fand- #. $}.

Soitsu" ces to prove thatinf{Ep (-|3: - ' Fand- #. $ ( Ep ($5.

Consider any 2 0 P . By Lemma3.E.5;»4 and Lemma3.E.6;24, we have that E,
satisPesNE4gg and WC5g,. Hence, if (-.)+ \ is the decreasing sequence of bnitary
gambles dePned by-,(?) ! sup,.,+ $(*) forall +' Nandall? " !, then by
Lemma 3.5.11y; we have that E;($]> = lim.+ .g E>(-+|». Since this holds for any
20 P, and sinceEp ($]>) = sup,p, E2($]>), we have that

Ep (§3 = sup lim E,(-+]3. (3.45)
0Py ¥ +8
Since (-.)+ N is a decreasing sequence of Pnitary gambles that is bounded below by
inf $, it converges to a gamble. Therefore, it follows from Lemma3.E.8 that the
right-hand side in the equality above is equal to lim .« .5 Ep (-.|5. Hence, we have
that Ep ($/> = lim.+ .5 Ep (-+|3). Hence, since each of the-, is a bnitary gamble for

which it holds that -, # $[this follows straightforwardly from their dePnition], we
Pnd that

inf{(Ee (-13: - Fand- #. 8 (_lim B (-] =Ee (39),

as required. O
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N Chapter IV N

G(-$ -#5%5!&$#+) ,33%& $*3B)H(H+!"%

The brst type of global upper expectation that we consider as an alternative
to the natural extension EQ, is the game-theoretic upper expectation intro-
duced and, for the most part, studied by Shafer and Vovk [85, 86, 109]. The
conceptual ideas that underlie the dePnition of this operator were essen-
tially already explained in Section 3.2.3¢1, where we introduced the bnitary
game-theoretic upper expectationEL v- Justas forEL v» the game-theoretic
upper expectation that we will consider here represents an inbPmum over the
starting capitals that allow a gamblerNthat is, SkepticNto play along the
rulesNset by ForecasterNand superhedge the gamble at hand. The main
di! erence here, however, is that we will not require Skeptic to superhedge
at a bnite time point, but only in the limit. As we will see, this modibca-
tion results in a global upper expectation with completely di! erentNand in
many cases more desirableNproperties.

The chapter is structured as follows. In Section4.1,31, we Prst intro-
duce this game-theoretic upper expectation, and then argue why it qualibes
as a suitable global model for stochastic processes. At brst, we limit our-
selves to the domainV 9 X ' of gambles and situations but, as we have dis-
cussed in Section3.6gg, we want a global upper expectation to be debPned
onV9X'. Thisis why in Section 4.2;39 we will extend the dePnition of
the game-theoretic upper expectation fromV 9 X ' to V9 X '. Two possible
approaches will be suggested here; an extension using continuity with re-
spect to upper and lower cuts, and an extension using extended real-valued
supermartingales. Though we believe the former to bear a more direct in-
terpretation, we continue to work with the latter in the remainder of the
chapter because it turns out to be mathematically more convenient and be-
cause, as we will show later on, it is completely equivalent to the former.
Until that point, we will have parametrized our game-theoretic upper expec-
tations in terms of acceptable gambles trees, yet, Sectiod.315, then shows
how game-theoretic upper expectations can be alternatively debPned starting
from upper expectations trees. Similarly to what Corollary 3.5.8¢5 showed,
it will become clear then that the game-theoretic upper expectation corre-
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local model global upper expectation
Pnitary continuity-based
I = =f
3 Ay Ea.Eav B EL
= from sets of VALY
© sets of acceptable game-theoretic
S acceptable gambles .
2 gambles . upper expectations
or martingales
(&S] = —
g coherent upper extension under Chapter 6
'% expectations coherence
2 —
o Py Ep
g sets of probability from bnitely additive Chapter 5
S mass functions probabilities
a

Figure 4.1 Overview of the global upper expectations treated in this and
previous chapters.

sponding to an acceptable gambles tree can be completely characterised in
terms of theNless expressiveNagreeing upper expectations tree.

Sections4.4,6,P4.7 140 are all devoted to establishing mathematical prop-
erties and/or generalising existing results for the game-theoretic upper ex-
pectation. We start in Section 4.4,4, by proving, amongst other properties,
an extended version of coherence, a law of iterated upper expectations, and
equality with the natural extension E(%” on F9 X"'. Section4.5,71 presents
generalised versions of DoobOs convergence theorem and LZvyOs zerobone
law, and shows that the debnition of the game-theoretic upper expectation
can be modibed in several interesting ways without d ecting the values of
the resulting game-theoretic upper expectation.

Sections4.6175 and 4.71g0 Pnally are concerned with continuity prop-
erties of the game-theoretic upper expectation: continuity with respect to
increasing bounded below sequences and continuity with respect to decreas-
ing sequences of lower cuts and decreasing sequences of Pnitary gambles are
established. We also show that the game-theoretic upper expectation does
in general not satisfy continuity with respect to decreasing sequences nor
continuity with respect to pointwise convergence of sequences of Pnitary
gambles.

In Section 4.8,55, We summarize our Pndings and use them to argue
for the use of the game-theoretic upper expectation as a global upper ex-
pectation. We also return to the question of how game-theoretic upper ex-
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pectations can be extended from gambles to extended real-valued variables,
and show that the approach that uses continuity with respect to upper and
lower cuts is equivalent to the approach that uses extended real-valued su-
permartingales. In the last section, Section4.9;57, we compare our results
to Shafer and VovkOs. It seems appropriate to devote an entire section to this
topic, because many of what we do is closey related toNor strongly inspired
byNthe work of Shafer and Vovk.

4.1 Game-theoretic upper expectations on gambles

Recall the Pnitary game-theoretic upper expec'[ationEfA v that we have
introduced in Section 3.2.3g;. It was obtained from an acceptable gambles
tree Ay by using the associated set of supermartingales and then using a
notion of superhedging. Concretely, Eq. 3.11)e3 said that, for all ($>
VIOX',

0,

EL v($» =inf 0C(>): C' M(Ay and (; " # [3) C(#1) #- $&. (4.2)

Given that we interpret the supermartingales M(A,) as the possible evolu-
tions of SkepticOs capital as he is betting against ForecasterOs belefsthe
expression above tells us that, for any($> ' V 9 X', Ea ($» is equal
to the inPmum starting capital C(>) in >such that Skeptic is able to surely
end up with more moneyNor utilityNthan what the gamble ~ $would give
him. There is an important sidenote to this formulation though; Skeptic is
required to superhedge $at somebnite time instant " # | in the future. In-
deed, Eq. @.1) involves an inbmum that is taken only over the supermartin-
gales C for which there is at least one Pnite time instant " # |3 such that
C(#1.») #- $ One can observe, for instance by recalling Example3.6.1gg,
that this superhedging at a Pnite time point becomes problematic when con-
sidering the upper expectation of gambles that are non-Pnitary; the result-
ing upper expectation is often too conservative. But what happens when we
now modify the upper expectation EfA v to also include supermartingales
that superhedge at a(n) (idealised) time instant that lies inPnitely far into
the future?

We Pbrst introduce some notation that allows us to conveniently deal with
the limit values of processes. For any real proces<C, we write liminf C to
denote the extended real-valued variable on! debned byliminf C(?) !

liminf.« .4 C(?") forall 2 ' !, and similarly for the variable limsup C.
Furthermore, for any ? ' ! such that liminf C(?) = limsup C(?), we
uselim C(?) to denote the common valueliminf C(?) =limsup C(?). If
lim C(?) exists for all ? ' ! , then we moreover letim C! liminf C =
limsup C.
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Though we have used the terminology dil erently before, henceforth,
we will say that, for any ($> ' V 9 X', a real process C superhedges
agamble $' V on " (3 if liminf C #. $Nand no longer if the stronger
condition holds that C(#.») #. $for some" # |¥. So, a processC super-
hedging a gamble $on " (5 means that, for all paths that go through > the
process C remains larger than or arbitrarily close to $as time converges to
inbnity. It is clear that this condition of superhedging at inPnity is implied
by the condition of superhedging at a Pnite time point used in Eq. (4.1),
above (since stopping a supermartingale preserves it supermartingale char-
acter; see the proof of Lemma3.2.8¢¢ or Lemma 4.C.5;1; below), but not
the other way around. By replacing the Pnitary superhedging condition in
the expression of Eq. @.1), by this weaker notion of superhedging at inbn-
ity, we arrive at a more informativeNless conservativeNtype of global upper
expectation. This type of upper expectation, we call thegame-theoretic up-
per expectation . To explicitly dePne it, for any acceptable gambles treeA,
we henceforth let M, (Ay) ! M(A,)Nthis notation will be claribed shortly.

Debnition 4.1 (The game-theoretic upper expectation on gambles) For
any acceptable gambles treeAy, the game-theoretic upper expectation
Epyv: VOX'* Risdepned, forall($>' V9X', by

0,

_ % _ &
Ep (39 =inf M (3: M ' M(Ay) and liminf M #, $ . !

Readers that are familiar with the work of Shafer and Vovk may observe
that this game-theoretic upper expectation Ek v is similar to the global up-
per expectation that they have introduced and strongly advocated for [85,
86, 109]. A thorough discussion of this connection, for E, v» as well as
for other similar debnitions further below, will be given in Section 4.9,g;.
Nonetheless, we already want to point out the following key di! erences.

First of all, most of the work in [ 85, 86, 109] is not necessarily aimed
at a setting where state spaces are Pnite; most often Shafer and Vovk con-
sider general (possibly inPnite) state spaces. Another dierence lies in the
description of the local models; they do not necessarily assume that the
local modelsNthe description of which being the Omoves® of ForecasterN
are known beforehand, that is, before Skeptic starts playing. In our case,
this is always assumed because we require the acceptable gambles tref,,
which represents ForecasterOs commitments, to be specibed from the start.
So in both respects, we are less generalNit will allow us to obtain stronger
results though. On the other hand, in their case, ForecasterOs movesNthe
local modelsNdo not take the form of local sets of acceptable gambles, but
rather the form of local upper expectations. We however believe this to be
somewhat circuitous, interpretationally speaking, since these local upper ex-
pectations are then only used to determine which local gambles Forecaster
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4.1 Game-theoretic upper expectations on gambles

wants to commit to, and therefore wants to make available to Skeptic. Fur-
thermore, as we have seen in Sectior8.1.2,g, local sets of acceptable gam-
bles are more expressive than local upper expectations, thus this assumption
could possibly impact generality in the negativeNwe will nevertheless prove
in Section 4.3;5; that this is not the case.

Though Shafer and Vovk are largely responsible for the theory of game-
theoretic probability and upper expectations as itis currently known, a num-
ber of their original ideas can be traced back in some form to Jean Ville
[107]; see the discussions in [B6, Sections 8.5D8.6] and B5, Chapter 9].
The subscript OVO i), v is intended to refer to him. The reason that we
also accompany the operator‘_EL v by a superscript Or0 is because it is debned
through the set M, (Ay) = M(A,) of all real-valued (possibly unbounded) su-
permartingales. In the sequel, we will also introduce game-theoretic upper
expectations that additionally use extended real-valued supermartingales,
or that are limited to using (extended) real-valued supermartingales that
are bounded, or bounded below.

4.1.1 The continuity properties of ErA,V

Of course, sinceE;A v Was introduced with the goal of obtaining a global
upper expectation that has stronger continuity properties and therefore re-
turns more informative upper expected values thanEL i itremains to check
whether E;\ v indeed succeeds in doing so. Recalling Example3.6.199 al-
ready hints at a positive answer.

Example 4.1.1. Reconsider the stochastic process from Exampl&.6.1qg,
but where the precise probability tree 2 is replaced by the acceptable gam-
bles tree Ay, debPned by A, ! L 4#(X) %{$"' L (X): $)) > 0} for all
>' X'. It can be checked easily thatA. is coherent for all >' X', and
therefore that Ay is indeed an acceptable gambles tree. It can furthermore
be easily seen that these two tree2 and A, lead to the same agreeing up-
per expectations treeQ,, and thus by Theorem3.5.1¢; and Theorem3.5.24;
that their Pnitary global upper expectations E, and E}, , (and E ) are equal.
We will now show thatNin contrast with what we found for  E,Nthe game-
theoretic upper probability P (4-) ! Ej y(l4.) of the event of ever hit-
ting the state * is equal to zero.

FixanyE> 0. LetM be the real process that starts inM (") ! Eand for
which the process di erence in any situation )" with " ' N takes the value
#M ())0)! &H2*in) andthevalue#M ()")(*)! 1&M ()")in*, and
for which the process dil erence in any other situation>' X '\{)": "' Np}
is equal to the constant#M (3 ! 0. Then clearly, #M (3 ' & A. for all
>' X' soM ' M,(A,). Moreover note that, for any situation )" with
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" Np, the value of M is equal to
. $ el $ ¢ L
MQO)=M(C)+ #M(O)*)())=E+ (&)=E1& 5 #0.
=1 =1 =1
Hence, for the path? 1! ))) &&,ave have that

liminf M (2% = liminf M O #0=14(2Y.
On the other hand, for any situation ) "* with " ' Ng, we have that
MO ™*)=MQ)+#M () )(*)=M())+1&M()) =1

Since for any situation >' X' such that >3 )"* for some" ' Ny, we have
that M (3 =M () "*) = 1, it follows that liminf M (?) = 1 # 4, (?) for all
? ' 4. =1\{?%. Since we already deduced thatiminf M (? ) # 14, (? 9,
we conclude that liminf M (?) # 14, (?) forall ? ' ! and therefore that
M superhedgesl,, on all of ! . Then, recalling that M Mr(A¥), we have
by DePnition 4.1,3, that

Pav(4)=Epy(la) (M (") =

Since this holds for all E> 0, we infer that PA v(4+) (0. That PA v(4:) #
0, and therefore PA v(4+) =0, can be deduced from the fact that no su-
permartingale M 1* M, (A,) can ever increase along the path? 1=))) 444
and that any M *' M, (A,) must in particular superhedge I, (?%) = 0 on
the path ? Lfor it to be included in the inPmum of Debnition 4.1;3,.

So the game-theoretic upper probabilityﬁ;A ,VNor the corresponding up-
per expectation Ej, vNindeed returns the desired value 0 for the global
gamble l4,. Furthermore, using the same type of supermartingale as the
one above, we can also infer that, for all" * No, Py y(4.) ! Ej v(l4)
is equal to 0, for 4. the event of hitting * before time " + 1. RecalllngN
from Example 3.6.199Nthat (1, ) No, is an increasing sequence such that
lim-« g 1,- = 14,, we conclude that PA v IS continuous with respect to the
increasing sequence(4 ) NONor equivalently that EA v is continuous with
respect to the increasing sequence] *) No- "

In the example above, the game-theoretic upper expectationE;\ v ex-
hibits more desirable continuity behaviour than the Dnltary upper expecta-
tion EA VNand therefore also than the upper expectations Ea , E» and EQ
Though no formal proof will be given at this point, we can already assert
that the desirable continuity behaviour of El v is not limited to the exam-
ple above; the upper expectation E;\ v satisbes continuity with respect to
general increasing sequences of gambles (that converge to a gamble) and
with respect to decreasing sequences of Pnitary gambles (that converge to a
gamble). Hence, the upper expectationEL v seems to be a suitable option
when aiming for a global model with decent continuity properties.
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4.1.2 Coherence and the relation between ErA,V and the Pnitary
global upper expectations

Of course, there is more to choosing a global model than only strong
continuity properties; an additional and very basic criterion is whether the
global model is coherent [Debnition 3.7g,]Nor, equivalently, whether it sat-
isPesWC1g,PNWC4g,. We already announce thatE; v Is coherent, but post-
pone a proof to Section4.81gg.

Another element that we might want to take into account is the relation
of our global model with the Pnitary upper expectations EL v Ea, etcetera.
As we have discussed in SectiorB.6gg, the Pnitary upper expectations are
too conservative for dealing with general global variables (and situations)
in a satisfactory manner, but there isNor seems to beNno problem with
using them on the restricted domain of Pnitary gambles (and situations).
In fact, their simple and intuitive constructionNand the fact that they are
all equalNmakes them more suited to be applied on this restricted domain
than any of the more complex continuity-based variants. Hence, from this
point of view, it would thus be desirable that our global model is at least
as smallNor at least as informativeNas EL v (or any other Pnitary upper
expectation) for general (possibly non-pnitary) global variables, but, if pos-
sible, coincides with EL v on Pnitary gambles. The game-theoretic upper
expectation Ej v also seems to score well on this count. The following re-
sult shows that Ej, v is always smaller than or equal to EA V- Afterwards
with Proposmon 4.1.4- , we establish that EA v coincides with EA v onthe
domain F9 X',

Proposition 4.1.2. For any acceptable gambles tre%,, we have that
Ep v(31) ( By y(8P) forall (83" VIX!'

Proof. Fixany ($> ' V9X', and consider anyM ' M, (A,) such thatM (#..¢ #-
$for some" # |3 and all @# ". Then, forany ? ' " (>, we clearly have that
liminf M (?) = liminf g +s M (?9 # $(?), and soliminf M #. $ Hence, by
Debnition 4.1;3,, we have that Ej, v(3» ( M (3. Since this holds for anyM

M,(A¥) such that M (#1.9 #- $for some" # [y and all @# ", Lemma 3.2.84
implies that indeed Ej, (3> ( Ej v($). O

To prove that Ej,  coincides with Ej ,, on F 9 X ', we will use the fol-
lowing lemma, which is a simple consequence of Lemma3.2.5¢3.

Lemma 4.1.3. For any acceptable gambles tré,, anyM ' M, (A,) and any
>' X', we have that

M # inf limsupM (?)# inf liminf M (?).
(3 # inf imsupM (?) # inf (2)
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Proof. SinceM ' M, (A,) [and recalling that we previously used M(A,) to denote
M, (A,)], Lemma 3.2.54; implies that, for any A' X', there is some' ' X such
that M (A # M (A"). In particular, this holds for the situation > and so there is
some' ' X suchthatM (® # M (>'). Then we can apply the same property
to the situation > | >', therefore implying that there is some '* ' X such that
MGH#MGEYH =M (>"Y. By continuing in this way,* we obtain the existence of
apath? =>" a4 forwhichitholdsthat M (3 # M (?") forall " # |5. As aresult,
we have thatM (3) # inf,. . limsup M (?). The rest of the proof is now trivial. O

Proposition 4.1.4. For any acceptable gambles tre,, we have that
Epv(8) =B, y(8) forall (§3' FOX'.

Proof. The fact that Ej (819 ( Ex v($) forall ($ ' F9 X' follows imme-
diately from Proposition 4.1.2, . To prove the converse inequality, consider any
M ' M, (Ay) such that liminf M #. & Since $is bnitary, there is some" # |3

and some- ' L (X") such that $ = -(#;.+). Sinceliminf M #. $ we also
have that liminf M #. - (#y+). Then, for any ';» ' X' such that '3+ 3 >
we have that liminf M (?) # -('1+) forall 2 ' " (' 1+), and therefore also that

info v liminf M (?) # - (' 1+). By Lemmad4.1.3, , this implies that M (' 1) #
- (" 1+). Since this holds f0r<any' 1+ ' X "suchthat' ;.- 3 > andrecalling that * # |,
and therefore that " (3 = . .3." (" 1), it follows that M (#..+) #. - (#1+) = & So
by Eq. (3.11)e3, we have Ej (81 ( M (). Since this holds for anyM ' M, (A,)
such thatliminf M #, $ Debpnition 4.1,3, implies that Ej, ,($15 ( Ep v($». O

4.1.3 Game-theoretic upper expectations in terms of bounded below
and bounded supermartingales

What makes the upper expectation EL v Particularly attractive com-
pared to, for instance, the measure-theoretic global (upper) expectations
in Chapter 5,7, is the fact that it does not rely on abstract mathematical
constructs such as measurability or! -algebras. That the depnition ofE;\ v
involves superhedging at an inbnite time horizon may be considered some-
what of an abstract and operationally meaningless concept, yet, apart from
that, E; v is entirely built on behavioural arguments. This does not only
grant the upper expectation Ek v arelatively clear and direct interpretation,
it also favours generality in the sense thatE; v Is then naturally dePned on
all gambles or variables, instead of only the measurable ones.

On top of this, there are two alternative ways of debning Ej v that
allow for an even more direct interpretation: using bounded below real-
valued supermartingales and using bounded (below and above) real-valued
supermartingales. The fact that supermartingales should be bounded below
seems like a realistic assumption; for if a supermartingale really represents

1And by adopting the Axiom of Dependent Choice (DC) .
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4.1 Game-theoretic upper expectations on gambles

a subjectOs capitalNor SkepticOs capitalNas he is gambling on the subse-
quent state values of a stochastic process, then negative supermartingale
values correspond to our subject borrowing money, which he can never do
unboundedly. We therefore think that a version of the game-theoretic upper
expectation with bounded below supermartingales makes more sense from
an interpretational point of view. Such a version was also adopted in the
past by both ourselves B, 94] and by Shafer and Vovk [86, 109]. We debne
this version below in Depbnition 4.2.

In the same way as we have argued for the use of bounded below super-
martingales, one could also argue for the use bounded (below and above)
supermartingales. Indeed, since our subjectNSkepticNshould receive his
money from someoneNForecasterNand since Forecaster can never borrow
an unbounded amount of money himself, Skeptic can never gain an un-
bounded amount of money neither. So in this sense, it seems justibed to
restrict ourselves to supermartingales that are not only bounded below, but
also bounded above. Let us next debne a version of the game-theoretic up-
per expectation with both bounded below and bounded supermartingales.

We let My, (A,) be the set of all supermartingalesM ' M, (A,) that are
bounded below; i.e. for which there is a &' R such that M (3 # &for
all >' X'. Let Mg(Ay) be furthermore the subset of M, (A,) consisting
of all supermartingales M that are bounded; so for which M and &M are
bounded below.

Debnition 4.2. For any acceptable gambles treéA, the game-theoretic up-
per expectations E;f v and Ef v are debPned, forall ($,5 "' V9X', by

Ex (3! inf /M (): M ' Mp(Ay) and liminf M #, $&
Exy(8) ! inf M(3:M ' Mg(A) and liminf M #,$. !

We next prove that these game-theoretic upper expectatlonsEA v and
EA v both coincide with = v on the entire domain V 9 X *. To do this, we
prst establish the following lemma which says that bounding a supermartin-
gale from above does not impact the fact that it is a supermartingale. We
will use, for any real process C and any 0 ' R, the notation C?° to denote
the process debned byC?°(3 ! min{ C(3), 0} forall >' X'.

Lemma 4.1.5. ForanyM ' M;(A,) and all 0 ' R, we have thatM ?° *
M (Ay).

Proof. SinceM ?°(3) ( M (3 forall >' X', it follows that M ?°(>4)( M (>&)for all
>' X' Fixany>' X'. We brst show that&*M °(5 ' A

If M (3 ( 0,then M ?°(5) =M () and therefore #M ?°(5 = M ?°(GA)&M () (
#M (3. Since &M (3 ' A., we have by the monotonicity property [ D5,g] that
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&#M7°(3) ' A.. If, on the other hand, M (5 > 0, then M ?°(5) = 0, which by the
fact that M ?°(>4)( 0 implies that #M ?°(>) ( 0. Then we once more have byD1,;
that &%#M ?°(5 ' A.. So for all situations >' X ' we bnd that &M ?°(5 ' A,, and
therefore that M 7% ' M, (A,). O

In order to prove the equality between Ej, y, Ex  and Ejx , on VI X !,
we will need yet another lemma; it says that bounding the limit inferior of
a process from above is the same as brst bounding the process from above,
and taking the limit inferior.

Lemma 4.1.6.'For any real proces<C and any path? ' !, we have that
min 0, liminf C(?*) =liminf C’°(?*)forall 0' R.
+ +$ + +$
Proof. This follows as a special case of Lemma.2.10;5, further below. O

Proposition 4.1.7. For any acceptable gambles treg,, we have that
Ep (3 =Ex (89 =Ex (3 forall (' VIX'.

Proof. Fix any ($> ' V9 X'. Since clearlyMig(Ay) : My (A)) : M (A,), we
have that Ej (83 ( Exy($ ( Exy (3. Soitsu' cesto prove thatEy (3> #
Efvv($|>). Consider anyM ' M, (A,) such that liminf M #. $ Let M, be the real
process debPned byM (A ! M (A forall A$ > and M.(A ! M (3 forall A% >
Then note that #M (A = #M (A for all A3 > and #M (A = 0 for all A$ > Since, for
all A" X', &M (A ' Anx[becauseM ' M,(Ay)]and 0' An[due to the fact that
A, satisbesD1,7], it follows that M.' M, (A,). Moreover, we clearly also have that
liminf M, =,liminf M #, $ Let0! max{sup $ M .(3+1} [which s real because $
is a gamble] and note that M 2° * M, (A,) by Lemma4.1.5, . We moreover have
that M ?° is bounded. Indeed, M ?° is bounded above by0 ' R and bounded below
by

FEI;](f! M2%A = Ajl;](f! min{M (A, 0} # AEI‘)l(f! min{M (A, M.(» +1} = Agl;l(f! M.(A
=inf M (8,

where the last equality follows from the dePnition of M. To see that this lower
bound is real, observe that, due to Lemma4.1.3135 and the fact that liminf M #. $,

|/2f>M A # |ﬁrgf>?!r]f(g liminf M (?) # 'QE?!QL) liminf M (?)
= 7ir}f()) liminf M (?) # 7ir.]f(>) $?).
Since $is a gamble and thus bounded, we indeed have thatinf, .y $(?) ' R, and
therefore that M 2° is bounded below. Recalling thatM 2° * M, (A,) and that M 2 is
bounded above, we conclude thatM 2° ' Mg (A,). Moreover, sinceliminf M, #. $
and since0 # sup $, we have by Lemma4.1.6 that liminf M 2°#. $ Hence, it follows
from the debnition of Ej ,, that Ex (8 ( M2°(3) ( M(3 = M (3. Since this
holds for any M * M(AQ such thatliminf M #. $ we obtain from the debPnition
of B v that Ey (8 ( Ej v (8. O
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4.2 Towards an appropriate depbnition for the game-theoretic up-
per expectation on extended real-valued variables

For all we could tell so far, the game-theoretic upper expectatlonsEA v
EA v andNespeciallyN EA v present themselves as excellent global models.
Yet, there is one issue: the domain of these global upper expectations con-
tains only gambles, and no unbounded or extended real(-valued) variables
in V. This is with good reason though, since extending them to the entire
domain V 9 X 'Nin a trivial way, by simply applying the same character-
ising expressionsNwould yield global upper expectations with undesirable
properties.

4.2.1 The problem with Ej , Ejy and Exy,

Let us start by pointing out the issue with the version E;\ v based on real-
valued (unbounded) supermartingales. In the sequel, we assume that the
domain of E;\ v is extended toVOX ! in atrivial way, by using the expression
in Debnition 4.1,3,. We will also require the corresponding global game-
theoretic lower expectation E' similarly as on p.64, it is debned, for all
(83" VOX' by

AV’

. % . &
Eaxv($»! sup M(3: M ' M, (A and limsupM (- $,

where M, (A,) is an alternative notation for the set M(A,) of all real sub-
martingales according to Ay, which was introduced in Section 3.2.35;. Re-
call that M, (Ay) is then the set of all real processesM such that &M '
M, (A,), or equivalently, the real processesM for which there is a betting
process Gsuch thatM (3 = M (") + CG(>) and G(>) " Asforall >' X',
Furthermore, one may agaln check thatEl, v and E y are related by con-
jugacy; soEA V(%P = &EA v(&$>) forall ($>° Vv 9 X!

An obvious property that we want general upper and lower expectations
to have is that lower expectations are always lower than or equal to the cor-
responding upper expectations. Yet, it is this very basic requirement that
is not always satisped by the game-theoretic upper and lower expectations
EA v and E . This issue was already raised by De Cooman et al.g, Ex-
ample 1], and the following example is borrowed from them.

Example 4.2.1. LetX ! {),*} and let A, be debned byA. ! {$"
L (X): $()) + $(*) # 0} forall >' X'. Clearly, the tree A, is an acceptable
gambles tree. For any: ' R., let G be the betting process debned by
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G(")! 2:(ly &) and by
5: 28 &) =)
G(' 1:") ' 3: 2"&1(|) &l*) |f 10 = %" : fora” Il:" ' x! \{u}.
0 otherwise,
Then, forall >' X ', since G (()) + G ((*) = 0, we have that &G ()

A.. Hence, ifwe let M . be the real processdebnedbM. (3! & +C©& (3
forall >' X', thenM. ' M;(A,). Moreover, note that

128t if =)
M (1) = ,&3: 2% jf 'y =*": forall "1 ' X',
go otherwise,
Hence, we have thatlim M. = liminf M. is equal toNand therefore

superhedgesNthe variable $' V debned by

§+$ if? =)) 444
$?2)! &S if? =%+ ddaforal ? ' !,
0 otherwise,

As a consequence, by the expression in Debnitiod.1,3,, we have that
EA v(® ( M. (") = & . Since this holds for any > 0, we obtain that
Ep (9 = &$. However, we also have that Ej, w(® = &E, (&9 =
&(&%$) = +$ because of symmetry considerations: indeed, if we swap the
) Os andOs in the reasoning above, theBturns into & $but the local models
A. remain unaltered. A completely similar derivation therefore yields that
Ep (&9 < : forall : ' R, and therefore that E, (&9 = &$. As a
result, we bnd that Ep (9 = &$ < +$ = E, (9. "

As a consequence of this example, the game-theoretic upper expectation
EA v With real-valued (unbounded) supermartlngales M, (A,) is unsuitable.
We are thus left with the versions EAb v and EA v as possible game-theoretic
upper expectations. One may check that the issue raised in the example
above disappears if, instead ofE} ,, we were to work with Ej ,, or Ej N
hence the reason why the former was used in B, 94]. We do not tread |nto
detail here because, as we will show next, there are other issues WltiEA v
and EA v that make these versions unsuitable as WeII

Let us prst focus on the more popular verS|orEA v- The domain of EA v
is again extended toV9X ! in a trivial way, by applying the same expression
as in Debnition 4.2437.

Example 4.2.2. Consider a stochastic process with state spac¥ ! {),*}.
Let Ay be the acceptable gambles tree debned byA+ | L #(X) %{$"
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L (X): $0)) > 0} and, forall >' X'\{"}, by A.! L 4(X). It can easily
be checked thatA, is indeed an acceptable gambles tree. In particularAy
models the case where our subject is willing to commit to any gamble on
#, as long as the gambleOs pay-dfor the outcome ) is positive (or non-
negative if the pay-o! for * is also non-negative), and where we are not
willing to gambleNin a non-trivial wayNon the state value at any other time
instant. This can be interpreted as saying that our subject is (practically)
certain about the fact that #; will take the value ), but that he is completely
uncertain or is not willing to take any risks with respect to values of the
variables #,, #3,...In terms of upper expectations, one can easily check
that Q- (I-) = O for the upper expectations treeQ, ! Q,» that agrees with
Ay, and additionally that, due to Proposition 4.1.7,38, Proposition 4.1.413¢
and Lemma3.D.1314, Ejy (1) = 0.

LetB, ' V be the hitting time of the state ):

B(?)! inf{"" N:?.=)}foral 2" !.

We want to determine the game-theoretic upper expectationEny(B)) of B,
with respect to the tree A,. To this end, consider anyM ' M, (Ay) such
that liminf M # By. Since A, =L 4(X) forall >* X' \{"}, we have that
#M (3 ( Oforall >' X '\{"}, and therefore clearly that M (* 1) # M (" 1.-)
forall '1. ' X' \{"}. This implies that M (#;) # liminf M # B,. Since
B (*** 44&) +$ , thisimpliesthat M (*) = +$ , which is impossible because
M is assumed to be real-valued. Hence, there are no supermartingaled! '
My (Ay) for which it holds that liminf M # By, and soE;f,V(B)) is equal to
the inbmum over an empty setNso it is equal to +$ .

The result that Eg)’v(B)) = +$ is again in confict with our intuition; we

would expect that ErA v(B)) = 1 because, according toA, or its agreeing up-
per expectations treeQ,, our subject is practically certain about the fact that
#,=). The factthat Ey, ,(B)) = +$ not only shows that E}; , is sometimes
too conservative; as we will show next, it also implies that ErAbN does not
satisfy continuity with respect to general increasing sequences of pnitary
gamblesRNwhich, in fact, could essentially be seen as the cause of its con-
servative behaviour. Note, by the way, that this is not in contradiction with
our claim from Section 4.1.1133, where we said that E;fvv satisbes continuity
with respect to increasing sequences of Pnitary gambles that converge to a
gambleNthe latter part of this statement is crucial.

Consider the sequence(B)?")u- n Of hitting times of ) that are stopped at
time "; so B (?) ! min{B,(?),"}forall "' Nandall? ' ! . EachB"
is a bPnitary gamble because it only depends on the brst states#;.- and is
bounded above by" (and below by 1). The sequence(B}’")--- N IS moreover
clearly increasing and converges pointwise toB,. However, one can verify
that Ef,v(Ef") = 1forall " ' N [hint: consider, for any E > 0 and any
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"' N, the real processM debned byM (")! 1+EM (®! 1forall >3)
andM (3! " forall >3 *]. Hence, we conclude that

Jim EXV(E) =11 +8 =ER (8) =ER ,(lim, 8.

It can easily be seen that exactly the same issues would arise if we were
to replace E , with Ey , in the example above (when, again, extending
the domain of Ef,v to V 9 X' in a trivial way). Or, alternatively, as an
immediate consequence of Debnition4.2,37 and the debnitions of the sets

M, (Ay) and M;g(Ay), one may observe thatEA v is always smaller than or
equal toNat least as |nformat|ve asN EA % and thus that also EA v(B) =
+$ . The fact that EA v(B") = 1forall " * N can moreover be inferred
from Proposition 4.1.713g.

In summary, the three game-theoretic upper expectatlons;EA v EA v
and EA v are all unsuitable when considering the domain V9X'. We shall
therefore want to further modify the dePnition(s) of (one of) these global
upper expectations in such a way that we obtain a new game-theoretic upper
expectation with more desirable properties. We consider two possibleN
and appropriateNways of doing so: Prstly, using extensions based on upper
and lower cuts; secondly, dePning extended local models and considering
extended real-valued supermartingales (that are bounded below). As we
will show in Section 4.81g¢, the two global upper expectations that result
from these approaches always coincide.

4.2.2 An extension using continuity with respect to upper and lower
cuts

A straightforward approach for obtaining a suitable extended game-
theoretic upper expectation is to simply use E, i EK’YV or Efyv on the
smaller domain V 9 X' where they behave nicely, and then subsequently
extend them to V9 X ! by imposing continuity Wlth respect to so-called up-
per and lower cuts.? We continue to work with EA v from here on, because it
is the version that was used the most often in the past, but one could equally
well use Ej, , or Ej ,Nwhere the latter is, interpretationally speaking, to
be preferred.

We use, for any extended real-valued function $ * L_(Y) on a non-
empty set Y, and any &' R, the notation $%to denote the variable in
L (Y) debned by $4,) ! min{$(,),& forall , ' Y, and, analogously,
$®1t0 denote the pointwise maximum of $and & For any upper expectation

2This is similar to how Tro! aes & De Cooman [L06, Chapter 15] extend the notion of
coherence from gambles to unbounded real-valued variables.
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E:L (Y) * R, the following properties are then called continuity with
respect toupper and lower cuts , respectively?

CUL E(9) =limg 45 E(F¥9Y forall $' L (Y);
CU2. E(9) = limggs E($®) forall $' L (Y).

Note that Property CUL only involves extended real-valued functions
that are bounded below. Our reason for doing so is purely mathematical:
it allows us to use CU1 and CU2 as a tool to extend any monotone upper
expectation on the set of all gamblesL (Y in an unambiguous way to the set
L_(Y). For the sake of completeness; we say that a general (unconditonal)
upper expectation E: K * Rwith K + L () is monotone if E($) ( E(-)
foranytwo $ - ' K suchthat $( -.

Lemma 4.2.3. For any upper expectatiofE on L () that is monotone, there
is a unique extensiorE to L () that satisPesCU1 and CU2.

Proof. Let E! be the upper expectation onL ,(Y) that is equal to E on L (Y) and
that is debned, for all L ,(Y)\ L (Y), by E(9) ! limg .5 E($9. Note that, since
E is monotone, the limit on the right-hand side indeed exists. Next, let E” be the
upper expectation onL (Y) that is equal to E*on L ,(Y) and that is dePned, for all
L(Y)\Lu(Y),byE (9! limggs EY($P. Again, sinceE'is monotone due to its
depnition and the fact that E is monotone, the limit on the right-hand side exists.
SinceE” extendsE", and E*extendsE, we also have thatE~ extendsE. Moreover,
E” satisbesCU2o0n L_( Y)\ L_b(Y) by debnition. That it also satisPesCU2o0n L_b(Y)
is trivial; any $' L ,(Y) is bounded below, so there is a real number& such that
$® = gfor all &( & Furthermore, since E' satisbesCU1 on L ,(Y)\ L (Y) by
debnition, and since E” extends EY, E” also satisbesCULon L ,(Y)\ L (Y). To see
that it also satispesCUlon L (YY) is againtrivial; any $' L () is bounded, so there
is surely a real number & such that %= $for all &# &. Hence, in summary,E is
an extension of E to L_(Y) that satisbesCU1 and CU2. To see thatE~ is moreover
the only upper expectation on L_( Y) that extends E and that satisPesCU1 and CU2,
can then again be reasoned in a step-wise manner, Prst checking thatU1 uniquely
determines the values onL_b(Y) \ L (Y) (in terms of the values of E), and then
checking that CU2 uniquely determines the values onL_(Y) \ L_b(Y). O

We next apply this extension method to the upper expectationEf’V(é#)
forall >' X' to arrive at our debnition of the global game-theoretic upper
expectation E, y.

Debnition 4.3. For any acceptable gambles treeA,, we let E,: v be the
unique global upper expectation onV 9 X ' that extends EX),V and is such
that, for all >' X', E, (&P satispesCUland CU2. !

3Shafer and Vovk call CU2 Obounded-below supportd; se@5] Exercise 6.9]
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Proof. Let us show that EA v exists (and is unlque) Consider any>"' X'. It can
easily be inferred from DePnition 4.2, 3; that EA V(a1>) on V is monotone, and thus by
Lemma4.2.3, that there is a unique exten5|0n EA v(ah to V that satisbesCU1,

and CU2 . Hence, the upper expectatlonsEA v(ap forall > X' form a global
upper expectation EA yon V 9 X' that satispes the desired properties. O

Why do we believe this way of dePning an extended game-theoretic up-
per expectation E; v is appropriate? Our answer is based on our interpre-
tation of unbounded and extended real-valued global variables; a variable
$' V that is not bounded is, at least in this game-theoretic chapter, re-
garded as an abstract idealisation of the gamble( $°% )@ Nthat is bounded
above by & and bounded below by &Nfor arbitrarily large positive & ' R
and arbitrarily large negative & ' R<. This makes sense, to us, because
game-theoretic upper expectations have a behavioural justibpcation and so
variablesNbounded, unbounded or extended real-valuedNare typically in-
terpreted as uncertain pay-d s. But what does it mean for a pay-d to be
inbnite? Or even, what does it mean for a bet to be unbounded in its possi-
ble values? In reality, there is always only a Pnite amount of money, and so
the variables in V\ V can be given only an indirect interpretation.* The ap-
proach described above then seems one of the most intuitive ways to do so.
Then, given this indirect interpretation, extending Ef‘v with E; v seems
Iike a logical thing to do; CUl, and CU2 guarantee that the values of
EA v On unbounded, possmly extended real-valued variables are simply ide-
alised, limit values of EA v On gambles obtained from cutting variables at
su" ciently large values.

Another reason is that AxiomsCU1, and CU2 are rather weak. Ax-
iom CU2 can be justibed by a conservativity argument; imposing it on
top of CU1, is equivalent to taking the largestNthe most conservativeN
monotone global upper expectation that coincides with E:),v and satisbes
CU1 . Axiom CUL on the other hand can be seen as a weakened ver-
sion of the continuity with respect to increasing sequencesNor continuity
from belowRthat is often adopted, either directly, e.g. in [ 85, Part II], or
indirectly as a consequence of the continuity of the underlying probability
measure or capacity; see e.g.}, 29, 31].

In spite of all this, extending the upper expectation EA v (or EA v or
EA v) through Axioms CUL and CU2 is not that common. A technique
that is used more often consists in directly applying the expression for the
upper expectation Efyv in Debnition 4.2,3; to the entire domain V 9 X !,
but with the real-valued supermartingales replaced by extended real-valued
ones [85, 97, 98]. This of course brst requires us to extend the local un-

4A similar observation can actually be made about gambles inV that are non-bnitary; see
Section 6.1gs5.
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4.2 Game-theoretic upper expectations on extended real-valued variables

certainty models A.Nor Q.Nto allow for such extended real-valued super-
martingales. Such an approach will be the topic of the next section.

Remarkably enough, as we will see in Section 4.8,55, the ex-
tended game-theoretic upper expectation that results from this Oextended
supermartingaleQ-approach is identical to the operatoE,: v we have in-
troduced here. It therefore does not matter which extension procedure
is chosen. We will state and derive most of our future results in terms
of the game-theoretic upper expectation with extended real supermartin-
gales, because it is mathematically more convenient and because this type
of upper expectation is more widely used [85, 88]. In principle, however,
we favour the use of E; v» because relying on extended real-valued su-
permartingales undermines what we think is a key strength of the game-
theoretic approach: that supermartingalesNand hence the resulting game-
theoretic upper expectationsNcan be given a clear behavioural meaning in
terms of betting.

4.2.3 An extension using extended local sets of acceptable gambles

In order to allow for extended real-valued supermartingales, we prst
need to extend the local sets of acceptable gamble#\, such that they can
possibly also contain extended real variables onX . However, our notion of
acceptability hinged on a behavioural interpretation, which we cannot di-
rectly apply to extended real variablesNa point that we have already raised
in the previous section. We therefore brst need to extend the notion of ac-
ceptability itself. We propose the following approach for bnite state spaces.

DePnition 4.4 (Acceptability for extended real variables). We say that an
extended real variable $ ' L (X)\ L (X) is acceptable if there is some
& ' R. such that the gamble ($°%)@ is acceptable for all& ' R«. !

Debpnition 4.4 can be seen to make most sense when reasoning in a step-
wise manner as follows. Suppose that for some$ ' L_(X )\ L (X), there
isa& ' R suchthat (%)@ ' A forall & ' R.. Then the gamble
($%)@ is acceptable no matter how far we bound $°% from below by
& < 0. As we have discussed in the previous section, we regards’% to
be an abstraction of ($°%)@ for arbitrarily large negative & ' R., so itis
sensible to call % itself acceptableNnote that this is indeed in accordance
with our depPnition above, because (($%)?%)® = ($°4)@ is acceptable
for all & ' R<. The fact that we then also call $acceptable, follows from a
monotonicity argument: $is deemed acceptable becausé&’ is acceptable
and ¥4 (&

Unlike our original notion of acceptability, which was purely interpreta-
tional and had no direct mathematical consequencesNcoherence did the
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work thereNour extended debnition of acceptability inevitably imposes
structure on a set of acceptable variables. This structure immediately al-
lows us to associate with a general coherent set of acceptable gamble& on
X a unique extended set of acceptable variableA >,

Debnition 4.5. For any coherent set of acceptable gamble®\ + L (X ), the
corresponding extended set of acceptable variableA > + L_(X ) is the set
that includes A and additionally contains any variable $' L_(X )\ L (X)
for which there is some & ' R. such that ($%)@® ' A forall &' R.. !

The following corollary provides a characterisation for the extended sets
A>that is more practical to work with.

Corollary 4.2.4. For any coherent set of acceptable gamblgs+ L (X ), the
corresponding extended set of acceptable varialfles+ L_(X ) is the set of all
variables $' L (X ) for which there is some& ' R. such that($4)@ ' A
forall & ' R..

Proof. Let Albe the set of all variables $' L (X ) for which there is some & ' R,
such that (%)@ ' A forall & ' R.. Then it is clear by DePnition 4.5 that
the intersection of Alwith L (X)\ L (X) is equal to the intersection of A> with
L (X)\L (X). Hence, since

Al= AL, T(X)\L(X) % AL, L (X)),

and similarly for A>, it su" ces to prove thatA!, L (X )isequaltoA>, L (X ). The
latter is equal to A due to DePnition 4.5, so we need to show thatA®, L (X ) =A.
Consider any gamblein$' A andlet & ' R, be any positive real number such
that & # sup$' R. Then we have that $& = $' A. Moreover, forany & ' R.,
we have that ($%)@ # §%. Then since % ' A and since A satisPesD5,5, we
also bnd that (%)@ ' A. Hence, we have that($%)@ ' A forall &' R., and
therefore by the debnition of A'that $' AL Since this is true for any gamble $' A,
we obtain that A*4 A and therefore that A1, L (X) 4 A. To prove the converse
inclusion, consider any gamble $' A, L (X ). Then, according to the dePnition
of AL thereisa& ' R. such that (§%)® ' A forall & ' R.. In particular, for
any & ' Rosuchthat& ( inf % ' R, we have that §% = (§£%)@® ' A. Since
$# $% and since $is a gamble, the coherence P5,] of A implies that $' A.
Hence, we have that$' A forall $' Al L (X),andthereforethat AL, L (X) + A
as desired. O

The following result moreover shows that an extended version of the
monotonicity property [ D5,g] for coherent sets of acceptable gambles holds
for the extended sets A>. We will require it later on, to prove Proposi-
tion 4.3.1153.
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Lemma 4.2.5. Consider any local set of acceptable gambksand let A> be
its extension according to Debnitiod.5 . Then, for any - ' L (X ) such
that $( -, we have that- ' A>if $' A~

Proof. First note that, for any two gambles $,- ' L (X ) such that $( -, the mono-
tonicity property holds because A satisbesD5,g due to its coherence, and because
A>, L 4(X) = A duetoDebnition4.5 . Now consider any two general $, - L_(X )
such that $( -, and assume that$' A>. Then Corollary 4.2.4_ implies that there
isa& ' R, suchthat (§%)@ ' A forall &' R.. Since $( -, we also have that
(F%)@ ( (-?&)® forall & ' R.. Moreover, since both ($%)® and (-?%)@ are
gambles for all & ' R., and since we already established the monotonicity prop-
erty for gambles in A, we obtain that (-?%)® ' A forall & ' R.. Hence, by
Corollary 4.2.4. , we have that- ' A>. O

Extended real supermartingales

The previously introduced debnition of an extended set of acceptable gam-
bles can in particular be applied to the individual components of an accept-
able gambles treeA to form the corresponding extended tree Ay; for any
>' X', AZis then the extended set of acceptable variables that corresponds
to A, as described in Debnition4.5 . Such an extended treeAy can then
subsequently be used to debPne extended real(-valued) supermartingales.
Before we do so, let us reconsider the relation between processes and their
(process) di! erences in case they are extended real-valued.

We adopt similar debnitions as in Chapter 345; an extended real(-
valued) process C is an extended real-valued map onX ', while an ex-
tended betting process G is a map that associates with each>' X' an
extended real variable G(3 ' L (X ). The process di erence# C can also
be debned similarly as before, as the extended betting process which is, for
any>' X', equal to

#C(»! C(A)& C( with Ca)()! C(>')forall ' ' X .

Conversely, with an extended betting processG, we associate an extended
real process C€ debned by

1
CG(I 1:") ! G(I 1:@(I @1) forall ' 1" "X !-
@0
However, note that, since we are summing and subtracting extended real
numbersNrecall Section 1.6,4 for the associated conventionsNthese rela-
tions between processes and process Herences are not one-to-one any
more (even if we Pxed the initial value of the process). That is, there may
be multiple di! erent extended real processesNwith the same initial valueN
that have the same process dierence and, vice versa, there may be multiple
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di! erent extended betting processes that result in the same extended real
process. As aresult, given an extended real proces€, \#e do not necessarily
have, forall ' ;. ' X', that C(' 1) is equalto C(") + "@%# C( 19( @1)-
In fact, there does not even necessarily exist an extended betting process
G such that C is equal to the extended real processC(") + C®. This is
for instance the case if C is such that C(> = +$ and C(A ' R for some
>A'" X' and A$ >

Similarly as in Section 3.2.35;, we say that an extended real pro-
cessM is a(n) (extended real) supermartingale according to an accept-
able gambles tree A, if there is an extended betting process G such that
MG =M(")+CCS(>and&G(> ' AZforall >' X'. Note that, since
the sets AZ include the sets A, by depnition, we have that anyNrealN
supermartingale according to our earlier debnition from Section 3.2.3¢; is
still an extended real supermartingale according to our current debnition,
hence why we simply adopted the same terminology. A subtlety worth point-
ing out, though, is that, in contrast with the real supermartingales intro-
duced in Section 3.2.341, the extended real supermartingales debned here
cannot be alternatively characterised by means of process dierences; that
is, an extended real processC for which &# C(> ' AZforall >' X' is
not necessarily a supermartingale, and conversely, for an extended real su-
permartingale M, we do not necessarily have that&#M (3 ' AZ for all
>' X'. This is due to the fact that, as just mentioned, the relations be-
tween extended real processes, process terences and betting processes
are more tedious than if they were to take values in the reals. We choose
to debne extended real supermartingales as above, with acceptable betting
processes, and not with process dierences, because the latter would pre-
clude a supermartingale to remain (in all the following situations) in +$
once it has attained +$ ; indeed, if M (3 = +$ and M (34)= +$ , then we
have that &#M (3 = &(+$) = &$, which can never be an element of A
(whatever the acceptable gambles tree) due toD2,7. A similar observation
can be made for a process attaining the constant valu&&$ . It can be shown
that forcing a supermartingale to change its value (in at least one of the fol-
lowing situations) after it has reached +$ or &$ would yield some rather
undesirable € ects; and intuitively too, it would plainly seem unnatural if
we were to preclude a supermartingale from remaining constant on some
values.

Finally, similarly as before and without going into the details, we say that
an extended real procesdM is a(n) (extended real) submartingale accord-
ingto Ayif &M is an extended real supermartingale according toANit can
be checked that any real submartingale as debned before, in SectioB.2.3¢;,
is an extended real submartingale as debned here.
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A dePnitive version of the game-theoretic upper expectation

We next apply the previously introduced concepts about extended real-
valued supermartingales and submartingales to debPne a modiPed version
of the game-theoretic upper expectationﬁf v- We let Meb(Ay) be the set of
all extended real bounded below supermartingales according toAy, and we
let M, (Ay) be the set of all extended real boundedabove submartingales
according to Ay. SoM ' M, (Ay) ifand only if &M ' Mep(Ay).

Debnition 4.6 (The game-theoretic upper/lower expectation with extended
real supermarting_ales that are bounded below/above). For any acceptable
gambles tree Ay, EZbVV and Eib’\, are debned, forall ($> ' V9X', by

%

_ &
Eibv($|>) inf M (: M ' Mg(A,) and liminf M #, $ ;
A V($|>) I sup M >:M "' M, (A and limsupM (> $ . !

Due to the following conjugacy relation, we are again allowed to focus
on upper expectations.

Corollary 4.2.6 (Conjugacy). For any acceptable gambles trek,, we have
that EX (8] = &Ex (&8 forall ($) ' VIX .

Proof. This can easily be derived from the dePnitions of_Eibyv and Eib’\,, and the fact
that M ' M_ (A,) if and only if &M ' Mes(Ay). O

Similar modibcations of the upper expectationsE vand ErABN with ex-
tended real supermartingales can also be proposed, but it is easy to see,
based on our earlier considerations, that these modibcations will turn out to
be unsuitable. Indeed, in the case ofEf,V, one cannot really speak of a mod-
ibcation because working with bounded extended real supermartingales is
the same as working with the setMrB(AQ of all bounded real supermartin-
gales, which was already used in Debnitiord.2,37. The modibcation ofEL v
then, would consist in working with all extended real (unbounded) super-
martingales, which, as mentioned before, includes all real (unbounded) su-
permartingales M, (A). The resulting global upper expectation would thus
surely be smaller than or equal toE;A ’VNand the corresponding global lower
expectation would be larger than or equal to E; ’VNand so the same issue
as in Example4.2.1;39 would then arise.

To the contrary, the global game-theoretic upper expectationEeAb'V bxes
all the issues raised previously. Let us check that it does so for the issue in
Example 4.2.2140.

Example 4.2.7. Let A, be the same acceptable gambles tree as in Exam-
ple 4.2.2149; so A« isequal toL 4(X) %{$"' L (X): $)) > 0}, and
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A.=Lyu(X)forall >' X'\{"}. Then it can be checked using DePni-
tion 4-5146 that

AT =L #(X)%{$' L (X): $0) >0},

where L 4 (X ) is the set of all non-negative variables inL (X ). Hence, an ex-
tended real processM that is obtained from an extended betting process G
for which G(")()) <0Oand, forall >' X'\{"},&G(>=0" A.=L 4(X),
is a supermartingale according to Ay. In particular, for any E > 0, the ex-
tended real processM debned by

ivE if>="
MO! 1 if >3); forall >' X',
§+$ if >3 *,

is a supermartingale according toAy. Since it is also clearly bounded below,
we have that M ' Megp(Ay). Moreover, M superhedges the variableB,
on all paths; even on? = *** gaéahere B (?) = +$. So it follows from
Debnition 4.6, that EA V(B Y(M(() = 1+E Since thisis true forallE> 0,
we bnd that EA v(B) ( 1. To see that EA v(B)) # 1, note that, for any
>' X '\{"}, sinceA.=L 4(X), the extended set of acceptable variables\
is equal to Ly (X). Hence, together with the form of A, we infer that any
supermartingale M ' Mgy (Ay) must always remain equal or decrease on all
paths? ' "()). So, foranyM ' Mgp(Ay) such that liminf M # B # 1,
we have that M (") # 1, and thus by Debnition 4.6, that EA v(B) #
1. Hence, we bnd that EA v(B)) = 1, which indeed corresponds to our
intuition. This is contrast with the result in Example 4.2.2149, where we
obtained that Ej /(B)) = +$ . "

We encourage the reader to moreover check thatE,ibV does also not
sul er from the same issue as the one raised foEA v in Example 4.2.113.
Furthermore as we will show next, EA v is an extension of (the restriction
of) EA yon V9X Nor, by Proposmon 4.1.713, Ep vor EA yon VIX'N
and therefore EA vonVIX!'canbe mterpreted in the same intuitive way
as EA v+ Hence, due to this equallty, EA v behaves in the same desirable
way in Example 4.1.1,33 as EA V-

Proposition 4.2.8. For any acceptable gambles treg,, we have that
EX V(8 =Ex (8 forall (39" VIX'.
This equality remains to hold if we replac&y \ by Ej v or Ej v.

The proof of this result is based on the following two lemmas, which
are similar to Lemma4.1.5,37 and Lemma4.1.6,3g, but deal with extended
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real processes. Just as before, for any extended real process and any real
number 0, C?° denotes the extended real process dePned byC?°(>) !
min{ C(), 0} forall >' X'.

Eemma 4.2.9. ForanyM ' Mep(Ay) and all 0 ' R, we have thatM ?°
MrB(A¥)-

Proof. Let Gbe the extended betting process such thaM (5 =M (") + C¢(>) and
&G(» ' AZforall >' X'. Note that the processM ?° is bounded (and thus real-
valued) becauseM is bounded below. We moreover prove that&#M ?°(>) ' A. for
all > X',

Fixany>" X'. First suppose thatM () ( 0 and therefore that M (5 = M ().
SinceM ?° is real-valued, M (3) is real. We moreover have thatM (32)# M ?°(>4)by
the debnition of M ?°, so we can infer that

G(® =G +M (&M () =M (A&M (3 # M*°(8)&M (3
=M 70(>é)&M ?0(>)
=#M?°(y

Hence, since &G(» ' AZ by assumption, we infer by Lemma 4.2.5,4¢ that

&#M?0(3) ' AZ Then also&#M?°(3) ' A, because#M °°(5) is a gamble [since

M %0 is real-valued] and A2, L (X) = A. [due to DePnition 4.514¢].

On the other hand, suppose thatM (5 > 0 and therefore that M ?°(3) = 0.
Then sinceM ?°(>8)( 0, we know that #M ?°(5 ( 0. Since#M ?°(>) is moreover
a gamble [since M ?° is real-valued], we have by D1,; that &M ?°(>) ' A.. So we
conclude that &#M ?°(3 ' A.forall >' X', and therefore that M ?° ' M,g(A,) as

desired. O
Lemma 4.2.10. For any extended real proces€ and any path? ' !, we
have that

! "

min 0, liminf C(?*) =liminf C’°(?*)forall 0' R.

+ +$ + +$

Proof. Fixany 0 ' R. Itis easy to check that

HSa ?0 +\ — H 2?0 +\ — : H +

Ilmr%f C(? )—apriQL C(? )—ighr‘)lng min{ C(?"), 0}
= supmin{inf C(? "), 0}
H'N +#H O

=min supinf C(?%),0
IH-E+#H ( )

= min O,Iirpigf Cc(?") . O

Proof of Proposition4.2.8 . Fixany (' VOX'. ThatEx (8 ( Ex (8
follows immediately from the fact that M,g(A,) + Me,(Ay) [because eachAZ is
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an extension of A.] and the debnitions of Ej , and Ej , [DePnition 4.6,4 and
Debpnition 4.2;3;]. To prove the converse inequality, consider anyM Meb(A¥) such
that liminf M #. $, and let 0 be any real number such that0 > sup($|>Nwhich

exists because$is a gamble, and thereforesup($» ' R. Then, by Lemma4.2.9, ,
we have thatM 70 ' M,B(AQ. Moreover, it follows from Lemma 4.2.10, that, for
any? ' " (3,

liminf M ?%(?) = min {0, liminf M (?)} # min {0, $(?)}
# min {sup($/>), $(?)} = ¥(?),
which implies that liminf M ?° #. $ Hence, by DePnition 4.2,5;, we bnd that
EA V(8 ( M?°(9 ( M (9. Since this holds for anyM ' Mg (A,) such that

liminf M #. $ we conclude that by Debnltlon 4.6449 that EA V(8P ( Ef\bv($|>)
The remaining statement for E,, vand EA v follows from Proposition 4.1.7135. [

From what we know so far, EA v seems to be the best choice among
all the game-theoretic upper expectations E, v EA v EA v (and the hy-
pothetical one EA v)- Furthermore, as we will show in further sections of
this chapter, EA v satisPes a broad variety of desirable propert|es On top
of this, the upper expectation EA v does not only coincide with EA v on
V 9 X!, but, as we have claimed in Section4.2.214,, and as we will prove
in Section 4.8, it also coincidesNon all of V 9 X ! Nwith the version E; v
that results from the more direct, and perhaps more intuitive approach using
upper and lower cuts. As a result of these considerations, we will adopt the
upper expectation Eibvv as our game-theoretic upper expectation of choice.

4.3 Game-theoretic upper expectations in terms of upper expec-
tations trees

As a brst stepin our mathematical analysis oEA v, We develop an alter-
native expression forEA v interms of upper expectations treesQ, and their
corresponding extensmnsQ¥ The reason for doing this is that it leads to a
conclusion that is similar to Corollary 3.5.8gs5: as far as the game-theoretic
upper expectation Eibv\, is concerned, the boundary structure of the setsA.
is irrelevantNthe agreeing upper expectations tree Q, debned according to

. —eb .
Eq. (3.1)s0 completely characterisesE,"y,. As a consequence, it makes sense
to prove such a property in the beginning, before we derive further math-
ematical properties, because it will then allow us to reduce the degrees of
freedom along which the initial local models can vary, therefore simplify-
. . . —eb .
ing matters considerably. Moreover, the representation ofE, , in terms of
upper expectations trees lies closer to Shafer and VovkOs approach, and will
therefore, in Section 4.9,g7, allow us to relate our work to theirs in a clearer
fashion.
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In order to establish this result, we brst need to know how we extend
an upper expectations treeQ, to a tree 6; consisting of extended upper ex-
pectations QZ on L_(X ). These can then be used to debne the notion of
an extended real supermartingale corresponding to a treeQ, and to subse-
quently debne corresponding game-theoretic upper expectations.

4.3.1 Extended local upper expectations

Just as we did in Section4.2.214, for global upper expectations, we can
uniquely extend a local upper expectationOs domain fronk. (X ) to L_(X )
by imposing continuity with respect to upper and lower cuts . Indeed, any
local upper expectation Q (corresponding to any general situation) is coher-
ent and therefore monotone [C4s3], SO Lemma 4.2.3143 ensures that there
is a unique extension Q” to L (X ) that satispesCUZLj43 and CU243. We
refer to Q” as the extended local upper expectation corresponding to Q.
We will also call any map Q”: L_(X) * R an extended local upper ex-
pectation (without further ado) if 6> satisPesCU1;43 and CU243, and if
Q’ is the extension of a (coherent) local upper expectationQ on L (X )N
or, equivalently, if the restriction of Q" to L (X ) is coherent. Care should
be taken here, because the unconditional notion of coherence introduced
in Debnition 2.63, only applies to (unconditional) upper expectations that
are real-valued. For general (unconditional) upper expectations onL (X ),
being real-valued is henceforth implicitly adopted as part ofNin addition
to either of the conditions (i) 32ii) 3, in DePnition 2.63,Nthe debnition of
coherence.

Notably, this extension procedure for local upper expectations can be
additionally motivated by the fact that it is in accordance with how we have
extended local sets of acceptable gambles in Sectiod.2.3145. For, consider
any (coherent) local set of acceptable gamblesA + L (X)), its extension A >
according to Debnition 4.5145, and let Q : L (X ) * R be debned similarly
asin Eq. (3.1)so, by

Q(9! inf{: " R:: &S A% (4.2)

Then, as we next show@; is an extended local upper expectation according
to our debnition above. The converse is also true; for any extended local
upper expectation Q” according to our debnition above, there is always a
(coherent) local set of acceptable gamblesA + L (X ) such thatQ” = 6; .

Proposition 4.3.1. For any local set of acceptable gamblés 6; is equal to
the extended local upper expectatio” corresponding to the local upper ex-
pectationQ ! Q, that agrees withA according to Eq(3.1)5,. Furthermore,
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for any local upper expectatio, the extensioQ” is equal toQ,, , with A any
local set of acceptable gambles that agrees w@haccording to Eq(3.1)s0.

This result essentially states that, for any local set of acceptable gambles
A and any local upper expectation Q that agree in the sense of Eq. 8.1)so,
the corresponding extensionsA > and Q” also Oagree, in the sense t@t =
Q’. Then also note that, sinceQ is equal to Q4 by Eq. (3.1)s0, this equality
between Q, and Q" = (Qa)” makes sure that no possible confusion can
arise about the meaning on; .

Our proof of Proposition 4.3.1, relies on the following lemma, which
says tha@; for any local set of acceptable gamblesA is an extension of the
agreeing upper expectationQ, .

Lemma 4.33. For any local set of acceptable gamblas 6; extends the upper
expectationQ, deduced fromA according to Eq(3.1)s0.

Proof. Consider any $' L (X ) and observe thatalso: & $' L (X) forall : ' R.
So, sinceA>, L (X) = A according to Debnition 4.546, we obtain from Eq. (4.2),
and Eq. (3.1)s that

Qr(9=inf{: ' R:: &$' A} =inf{: ' R:: &$' A>, L (X)}
=inf{: ' R:: &$' A} =Qa (9. O

We will also need the following monotonicity property for the extended
models Q,, .

Lemma 4.3.3. For any local set of acceptable gamblés and any two § -
L (X) such that$( -, we have thatQ; ($) ( Q; (-).

Proof. Observe from Lemma4.2.5,4¢ that, forany : ' R suchthat (0 &-) ' A>
(: &9 "' A= The desired inequality then follows from Eq. (3.1)sp. O

Proof of Propositiord.3.1; . Consider any (coherent) local set of acceptable gam-
bles A, let A> be the corresponding extended set [according to DePnition4.5146],
and let 6; be debned by Eq. 4.2), . First note that, due to Lemma4.3.2, the upper
expectation Q, extendsQ = Q, . We next show that Q, satisPesCUly3. Fix any
$' L p(X). Due to Lemma4.3.3, we have that

QA ($%) ( Qr (%) ( Qi (9 forany tworeals & ( &.

On the one hand, this implies that the limit limg g 5; (%9 exists, and on the
other hand, this implies that limg s Q; (¥ ( Q; (9. So it remains to prove that
limg s Qx ($9 # Q; (9. Consider any: ' R such that: > limg .5 Q; (§9).
Choose any& ' R. suchthat& > : &inf $=sup(: & $) [which is possible because$
is bounded below] and any & ' R.. Consider also any&' R, suchthat& > : &&.
Then by Lemma4.3.3 and since $% is increasing for increasing & we have that
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> limg 15 Q; (¥9 # Q. (§9). Then it follows from Eq. (4.2)1ss that there is
areal:g ( : suchthat: g & F¢ ' A> which by Lemma 4.2.5,4¢ implies that
. & ¥¢' A>. Some basic manipulations of the latter variable then gives us that

(&9 =( +&9°¥) =(: &¥)" A~

Since& > : && andthus & > : &#&, it follows once again from Lemma 4.2.5146 that
(: & 9@ ' A> We also have that& > sup(: & 9 and thus that (: & §?& @ =
(: &9 ' A> Hence, since (: &$)7‘§1'@9 is a gamble, we have by DepPnitiord.514¢
that (0 & $)?81'@Q ' A. Since this holds for any & ' R, and since & is a posi-
tive real number, it follows from Corollary 4.2.4,4¢ that (: & $) ' A>. Hence, by
Eq. (4.2)153, we obtain that 6; (9 ( :. Since this holds for any: ' R such that
: > limg 45 Q; (89, we indeed have thatQ; (9) ( lime +s Q (§9.

Next, we prove that Q; also satisPesCU243. Consider any $' L (X ). That
limgss Q ($%) exists and thatQ; (9) ( limges Q, ($%) follows in a similar way
as before from Lemma4.3.3, . To prove that lim ggg 6; (59 ( 6; (9, consider
any: ' Rsuchthat(: & $ ' A> Then Corollary 4.2.4,4¢ guarantees that there is
a& ' R, suchthat (: & SlS)?‘g‘l'@?‘2 ' Aforall &' R.. Consider any&' R such
that &< : & &. We show that: & $%' A>. To this end, start by noting that

D& $F=: 4 (&Y= (& YT
So, forany & ' R., we have that

(: & $@2¢)?89_'@Q = (( & $)?:&1§()?<§41'@Q7
which by the fact that &< : & &, and thus & < : & & implies that

(&8 (g yTe %

Since (¢ & $7% ® ' A, we thus have that (: & $%)?% @® ' A Since this holds
forany & ' R., we obtain by Corollary 4.2.4,4 that : & $%' A>and therefore
by Eq. (4.2):55 that Q; ($%) ( :. By Lemma4.3.3, , this then also implies that
limges Qx ($%) ( :. This holds for any : ' R suchthat (: & $) ' A>, so by
Eq. (4.2) 155 this implies that limges Q, ($%) ( Q, (9$) as desired.

Hence, we have shown that the upper expectationQ; satispesCU143 and
CU2y,3, and that it extends Q. As a consequenceQ; is equal to the extended local
upper expectation Q” corresponding to Q.

The remaining implication now follows straightforwardly from the Prst. Indeed,
consider any local upper expectationQ, let Q" be the corresponding extension, and
let A be any (coherent) local set of acceptable gambles such tha@ = Q, with Qa
debned by Eq. @.1)s [it is clear from our considerations in Section 3.1.24¢ that

there is always such a set; e.g. the one described in Eq.32)s;]. It then follows from
the brstimplication that Q; is equal to the extended local upper expectationQ”. [

4.3.2 Basic properties for extended local upper expectations

We next prove that extended local upper expectations satisfy some basic
properties that are similar to the coherence properties [C13,BC6s3], but ex-
tended to involve extended real variables inL ,(X ). Moreover, we also show
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that extended local upper expectations satisfy a monotone convergence and
a countable subadditivity property for variables in Ly (X); seeLE6and LE7
below. We focus onL ,(X ) instead of L (X ), because these properties will
mainly be used later on to say something about the local behaviour of su-
permartingales, which we always consider to be bounded below. Moreover,
because we are only interested in variables inL_b(X ), Axiom CU243 is ir-
relevant and so, to remain as general as possible, we do not requir€€CU2;43
to be satisbed for the upper expectations in the following proposition.

Proposition 4.3.4. Consider any upper expectatiof”: L_(X ) * R thatis
coherent onL (X ) and that satisPesCU1;43. Then we have that

LEL &$ <inf $( Q(9 ( supsforall $' L p(Y);

LE2 Q($+-) ( Q(9+Q(-) forall $- ' Lu(Y);

LE3 Q°(($) = (Q (9 forall (' Ryandall $' L ,(Y);

LE4 $( -- Q(9 ( Q(-)forall &-"' Lu(Y);

LE5 Q($+:)=0Q7(9+; forall ; ' R%{+$}andall $' L n(Y):

LE6. lim.+ 15 Q*($) = Q" (lim.+ 45 $) for any increasing sequences$ ). n
inLp(Y);

LE7. Q° (# wn8) ( # +NQ7($) for any sequencd $).+ N of non-negative
variables inL , (X );

LE8 Q((+$)9) = (+$)Q’(9 for all non-negative$' L (X ).

Proof. We brst proveLE4. Fix any $- ' L ,(Y) such that $ ( -. Then, for any
&' R, we also have that % ( -7% Both $%and -?% are gambles because$ and
- are bounded below, so it follows from the coherence [C4s;] of Q" on L (X ) that
Q(¥9 ( Q(-?9. Since this holds for any &' R, we have by CU1,45 that

(9= Jim T(F9 ( Jim T"9=TC).

LEL Fixany $' L ,(X ). If sup$=+$ , we trivially have that Q*($) ( sup & If
sup $is real, it follows immediately from LE4that Q™($) ( Q (sup $). We have that
Q’(sup $) = sup $becausesup $is real and Q” is coherent [C5s5] on L (X ). Hence,
we then also have thatQ’($) ( sup $ That sup $= &$, is impossible because$ is
bounded below. To see that&$ < inf $( Q($), note that inf $is real or equal to
+$ [because $is bounded below] and therefore that &3 < inf $is automatically
satisped. Moreover, for any real: < inf $we clearly have that: < $ implying by
LE4 and the coherence [C555] of Q" onL (X ) that: = Q7(:) ( Q7($. Since this
holds for any : < inf $we indeed have thatinf $( Q’(9).

LES Fixany; ' R%{+$}andany $' L(Y). If ; = +$, then $+; = +$
because $is bounded below. The fact that $is bounded below also implies byLE1
that Q°(9 ' R %{+$}, and thus that Q°($ +; = +$. So it su' ces to prove
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that Q”(+$) = +$; this holds due to LE1 . So assume that; ' R. Consider
any &' R and note that ($+;)%% = % + ;. Since §¥% is a gamble because$
is bounded below, it then follows from the coherence [C633] of Q" on L (X ) that
Q(($+:)?9) = Q7 (¥%) +; . Since this holds for all &' R, it follows from CUZ;43
that

Q($+:) = Jim Q(($+;)™9 = Jim Q(FE)+; =Q(9+; .

LE2 . Fixany - ' Lp(X). Let),* ' R be suchthat) ( inf $and* ( inf -
[which is possible because $ and - are bounded below], and let $ ! $&) and
-11 - &*; then $'and -tare both non-negative. Consider any positive&' R and
note that the non-negativity of $ and -*implies that ($+-9?% ( ()¢ + (-)°%
Indeed, for any ' ' X, we either have that $(') # & that -1(") # &or that both
()< &and-1(") < & If $(') # & then ($'+-97%) ( &= ($)?%(") and so by
the non-negativity of - [and thus also (-1)?% because& > 0] that ($'+-97%(") (
(7% ) + (-974"). In a completely analogous way, we can establish that the same
is true if -%(*) # & Finally, if both $(') < &and -1(") < & then we infer that
(7)Y + (D) = $C)+-1C) = ($1+-9() # ($8+-)7%("). Since this holds
forall ' ' X, we indeed have that ($'+-97%( ($)7%+ (-97% Hence, byLE4 and
since Q” is coherent [C25,] on L (X ) and ($)°¢and (-1 are gambles, we have
that

QUE+-H) (QUDH + (D (QUHH+Q((-H79.
Since this holds for any &' R., and since Q”(($)?8 and Q”((-9?9 are increasing
in &because ofLE4 , we then infer that

Qs+ T2 Jim Q((+-979 (Jim [Q U7 +Q ()]
= lim Q(($)" + fim Q((-)7
TEEQ(H Q.

It now su" ces to apply LE5 to both sides, to arrive at the fact that Q”($+-) (
Q(9+Q°(-).

LE3 . Fixany (' Ry andany $' L_b(X ). If ( =0, itsu" ces, because of the
convention 04 (%) =04 &$) = 0, to prove that Q”(0) = 0. This follows directly
from LE1 . If ( ' R., note that for any &' R. we have that (($)?% = (($?4¢.
Hence, we have that

QU®) T2 Jim Q9™ = Jim (™9 = ( Jim (979
2L @9,

where the penultimate step follows from the coherence [C3s,] of Q" on L (X ) and
the fact that each ($)?¢( is a gamble.

LE6 . Fix any increasing sequence($). n in L n(X). Let $! lim. 5 §
L_b(X ). Then, for any &' R, (¥9. n is an increasing sequence inL (X ) that
clearly converges pointwise to %' L (X ). Moreover, since $%is a real-valued
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function on a bnite setX , the sequence( 9. y converges uniformly to $& Hence,
we have that

—> CULy43 . >, +2& C83 |. . =>, «28& LE456 =37 ? &
Q(9 =" Jm Q($7) = Jim lim Q($7 =" supsupQ (&%)
- 7 a?& LEhse > @?& LE4se N L
= gyﬁuRpQ (89 =" lim ZuRpQ (879 =7 lim lim Q(§7)
CUL . —_>
2% lim Q7(%).
+* +$
LE7:56. Fix any sequence( $).- n of non-negative varia%les inL 5(X ). Let (-+)v n
be the sequence of non-negative variables debned by, ! L, $forall +' N. Then,
(-+)+ nisincreasing becausd $). n is non-negative. Moreover, itis clear that (-.)+ N
converges pointwise to .-y $. Hence, we can applyLE®6;s¢ to Pnd that

_.'$ = oY e . B
Q & =IlmQ()=ImQ $ ( lm Q(%=
=1

+ N =1 3 .

$ >
Q' (%),
+ N
where the limit on the right-hand side of the inequality exists because all Q”($) are
non-negative as a consequence oIf_E1156._

LE8iss. Fix any non-negative $ ' L ,(X) and observe that (+$). n is an in-
creasing sequence inL ,(X ) that converges pointwise to (+$ ) $ [because of the
convention that (+$ ) 0 = 0]. Hence,

+ 1
Q((+$)9 =7 Jim +8 L= Im Q'(+9 L lm +T7(9 = (+3)Q°(9),

where we once more used the convention that(+$ ) 0 = 0 for the last step, together
with the fact that Q”($) # 0 because ofLE1;s. O

4.3.3 Supermartingales and game-theoretic upper expectations in
terms of extended upper expectations trees

For any upper expectations tree Q,, let 6; be the corresponding ex-
tended upper expectations tree ; it consists, forall >' X', of the extended
local upper expectation Q corresponding to Q.. All previously stated re-
sults for extended local upper expectations thus apply in particular to the
components of an extended upper expectations tree. Most importantly, it
follows from Proposition 4.3.11s3 that, for any upper expectations tree Q,
and acceptable gambles treeA, that agree according to Eq. 3.1) 5o, the ex-
tended upper expectations tree@ corresponding to Q, is equal to the map
Q> X' 7*Q,, where Q, forall >' X' is deduced from A  ac-
cording to Eq. (4.2)153.

Extended real supermartingales based on extended upper
expectations trees

Given this correlation between extended upper expectations trees and ex-
tended acceptable gambles trees, and taking into account the depnition of
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the supermartingales in Mgp(Ay), it is now natural to debne an extended
real supermartingale corresponding to an upper expectations treeQ, as any
extended real procesdM for which there is some extended betting processG
such that

M@®=M()+CC%>andQ(G(>) ( Oforall >' X"'.

We usemeﬁ (Q,) to denote the set of all extended real supermartingales that
are debned in this way and that are bounded below.

Though the above dePnition of an extended real supermartingale is in-
tuitive when acquainted with sets of acceptable gambles and/or acceptable
gambles tree, most of the time, we will work with the following slightly
di! erentNand more directNdebnition: any extended real process M is
called a(n) (extended) real supermartingale according to Q, if

QZ(M (&)( M (3 forall >' X', (4.3)

We let Mg,(Q,) be the set of all supermartingales that are debned in this
way and that are bounded below.

Let us brst show that the classMe,(Q,) of supermartingales is at least
as large asM(Q,), and that, for any tree A, that agrees with Q,, both
Meb(Q,) and M5 (Q,) are supersets of the clasdey(Ay) of (extended real)
supermartingales according toA,.

Proposition 4.3.5. Consider any acceptable gambles trég, and let Q, !
@,A be the agreeing upper expectations tree according to E81)so. Then
we have that

Men(Ay) + M (Q) + Men(Q).

Proof. Let us brst show thatMep(Ay) + MS(Q,). Consider anyM ' Mep(Ay).
Then there is an extended betting processG such thatM (3 = M (") + C®( and
&G(> ' AZforall >' X'. Due to Proposition 4.3.1;53, we know that Q; coincides
with Q, , so it su" ces to show thatQ, (G(3)) ( 0forall >' X'. This follows
trivially from Eq. ( 4.2)1s5 and the fact that &G() ' AZforall >' X '.

We next prove thatM 5 (Q,) + Mep(Q,). Consider anyM ' M.S(Q,). Then there
is an extended betting processGsuch thatM (3 = M (* )+ CS8(3 and Q2(G(3) ( 0
forall >' X'.Fixany'y-' X'. Then, forany'.,; ' X, we have that

&
M( 1) =M () + COC ) =M (") + G 1) (" )

=0
=M (") + CO( 1) + G(" 1) (" +a1)
=M (1) + G( 1) (o).

Since this holds for any'.,; ' X, we obtain that M (" 1+&)= M (' 1) + G(" 1.+).
Recall that M is bounded below, soM (' 1) ' R %{+$ }, and therefore, since the
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extended local upper expectation@.> i satispesLES5;s¢ by Proposition 4.3.4;54, we
have that

QLM (1a8)=Q L (M( 1)+ G(1)) =M (1) + Q7 (G 1)).

Since we know that 6?1:"(6(‘ 1)) (0, it follows that 6?1:“ M (" 1+8)( M( 1),
Since this holds for any any' ;- ' X' [and since M is bounded below], we obtain
that M ' Me,(Q,) as desired. O

It can actually be shown that the inclusion M (Q,) + Men(Q,) in the
result above is strict; for instance, a supermartingale inMe,(Q,) can attain
the value +$ and afterwards become real-valued; one may observe that this
is not possible for a supermartingale in M3 (Q,). The inclusion Mep(Ay) +
Me%(@) too, can sometimes become strict, depending on the form of the
local sets of acceptable gambles\ ..

Finally, before introducing gIobaI game-theoretic upper expectations
corresponding to Mey(Q,) and Meb(Q¥) note that the debPnitions of the
supermartingales in Mgp(Q,) and Meb(Q¥) never relied on process dl er-
ences. The reason is similar to why we did not use process dierences
in Section 4.2.3145 to debne the supermartingales in Meb(A¥); if an ex-
tended real supermartingale M were to be characterised by the condition
that QZ(#M (3) ( Oforall >' X', then it can be checked usingLE1;s6 that
a supermartingale cannot remain in +$ (for all following situations) once
it has attained +$ , which we consider to be undesirable.

Game-theoretic upper expectations based on extended upper
expectations trees

Using the setsMep(Q,) and M (Q,), we can debne the corresponding game-
theoretic upper expectations as follows.

Debhnition 4.7. For any upper expectations treeQ,, the game-theoretic up-
per expectation E%E’V is dePned, forall (> ' V9 X', by
0,

geb . 0 ) L = = L &
sv(8) ! inf M (3: M " Mep(Qy) and liminf M #. $

The upper expectation E © is depned similarly, with Mep(Q,) replaced by
eb(Q¥) |

The following theorem states that these two versionsE v and ESb © of

the game-theoretic upper expectation based on an upper expectatlons tree
Q, coincide, and that they moreover (both) coincide with the version EA v
based directly on an acceptable gambles treeA, given that the trees Q,
and Ay agree in the sense of Eq. 8.1)50. The proof of it can be found in
Appendix 4.A;97.
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Theorem 4.3.6. Consider any acceptable gambles trdg and let Q, ! @,A
be the agreeing upper expectations tree according to £1)s9. Then we have

that

ebG

Eav(8) =E Gy (8 = QV($I>)f0fa"($>) Vox:!

Theorem 4.3.6 shows that the subtle di! erence between the super-
martingales in Mey(Q,) and M (Q,) pointed out earlier, is irrelevant when
concerned With the values of the associated global game-theoretic upper ex-
pectations E v and E . This allows us to use the mathematically more
convement setMeb(Q¥) and its correspondlng game-theoretic upper expec-
tation EQ rather than the set Meb(Q¥) which isNfrom a behavioural point
of viewNactually more natural to adopt.

Theorem 4.3.6 also shows that, as far as the resulting game-theoretic
upper expectations are concerned, acceptable gambles trees again have an
unnecessary rich and complex structure: for any two acceptable gambles
trees Al and A2 for which it holds that Qa1 = Q,a2, We have that
EA1V = Esz This is a similar conclusion to the one we have drawn in
Section 3.5.3g3 for the bnitary global upper expectations EA v and Ea. As
a result, here too, it seems sensibleNat least from a mathematical point of
viewNto work with upper expectations trees instead of acceptable gambles
trees when parametrizing a stochastic process. We will henceforth do so
and therefore typically write E y to denote a generic game-theoretic upper
expectation EAbV

Moreover, note that, as far as the resulting values ofE \ are concerned,
it does not matter whether we do, or do not impose CU2143 onto the lo-
cal upper expectationsQZ. Indeed, the supermartingales inMey(Q,) are re-
quired to be bounded below, so the values of the local modelsQZ on Lo X)
are all that matters for the values of EQ Since CU2,43 is obviously always
satisped on the restricted domainL ,(X ) by any local upper expectatlon
imposing CU243 does not impact the values that can be taken byEQ One
could therefore choose to not adopt CU243, and therefore remain slightly
more general. We will nevertheless choose to adoptCU2,43 because (i) as
pointed out in Section 4.2.214,, it results from a conservativity assumption,
(i) the extended upper expectations trees satisfying CU243 can be seen
as to result from extended acceptable gambles tree [Propositiord.3.1153],
and, most importantly, (iii) because, as we will show in Section 4.6.217g,
Axiom CU2,43 is required to guarantee compatibility with the global game-
theoretic upper expectation on the entire domain L_(X ) of local variables.

Finally, let us establish that the equality in Theorem 4.3.6 also holds
for the lower expectations Eib’v and E%kfv. The latter is dePned as follows.
Similarly as we did in Section 4.2.3145, an (extended real) submartingale
M according to an upper expectations treeQ, is an extended real process
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such that &M is a supermartingale accoiding toQ,. It can be checked that
M is then a submartingale according toQ, if and only if

QXM (34))# M (3 forall >* X Y (4.4)

where the (extended) lower expectations Q2 are obtained from the upper
expectations@i through conjugacy; QX($ ! &QI(&9$) forall $' L (X)
and >' X'. Let us denote the set of all bounded above submartingales
corresponding to a tree Q¥ by M b(Q¥) The lower expectation E*V is now
debned, forany ($> ' V9X', by

%

_ &
E%kfv($|>) I' sup M »:M'" M,(Q)and limsupM (-$. (4.5
. . —eb .
Once more, one may easily check thal_E%b’V is related to E%,v by conjugacy.

Corollary 4.3.7 (Conjugacy). For any upper expectations tre€,, we have
that E%, (3 = &ES, (&) forall (8" VIX .

Proof. This follows immediately from the depnitions of E oy and EQV, and the fact
thatM Meb(Q¥) ifand only if &M ' Me,(Q,) for any extended real processM . O

SinceEi v and Ei v are also related by conjugacy [Corollary 4.2.6140],
it follows that the equality in Theorem 4.3.6, also holds for lower expecta-
tions.

Corollary 4.3.8. Consider any acceptable gambles trég and let Q, ! @,A
be the agreeing upper expectations tree ai:cording to 8311)s0. Then we have
that E\ (315 = E5 (8 forall (33" VX'

4.4 Basic properties of game-theoretic upper expectations

Our decision to p|ckE Nor equivalently, EA VNas our game-theoretic
upper expectatlon of ch0|ce was so far only backed by a serles of examples
where EQ behaved nicely, and where the alternativesE Vi EA v and EA v
(and the hypothetical one EA ) did not. From what is yet to come in this
chapter, however, it will become clear that E v IS also in general a global
upper expectanon with desirable properties: e g it is coherentonV 9 X'
it extends E5 , it satisbes continuity with respect to increasing sequences of
bounded below variables, it satispPes continuity with respect to decreasing
sequences of bnitary bounded above variables, ...

In th|s sectlon we start by establishing some baS|c yet essential proper-
ties for E v- Mostimportantly, we establish that EQ is coherentonV9X '
that it satlsbes some Oextended® coherence propertied/X !, that it sat-
isPes a general law of iterated upper expectations, and that it coincides with
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the bnitary global upper expectation E%” (or any other type of bnitary global
upper expectation) on F9 X *.

4.4.1 Extended coherence properties, the law of iterated upper ex-
pectations and conditional coherence

We start by proving that E%l?v satisbes extended versions of the coherence
properties WC1g,PNC3g,, WC5g4BNVC754 and WC11gs5 for extended real-
valued global variables. They are given, for any global upper expectation
E:V9X'* R and the conjugate lower expectation E, as follows: for all
$- 'V, all (' Ry, al; " R%{+$} and all situations >"' X v

ECL. inf (85 ( E($ ( E($5 ( sup($P) [bounds];
EC2. E($+-]9 ( E($» +E(-]D [sub-additivity];
EC3. E(($]» = (E($]» [non-negative homogeneity];
EC4. $(>- - E(3D ( E(-]D [monotonicity];
EC5. E($+; D = E(9 +; [constant additivity];
EC6. E($> = E($1-]) [conditioning invariance].

To prove this, we need the following two, rather abstract lemmas about
supermartingales. The brst simply says that Lemmat.1.3;35 also holds for
the extended real supermartingales inMegp(Q,). Its proof is similar to that
of [8, Lemma 1], where instead real-valued supermartingales were used.

Lemma 4.4.1. Consider any upper expectations tré@,, any M ' Mg,(Q,)
and any situation>' X '. Then

M > # inf limsupM (?)# inf liminf M (?).
() # inf_limsupM (2) # inf (?)

Proof. SinceM is a supermartingale, we have thatQ>(M (>4))( M (), which by
LEL5s and the fact that M is bounded below implies that inf..x M (>') ( M (3.
Hence, sinceX is Pnite, there is at least one' ' X such that M (>') ( M (3.
Repeating this argument over and over again, leads us to the conclusion that
there is some? ' " (> such thatlimsup,. .4 M (?*) ( M (3 and therefore also
info w3 limsupM (?) (M (3. The remaining inequality follows now trivially. O

Lemma 4.4.2. Consider any upper expectations tr&g,, any countable collec-
tion (M ).+ N, Of supermartingales inMMep(Q,), and any countable collection of
non-n%gative extended real numbe($ ). n,. Ifall M , are non-negative, then
M ! + Np (+M . is also a non-negative supermartingale iMe,(Q,). On the
other hand, if the supermartingales(M .). n, have a common lower bound
(but are not necessarily non-negative), and #+- No (+ is @ real number(,
thenM ' Mep(Q,).
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Proof. We start by proving the D?ést statement. Since allM . and ( . are non-negative,
the extended real processM = = .., (+M . exists and is non-negative. To see that
M ' Mg (Q,), observe that, for any>' X',

> =8 o s $ 7 N

Q.M (4))=Q. (M. (>8) ( Q. (:M.(>a)

+ No + No
e T QML (>4))
+ No
( M.O=ME,
+' No

where we were allowed to apply LE7;s6, LE3156 and LE8;s¢ because allM ,(>8)are
non-negative [and thus bounded below], and where the last inequality followed from
the non-negativity of all (. and the fact that all M, are non-negative supermartin-
gales.

So it remains to prove the second statement. Suppose that the supegnartingales
(M,)+ N, have a common lower bound, say0 ' R, and that the sum = .y, (4 is
a real number (, which in particular implies that all (. are real. Since allM . are
bounded below by 0, the processedM . & 0 will be non-negative. Moreover, it can be
easily checked using PropertyLE5;s6 of the local models@, that the supermartingale
character of all M , implies the supermartingale character of allM ,&0. So allM , &0
are non-nega#’ve supermartingales inMe,(Q,). Hence, by the brst part OfLJUI’ proof,
we have that .y, (+[M , &0] is a non-negative supermartingale inMe,(Q,). Since
0 and all (. are real, we furthermore have that, for all >' X',

$ +¢ +
(M. &0 = " [(M.(&(0] = lim — (M(3& (0

+ No + No =1

N

= lim (M. (3d&(0
+$ =1

- (M5 &0 =M &(0,
+ N
where the third equality follows from the fa%t that 1lim . g # 2,(.0 = (0 is real
[because( and 0 are real]. As aresult, since . n, (+[M . &0] is a non-negative su-
permartingale in Mep(Q,), M &(0 is also a non-negative supermartingale inMg,(Q,).
Clearly, M is then bounded below [by (0], and it can easily be deduced from Prop-
erty LES5;sq of the local models Q] that then moreover M * Me,(Q,). O

The two lemmas above now allow us to prove thatE%k?V satisbeseC1 b
EC6 . A brst result that established similar such properties was stated in
[86, Chapter 8], yet, our proof of the following result bears a closer resem-
blance to that of [8, Proposition 14]; we adapt that proof to our present
setting which involves dealing with extended real-valued supermartingales
instead of real-valued ones.

Proposition 4.4.3. For any upper expectations tre€,, the global upper ex-
pectation E%E’V satispe€EC1 EEC6 .
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4.4 Basic properties of game-theoretic upper expectations

Proof. Let us brst prove the third inequality in ECly¢3; that EQV($|>) ( sup(9}». If
sup($» = +$ , then the inequality is trivially satisped. If not, consider any real Q #
sup($|» and the real processM that assumes the constant valueQ. Then clearly
M is a bounded below supermartingale and moreoverliminf M(@?)=Q # $?)
forall 2 ' " (3. Hence, Debnition 4.7, implies that EQV($|>) ( M(®=0Q. Since
this is true for all real Q # sup($», the inequality EQV($|>) ( sup($> follows.

EC243. If either EQV($|>) or EQV( [ is equal to +$ , then the inequality is
trivially true. So suppose that EQbV($|>) < +$ and EQV( [» < +$ and consider any
real & > EQV($|>) and any real & > EQV( [». Then there are two bounded below
supermartingalesM ; and M, such thatM 1 (> ( & and M,(>» ( & and moreover
liminf M1 #. $and liminf M, #. -. Now consider the extended real procesM !
M+M,. ThenM is a bounded below supermartingale because of Lemm#.4.2153,
which we can apply becauseM ; and M ; are both bounded below and hence have a
common lower bound [note that the countable sum in Lemma 4.4.2,43 can be turned
into a Pnite sum by setting all remaining supermartingales equal to zero]. Moreover,
forany ? ' !, we have that

liminf (M1 +M;)(?) =Iiminf M1(?D)+M,(?7)

HL'”JSB inf (M1 (? N +M(?7))

I|m (|nf M1(? )+|nf M2 (?7))
HI*m: 1nf Ml(’> )+ I|m |nf M,(?7)

I|rp|+r;f M1(? )+||rp|+|j$tf M (? ),

Ztl:

where the limit in the fourth term (after the inequality) exists because both

inf.xy M 1(? %) andinf.xy M (? *) are increasing inH, and where the third equality
follows from the fact that, again, inf.zy M 1(?*) and inf.xy M ,(?*) are increasing
in H, and that these terms take values inR %{+$ } for all HNand thus also con-
verge in R %{+$ } for increasing H. Since this holds for all ? ' ! , we have that
liminf (M{+M3) # liminf M 1 +liminf M, and therefore, sinceliminf M ; #. $and
liminf M, #. -, that liminf M #. $+-. Combined with the fact that M is a bounded
below supermartingale, it follows from Depnition 4.71¢ that EEbV($+ PD(MO-=

Mi(3d+M,(d ( &+ &. Slnce this holds for any real & > E g v($» and any real
& > EQV( |3, it follows that EQV($+ P ( EQV($|>)+EQV( |>)

EC353. For (' R,, it su" ces to note that M is a bounded below super-
martingale such that liminf M #. $if and only if (M is a bounded below super-
martingale such that liminf (M #, ($. If ( = 0, then (EQV($|>) = 0 because
(+$) a0 = (&$) 40 = 0. To see that aIsoEQV(($|>) =0, start by noting that
($ 0 and hence, because of the third inequality in EClis3, QV( ($» ( 0. That

Q\,(($|>) < 0 is impossible, foIIows from Lemma 4.4.1,63 and Debnition 4.7140.
Hence, we indeed have thatEQV(($|>) = o

EC43. Consider any two $,- ' V such that $(--. Thenforany M ' My (Q,)
such that liminf M #. -, we also have thatliminf M #. $ and hence, by Debni-
tion 4.7160, Eg, (315 ( Egy(- -

ECl43. We have already proved the third inequality. The brstinequality then fol-
lows from the fact that E%kfv and E%V are related by conjugacy [Corollary 4.3.71¢5].
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To prove the second |nequallty, assumeex absurdo that EQV($|>) > Egbv($|>)
Then 0> Es V($|>) &EZ V($|>) which by conjugacy and EC23 implies that 0 >
QV($+ (&$)|>) Slnce according to our convention, the extended real variable
$+ (&9 only assumes values in{0, +$ }, we have that $+ (&9$) # 0 and therefore,
by EC4y63 and EC3¢3, that EQV($+ (&P # EQV(O|>) = 0. This is a contradiction.
EC543. If ; =+$, thenitsu" ces to prove thatEQV(+$ [» = +$ , which follows
from EClgs. On the other hand, if ; ' R, then for any M ' Mg,(Q,) such that
liminf M #, $+;, we have by LE5155 that M &:; ' Mep(Q,), and moreover that
liminf (M &;) #- $ Hence, EQV($|>) ( M (3&; and therefore alsoEg V($|>)+ (
M>P&; +; =M (3. Slnce this holds for anyM ' Mg(Q,) such thatllmlnf M #.
$+;, we have that EQV($|>) +; ( EQV($+ [». By appl)ﬂng this inequality to
$'=$+; and; 1= &;, we also bnd thatEQV($+ D &; ( E%t?v($|>).
EC6¢3. ThIS follows immediately from Debnition 4.71¢49. O

It follows from Proposition 4.4.3 [E01153BEC3163] that E v satisPes the
coherence axiomsWC1g,BPNC35,. The fact that E v also satlsbesWC482,
and thus by Theorem 3.4.3g, that it is coherent on V9 X!, wil follow
straightforwardly from the following general law of iterated upper expec-
tations for E%t?v. The idea of the proof for this theorem goes back to [86,
Proposition 8.7], yet, our proof is more similar to that of [ 8, Theorem 16].

Theorem 4.4.4 (Law of iterated upper expectations). For any upper expec-
tations treeQ,, any $' V and any" ' Np, we have that

Qv($|#l )_ eQb\/- Q\/($|#1 +l)];'7é

Proof. We need to show that ngv($|' ) = E%EV(E%EV ($#1041) |' 1) for any
"1+ ' X", To this end, due to Proposition 4.4.3 [EC6ye3], it SU" ces to prove that
E%lfv($|' 1) = E%?V(E%l?v (8] 1.+ #41) | 1). Let us Prst show that

E%?V-E%b,v(ﬂ' 1:"#"+1)}1:"' ( E%?V(ﬂl ).

If Eg V($| 1+) = +$, this is trivially satisbed. If not, then for any bxed real
D> E v($| 1) there is a bounded below supermartingaleM such thatM (" .+) ( :
and I|m|nf M # . & Thenitis clear that, forall *.,; " X, liminf M # . §
and hence Eg v($| 1+1) (M (" 1-41) by DePnition 4.7160. Let M ! be the pro-
cess that is equal toM for all situations >such that > %" ;.., and that is equal to
the constant M (' 1.+) for all situations >such that >3 ' ..., for some'.,; ' X.
Clearly, M tis again a bounded below supermartingale and, because of the reason-
ing above,E(%rfv(S;l' 1o#teg) (M pe#ag) =, liminf ML Hence, it follows from
DebPnition 4.7 that

ED(ED (8 1ot 10) (MY 1) =M (1) (-

Since this holds for any real number : > E%tjv($|' 1), we indeed have that
E%l?v(E%b,v(ﬂl 1 #"+l)|' 1:”) ( E%k?v($|‘ 1:")-
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We now prove the other inequality. Again, if E%EV(E%EV(Q' )] 1) = 48
it triviaIIy holds so we can assume it to be real or equal to &$. Fix any real
D> EQV(EQV($| 1+#41)|" 1) and any E' R.. Then there must be a bounded be-
low supermartingale M such thatM (" 1) ( : andliminf M #., QV($| g ttes).

Consider any such bounded below supermartingale. Then for any'.y; ' X,
we have that liminf M Heon QV($| 100 +1) which by Lemma 4.4. 1163 implies
that M (' 1vnq) # EQV($| 1+1). Fix any ' " X. Then M (' 1.41) is either

real or equal to +$ becauseM is bounded below. If M (" 1+41) is real, then
since M (" 141) # E%tfv($|' 141), it follows from Debnition 4.7 that there is a
bounded below supermartingale M. .., such thatM. .., (‘1041) ( M (" 100) +E
and liminf M., # .., & If M (' 1+4q) is+$, let M. .., be the constant super-
martingale that is equal to +$ everywhere. So, for all'..; ' X, we have found a
bounded below supermartingaIeM 1 SUchthatM . . (" 141) ( M (" 141)+Eand
liminf M.,.,, # .., $ LetM' be the process that is equal toM +Efor all situations
>such that>%' .-, and that is equal to M - ., for all situations >such that>3 ' ;.-
for some '.,; ' X. Note that liminf M' #. . $because, for each'.,; ' X, we
have thatliminf M ' = ., liminf M. ., # .., $ We moreover show thatM ' is a
bounded below supermartingale.

The processM ' is clearly bounded below becauseM and allM ..., are bounded
below and X is Pnite. Furthermore, for any '-.; ' X, we have that M ' (' 1.-41) =
Mooy (C1ea) ( M (' 1oaq) +E implying that M ' (' 18)( M (' 1.+ &) #Eand therefore,
by LE456 and LES;sg, that

QLM (@) (T (M (188 =T, (M (1-&)E( M( 1)*E=M'( 1),

Moreover, for all situations > $ 'i., we have by LE5ss that QI(M ' (>4)) =
QM (>4) +B) = Q(M (>8)) +E( M (® +E= M'(9, and for all >' X' such
that >3 ' 1.4 for some ..y ' X, we have that QC(M ' (>&))= QX(M-,..., (>&)) (
M. ... (3 =M"'(3. All together, we have that Q2(M ' (>&))( M' (> forall >' X',
implying that M ' is a supermartingale.

Sinceliminf M # $andM'("1+) =M (1) +E( : +E Debnition 4.7
now |mpI|es that EQV($| 1+) (¢ +E This holds for any E ' R> and any
real > ES V(EQV($| 1#41)| 1), so we indeed conclude that EQV($| ) (

Qv(EQv($| 1" #+1)| 1" ) O

It now follows in a trivial way from the previous results that the restric-
tion of E%bv to V9 X ' is coherent [DePnition 3.7g,].

Corollary 4.4.5 (Conditional coherence). For any upper expectations tre@,,
the restriction of E%l?v to V 9 X' satisPesWC1g,PWC4s,, and is therefore
coherent.

Proof. Proposition 4.4.316,4 guarantees thatE v SatisPesWCl1g,BNC3;; on VI X !
So it su' ces to prove that EQV satlsbesWC482 onV 9 X', because the coherence
will then follow from Theorem 3.4.3g4. Consider any $' V and any > A' X' such
that >2 A Let" ! [Jand @ |A; so we have that" ( @ By iteratively applying
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Theorem 4.4.4,¢¢, we bnd that

Sy (S&EG,(814) L
=Egy Egv (S&Egy(SIA) 1t e

=Egy Eay 44Boy Egy (S&ESy(88) L#re Hua: AA& - [#r- .
(4.6)

Observe that the inner most upper expectationEEbv_($& Eebv($|A))lA|#1@' is iden-
tically zero Indeed, for any ' " X @\ {A [recall that @= |4] we have that
($& EQ V( $|A))1A Le0and therefore by Proposition 4.4.3 [EC143] that EQ v (3&

QV($|A))1A| 1:@ = 0. Onthe other hand, for the situation Aitself, smceE e v satisbes
EC5;63 and EC663 by Proposition 4.4.3, we infer that

EX, (S&ED, (SA) LA "2 ED, $&ED, (SAIA " 27 ED (914 &ED, (814 =0,

where we were allowed to use EC5¢3 because by Proposition4.4.3 [EClgs]
and the fact that $ V, we know that EQV($|A R. So we indeed have
that EQV ($& EQV($|A)1A|#1@ = 0. Plugging this back into Eq. (4.6), and
then using the fact that E(O|A) = 0 for all A ' X' [due to EClygs], we ob-
taln that Ef\, ($& Egb\,($|,0))lA|#l = 0. Recalling that " = |3, we have that

Efv ($& E% V($|A))1A|> =0 as desired. O

Another_interesting consequence of Theorem4.4.4,45 is that, for any
Pxed $' L (! ), the upper expectations E%tfv($|é) >t X! T E%tfv($|>)
itself form a supermartingale in Mep(Qy). We henceforth useVy, as a short-
hand notation for the set L (! ) of all (extended real) global variables that
are bounded below.

Corollary 4.4.6. For any upper expectations tre€, and any $ ' V,, the
extended real proces€, dePned byC(» ! E%tfv($|>) forall >' X', isa
supermartingale inMegp(Qy).

Proof. The processC is bounded below because$ is bounded below and Eg. 5y sat-
isPeSECLs3. Moreover, if for any >' X' we let EQV($|>a)be the (bounded below)
local variable that assumes the valueEQV($|> ) forall * * X, then it follows from
Proposition 4.4.7- and Theorem 4.4.4,¢¢ that

eb

Q.. (C(1-8)=Q,. Egy(3'1-8) = QV' & (S| 1
6v($| 1:”) - C( 1:") for all "1 "X !-

Hence, Cis indeed a supermartingale. O
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4.4.2 Relation with the local upper expectations and the Pnitary
global upper expectations

For any upper expectations tree@, since EQ is deduced from Q, as a
generallsatlon we will want Ef to be Ocompatible® wit,, in the sense
that Ef should satisfy NElgg. The following proposition shows that E6
satlsbes such a type of compatlblllty withQ; on the domaln L b(X ). Since
Q> extends Q> forall >' X', this indeed implies that EQ’V satisPesNE1gs.
We will moreover show later on, in Section 4.6.217g, that the compatibility
with 6: can be extended to the entire domain L_(X ) of all local extended
real variables.

Proposition 4.4.7 (Parﬂal compatibility with local models) . Consider any
upper expectations tre®,, any ' ;.- ' X' (with " ' No) and any (* + 1)-
measurable extended real variabl§that is bounded below. Then,

—eb . o
2 (1) =, (5 1-4)
In specibc, the global upper expectatinﬁ%?v satisbes\NElgs.

Proof. Our proof is similar to that of [ 8, Corollary 3]. Consider any M ' Mg,(Q,)
such thatliminf M #. . & Then it follows from Lemma 4.4.1463 that, for all ' -,
X,

M( pa) # inf o liminf M (2) # inf $(?) = $(' 1041).
2 ( 141) 20 ( 1)

Hence, we have thatM (' 1.-&) # $(' 1.-&) which implies by LE4,5¢ and the super-
martingale character of M that

M (1) # Q. (M (1 8)# Q) (S( 1-4))

Since this holds for anyM ' _eb(Q¥) such that liminf M #._. § it follows from
Debnition 4.7¢o that Eg V($| 1) # Q ($(" 1:+&)) To see that the |nequaI|ty is an
equality, consider the extended real processl\/l dePned byM (3 ! Q7 QL. ($( 1)
forall >%' 1..,andbyM (3 ! $(' 1-+1) forany >' X' suchthat>3 ' ..., for some
".41 " X . Then M is bounded below because$ is bounded below and Q . satis-
PesLEls. It is also a supermartingale becausal) (M (" 18))= Q ($( 1+Q))=
M (') and, forall >! ' .., QI(M (>4))= M (3 because ofLE1;s¢ and the fact that
M (>8)is constant and equal toM (>). Itis moreover easy to see thatiminf M #... $
is guaranteed because$is (" + 1) -measurable.

The bnal statement, that Efv satispesNE1gg, follows easily from the brst state-
ment that we have just proved, and the fact that Q. extends Q. by debnition for all
> X! O

As argued in Section4.1.2,35, we want a global upper expectationN
and thus in specibcE%l?VNto be at least as informative as the bnitary global
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upper expectations from Chapter3,s on the domain V9 X !, and preferably
to coincide with (any of) these bnitary global upper expectations on F9X
These conditions too are satisbed by_E%kfv, and can easily be inferred from
our earlier considerations. We state these results for the Pnitary global upper
expectationsEa and E%”, but due to Theorem 3.5.19g and Theorem 3.5.29;
they can just as well be stated for the other types of pnitary global upper
expectations (as long as we consider agreeing trees).

Corollary 4.4.8. For any upper expectations tre®,, we have that
Egv(8) ( Eg(8) forall (8" VIxX'

Proof. Note that Proposition 4.4.7, implies that E%l?v extendsEj , where the latter
was debned by Eq. 8.13)gs. Indeed, forany $' L (X ) and any' ;- ' X', we have
by Proposition 4.4.7, that

ED(8(#un)] 1) = Q0 (9 = Q. (9 2V ER(S(#) | 1),

where the second equality foIIows from the fact that Q . c0|nC|des by debnition
with Q . on local gambles. So EQ v extends EQ , and smce EQ v moreover satisPes
WClngWC482 according to Corollary 4.4.5,47, we obtain from the dePpnition of the
natural extension Eg that

Egy(8P) ( Eg(si) forall (33" VIX'. 0

Corollary 4.4.9. For any upper expectations tre@,, we have that
—=eb = =p ;
Egy (81 = Eg(3) =E5 (8 forall (' F9X'

Proof. According to Theorem 3.4.6gg, it su" ces to show thatE%kaNor its restric-
tion to F9 X 'NsatisPes NElgsENE3sg. To this end, observe thatNE1gg follows from
Proposition 4.4.7, , NE2gg follows from Proposition 4.4.3 [EC663], and NE3gg fol-
lows from Theorem 4.4.446. O

That E ., is sometimes strictly more informative than Eg on V 9 X'
can eaS|Iy be seen by recalling Example§ 6.1g9 and 4.1.1,33, Where in the
latter Ef will give the same result as E, v due to Theorem 4.3. 6161N
for Q the approprlate agreeing upper expectations tree. The fact thatEfV
will yield desirableNinformativeNvalues in the case of Example 4.1.1333
can alternatlvely be inferred from the fact that, as we will show later in
Section4.6,7s5, EZ ,, is continuous with respect to increasing bounded below
sequences.

QV
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4.5 DoobOs convergence theorem, LZvyOs zerobone law, and their
implications for the debnition of the game-theoretic upper
expectation

The current section is devoted to two technical results that have proved
essential in the theory of game-theoretic probabilities and upper expec-
tations: DoobOs convergence theorem and LZvyOs Zerobone law. Both of
these results are also well-known to hold in aNmore traditionalNmeasure-
theoretic context [5, 33, 61, 90]; however, the versions that we will state
here do not require any measurability conditions, nor do they require the
local models to be precise. The game-theoretic versions of these two results
WiII be instrumental for us as well, for instance, in order to establish that
EQ is continuous from below [Theorem 4.6.1,75]. Though both results are
entirely due to Shafer, Vovk and Takemura [85, 88, 109], we nonetheless
present independent, yet very similar proofs for them because our frame-
work slightly di ! ers from theirs; see Section4.9,57. As some of the involved
arguments are rather lengthy and technical, we have chosen to relegate
these proofs to Appendix4.B;gg.

To state the results, we require some new terminology. For any>' X',
we say that a supermartingaleM ' Mg,(Q,) is an >test supermartingale
(for Q,) if it is non-negative and M (3 = 1. If >= ", we simply say it is a
test supermartingale. For any>" X', we say that an event%+ ! is almost
sure (@.s.) in " (3) if there is an >test supermartingale that converges to+$
on" (3 \ % In that case, we call the event% null in " (3. If >=", we drop
the OinO and simply speak of Oalmost sure® and Onull®. For &y twd/,
note that $#. - a.s. in" (3 ifand only if $# - a.s. in" (9Nand similarly
for (5, >>and <..

Recall from Section 3.1.35; that the (game-theoretic) upper probability
I_D(%t"v corresponding to E%tfv is obtained by restricting E%tfv to the domain of
indicators (and situations), and that the (game theoretic) lower probability
Pf is obtained in a similar way from Eé Theniit can be shown easily that
an event %+ ! is almost sure in" (3 if and only PQV(°/§‘|>) = 0 or, equiva-
lently, S if and only if EQ,V(O/d>) = 1; we refer to [ 85, Proposition 8.4] for an
illustration of how this can be deduced in the case where>=" . This is sim-
ilar to the traditional measure-theoretic depnition of an almost sure event;
that is, a measurable event with (measure-theoretic) probability one; see

SThis follows from the fact that
—eb —eb —eb —eb b b
Pov (P =BG, (Il = Eg, (1&1u) = 1+EQ), (&) = 1&EG (Il = 1&P5 (%),

where we used Proposition 4.4.3164 [EC563] for the third equality and conjugacy [Corol-
lary 4.3.7167] for the fourth equality.
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Appendix 5.Az53. In contrast with the measure-theoretic debnition however,
the game-theoretic approach provides a clear behavioural interpretation for
strictly null events %+ ! : it says that Forecaster allows Skeptic to play in
such a way that he can start with capital equal to one (in the situation >
and become inPnitely rich on all paths? ' %(that moreover go through >
without ever borrowing money.

Using this terminology, Theorem 4.5.2 below establishes a version of
DoobOs convergence theorem. It states that a bounded below supermartin-
gale converges to a real number almost surely. This is somewhat intuitive
(yet, not at all trivial): since a supermartingale is expected to decrease,
one would expect a bounded below supermartingale to converge to a real
number. We precede Theoremd.5.2 with a technical result that is very sim-
ilar to DoobOs convergence theoremNand from which DoobOs convergence
theorem can easily be derived; see Appendixd.B;99. We state it separately
because it will be used later on to prove Proposition4.5.4« .

Proposition 4.5.1. Consider any upper expectations tré@, and any super-
martingale M ' Mgp(Q,). If M (3 is real for some>"' X', then there is

an >test supermartingaleM ' that converges to+$ on all paths? ' " (3
whereM does not converge to an extended real number, and that converges to
an extended real number on all path® ' " (3 whereM converges to a real
number.

Theorem 4.5.2 (DoobOs convergence theoremiConsider any upper expecta-
tions treeQ, and any supermartingaleM ' Mg, (Q,). If M (3 is real for some
>' X', thenM converges to a real number almost surely In(>).

LZvyOs zerobone law captures yet another intuitive idea: in particular, it
says that the upper probability of an eventF + ! conditional on a situation
?* shouldNor, is expected toNconverge to 1 as+ * +$ if 2 ' F. The
law as stated below is more general though, as it applies to bounded below
variables $ 'V, instead of merely eventsF + ! ; the version for events
corresponds to choosing$= I-

Theorem 4.5.3 (LZvyOs zerobone lawfor any upper expectations tre€,,
any $' Vp,andany>' X', the event
| "
To vy . i €b + - -
%l 21 liminf Egyv(827) # $(?) isas.in" (3.

One of the major consequences of DoobOs convergence theorem and
LZvyOs zerobone law is that they allow us to draw some interesting con-
clusions about the debnition of Ef . In particular, we can use DoobOs con-
vergence theoremNor, rather, the techmcal Proposition 4.5.1 underlying
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4.5 DoobOs convergence theorem and LZvyOs zerobone law

DoobOs convergence theoremNto show that this operator is not impacted
much by changes in Debnition4.749 that concern the limit behaviour of su-
permartingales; more specibcally, the following result shows that the limit
inferior in Debnition 4.7, can be replaced by a limit, without a! ecting the
values of the resulting operator. As was the case for the earlier results in this
section [Section 4.5;171], and as will also be the case for the future results
in this section, the ideas underlying the proof of this result are also due to
Shafer, Vovk and Takemura [B5, 88].

Proposition 4.5.4. For any upper expectations tre@,, any $' V and any
>' X', we have that
! n
E%b,v($|>) =inf M(): M "' Mep(Q) and imM #.$

where the conditionlim M #. $is taken to imply that lim M exists within

"(3).

Proof. The inequality ® O is trivially satisbed sincdiminf M =, lim M for any
bounded below supermartingale M whose limit lim M exists within " (). It remains
to prove the converse inequality. If EQV($|>) = +$ , it is trivially satisbed. If not, bx
any real: > Es v($|>) Then, due to Debnition 4.744p, there is some supermartin-
galeM ' Meb(Q¥) such thatM (3 ( : andliminf M #. $ BecauseM is bounded
below and : is real, M (3 is also real. So, by Proposition4.5.1 , there is an >test
supermartlngale M' that converges to +$ onall paths ? ' " (> where M does not
converge inR and converges inR on all paths ? * " (» where M converges inR.

FixanyE' R. and consider the processM *debned byM {(A! M (A+EM'(A
for all situations A' X '. ThenM lis again a bounded below supermartingale because
of Lemma4.4.2,¢; [which we can apply becauseM and M ' are both bounded below
and hence have a common lower bound]. We moreover have thatliminf M1 #, $
becauseEM ' is non-negative andliminf M #. $. We will now show that, on top of
this, for all ? ' " (3, this processM ! converges inR.

Forany? ' " (3, if M does not converge inR, M' converges to+$ , and
therefore so doesM ! becauseM is bounded below and Eis positive. If M does
converge in R, it converges either to a real number or to +$ (convergence to &$
is impossible becauseM is bounded below). If M converges to a real number,M '
converges inR and therefore M ! also converges inR. If M converges to+$ , then
so doesM ! becauseEM ' is non-negative. Hence, for all? ' " (3, M ! converges in
R and the limit lim M 1(?) therefore exists.

Now, recall that lim M1 = liminf M1 #, $and that M ' Me,(Q,). Hence, we
have that

| "
inf M(®: M "' Mgp(Q)and imM #.$ (M =M +BEM'(d ( : +E

This holds for any E' R and any: > E%kfv($|>), which implies that indeed

inf M (3: M "' Me(Q)and limM #,$ ( Eg, (D). O
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Game-theoretic upper expectations

The following result shows that Debnition 4.7,6o can be modibed in yet
another way; it says that the condition liminf M #. $in DebPnition 4.7,
need in fact only hold almost surely in " (5.

Proposition 4.5.5. Consider any upper expectations tré@,, any $' V and
any>' X'. Then
| "
Egyv(8) =inf M (3 :M ' Men(Q) and liminf M # $as.in" (3 .
4.7)

Proof. Since for every supermartingaleM that satispesliminf M #. $it holds that
liminf M # $a.s.in" (3, we clearly have that
1

Egtfv($|>) #inf M (3 M ' Me(Q) and liminf M # $a.s.in" (> .

So it remains to prove the converse inequality. If the right-hand side of Eq. @.7) is
equal to +$ , then this inequality is tnwallx,/satlsbed So consider the case where
it is not. le§ny " Rsuchthat: >inf M(): M ' Me(Q) and liminf M #
$a.s.in"(» andanyE' R.. Then there is some bounded below supermartingale
M. such thatliminf M. # $a.s. in" (> and

M3 (. (4.8)

Sinceliminf M. # $a.s. in" (), there is some>test supermartingale M | that con-
verges to+$ on %! {? ' "(3: liminf M. (?) < $(?)}. Consider the extended
real processM . +EM!. This process is again a bounded below supermartingale be-
cause of Lemma4.4.2;43 [which we can apply becauseM . and M ! are both bounded
below and hence have a common lower bound]. SinceM ! converges to+$ on %and
becauseM . is bounded below, we have thatliminf (M. +EM!)(?) = +$ # $(?) for
all ? ' % Moreover, forall 2 ' " (3\ % we also have thatliminf (M. +EM })(?) #
$(?), becauseliminf M. (?) # $(?) and becauseEM' is non-negative. Hence,
liminf (M. + EM!) #. $and consequently, alsoﬁ%rfv($|>) (M, +BMH. 1t
therefore follows from Eq. (4.8) that

EX(8) (M, +EM)() =M. () +E( : +E

Since this holds for anyE" Ry, we have that E%,( $|» ( :,and since this is true fgr
all : ' Rsuchthat: > inf M (d: M ' M(Q) and liminf M # $as.in" (3 ,
it follows that
| "
E%*?V($|>)( inf M(®:M "' Mg(Q) and liminf M # $a.s.in" (3 . O

Clearly, the inbmum in Eq. (4.7) is taken over a larger set compared to
the inPmum in DePnition 4.7,40. Though Proposition 4.5.5 shows that the
resulting game-theoretic upper expectation is not impacted by this dil er-
ence, it does make sure that the inbmum in Eq. 4.7) is actually attained for
bounded below variables $' V,,Nthis follows from LZvyOs zerobone law.
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4.6 Continuity with respect to monotone sequences

Proposition 4.5.6. For any upper expectations tre@,, any $' Vj and any
>' X', the inbmum in Eq.(4.7). is attained.

Proof. Let C be the extended real process debned byC(A ! E%*fv($|p) for all
A' X'. Then Cis a bounded below supermartingale because of Corollary4.4.6,¢s.
Moreover, because of Theorem.5.3,7,, we have that liminf C # $almost surely in
" (3. Since C(») = E%tfv($|>), this concludes the proof. O

4.6 Continuity of the game-theoretic upper expectation with re-
spect to monotone sequences

We now turn to the Pnal part in our analysis of game-theoretic upper
expectations: their continuity properties. As was illustrated for instance
in Sections 3.69g and 4.1,3;, these properties are crucial when aiming to
develop a mathematical theory that is su' ciently elegant and powerful to
work with.

4.6.1 Continuity from below

Our brst continuity result establishes that, similarly to the local mod-
els QZ, the global upper expectation Ef satisbes continuity with respect
to increasing sequences that are bounded below. This type of result, al-
though usually with measurability conditions, is known under the name of
Othe monotone convergence theorem&) B1, 89]. The idea behind our result
goes back to Vovk & Shafer L09, Theorem 6.6], but an updated version can
now also be found in their latest book [ 85, Proposition 8.3]. Once more, the
setting for which [ 85, Proposition 8.3] is stated slightly di! ers from ours;
more specibcally, the authors do not necessarily consider a Pnite state space,
and their local models are assumed to satisfy di erent axioms compared to
ours; see Sectiom.9:1g7 for a more elaborate discussion. Moreover, they only
give an explicit proof for the case that there is a single, bxed local modelQ
in all situations. For these reasons, we provide an independent proof.

Theorem 4.6.1 (Continuity from below) . For any upper expectations tre®,,
any>' X' and any increasing sequendes).: No in Vyp,

=eb . =eb . .
pily S = = >) | =
Egv (%> +I*|rQ$ Egv (&[>, with $! +suNpo $ +L|r11$ $.
Proof. Throughout the proof, we will use Properties ECl;3EECG63 for EQV,
these follow from Proposition 4.4.31¢4, yet we will not explicitly refer to Proposi-

tion 4.4.315, each time one of them is used. As$ ' V, is bounded below and the
sequence($). n, is increasing, thereisanQ ' R suchthat & # Q forall +' Ng
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Game-theoretic upper expectations

and therefore, $is also bounded below byQ. Hence, sinceﬁ%tfv is constant additive
[EC563], We can assume without loss of generality that $and all & are non-negative.

That lim .+ 4g EQV($,|>) exists, foIIows from the i |ncreasmg character of (%) n,
and EC4¢3. Moreover, we have that EQV($|>) #lim o 4 EQV($|>) because$# $
[since (%) n, is increasing] and becauseE y SatisPesEC4g3. It remains to prove
the converse inequality.

For any + ' Ny, consider the extended real processC,, debned by C.(A !
E%tfv(am) forall A' X' and the extended real processC debned by the limit C(A !
lim, .5 C.(A forall A' X'. This limit exists because(C,(A). n, is an increasing
sequence for allA' X', due to the monotonicity [ EC4e3] of E%V. As & is non-
negative for all + ' Ny, C. is non-negative for all + ' Ny because ofECls3 and
therefore Cis also non-negative. As aresult,Cand all C, are non-negative extended
real processes.

It now su" ces to prove that C is a bounded below supermartingale such that
liminf C# $a.s. in" (>, because it will then follow from Proposition 4.5.5,74 that

| "
ESv(8P) =inf M (3): M ' Mu(Q,) and liminf M # $as.in" (3
( CO) = lim ES\(8]).

This is what we now set out to do.

We brst show that C is a supermartingale; that it is bounded below follows
trivially from its non-negativity. For all situations A' X', we already know that
(C.(A8)) n, is an increasing sequence that converges taC(A4) Since C, and C are
non-negative, we also have that C, (A4) C(A4)' L ,(X ). Then, due to LE6;se, We
have that

Q.(C(ra))= Jim. Q.(C.(pa))forall A" X*. (4.9)

C. is a supermartingale for all + * Ny because of Corollary4.4.6,¢g, SO it follows
that Q,( C.(AQ))( C.(A forall +' Ny andall A" X'. This implies, together with
Eq. (4.9), that

Q(C(Aa)( Jim C.(A = C(A forall A" X .

Hence, Cis a supermartingale.

To prove that liminf C # $a.s. in" (3, we will use LZvyOs zeroPone law. It
follows from Theorem 4.5.3,, that, forany +' Ny, there is an>test supermartingale
M . that converges to+$ on the event

| "
ol 2 (- liminf B o H -
% ! 7 >: Illgr)lgf Eov(&?7) < 8(?) .

Now, consider the extended real processM , debned by

$
M@A! (:M,(A forall A" X',
+' Np
where the co€' cients (. > 0 sum to 1. Then it follows from Lemma 4.4.2,43 that
M is again a non-negative supermartingale. Moreover, it is clear thatM (> = 1 and
hence,M is an >test supermartingale.
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4.6 Continuity with respect to monotone sequences

We show that M converges to +$ on all paths ? ' " (3 for which
liminf 4« .5 C(?") < $(?). Clearly, M converges to+$ on %.n,% & % Con-
sider now any path ? ' " (3 for which liminf 4« .5 C(?") < $(?). As explained

before, C.(A is increasing in + for all A' X', so we have thatsup,, C.(?") =
lim. 45 Co(?2H) = C(?") forall H ' Np. Sinceliminf y= .5 C(?") < $(?), this
implies that

liminf sup C,(?") < sup $(?).

HOHS N +No
Sincesup,. , liminf 4+ +5 C.(?") ( liminf 4+ 4 sup,., C.(?") [because we obvi-
ously have that C.(?") ( sup, y, C:(?") forall +,H "' Ng], this implies that

supllmlnf EQV($|’?H) = supllm |nf C.(?" ( I|m|nf sup C.(?") < sup $(?).

(4.10)
Hence, there is some+, ' Ng such that

N —=eb H
iy 2 ?
ftﬁglwggf Eov(8177) < %, (?),
and therefore, we see that in particular
. . —eb H
e ? ?
liminf E5\($,17") < %, (?).

So? ' %, + %and, as a consequenceM converges to+$ on ?. Hence,
the >test supermartingale M converges to+$ on all paths ? ' " (3 such that
liminf 4= 45 C(?") < $(?), and therefore liminf C # $almostsurelyin" (3. 0O

A fairly immediate consequence of Theorem4.6.1,75 is that EQ satis-
Pes a version of FatouOs lemm&[ 89]. Here, and also further on in this
dissertation, we will say that a sequence ($). n of variables in V is uni-
formly bounded below if there is some &' R such that & ( inf $ for all
+" N.

Corollary 4.6.2 (FatouOs Lemma)For any upper expectations tre@,,
any situation > ' X' and any sequencd $). N, in Vb that is uniformly
bounded below, we have thaEfV($|>) ( liminf .+ 4 EQV($|>) where $ !
liminf .+ +¢ $.

Proof. Consider any > ' X' and any sequence($). n, in V,, that is uniformly
bounded below. For all " ' N, let -. be the global variable debned by-.(?) !
inf. $(?) forall 2 * . Thenlim. 45 -+ = liminf .« 4, $ = $ Furthermore,
(-+)» N, s clearly increasing and it is a sequence invy, because($). N, IS uniformly
bounded below. Hence, we can use Theoren#.6.1,75 to bnd that

Egv (5 = lim Egy (- 1 = limnf Egv(-+ 1 ( lim inf ESv(S]D,

where the inequality holds because, for all" * N, -+ ( $ and therefore, because
of Proposition 4.4.3 [EC4g;], also E%'fv(—-- EX¢ E%blv($ 1. O
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Game-theoretic upper expectations

4.6.2 Continuity with respect to lower cuts and compatibility with
the local models

The following result states that E v IS continuous W|th respect to de-
creasing sequences of lower cuts. In other words EQV(a1|>) satispes Ax-
iom CU2y,3, which was used in Section4.2.2,4, as a part of our approach
to extend game-theoretic upper expectations with real-valued supermartin-
gales fromV9X'toV9 X'

Proposition 4.6.3 (Continuity w.r.t. lower cuts) . For any upper expectations
treeQ,, any $' V and any>' X',

Jim EGL(s%) =Eqy(sh).

Proof. E ($@|>) is |ncrea5|ng in &because $# is increasing in &and because the
upper expectatlon E v 1S monotone [EC4y63 in Proposition 4.4.3144], and there-
fore lim g g3 EQV($@|>) exists. Moreover, $& # $for al &' R, |mpIy|ng, by the
monotonluty [ EC4y63 in Proposition 4.4.31¢4] of EQV, that lim geg EQV($@|>) #
QV($|>) It therefore only remains to prove the converse |nequallty
If E V(8 = +$, then limges EQV($@|>) ( EQV($|>) holds trivially. If
QV($|>) < +$, bx any real > EQV($|>) Then it follows from the dePnition
of the upper expectation Eg V( $) that there is some supermartingaleM ' M¢p(Q,)
such thatM (3 ( : and I|m|nf M #. $ Since M is bounded below, it imme-
diately follows that there is some 0 ' R such that liminf M # &for all & ( 0.
For any such & ( 0, we have that liminf M #. $& which by Debnition 4.7:¢
implies that EQV($@|>) ( M(® ( :. This holds for all & ( 0, so we infer that
lim gg¢ Q\,(ﬂs@‘|>) ( :, and since this holds for any: > E%l?v($|>), we conclude
that indeed lim g es QV(ss@|>) ( ESv(sP). O

Proposmon 4.6.3 implies that E vy on Vox'is uniquely determined by
its values onV, 9 X . Moreover, due to Theorem4 6. 1175, (a1>) for any
>' X! also satisbesCU1;43, so the values ofE v on V,9X ! are ontheirturn
uniquely determrned by its values onV 9 X' Together these observations
imply that EQ'V is uniquely determined by its values onV 9 X '. We will
moreover show in Section 4.8,g5 that these values coincide With those of
EA vonVvo X 'Nif Ayand Q, agreeNand therefore since E v (@p) for any
>' X! satrsbesCUlm and CU243, that E v coincides Wrth the extended
upper expectation EA v on the entire domarn Vox!

Proposition 4.6.3 also immediately conbrms part of our claim at the end
of Section 4.3.3;55, Where we said that, although imposing CU2;43 onto the
local models does not d ect the values of the corresponding global game-
theoretic upper expectation, the axiom is crucial when we desire full com-
patibility of local and global upper expectations, rather than only the partial
compatibility that was established by Proposition 4.4.7,59. We only show
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4.6 Continuity with respect to monotone sequences

here that CU2;43Ntogether with  CU1343Nis su” cient for full compatibil-
ity; later on, in Section 4.9:g7, we will show that it is also necessary.

Corollary 4.6.4 (Compatibility with local models) . Consider any upper ex-
pectations treeQ¥ and let Q¥ be the corresponding extended upper expectations
tree. ThenE v 1 +) = 1:+($( w@)forall 1., ' X' andall (++1)-
measurable vanablesB

Proof. Consider any';., ' X' and any (+ + 1)-measurable extended real variable
$' V. Clearly, $%is bounded below and remains to be(+ +1)- measurable for any
&' R. Due to Proposition 4.4. 7169, we have that EQV($@| 1) = Q7 ($%( 1..4))
for any &' R. Then, becauseEQ V(a1 1.+) satisPesCU2y43 due to Proposmon 46.3 ,
and Q .., satisbesCU2,43 by debnition, we clearly also have that EQV($| 14) =

Q. (8(' 1.8)) O

4.6.3 Ef v may fail continuity from above

Even though the upper expectationEav is continuous with respect to in-
creasing sequences and with respect to decreasing sequences of lower cuts, it
is not necessarily continuous with respect to general decreasing sequencesN
and therefore certainly not with respect to general pointwise convergence.
This is shown by the following example.

Example 4.6.5. LetX ! {),*} and consider the upper expectations tree
Q, debned byQ.($) ! sup$forall >' X' andall $' L (X). Thenitcan
be checked easily that eachQ, is coherent, and that the extended tree@>
satispesQ($) = sup$forall >' X' andall $' L (X). Moreover, since
no supermartingale M ' Mgy (Q,) is ever able to increase, it can be inferred
that

Egy(-19 =sup(- ]9 forall (-3 VoXx'.

Now consider the decreasing sequencd %), y of events dePned by% !
"(O)\{)) &d&éfpral +' N;soforany+' Nand? ' !, we have that
? ' % if (and only if) at least the brst + components of? are ), but not all
of them. Then we have thatE%t”V(I%r') =sup(le,) = 1 forall +' N. On
the other hand, it can easily be checked thatlim .~ 13 % =) , and therefore
that E%?V(Iim# vl |") = E%?V(Or') = sup(0) = 0. Hence, we Pnd that

- =eb =eb .
el My =11 — e o I
+1|T$ Eva(l /o,l ) 110 EQ,V(+LIT$ I/ml )1

which shows that E(%bv does not satisfy continuity with respect to general
decreasing sequences. "

179
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4.7 Behaviour of the game-theoretic upper expectation with re-
spect to sequences of bnitary variables

In the previous section, we saw that E%b’\/ does not necessarily satisfy
continuity with respect to pointwise convergence, not even if the considered
sequence is downward monotone. Luckily enough though, sequences of in-
terest will in many cases be composed of variables that are Pnitary (note
that this is not the case for Example 4.6.5, ); such sequences tend to be
more well-behaved and therefore allow us to establish stronger continuity
properties for E%bv. In the present section, we set out to do so; one of the
most important cbntinuity properties is continuity with respect to decreas-
ing sequences of bounded above Pnitary variables.

Sequences of Pnitary variables or, more specibcally, bnitary gambles
are also interesting from a practical point of view, because their associ-
ated global upper expectations can be computed fairly & ciently; see e.g.
[100]. If these computational methods are combined with the appropriate
continuity propertiesNwhich tend to be stronger for sequences of bnitary
variablesNwe also immediately have a method for computing (or approxi-
mating) upper expectations for many non-pbnitary variables.

4.7.1 Some notes about Pnitary variables and their pointwise limits

Because of their importance in this section, we pbrst want to establish
some basic, yet convenient properties for sequences of Pnitary variables.
First is the fact that any sequence of Pnitary variables can be equivalently
considered as a sequence of-measurable variables; the latter is a sequence
($)+ N Of global variables where, for any + ' N, the variable & ' V is
+-measurable. It is clear that this is not the case for all sequences of bni-
tary variables, yet we can always modify it, arriving at a sequence of +-
measurable variables, while not d ecting most of the other sequence char-
acteristics, including its pointwise limit (should it exist). This can be done
using the following construction.

Consider any sequence(-.).+ N, Of Pnitary variables, and let (-9)e No
and P: N * Ng be debned by the following recursive expressions, where
-g | &' Ris afreely chosen extended real number andP(1) ! 0:

p, P+ Iif-p(s is +-measurable;

P .
-.e1 Otherwise,

and, (4.11)

+ if - R i - .
P(++1) ! P(+) +1 if -p is +-measurable;
P(+) otherwise,
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4.7 Behaviour of game-theoretic upper expectations w.r.t. Pnitary variables

for all + ' N. The construction above seems more technical than it actu-
ally is; informally speaking, the sequence (-f)+~ No IS simply created from

(-+)+ N, by keeping the sequence(-.)+ n, constant for a number of steps,
then switching to the next variable in the sequence (-.): n, at the appro-

priate moment. For instance, consider the sequence(-.): N, such that

-0 = -1 = -2 = 1)), -3 = 16 and -, = 1)+ for all + # 4, with ) some
state in the state spaceX forwhlch it holds that |X | > 1. Then (-0, No IS

given by & & -0,-1,-2,72,-3,74,5,"6,- - -+

The following lemma establishes our claim that, amongst other things,
the newly created sequence(- f)+- N, IS @ sequence of--measurable variables.

Lemma 4.7.1. Consider any sequencé .). n, of Pnitary variables and let
(-f)+- N, be debned by Eq4.11). . Then we have that

W (-9 N, IS @ sequence of-measurable variables.
(i) If (-+)+ N, is increasing and-¢, ( inf -o, then (- ). , is increasing too.

@iii) 1f (-+)+ N, is decreasing andg # sup-o, then (-9 N, IS decreasing
too.

(iv) If (-+)+ ng is uniformly bounded below, then so i§- D)e No-
(v) If (-4)+ N, IS @ sequence of gambles agd R, then so is(-9). No-
(vi) liminf .+ 4+¢ -+ = liminf .« 4g - andlim SUP,x 4+g -+ = liMSUP . g -

(vii) liminf .« 4g EQV( P =liminf »« 4 EQV( ?» and
lim SUP.x +g QV( +|>) = lim SUP.x +g QV( +|>)

Proof. We prove (i) by induction. —0 = &is clearly 0-measurable. To prove the
induction step, suppose that-..F'&l is (" &1)-measurable for some" * N. Then if - )
is "-measurable, so is-I = -p¢y. Otherwise, -! is equal to -7, implying that -7 is
(" & 1)-measurable and therefore also"-measurable. This concludes the induction
step.

In order to prove (i) and (iii) , observe that(-.). v, is a subsequence of- ). n,»
and more specibcally that there is a functionR: No * N such that (- ). N, COnsists
of R(0) times & then R(1) times -, then R(2) times -1, and so on; indeed, the fact
that each - , only appears a Pnite number of times in(- ). N IS due to the fact that -,
is bnitary, and thus H-measurable for someH ' Ny. It is then obvious, by a suitable
choice of & RNthat s, any &( inf - if (-.)+ n, iS increasing, or any &# sup- if
(-+)+ n, is decreasingNthat (- ") N, has the same monotone character as the original
sequence(-.)+ n,. Properties (iv) Evii) follow from similar observations. O

Due to Lemma 4.7.1 (vi), the pointwise limits of sequences of +-
measurable variables constitute the same subset of as the pointwise limits
of sequences of bnitary variables. The following result additionally shows
that when such limits are bounded below, we can restrict our attention to
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sequences of+-measurable gambles. We useL,, to denote the set of all
bounded below variables $ ' V} such that $ = lim,+ +g $ for some se-
quence ($). n, of Pnitary variables.

Proposition 4.7.2. Any $' Ly is the pointwise limit of a sequencé$ ). Ng Of
+-measurable gambles. Furthermore, we can guarantee ttia{f $ ( sup $
for all + ' Ng, where 0 is any real number ifinf $ = +$, and 0 = inf $
otherwise.

Proof. Fix any $' L,. Then, according to the debnition of L, $is the pointwise
limit of a sequence (-.). n, Of Pnitary variables. Let (-9 N, be the sequence de-
bPned by Eq. @.11)1g0, with & = 0, which by Lemma 4.7.1(}), is a sequence of
+-measurable variables. By Lemma4.7.1(vi), , the sequences(-.). n, and (-5)+ n,
have the same limit behaviour, so(-%).- N, Converges pointwise to $. Let 0 be any real
if inf $=+$ andlet0! inf $if inf $' R [the case whereinf $= &$ is impossible
because$is bounded below]. Let ($). n, be the sequence debned by bounding each
-7 above bymin{+, sup $} and below by 0; s0 $(?) ! max{min{-£(?), +, sup $}, 0}
forall  * ! andall + ' No. Then it is clear that (%), n, IS @ sequence of+-
measurable gambles becausﬁ(-f)+' No IS @ sequence of+-measurable (possibly ex-
tended real) variables. It also converges pointwise to $ because

! " ! 0 &
$(?) =max min{$(?),sup$},0 =max min Olirﬂs -P(2), Iirr+1$ +sup$,0
P +* "

Ijn;l$ max_ min{-"(?), +,sup $}, 0
I*in;l$ $(?),

forall 2 ' !, where the brst equality follows from the fact that 0 ( inf $ ( $
Moreover, for all +' Ng, we clearly have that 0 ( $, and also $ ( sup $because
min{-5(?),+ sup$} ( sup$forall ? ' ! and 0 ( inf $( sup$ Hence, ($)+ n,
satisbes all of the conditions in the proposition. O

4.7.2 Continuity with respect to sequences of bnitary variables

We now present two important results concerning the behaviour ofESb
W|th respect to sequences of pnitary variables. The brst one guarantees that
EQ v IS continuous with respect to decreasing sequences of bnltary bounded
above variables. The second one states that, for anys ' Ly, there is al-
ways a sequence of+-measurable gamblesNand therefore also a sequence
of bnitary gamblesNthat converges pointwise to $ and for which E%bv S
continuous. The proofs of these results can be found in Appendim.Czog.

Theorem 4.7.3 (Continuity w.r.t. decreasing Pnitary variables) . For any up-
per expectations tre€,, any >' X' and any decreasing sequen¢&).- No Of
Pnitary, bounded above variables that converges pointwise to a variable V,
we have thatlim .+ +s Eg (89 = Egy (3.
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Theorem 4.7.4. For any upper expectations tre®,, any > ' X' and

$ ' Lp, there is a sequencd$). n, of +-measurable gambles that is
uniformly bounded below and that converges pointwise t& such that

. —eb =eb

lim. s Egy($15) = Egy (3.

Observe that Theorem4.7.3, is especially strong if it is combined with
Theorem 4.6.1;75: together, they imply that both the game-theoretic up-
per expectation E%bv and the game-theoretic lower expectation E%bv are
continuous with resbect to increasing sequences of bounded below bnitary
variables, and continuous with respect to decreasing sequences of bounded
above Pnitary variables® In practice, this comes down to being continuous
with respect to almost all monotone sequences ofbnitary gambles . This
property has already been used by Krak et al. 8] in order to obtain an
equivalence result about hitting times and hitting probabilities in imprecise
Markov chains. Theorem4.7.4, on the other hand, further establishes the
importance of Pnitary variables and their limits when it comes to charac-
terising E . In fact, Theorem 4.7.4 will be a key result for obtaining our
alternatlve aX|omat|c characterisation of Ef in Section 6.259p.

In light of Theorems 4.7.3. and 4.7. 4 one might now wonder how
far the continuity of Ef wrth respect to sequences of bnitary gambles
stretches. We know that Ef is not necessarily continuous with respect
to general pointwise convergence, but perhaps it could still be continuous
if we restrict ourselves to converging sequences of pPnitary gambles. Unfor-
tunately, as the following example shows, this is not the case, not even for
sequences of indicators of cylinder events.

Example 4.7.5. LetX ! {),*} and consider the same upper expectations
tree Q¥ as in Example4.6.5;,79; as explained in that example, we then have
that Ex v( [ = sup(-]9 forall (-, ' V9 X . Observe that for the se-
quence() +x),+ \ Of situations, we have that Ex V(1)+*| ) = sup(ly+) = 1for
all +' N Yet, it can also be checked thaﬂ|m+* + 1y« = 0, which implies
that EG O (imas is 1ye]") = QV(OI") = 0, where the last equality follows
from Proposition 4.4.3 [ECl363]. S0 we bnd that

I|m$ Eov(l)**|") =1! 0= Ef ( I|m L«[").
Hence, since(1,+). n is a sequence of Pnitary gamblesEff;v does in gen-
eral not satisfy continuity with respect to pointwise convergence of bnitary
gambles. "

SIndeed, by conjugacy [Corollary 4.3.716], Theorem 4.6.1;75 implies that E%b,v is con-
tinuous with respect to decreasing sequences that are bounded above, and Theorem.7.3,
implies that E%b,v is continuous with respect to increasing sequences that are bounded below.
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4.7.3 Expressions forE v In terms of (limits of) Pnitary gambles

Our next two results further emphasize the central role of the variables
in F and Lb for the characterlsatlon of EQ The Prst one states that the
upper expectation Ex V($|>) of any variable $' V, condltlonal on any >'
X', is the lower envelope of the upper expectatlonsE V( |» of variables
- ' Ly, that are (pointwise) equal to or larger than $0n " (>) The second
one further parses this expression and fully charactensesEQv using only
its values on the Pnitary gambles. Together with Theorem4.7.4, , both
of these results will be crucial in Chapter 6,53, where E%bv will be given
an alternative characterisation in terms of some fairly simble axioms. Itis
also interesting to compare these results to Propositior8.5.1097, which fully
characterlsesEQ using only its values onF 9 X ', as it sheds some light on
the di! erences betweenEf and Eg.

Proposition 4.7.6. Consider any upper expectations tre@,, any $' V and
any>' X'. Then
| "
—eb . . =eb LT
Egyv(8) =inf Egy(-1): - LbI and- #. $

=inf ESy(-1): - Coand- # $. (412)

Proof BecauseEQV is monotone [EC43 in Proposition 4.4.3144], We have that

QV($| M ( EQV( |3 forany - ' L, such that $ ( » - . It therefore follows immedi-
ately that

! " ! "

ESy(8P) (inf ESy(-19:- " Loand- #.8 (inf Egy(-P):-' Lrand- # $,

where the last inequality follows from the fact that - # $implies - #> $ for any
" V. It remains to prove that inf Eg V( [¥:-" Lpand- # $ ( EQV($|>)

Consider anyM 1 Mg (Q,) such that lim M  exists within " (3 and such that
imM?!#, & Let M be the extended real process debned bM (4 | M (A for
all A3 3 andbyM (A ! +$ forall A$ > We show that M is a bounded below
supermartingale such thatlim M # $ The processM is bounded below becauseM *
is. Moreover, we have, for all A3 > that Qx(M (4))= QX (M 1(A))( MYA =M (A
becauseM lis a supermartingale, and, for all A$ > we also have thatQ;(M (/))(
M (A because thenM (A = +$ . Hence, M s also a supermartingale. Furthermore,
note that limM =, lim M #. $and, for any path ? not going through > that
limM (?) =+$# $(?), which all together implies that im M # $.

Now, let (-.)+ n be the sequence debned by.(?)! M (?*) forall +' N and
all 2 ' I . Thenitis clear that (-.). n is a sequence of+-measurable, and therefore
Pnitary, extended real variables that is uniformly bounded below. Moreover, since
lim M exists everywhere, we have that- (?) ! lim 45 -+(?) = limx 4.5 M (?7)
existsforall? ' ! . Hence,- ' Ly and becausdim M # $also- # $ It furthermore
follows from Debpnition 4.744, that E%blv(— [» ( M (3 becauselim M #. - (since, in
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fact, lim M = -). This implies that

inf EZ,(-1):- " Loand-#$ ( M (=M.

Since this holds for any M1 ' Mg,(Q,) such that lim M ! exists within " (3 and
lim M 1#. $ it follows from Proposition 4.5.4,75 that, indeed,

inf EZ,(-1):- ' Crand- # $ ( EZ, (3P O

As already mentioned, the following result fully characterises E
terms of its values onF 9 X '

Proposition 4.7.7. For any upper expectations tre€, and any ($> ' V 9
X', we have that

=eb
Eu(5)) ..
. . . —eb [ . 1 H
=inf liminf Egy(-+:-+" F.GO" R)-.#0 and lim -, #-$ .

Proof. Fixany ($> ' V9 X'. We brst prove that
!

Eg\ (8P ( inf lim inf Egy(--P:-." F.( 0" R)-. # 0and Jim - #s
(4.13)
Fix any sequence(-.). y in F that is uniformly bounded belowNso thereisa 0' R
such that -, # 0 for all + ' NNand such that lim, .5 -. #. $ Then, by Corol-
lary 4.6.2;77,
Ii[pgf Ef\,( 1P # E ( I|m - # EQV($|>)

where the last inequality follows from Proposmon 4.4.3164 [EC4¢3]. Since the in-
equality above holds for all sequenceq(- ). n in F that are uniformly bounded below
and for which lim . .g -+ #- $ we conclude that Eqg. (4.13) holds.

To prove the converse inequality, Px any- ' L, such that - #. $ According to
Theorem 4.7.44g3, there is a sequence(- .). n in F that is uniformly bounded below
and for which lim,+ +¢ -+ =- and

QV( [» = ||m$ EQV( AP = I|m|nf EQV( .

As a result, since (-.)+ n is moreover uniformly bounded below and is such that

lim. 44 -+ = - #, $ we obtain that
| "
=eb Lo meb ' .0 ;
Eg (-1 # inf lim in Egv(-+P:-+" F.G 0" R)-. # 0and Jim - #.8

Since the inequality above holds for all - ' L, such that - #. $ we infer from
Proposition 4.7.6_  that

ED, (8 # inf '|i+rpi+gf Egv(+P): - RGO R)-.#0and fim - #.5 ,

which together with Eq. (4.13) concludes the proof. O
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4.8 Concluding notes on the debnition of a game-theoretic upper
expectation

An important contribution of this chapter to the theory of game-theoretic
probability is, besides that it establishes a multitude of fundamental prop-
erties for game-theoretic upper expectations, that it provides an overview of
the possible debnitions and an argumentation for why one specibc version
stands out. Such an overview and argumentation is particularly relevant
because many slightly di erent debnitions for a global game-theoretic up-
per expectation have appeared in the literature [8, 86, 88, 109], and it is
not always clear what these di erences entail. Most versions only di er in
how the supermartingales are allowed to behave. Propositions4.5.4173 and
4.5.5174, as well as [85, Proposition 7.7], show that the dePnition of E
is fairly robust with respect to changes that concern the limit behawour of
supermartingales and, more specibcally, how this limit behaviour relates to
the variable $in consideration. A choice that does have a large impact is
whether to use real-valued or extended real-valued supermartingales, and
whether we require them to be bounded below or not. We have chosen to
adopt a version of the game-theoretic upper expectation with bounded be-
low extended real-valued supermartingalesMe,(Ay), mainly because of our
Pndings in Sections4.1,3184.3;5,, but also because of some claims about the
desirable features ofEZbVVNrecall the end of Section 4.2.3145. Using the re-
sults from Sections4.4,6,DSection4.7,55 we can now conbrm these claims.
Let us brst brieRy recall the following considerations from Sections4.1;3,D
4.3152.

Given a general acceptable gambles treédy, the game-theoretic upper
expectation E;\B'V is the version with the most direct and intuitive interpre-
tation because it solely involves the use ofbounded supermartingales; we
regard this to be a practically sensible assumption because we interpret su-
permartingales as capital processes and because, in a realistic, practical con-
text, one can never borrow or gain an unbounded or inPnite amount of
money The version EA v furthermore coincides with the versions E) vand
EA VNWhICh are interpretationally less direct because they use real-valued
supermartingales that are not bounded (above)Non the doma|n vox!

On the domain V 9 X ', all three the upper expectations EA v Ep v and
EA v turn out to be unswtable Ep v has the undesirable feature that it
sometimes becomes lower than its corresponding game-theoretic lower ex-
pectation [Example 4.2.113¢]; Ef,v and E;\byv sometimes return excessively
largeNconservativeNvalues [Example 4.2.2140]. An appropriate solution
to these issues was found by adopting the use of extended real supermartin-
gales. This led us to the dePnition ofEZb,V, which on its turn is equivalent
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to Ef as long as the upper expectatlons treeQ, agrees with A, through
Eq. (3 1)50, recall Theorem 4.3.6161.7

Now, apart from solving the issues raised in Examples 4.2.1;39
and 4.2.2,40Nand also the one in Example 3.6.1g9 due to Proposi-
tion 4.2.8150 and Example 4.1.1,33N Eibvv was claimed to have numerous
desirable properties; this is now conbPrmed by the results in Section®t.415,D
Section 4.7150. Among others, Eib’\, satisPes extended coherence proper-
ties, a general law of iterated upper expectations, continuity with respect
to increasing (bounded below) sequences and continuity with respect to
decreasing (bounded above) sequences of bnitary variables. These results
were established for E Nbecause the parametrisation in terms of upper
expectations trees is more convenientNbut, by Theorem4.3.6161, they also
hold for any acceptable gambles treeAy and the corresponding upper ex-
pectation EA V-

Moreover, a bnal argument for the use ofE Nor EA Nis that, as
was claimed at the end of Section4.2.3145, and as We WI|| show next, EA v
coincides Wlth EA v- Recall from Section4.2. 2142 that EA v was by debnition
equal to EA vNor, better, EA vNon V9 X', and was further dePned on
V9X ! by imposing continuity with respect to upper and lower cuts [ CU1y43,
CU2.43]. As we have argued there, we believe the debnition ofEA v tomake
more sense, interpretationally speaking, than the one ofEA v because the
former still fundamentally relies on bounded real-valued supermartlngales
mstead of extended real-valued ones. Since the upper expectatlonEA vand
EA v coincide, EA v can thus serve as an alternativeNand more intuitiveN
characterisation for EA v

Proposition 4.8.1. For any acceptable gambles tréf,, we have that
ER V(8D = En (8 forall (§' VOX'

Proof. First note that EA v extends (the restrictionto V9 X ' of) EA v due to Propo-
sition 4.2.8150. Since EA V(a1>) for any >' X' moreover satisPesCU1;,43 and CU2143
by Theorem4.6.1,,5, Proposition 4.6.3,73 and Theorem4.3.6¢4;, and smceEA v(@h
is by Debnition 4.3,43 the unique global upper expectation that extends EA v ©n
V9X')and |s such that, for all >' X' EA v(ap) satisbesCUly,3 and CU2y43, we
obtain that EA v coincides with EA v on the entire domain vVox!' O

4.9 Relationship to Shafer and VovkOs work

We conclude this chapter on game-theoretic upper expectations with a
brief study on the relation between our work and that of Shafer and Vovk. Of

“Results similar to Theorem 4.3.616; could also be deduced for the upper expectations
Ep v, ExyandER .
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Figure 4.2 Schematic overview of the most important game-theoretic ap-
proaches and their connections.

course, many others have contributed signibcantly to the beld as well 8, 9,
21, 74, 88], yet we regard Shafer and VovkOs new book8p] to be our main
point of reference because (i) it proposes a full-RBedged and self-contained
theory of game-theoretic probability that covers a broad range of results and
topics; (ii) it is recent and therefore takes into account and/or includes most
of the novel contributions to the beldNcontrary to [ 86], which is in some
aspects already outdated; and (jii) Part Il in [ 85] concerns material that is
closely related to what we have presented here.

4.9.1 A brief overview

The starting point in Shafer and VovkOs frameworkNnot only in [85]
but also in [86, 88, 109]Nis not necessarily an acceptable gambles treeA
or an upper expectations tree Q,, but rather a sequential game where
three playersNForecaster, Skeptic and RealityNor sometimes two playersN
Skeptic and WorldNplay according to a so-called testing protocol. Testing
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protocols lay down the rules of the game. One such testing protocol was
already more or less introduced in Section3.2.3g; where we introduced the
Pnitary game-theoretic upper expectationEfA - Shafer and Vovk, however,
also consider a broad range of other testing protocols, varying from very
simple onesNsee e.g. 85, Protocol 1.1]Nto rather abstract and general
onesNsee e.g. [85, Protocol 7.12]. Pointing out the di! erences with our
approach, and certainly understanding what these di erences entail, can
however be a rather challenging task. We now sketch an overview of what
the most important aspects are one should take into account when com-
paring our work with theirs. Our results are mainly related to the results
situated in [ 85, Part 1], so we focus only on the material presented therein.

() In [85, Part Il], a player called ORealityONor OWorld in absence of
ForecasterNdecides what the outcome of each round is. This is only a
matter of interpretation; one could just as well regard RealityOs moves
to be the subsequent observations of the state of a stochastic process.

(i) The local state spaceNthe move space for Reality or WorldNis in [85,
Part 1] not necessarily Pnite, nor bxed; see e.g. 85, Protocol 7.10].

(i) The local models in [85, Part l]]Nwhich are specibed by ForecasterN
always take the form of a particular type of upper expectation; see [85,
Section 6.1] and Debnition 4.8,9; below. Moreover, note that, though
this turned out to have no e! ect on the resulting game-theoretic upper
expectation, we actually took coherent sets of acceptable gambles to
be starting point rather than local upper expectations.

(iv) The local modelsQ, or A, are in our case assumed to be known be-
forehand; that is, we assume that Skeptic knows what ForecasterOs
movesKthe specibcation of the modelsQ> or AZNfor each situation
>' X! are going to be, and thus what options Skeptic is going to have
in each situation, before he starts playing. In [85, Protocol 7.12], for
instance, this is not the case as Forecaster is there only required to
reveal his moves in each round, after he has observed previous moves
by Skeptic and Reality? His forecasts or moves are in that case called
Oprequential®]]. Mathematically speaking, this comes down to al-
lowing each local upper expectation to depend on the situation and
on the previous moves by Skeptic. Though this seems to always im-
pact the generality of their approach in the positive, it only e! ectively
does so when we are considering Pnite or countable state spaces. As
Shafer and Vovk argue themselves, for general state spaces, one can

8In contrast to Section 3.2.3g; where SkepticOs moves are the (process)!dirences#M of
the corresponding real supermartingale M , SkepticOs moves in the Oextended real® context are
the local variablesM (>&) see e.g. B5, Protocol 7.1].
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always turn a prequential protocolNe.g. [ 85, Protocol 7.12]Ninto an
equivalent non-prequential oneNe.g. [ 85, Protocol 7.1].

Itis clear that the di! erences described in point(ii) 1 and (iv), impact
the generality of Shafer and VovkOs approach in the positive. To assess how
the di! erence in (iii) ; impacts generality, on the other hand, a little bit
more care is required. We will study the relation between Shafer and VovkOs
type of upper expectation [85, Section 6.1] and our local upper expecta-
tions in Section 4.9.2« below. As we will see, their type of (local) upper
expectation is more general than ours. Nevertheless, we do not consider
this additional expressive power to be a positive feature, becauseNas we
will also show belowNon the one hand, the resulting global game-theoretic
upper expectations are not d ected by it, and on the other hand, compat-
ibility of local and global upper expectations cannot be guaranteed if we
were to work with their more general type of (local) upper expectation.

Besides, though our local upper expectations are less general than those
of Shafer and Vovk, we have also set forward a game-theoretic approach
based entirely on local (coherent) sets of acceptable gambles. By Theo-
rem 4.3.6161, we know that this does not a! ect the values of the resulting
global game-theoretic upper expectation, but still, as we have discussed in
Section 2.533 and Section 3.1.2,g, sets of acceptable gambles are more gen-
eral than upper expectations, and so it was a priori not given, neither trivial,
that these two types of local models would lead to equivalent global upper
expectations. Additionally, our acceptability-based approach sheds light on
the connection between Shafer and VovkOs theory and the traditional beld
of behavioural imprecise probabilities [3, 106, 110, 113]. Shafer and Vovk
have also used a type of local model similar to coherent sets of acceptable
gambles in their brst book [86, Section 8.3], but the setting there involves
only gambles and real-valued supermartingales; we refer to De Cooman
& Hermans [9] for an in-depth overview on how the setting in [ 86, Sec-
tion 8.3] compares to the behavioural coherence approach of Walley [L10],
for stochastic processes with a Pnite time horizon.

Finally, we also want to nuance our earlier statements about the in-
creased generality of Shafer and VovkOs approach in aspe(ts; and (iv): :
by restricting ourselves to bnite state spaces, and to non-prequential fore-
casts, we were able to establish some crucial results that are absent or dif-
ferent in Shafer and VovkOs book85]. Most notably, Theorem 4.7.3g,
is similar to [85, Lemma 9.12] due to Lemma 5.5.5,5; below, yet [85,
Lemma 9.12] requires strong topological conditions on how the local mod-
els are allows to vary, only involves non-negative variables, and is only stated
for unconditional global upper expectations. There appears to be no analo-
gon of Proposition 4.7.71gs5 in [ 85]; neither does there seem to be ones for
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the more technical results Theorem4.7.4,g3 or Proposition 4.7.61g4, Which
will be crucial in Chapter 6,g3 to establish an axiomatic characterisation of
Exy or E%bv.

4.9.2 Upper expectations according to Shafer and Vovk

The following dePnition specibes what Shafer, Vovk and Takemura calll
a Osuperexpectation® i8g] and what Shafer and Vovk call an Oupper expec-
tation® in B5]. In order to di ! erentiate with our notion of an upper expec-
tation, we will refer to it as an SV-upper expectation.® They debne this type
of upper expectation for general possibility spacesY, but we immediately
apply it here to the case where Y is the bnite state spaceX .

DePnition 4.8 (SV-upper expectations) An SV-upper expectation E on
L (X) is an extended real-valued map onL (X ) that satispes the follow-
ing axioms:

SV1. E(§ = &forall & R;

SV2. E($+-) ( E(9 +E(-) forall $-"' L (Y);
SV3. E(($) = (E(9 forall (' R-andall $' L (Y);
SV4. $( - - E(9 ( E(-)forall - L (Y).

SV5. lim.+ 45 E($) = E (lim. 45 $) for any increasing sequence( $) n,
of non-negative variables in L ,(Y). !

We immediately have the following constant additivity property for an
SV-upper expectation.

Corollary 4.9.1. For any SV-upper expectatiok on L_(X ), we have that
SV6 E($+;)=E(9+; forall $' L (X)andall; ' R.

Proof. Fixany $' L (X)andany; ' R. By SV2and SV1, we have that
E(9=E(9+; & =E(Y+E()&; #E($+;)&; =E($+;)+E(& ) # E(9.

So we obtain that E($+; ) &; = E($), and thus that E($+;) = E(9) +; . O

Since Shafer and Vovk use these SV-upper expectations as local modelsN
or moves by ForecasterNin their testing protocols, we are interested in how
these SV-upper expectations are related to our notion of an extended lo-
cal upper expectation, which is characterised by coherence orl. (X ), and

9Their dePnition is, as far as we know, not based on a single specibc interpretation. Rather,
they draw inspiration from various subbelds in probability theory to obtain these axioms.
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by the continuity properties CU1343 and CU243 on L (X ). We gather our
Pndings in the following proposition.

Proposition 4.9.2. For any (unconditional) upper expectatiorE : L_(X ) *
R, the following statements hold:

@) if E is coherent orL (X') and satisPe€ U143 and CU243, thenE is an
SV-upper expectation;

(i) if Eisan SV-upper expectation, thel is coherentorl. (X ) and satispes
CU143.

Proof. To prove (i), assume thatE is coherent onL (X ) and satispesCU1,43 and
CU243. Then PropertiesLE1s¢ and LE6;s5 in Proposition 4.3.4,5¢ guarantee that
E satisbesSV1 and SV5 . We next prove that E also satisbesSV2 , SV3 and
SV4 , and hence, that it is an SV-upper expectation.

SV2 : Consider any two $, - ' L_(X) and any &' R. Then, since $% # &and
-@# & we have that $%+- & # 2& In a similar way, we deduce that $%+- & # $+-
Hence, combining both inequalities, we obtain that $%+ - @& # max{$+ -,2& =
($+-)@& Moreover note that $& - @and ($+-)@are all variables in L ,(X ), so
we can apply LE4;s¢ and subsequentlyLE2;s6 to infer that

E ($+-)® (( E($%+-®) ( E(sB) +E(-9D).

The inequality above holds for any &' R, so we have that

— — - . - . = _ >
E(g+-) “2° Jm E ($+-)% = lim E ($+-)®¥ ( lim E($%)+E(-%)

CU2143

= Jim E($%) + Jim E(-®) E(9 +E(-),
where the existence of the limits after the inequality follows from the monotonicity
[LE4,s6] of E, and where the second to last equality follows from the fact that E ( $%)
and E(- ®) are increasing in &and our convention that +$ & $ = +$.

SV3 : Consider any $ ' L_(X ). First note that, since multiplication with a
positive constant ( ' R, is order preserving onR, we have that

max{($(,), & = max{($(' ),(é—&} = (max{ $("), %} forall' ' X andall & R.

Hence, (($)® = ($©¢ forall & R andall (' R Since moregver $2¢ ' L (X ),
we can apply LE3yss to infer that E ((($)® = E ($@¢ = (E $2¢ forall & R
and all (' R.. This then implies that, forany ( ' R.,

) + +
im E ($)% = lim (E $2¢ =( lim E $°
&&$ &&$ & &$

CU2143 %

E(($)
= ( Jim E §® 2% (E(y).

Finally, that E satispesSV4 follows trivially from the monotonicity [ LE4s6]
of E on L ,(X ) in combination with CU2y,3. Hence, E satisPesSV1 E8V5 and is
therefore an SV-upper expectation.
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To prove (i) . , assume thatE is an SV-upper expectation. We brst show that
E is coherent on L (X ). To this end, note that E is real-valued on L (X ) due to
SV46; and SV1;4;.%° Hence, according to Debnition2.6s,, it su" ces to prove thatE
satisPesC13,BC3;,. This is trivial: Cl;, follows from SV1;9; and SV4,9:; C25, follows
from SV2g1; and C3s, follows from SV3e; and SV1e;. Now, to see that E satisbes
CULys, bx any $' L (X ) and any increasing sequence(&).: y of non-negative
reals such thatlim .« .5 & = +$ . Then clearly (% &inf $&),.\ is an increasing
sequence of non-negative variables il »(X ) that moreover converges to $&inf $4.
Hence, SV5;9; implies that

lim_ E(F* &inf §%) = E($&inf §%). (4.14)

Since $is bounded below and & is a non-negative real number, we have that
&inf & ' R, and therefore by SV6ye; that lim,. .4 E(¥%) = E($). Further-
more, for any +,H ' N such that H > +, we clearly have that ¥% ( &% ( &
forall &' R suchthat& ( & ( &. Due to SV4yg,, this also implies that
E(¥%) ( E(¥Y ( E(F%) forall &' R suchthat& ( & ( &. Since this
holds for any +,H ' N such that H > +, and sincelim,- .4 & = +$, it follows
that limg .5 E(F9 = lim .5 E(F%) = E($), where the last equality follows from
our earlier considerations. So we indeed conclude thatE is coherent onL (X ) and
satisPesCU1;43. O

So we see that, as a consequence @f) . , each of our local extended up-
per expectationsQ. debned through coherence andCU1;43 and CU2,43, can
always be seen as an SV-upper expectation. Hence, SV-upper expectations
are at least as general as our extended local upper expectations. The fol-
lowing example shows that this class of local models is in fact strictly more
general.

Example 4.9.3. Consider any Pnite state spaceX such that X|>1and
the upper expectationE: L (X ) * R debned by

&$ if $< +$ pointwise and $(' ) = &$ for some' ' X ;

E(9) ! .
sup$ otherwise,
forall $' L_(X ). We show that E satisPesSV1;9;E6V5,9;, but not CU243.

SV1;¢;: This follows trivially from the depnition of E.

SV24,: Consider any two $ - ' L_(X). If there is some' ' X such
that $(') = +$, then we have that E($) = +$ and therefore also that
E(9 +E(-) = +$ , which implies the desired inequality. Due to symmetry,
the inequality is also satisbed if- (" ) = +$ forsome' ' X . Hence, consider
the case where both$ < +$ and - < +$ pointwise. Then we clearly also

10Recall from the beginning of Section4.3.1153 that being real-valued on L (X ) is a neces-
sity for being coherenton L (X ).
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have that $+- < +$ pointwise. If moreover $(') = &$ for some' ' X,
then also $(' ) +- (') = &$ (because- (') < +$ ) which, together with the
fact that $+- < +$ pointwise, implies that E($+-) = &$ and thus the
desired inequality. Once more, the same can be concluded if (') = &$
forsome' ' X because of symmetry. Hence, we are left with the situation
where both $and - Nand therefore also $+- Nare real-valued. Then we can
immediately infer that E($+-) = sup($+-) ( sup $+sup- = E($) +E(-).

SV3e;: Consider any( ' R, andany $' L (X). If $< +$ pointwise
and $(') = &$ forsome' ' X, thenalso ($ < +$ pointwise and ($(') =
&$ , which implies that (E($) = ((&$) = &$ = E(($). Otherwise, if $>
&$ pointwise or $(' ) = +$ for some' ' X, then also ($ > &$ pointwise
or ($(') = +$ , which implies that (E($) = ( sup $=sup($ = E(($).

SV4ig;: Considerany $,- ' L (X ) suchthat $( -. If $< +$ pointwise
and $(') = &$ for some' ' X, then E($) = &$ and therefore automati-
cally E($) ( E(-). Otherwise, if $> &$ pointwise or $(' ) = +$ for some
"' X, thenalso- > &$ pointwise or - (') = +$ forsome' ' X . Thenit
follows from the dePnition of E that E($) = sup $( sup- = E(-).

SV59:: Consider any increasing sequence ). n, of non-negative vari-
ablesinL ,(X ). Since $ # 0 > &$ pointwise, we have that E($) = sup $
forall +' Np. Clearly, $! lim.x ¢ $ is non-negative too, so we also have
that E($) = sup $ Hence, we infer that

lim E($) = lim sup$(')=supsup (') =supsup$(*)
+* +$ Ay + Ng' ' X "X +'Np

= sup (') = E(9),
"X

where the second and the fourth equality follows from the increasing char-
acter of ($)+ ng-

As a conclusion,E is an SV-upper expectation onL (X ). However, it is
easy to see that it does not satisfyCU2;43. Indeed, consider the extended
real variable &$ I., where ' ' X . Then we have that E(&$ I.) = &$.
On the other hand, E((&$ 1)@ = E(&:) = 0 for all non-positive &' R
(indeed, note that sup&: = 0 because|X | > 1). SOE(&$ 1) =+$ | 0=
limess E((&$ 1), which implies that E does not satisfy CU2,43.

Though SV-upper expectations are strictly more general than our ex-
tended local upper expectations, it follows from Proposition 4.9.2(ii) 19, that
the increased generality solely concerns the domainL (X )\ L ,(X ); see
the corollary below. Furthermore, if an extended local upper expectationN
in our senseNand an SV-upper expectation are such that they coincide on
L (X ), then the former will always provide conservative bounds for the
latter.
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4.9 Relationship to Shafer and VovkOs work

Corollary 4.9.4. For any SV-upper expectatioR on L (X), there is an upper
expectat|orE onL (X)) that satispesCU1, 43 and CU2y43, whose restriction to
L (X ) is coherent, and is such thaE($) = EX($) forall $' L ,(X ). For any
suchE?, we additionally have thatE($) ( EX($) forall $' L (X )\ L p(X).

Proof. LetE'onL (X ) simply be debned as to be equal t&, and on L (X )\ L (X )
by CU2,43. Then, by Proposition4.9.2(ii) 19,, we have that Elsatlsbe£U1143 and that

it is coherent on L (X'). By debpnition, E? coincides with E on L | p(X ) and satisbes
CU2sonl X\ L, p(X). SinceCU2y43 is moreover trivially satisbed onL b(X ) (by
any upper expectation), this establishes the prst statement. To see that the second
statement holds, Px any $' L_(X )N\ L_b(X ), and note that

E(9 (Jim E(s%) = Jim EY(s®) "2 EY(9),

where the brst inequality and existence of the brst limit follows from the monotonic-
ity [ SV4e,] of E. O

Hence, if we restrict ourselves to the domain L_b(X ), our local mod-
els are as general as these of Shafer and Vovk. Since game-theoretic up-
per expectationsNin our framework as well as that of Shafer and VovkN
are debned through supermartingales that are bounded below, and since
the local models characterise supermartingales through Eq. 4.3) 159, this
implies that, as far as the resulting game-theoretic upper expectations are
concerned, it does not matter which type of local upper expectation is being
used.

In fact, for this reason, if one wishes to remain as general as possi-
ble, one may just as well choose to not imposeany conditions on the do-
main L_(X )\ L_b(X ). In our case, this simply corresponds to excluding
CU2,43 from the depnition of our local upper expectations. Due to Proposi-
tion 4.9.2(ii) 192 and the example below, this dePnes a set of upper expecta-
tions on L (X ) that is strictly largerNand thus more generalNithan the set
of SV-upper expectations.

Example 4.9.5. LetE: L (X) * R be dePned byE($) ! sup$ for all
$' Lp(X)andbyE($! Oforall $' L (X)\L(X). Then it can easily
be checked thatE is coherent onL (X ) and that it satisbesCU1143. Yet, it
clearly does not satisfySV29; and SV49;. Indeed, observe that

E(&$ +1) = E(&$) =0 %1 = E(&$) +E(1),

so E violates SV2,4;. E also violates SV4o; becauseE(&$) = 0 & &1 =
E(&1). "

One major reason why we nevertheless imposeCU2;43 onto the local
upper expectations is because, without it, we do not necessarily have com-
patibility with the global upper expectation on the entire domain L (X).
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This can be seen as follows. For ~any upper expectatlons tre€, and any
extended upper expectatlons treeQ,: >' X' 7* Q. for which the individ-
ual local models Q. extend Q. and only satisfy CU1143 (and not necessarily
CU243), the local upper expectations Q. will coincide with the local upper
expect%\tlonsQ> onL b(X ), and so the global game-theoretic upper expecta-
tion Eg v correspondlng to Q,Ndebned in an analogous way asEf NWI||
coincide with EQ Hence, by Corollary 4.6.4,79 and the fact that Q> satis-
PesCU2y3 for all >' X', we have that, for all ($'1.+) " L X)ox',

1
Ov
3

g u(8( )l 10) = Egy(3(#)] 1) =T, (9)

1
5
QO
3

As a result,@f i should indeed satisfy CU2,43 if one wishes to have that

E%l?’v($(#"+l)|I li”) = 6 i ($)

Now let us summarize our considerations above; if we are solely inter-
ested in the properties of the global game-theoretic upper expectation, and
care little about compatibility with the local models, then the bestNthe most
generalNthing to do is to impose coherence and CU1,43 onto the local up-
per expectations. This approach is strictly more general than using SV-upper
expectations; see Proposition4.9.2(ii) 192 and Example 4.9.5, . If, on the
other hand, we bnd it desirable to have (full) compatibility with the local
models, then we should additionally impose CU243 onto the local mod-
els. This approach is strictly less general than using SV-upper expectations;
see Proposition4.9.2(i) 192 and Example4.9.3143. All things considered, we
do not see what advantage could be gained from using SV-upper expecta-
tions compared to the other two optionsNthat is, adopting coherence and
CU143BCU2y43 (if one desires compatibility) or only adopting coherence
and CU1,3 (if one wishes to remain as general as possible).

On top of this, the debnition of an SV-upper expectation is, as far as we
can tell, not based on a clear interpretation or argumentation. Our char-
acterisation, on the other hand, starts from the widely encountered notion
of coherenceNwhich can be given a clear interpretation in terms of betting
behaviour or sets of probabilities [recall Debnition 2.63,]Nand uses a basic
and intuitive continuity axiom [ CU1143] to go from L (X ) to L ,(X ). Our
extension from L (X ) to L (X ) using CU245 subsequently follows from
a conservativity argument. Moreover, recall from Proposition 4.3.11s3 that
these extended local upper expectations can also be seen as to result from
extended local sets of acceptable gambles.
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4.A Proof of Theorem4.3.6

N A33$"1+)$% N

4 A Proof of Theorem 4.3.6

Proof of Theoremt.3.6161. Fixany ($> ' V9X'. That

EA v($ =inf M5>) M ' Me(A,) and liminf M #, $ 2
#inf M) M MS(Q,) and liminf M #. $ -gebf($|>)
#inf M(: M "' My(Q) and liminf M #, $ = EQV($|>)

follows immediately from Proposition 4.3.5;59. So it su' ces to prove that
EX V(3 ( E%tfv($|>). Consider anyM ' Mg,(Q,) such that liminf M #, $ Let
M ®be the extended real process debned b (A ! M (5 for all A%>and, for all
situations that follow > by the recursive relation

M(A) iFMYA<+$;

) forall A3 >andall* " X .
+$ if MY(A =

Mia)!

Then it is clear that M ¥(A # M (A for all A3 >, and therefore that liminf M #.
liminf M #. $ M lis also bounded below becauseM is bounded below. Moreover,
to see thatM ' M,(Q,), note that M 1(44)= M (A for all A$ >and thus by LEL;ss
[which we can apply becauseM ! is bounded below] that Q:(M ¥(44))= M ¥(A. On
the other hand, for any A3 >, if M {(A < +$ , then by the supermartingale character
of M we infer that

Qu(M *(A8)= Qu(M (A))( M (A ( M (A

If MXA = +$, then also M Y(A4) = +$ and thus by LEL;ss Q;(M X(4)) = +$ (
M %(A. Hence,Q (M (4))( M XA forall A X ', and sinceM lis moreover bounded

below, we conclude that indeed M ' M, (Q,).
Now bx any E> 0 and let G be the extended betting process debned by

EMIC 1) &EE if M 1) < 4§ ;
G(' 1) ! (1) & TMACa) <*8 0l x
&% iFM () = +$,

We Prst prove that

g1
l(")+ G( 1)) =M )& B forall 'ty XY, (4.15)

by using an induction argument on the length " ' Ny of the situations * ;... That this

equality is true for the situation ' ;.. =" is trivial. Then suppose that it holds for all
situations ' 1.- ' X " of a certain length " ' No. Consider any situation' 1.-4; ' X "+
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of length " + 1. Then we have that

1m $ ' ' 1n $&1 ' ' ' '
M(") + . G('1)( +)=M(")+ G( 1:)( )+ G( 1) (" +41)

=0

B

MU )& B5+ G(1)( ), (4.16)
=0

where the last equality follows from the induction hypothesis. If M (' ;..) < +$,

then we have that G(* 1.+) (" »+1) = M (" 1+41) &M (" 1.-) & B2%", and therefore that

M) +$" G('1:)( ) =M (1) &$&l B% +M (' 101) &M (' 1) & E2¥
0

= =0

=M l(' 1741) &$ 24,

=0
where we used the fact that M (' 1.-) ' R becauseM (' 1.-) < +$ and M1lis
bounded below. On the other hand, if M 1(' 1) = +$, then we also have that
MY(" 1.-41) = +$ in the case that' 1.~ 3 >simply due to the debnition of ML The
debnition of M *also implies that M (" 1.-.1) = +$ in the case that' ;.- $ > because
then ' 1.4y % >and sOM (" 1-41) = M3 = MY(" 1.-) = +$ . So, in all cases, we
have that M (" 1.1) = +$ if M1(' 1) = +$ . Since G(' 1) (' »+1) = &2% by the
debnition of G, Eq. (4.16) implies that

M 1(" ) +$" G('1)(+1)=M 1(' 1) &%l 2% +M 1(' 1) & =7l
0

=0

=M 1) &$ B%.
=0
o, forany ' ;-4 ' X1, we have that M (") + # oG 4) =M 1) &
"_, B2%, which proves the induction step and therefore establishes Eq. 4.15), .
As aresult of Eq. @.15), and the fact that M * superhedges$on " (5, we bnd
that, forany ? ' " (),

? @ ? Bl
lim igf MY")+ CC(?") = Iimir;f MY+ G(21)(? 1)
* o =0
? $r1
= liminf M o) & B%

=0

# liminf M X(?) & 2E# $(?) & 2E

So the extended real processM ' debned byM'(A ! M (") + 2E+ CS(A for all
A' X' superhedges$on " (5.

We furthermore show that & G(' 1) * A7 forall ' ' X', and therefore that
M' is an extended real supermartingale according toA,. For any '~ ' X', we
either have that M (" 1.) = +$ orthat M1(" 1) < +$. If MY(" 1) = +$, then
G(' 1) = &2¥ by dePnition. SinceL 4(X) + A.,. + A’. due to the coherence
[D1ly] of A... = A’ , L (X), this implies that &G(' ;.-) * A’... On the other
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hand, if M (" 1) < +$ , then G(' 1.-) = #M (" 1..) & E2& by debnition. SinceM tis
bounded below, we also have that&M (' 1.-) is real and M (' ;.- &)is bounded below,
and so we infer that

Q.. G(1) =Q, #M( ) &Y =, 'M (&MY 1) @B
LE§156 (M l( a))& M 1(. 1:") & EZ&V.
(M 1( ) &MY 1) & B2Y = &2,

where the inequality follows from the supermartlngale character of ML Since
A¥ and Q¥ agree, Proposition 4.3.1;53 implies that Q = Q.>1‘" A+ S0, since

1:,,(G( ) (& B¥, the debnltlon of Q A |mp||es that thereisan: ' R.
such that (: & G(' 1.+)) Usmg Lemma4 2.5146, We arrive at the fact that
&G('1») ' A’.. Hence, for any 1 " X', we have that & G(* 1.-) " Which
implies that the extended real processM '=MY")+2E+ CCisan extended real
supermartingale according to A,.

It remains to check that M ' is bounded below. This can be easily deduced by

recalling Eq. (4.15) 197 Which implies that, for any ' .. ' X',

g1
M) =MY")+2E+ CO( 1) =MI(") +2E+ G(0)( 1)  (417)

1
=M 1) +2E& B4, (4.18)
and therefore M' (' 1.-) # M (' 1.). Then, since M is bounded below, we Pnd
that M ' is also bounded below. Together with the fact that it is an extended real
supermartingale according to A, we obtain that M * Meb(A¥). Moreover recalling
that liminf M #. § we have by the debnition of Ey \ and Eq. (4.17) that

_ $&1
Exv(SP) (M'(®) =MD +2E& B%( MY +2E
=0

Since this holds for any E> 0, we infer that EA V() (M 1. Furthermore recall
that M (> = M (3 by debnition of M %, so we arrive at the fact that E5 MEEXR
M (3. Since this holds for anyM ' Meb(Q¥) such thatliminf M #. $ we infer that

0,

_ _ & _
Ex’y(8 ( inf M(: M ' My(Q,) and liminf M #. $ = =NEE)

which concludes the proof. O

4.B Proofs of the results in Section 4.5

In the following proofs, we will frequently use the notion of a (tree)
cut; a collection S : X' of pairwise incomparable situations. We call a
cut S complete if forall ? ' ! thereis some9 ' S suchthat? ' "(9).
Otherwise, we call S partial . For any two cutsS and T, we will write S # T
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if (/J' T)(;9"' S)9# J, and similarly for S 2 T. Furthermore, we write
that S $ Tand S 3 T if, respectively, T # Sand T 2 S. Analogously to
what we did before for situations, we say that a path ? ' ! goes through
a cut S when there is some+ "' Ng such that?* ' S. We will also use the
following sets:

[S.TI! {>' X':(9"' S)(;JI' T)92>2 3},
[S,T)! {>' X':(;9' S)(;JI' T)92>#J},
(S, T]1! {>' X': (9" S)(;J' T9#>2 3},
(S, T)! {> X':(G9'S)(;I' T)9# ># J}.

We will also use the simpler notation >to denote the cut {3} that consists
of the single situation >' X'. In specibc, all the previous notations are
meaningful if we replace the cuts S or T by a situation.

Proof of Propositiord.5.117,. Let>' X' be any bxed situation where M () is
real. We can assume thatM is non-negative and that M (5 = 1 without loss of
generality. Indeed, because the original supermartingale is bounded below and real
in > we can obtain such a process by translating and scalingNby adding a positive
constant and then multiplying the supermartingale by a positive realNthe originally
considered supermartingale in an appropriate way. This process will then again
be a (bounded below) supermartingale because the local models(_Q; satisfy LE5;s¢
and LE3;s¢. Moreover, the new supermartingale will have the same convergence
character as the original one.

To start, Px any couple of rational numbers0 < ) < * and consider the following
recursively constructed sequences of cut§S) ). y and (T)""). v. Let

)1 {A3> M(A<)and (/A" [3A)M(A) #)},
and, for " " N,
Llets2" 1 {A X" T"#AMMB>*and (A" (T, A) M (A ( *};
2. letT) ) {A XSk #AM@<)and (/A" (S)7,A)M (A) #)}.

Note that all S)” and all T)"" are indeed (partial or complete) cuts.
Next, consider the extended real processM ) debned byM )" (A ! M () for
all A%>and by

M) (A+[M(A)&M (A] ifT)" 2 AandS)” # Afor some" ' N;

MTAY L .
M) (A otherwise,

(4.19)

forall A'$ >with ' ' X . We prove that M )" is a non-negative supermartingale that
converges to+$ on all paths ? ' " (3 such that

liminf M (?) <) <* < limsupM (?). (4.20)
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For any situation Aand forany " * N, when'S)" # A we denote by 9/ the (necessarily
unique) situation in S} such that 92 # A Similarly, for any " ' N, when T)" # A
we denote by J? the (necessarily unique) situation in T)" such that J* # A Note
that )" # S)" # T)" # 44& T)” # S)™ # a44adHence, for any situation Awe can
distinguish the following three cases:

¥ The Prst case is thafm)” ' A Then we have that
M»Y(A=M"(=M()=1 (4.21)

¥ The second case is thafl)” # Aand S)” ' Afor some" ' N. Then by applying
Eqg. (4.19). for each subsequent step, observing thaM " () is real [because it is
equal to 1], and cancelling out the intermediate terms which is possible because
M is real for any situation &' X! suchthatT);” 2 AandS);" # Afor some"!' N
[this follows readily from the debnition of the cuts T);” and S);'], we have that

M) (A &M (S = w ™ (@) &M (Jg)>+ M (A &M (32). (4.22)
@1

¥ The third case is thatS)” # Aand T);, ' Afor some" ' N. Then we have that
. . A A
M>T(A&MT (= [M (99 &M (31, (4.23)
@1

where, again, we used the fact thatM - () is real, and that M is real for any
situation A' X' suchthatT);” 2 Aand S);” # Afor some"!' N.

That M )" (A is non-negative, is trivially satisbed in the brst case. To see that this
is also true for the third case, observe that0 < * < M (99 and 0 ( M (33 <) for
al @ {1,...,"}. This implies that M (99 &M (39 > * &) > Oforall @ {1,...,"}
and therefore directly that M - (A is non-negative because of Eq.4.23) and the fact
that M)" (3 = M (3 = 1. In the second case, it follows from Egs. #.22) and (4.23)
and the factthat M)" (3 = M () =1, that

MOT(A =M () +M (A &M (3). (4.24)

We prove by induction that M (3 # M (39 forall @ {1,...,"}, and therefore,
by Eq. (4.24) and becauseM is non-negative, that M )" (A is non-negative.

If @= 1, then either J3 = >or J}' ! > If 3} = > then M)"(35) = M)" () =
M (3 =M (3%). If 3! > we have, by the dePnition of T)", that M (32) <) and ) (
M (3 =M)" (3 = M)"(3D). Hence, in both cases, we have thaM )" (32) # M (37).
Now suppose thatM " (39 # M (J3) for some @ {1,...," &1}. Then, again using
the fact that M is real for any situation A' X! such thatT);" 2 Aand S);" # Afor
some"!' N, it follows from Eq. (4.19). that

M7 (35,) =M (39 + [M (99 &M (JQ] # M (99 > * >) > M (J5,).

which concludes our induction step. So indeed M’ (J3) # M (J7) for all @'
{1,...,"}.
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Next, we show that Q;(M - (A&))( M) (A forall A' X', and hence, that M
is a non-negative supermartingale. Consider anyA' X '. If T)" 2 Aand S)" # Afor
some" ' N, it follows from Eq. (4.19),q that

QUM " (AQ)= Qi(M " (A +M (AQ)&M (B) "ZF Qi (M (A8)) +M " (A &M (A
( M7 (8,

where we were allowed to use LE5;s¢ becauseM (A < +$ as a consequence of the
factthat T)" 2 Aand S)” # Aand the debnitions of T)” and S}, and where the last

step follows from M being a supermartingale and0 ( M (A < +$ . Otherwise, if,

forall " ' N, we have thatT)" # Aor S)” 2 A then Q (M) (A4))= Qi(M )" (A) =

M’ (A, where we have usedLEl;ss for the last inequality. Hence, we have that

QM) (AA)) ( M) (A for all A* X', and we can therefore infer that M )" is

indeed a non-negative supermartingale inMe,(Q,).

Let us now show that M )" converges to+$ on all paths ? ' " (3 for which
Eq. (4.20) 9 holds. Consider such a path? . First, it follows from liminf M (?) <)
that there exists some+; ' Ng such that ?*2 3 >and M (? ") < ). Take the prst
such +;. Then it follows from the debnition of T)” that 2+ ' T)”. Next, it follows
from limsup M (?) > * that there exists someH; ' Np for which H; > +; and
M (?"1) > *. Take the prst suchH;. Then it follows from the dePnition of Si'*
that ?H1 ' S)l Repeating similar arguments over and over again allows us to
conclude that ? goes through all the cutsT)” # S)" # T)" # 44& T)" # S)" #
adaForall + > +;, let ", ' N be the index such thatT)" # 2*and T/, ' 2*.
Note that ", * +$ for + * +$. Now, if T)" # 2% and S)" ' 2 for some
+ > +, then we use Eq. @.22), to see thatM )" (?*) & M) (5 is bounded below
by (" &1)(*&))+M((?) &) # ("+&1)(*&)) &) [M is non-negative]. If on
the other hand S # ?*and T)",, ' 2" for some + > +1, then Eq. (4.23), implies
that M)"(?*) &M )" (5) is bounded below by ", (* &)) # ("+ &1)(* &)) &). All
together, M " (?*) &M )" () is bounded below by (", & 1) (* &)) &) forall + > +4,
which implies that

Jm MTEYEM)T) # Jim (L &1)(*&)) &) =48,

becausdim .« +g ", = +$ and (*&)) > 0. This also implies thatlim . .5 M)" (2 %) =
+$ becauseM )" (3 =M (3 = 1.

We now use the countable set of rational couplesU ! {(),*)' Q?:0<) <*}
to debne the processM ': $
M'1 KM,

0%y
with coe" cients K)* > 0 that sum to 1. Hence, M ' is a countable convex combi-
nation of the non-negative supermartingalesM " ' Meb(Q). By Lemma4.4.2:43,
M' is then a non-negative supermartingale in M¢,(Q,). It is moreover clear that
M'(3 = M (9 = 1, implying, together with its non-negativity, that M' is a >test
supermartingale. We now show that M ' converges in the desired way as described
by the proposition.

If M does not converge to an extended real number on some patl? * " (3, then
liminf M (?) < limsupM (?). Sinceliminf M (?) # inf,, ' M (A # 0, there is at
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least one couple ()1 *Y) ' U such that liminf M (?) <)< *1<limsupM (?), and
as a consequenceVl )" converges to+$ on 2. Then alsolim K)*"'M)%(2) = +$
since K" > 0. For all other couples (), *) " U\{()*9}, we have thatK)"M )" is
non-negative, soM ' indeed converges to+$ on ?.

Finally, we show that M ' converges inR on every path ? ' " (3 where M
converges to a real number. Fix any such? ' " (3. Then for any E' R., there
isan+ ' Ng such that, forall @# + # +, M (?9 &M (?*)| ( Eand therefore
M (?9 &M (?*) # &E Now bx any couple of rational numbers0 < ) < * and, for
any.' N, letJ? and 9° be the situations in respectivelyT’” and S where ? passes
through [if it passes through these cuts]. We prove thatM )" (? @ &M )" (?*) # &2E
for any @# + # + . To do so, let us distinguish the following four cases:

*

¥T)7 " 2t orS) # 2% %T) for some” ' N and moreover, T)”" ' ?@or
Sk # 2@%T);, for some"!' N. Using Egs. @.21) and (4.23) for both ?* and
? @ we get that

M* (29 &M (27) = [M)7 (2 &M ()] &M (27) &M (3]

$ , S 2 2
= _1[|V| (97) &M @) & _1['\/I (97) &M (7)1,

where we assume't=0if )" ' 2@and" =0if T)" ' ?*. Since"!# " [because
+ ( @and therefore 2* 2 29 and M (9°) &M (J%) > * &) > Oforall . ' N,
we have thatM ) (? 9 & M)*(?*) # 0 > &2E[where we also implicitly use the
convention that +$&$ =+$].

¥ T)7 2torS) # 2 %T);, forsome" ' N and moreover, T);" # ? @%S); for
some"!' N. Using Egs. @.21) and (4.23) for ?* and Eq. (4.22)4; for ? © we
bnd that

MOC (29 &M (27) = M7 (29 &M (] &[M)7 (") &M ()]
P
= ¥ [M(97) &M (I")] +M (29 &M (37

& ME)am ), @)

=1

where we assume" = 0 if Ti’* ' ?2* Note that "* # " + 1, because"! # "

[since 2* 2 29Qand "! =" is impossible. Indeed, if* =0, "* =" is impossible
because"!' N. Otherwise, if " > 0, "= " would imply that S);’ = S)" # 2+ 2
2 @ contradicting the assumption that ? @ % S);". Hence, taking into account
that M (9°) &M (J°) > * &) > Oforall . ' N, we infer from Eq. (4.25) that
M)»(29&M)"(2*) # M (?9 &M (J7,) [again, also using the convention that
+$&$ = +$]. Finally, observe that 2* 2 2+ 2 J?,, 2 3% # 2 Kthe situation

J?,, exists becauser);; 2 T)i" # ? Wand therefore, recalling how + was chosen,

M) (29 &M (2 # M (29 &M (J7) # &E# &2E
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¥ T} # 27 %S) forsome” ' NandS) # ?@%T);,, forsome"*' N [we auto-
matically have that T)” # ? @becauseT)” 2 T)" # 2* 2 2 9. Using Eq. (4.22) 01
for 2 * and Eq. (4.23),0; for ? @ we get that

M) (29 &M (2%)
1 481
=$ [M(97) &M (I7)] & M(97) &M (I")]+M (27) &M (J7)
=1

=1 =

$1 P41 @
= [M@)&M@)]&  [M(9)&M(I7)]+M(27) +M(I])
; ;

= [M(9)&M ()] &$& [M(97) &M (I")] &M (?7) +M (I7),
=1 =1

where the second step follows becauseM (J7) is regl [as a consequence of the
depnition of T)"] and the third step follows because " "% [M (97) &M (3°)] # 0O
[since all M (97) & M (J7) are positive] and M (?*) # O [because M is non-
negative]. Using the fact that "> # " and that all M (97) & M (J7) are positive,
the equation above implies that

1

. . $
M (RG&M)T (2 #  [M(97)&M (7)) &M (%) +M (37)

= ¥ [M(9?) &M (I7)]+M (97) &M (?%)

#M Q) &M (21,

where the equality follows from the fact that M (J7) is real-valued and the last
inequality follows once more from the positivity of all M (97) & M (J7). Then
since?* 2 2+ 2 97 Nithe situation 97 exists becauses)” 2 S); # 2 ®we infer

from our assumptions about + that

M) (2G &M (2*) # M (97) &M (?*) # &E# &2E

¥ T)# 2" %S) forsome” ' NandT); # ?2©@%S); for some"!' N. Using
EQ. (4.22) 5, for both ? * and ? € we bnd that

M) (2 &M (21
?¢is1
= [M(97) &M (I")] +M (?9 &M (J7)
=1

?
& l[|v|(9?)&|v|(Jf-’)]+|v|(?*)&l\/l(J?)

1

= [M(9)&M ()] +M (29 &M (37)

=1 $g(l

& [M(97)&M (37)] &M (2 %) +M (37)
=1

&1

# M) EM@I)N+M (&M () &M (27)+M (37)
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where the two last steps follow in a similar way as before; Drst#sing the real-
valuedness ofM (J7) and the non-negativity of both M (?*) and ” "%'[M (9°) &
M (37)], and then using the fact that " # " and that all M (9°) & M (J?) are
positive. If "1 = ", and therefore M (J37,) = M (J7) ' R, it follows from the

expression above thatM ) (? 9 &M )" (?*) # M (?9 &M (?*) # &E # &2E
Otherwise, if "* > ", then we use the real-valuedness oM (J7) to deduce from
the expression above that

M) (29&M )7 (2 %)
# &l[M (97) &M (37)] +M (29 &M (J72) + M (97) &M (?)

=

#M((?YG&M (37) +M (97) &M (2 ) # &2E

where the last inequality follows from our assumptions about + and the fact that
P2V 227297 #IL#2€C

Hence, we conclude that for anyE' R., thereis an+ ' N such thatM’"(? 9 &
M)”(2*) # &2Efor all @# +# + and any couple of rational numbers0 <) < *.
To see that this implies that M' converges to an extended real number on
?, assumeex absurdo that it does not. Then there is someE ' R. such that
liminf M*(?) < limsupM ' (?) & 2E As proved above, there is ant+' such that, for
all @# + # + and any couple of rational numbers0 <) < *, M) (? Q&M)"(?*) #
&2Eand therefore alsoM )" (? @ # M )" (? *) & 2E Then it follows directly from the
debPnition of M ' thatalsoM ' (? @ # M ' (? *) &2Efor all @# + # + . However, this is
in contradiction with liminf M'(?) < limsup M ' (?) &2E because the latter would
require that there is some couple @# + # + suchthatM'(?9 < M'(?%) & 2E
Hence,M ' converges to an extended real number on? . O

Proof of Theorem.5.2,7,. Due to Proposition 4.5.1,,, there is an >test super-
martingale M ' that converges to +$ on every path ? ' " (3 where M does not
converge to an extended real number. Let0 ' R be a lower bound for M and let
M1l W(M &0+M'). Since bothM' and M & 0 are supermartingales
[because of LE5;s6], Lemma 4.4.24¢5 implies that (M & 0 + M ') is a supermartin-
gale too and therefore, sincel ( M (3 &0+ 1< +$ [M () is real], LE3;ss implies
that M !is a supermartingale. Moreover, M ! is non-negative because bothM & 0
and M' are non-negative andM (3 & 0 + 1 # 1 which, together with M (5 = 1,
allows us to conclude that M ! is an >test supermartingale. Furthermore, consider
any path? ' " (3 such thatM (? *) does not converge to a real number. Then either
it converges to+$ or it does not converge in R [becauseM is bounded below]. In

the brst case, it follows from the non-negativity of M ' and the positivity / of W

that M * also converges to+$ on ?. If M (?*) does not converge inR, then M

converges to+$ on ? and therefore, becauseM & 0 is non-negative and W

is positive, M L also converges to+$ on ? . All together, we have that M tis an >test
supermartingale that converges to+$ on every path? ' " (> where M does not
converge to a real number. O
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Proof of Theorem4.5.3175. Since E%b,v &h satisbesEC54; for any A' X', we

have, for any &' R and any ? ' !, that liminf .« .g Eg?v(ﬂsl? ) # $?) if and
only if liminf .« 4g E%lfv($+ &?*) # $(?) + & Therefore, and because$is bounded
below, we can assume without loss of generality that $ is a global extended real
variable such thatinf $> 0.

We now associate with any couple of rational numbersO < ) < * the following
recursively constructed sequences of cut{S)”)-n, and (T)")--n. LetS)" ! {3}
and, for " ' N,

eb

sv(89) <) and (| A" (S);,,9) EGy (314 #) };
2. if T)" is non-empty, choose a positive supermartingaleM )" * Meg,(Q,) such that
MJ)"(J) <) andliminf M) #, $forall 3' T)", and let

1 letT)" ! {3' X':Sl, #J,E

*

I {9 XN #9:M)(9) > *and (/AT (T),9) MI(A (*};

3. if T isempty, letS)" 1 ).

Note that all S)" and all )" are indeed (partial or complete) cuts. We now brst
show that, if T)" is non-empty, there always is a supermartingaleM )" that satisbes
the conditions above. We infer from the debnition of the cut T)"" that
/ 0
inf M(J): M ' Mg(Q,) and liminf M #, $ = Eg?v(ssp) <) forall 3' T)".

So, forall J ' T)”, we can choose a supermartingaleM )] ' Mey(Q,) such that
M)7(3) <) and liminf M)} #, $ Consider now the extended real processM )"
debned, for all A" X', by

) ; IEORS
M) (A 1 MI (A if 32 Aforsomed’ T.";
) otherwise.
It is clear that M) (J) < ) and liminf M)" #, $forall J' T)". We furthermore
show that M )" is a positive supermartingale in Mep(Q,).
It follows from Lemma 4.4.1;¢5 that, forall J*' T)",

M)7(A # 9@% liminf M)7(?) # air]fm $(?) #inf $>0forall A3 J. (4.26)

Since also) > 0, itfollowsthat M )" is positive. To showthatQ;(M )" (A&))( M) (A
forall A" X', bxanyA' X' and consider two cases. IfT)" 2 A then M) (A =
M)7(A and M )" (pd)= M) (Ad)for some J ' T)”, and therefore Q;(M " (A4)) =
QiM 7 (A8)) ( M2T(A = M)Y'(A. If )" # Athen forany ' ' X we either
have that A' ' T)", which implies that M)"(AY) < ), or T)" # A’ and therefore
M) (A) = ). Hence, we infer that M )" (A4) ( ), and therefore, by LE45s and
LEL;s6, that QZ(M )" (A4))( ) =M )" (A. So we can conclude thatM )" is a positive
supermartingale in Mg, (Q,).

206
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Next, consider the extended real proces§ )" debned byT)" (A | 1 forall A%>,
and

M) (AT (A/IM)" (A ifT)" 2 Aand S)™ # Afor some" ' N;

T (A) ! . .
T (A otherwise,

(4.27)
forall A3 >andall' * X . We prove that this process is a positive~test supermartin-
gale that converges to+$ on all paths ? ' " (3 such that

.. . —eb " .
lim in Egv(827) <) <* < $(2). (4.28)

That T is well-dePned follows from the fact that, for any " * N and any situation

Asuch thatT)” 2 Aand S)” # A M) (A is positive and moreover real because of the
debnition of S)". The processT )" is also positive because, for any' * N and any

situation Asuch thatT)”" 2 AandS)” # A M) (A is real and positive andM )" (Ad)is

positive, and therefore M) (A&)M )" (A is positive. Furthermore, if A" X ! is such
that )" 2 Aand S)" # Afor some" ' N, then

QAT (A2)= QH(M 27 (AT ) (A1) (A)
QUM (A (/M2 (A (T (A,

where the second step also uses the fact thaM )" (Ad)and T (A/M )" (A are pos-
itive [since, as we have shown above,M )" (A is real and positive, and T (4 is
positive], and where the last step uses the supermartingale character ofM )" to-
gether with the fact that T)*(4/M )" (A is positive. Otherwise, if Ais such that, for
all™ ' N, T)" # AorS)" 2 Athen QX(T" (A4))= Q:(T’"(A) = T)" (A because of
LE1356. Hence, we have thatQ (T’ (A4))( T’ (A forall A' X', which together
with the fact that T)+"(5) = 1, allows us to conclude that T is indeed a positive
>test supermartingale in Mg, (Q,).

Next, we show that T’ converges to+$ on all paths ? ' " (3 for which
Eq. (4.28) holds. Consider such a path?. Then ? goes through all the cuts
SN # T # ST # .. # T #S) # ... Indeed, it is trivial that ? goes

through S)” = {3}. Furthermore, it follows from liminf .« .s E%ITV(SBI? *) <) that
there is an +; ' N such that ?** $ >and E%tfv($|? 1) < ). Take the brst such
+1 ' N. Then it follows from the depnition of T)” that ?** ' T)". Next, it
follows from liminf .« .g Mi’* (?*) # $(?) > * that there exists someH; ' N
for which H; > +; and Mi"(?”l) > *,  Take the brst suchH;. Then it fol-
lows from the debpnition of Si'* that ?H1 S} Repeating similar arguments
over and over again allows us to conclude that? indeed goes through all the cuts
S HT) #S) # #T) #S) # ..

In what follows, we use the following notation. For any " ' Ny, let 97 be the
(necessarily unique) situation in S} where ? goes through. Similarly, forany " * N,
let J? be the (necessarily unique) situation in T where ? goes through. For all
+' Np, let", "' Ng be debned by", ! O0if Ti’* ' ?* and otherwise, let ", be such
that T)" # 2*and T, ' 2*. Note that ", * +$ for + * +$ because? goes
through all the cuts T)” # T)" # ... # T)" # ... Forany+' No such that". # 1,
we now have one of the following two cases:
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1. The brst case is that? * ' (T.,);*,S,),':]. Then by applying Eq. (4.27), for each
subsequent step, recalling thatT - (5 = 1, and cancelling out the intermediate
terms which is possible becausevl )" (>1) is real for any > [T S) ) and any
@ N [this follows readily from the deDnltlon of the cuts T)’ and S’ ], we bnd
that )g&lM)v* ) M)v*('ﬂ)

D= el WD

@1 My (35 M)
Since M ) (’)*) # inf $ > 0 [due to Eq. (4.26)206], M)’ (9@) > * > 0 for all
@ {1,..".&1}and0< M) (32) <) forall @ {1,...,".}, we get that

L &1M) (’)*) ti et f %
TN # - nr s
) ) ) )
2. The second case is that?* ' (S.?’* +1] Then, by repeatedly applying

Eqg. (4.27), , and sinceT )" (5 = 1, we have that

g. M) (9
T (2 = —M@*(g@)-
R
SinceM )" (92) >* >0and0 < M) (32) <) forall @ {1,...,".}, we Pnd that
+*1"+
T > -

Sinceinf $> 0,) > 0 and )— > 1, and sincelim . ¢ ", = +$, it follows from the
two expressions above that indeedlim .+ . T)"(?2*) = +$ .

To Pnish, we use the countable set of rational couplesU ! {(),*) ' Q?:0 <
) < *} to debne the processT :

T! ¥ KT,
0.%)'u
with coe" cients K)** > 0 that sum to 1. Hence, T is a countable convex combina-
tion of the positive >test supermartingalesT " in M¢p(Q,). By Lemma4.4.2463, T
is then also a supermartingale in Me,(Q,). It is also positive, because allk)~"T)*
are positive. Since it is moreover clear thatT (3 = 1, the processT is a positive
>test supermartingale in Mg, (Q,). Furthermore, T converges to+$ on the paths
? ' "(® where liminf « 4 E%tfv($|? ") < $(?). Indeed, consider such a path?.
Then since $(’>) # inf $ > 0, there is at least one couple()%*Y) ' U such that
liminf .« 4 EQV($|'> ") < )1 <*l< ¢(?), and as a consequencéim .« 45 T 1*1(') =
+$ . Then also lim . 45 K ok (’? ") = +$, and since K)”"T )" is positive for all
other couples (),*) ' U\ ()% *Y, the positive >test supermartingale T indeed con-
verges to+$ on ?. O

4.C Stopping times, and proofs of Theorems 4.7.3 and 4.7.4
To prove Theorems4.7.31g, and 4.7.4,1g3, we start with some technical
results concerning the nature of stopping times in discrete-time stochastic

processes with a Pnite state space.
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4.C.1 Stopping times for discrete-time stochastic processes with p-
nite state space

Astopping time ! ' V is a variable taking values inNy and is such that,
forany ? ' ! and with + =1 (?), we have that! (?) = +forall "' "(?7).
Or, alternatively, we could say that ! is a stopping time if it takes values in
No and if, forany +' Npandany? ' 18 (+) I {2 "' | :1(2) = +}, we
have that " (? *) + 1 %1(+). The following lemma shows that our debnition
of a stopping time agrees with the more traditional one that can for instance
be found in [5].

Lemma 4.C.1. A variable! ' V taking values in Ng is a stopping time if and
only if the event! 4 (+) for all + ' Ng is a union 14's " (" 14) of cylinder
events of situations ;.. with length +.

Proof. Let! be a stopping time and consider any+"' No. Forany? ' ! &(+), since
Iis a<stopping time, we have that" (? *) + ! % (+). Hence, we also have that the
union 5 a1y " (?*) ofthe sets" (? *) overall ? ' 1% (+) is asubsetoft & (+). That
»na(y " (?7) is also a superset of & (+), is trivial, so we bnd that ~ . e " (?7)

is equal to ! &1 (+).

Conversely, suppose that is a variable taking values in No such that the event
18 (+) forall +' Ngisaunion ‘..s " (" 1+) of cylinder events of situations ' ;.. with
length +. Then consider any? ' | andany 2 ' "(?*) with + =1 (?). Since! ¥ (+)
is a union of cylinder events of situations ' ;.. with length +, and since obviously
? ' 18(+) pbecause+ = ! (?), we obtain that " (?*) + ! ¥(+) and therefore that
2 ' 18(4). As aresult, we conclude that! (2) = +. O

For discrete-time stochastic processes with generalNnot necessarily
PniteNstate spaces, stopping times are not necessarily bounded above. If
the state space is assumed Pnite however, as is the case for our setting here,
then stopping times are automatically bounded above, and therefore always
belong to the spaceF of bPnitary gambles. This results from the following
fundamental lemma, which we will also use further on to prove some of our
crucial results.

Lemma 4.C.2. For any decreasing sequen¢gs. ). y consisting of set$4 that
are each non-empty and a bnite union of cylinder events of situations of the
same length, we have thaim .« .5 % is non-empty!?

Proof. This follows from the lemma on [ 5, p. 29]; again, as already mentioned in the
proof of Lemma 3.3.37,, a Ocylinder eventO according t6][is in our language a bnite
union of cylinder events of situations of the same length, and that the notion of a Othin

11 Note that the Pniteness (or better, compactness) of the local state spacX is a necessary
assumption for Lemma4.C.2 to hold.
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cylinder eventO in §] corresponds to our notion of a cylinder event. Alternatively,
this result is also a special case of 111, Theorem 17.4 (a)B(b)] since X is Pnite and
therefore ! = X NNif equipped with the product topologyNis compact; we refer to

Section 5.5.2,59 and Appendix 5.C,74 for some basic topological facts about! . [

Lemma 4.C.3. Any stopping time! is a Pnitary gamble that is (sup!)-
measurable, withsup! ' Np.

Proof. We brst show that! is bounded, and therefore a gamble.! is clearly bounded
below because it takes values inNy. To prove that it is bounded above, consider the
sequence of event{ %), y debPned by% ! {? ' ! : 1 (?)# +}forall +' N. Then,
for any + ' N, the event % is a Pnite union of cylinder events of situations with
length +. Indeed, for any " ' Np such that" < +, we have by Lemma4.C.1, that

t&ey={? "' 1t:1(?)="}Yisaunion . .s1"("1~) of cylinder events of situa-
tions of length ", and thus because" < +also the union - ..s1 ., .y« "('14)
of cylinder events of sjtuations of length +. The event % = {? ' | : 1 (?) < +}

is equal to the union < &), so % is also<a union of cylinder events of situa-
tions of length +. Let us denote this union by ., .5 " ('1+) with S + X *. Since
b= ox+"(1s),wehavethat% =! \ % = . .x«s "('1+). Hence, since
X is Pnite, % is indeed the Pnite union of cylinder events of situations of length
+. Furthermore, by its debnition, (%). \ is clearly decreasing. Hence, if% is non-
empty forall +' N, then Lemma4.C.2, implies that lim.« 4+ % is also non-empty.
This would mean that there is a path? ' ! suchthat? ' % forall +' N, and
so by depnition of %, that ! (?) # +forall +' N. But this is in contradiction with

the fact that ! takes values inNg, so we must have that% is empty for some+"' N
and therefore that ! (?) < +forall ? ' ! . So! is bounded above, which together
with the fact that ! is bounded below, implies that ! is a gamble. The fact that! is
bounded above and that it takes values inNg, also clearly implies that sup! ' Ng. To

see that! is (sup! )-measurable, consider any? ' ! and any > ' "(?°5""). Then
2 ' "(?'®)) because! (?) ( sup! and therefore, since! is a stopping time, we
have that! (?) =! (?). O

With any stopping time !, we can also naturally associate a (tree) cut
S, ! {A" X' (2?2 " 1)A= 2"} = {(2'C®): 2 ' 1} (see Ap-
pendix 4.B;g9 for dePnitions and notations concerning cuts). The following
lemma shows thatS, is indeed a cut, and that this cut is moreover complete.

Lemma 4.C.4. For any stopping time! , the setS, : X' is a complete cut.

Proof. To see thatS, is a cut, supposeex absurdo that there are two (di! erent)
situations 2% and 2,2 in s, such that 2% 2 2.2, Then we have that
1(?1) ( 1(?,) and that 2, ' " (?,V). The latter implies, by the fact that ! is
a stopping time, that ! (?5) = ! (?4). So since?; 2 2,02 it must be that
2,01 =22 Thisis in contradiction with our assumption that ? % and 2,2
are di! erent, so we conclude that all situations in S, are pairwise incomparable and
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therefore, that S, is a cut. To see whyS, is moreover a complete cut, observe that
since! takes values inNy, it follows that, forany ? ' !, ?' () is a situation, which
by dePpnition is an element of S, ; it is moreover clear that for this situation ?' ?) we
have that? ' "(?'()). Hence,S, is a complete cut, because for all? * ! , there is
asituation 9' S suchthat? ' " (9). O

4.C.2 Proofs of Theorems4.7.3 and 4.7.4

For the following lemmas, we will associate with any sequence($)+ n,
of +-measurable variables and any stopping time , the global variable $ * V
debPned by $(?) ! $(»)(?). For any extended real processC and any
(tree) cut S, we will furthermore use Cas to denote the extended real pro-
cess stopped atS:

C(» if >$ S; Dol
Cas(® ! Co() if>3s, forall >' X,

where, for any >3 S, 9(3) denotes the unique situation in the cut S such
that >3 9(3). That 9(3) is unique follows from the fact that S is a cut, and
thus the situations in S are incomparable; indeed, for any second9'(>) ' S
such that >3 9%, and for + | [9(3|and H ! |9%(3)|, we will have that
9() =>4 3214 = M) if + ( H,0r 9% =>4 32 =9 if H ( +,
which contradicts the incomparability of 9(>) and 9%(>). For any stopping
time !, we also use the notation Ca to denote the extended real process
stopped at the cutS, associated with! .

The following basic lemma shows that stopping a supermartingale does
not impact the fact that it is a supermartingale.

Lemma 4.C.5. For any upper expectations tre®,, any M ' Mq,(Q,), and
any (complete or partial) cutS, we have that the stopped proceds s is a
supermartingale inMg,(Q,). In particular, for any stopping time! , we have
that M a ' Meb(Q)).

Proof. The processM x5 is bounded below becauseM is. To see thatM s is a
supermartingale, note that

Mu(ay OB TASS (A X,
M (&) ifA$S,

So for any situation A3 S, we have that M as(A = M (9(A) and that M a5 (A) =
M (9(A), which implies that QA(M as (42))= M as (A because ofLE1;5. On the other
hand, for any situation A$ S, we have that M as(A = M (A and that M a5 (M) =

M (4) So here too, becauseM is a supermartingale and thus Q;(M (&))( M (3,
we have that Q;(M s (4))( M as(A. As a consequenceM as ' Mep(Q).
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The last statement, thatM o ' Mg, (Q,) for any stopping time !, then follows
from the fact that S, is a cut, due to Lemma4.C.4,,4, and the fact that M =
M as, - O

Lemma 4.C.6. Consider any upper expectations tre®,, any >' X' and
any sequencg $)+ N, Of +-measurable gambles that converges pointwise to a
variable $' V that is bounded above. Then, foranid ' No and any: ' R
Elégh that E%kfv($|>) < :, there is a stopping time! such thatH ( ! and
Egu(81) (.

Proof. Fix any H ' Np, any: ' R such that Eff;v($|>) <:,and anyE' R..
According to the debnition of E%tfv($|>), there is a supermartingale M ' Mg, (Q,)
such thatM (3 ( : andliminf M #. $ We start by showing that, forany ? * " (5
andany+ ' Ny, there is some natural number+ # + suchthatM (? ) +E# $(?).

So consider any? ' " (3. First note that liminf M (?) + E > $(?) because
liminf M #. $ liminf M (?) > &5 [M is bounded below] and $(?) < +$ [$is
bounded above]. This implies that there is a real number < such thatliminf M (?) +
E> < > $?). Then, since (%(?)). n, converges to $(?) and < is a real such
that < > $(?), there is some indexR(?) ' Np such that < > §(?) for all + #
R(?). Furthermore, by the debnition of the limit inferior and the fact that <is a
real such that liminf M (?) + E> <, there is a second indexQ (?) ' N such that
M(?*)+E> <forall + # Q(?). ThistellsusthatM (?*) +E> < > $(?) for
all + # max{R(?),Q(?)}. This indeed implies that, for any + ' Ny, there some
+# + suchthatM (2 *) +E# $(?).

Let @ve the length of the string >and consider the variable! ' V debned by

L% &
inf +# max{@H}: M (?*) +E# $(?) if?2 "' "(3;
max{ @H} otherwise,

forall 2 ' 1.

1(?) !

It clearly follows from the argument above that ! takes values inNg. We will now
also show that! (?) = ! (2) forany ? ' | andany 2 ' "(?'®), implying that !
is a stopping time, and therefore, by Lemma4.C.3;19, that sup! ' N and that ! is
a (sup!)-measurable gamble. Furthermore, we then trivially have that! # @and
I # H.

To this end, consider any? ' ! andany 2 ' "(?'()). We distinguish two
cases:? ' "(Dand? " " (3. If? ' " (9, thenitfollows from the debnition of ! that
M (?'CN+E# $(5)(?). Since?'?) = 2! ®) [because? ' " (?'?))]andsince $»)
is! (?)-measurable by assumption, this implies thatM (' ®)) +E# $(,)(?). Then,
according to the debnition of ! and since® ' " (3 [because! (?) # @nd? ' " (),
and therefore 2 ' " (?' () + " ()], we have that ! () ( ! (?). On the other hand,
since? ' "(Mand? ' "(2'®) [because?'®) = 2'®)and ! (2) ( ! (?)], we
can infer, in exactly the same way as before, that alsd (?) ( ! (). So we conclude
that! (?)=!(Z)when? ' "(d.1f?2 " "(»,then 2" " (3 because! (?) # @and
therefore " (?' ), " (3 =) . Then it follows immediately from the dePnition of !
that ! (?) = ! (?). So! is indeed a stopping time and thus a (sup! )-measurable
gamble for which it moreover holds that ! # @and! # H.
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Forany? ' !, we now let 9 (?) be the unique situation in S, such that ? '
" (9, (?)). This situation 9, (?) exists and is unique because, is a complete cut due
to Lemma 4.C.4,10. By debnition of S,, we also clearly have that9, (?) = ?'(?).
Hence, by the debnition of M 4, we obtain that

Jim M " = Jim M (9,(2)) =M (9, (?)) =M (?'forall 2 ' 1.

Therefore, by the debnition of ! , we have that

Jim, Ma (?")+E =M (2' D) +E# $4,)(?) = $(?) forall 2 ' (3.

Then by Debnition 4.7,50 and taking into account that M ' Me(Q,) by
Lemma4.C.5,,, and therefore that Ma +E' Mep(Q,) [because the local modelsQZ
satisfy LE5;sg], it follows that EQV($ [ ( Ma (® +E Moreover, M 4 (>) =M
because! # @and therefore >$ S, or >' S,, so we also have thatEQV($ P (
M(» +E ( : +E Since this inequality holds for any E ' R., we infer that
E%'?V($; [» ( :, which together with the fact that ! is a stopping time such that
H (!, establishes the lemma. O

The idea underlying the proof of Theorem 4.7.315, is borrowed from
[23, Theorem 3]. However, just as in [8, 94], real supermartingales were
adopted there. Moreover, our result here considers sequences of (extended
real) Pnitary variables that are bounded above, instead of sequences of-
measurable gambles.

Proof of Theorem.7.3,g>. Note that, because $ is the pointwise limit of a de-
creasing sequence($). n, of bounded above varlables $is also bounded above.
Because$ # $. # S$forall +' Ny and E® Sy IS monotone [EC4163] the limit
M 4 EQV($|>) exists and We have thatI|m+* +$ EQV($,|>) # EQV($|>) So we
are left to show that lim .« .5 Egy, ($15) ( Egy (3.

Consider the sequence($@ )+n, and note that it su" ces to show that
lim . +g EQV(SQ@& S ( EQV($|>) where the limit lim . .g EQV(S;@& >) exists be-
cause($2%).. v, is clearly decreasing [since($)+ v, iS decreasmg] andEY N is mono-
tone [EC463]. Indeed, it will then follow that lim . .g EQV($|>) ( E%V($|>) be-
cause$ ( $2& for all +' N and therefore, by EC4yq3, that lim .« 15 EQ?V($|>) (
I|m+* +$ EQ,v(ﬁ& >) ( EQ,v($|>)-

Since ($)+ n, is a sequence of bnitary variables that converges decreasingly to
$ the same holds for the sequence $2%).. . In fact, ($2%). n, is even a sequence
of Pnitary gambles because each is bounded above. Now let-, ! $®% for all
+ ' Np and consider the sequence(-5).- N, debned by the recursive expression in
Eq. (4.11)1g9, with - a real constant such that- # sup-, [this is possible be-
cause-o = 3;@ is a gamble] Due to Lemma4.7. 1(|) 11 (D N, IS @ sequence of
+-measurable variables. Since(-.)sn, = ($2%). n, IS @ sequence of Pnitary gam-
bles that converges decreasingly to$, it follows from Lemma 4.7.1(iii) 1g1, (V) 151 @and
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(Vi) 161 that (-5). N, IS @ sequence oft-measurable gambles that converges decreas-
ingly to $ Due to Lemmad4.7.1(vii) 151, we moreover have that

Jim, EQV(ﬁ& » = Jlim, EQV( 4= Jim, EQV( "9. (4.29)

Consider any real number: > Eibv($|>), which is possible because$ is bounded
above and therefore, by ECligs, Eéév($|>) < +$ . Then since (-9). N, IS @ sequence
of +-measurable gambles that converges decreasmgly te, Lemma 4.C.6,,, implies

that there is a stopping time ! such that EQV( P19 ( : [we simply let H = 0 in

the lemma]. Since (- ). N, IS decreasing andE e v is monotone [EC4¢3], and since

sup! ' Ng due to Lemma4.C.3;;10, we have that

—eb
# EQU(-TP) # Egy (- fupy 1 # Jim B, (-2,

so we infer that lim s .g EQV( "I ( :. Recalling Eq. (@. 29) it follows that
lim . 45 EQV($,@& S (: Smce this holds for any real: > EQV($|>) we conclude
that lim .« 4g EQV(ﬁ@& ¥ ( EQV($|>) as desired. O

For any net {&u +}u+ N, in R, we say that&'!  Iim 44« +s &us ' R
is the (Moore-Smith) limit [ 67] of {&m +}n+ N, if, for each neighbour-
hood %of & there is a couple (H',+) ' N3 such that &) ' %for all
H # H' and all + # +. For the dePnition of a neighbourhood, see [111,
Section 2.4]. In our setting, the neighboorhoods of a real number &' R
are all the sets that include an openEdisk {) ' R: |) & § < B around &
[111, Example 4.4(b)], and the neighbourhoods around +$ are all the sets
that include {) ' R:) > 0} forsome 0 ' R, and similarly for neighbour-
hoods around &$ ; see Section1.6,4 for the open sets in R. Furthermore,
for any net { $ 4 }n.+ N, in V such that lim (4« 5 $1 .+ (?) exists for all
2 ' 1, we write lim 4+ +s $n.+ to denote the variable in V debned by
im o+ +¢ $uo(?) foral 2 ' 1.

Lemma 4.C.7. Consider any sequendgh). n, in V that converges pointwise
to some variable$' Vy. Then we have thatim (4 + FH=4¢

Proof. Consider any? ' ! . First consider the case that$(?) ' R and bx anyE'

R.. Thenthereisan+ ' Ngsuchthat|$(?)&$(?)| < Eforall + # + . Consider any
H' # $(?)+E Thenforall + # + andallH # H', we havethat $(?) < $(?)+E( H,
so §"(?) = $(?) and therefore |7 (?) & $(?)| = |$(?) & $(?)| < E Since this
holds for any E > 0 [and since any neighboorhood of $(?) ' R includes an open
Edisk] we have that lim 4 4« +5 $7(?) = $(?). If $(?) =+$, Pxany0 > 0. Then
there is an+ ' Ng such that $(?) > 0 for all + # +. If we now take H' # 0,
then clearly also " (?) # O forall + # + and all H # H'. Hence, we have that
lim .4 +s §7(?) = $(?) which, together with our earlier considerations, allows
us to conclude thatlim 4 .+ 43 §" = & O
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Proof of Theoremd.7.41g3. Fixany >' X' andany $' L,. According to Propo-
sition 4.7.214,, there is a sequence( $). N, Of +-measurable gambles that converges
pointwise to $and such that0 ( & ( sup$forall +"' Np, where 0 is any real
number if inf $=+$ and 0! inf $if inf $' R [inf $=&$ is impossible because
$is bounded below].

Fixany @ N and note that the sequence( ¥ 9. , is a sequence of--measurable
gambles that converges pointwise to $°@ because ($). n, iS @ sequence of+-
measurable gambles that converges pointwise to$. Moreover, $ @is bounded above
by @so Lemma4.C.6,;, guarantees that, foranyH ' Np and any: ' R such that

($ 9> < :, there is some stopping time! such thatH (! and E ($?@]>) (:
Slnce $°@|s both bounded below and above and E6 satlsbesE01163, we have
that EQV($ 95 ' R and therefore, that E W(F9) < E W(F9) +1/@ So
in particular, for any H ' Ng, there is a stopplng time ! such thatH ( ! and
E%tfv($?<@|>) ( E%k?v($?‘%>) +1/ @ Lemma4.C.3,;0 moreover implies that sup! ' N
for any such a stopping time.

It follows from the above that there is a sequence{! @}@N0 of stopplng times! g
such that! o =0and, forall @ N, ! g# sup! @ +1and EQV($ 93 ( E W(F9) +
1/ @ We now show that { § @}@ND is a sequence of pPnitary gambles that |s uniformly
bounded below and that converges pointwise to $ such that limg s EQV($ 9y =

Egv (3P,

Each $7@is a gamble because it is bounded above by@and because, since each
$is bounded below by 0, $°@|s bounded below by min{0, @. It then also follows
that {§ @}@N0 is uniformly bounded below by min{0,0}. To see that each§’ @IS
Pnitary, recaII that each ! gis (sup! g-measurable, by Lemma4.C.3;14. This |mp||es
that! (?) =!¢?)forany ? ' | andany? ' "(? 5%'@), and therefore that

@('7) - @(’))(’)) = $@(¢-)(7) - $d',x)(°'-) = $7@@t"")v

where the third equality follows from the fact that $;?§;) is |  ?)-measurable [be-
cause (9. , is a sequence of+-measurable gambles] and that® ' " (? ®'d) +
" (?'d™®) [because! ) ( sup! 4. As a consequence, eachy’ @IS indeed (sup! @-

measurable, and therefore Pnitary.

To see that{ $;7@@}@N0 converges pointwiset_o $ recall that (). n, iS a sequence
of gambles that converges pointwise to $ ' L,. So Lemma4.C.7. implies that
lim (@ +s &@= $ meaning that, forany ? ' ! and any neighbourhood %of $(?),
there is a couple (@, +) ' N2 such that §4?) ' %for all @% @and all + # +.
Then, since {! g @n, is strictly increasing in @[because! @ # sup! @, + 1 for all
@ N, thereis an @' Ny such that @# @and 1?) # + forall @ @ Together

with the above, this implies that $ @(’7) = (’?) ' %for all @# @ Since there
is suchan@' N forany ? ' ! and any nelghbourhood %of $(?), we have that
|Im@ +$ $ @_

FlnaIIy, to see that limg +5 Eg V($ 9y = E%tfv($|>), recall that {! g @n, is such
that Ef W(F @]>) ( E V(9 + 1/ @for all @ N. So we have that

+ y
. —eb B —eb . —eb —eb
im sup Egv(§9) ( lim sup Esv($P+1@= im sup Egv($9) = Egy (31,
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where the last equality follows from Theorem 4.6.1,75 which we can apply be-
cause{f’:s?(‘l}@N0 is an increasing sequence inV, [because $ is bounded be-
low] that converges pointwise to $ ' V,. On the other hand, we have that
liminf g ¢ Egbv(ﬂs’(%) # EeQbV($|>) because of Corollary4.6.2;77 and the fact that
{& (%@No is uniformly bounded below by mln{O 0} and converges pointwise to $.
Hence, we conclude thatlim g s E W(F @]>) = QV($|>) i
As a bnal step, we consider the sequence(%)@N0 Lo($9 P'@NO debned

through Eq. (4.11)1g0, With & = 0. Then, by Lemma4.7.1(i) 151, (V) 181EXVi) 181,
we have that (S%)@NO is a sequence of+-measurable gambles that is uniformly
bounded below and converges pointwise to$. Lemmad4.7.1(vii) 15, and the fact that
lime +s Eebv($°@]>) = _va($|>) moreover imply that lim g +s Egbv(%% = _gbv($|>)
So we conclude that(fls@)@,\,0 is a sequence ofr--measurable gambles that is unlformly
bounded below and that converges pointwise to $ such that limg . EQV(%P)

Eg (81 O
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N Chapter VN
M$(%,&$-#55!1&$#+) ,33%&
$*3P)HH+"%

Ever since the release of KolmogorovOs landmark contributiorbp]* in the
19300s, probability theory has become predominately measure-theoretic in
nature. This branch of probability theory aims to quantify uncertainty in
terms of probability measures: probability charges that, apart from satisfy-
ing Pnite additivity, are assumed to satisfy the axiom of countable additiv-
ity [ 55, Section 11.1].2 So similarly as in Section 2.2,, and Section 3.3gg,
probabilitiesNin the form of charges or measuresNare thus considered to
be the primary objects, and linear expectations and upper expectations are
only regarded to be the derived secondary objects. The fact, however, that
probability measures are assumed to additionally satisfy the axiom of count-
able additivity changes matters dramatically: it ensures that probability
measures and the corresponding measure-theoretic expectationsNobtained
by Lebesgue integrationNpossess powerful limit properties, which in turn
can be seen as one of the major reasons for the success of the measure-
theoretic framework. A second crucial factor for this success, which was
largely due to the work of Kolmogorov [ 56] and, in the context of stochas-
tic processes, due to that of Doob B3], is that the framework can be based
entirely on a small number of simple and clean axioms. This axiomatic ap-
proach was, at the time, considered to be uniquely elegant, and it provided
a much required unibed approach to probability theory.

Yet, apart from these undeniable advantages, the measure-theoretic ap-
proach also has some serious drawbacks. The most important, to us, being
that it is strongly OpreciseQ in spirit; one posits a single probability measure
and all inferences are being deduced from this single probability measure. It
therefore hides the inferential nature of probabilistic reasoning. Of course,

1Though the work of Kolmogorov is often cited as what gave birth to todayOs measure-
theoretic probability theory, it was itself preceded by a series of impactful advances by Borel,
FrZchet, LZvy and many others §7].

2The axiom of countable additivity is equivalent to the axiom of continuity [ 87, Sec-
tion 5.2.1].
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to remain more general, we can instead consider sets of probability mea-
sures. However, the properties and especially the continuity properties of
the resulting imprecise (upper and lower) expectation operators remain
relatively unexplored thus farNyet we know that they will inevitably be
weaker than their classical precise counterparts’ Another issue is that clas-
sical measure-theoretic probability is typically only concerned with events
of positive probability, making conditioning on events of probability zero a
bit of a nuisanceNwhich is typically circumvented by using a mathematical
trick involving equivalence classes. Lastly, the variables for which measure-
theoretic expectations are debned are always required to be measurable: an
abstract assumption that, though mostly justibed in practice, complicates
the mathematical analysis considerably.

In this chapter, we try to do away with these issues, and consider a suit-
ably adapted type of measure-theoretic global upper (and lower) expecta-
tion whose continuity properties, though less powerful than their precise
measure-theoretic counterparts, are still considerably stronger than those
of the Pnitary probability-based upper expectations from Section3.3gg.

We start by considering the precise case, where local dynamics are de-
scribed by a single precise probability tree, and deal with the latter two is-
sues. Instead of turning the precise probability tree into a single probability
measure on! Nora ! -algebraon! N, asis done classically, we turn the pre-
cise probability tree into a global (conditional) probability measure. Such
a global probability measure is close in spirit to the notion of a full condi-
tional probability measure [ 4]; it essentially specibes a probability measure
on (an algebra on) ! for each situation >' X ', which describes the global
dynamics of the stochastic process if we are sure that the patt? taken by the
process will pass through this situation > see Section5.1,,9. This course of
reasoning is similar toNand inspired byNthe one presented by Lopatatzidis
[62, Chapter 3], and it enables us to meaningfully debPne measure-theoretic
expectations conditional on situations that have probability zero. Subse-
quently, to extend the domain of these conditional measure-theoretic ex-
pectations from measurable variables to all global variablesV, we propose
two possible upper expectation operators, which can be seen as variations
of the standard upper Lebesgue integral. We argue why they are suitable
as extensions, and show that they are equivalent; this will be the topic of
Section 5.2557.

After an intermediate section (Section 5.3,35) on the properties of this
common precise measure-theoretic upper (respectively lower) expectation,
we generalise in Section5.4,4 towards an imprecise context. We do this in

3The continuity properties of measure-theoretic upper and lower probabilities , debned as
upper and lower envelopes over sets of probability measures, were however already thoroughly
studied by KrStschmer [59].
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a straightforward and intuitive manner, similar as before in Section 3.35g, by
applying the foregoing Oprecise® course of reasoning to each compatible pre-
cise probability tree, and then taking an upper (lower) envelope of all the
measure-theoretic upper (lower) expectations obtained from these compat-
ible precise probability trees. In that way, we obtain our desired Oimprecise®
measure-theoretic upper (lower) expectation.

Apart from suggesting a suitable generalisation away from the classical
measure-theoretic setting, the current chapter also aims to examine, on the
one hand, the characteristic properties of the generalised measure-theoretic
upper expectations thus obtained, and, on the other hand, the relation be-
tween these operators and the game-theoretic upper expectations discussed
in the previous chapter. First, in Section 5.3,35, we consider the case where
local models are precise; we prove that measure-theoretic upper expecta-
tions and game-theoretic upper expectations are then equal on their entire
domain, thereby generalisingNfor bnite state spacesNan earlier result [ 85,
Theorem 9.3] by Shafer and Vovk. The most important properties of the
Oprecise® measure-theoretic upper expectation then follow immediately from
this equality and the fact that they are already known to be satisped by the
game-theoretic upper expectation.

Section 5.4,49 then, considers the imprecise case and, apart from intro-
ducing general measure-theoretic upper expectations as discussed above,
presents a number of important properties for these measure-theoretic op-
erators; e.g. extended coherence, a relation withﬁa, continuity from below,
and two specibc types of continuity from above. Finally, in Section5.5,49,
we use these properties to establish an equality with the game-theoretic
upper expectation on two complementary types of domains: the set of all
bounded below measurable variables, andNif the local sets of probability
mass functions are closedNthe set of all monotone limits of Pnitary gam-
bles. We argue that, together, these domains cover almost all practically
relevant inferences, and therefore that, in practice, the two types of upper
expectationsNthe measure-theoretic and the game-theoreticNcan often be
regarded as equivalent. We also discuss their relation in case they are not
equivalent, and conclude the chapter with an overview on how, and in which
aspects, our result generalises the results of Shafer and Vovk ing5, Chap-
ter 9].

Concluding this introductory section, we want to mention that there is
also an alternative route one may take in generalising classical measure-
theoretic probability in order to deal with the need for imprecision; by using
sub- or super-additive probability measures as a starting point instead of
global probability measures, as in the classical case, or sets of them, as in
our case. This approach was largely initiated by ChoquetOs works] on
capacities and non-additive measures, and the study of these objects has
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Figure 5.1 Overview of the global upper expectations treated in this and
previous chapters.

grown to be a major topic of interest; see e.qg. [28, 31, 42, 43, 59]. However,
the setback with using a single non-additive measure instead of a set of
probability measures is that it penalizes generality considerably; see 106,
Chapter 6] and [31, p.viii] for an elaborate treatment of the topic. Though
we do not adopt this approach in the context of the current dissertation,
some of our results in Section5.5,49 nevertheless rely crucially on results
from the theory of non-additive measures.

5.1 From charges to measures

In the current section, we aim to come to grips with the notions of count-
able additivity and probability measures, and show how they lead us to de-
Pne global probability charges on domains considerably larger than those
considered in Section3.3gg.

5.1.1 The requirement of countable additivity

Recall Section3.3g9, Where we proposed a possible and straightforward
method for extending a given imprecise probability tree P  to a global upper
expectation Ep . The upper expectationEp was constructed in three steps;
prst, for all 2 0 Py, we considered a globalNPnitely additiveNprobability
charge on X '= 9X' [DePnition 3.20] connected to 2 by Eq. (3.12)72;
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5.1 From charges to measures

then, for each such global probability charge P,, we debned a correspond-
ing global upper expectation E; on V9 X ' using the (upper) Lebesgue inte-
gral (or upper S-integral) [Debnition 3.57g]; and Pnally, we took an upper
envelope of these global upper expectations over all2 0 P to obtain our
global upper expectation Ep corresponding toP . Though elegant as it may
seem, this way of debning a global upper expectationNeven only on global
gamblesNwas not satisfactory. This became apparent when we considered
Example3.6.1q9; it was shown that E, may lack elementary continuity prop-
erties, and that it therefore sometimes returns overly conservative values.

A possible way to perhaps remedy this issue, is to rely on the notion of
countable additivity [4, 5, 56, 89] for (global) probability charges; this
property strengthens the bnite additivity condition [ GP3;] to also apply to
countable (disjoint) unions of events.

Debnition 5.1 (Countable additivity) . A(n) (unconditional) probability
charge P* on an algebra A + 1(!) is called countably additiveNor, ! -
additiveNif, for any sequence (%) in A suchthat% y% ' A,

%, %=) forany .! I- P”(%-N%)z#_.NpJ(%).

Analogously, a global probability charge P on A 9 X ', with A an algebra
suchthat X '= +A + 1(1), is called countably additive if, for all >' X',
the (unconditional) probability charge P(aP on A is countably additive. !

Imposing countable additivity typically allows us toNuniquelyNextend
(global) probability charges to a larger domain, while still preserving fairly
strong limit properties. Before we get into the details, let us brst gather some
intuition and see how the condition of countable additivity can be used to
resolve the issue from Example3.6.1gg.

Example 5.1.1. Reconsider the precise probability tree 2 from Exam-
ple 3.6.199; then we have that 2() |5 = 1 and 2(*| = O forall >' X'.
Let us consider two di erent global probability charges on1(! ) 9 X ' that
are related to 2 by Eq. (3.12) 72; a countably additive one and a bnitely addi-
tive one. The prst global probability charge P; is debned, for all %+ ! and
>'" X', by P (%) ! 1if >))daa % and P (%> ! 0 otherwise. To see
that Py is a global probability charge, it su" ces to check thatGP1;,0BGP4;
are satisbed.

We only prove GP4;,, and leave GP1,0BGP3; to the reader, as they are
fairly straightforward. Fix any %+ ! and any > A' X' suchthat>2 A We
need to show that P (%, "(A]» = P.(YAPL(A>. Let@ |A&|A # 0 be
the di! erence in length between the situationsAand > Then we either have
that A= >)@and then " (A = " (>)9 or otherwise, that " (A, "(>)9 =) .
Suppose the former is true. Then>)) 444 " (A and so it follows from the
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debnition of P, that P;(A>» = 1. Forany % + ! , we then also have that
A))aag >)) daa %if and only if >)) ada %, " (A, and therefore that
P1(%A = P (%, " (A|», which together with P; (4> = 1 establishesGP4
for the case thatA= >)@ Now suppose on the other hand that" (4, " (>)9 =
) . Then we clearly have that>)) 444 " (A and therefore that P;(A> = 0
and that P; (%, " (A|» = 0, which immediately establishes GP4.

So, in summary, P; always satisPesGP4;, (and GP1;0BGP3;,0) and is
therefore a global probability charge on 1(! ) 9 X'. It can moreover be
checked easily thatP; satisPes Eq.8.12)7,. The (unconditional) probability
of the event! \{))) &d&dadccording to P; is equal to 0, and the (uncondi-
tional) probability of the singleton {))) &a agccording to P; is furthermore
equal to 1; these values are in line with our intuition.

Moreover, observe thatP; is countably additive, and actually the unique
countably additive global probability charge on 1(! ) 9 X' that satisbes
Eq. (3.12),,. That P; is countably additive is easy to check. To show that
it is unique, consider any global probability charge P on 1(! ) 9 X' that
satispPes Eq. 8.12)7,, and observe that the values ofP on X '= 9X ' are
uniquely determined by Proposition 3.3.4,3 [since the restriction of P to
X '=9X "' is by Debnition 3.2;¢ again a global probability charge]. In par-
ticular, for any >' X', we have that P(>)"*|> = 0 for all + ' Np. Note
that " () \{>)) aaas % n,' (>)"*), and therefore by countable additivity
that P(" (3 \{>)) aaajdl= . n, P(>)™[» = 0. Hence, it now follows in a
straightforward way from GP1,0BGP3; that P(4> = 1 if >)) 4a& %and
P(94> = 0 otherwise, and thus indeed that P = P;.

We next consider a second global probability chargeP, on 1(! ) 9 X'
that is not countably additive. We start by debning the mapP' on K !
(X'=9X") %{({>)aaay: >' X'} by P(%) ! Pi(%) for any
(%> '<X'=9X"'andP (>)) 448)|! Oforany>"' X'. Note that this deb-
nition is internally consistent because{>)) 4a &} X '=forall >' X' dueto
Lemma 3.3.37,. We aim to show that P' can be extended to a global prob-
ability charge P, on the entire domain 1(! ) 9 X '. To this end, we will use
the extension result [62, Theorem 8], which requires us to brst show that P
is a Ocoherent conditional probability® according t&2, Debnition 5]. This
means checking a condition similar to Proposition 3.3.1(jii) 71: we need to
checkthat, forall+' N,all (1,...,(+" Randall (%,>),...,(%,>)"' K,

+$+ _ i‘) y
sup  (1s 1oy &P (%[>) 1%L, " (>) #0.
=1

By debnition, the map P' coincides with P, on X '=9X"'. As a result,
because we know that the global probability charge P; satisbes the con-
dition above on its entire domain [since it is a global probability charge
and due to Proposition 3.3.1], we have that P' satisPes the inequality
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5.1 From charges to measures

above if (%,>),...,(%,>) ' <X'=9X"' : K. So it remains to check
that, forany + ' Ng, any H ' N, (1,...,(+ ' R, t1,....th ' R,
(%,>),...,(%,>)'<X'=9X"'andA,..., A" X',
tgr - .
sup (.15 lo &P (%]>)

=1
+

$ , A ,
Gy Iy aa& P (A) aaa) 16, "(>) %.L"(A) #0.

=1

By dePnition, we have that P (A)) 44&) = O for all | = {1,...,H}, and
therefore that
* . PRI $
Cila lay aa& P (A) d4a) = C11alay) aax Cilay aaa  (5.1)
1=1 1=1 1=1

So, if + = 0, we indeed obtain that
T - )
sup (1 Doy &P (%[>)

=1
+

$ , L A ’
+ i Gly layaa& P (A) 444 16, "(>) %" (A

=1
+$-| s
=sup Tl éé%)/(ﬁl "(A) #0.
=1

If +# 1, it su" ces to show that
t$ - )
sup (1 Doy &P (%[>)

=1
+

$ S ¥
+ Gl gy aad P (A) 444 i %.,"(>) #0,

1=1
or, even stronger, to show that

+gr - . .
sup (1> 1o &P (%[>)

+ ’ - )
+ Gl lay aa& P () 44 4) %%zl "(>)'\ %L {A) aadr#o.
1=1
Using Eq. (5.1) and taking into account that the supremum above is taken
over a set that does not contain any of the paths4)) & a,athe desired in-
equality follows if we manage to show that
+$+ _ % _ y
sup (15 1o &P (%>) T9%6.,"(>) \ %L, {A) aaa}#o. (5.2)
=1
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Measure-theoretic upper expectations

To this end, observe by Lemma3.3.3;; that the variable lo, for all . =
{1,...,+}, and thus also the variable " 2, (1. lo & P (%|>)" is bnitary.
So it is @measurable for some@' Ng. By our earlier considerations, we
already know that
+gr ) ,
sup (1 lo &P (%]>) 1%, " (>) #O.

=1

So since#le(,1>. loy & P (%]>)" is @measurableNand thus only takes
% Pnite number of di! erent valuesNthere is an '1.9 ' X @such that
AP P P73 &P (%|>) is larger than or equal to 0 on all paths ?

" (" 1.@. Hence, since there are (inPnitely many) paths in" (' ;. di! erent
from the paths A)) aador | = {1,...,H}, itis clear that Eq. (5.2); in-
deed holds. SoP' is a Ocoherent conditional probability® according t®,
DebPnition 5].

Now, [62, Theorem 8] says thatP' can be extended to a Ocoherent con-
ditional probability® P, on the entire domain 1(! ) 9 X'. It then follows
from [ 62, Debnition 5] that P, satisbes Propositior3.3.1(iii) 71, and thus by
Proposition 3.3.1(i) 71 that P, is a global probability charge on1(! )9X'. It
is also obvious thatP, satisbPes Eq.8.12)7,. SinceP; is the unique countably
additive global probability charge on 1(! ) 9 X' that satisPes Eq. 8.12)75,
and sinceP, cannot be equal toPy, we infer that P, is not countably additive.

So, in summary, there exists a global probability chargeP, on 1(! )9X "
that satisbes Eq. 8.12) 7, and that is not countably additive, but this global
probability charge returns values that contradict our intuition; it assigns
(unconditional) probability zero to the path ))) aa,aand [by GP1,oBGP3]
assigns (unconditional) probability oneto ! \{))) aaaPn the other hand,
the unique countably additive global probability charge P; returns values
that are in line with our intuition. "

In light of our Pndings above, it seems that a global upper expecta-
tion based on countably additive global probability charges will prove to
be a more informative and adequate global model compared to the bnite-
additivity-based upper expectations E, or Ep . In order to debne such a
global model, we need to delve into the somewhat abstract world that is
called measure theory.

5.1.2 Probability measures and CarathZodoryOs extension theorem

In Example 5.1.1,,;, we considered a countably additive global prob-
ability charge P, on the domain 1(! ) 9 X' that is compatible with the
(im)precise probability tree 2 according to Eq. (3.12)7,. For general pre-
cise probability trees, however, such a compatible countably additive global
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5.1 From charges to measures

probability charge on 1(! ) 9 X' does not necessarily exist. This essen-
tially follows from the work of Vitali [ 108] and others on the nature of
non-measurable sets. For instance, consider the precise probability tree,
debned by 2(' [ ! 1/|X|foral * ' X andall >' X', and the cor-
responding unique probability charge P,(&]) on <X '=that is described by
Proposition 3.3.4;3. This bnitely additive probability charge P,(&] ) on X '=
is automatically countably additive [ 5, Theorem 2.3], but it cannot be ex-
tended to a countably additive probability charge on 1(! ).*'> We refer the
reader to [ 70, Chapter 5] and [ 5, Section 3] for a didactic treatment on this
topic.

Though a countably additive global probability charge on <X '= 9X'
cannot always be extended to the entire domain1(! ) 9 X ', we can always
extend it to a smaller domain that is still considerably larger than X '=9
X': the domain of all events in the ! -algebra generated by<X '=(and all
situations). In general, a ! -algebra A on a non-empty setY is an algebra
on Y that is closed under countable unions:

(" N)%" A- (%n%)" A.

Since any algebra is closed under taking complements, d -algebra is also
closed under countable intersections. For any algebraB, we use! (B) to

denote the smallest! -algebra that includes B and call ! (B) the ! -algebra
generated byB; the algebra! (B) always exists because any arbitrary inter-
section of ! -algebras is itself a! -algebra [5, Section 2].5 In particular, we

use! (X ') to denote the ! -algebra generated by<X '= Any element %of
a ! -algebra A will be called A -measurable. The following depbnition of a
probability measure is standard; see #§, 5, 56, 89].

Debpnition 5.2 (Probability measures & global probability measures) A
countably additive (unconditional) probability charge P* on a ! -algebra
A + 1(!) is called a probability measure. Analogously, a countably ad-
ditive global probability charge Pon A 9 X ', with A a! -algebra such that
XK'= +A + 1(1),is called a global probability measure’ !

4At least, if we adopt the continuum hypothesis and the axiom of choice (AC) .

SForif P2 (&) would be endowed with a countably additive extension to the entire power-
set1(! ), then it can be derived that each singleton in! must have probability zero, and thus
by [70, Theorem 5.6] that all sets in 1 (! ) must have probability zero. But this is in contradic-
tion with the fact that P, (&1 ) is a probability charge, because this demands thaP; (! |*) = 1;
see also b, p. 45D46].

8And, of course, because there is at least oné -algebra including B, namely the power-
set1(!).

A general measure, the main object of interest in measure theory, is not necessarily
normed and need not take values in [0,1]. Instead, it takes values in Ry and is only re-
quired to satisfy countable additivity. Measures can be seen as generalised notions of OlengthO
or Ovolume for abstract spaces.
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Measure-theoretic upper expectations

Now, as claimed earlier, given any countably additive global probability
charge P on X '=9X ', we can extend P to the domain ! (X') 9 X' and
preserve countable additivityNin fact, such an extension will even always
be unique . This follows immediately from the famous extension theorem
by Constantin CarathZodory [5, 89, 112].

Theorem 5.1.2 (CarathZodoryOs extension theoremyor any countably ad-
ditive probability chargeP'on an algebraA + 1(! ), there is a unique proba-
bility measureP on! (A ) such thatPY{(%) = P(% for all %' A . In particular,
this probability measureP is given, for all%"' ! (A ), by

[ "

'$

P(% = inf PY(%): %' A and %+ % y% .
SN

Proof. The existence and uniqueness oP follow from [ 5, Theorem 3.1]. The ex-
pression for P follows from the discussion in [5, p.37D41]. O

Combined with Proposition 3.3.473, this extension theorem leads us to the
following central conclusion.

Proposition 5.1.3. For any precise probability tree?, there is a unique global
probability measureP, on! (X ') 9 X ' that satisbes Eq(3.12)7,.

Proof. Due to Proposition 3.3.4+3, there is a unique global probability charge P2 on
X '=9X"' satisfying Eq. (3.12) 7,. It moreover follows from [ 5, Theorem 2.3] that,
for any >' X', the unconditional probability charge P1(&P on <X '=is countably
additive. Hence, we can apply Theorem5.1.2 to each P(&$) individually, to obtain

a unique global probability measure P, on! (X ') 9X ' that extends the global prob-
ability charge PL. The global measureP, then clearly also satisbes Eq.%.12)7,. To
see thatP, is moreover the only global probability measure P, on! (X ') 9 X! that
satispes Eqg. 8.12),,, assume that there is a second global probability measureP,
on! (X')9 X" satisfying Eq. (3.12)7,. Then it follows from Proposition 3.3.1(i) 7;
[by applying it twice] that the restriction of P, to X '=9X" is a global probability
charge. This restriction also clearly needs to satisfy Eq.3.12),,. Due to the unique-
ness ofP%, it follows that this restriction is equal to P%, and hence by the construction
of P, and Theorem5.1.2 we have that P, = P,. O

Observe that the restriction of this unique global probability measure P,
to XK'= 9X"' then still takes the intuitive form as described by Propo-
sition 3.3.4,3. Additionally, one may also note that the probability mea-
sure P,(al ) corresponding to the initial situation " could have just as well
be obtained from applying lonescu-TulceaOs extension theoren89, Theo-
rem 2.9.2] to the local probability mass functions 2(&¥.
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5.2 Measure-theoretic upper expectations for precise probability trees

5.2 Measure-theoretic upper expectations for precise probability
trees

To obtain global linear expectations and upper expectations from global
probability measures, we will use the well-known Lebesgue integral. It is
probably the type of integral used most commonly in the modern measure-
theoretic probability theory, and largely owes this status to the fact that
it has considerably stronger continuity properties compared to other well-
known integrals, e.g. the Riemann/Darboux integral. Moreover, our use of
the Lebesgue integral here is in line with our approach in Section3.3.374,
where our choice of integralNthe S-integralNwas completely equivalent to
the Lebesgue integral. As was already mentioned there, the Lebesgue in-
tegral introduced here for global probability measures and measurable (ex-
tended real) variables willNperhaps counter-intuitivelyNbe closer in ap-
pearance to the S-integral from DePnition 3.3¢ than to the Lebesgue in-
tegral presented in Tro! aes & De Cooman [L0O6, DebPnition 8.27] (see also
Proposition 3.3.67¢).

The measure-theoretic concepts that will be used in the following
sectionsNincluding the debnition of the Lebesgue integralNare immedi-
ately adapted to our specibc stochastic processes setting; we refer to Ap-
pendix 5.Az¢3 for a more general, and perhaps more familiar introduction
of some of these concepts.

5.2.1 Measurable variables

Central to the depnition of the Lebesgue integral is the concept of mea-
surability for extended real variables; for any ! -algebraA + 1(! ), a vari-
able $' V is called A -measurable if {? ' ! : $?) ( & ' A for all
&' R.BIfitis clear from the context which algebra we are considering, we
will simply call $ measurable. The notion of measurability for extended
real variables with respect to ! -algebras that we have just introduced is
in accordanceNin the sense that it extendsNthe earlier notion from Sec-
tion 3.3.374, where measurability of a gamble was introduced as the re-
quirement that it should be the uniform limit of a sequence of simple gam-
bles; this can be deduced from [L06, Proposition 1.19] and [ 106, DePni-
tion 1.17] (and the considerations in Appendix 5.Azs3). We also extend the
notion of being A -simple to non-negative extended real variables: for any
algebraA + 1(! ), a non-negative variable $' V is called A -simple if it

8As is shown in Appendix5.A63, this notion of measurability for extended real variables
is equivalent to the standard notion where one uses the inverse image of sets in the Borel
! -algebra onR.
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is a bnite sum#"':l),l% with )1,...,)+ ' Rgand %,...,% ' A [102,
Debnition 1.3.2].

We gather all | (X ')-measurable global variables in the setV,, and we
let V, and V, b be the respective subsets of all bounded and bounded be-
low ones. The following result shows that the setV, is closed under point-
wise countable inbma and suprema, and that it is closed under pointwise
&onvergence. To state the result, for z@y sequence $). n in V, we let

+NE(?) ! sup{$(?):+" N}and . n&(?2) ! inf{&(?): +" N}
forall +" N.

Proposition 5.2.1. For any sequencé$). n in V., we have that

MV1. B+-N$' V, andC+-N$,' V..

MV2. liminf .« .5 & ' Vi, limsup,. .5 $ ' Vi, and if lim. 15 $ exists
thenlim, +¢ &' V.

. B D

Proof. Sln&e {7 "1 Tuons@) (& = on?2 " i s(?) (& and
{7 "1 "on$(?) (& =%n{? " !': %) ( &, MV1 follows immedi-
ately from the fact that the class of all | (X ')-measurable sets is closed under count-
able unions and intersgctio%s; see also 89, p.209]. MV2 alsoEIoIIows from MV1
. L i C )
sinceliminf .« 1 $ = N nge & @ndlimsup,. .4 $ = o N wg+ &, and since
lim,« +¢ & is simply a special case ofiminf .« .5 & or limsup,. .4 $. O

5.2.2 Measure-theoretic expectations

For the debnition of the Lebesgue integral, we follow Billingsley [5,
Chapter 3],%:10 yet immediately limit ourselves to integrals over ! and with
respect to probability measures on! (X '):

Debpnition 5.3 (The Lebesgue integral) Consider any probability measure
Pon! (X'), and any non-negative $' V,. Then the Lebesgue integral of$
with respect to P is debned as

7 ' (

4

$dP ! sup inf ($]%)P(%): %' ! (X') and (%)™, partitions !
=1
(5.3)

9Many slightly di! erent, yet equivalent versions of the debnition of the Lebesgue integral
can be found in the literature; e.g. compare [5, Chapter 3] with [ 89, Section 2.6]. That these
versions are indeed equivalent is illustrated by Proposition5.2.2« , and also claribed at the end
of [5, Chapter 3, Section 15] and, for bounded non-negative variables, in [89, Remark 2.6.6].

10Thijs version of the Lebesgue integral bases itself (for non-negative variables) solely on
the lower (Lebesgue) integral, and does not demand equivalence with the upper (Lebesgue)
integral. This is in contrast to the procedures from Depnition 3.37¢ and Proposition 3.3.67¢. A
claribcation for this is given in Footnote 12;35.
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5.2 Measure-theoretic upper expectations for precise probability trees

Forageneral$' V,,welet $! $®and $! &($°), and the Lebesgue
integral is then debned by
7 7 7
$dP ! $'dP&  $4dP,

8 8
unless $dP = $dP = +$, in which case the Lebesgue integral of$
with respect to P is not debned. !

We say that the Lebesgug integral8 $/P of a variable $ ' V, exists,
simply if it is debned. If both  $'dP and $&(§3 are real, then $is called
P-integrable. Confusingly enough, thegntegral ~ $dP ngay still exist if $is
not Rgintegrable; it su" ges that either $dP! +$ or $dP! +$; note
that $'dP = & or $dP = &$ is impossible because the Lebesgue
integral is clearly non-negative for non-negative variables. Alternatively, we
could have also debned the Lebesgue integral (for non-negative variables)
as a supremum over all the non-negative! (X ')-simple variables smaller or
equal than $Nan expression that is similar to the one in Proposition 3.3.67¢
and to the one of the Lebesgue integral in [81, 89, 102]. The following result
is well-known to hold, yet because we did not Pnd a suitable reference for
it, we provide an explicit proof for it here.

Proposition 5.2.2. For any probability measureP on ! (X '), the following
statements hold.

(i) For any non-negative (X ')-simple variable $, and # 1) ly any repre-
sentation of $,
7

4

&P = ) P(%)
=1

(i) For any general non-negativé' V,,

7 17 0
$dP=sup  -dP:-is!(X')-simpleand0 ( - ( $ .

groof. To prove (i), suppose that $ is non-negative and ! (X ')-simple and that
;) lo,is a representation for $ Then by [5, Theorem 15.1.(iv)] we have that
($ = <) E(ly), which by [5, Theorem 15.1.(j)] in turn implies that E($) =
;) .P(%) as desired.

To see that(ii) holds, Px any general non-negative$' V, and start by observing
that, for any partition (%)%, of ! suchthat% ' ! (X') forall . " {1,..., +}, we
trivially have that = *, inf ($/%)ly is a non-negative! (X ')-simple variable smaller
or equal than $ Due to property (i), we thus have that =, inf ($|%)P(%) =
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#, . .
., inf ($/%)l4dP. As a consequence, it follows that
7 / 0

'

P =sup  inf($%)P(%): %' ! (X')and (%)%, partitions !
=1

a 17 0
(sup -dP:-is! (X')-simpleand0( - ( $ .

The converse inequality now trivially follows from the fact that, as can be ob-
served from DebPnition 5.3,,5, the Lebesgue integral is monotone with respect to
non-negative variables inV, . O

We next use the Lebesgue integral to dePne the global linear expectation
corresponding to a precise probability tree.

Debnition 5.4 (Global measure-theoretic expectations) Consider any pre-
cise probability tree 2, let P, be the unique global probability measure from
Proposition 5.1.3,06, and let Py ! P,(&p forany >' X'. Then the global
measure-theoretic expectagonE, v is dePned byEyum ($)>) ! $dPy for all
(%' V, 9X' suchthat $dP) exists. !

Note that, in dePning the expectation E, v (&), we integrate with respect
to the unconditional probability measure P,(ap), which was obtained from
a forward construction only involving the probabilities 2(&|3 for which A
followed > recall Eq. (3.12)7, and Proposition 3.3.4,3. This should be con-
trasted with the more traditional measure-theoretic approach, where condi-
tional probabilities and expectations are derived from a single unconditional
probability measure using BayesO rule and/or the Radon-Nikodym deriva-
tive; also see Appendix5.Azs3. As mentioned below Proposition3.3.473, our
alternative approach allows us to condition in a meaningful way on situa-
tions of probability zero. Remark, however, that the unconditional expecta-
tion E;m(8)! Exm(al) is completely equivalent to the usual unconditional
expectation used in standard measure-theoretic probability theory.

As mentioned earlier, the prominent role of the Lebesgue integral in
modern probability theory is mainly due to its mathematically convenient
propertiesNin particular, to its strong continuity properties. Since E,y is
debned in terms of this Lebesgue integral, it inherits these properties. We
next list some of the properties that will be used in the main text; we refer
to Appendix 5.Ay¢3 for a more complete overview. Note in particular that
ME3 below conbrms that E;  is linear (in its brst argument).

Proposition 5.2.3. For any precise probability tree2 and any >' X °, the
following statements hold:

ME2. if $ ( - then Eom($]» ( Exm(-| for all $- ' V, such that
Eom (3 and Exu (- [3) exist.
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5.2 Measure-theoretic upper expectations for precise probability trees

ME3. E;m()$ +* [ = )Eom($P) + *Exm(-|») forall ),* * R and all
$ - ' V, that are P5-integrable.

ME4. E,n($)> exists for all$' V, that are bounded below or above.
MES5. E,n($> is real and $is Ps-integrable for all (bounded) $' V, .

ME6. &E, (8> = Exm (&9 forall $* V, such thatE,y ($)>), or equiv-
alently E; v (&9$]>), exists.

ME7. Consider any sequencé$). n in V, that converges pointwise to a
variable $ ' V,. If there is aPb-integrable variable$ ' V, such
that |$| ( $ forall +' N, then $and all $ are Ps-integrable and

lme Eam () = Eam (8.

MES8. Consider any increasing sequen¢é ). y in V,.Ifthereisan$ ' V,

such thatE,m($ > > &5 and & # $, then

+li”j$ Eom($1» = Eam (8> where +!jn+1$ $=%

ME9. Consider any decreasing sequer(c®) nin V, . Ifthereisan$ ' V,
such thatEyw($ 19 <+$ and § ( $, then

+!jnj$ Eam (S| = Exm(9$» where +I*irg$ $=$

ME10. E($+;) = E($ +; forall ; ' Randall $' V, that are bounded
below.

Proof. See Lemma5.A. 1,64 in Appendix 5.Ax3. O

5.2.3 Beyond measurable variables

Next, we want to drop the constraint of ! (X ')-measurability and extend
our global measure-theoretic expectationE; y to a global operator that is de-
Pned on all global variables (and conditional situations). Itis unconventional
to do so in standard measure-theoretic probability because this means giv-
ing up linearity of the resulting global (upper/lower) expectation operator.
However, as already mentioned in the paragraph above Debpnitior3.57g, this
does not concern us, since we will work with imprecise local modelsNand
thus also imprecise global modelsNin the end anyway.

As far as we know, there is however no real consensus on how measure-
theoretic expectations should be extended from measurable variables to
non-measurable variables. One possible approach would beNif for the mo-
ment, we limit ourselves to non-negative variables and upper expectationsN
to simply use the formula from Eq. (5.3) 228 and apply it to the entire domain
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of all non-negative variables. The problem with this approach is that the re-
sulting operatorNwhich is typically called the lower Lebesgue integral N
would take the form of a lower expectation rather than that of an upper
expectation; e.g. it can easily be deduced from the expressions in Propo-
sition 5.2.2,09 (and the fact that the supremum in Proposition 5.2.2(ii) 229
remains equal to the supremum in Eq. (5.3)22g for non-measurable $) that
the lower Lebesgue integral would be super-additive instead of sub-additive.
Hence, a possible alternative would then be to use the conjugateupper
Lebesgue integral , described by
7 ' (

$dP = inf sup($%)P(%): %' ! (X') and (%)™, partitions !
=1

/7 0
= inf -dP:-is! (X')-simpleand- # $ ,

for any non-negative $ ' V and any general probability measure P on

I (X').X1 The problem here is that $dP does not necessarily coincide
with the standard (lower) Lebesgue integral from DebPnition 5.3,,3 on
non-negative ! (X ')-measurable variables; see 5, Problem 15.1] or [ 89,
p.244].12 Since the (lower) Lebesgue integral, and thusE, y, always exists
on this domain, the upper Lebesgue integral too cannot be used as a device
for extending the expectation E; .

Because none of the options above are satisfactory, we propose an ex-
tension of our own. It is strongly inspired by the upper Lebesgue integral
but adapted to not only approximate from above by ! (X ')-simple variables,
but also by more general variables from the domain of the Lebesgue inte-
gral. Our extension is moreover introduced in two slightly di! erent, yet
equivalent ways.

Debnition 5.5 (Global measure-theoretic upper expectations for precise
probability trees). Consider any precise probability tree 2. Let E;M and
E; \ be debned, forlall($>)‘ VIX', by )
i) Egm(8) ! inf Eqm(-1):-" Vipand- # $ ;

| "
iy Esm(81d ! inf Eom(-1):-" Vi, Eam(-|) exists and- # $ .

1 That these two expressions are equivalent can be deduced in an analogous way as how
we proved Proposition 5.2.2229.

12This is also the reason why, in contrast to Debnition3.37, the Lebesgue integral for un-
bounded or extended real-valued functions is usually not dePned as the common upper/lower
Lebesgue integral (if both the upper and lower Lebesgue integral exist and are equal). The
latter is sometimes called the Darboux-Young approach 89, p.244].
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5.2 Measure-theoretic upper expectations for precise probability trees

Then E;M and EgM are equal and the common operator is what we refer to
as the global measure-theoretic upper expectationE; . !

Note that it is valid to write E;y(-|» for all - ' v, b in the dePnition
of E;M becauseE; v (- | always exists for such a bounded below variable-
[ME423,].

Our proof of the equality between Ej,, and Es,, uses the following
lemma, which guarantees thatE;M is an extension of E, .

Lemma 5.2.4. For any precise probability tree2, we have thatE;M($|>) =
Eom($ forall ($5 ' V, 9 X' such thatE, y($> exists.

Proof. Fix any ($> ' V, 9 X' such that E,($> exists. By the monotonicity
[ME2,30] of E,m, we have that
| "

E (8 =inf Eom(-1):- ' Vipand- # $ # Exu (3. (5.4)

g0 see that the converse inequality holds, observe that, sinceE,m ($/»Nand thus

$dP5Nexists, we have that Epy ($'[5) or Exum ($%3) is real. Hence, if Exm ($7]9) =
+$ then E;m (%] ' R and therefore Epy ($]>) = +$ , and the converse inequality
then follows trivially. We proceed to show that the desired converse inequality also
holds if E;m($7]») < +$ .

Consider the decreasing sequence $2%).. y of lower cuts of $ Then, for any
+' N, the global variable $®% is bounded below and! (X ')-measurable [MV1,].
Hence, indeed,

0 "
Eym(8P) =inf Epu(-1D:-' Vipand- # $
(inf Eam($2%]5) = +I*in+1$ Eam ($2%15) = Exm (8,

where the second equality follows from the decreasing character of the sequence
($9%),. y and the monotonicity [ ME2,30] of Ey, and the bnal equality follows from
ME9,3;, which we can use becauset®® ( $@ = $ forall +' NandEyu($]5) < +$
by assumption. O

Proof of DePnition5.5 . Fixany ($> ' V9X'. ThatE; (819 # Ejy (3P fol-
lows immediately from the fact that E,u (- |> exists for each- ' v, b and therefore,
that the inPmum in E;M($|>) is taken over a set that is at least as large as the set
over which the inPmum is taken in E;M($|>). On the other hand, we have that

' (
Esu(8) =inf Eom(-1): - Vi, Exm(-|) exists and- # $
' (

zinf E;u(-1D:-" Vi, Eom(-|) existsand- # $ # E, (3,

where the second equality follows from Lemma5.2.4 and the inequality follows from
the monotonicity of E;M Nwhich is itself a consequence of the dePnition of E;.M' O
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Measure-theoretic upper expectations

It follows that Debnition 5.5,3, is valid and that, due to Lemma5.2.4,
the global measure-theoretic upper expectationE, y is an extension of E; .
In fact, it can easily be veribed that EZ,M is the most conservative exten-
sion that satisbPes monotonicity [EC43]; in other words, it is the natural
extension of E; yy under monotonicity.

Corollary 5.2.5. For any precise probability tree2, the global upper expec-
tation E,y is the most conservative global upper expectation ¥ X ' that
extendsE, v and that is monotone [EC4g3].

Proof. Fixany (%> ' V9X ' and any global upper expectationE* that is monotone
[EC463] and that coincides with E, ) on its domain. Then,

| "
Eom(8>) = 2M($|>)—|nf Eam(-[9:-" Vipand- # $

=inf El(-|>). -'"'Vipand- # $ #E(H,

where the second equality is simply the dePnition ofE;yM, the third equality follows
from the fact that E* coincides with E,m On the domain of the latter, and the in-
equality follows from the fact that E*is monotone [EC4g3]. The result now follows
immediately from the fact that, due to Lemma 5.2.4, , the global upper expectation
EZ,M is itself an extension of E, y and the fact that EZ.M is monotone [EC43]Ndue
to the debnition of E; . O

We can also extend the measure-theoretic expectatiork;  to a Oprecise®
measure-theoretic lower expectation by using expressions analogous to
(i) &Xii) in Depnition 5.5,3,, but where the inbma are replaced by suprema
that range over all variables - that are smaller or equal than $. We imme-
diately see that the resulting common lower expectation is then related to
Eam by conjugacy, which is why we will continue to only work with the up-
per expectation E, . We useV, a in the following dePnition to denote the
set of all bounded above variables in V, .

Debpnition 5.6 (Global measure-theoretic lower expectations for precise
probability trees). Consider any precise probability tree 2. Let E%’M and
EZ,, be debned, forall ($5 ' VIX', by
| "
() Ezpm(8d ! sup Eom(-P):-" Vipand- ( $;
|

(i) EZ, (3! sup Epu(-1):-" Vi, Epu(-|») exists and- ( $ .

ThenEj,, and E3, are equal and the common operator is what we refer to
as the global measure-theoretic lower expectationE, ,,. Moreover, we have
that E, \, ($]>) = &Eom (&3P forall ($5) " VIOX L !
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5.3 Relation to game-theoretic upper expectations in a precise context

Proof. To see thatg%M is related to E;,M by conjugacy, it su' ces to observe that for
any ($' VIx!
| "
&E, (819 = &inf E;m(-1D:-' Vipand- # $
| "

:sup.&Eva(—|>): - Vipand- # $
| "

:sup.EzyM(&—|>): - Vipand- # $
|

:sup.EzyM(&—|>): &-'"Vi,and &- (& $
| .
=sup Epm(-1):-' Viaand- (& $ =E},, (&%),

where the third step follows from MEG6,3; and ME4231 In a similar way, once again
using ME6,3;, we can show that E2M is related to E2M by conjugacy. The equallty
between El and E2 then subsequently follows from the equality between Ez,\,I
and E2M [DeDnltlon 5. 5232] and these conjugacy relations. O

A multitude of properties can now be established for the upper expecta-
tion Ez mNfor instance, extended coherence [EC1;63EEC6;63] and a mono-
tone convergence theoremNbut, we prefer not to do SO JUS'[ yet. For we
will show in the next section that E, y is equal to E v if Q, is the (upper)
expectations tree that agrees with 2, and so E2 M WI|| then inherit all the
properties that we have in Chapter 4,59 established forEQ‘V.

5.3 Relation to game-theoretic upper expectations in a precise
context

In the current context where the local dynamics are described by a pre-
cise probability tree 2, we look at how E; y is related to the game-theoretic
upper expectation E%t?v with Q, ! Q2 the (upper) expectations tree that
agrees with 2 according to Eq. (3.4)5;; SO

Q.2(9 = ¥ $(")2( | forall $' L (X)andall>' X'
N

We immediately state the main result of this section:

Theorem 5.3.1. Consider any precise probability tre@ and the expectations
treeQy ! Q. that agrees with2 according to Eq(3.4)s,. Then

Eom (819 =Egy (8 forall (' VX',

Recall furthermore that, due to Theorem 4.3.64¢1, the theorem above
. . —eb .
will also hold if we were to replace Eq \, by the game-theoretic upper expec-
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Measure-theoretic upper expectations

tation E,e\b,v deduced from any acceptable gambles treéA that agrees with
Q. according to Eq. (3.1)50.2°

The proof of Theorem 5.3.1, is centrally based on a measure-theoretic
version of LZvyQs zero-one law [Theorerf.A.3,67] and an adapted game-
theoretic version of VilleOs theorem [Lemmab.B.3,7,]. VilleOs (original)
theorem [107] characterises a null (or P-null) event in terms of measure-
theoretic martingales that converge to inbPnity. This characterisation is con-
ceptually very close to how null events are debned in the game-theoretic
framework [see Section 4.5;71], and this is why it becomes a crucial tool
when relating both frameworks. Shafer and Vovk were the Prst to make this
relation concrete; we refer to [ 85, Theorem 9.3] for their most recent ver-
sion of a result that connects both frameworks. Apart from the fact that we
only consider Pnite state spaces, our Theoren®.3.1; generalises [B5, Theo-
rem 9.3] in a number of ways: it applies to conditional expectations whereas
[85, Theorem 9.3] only considers unconditional expectations; it establishes
equality on the entire domain of all extended real variables, whereas [85,
Theorem 9.3] only does so for! (X ')-measurable (bounded) gambles; and,
as mentioned above, it also holds if one were to consider game-theoretic
upper expectations corresponding to acceptable gambles trees.

Stating VilleOs theorem and (a measure-theoretic version of) LZvyOs zero-
one law, and showing how it leads to Theorem 5.3.1, , would require
us to introduce various measure-theoretic notions such as Pltrations and
Radon-Nikod#m derivatives. Hence, in order not to overload the main text
with these abstract concepts, we have relegated part of the proof of Theo-
rem 5.3.1; to Appendix 5.B,s7. More precisely, we start here from the fol-
lowing partial resultNwhose proof is the topic of Appendix 5.Bzs7Nwhich
states thatEZ,M and E%kfv are equalonV, 9X '. So this resultis very similar to
[85, Theorem 9.3], but we nevertheless give a self-contained proof for it (in
Appendix 5.By67) because [85, Theorem 9.3] di! ers in context and style;
and because our result involves conditioning. Moreover, observe that, in
contrast with the proof of [ 85, Theorem 9.3], our proof of Proposition 5.3.2
does not rely on the notion of a measure-theoretic (super)martingale. This,
we believe, makes the proof easier to grasp.

Proposition 5.3.2. Consider any precise probability tre@ and the expecta-
tions treeQy ! Q. that agrees with2 according to Eq(3.4)s,. Then

Eom (81 = Egu (8 forall (8" Vv, 9X .

Theorem5.3.1; can now be established by combining Propositions.3.2

13Note that, unlike the relation between precise probability trees 2 and (upper) expecta-
tions trees Qy, the relation between Qy and Ay in this precise case is not one-to-one.
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5.3 Relation to game-theoretic upper expectations in a precise context

Wlth the continuity properties of E,y and EQ v» and the representation of
EQ v in terms of limits of Pnitary variables [Proposition 4.7.61g4].

Proof of Theorenb.3.1,35. We start by showing that the equality is true for all

(3 ' Vi, 9X'. Sobxany($> ' V., 9X'. Because$is bounded be-
low and ! (X ')-measurable, the expectationE, y ( $|>) exists [ME4,3;] and therefore

Eam(9$® = Exm (%> due to Corollary 5.2.5,3,. We can moreover assume that$
is non-negative without loss of generality because it is bounded below and both
E,m (&P Nand thus E, (&P Nand Ef;v are constant additive with respect to real
constants; seeME10,3, and EC5;¢3. Consider now the increasing sequence $ ). No

of upper cuts and note that each $’* is bounded and! (X ')-measurable [MV15].

Using ME8,3; Nwhich we are allowed to use because $° is P5-integrable [by ME5y3;
and the fact that $°° is bounded] and because($*). n, is increasingNwe have that
Exm (9D = lim 45 Eom($*]D). As a consequence, we infer that

Eam(85) = M. Exu($779) = lim Eo($71) = Jim EGV (8 = EGu(8),

where the second equality follows from the fact that EZ,M extends E,y [Corol-
lary 5.2.5,34], the third equality follows from Proposition 5.3.2. , and the last equal-
ity follows from Theorem 4.6.1,75. Hence, we conclude thatE, yNand thus EZ,MN
and ngv coincide on the domain V, , 9 X '

To see that the equality also holds on the general domainV 9 X !, we bx any
(%' V9X', and note that

2M($|>)-|nf Eom(-1d: - v!,b and- # $

Def. 5. 5232

Eon (8
=inf ESy(-[9: - Vipand- # $ # Eoy(3P),

where the third equality follows from the already established equality between
E,m and E(e;v on V,, 9 X', and where the inequality follows from Proposi-
tion 4.4.3164 [EC4). To show that the converse inequality holds, we will use Propo-
sition 4.7.61g4.

Consider any- ' L, that is the pointwise limit of a sequence (-.). n, of Pnitary
gambles-, ' F. Since any bnitary gamble is clearly! (X ')-measurable, - is the
pointwise limit of a sequence of ! (X ')-measurable gambles. Then it follows from
MV2,,4 that - itself is also ! (X ')-measurable. Furthermore, by the debnition ofL,
- is also bounded below. Hence, by the equality ofE,y and EQV onV,, 9 X!
we have that EQV( [» = Eom(-|. Since this holds for any - ' L,, we infer by
Proposition 4.7.6,g4 that

| "
ESV($P = inf IEE",v(- §:- ' Loand- # $

=inf Esm(-]):-' Loand- # $ # Enm (9,

where the inequality follows from the monotonicity [ EC4y3] of E, as established
by Corollary 5.2.5,34. O
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Measure-theoretic upper expectations

That the measure-theoretic upper expectation E,y and the game-
theoretic upper expectation Eg’?\, coincide for precise probability trees, is a
powerful result. On the one hand, it allows us to infer that all properties of
the game-theoretic upper expectationEf;V proved in Sections4.416,54.81g5
carry over to the measure-theoretic upper expectationE;, y; indeed, since
these properties were all proven to hold in a context with general upper
expectations trees, they surely hold in the special case where the (upper)
expectations trees correspond to precise probability trees. Many of these
properties are already known to holdNeven in a stronger formNfor the
standard measure-theoretic (linear) expectation E; on V, 9 X ', but as
this operator is usually not extended beyond the domainV, 9 X', little is
typically said about the properties of the upper expectation E, . We give
an overview of the most signibcant ones.

Corollary 5.3.3. Consider any precise probability tre@ and the expectations
treeQy ! Q. that agrees with2 according to Eq(3.4)s,. Then the following
statements hold:

(i) The restriction ofE,y to V 9 X' is coherent.
(i) EZ,M satisbes the extended coherence properi€Xl; s3PECE63.
(i) Forany$' Vandany"' No,
Eom($l#1) = Eom Eam ($l#1:41) i‘lz"’ -
(iv) Forany($>' V9X'andany(-,A' FOX',

Ezm (81 ( E2(31) = Eq(3) and Exm(-|A =Ez(-18 = Eg'(- 1A.
(v) For any > ' X' and any increasing sequencé$). Ny N Vb,
lim.« 4+ Eom($]D = Eam(lims 43 §[».  [Continuity from below]
(vi) Forany>' X'andany d(icreasing seguen(:a)+- N, Of Pnitary bounded
above variableslim .+ +s Eom($[® = Eom(limax 15 $19.
[Continuity w.r.t. decreasing Pnitary variables]
(vi) Forany>"' X' and any $' Ly, there is a sequencés$).: No Of +-
measurable gambles that is unifoLme bounde(_;i below and that converges
pointwise to $such thatlim.« .5 Eom($]> = Eam (8.

Proof. The properties above follow from combining Theorem 5.3.1,35 with, respec-
tively,

(). Corollary 4.4.5:67;
(i) . Proposition 4.4.3164;
(ii) . Theorem 4.4.4¢6;
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5.3 Relation to game-theoretic upper expectations in a precise context

(iv) . Corollary 4.4.8,7, Corollary 4.4.9,7o and Theorem 3.5.2g;;
(v). Theorem4.6.1,7s;
(vi). Theorem 4.7.31g;;
(vii) . Theorem 4.7.44g3. O

On the other hand, we can also reason in the reverse direction, and use
Theorem 5.3.1,35 and the information about E; u to draw conclusions about
EQV Indeed, E;,\ is dePned using the Lebesgue integral with respect to
(countably additive) probability measures, so the extensionsE, y and EQ v
inherit all its strong and desirable properties on the subset of V, 9X ' where
E,m exists. We again limit ourselves to formulating the most eminent ones.

Corollary 5.3.4. Consider any (upper) expectations tre@, for which there is a
precise probability tree2 such that the agreeing tre€, , debned by Eq(.3.4) 5,
coincides withQy. Then the following statements hold:

0] EQV($|>) = &EQV(&$|>) = E v($>) for all bounded below or above

$'" V,andall>' X' [precision/self-conjugacy]
(i) Eqv0$+*1) =>EQ,V($|>)+*E3‘?V<- | forall $* V,pall-" Vi,
>'" X'and),*' R. [linearity]

(iiiy Consider any>' X' and any ($). n in V, that converges pointwise
to a variable $' V,. Ifthereisan$ ' V, suchthat|&| ( $ for all
+' NandEQy($ ) < +$ , thenlim. 15 Egy($) = Egy (9.
[dominated convergence]

(iv) Consider any>"' X' and any decreasing sequend&). n in V. If
there is an$ V, such that EQV($'|>) <+$ and & ( ¢, then
lim . 4g EQV($|>) = EQbV(I|m+* s & [continuity from above]

Proof. (i) follows from Theorem 5.3.1535, Corollary 5.2.5534, properties ME63;
and ME4,3,, and conjugacy [Corollary 4.3.7165].

To see that Property(u) holds, note that by (i) and Proposition 4.4.3154 [EC3
that )EQV($|>) = EQV()$|>) and *EQV( P = EQV(* [». So it su' ces to prove
that EQ\,($l l|>) = EQbV($1|>) + EQV( 1> where $! )$ is a bounded below or
above variable inV, and-1! * is a gamble inV,. To this end, we already have by
Proposition 4.4.3154 [ECZ that

=eb

Eouv($+-1) ( Equ($'P) +Equ (-1
To prove the converse inequality, we can use the self-conjugacy (J)] of Ef;v on
bounded below and above variables. Indeed, $ + -*is bounded below or above

because$'is bounded below or above and-1is bounded. Since&($+-9) = &$#&-*
because-!is a gamble and thus real-valued, (i) and Proposition 4.4.3;6:[ EC263]
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thus imply that

ESV(E+-1) = ED (888 -5 # & Egy(&$]) +Eony (&1
= RES\ (&8 + (8Eq (&)
=Egyv($ +Egy (-1,

where in the second equality we used the fact thatEeQ?V(&- 5 ' R, which follows
from Proposition 4.4.3,6,[ ECli¢3] and the fact that -*is bounded.

To see that Property (i) ; holds, suppose that there is an$ ' V, such
that [$] ( ¢ foral + ' N and E(e;v($ [ < +$. Since || ( $ for all
+' N, $ is non-negative, and so by Proposition4.4.3,¢, [EC1] and the fact that
EEQEV($ [ < +$ , we bnd that EthfV($ [9 ' Ry. Theorem 5.3.1,45 therefore guaran-
tees thatEom($ |9 ' Ry. Since $ ' V| is non-negative, its expectation Exy ($ |5
exists [ME4y3;] and so it follows from Corollary 5.2.5,34 that also Exm($ |9 ' Ra.
Hence, $ is P'E—integrable. The desired statement now follows from ME7,3;1, Corol-
lary 5.2.5534 and Theorem 5.3.13s.

Finally, to prove Property (iv): , suppose that( $). n is decreasing and that there
isan$ ' V, such thatﬁgfvw [» < +$ and & ( $. Then by Theorem5.3.1,35 we
also have thatE,y ($ |9 < +$, which by Debnition 5.5(ii) 23, implies that there is
a-"' V,suchthat- # $ and E;u(-]») < +$. Since § ( $, we then also have
that § ( -. Hence, combining ME9,3;, Corollary 5.2.553, and Theorem5.3.1,35, we
indeed bnd that lim.« .s Eqy($9) = Egy(lim.. .5 $|5) as desired. O

5.4 Measure-theoretic upper expectations for imprecise proba-
bility trees

Similarly to what we did in Section 3.3g9, we will generalise measure-
theoretic upper (and lower) expectations from a precise to an imprecise
context by taking upper (resp. lower) envelopes of the upper (lower) ex-
pectations corresponding to the individual compatible precise probability
trees. Concretely, consider the general case where the local dynamics are
described by an imprecise probability treeP . Recall that a precise prob-
ability tree 2 is called compatible with P, and that we write 2 0 Py, if
2(4P ' P.forall >' X'. For each compatible precise tree2 0 P, we
can proceed as in Sections.1,,086.2,57, constructing a global probability
measureP, on ! (X ') 9 X' and subsequently using the Lebesgue integral
to dePne the corresponding global expectationE,y and global upper and
lower expectations E,y and E, - The upper (resp. lower) envelope of the
global upper (lower) expectatidns EZ,M (E, ) over all the compatible pre-
cise trees2 0 P is what dePnes our global measure-theoretic upper (lower)
expectation corresponding toP y.
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5.4 Measure-theoretic upper expectations for imprecise probability trees

Debnition 5.7 (Global measure-theoretic upper and lower expectations
for imprecise probability trees). For any imprecise probability tree P, the
global measure-theoretic upper and lower expectation are debned, for all
(%' VIX!', by
Ep m(8» ! supExm($» and Ep (89! inf E,\ (81,
20P ’ 20Py ™

with EZM and EZ’M for any 2 0 P described by Debnition5.5,3, and Deb-
nition 5.6,34 respectively. !

In particular, if we consider measurable variables that are bounded below
or above, then these measure-theoretic upper and lower expectations sim-
ply reduce to upper and lower envelopes of standard Lebesgue integrals
[DePbnition 5.4,30]Nas is conbrmed by Corollary 5.4.1 below. The exten-
sion beyond measurable (bounded below or above) variables set out in
Section 5.2.3,3;Nwhich may appear unconventional to a more traditional
measure-theoretic practitionerNthus becomes irrelevant in that case. For
any imprecise probability tree Py, let us denote this simplibed measure-
theoretic upper and lower global expectation by EP mand EP SO, for any
(%' V, 9X' such that $is bounded below or above, let

s .
Fo m(S) 1 sup Eo(8) and Eo (31 inf Eom(),

with E, v forany 2 0 P described by Debnit_ion5.4230. Recall from ME4,3;
that E, (9> indeed exists for all ($> ' V, 9 X' such that $is either
bounded below or above.

Corollary 5.4.1. For any imprecise probability tre¢®y and any ($> "' V, 9
X' such that $is bounded below or above, we have that

Ep m(81) =Ep (8 and Ep (39 = E5 (819,

Proof. This follows from Corollary 5.2.5,34, and the debnitions of Ep M Ep s Es M
and Ef . O

All properties that will be proved for the more generalNbut also more
complexNupper and lower expectation Ep M and E, o thus also hold for
the simplibed upper and lower expectation EP m and EP M, as long as these
properties areNif possibleNrestricted to apply only to ! (X ')-measurable
variables that are bounded below or above.

Global measure-theoretic upper and lower expectations are again re-
lated by conjugacy, and so it sU' ces to focus mainly on upper expectations.

Corollarx 5.4.2 (Conjugacy). For any imprecise probability tred® y and any
($ ' V9X', we have thatE, (8 = &Ep m(&$}>).
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Proof. Consider any($> ' V9 X' and note that

&Ep (819 = & inf E,\ (8 = sup&E, (8> = sup Eom (&8> = Ep (&%),
' 20Py 20P y ' 20P

where the penultimate step follows from the conjugacy between E,\ and E,\ for
any precise probability tree 2 [DePnition 5.6,34]. O

Contrary to the precise case, where the properties of the (linear) ex-
pectations corresponding to probability measures have been thoroughly
studiedNat least, on the domain of measurable functionsNthe properties
of the (imprecise) measure-theoretic upper expectationEp y as introduced
in Debnition 5.7.49 are relatively unknownNeven for measurable functions.
We now aim to address this imbalance. In particular, we will brst focus on
establishing basic properties such as coherence, extended coherence axioms,
and a relation with the Pnitary global upper expectation Ep presented in
Chapter 3,5. We will then go on to prove that Ep y is continuous from be-
low, continuous with respect to decreasing bnitary gambles converging inV,
and, under a compactness condition on the local models, continuous with
respect to decreasing bnitary gambles converging inVNthese will consti-
tute the measure-theoretic counterparts of Theorems4.6.1,75 and 4.7.31g5.
These properties will then subsequently allow us to establish an equality
between E%?V and Ep y on a fairly large domainNthat will be the topic of
the next section.

5.4.1 Extended coherence and relation to the natural extensionﬁgn

That Ep M is coherent and satisbes the extended coherence axioms
EC163BEC663 can be straightforwardly deduced from the fact that this is
true for the upper expectation Es y corresponding to any precise probability
tree 20 Py.

Proposition 5.4.3. For any imprecise probability tred y,

(i) the restriction of Ep y to V 9 X ' is coherent;
(ii) Ep v satisPpes the extended coherence properti€xl; sz PECE63.
Proof. (i). By Corollary 5.3.3(i) »33, we know that, for any 2 0 P, the restriction

ofEZYM to V9 X' is coherent. Soforall20 Py, +' No, (0,(1,...,(+ ' Ry and
(%.2), (£,2),...,(%,>)" VIX', we have by Debnition3.7g, that

+ .S + , '
sup (ol $&Em(®lw) & (1. $&Em($®) 1T%6,"(3) #0.
=1
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5.4 Measure-theoretic upper expectations for imprecise probability trees

Since all (. are non-negative, and since Eom($]>) (  SUpygp, Exm($>) =
Er m($]>) for all ($,>), we then surely also have that
: + . % + , ;
sup (oly, $&Em(%|®) & (1. $&Ep m($|>) 1%, (>) #0.
=1
This holds for all 20 P, so we bnd thatsup(- ,|%_," (>)) # Oforall 20 P, where
each-, is debned by
+ . & + ,
2! (oly $&Em($l0) & (1. $&Ep u(SP) .
=1
Since, forany 20 P,
%

&
0 ( sup(-2| %, " (>)) = max sup(-2|" (). sup(-2| %, " (>)\ " (»))

we surely either have thatsup(- |%_," (>)\" (%)) # Oforatleastone2 0 P, orthat
sup(-2|" (»)) # Oforall 20 P,. Suppose the former is true. Note from the dePnition
above that - 2log = (5)\" (p) = - 2tlog " (o)1 () fOr all 210 Py, and therefore also that
- 2|%.+=0-- G\ () = inf ,19p v 21I%.+=0" G\ (o) - So sincesup(- 2| %:0 " (>) \ (R))) # 0, we
have that

0( Sup(zm¥-zll°/5=o ")V (o) (sup(Cinf - %" (),

which by the dePnition of all -, and the fact that inf.yp, &EZ;M($,|%) =
&Supzlop¥Ezl,M($oI>o) = &Ep m(B|>»), implies that
: + . & + , ;
0( sup (oly $&Ep m(%n) & (1. $&Ep m($P>) T6,"(>) .
=1
So by DePnition 3.7g, we have that Ep ™ is coherent onV 9 X ' if the above also
holds for the case thatsup(-,|" (»)) # 0 for all 2 0 P,. To show that this is true,
note that, for any 2 0 P, since the supremum is taken over" (»),
: + .G + , i )
O0( sup (oly, $&Em(%l®) & (1, $&Ep m(32) I()
: T , ;
(1. $&Ep w($>) i(%) :

=1

:&(oﬁz,M($|%)+sup (0% &

Since this holds for any tree 2 0 Py, and since inf20p¥&(0E2,M($,|a;) =
&( 0 SUP,op , E2om($1%) = &(oEp m($|>) [because (o is non-negative] we have that

_ : $ + ; ?
0(& (oEp m(Bl™) +sup (0% & (1. $&Ep w(3[>) i(?J)
: + , '=é+ + i ;
=sup (oly $&E m($n) & (1. $&E m($>) T (»)
) =1
+ ) +

(sup (oly $&Eeu(Bl) & (1. $&Es w(3P) 1,"(>) .

=1
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where the equality uses once more the fact that the supremum is taken over' (3).
(i) 242. Corollary 5.3.3(ii) o35 States that EZ,M satisPesEC1;g3PEC663 for each

2 0 P,. Using this fact together with the debnition of Ep y, it can then readily be

inferred that Properties EC1,53EEC6,65 also hold for Ep M- O

As far as the relation with the Pnitary upper expectation Ep is con-
cerned, it is easy to see thatEp \ is always at least as informative asEp
on its domain V9 X *.

Proposition 5.4.4. For any imprecise probability tred y, we have that
Ep (8P ( Ep (8 forall (' VOX'.

Proof. Fix any ($,5 ' V9 X'. Forany 2 0 P, and the agreeing (upper) expec-
tations tree Qy ! 6%2 debned by Eq. 8.4)s; [or Eq. (3.3)s:], we have by Theo-
rem 5.3.1,35 that'*

Eom (81 = EQv(81 ( Eo(8P) = Ex(8P),

where the second equality follows from Corollary 4.4.8,0, and the third from The-
orem 3.5.2¢; and the fact that Q, could alternatively be obtained from Eq. (3.3)s;
if we were to consider an imprecise probability tree that consists for each situation
>' X' of the singleton 2(&}). Since the equality above holds for any2 0 P, we
infer from the depPnition of Ep \ and the debnition [Debnition 3.67¢] of Ep that

Ep m (81 = supEom (81 ( SUpEo($) = Ee (3. O
20Py 20P

The following proposition shows that Ep M and Er actually coincide on the
Pnitary domain F9 X ',

Proposition 5.4.5. For any imprecise probability tred y, we have that
Ep m($» =Ep (§» forall ($>' FOX'.

Proof. Fix any ($5 ' F9 X'. Then, for any 2 0 P, and the agreeing (upper)
expectations tree Q, ! @,2 debned by Eq. 3.4)s,, we have by Theorem5.3.1,35
that
Eom(31) = Egu (819 = Eo (8P = E(3) = Ex(3)

where the second equality follows from Corollary 4.4.9:7¢ and the fact that $' F,
the third from Corollary 3.5.39,, and the last from Proposition 3.3.879. Since the
equality above holds for any 2 0 P, we infer from the depnition of Ep m and the
debnition of Ep [Debnition 3.67] that

Ep m(8P) = supExom (82 = SUpEo(8) = Er (8. O
20P y 20P y

14The fact that Eom ($]» ( E2($|® could also be deduced from the dePnitions ofExm
and E,.
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5.4 Measure-theoretic upper expectations for imprecise probability trees

Proposition 5.4.4, says thatEp y is always at least as informative as
Ep, yet sinceEp  satisPes continuity from below [see Theorem5.4.7 fur-
ther on] and Ep sometimes fails to satisfy this type of continuity [Exam-
ple 3.6.1g9], and since by Proposition 5.4.5. both global upper expecta-
tions coincide on F9 X !, it can be seen thatEp M Will sometimes be strictly
smallerNmore informativeNthan Ep .

Example 5.4.6. Reconsider the precise probability tree 2 from Exam-
ple 3.6.199. Recall that for the corresponding Pnitary upper expectation
E,Nor equivalently, Ep for P the imprecise tree consisting out of the sin-
gle mass function 2(&p) for each>' X 'Nwe had that

i E D= P Y=01 =P i “VY=FE i "
"I*|r11$ E2(1,7) "I*|r11$ P(4.)=0!1 Pz(ul*|r11$ 4,) EZ(..l'rfss l4r)
= E2(|4*).

In contrast, sinceEZYM coincides with E, by Proposition 5.4.5. Nremember
that 2 is simply a particular type of imprecise probability tree P yNand since
E, M is continuous from below [see Theorem5.4.7] we have that

0= lim Eam(ly) = Eam(la).

So, indeed, E, v (or more generally Ep ) is sometimes strictly smaller than
E, (or Ep). "

5.4.2 Continuity with respect to two types of monotone sequences

We will now show that Ep M is continuous with respect to increasing se-
quences inV), that it is continuous with respect to decreasing sequences in
F that are uniformly bounded below, and that it is continuous with respect
to general decreasing sequences itk if the local sets of mass functionsP .
are closed (or compact). The proof of the brst result is relatively straightfor-
ward since Ep y is an upper envelope of operators that are monotone and
continuous with respect to increasing sequences invy,.

Theorem 5.4.7 (Continuity from below) . For any imprecise probability tree
Py, any>' X' and any increasing sequendes ). n in Vp, we have that

Jim, Ep m($]® = Ep m($P), with $! §y£$ = Jim 8.

Proof. Forany 2 0 P, Theorem5.3.1,35 and Theorem4.6.1,75 together imply that

Jim Eou (81 = Eam (8. (5.5)
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This holds for any 2 0 P, so we have that

lim Ep m($[») = SupEp m($ | = sup sup Eom (%[> = sup supExu ()9
+* 48 +N + N 20Py 20Py +' N

= sup lim Exm (&
20y * +8

sup EZ,M ( $|>)

20P y

:EP ,M($|>),

where the brst equality follows from the fact that ($). n is increasing and the mono-
tonicity [ EC4s] of Ep y [due to Proposition 5.4.3,4,], where the fourth equality
also follows from the fact that ($). n is increasing and the monotonicity [ EC443]
of E,w for each 2 0 P, [due to Corollary 5.3.3(ii) »35], and where the penultimate
equality follows from Eq. (5.5); above. O

Next, we show that Ep m is also continuous with respect to decreasing se-
quences inF that are uniformly bounded belowNin other words, sequences
in F that converge decreasingly to a gamble inV. The proof is less straight-
forward than that of Theorem 5.4.7, , as it essentially relies on the technical
topological results from Appendix 3.E.1;50. Nonetheless, it su' ces to only
explicitly use Lemma 3.E.8,26; a result that by Proposition 5.4.5,44 contin-
ues to hold if we replace the bnitary global upper expectationsE, and Ep
by the measure-theoretic upper expectationsE, v and Ep .

Lemma 5.4.8. For any imprecise probability tree?y, any >' X', and any
decreasing sequendeh.). n in F that converges to a gamblé' V,

sup lim E » = lim E 3.

20P2+* AN am(&1 Jm, P m(&]D
Proof. This follows from Lemma 3.E.8,,¢ and the fact that Ep and Ep  [and thus
alsoE, and E, for all 2 0 P,] coincide on F 9 X ! [Proposition 5.4.5,44]. O

The desired downward continuity of Ep v how follows immediately.

Proposition 5.4.9. For any imprecise probability tred”y, any >' X' and
any decreasing sequend& ). \ in F that is uniformly bounded below,

im E -E i 1 =i
+1|n+1$ Er Mm($1® = Ep m($» with $! |+r_1L$ +1'T$ $.

Proof. Since $ = inf, y $ is bounded below [because the sequence $). y is uni-
formly bounded below] and bounded above by sup $ [which is real because § is a
gamble], we have that $is a gamble. Hence, due to Lemmab.4.8, we have that

+LII11$ Ep m(&]) = 2SOI.,IF’Fi +|*II’1'I$ Eam($]9).

But by Corollary 5.3.3(vi) »35 and the depPnition of Ep 4, the right-hand side is equal
to Ep m($>), so we indeed bnd thatlim .+ .5 Ep m(%[> = Ep m($. O
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5.4 Measure-theoretic upper expectations for imprecise probability trees

The following example shows that if the sequence in Proposition5.4.9.
is not uniformly bounded below, the continuity may no longer hold.

Example 5.4.10. Consider the state spaceX = {),*}, any imprecise prob-
ability tree Py such thatP- = {; ' P(X): 0 < ;()) < 1}, and any non-
positive 1-measurable variable-. Then, forany 20 P,

7

Eom(-)=Eam(-) = -dP} =-()PL ) +- ()P} (*)

=-0)P01") +-(*)P2(*[")
=-0)201") +-()2¢I"),

where the brst follows from the fact that EZ,M is an extension of E v [Corol-
lary 5.2.5,34] together with the fact that E,n(-) exists because- is 1-
measurable and non-positive [ME4,3;], where the third follows from Propo-
sition 5.2.2(i) 229, the fact that & = &-())1) & - (*)1- is a non-negative
I (X')-simple variable and ME6,3;, and where the last equality follows
from the fact that P, satisPes Eq. 8.12)7, by assumption [see Proposi-
tion 5.1.3,26]. Hence,

sup - 0)20 ") +-()2¢1")

Ep m(-) =
20P y - S
=sup -0): 0)*-(): ()
= sup -0): 0)+-()(A&: 0)), (5.6)
0<; ())<1

where the last equality follows from the construction of P-. Now con-
sider the sequence of non-positivel-measurable gambles($). n debned
by $()) = & and &(*) =0 forall +' N. Then by Eqg. (5.6) we have that
Ep m($) = supy.. 0)<1[(&+); ())] = 0forall +' N. On the other hand,
the limit $! lim.+ +¢ % is also a non-positive 1-measurable variable, with
$)) = &$ and $(*) = 0. Hence, Eq. 6.6) also applies here, and so we
get that EF’ ,M($) = SUPo; ())<1[(&$ ); () )] = SUPoc; ())<1(&$) =&$. Asa
result, we have that

+Lif11$ Ep m(8)=0! & =Ep m($ =Ep ,M(+UT$ $).

Note that in contrast the conjugate lower expectation E; \, is continuous
with respect to the decreasing sequence $.). n. Indeed, in a similar way;,
we can infer that E; |, (%) = infoc; )<1[(&+); ())] = &+ forall +' N, and
that Ep ,($) = infoc; 0)<2[(&5); ()] = &$ , which implies that

Jim Ep ($) =&S$ =B (9 =Ep y(lim, $).
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Note that this continuity for E; |, could also been deduced from conjugacy
[Corollary 5.4.2,4;] and the fact that Ep y is continuous with respect to
increasing sequences iV, [Theorem 5.4.7,45]. "

The downward continuity can still be preserved, though, if we restrict
ourselves to imprecise probability treesP y whose local sets of mass func-
tions P, are closed. In accordance with our earlier conventions, we here
mean closed with respect to the topology of pointwise convergence [Ap-
pendix 3.E.1;50] on P(X); also see 4] for more details. Note that, since
P(X ) is metrizable and compact [Appendix 3.E.1150], the closednessNand
thus the compactness [L11, Theorem 17.5 (a)]Nof a subset P . of P(X ) im-
plies its sequential compactness 111, Section 17G.3]. This implies that the
limit point of any convergent sequence in P . itself also belongs toP .. This
property can be used in conjunction with the following lemmaRwhich is
similar to Lemma 3.E. 7,25 but for measure-theoretic upper expectationsN
to obtain the desired continuity. This lemma uses a notion of convergence
for precise probability trees; we consider a sequence2.) - y of precise prob-
ability trees to converge if there is some limit tree 2 such that, for each
>' X', the mass functions (2.(ab) .. n converge (pointwise) to the mass
function 2(&¥); see Appendix3.E.1;5.

Lemma 5.4.11. For any imprecise probability treeP, any decreasing se-
quence($). n in Fand any>' X',

+1|r11$ E2,M($’|>) = +l|r11$ Ep M($|>)v

where the precise probability tre@ is the limit of some convergent sequence
(2) . n of precise probability trees, each of which are compatible with the im-
precise tred .

Proof. This follows from Lemma 3.E.7;,5 and the fact that E» and Ep y [and thus
also E, and E, ] coincide on F 9 X ! [Proposition 5.4.5,44]. O

Proposition 5.4.12 (Continuity w.r.t. decreasing Pnitary gambles). For any
imprecise probability treeP  such thatP Ais closed for allA’ X', any>' X'
and any decreasing sequen¢&.). n in F,

- - - — - | - - .
+1|r9$ Er m($1® = Ep m($» with $! lnL $ +1|r11$ $.
Proof. Since ($). v is decreasing andEp  is monotone [EC4;] due to Proposi-

tion 5.4.3,4,, we immediately have that lim . 5 Ep v (%] # Ep m(9$>. To prove
the converse inequality, note that by Lemmab.4.11,

Jim Exm(81) = lim Be w($P),
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5.5 Relation to game-theoretic upper expectations in an imprecise context

where the precise probability tree 2 is the limit of some convergent sequence(2) . n
of precise probability trees, each of which being compatible with the imprecise tree
P . By Corollary 5.3.3(Vi) 238, this yields

Eom($P) = Jim, Er m($]. (5.7)

Now note that 2 0 P,. Indeed, for any A' X', since the trees 2. converge
to 2, the mass functions 2 (&8 converge to 2(&f. For all . ' N, we have that
2(ap ' Pabecause2 0 P, and so the sequential compactness oP ,implies that
lim« .g 2. (&Y = 2(4f ' P o Since this holds for anyA' X', we infer that 20 P,.
As a result, we infer from Eq. (5.7) and the debnition of Ep y that

Ep m(8>) # +|*if'[)$ Ep M(&).

as desired. O

5.5 Relation to game-theoretic upper expectations in an impre-
cise context

We now turn to one of the main subjects of this chapter and, in fact,
of the entire dissertation; the relation between the game-theoretic global
upper expectation Eib and the measure-theoretic upper expectationEp
in a general |mpreC|se context. We already know from Section5.3,35 that
EQV and Ep y are equal on all of V9 X ! as soon as we limit ourselves to
precise probability trees and (linear) expectations trees. It will turn out that,
to a large extent, the equality still holds in the imprecise case. Concretely,
we will show that Eé and Ep m coincide for all variables (and situations)
that are (i) ! (X ')-measurable and bounded below or (ii) if the local sets of
mass functionsP . are closed, decreasing limits of bnitary gambles. Observe
that variables of type (ii) are not necessarily of type (i) because the former
may not be bounded below. As we will discuss later on in Section5.5.4,57,
an equality on these two types of domains sui ces to regardﬁé and Ep
as two interchangeable, equivalent models for almost all practical purposes.
Moreover, bear in mind that, in all of this, we can always simply replace E
by the game-theoretic upper expectation EA v obtained from an agreelng
acceptable gambles treeA, due to Theorem 4.3.64¢;.

5.5.1 A general inequality

Before we prove any equality betweenEQ and Ep M let us brst estab-
lish an inequality that holds on the entire domain V9 X namely, that Ef
is always larger than or equal toNat least as conservative asNEp .
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Proposition 5.5.1. Consider any |mpreC|se probability treB y such thatP
is closed for allA' X', and letQ, ! Q¥,P be the upper expectations tree that
agrees withP accordlng to Eq(3.3)s5:. Then

Egy(81) # Ep m(8P) forall (83 VX',

Proof. Fixany ($> ' V9 X' and any 20 P,. Let Q, be the (upper) expectations
tree that agrees with the precise probability tree 2 accordlng to Eq. 3. 4)52 Then
note that Qu(-) ( Qu(-) forall - * L (X) andall A X' due to how Q, and Q,
are related to the treesP, and 2 [resp. Eq. (3.3)s; and Eq. (3.4)s,]. Hence, it then
follows from the debnltlon ofa supermartlngale that Mep(Q,) + Mep(Qy), and so by
Debnition 4.7 that EQ V($|>) # EQV($|>) By TheoremS 3.1,35 and sinceQy is the
expectations tree that agrees with 2, this implies that Eg V($|>) # E,m (9. Since
this holds for any 2 0 P, we obtain that

Egy (3P # ;_sol;pﬁz,M(ssp) =Ep m($). O

It can be observed that the inequality above sometimes becomes strict;
see Example5.5.16,59 below, where we will also further discuss the rele-
vance of Proposition5.5.1; .

5.5.2 An equality for bounded below ! (X ')-measurable variables

To prove that Ep  and EQV coincide on bounded below ! (X ')-
measurable variables, we require the notions of continuity and upper semi-
continuity.

Let! be endowed with the topology generated by the cylinder events
"X = {"(®¥:>"' X'}Nthe smallest topology including " (X ') [111,
Problem 5.D]. As we show in Appendix 5.C,74, a set in this topology is
open if and only it is a countable union of cylinder events. This topology is
moreover metrizable and compact, and coincides with the product topology
on! = XN (where X is endowed with the discrete topology). For any
two topological spaces Y, Z Nand hence, in particular, for ! and R (or R)
respectivelyNamap $: Y * Z iscontinuous if the inverse image $¢*(0) =
{, " Y:9%(,)" 0}isan open subset of Y for each open0 + Z [37, 53,
111]. A real-valued function $: Y * R is called upper semicontinuous
(us.c) if {, " Y: $,) <)} isanopensubset orif{, ' Y: $(,) # )}
is a closed subset) of Y for each) ' R; see [53, p.71 & p.186], [ 111,
Problem 7.K] and [37, p.61]. The function $is called lower semicontinuous
(.s.c.) if &$is u.s.c. Afunction $: Y * R is continuous if and only if it is
us.c.andls.c. B7,p.61];s0if {, " Y: $,)<)}and{, " Y: ) >)}
are open for all ) * R. Furthermore, the pointwise limit of any decreasing
sequence( $). y of continuous real-valued functions $ on Y is u.s.c. (if this
limit is itself real-valued) [ 111, Problem 7.K (2)].
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5.5 Relation to game-theoretic upper expectations in an imprecise context

We will henceforth use VY to denote the set of all real-valued (possi-
bly unbounded) functions on ! Nthis in contrast with V which denotes all
bounded real-valued functions (or gambles) on ! . Note that, since! (X ')
contains all countable unions of cylinder events, and thus all open subsets
of I , any u.s.c. global variable in V" is ! (X ')-measurable. Moreover, one
may check using the topology on! that any Pnitary real-valued variable (or
gamble) is a continuous real-valued variable (resp. gamble) on! , but not
necessarily the other way around. We next show that u.s.c. variables inv"
can always be obtained as limits of decreasing sequences of bnitary variables
(or gambles). The proof of this result can be found in Appendix 5.C,74.

Lemma 5.5.2. For any $' VY, we have that $is u.s.c. if and only if it is
the pointwise limit of a decreasing sequen€& ). y of extended real variables,
each of which is Pnitary and bounded below. Moreoves,is both u.s.c. and
bounded above if and only if it is the pointwise limit of a decreasing sequence
(%)+ n of Pnitary gambles.

Lemmab5.5.2 leads us to two interesting intermediate results; the Drst
is that, since Ep M and E v coincide on all Pnitary gambles Ep M and E
coincide on all u.s.c. gambles We brst state thaEp y and E eb corncrde on
all pnitary gambles.

Corollary 5.5.3. For any imprecise probability tre® y and the agreeing upper
expectations tred, ! Q¥p debned by Eq(3.3)s1,

Ep m(3P) = Egy (8P forall (8 FOX'
Proof. This follows readily from Proposition 5.4.5,4, and Corollary 4.4.917. O

Corollary 5.5.4. Consider any imprecise probability tre®, and let Q, !
Q¥p be the upper expectations tree that agrees according to E33)5;:. Then
Ep m($ = Q\,($|>) forany>' X' andany $' V thatis u.s.c.

Proof. Corollary 5.5.3 says that Epr m and EQV coincide on F 9 X '. By Proposi-
tion 5.4.9,46 and Theorem4.7.31g, Ep v and E v are both continuous with respect
to decreasing sequences of bnitary gambles that converge iV. Hence, since any
u.s.c. gamble is a decreasing limit of Pnitary gambles due to Lemm&.5.2, we infer
that Ep \ and E%l?v coincide onall ($> "' V9 X' for which $is u.s.c. O

On the other hand, Lemma5.5.2 also implies that continuity with re-
spect to decreasing (uniformly bounded below) sequences of u.s.c. gam-
bles is actually not stronger than continuity with respect to decreasing (uni-
formly bounded below) sequences of Pnitary gambles:
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Lemma 5.5.5. Any operatorF: V * R that is monotone and that is continu-
ous with respect to decreasing sequences of bnitary gambles that are uniformly
bounded below, is also continuous with respect to decreasing sequegs

of u.s.c. gambles that are uniformly bounded below; i.e.

Jlim F(8) =F(9), with $! inf § = lim .

Proof. Consider any decreasing sequencé$).. y of u.s.c. gambles that is uniformly
bounded below and let $! inf,.y & = limw 4+ $. Then, for all + ' N, it follows
from Lemma5.5.2, and the fact that $ is a gamble [and thus bounded above] that
there is a decreasing sequencé- . ;) n Of Pnitary gambles such thatlim < 45 -+py =
$. Now let (Gy)n: N be the sequence of variables debned by

Gi(?)! min{-,4(?):0( +( H}forall 2 " I.

Because each(-.)n' n is decreasing, (G;)q: n is also decreasing. The variablesG,
forall H' N are clearly boundedNand hence, they are gamblesNand they are also
Pnitary because, on the one hand,-. 4 is Pnitary for all + ' N, and on the other
hand, the minimum over a bnite number of Pnitary variables is trivially also bnitary.
So (Gy)w n is a decreasing sequence of bnitary gambles. Furthermore, note that
Gy # $because-.y # & # $forall +H ' N, and therefore limy- .5 Gy # $ To
see that alsolimy« +5 G4y ( $ Pxany? ' ! andany) ' R suchthat) > $(?).
Sincelim. .3 & = $ there is some+' ' N such that) > $1(?) and since also
liMys 4 -+1y = $4, there is someH! # +!such that) > -,141(?). Then certainly
) > G41(?), and since (Gy)n: v is decreasing, we have that) > limy« g G4(?). This
holds for any ) ' R such that) > $(?), so we have thatlimy- .5 G4 (?) ( $(?),
which in turn implies that limy- .3 Gy ( $because? ' ! was chosen arbitrarily.
So we have that, indeed,infy y Gy = limys .5 G = $ Since $is bounded below
because( $). v is uniformly bounded below, (G;)4- n is moreover uniformly bounded
below. Then recalling that (G)y: n is a decreasing sequence of Pnitary gambles, it
follows from the assumptions about F that lim -« .5 F(Gy) = F($). Furthermore, note
that, due to the decreasing character of (- .+ 4 )~ and ($)+ n,

Gi(?) =min{-,1(?): 0 ( +( H}
#min{$(?):0( +( H} = %(?)

forall H' Nandall? ' !.So, % ( G forall H' N, which by the monotonicity
of Fimplies that

Jime F(S) (- fim F(Gy) = F(9),
where the brst limit exists because($). n is decreasing andF is monotone. The
converse inequalityNthat lim 4 .5 F(%) # F($)Nfollows from the decreasing char-
acter of ($)+ n and the monotonicity of F. O

Since both Ep y and E%tfv satisfy the type of continuity described in
Lemma5.5.5, , we immediately obtain the following result.
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Proposition 55.6. Consider any imprecise probability treB y and any upper
expectations tre®,, any >' X ' and any decreasing sequen¢&). y of u.s.c.
gambles that is uniformly bounded below. Then

i E -FE i I = i
lm Ee m(81) =Ep m(87) with 8! inf & = lim &,

. —=eb
and similarly for Egv:

Proof. Since any decreasing sequence of bnitary gambles that is uniformly bounded
below trivially converges to a gamble, we have by Proposition5.4.9,4¢ that Epr ™IS
continuous with respect to decreasing sequences of Pnitary gambles that are uni-
formly bounded below. This is also true for E%'fv because of Theorem4.7.3,5,. Hence,
since both operators are also monotone EC43] due to Proposition 4.4.3;44 and
Proposition 5.4.3,4,, the desired statement thus follows from Lemma5.5.5,5,. O

As a bnal step towards establishing our desired result, we will use a
result called ChoquetOs capacitability theorem. This theorem can be found
in many di! erent textbooks, but we will make use of the specibc version of
Dellacherie [28]. We do this because DellacherieOs notion of a capacity can
directly be applied to an extended real-valued functionalNsuch as Ep y and
E%?Vﬂlwhereas most other sources restrict capacities to take the form of set-
functions. Let us start by introducing some key concepts and terminology
regarding capacitability.

Let V4 be the set of all variables taking values inRy and V} the set
of all (possibly unbounded) variables taking values in R4. The following
dePnition is borrowed from [ 28, Section I1.1.1].1°

Debnition 5.8 (Capacities). A functional F: V4 * Ry is called acapacity

on! if it satisPes the following three properties:

CAL $( -- F($ ( F(-)forall $-"' Vg,

CA2. lim.» 45 F($) = F(lim. +s $) forany increasing sequence($).: n in
Vi,

CA3. lim +¢ F($) = F(lim. +¢ $) for any decreasing sequence($)+ n
of u.s.c. variables inVy. !

15Dellacherie [28] does not explicitly state a debnition for a u.s.c. function, yet we suppose
that he is using the standard dePnitions that we also adopt here; for instance, it is mentioned
at the bottom of [ 28, p.4] that the level sets U are compact (or closed) for §' being u.s.c.,
and that the converse is true for §' being l.s.c. In any way, from [28, p.3], it is sure that his
notion of u.s.c. implies being a decreasing limit of continuous real-valued functions, which, as
already mentioned in the beginning of Section 5.5.2,50, implies being u.s.c. according to our
dePnition. Any capacity according to us is thus surely a capacity according to Dellacherie28],
which is su" cient for all our further results to hold.
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Recall from the beginning of this sectionNSection 5.5.2,50Nthat ! is
compact and metrizable, which is in line with DellacherieOs assumption
about the set 80 in 28, Section 11.1.1]; see [28, Introduction, Paragraph 2].
Furthermore, observe thatCA3 only applies to sequences inVy instead of
sequences inV; this too corresponds to the debnition given in [28, Sec-
tion 11.1.1] because Dellacherie always considers u.s.c. functions to be real-
valued [28, Introduction, Paragraph 2]. In fact, one could restate CA3
so as to only apply to sequences that are uniformly bounded above (and
below); this follows immediately from the decreasing character and the fol-
lowing lemma.

Lemma 5.5.7. Any u.s.c. variable$' Vy is bounded and therefore a gamble.

Proof. $is clearly bounded below, so it sU' ces to prove that $is bounded above.
Recall from Lemmab5.5.2,5; that $is the pointwise limit of a decreasing sequence
(%)+n of Pnitary bounded below variables. Assumeex absurdo that $is not
bounded above. Then, for each+ ' N, since & # infy,. & = §$ it follows that
$ is also not bounded above. Since eactth can only take a bnite number of di! er-
ent valuesNbecause it is Pnitary and X is PniteNwe must have that &(?) = +$
for at leastone? ' ! . So, foreach+ ' N,theset% ! {? ' ! : $(?) = +$}
is non-empty. Since $ is bnitary, % is a Pnite union of cylinder events, and since
(%)+ ~ is decreasing, the sequence(%). n is clearly also decreasing. Hence, by
Lemma 4.C.2yq, there exists a path? ' | suchthat? ' % forall +' N. This
means, by the dePnition of the sets%, that $(?) = +$ forall +' N, and therefore
also that $(?) = lim. 4+ $(?) = +$ . But this is in contradiction with the fact that
$is real-valued. O

It therefore followsNalmost immediatelyNfrom the earlier deduced

N . = =eb .- = )
cont[lgblty ,proper_tles for Ep m and. I.EQV, that the restrictions of Ep u (&P
and Ea,v(fﬂ’) to V4 are both capacities on! .

Proposition 5.5.8. For any imprecise probability tred’ y, any upper expecta-
tions treeQ,, and any >' X ', the restrictions ofEp (&P and E%?V(é#) to
V4 are capacities ol .

Proof. Property CA1, follows for Ep w(&P from Proposition 5.4.3,5, and for
E%tfv(é#) from Proposition 4.4.3;5,. That Ep (&b and E%'f'v(é#) satisfy Prop-
erty CA2, follows from Theorem 4.6.1,,5 and Theorem 5.4.7,45, respectively, and
the fact that V, + V,,. Finally, that they satisfy Property CA3, follows from Propo-
sition 5.5.6, , together with the fact that, as a consequence of Lemmab.5.7, u.s.c.
variables in V' are gambles [and uniformly bounded below by 0]. O

Now, for any capacity F on ! , we say that a variable $ ' Vy is F-
capacitable if

% ) &
F($ =sup F(-): - ' Vi, -isus.c.and$# - . (5.8)
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5.5 Relation to game-theoretic upper expectations in an imprecise context

A variable $' Vy is called universally capacitable if it is F-capacitable for
all capacities F on ! . Now, ChoquetOs capacitability theoremJ8, Theorem
11.2.5] states that any analytic (non-negative) variable is universally capac-
itable. The dePnition of an analytic (non-negative) variable can be found
in [ 28, 53]; we do not explicitly give it here, because it is a rather abstract
concept that, in practice, can often be replaced by the simpler and better-
known notion of a Borel-measurable (non-negative) variable, which is in our

case in turn equivalent to the notion of a ! (X ')-measurable (non-negative)
variable; see Corollary 5.C.2,75 and Proposition 5.C.3,75. Taking this into

account, [28, Theorem I1.2.5] allows us to state the following weaker ver-

sion of ChoquetOs capacitability theorem:

Theorem 5.5.9 (ChoquetOs capacitability light) Any! (X ')-measurable vari-
able $' Vy is universally capacitable.

It now su" ces to combine this theorem with what we already know to
obtain the desired type of equality.

Theorem 5.5.10. Consider any imprecise probability tre®, and let Q, !
6¥Yp be the upper expectations tree that agrees according to 33)5:. Then,
forany >' X' and any! (X ')-measurable bounded below variablg 'V,
we have thatEp w (8> = Eg), ($P).

Proof. Let $' V, be bounded below and! (X ')-measurable. Since$is bounded
below, and both Ep v and E%tfv are constant additive [Proposition 4.4.3,¢4 ECH, we
may assume without loss of generality that $is non-negativeNand therefore, that
$' V4. Then, according to Theorem5.5.9, the variable $is universally capacitable.
Since Ep (&P and E%?V(é1>) are both capacities on! by Proposition 5.5.8 , this
implies that
| "
Ep m(8D =sup Ep m(-1D: - ' VY, - isus.c.and $# -

and

| "
E%lfv($|>) = sup E%tfv(- D:-" VY, -isus.c.and$# - .

Now recall Corollary 5.5.4,5;, which says that Ep y(C]») = E(%byv(cp) for all u.s.c.
gamblesC' V. Since all u.s.c. variables- ' V' are gambles due to Lemmab.5.7
we obtain that Ep wm($> = E%b'\,($|>). O

Note that, since this equality is valid for bounded below ! (X ')-measurable
variables, the measure-theoretic upper expectationEp y in the result above
can be replaced by its simpliped versionﬁg m» Which was depPned as an
upper envelope of standard Oprecised Lebesgue integrals.
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Corollary 5.5.11. Consider any imprecise probability treP , and let Q, !
@,p be the upper expectations tree that agrees according to E33)5:. Then,
forany >' X' and any! (X ')-measurable variable$ ' V,, that is bounded
below, we have tha&p (3> = E%t?v($|>).

Proof. This follows from Corollary 5.4.154; and Theorem5.5.10; . O

AIso note that the theorem above in particular also implies that Ep
and Ef coincide on all limits of increasing sequences of bnitary gambles;
e.g. hrttrng times [Example 4.2.2140].

Corollary 5.5.12. Consider any imprecise probability treP , and let Q, !
Q¥p be the upper expectations tree that agrees accordlng to €33)s1. Then
Ep m(3P = EQV($|>) forany >' X' andany $' V that is the pointwise
limit of an increasing sequence of bnitary gambles.

Proof. Consider any>"' X' and any increasing sequence($).n in F, and let
$! limw 4+ & = sup, y $ be its pointwise limit. Since (). \ is increasing and &
is a (bounded) gamble, we have that $is bounded below. To see that $is more-
over ! (X ')-measurable, it sU' ces to observe that any Pnitary gamble is! (X ')-
measurable [because the level sets will be Pnite unions of cylinder events] and then
use MV2,,5. So we have that $' V, b, and therefore the desired equality follows
from Theorem 5.5.10, . O

5.5.3 An equality for decreasing limits of Pnitary gambles

The equality in Theorem 5.5.10, already covers a great deal of vari-
ables, yet if local sets of mass functions are closed, we can extend this
equality even further to also involve decreasingNnot necessarily bounded
belowNlimits of bnitary gambles.

Theorem 5.5.13. Consider any imprecise probability treP y such thatP ,is
closed for allA* X' and let Q, ! Q¥p be the upper expectations tree that
agrees according to Eq3.3)s1. Then Ep m(3P = Q\,($|>) forany >' X'
and any $' V that is the pointwise limit of a decreasing sequence of bnitary
gambles.

Proof. Corollary 5.5.3,5; says thatEp m and E® v coincide on F 9 X '. By Proposi-
tion 5.4.12,45 and Theorem4.7.31g,, Ep mand E v are both contlnuous with respect
to decreasrng sequences of bnitary gambles, sEp v and EQV also coincide on all
(%' V9X' forwhich $is the pointwise limit of a decreasing sequence of bnitary
gambles. O

Again, the equallty above can equally well be stated for the simpliped
upper expectation EP M
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Figure 5.2 Schematic overview of the measure-theoretic approach, and how
it relates to the game-theoretic approach.

Corollary 5.5.14. Consider any imprecise probability treB y such thatP ,is
closed for allA' X' and letQ, ! Q‘,p be the upper expectations tree that
agrees according to Eq.3.3)s;. Thenﬁg w3 = E%l?v($|>) forany >' X'
and any $' V that is the pointwise limit of a decreasing sequence of bnitary
gambles.

Proof. Any bnitary gamble - is clearly ! (X ')-measurable because the level sets
{? "V :-(?) ( & are bnite unions of cylinder events. SOMV2,,5 implies that any
pointwise limit of a decreasing sequence of bnitary gambles is d (X ')-measurable
variable. Such a limitis clearly also bounded above, so the desired statement follows
from Corollary 5.4.1,4; and Theorem5.5.13 . O

5.5.4 Concluding notes on the relation betweenEp  and E%bv

If the local sets of mass functionsP . are closed, Theorem5.5.10555 can
be combined with Theorem5.5.13, , and together they establish an equality
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betweenEp y and E%bv for nearly all practically relevant variables. This be-
comes clear if, apart from upper expectations, we also take a look at the con-
jugate lower expectations. Indeed, in a practical situation with a bxed vari-
able of interest, we usually want to assess both the corresponding upper and
lower expectation at the same time; see e.g. p8, 62]. Theorem 5.5.10,55
and Theorem5.5.13,5¢ can be extended to this two-sided setting, and what
we get can be summarized as follows.

Eorollary 5.5.15. Consider any imprecise probability treP y and let Q, !
Q.p be the upper expectations tree that agrees with it according to E8.3)s;.
Then, for any>' X' and any! (X ')-measurable gambles' V, we have that

Ep m(35) = Egy (35 and E, (819 = E5\ (8P

If the setsP ,are moreover closed for al\' X', then the above equalities also
hold for any (extended real-valued) variables' V that is the pointwise limit
of a monotone (decreasing or increasing) sequence of Pnitary gambles.

Proof. The equality between Ep wm and E%l?v for ! (X ')-measurable gambles follows
from Theorem 5.5.10,55. The equality for the lower expectations follows from con-
jugacy and Theorem5.5.10,55. Indeed, if $isan! (X ')-measurable gamble, then so
is &$, and therefore, by Theorem5.5.10,s5, we have that Ep  (&$]>) = gb\,(&$|>)
This implies by Corollary 5.4.2,4; and Corollary 4.3.7,¢, that E; M (% = V($|>)
Now suppose that the setd yare moreover closed for allA’ X . Then the equal-
ity between Ep y and E%tfv for decreasing limits of Pnitary gambles follows from The-
orem 5.5.13,56. On the other hand, the equality (between the upper expectations)
for increasing limits of Pnitary gambles follows from the equality on bnitary gambles
[Corollary 5.5.3,5;] and the continuity of both operators with respect to increasing
bounded below sequences [Theoren’.6.1,75 and Theorem 5.4.7,45]. X% So we have
that Ep y and E%E’V coincide for all monotone (decreasing or increasing) limits of
Pnitary gambles. So it remains to prove that this also holds for the lower expecta-
tions E; ,, and E%D,V' To that end, note that if $is the pointwise limit of a monotone
sequence of bnitary gambles, then so i& $ and hence, by what we have just proved,
Ep (&% = V(&$|>) This implies by Corollary 5.4.2,4; and Corollary 4.3.7:6>
that &E, M($|>) = &EQV($|>) and therefore that E; |, (8> = QV($|>) O

Note that the equality for ! (X ')-measurable gambles already covers
many practically relevant inferences; limit upper and lower expected time
averages R6, 93], hitting probabilities [ 58] and (bounded) stopping times
[see Lemma4.C.3;10] to name but a few. Another example is the upper and
lower probability of the event that the pathwise time average of a function

161t can also be deduced from Theorem5.5.10,55 though, since any increasing limit of
Pnitary gambles is clearly bounded below and alsa (X ! )-measurable because bnitary gambles
are! (X ')-measurable and because the seV, of ! (X ')-measurable variables is closed under
taking pointwise limits [ MV2;,2g].
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$' L (X) eventually remains within some given interval; so the event %
consisting of all paths? ' ! such that

4

o ) $r
) (liminf 27 $(? ) ( limsupl  $(2)( *,
R T L R |

with ) and * two reals such that) ( *. Such events are typically of interest
when studying ergodic behaviour; see [26].

The fact that boundedness of the considered variable (or gamble) is re-
quired is a serious issue though, since, as we have mentioned before in Sec-
tion 3.69g and Section 4.2,39, unbounded and extended real-valued vari-
ables often also belong to our beld of interest. Most of these unbounded
and/or extended real variables can be written as monotone limits of bnitary
gamblesNe.g. hitting times [ 58]Nand as such this claribes the importance
of the second part of Corollary5.5.15, . Caution should be taken here, how-
ever, because we can only ensure that this equality for monotone limits of
Pnitary gambles holds when the local sets of mass functions are closed.

If local sets of mass functions are not closed, then, as was shown in
Example 5.4.10,47, the measure-theoretic upper expectationEp M may fail
to be continuous with respect to decreasing sequences of Pnitary gambles.
Since E v on the other hand always satisPes this type of continuity [The-
orem 4. 7 3182] and since the two types of upper expectations coincide
on bnitary gambles [Corollary 5.5.355:], then the inequality in Proposi-
tion 5.5.1,49 must sometimes become strict.

Example 5.5.16. Recall the situation from Example 5.4.10,47. We had that
Jim, Ep m($)=0! & =Ep m(9),

with $! lim. 4 $ the pointwise limit of the decreasing sequence($.)+ n-
Due to Corollary 5.5.3,5; and Theorem 4.7.31g, it then follows that

0= lim Ee u(8) = lim EG\(8) =EZ,(9.

Hence, we have thatE%‘?\,($) > Ep m(9). "

It follows from Proposition 5.5.1,49 that, even if game-theoretic upper
expectations and measure-theoretic upper expectations do not coincide, the
game-theoretic upper expectatlonE still always provides a conservative
upper bound for the measure- theoretlc upper expectation Ep M- Analo-
gously, by using conjugacy, one can then also easily see tha_EQ’V provides
a conservative lower bound for E,

Now, if we take a step back and Iook at the overall features ofE and
Ep m as global uncertainty models it seems a done deal that the game-
theoretic upper expectation Ef comes out as the better of the two. Our
statement is supported by the foIIowmg four arguments:
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(i) The debpnition of E%bv is obtained from direct behavioural principles
and therefore has an interpretation that is clear, and perhaps even in-
tuitive. The debnition of Ep ™ in contrast, is rather implicitNsince
probability charges and measures are then primary objectsNand re-
lies crucially on the abstract notion of measurability.

(i) The previous issue is not only relevant from a philosophical point of
view, but also from a mathematical one, because it makes the analysis
of E%bv easier compared to that of Ep M- We do not have to care about
troublesome issues such as checking measurability. Instead, we can
simply focus on building supermartingales; a job that is often more
intuitive to perform than Pnding a suitable choice for a (compatible)
precise probability tree and determining its corresponding Lebesgue
integral (and checking measurability).

(iii) As mentioned above and shown in Proposition5.5.1549, E%tfv provides
a conservative upper bound forEp M, and E%V provides a conservative
lower bound for E; ,,. Hence, if there is no good reason to use either
game-theoretic uppér and lower expectations or measure-theoretic up-
per and lower expectations, then it is safestNor more robustNto work
with game-theoretic upper and lower expectations.

(iv) As shown in Example5.4.10,47, Ep M sometimes lacks continuity with
respect to decreasing sequences of Pnitary gambles, and thug; ,,
sometimes lacks continuity with respect to increasing sequences of bni-
tary gambles. We consider this to be a debciency; the limit variablesN
e.g. hitting timesNof such sequences ($). n are simply considered to
be abstract idealisations of the individual Pnitary gambles & for ar-
bitrarily large +, and so we typically also want the upper and lower
expectations of such limit variables to assess the upper and lower ex-
pectations of the Pnitary gambles $. for large +. This is only guaranteed
if the adopted global upper and lower expectations are continuous.

A possible argument that might be advanced to mitigate the somewhat
negative image of Ep \ given above is that, in a precise context, the vast
amount of standard measure-theoretic literature provides a broad variety of
powerful results for Ep yNor, better, E;yNon the domain of measurable
variables. Yet, by Theorem5.3.1,35, these properties also all hold for the

heoreti tationEg., obtained from th i
game-theoretic upper expectationE, \, obtained from the agreeing (upper)
expectations tree Qy, so there is nothing to be gained in this respect.

Another argument for the defence could be that, compared to the game-
theoretic upper expectation, the measure-theoretic upper expectationEp
allows us to model uncertalnty in a more Rexible manner Indeed, recall
from Theorem 4.3.61¢; that EA v could be replaced byE with Q, ! Q¥,A
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the agreeing upper expectations treeNthat never takes into account the
boundary structure of the sets A.. A similar thing cannot be done for the
measure-theoretic upper expectationEp .M however. Consider, for instance,
the setting from Example 5.4.10,47 and replace the open setP - by its clo-
sureP2={; ' P(X):0( ; () ( 1} = P(X); then we obtain the same
agreeing upper expectations treeNits initial upper expectation is simply the
vacuous upper expectationNbut the resulting measure-theoretic upper ex-
pectation clearly di! ers on the variable $! &$ 1,. The measure-theoretic
upper expectation Ep \ can thus distinguish between dil erences in the lo-
cal models in ways thatE%bV is unable to. The reason, however, why we do
not bnd this argument con\}incing is that, as was raised in point(iv) . above,
Ep w lacks certain basic continuity properties if local sets of mass functions
are not closed. We are therefore inclined to only considerEp M as apossible
option if local sets of mass functions are closed, and in that case there is no
longer a di! erence in generality compared toE%kfv

This being said, it should not be forgotten that the comparison we draw
here between the game-theoretic and measure-theoretic approaches is fo-
cussed on our current setting; that is, a setting where we start from the
local models Q¥ or Py (or Ay), and where the specibc global upper expecta-
tions E ey Ep w are the eventual objects of interest. These considerations
should by no means be extrapolated to other settings; on the contrary, there
are cases where the measure-theoretic approach would debnitely be more
suited. A great advantage of it, for instance, is its capability to extend gen-
eral initialNyet preciseNassessments, which may come in the form of gen-
eral global probabilities rather than only local Oone-step® probabilitiesNas
was the case in our treatment. Moreover, the domain of conditioning events
can in the measure-theoretic framework easily be extended beyond the set
of all situations. The game-theoretic framework lacks such features.

5.5.5 Relation to Shafer and VovkOs work

Before we conclude this chapter, it seems appropriate to spend a few
words on how our work here compares to that of Shafer and Vovk in [85,
Chapter 9]. As readers that are familiar with their work may have noticed,
the idea to use ChoquetOs capacitability theorem to extend the domain of the
equality between E%bv and Ep  from u.s.c. variables to! (X ')-measurable
(or analytic) variables already appears in [85, Chapter 9]. Apart from that,
it can also be observed that Lemma3.E.7,25Nwhich underlies the proof of
Proposition 5.4.9,46 and Proposition 5.4.12,45Nis also strongly inspired by
the proof of [ 85, Lemma 9.10]. Soitis fair to say that [ 85, Chapter 9] served
as an important inspiration for our work in Sections 5.4,4086.5,49. Nonethe-
less, there are several aspects which make our work here stand apart from
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that in [ 85, Chapter 9], and we next aim to highlight the most important of
these aspects.

The brst and most important di! erence is that Shafer and Vovk con-
sider supermartingales and game-theoretic upper expectations under the
prequential principle. Recall from point (iv) 19 Of the discussion in Sec-
tion 4.9.1,gg that, in that case, ForecasterOs movesNthe specibcation of the
local models A or Q,Nare not required to be known beforehand for each
situation >' X', but instead are allowed to also depend on previous moves
by Skeptic. While this assumption allows them to remain more general
note that, in contrast with (i) 189, local state spaces are now assumed Pnite
for both us and them (in [ 85, Section 9.2])Nthe benebt that we gain from
dropping it is remarkable; it allows us to replace [ 85, Lemma 9.10] and [ 85,
Theorem 9.7], which require strong topological conditions on how the local
models can be chosen (by Forecaster}! with respectively Corollary 5.5.4,s5,
and Theorem 5.5.10,55, which are similar, but do not need any topological
conditions at all.

A second notable di erence is that our results involve larger domains;
Theorem5.5.10,s5 applies to bounded below (! (X ')-measurable) variables,
and Theorem 5.5.13,56Nwhich holds if local models are closedNapplies to
any decreasing (extended real-valued) limit of Pnitary gambles. The equal-
ities established in [85, Lemma 9.10] and [85, Theorem 9.7], however,
only apply to bounded variables.!® The fact that this extension in domain
is relevant can be deduced by looking at Corollary5.5.15,5g; as already
mentioned, the second type of equalityNfor monotone limits of Pnitary
gamblesNis of considerable importance, yet it is exactly this class of vari-
ables that is missing in Shafer and VovkOs results. Moreover, our results also
allow conditioning on situations, whereas the ones in [85, Chapter 9] only
apply to unconditional upper expectations.

Finally, though we have stated all of our results for the upper expecta-
tion EQ we know by Theorem 4.3.614; that they all remam to hold if E
is replaced by the game-theoretic upper expectatlorEA v Obtained from an
acceptable gambles treeAy. Recall that the latter are more general than
upper expectations trees, so a prioriNwithout Theorem 4.3.6,¢;Nit is not
guaranteed, nor trivial that this can be done. Shafer and Vovk [85, Chap-
ter 9], on the other hand, always limit themselves to the case where local
models come in the form of upper expectations.

1"More specibcally, Forecaster is required to choose elementl from a compact metrizable
parameter space$, which are then mapped to a corresponding local upper expectation by a
upper semicontinuous mapping E; see [85, Protocol 9.5].

18185, Theorem 9.7] applies to (bounded) analytic variables, but recall from the discussion
above Theorem5.5.9255 that we could have just as well stated Theorem5.5.10,55 for analytic
variables instead of! (X ')-measurable variables.
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5.A Basic measure-theoretic concepts

The purpose of this appendix section is, on the one hand, to establish
some of the basic properties of measure-theoretic expectations that we have
used throughout this chapter, and on the other hand, to set some concepts
in place as a preparation for proving Proposition 5.3.2,3sNwhich will be the
topic of the next section. We limit ourselves to the bare essentials; for more
contextual information we refer to a multitude of textbooks on the topic of
measure-theoretic probability [5, 32, 80, 89, 90, 102].

A measurable space (Y, A) is acouple where Y is a non-empty set and
A is a! -algebra on Y. We say that%+ Y is A -measurable if %' A, and
we say that an extended real-valued function $: Y * R is A -measurable
if the set $1(0) ! {, ' Y: $,) ' 0} is A-measurable for every0 '
B (R). Here, B (R) denotes the Borel! -algebra on R, being the ! -algebra
generated by all openNor, by complementation, closedNsets in R; recall
Section1.6,4 for the topology on R. A subset0 of R isin B (R) if and only if
0 is the union of a Borel subset ofR and one of the four subsets of{+$ , &$ }
[40, Section 1.4, Problem 17]. This leads to a notion of measurability that
is equivalent to the one used by Billingsley [5, p. 184]. The Borel ! -algebra
B (R) can also be generated alternatively from the set§' ' R: ' && or the
sets{' ' R:"' %8} where & R and & takes the form < or ( and %takes the
form of > or #; see for instance [81, Lemma 8.3]. So, as we have done in the
main text, we can alternatively characterise the A -measurable functions as
those functions $: Y * Rsuchthat{, ' Y: $(,) ( & ' A forall & R[5,
Theorem 13.1. (i)]. Typically, in measure-theoretic probability literature,
an A -measurable real-valued function $is called arandom variable . We
gather all (possibly unbounded) random variables in the setL , (Y), and all
A -measurableextended real-valued functions $in L a (Y). A non-negative

xtended real-valued function $: Y * Ry is A -simple if it is a bnite sum
i) e with ), .o0) 4" Rsand %,...,% ' A. Itis therefore trivially
an element of L A (Y).

A probability space (Y,A,P) is a measurable spacgY,A) equipped
with a probability measure P on A [5, p.23]. We say that an event %' A
is P-null if P(%9 = 0, and we say that %is P-almost sure if P(% = 1.
We will also say that a property about the elements in Y holds P-almost
surely ( P-a.s.) if the event consisting of all elements for which the property
holds is P-almost sure [5, p.60].%° Note that, since a probability measure

19Recall from Section4.517; that the game-theoretic notion of almost surely (a.s.) is debned
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is (countably) additive [Debnition 5.1,,;] and since it always takes values
between zero and one [5, p.22], the intersection %, 0' A of two P-almost
sure events% 0 ' A, is itself also P-almost sure.

For any probability space (Y,A,P), thegcorresponding (measure-
theoggtic) expectation E is debned byE($) ! |, $dPforall $' L o such
that , $dP is dePned (or exists), where the latter is the Lebesgue integral
of $over Y with respect to P. The Lebesgue integral for a general probabil-
ity space is debPned similarly as in DePnition5.3,,g; we nevertheless state it
for the sake of completeness.

Debpnition 5.9 (The Lebesgue integral) Consider any probability space
(Y,A,P), and any non-negative $' L o. Then the Lebesgue integral of
$with respect to P is debned as

7 ' (

$P ! sup inf ($]%)P(%): %' A and (%)™, partitions Y
=1
Forageneral$' Lo, welet$! $®and $¢! &(%°),and the Lebesgue

integral is then debPned by
7 7 7

P ! $dP&  $dP,

8 8
unless $'dP = $dP = +$, in which case the Lebesgue integral of $
with respect to P is not debPned (does not exist). !

If botf ® $'dP < +$ and ® $*dP < +$ , and thus E($") = ° $'dP and
E($%) = $%dP are realNneither of them can be equal to &$ because the
Lebesgue integral is clearly non-negative for non-negative variablesNthen
we say that $is P-integrable. The following is a list of convenient properties
for measure-theoretic expectations/Lebesgue integrals that we have used in
the main text; recall Proposition 5.2.3,30.

Lemma 5.A.1. For any probability space(Y,A,P) and any two $ -
La(Y),& Rand),*' R, the following properties hold:

MELl. E(§ = &

ME2. $( - - E(9 ( E(-)if E($ and E(-) exist;

ME3. E()$ +*-) =)E(9$) +*E(-) if $ - are P-integrable;
ME4. E(9) exists if $is bounded below or above;

MES5. If $is bounded, therE($) is real and $is P-integrable;

by means of supermartingales that converge tot$ . Itis equivalent to demanding that the lower
probability Ec%b,v(% of the event %of interest is 1, yet does not require %to be measurable.
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5.A Basic measure-theoretic concepts

ME6. &E($) = E(&9) if E($) (or equivalently E(&$)) exists.
The following statements hold for any sequen¢& ). y in La (Y):

MET7. If ($). n converges pointwise to a variablé' La(Y),and|$|( &
forall +' N,with $ ' L A (Y) aP-integrable variable, then$and all
$ are P-integrable and

Jim_ E($) = E(9).

MES. If (%), n is increasing and there is arf ' L A (Y) such thatE($) >
&$ and § # $, then

+1in+1$ E($) = E(9 where +I*irg$ $=8

ME9. If (%) \ is decreasing and there is a8 ' La (Y) such thatE($) <
+$ and & (¢, then

+1irr+1$ E($) = E(9 where +I*ing$ $=8

The following statements hold for any two bounded belog/ - ' La (Y) and
'R

ME10. E($+;) = E(9 +;;
ME11l. $=- P-almost surely - E($) = E(-).

Proof. Property MEL follows straightforwardly from the debnition of the Lebesgue
integral [Debnition 5.9 ].

Property ME2  for non-negative $and - also follows trivially from the depbnition
of the Lebesgue integral. That it holds for general $and -, can be inferred from the
observation that, if $( -, then $ ( -* and $ # -&, and thus [oy ME2, for non-
negative functions] that E($") ( E(-*) and E($%) # E(-%). It then indeed follows
from the dePnition of the Lebesgue integral that E($) ( E(-).

Property ME3, is taken directly from [ 5, Theorem 16.1 (ii)].

Property ME4, for bounded below $follows from the fact that E($%) is Pnite,
which is on itself a consequence of$* being bounded above (and trivially bounded
below by 0) and properties ME1, and ME2 . In a similar way, property ME4
holds for bounded above $

To establish ME5, , suppose that $ is bounded (above and below). Then by
ME4. the expectation E( $) exists, and due toME1 and ME2 we moreover have
that inf $ ( E($ ( sup$ Since $is bounded, it follows that E($) is real. In a
similar way, one can establish thatE($") and E($%) are real, and therefore that $is
P-integrable. This establishesME5, .

To prove MES6, assume thatE($) exists. By the depbnition of the Lebesgue inte-
gral, we then have that

&E(9) = &E($") + E($%) = &E((&9)%) +E((&9)") = E(&9),

265



Measure-theoretic upper expectations

and as a consequence, thaE(&$) moreover exists. Furthermore, that the existence
of E(&$) implies the existence of E($) = E(&(&$)), follows in the same way.

Property ME7, follows from [ 5, Theorem 16.4].

To prove ME8, , bx any increasing ($). n for which there isan § ' L A (Y)
suchthatE($) > &$ and § # $. Let $! lim.w .5 $. Then (§)+ v is a sequence
of non-negative extended real-valued functions that converges increasingly to$'.
Hence, by [5, Theorem 15.1 (iii)], we have that lim. .s E(§) = E($"). On the
other hand, since $ ( & ( & ( $forall +' N [because ($). y is increasing], we
have that ($)% # £ # $ # Oforall +' N. Moreover, sinceE($) = E(($)) &
E(($)% > &$ by assumption, we have thatE(($)%) < +$ [recall that E(($)*) =
E(($)%) = +$ is not allowed in the debnition of the Lebesgue integral]. Since ($)%
is non-negative, E(($ )%) is non-negative too [clearly by DePnition 5.96,], and so by
the fact that E(($)%) < +$ we obtain that ($)& is P-integrable. Hence, by ME7,
[and taking into account that |$| = ¢ ( ($)% and that lim .« 45 § = $], we have
that lim.« 45 E($) = E($%). Combining this with the fact that lim . . E(§) =
E($"), we obtain that

+ ’
Jm E($) &E(E) = lim E(¥) & im E() = E(5) &E($),

where in the prst step we were allowed to bring the limits inside because0 (
lim, 43 E($) ( E($) < +$ due to the monotonicity [ ME2,] of E, and the fact
that 0 ( & ( ($)%and E(($)%) < +$. Since thus E($) = lim .« 45 E(E) (
E($) < +$, the expectationsE($) = E($)&E(F) and E($) = E($)&E($) surely
exist, and thus by the equality above we indeed bnd thatlim .« .5 E($) = E($).

Property ME9, follows from ME8, by using the fact that &E(-) = E(-%) &
E(-*) = E((&)") & E((&)%) = E(& ) forany - ' L A (Y) such that E(-) exists.

To prove ME10, , we also make use ofME8, . Fix any ; ' R. Note that the
sequencey $*). y and ($*+; ). n are both sequences of real-valued functions that
converge increasingly to $ and $+ ; , respectively. Moreover, since $ is bounded
below, we have that all $* and $*+; are bounded below by a single real constant
&' R. By MElyy,, we have that E(§ = &' R. Note moreover that it follows
from the A -measurability of $that all §* and §* +; are A -measurableNe.g. if
{," Y:3%,)()}' Aforall)' R,thenclearlyalso{, ' Y: ¥*(,)()}' A
forall ) ' R. Hence, we can applyME8, [with $ = &, to bnd that

E($+;) = Jim E(8"+:) = lm E(§)+: =E(9+;,

where the second equality follows from MEl,e, and the linearity [ ME3,e4] Of E,
which we can apply because each$’* is bounded below and bounded above, and
therefore by ME5,e, P-integrable.

To prove ME1l1, , we can assume without loss of generality that $ and - are
both non-negative; indeed, this follows from the fact that they are both bounded
below and from ME10, . Property ME11, then follows immediately from [ 5, The-
orem 15.2 (v)]. O

Conditional measure-theoretic expectations are typically debPned us-
ing the so-called Radon-Nikodsm derivative [5, Section 34]. Concretely,
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5.B Proof of Proposition5.3.2

the conditional expectation Egn($|B) of a P-integrable random variable
$' L a (Y) with respect to a ! -algebraB + Ag is any P-ingegrable random
variable that is B-measurable and that satispgs,, $4dB= Exn($B)IodP
forall %" B or, using a di! erent notation, , $dP = , Ern($|B)dP for all
%' B. Itis shown in [5, Section 34] that such a conditional expectation
Ern($|B) always exists, and that it is unique up to a P-null setNso any two
versions of the conditional expectation Ern($|B) coincide P-almost surely.
The value of Egn($|B) on a P-null set can be chosen arbitrarilyNprovided
i remains B-meagurableNsince it will not change the value of the integral
%ERN($|B)dP =y Ern($IB)1odP ; also see PropertyME11,45 above. Re-
call from MEb5,64 above that, if $is bounded, then $is P-integrable and thus
the conditional expectation Egn($|B) always exists. We moreover have the
following convenient property.

Lemma 5.A.2 ([5, p.445]) . For any probability space(Y,A,P) and any
bounded random variable$' L » (Y), we have thatErn($|A ) = $ P-almost
surely.

A (discrete) bltration (A .). N, On @ measurable space(Y,A) is a se-
guence of (strictly) increasing ! -algebras inA;soAg: A;: adaaA.We
will use A ¢ to denote the smallest! -algebra that includes the ! -algebras
A forall +' No. We say that (Y,A, (A ).+ n,) is aPltered measurable
space if (Y,A) is equipped with a bltration (A .). n,, and moreover say
that (Y,A, (A 1)+ Ny, P) is a bltered probability space if it additionally
has a! -additive measure P on A. The following result will be key in es-
tablishing a relation between the measure-theoretic and the game-theoretic
framework.

Theorem 5.A.3 (LZvyOs zero-one lawd, Theorem 35.6]). For any bltered
probability space(Y, A, (A .). n,, P) and any P-integrable $' L  (Y), we
have thatlim .« 4+ Exn($|A +) = Ern($|A ¢ ) P-almost surely.

5.B Proof of Proposition 5.3.2

We start with establishing a property similar to BayesO rule\VC4s,] for
the global expectation E; .

Lemma 5.B.1. For any precise probability tree2, any non-negative$ ' V,,
and any>A' X' such thatA2 >,

Exm($L:|A = Exom($DP2(HA.

Proof. Recall from Debnition 5.4,3, and Debnition 5.3,, that for any non-negative
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-'"V,andany9' X',
/ 0

N

Eom(-19) = sup inf(-1%)P2(%]9): %' ! (X') and (%)™, partitions !
1

(5.9)
Since, forany % ' ! (X '), we have that

inf (- %) P,(%19) “Z7° inf (- [%)P2(%, " (J[9) +inf (- |%)P»(%\ " (J]9)
(inf(-1%, " (NP(%, " (A9) +inf(-]%\ " (I)P(%\ " (I]9),

Eq. (5.9) above implies that

I g
Eom(-19) (- sup — inf(-]%, " (F)P2(%, " (F9)+inf (-]%\" (F)P(%\" (J9):

=1 "

%' ! (X')and (%)%, partitions !

On the other hand, if (%)*, partitions ! and is such that% ' ! (X') for all . =
{1,...,+}, then since the algebra! (X ') is closed under (countable) intersections
and taking complements, and since clearly" (3 ' ! (X'), we also have that the
events(%, " (3)*, and (%\" (3))*, together form a partition 2° of ! where %, " ()

IXYYand %\ " (3" 1 (X" forall . ={1,...,+}. As a result, we have that the
supremum on the right-hand side of the inequality above cannot be larger than the
one in Eq. (5.9), which thus implies that

I &

Eam(-19) =sup  inf (1%, " (9)P2(%, " (J[0)+inf (-]%\ " ()Pa(%\" (I0):
1

%' ! (X')and (%), partitions !
Since the equality above holds for any non-negative- ' V, and any9 ' X', and
since $is a non-negative! (X ')-measurable gamble, we have in particular that

E2,M ( $1>|A

I g+

=sup  inf($L|%, "(I)P(%, "(DIA
1

+inf ($L,]%\ " (I)P2(%\ "(D|A: %' ! (X') and (%)~ partitions !
! + "

=sup (8%, "()P(%. "(IIA: %" 1 (X')and (%)~, partitions !,
1

(5.10)

where in the last equality we used the fact that inf ($1.|%\ " (3)P.(%\ "(9|A =0
forall . ={1,...,+}, which follows from the fact that $1.(?) =O0forall ? ' %\" (>
if %\ " (3 is non-empty, and which follows from P,() |A = 0 [GP6,1]if %\ " (3 is

20We permit ourselves a slight abuse of terminology by allowing a partition to also contain
empty sets.
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5.B Proof of Proposition5.3.2

empty. In a similar way, we obtain that

Eom (9

'

=sup  inf(8%., "()P:(%., "GP

+inf(§%\ " (I)P2(%\ "(DP: %' ! (X') and (%)%, partitions !
(e
=sup  inf(H%, "(IPA(%, "(DP: %" ! (X') and (%)%, partitions !
=1
I g

= sup. inf (3%, "(D)P2(%]D: %' ! (X')and (%)<, partitions | , (5.11)
1

where the penultimate equality follows from GP3, and the fact that, due to GP3,
and GP2,, we have that P,(%\ " (9[> = P2(% %" (3D &P.(" (9]» = 0 for any
%' ! (X'); and where the last equality follows from GP8&;. But since P, is a global
probability charge, we have by GP4, and Eq. (5.10). that

E.m($L:|A

I ¢
=sup  inf($8%, "(F)P(%PHP.(A: %' ! (X') and (%)~ partitions !
=1 L

=P, sup  inf (8%, "(I)P,(%): %" 1 (X") and (%)", paritions !

Hence, by Eq. 6.11), the latter term is equal to P,(3AE,m($>), and thus we have
arrived at the desired equality. O

Recall that, for any precise probability tree 2 and >' X', since P, de-
notes the unique global probability measure on! (X ') 9 X' according to
Proposition 5.1.3,,6, the map P,(aP) = P} is a(n) (unconditional) proba-
bility measure on ! (X '). This allows us to apply the concepts and results
from Appendix 5.A3 here, for each individual situation >' X' and the
corresponding probability space (! ,! (X '), P5). Note in particular that,
for any >' X', our global measure-theoretic expectation E,y (&P from
the main text is the same as the standard measure-theoretic expectation
EP corresponding to (! ,! (X '), P5). The reason that we useE” as an al-
ternative notation for E,y (ap is because it reminds one of the fact that we
are actually considering an unconditional expectation in the usual measure-
theoretic sense. We furthermore us '>N to denote any version of the condi-
tional expectation corresponding to (! ,! (X '), P5) according to the Radon-
Nikod#m derivative [Appendix 5.Azg3].

We moreover equip the measurable spacé! ,! (X ')) with the Pltration
(A +)+ N, Where, forany +' No, A . isthe ! -algebra generated by the cylin-
der events" (' 1.+) with ' ;.. * X *. Note that, for any +' Ng, since the cylin-
der events" (' 1.+) form the atoms of A ., and since there are only Pnitely
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many of these atoms (becauseX is bnite), any element of A . can be writ-
ten as a Pnite union of such cylinder events” (' ;..). Itis then clear that any
A ;-measurable function is an+-measurable variable.

The following rather technical lemma is vital in proving Proposi-
tion 5.3.2,36.

Lemma 5.B.2. Consider any precise probability tree, any non-negative
$' V, andany>"' X', let E> = E, (&b be the corresponding measure-
theoretic expectation, and leQ, ! Q. , be the expectations tree that agrees
with 2 according to Eq(3.4)s,. Then we have that

(i) forall +# |¥, the +-measurable variableE, v ( $|#1:+) is a version of the
conditional expectationEL ($A .).

(i) the (extended) real procesEiM($|é) A' X' 7 E;u($lA is a game-
theoretic supermartingale inMeg,(Qy).

Proof. Fixany+ # |>. By debnition, a version ofE,EN(@lA +)is an;gD';-integrable ran-
dom variable that is A ,-measurable and that satispes  $lodPY = ELy ($IA ) lodPY
for all % ' A.. Let us prove that these conditions are met for the variable
Exm ($]#1.+), Due to ME5,, and the fact that $is a (bounded) ! (X ')-measurable
gamble, E;m ( $|#1..) exists and is real-valued. It is clearly also+-measurable, and
therefore, as we have already discussed above, it i\ .-measurable. Obviously, since
AL L (XY, Egm($#1.) is ! (X ')-measurable and thus, by its real-valuedness, a
random variable. Moreover, E, v ( $|#1.+) can only take a bnite number of values [be-
causeX is bnite], and it must therefore be bounded, gvhich in turigby MES;64 implies
that it is Ps-integrable. So it remains to prove that  HodPy =  Epm( $l#1.)lodPy
forall %' A .. 8 8

To this end, we start by proving that ~ $1. _ dPy = Epm($l#1.4)1 ,.,dP5 for all
"1+ ' X *. First consider any' ;.. ' X * such that' ;.. $ > By the fact that + # |4,
this implies that ' ;.. 6 >and thus that " (' 1..) , "(® =) . So then, by ME2;,, and
Proposition 5.2.2(i) 229,

7 7
$1,.dP; ( (sup91.,,dP; = (sup HP;( 1.4) = (sup HP2(' 14|

= (supHP:() ) =0,

where the penultimate step follows from GP8;; and the factthat " (' 1..), "(® =),
and where the last step follows from GP6&;;. On the other hand, we can use the
lower bound gnf $instead of the upper bound sup § and repeat a similar reasoning
toinfer that ~ $1., dPy # 0, and so we have that  $1.,,dP, = 0. In a completely
similgr way, we cag also deduce that EZ,M($|#1;+)1r1:+dP‘2> = 0. So we conclude
that $1 . dPY= Eym($l#.)1 ., dP5forany ‘1, X *suchthat' ;. $ >

Next, consider any' ;.. ' X * such that' ;.. 3 > Then, by Lemma5.B.1,¢7, we
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5.B Proof of Proposition5.3.2

have that
7
$1 1:+dP|2> = EZ,M($1' 1+ |>) = E2,M($|' 1:+)PZ(I l:+|>)
7

=Epm (8 14)P5( 14) = Eom(9H'10) 1. dPY
7 7
= Ewm(¥1)1,,dPY = Eym(8l#1.)1 .. dPY,

where the fourth equality follows from Proposition 5.2.2(i) »9, and the penultimate
equality follows from ME3,64 [which can be applied becausel. ., is Pb-integrable
due to ME5264]. 8
Now, to prove that ~ $lodP5 = E;m($l#1..)l1dP5 for any general %' A ., note
that the situations ' ;.. * X * form the atoms of A ., which by the fact that there are
only bnitely many of them, implies that %can be written as a bnite union%., " (A) of
cylinder sets" (A) of such situationsA "' X *. Since we can clearly assume (without
loss of generality) that these cylinder sets" (A) are mutually disjoint, we obtain that
ly = " 'L, 1. Hence, by ME3y64 [which we can apply in the chain below because
all thg involved tegms are bounded and thus, by ME5;g,, P'f—integrable] and the fact
that  $1,dP5 = E,um($#1..)1adP for all A due to the considerations above,
! ! # $ 8 $ 8
S0Py = $ 1 1,dP5= $1,dP5 = Eom ($l#1:4) 1adPY
=1 7——1
= . Eom ($l#1:4) # H, 1adPy

= EZ,M($|#1:+)|%dP|2>-

+

This establishes(i) . .

To prove (ii) . , we need to show that Epy($|a} A* X' 7% E;u($|A is an el-
ement of M¢p(Qy). That E,y ($&)is bounded below follows from the fact that $is
bounded and PropertiesME2,54 and ME1,s,. Furthermore, for any 1., ' X', note
that Epm (8" 14+) = Ezm($1 .| 1:4) due to ME11,e5 and the fact that, by GP&; and
GP61, Py (" ( 1:4)9 = Po(" ( 14)¥' 1:4) = 0. Hence, by ME3;64 and ME54,

#
EZ,M ( $|‘ 1:+) = EZ,M ( $L 1+ II 1:+) = EéM ( $ T X 1 L4+l |' 1:+)
= E2.M ( $L 1i++1 |l 1:+)-
T X
By Lemmab5.B. 1,47, the fact that P, satispes Eq. 8.12) 7, due to Proposition 5.1.3,5,
and the debnition of Q , ,, the latter is equal to

$
E2,M($|' 1Z++1)P2(‘ 12++1|‘ l:+) = EZ,M($I' 12++1)2(' ++1|' 1Z+)
el X T’ X

=Q,, Eom(¥ 1+8) = Q7 Eom(9l'1.48),
where 6?“ is the extension of Q- .., dePned through CU1y43 and CU2;43 as described
in Section 4.3;5,. So we obtain that Epy ($]' 1.4+) = 6?“ Exm (9] 1.4) forall "1, "
X' and thus, together with its bounded belowness, this implies that the process
Eam (3]a)is in Men(Qy). O
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The last intermediate result that we need in order to prove Proposi-
tion 5.3.2,34 is a result similar to VilleOs theorem §6, Proposition 8.14(2)].
The main di! erences are that our statement is specibcally adapted to
the context of discrete-time stochastic processes, and that it involves
game-theoretic supermartingales rather than measure-theoretic martin-
gales. Nonetheless, many of the ideas that we use to prove the result below
are borrowed from [ 86, Proposition 8.14].

Lemma 5.B.3. Consider any precise probability tre@ and the agreeing ex-
pectations treeQ, debned according to Eq3.4)s,. Then, for any%"' ! (X')
and >' X' such thatP,(%> = 0, there is a non-negative game-theoretic su-
permartingaleM ' Mg,(Qy) such thatM (3 ' R and such thatM converges
to +$ on %

Proof. Recall from Proposition 5.1.3,,¢ that P; is the unique global probability mea-
sure on! (X') 9 X' that satispes Eq. 8.12)7,. Let P, be the restriction of P, to
X '=9X 'Nthis is clearly a global probability charge on <X '=9X ' that also satis-
bes Eq. 8.12)7,. Then it follows from the proof of Proposition 5.1.3,, that, for any
>' X', the (unconditional) probability measure P,(ap on! (X ') is arrived at by ap-
plying Theorem 5.1.2,, to the (unconditional) probability charge P, (ab) on X '=
Hence, by the expression in Theoremb.1.2,,¢, we have that, for all %' ! (X '),

s "
Po(%> = inf P, (%]>: % ' <X '=and %+ % \%
1 ‘N "
= inf P(%]y: %' <X '=and %+ % % .
SN

Now consider any %' ! (X ') such that P,(%> = 0. Then, for any E> 0 and any
@ N, dug,to the expression above, there is a collection(%g ). n Of events in X '=
such that ™ .y P2(%e|d) ( 2%%Eand %+ % y%g.

Forany . ' N, let M g be the (extended) real process dePned byM g (A !
P,(%g|A for all A' X'. By Proposition 5.2.2(i) 229 [and since % ' <X'= +
1(X")], we have that Py(%g|A = Exm(ly,|A for all A* X', and therefore by
Lemma5.B.2(ji) 270 [and since %g ' ! (X ') and thus lyp * Vilthat Mg ' Men(Q).
Since %g ' <X '= we have by Lemma3.3.3,, that % IS "-measurable for some
"' N, in the sense that %g = %,. " (=.-) for someF + X ". Then, for all H # "
and, .4 " X", due to GP2o we have that P,(%g |, 1:n) = Pa(%,. ¢ (=1)], 1) = 1
if ,1+ ' F. Or, since %y = %,. " (=) [and thus since the indicator logg IS "~
measurable], forall ? ' ! andH # *, we have that Po(%g [? 1.n) = 1 if log, (?2) =
lyg (?) = 1. Hence, by the dePnition of M g, we have that liminf M g # lo, .

Forall . " N, by the debnition of M g and GP1;,, we know that M g [and thus
also liminf M g] is non-negative. Hence, the process :yM g and the variable
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5.B Proof of Proposition5.3.2

# . . .
~nliminf M g exist, and thus by the considerations above, for all? * !,

N logg (?) ( %N liminf M g (?) :iu’Lo . liminf M g(?)
=sup JdmpiMe () =supimy ipiMa(?) ( suplininh  Ma(?)
( liminf sup M g(?") = liminf ¥ Ma(?), (5.12)

L N

where we used theqyon-negativity of M g in the third equality. Since %+ % \%g,
we have that lo; ( +nlog, and there;#Iore the inequality above implies that Iy, (
liminf = . y\Mg. Soifwelet Mg! ‘NMg, then ly, ( liminf M g Moreover,
sinceM g ' Meb(@) forall . ' N and sinceM g is non-negative for all . ' N, we
have by Lemma4,4.2,4; that M gis a non-negative supermartingale inﬁeb(Q¥). On
top of this, since .y P2(%a[d ( 2&‘%by#assumption, and sinceM g (3 = P»(%g |

by debnition, we also have thatM &> =~ . \M g (3 ( 2%%

The above holds for any@' N, so if we let M ! an M g[which is possible
because eachM gis non-negative], then again by Lemma4.4.2,63 we infer that M
is a non-negative supermartingale inMg,(Q,). Moreover, sinceM (> ( 2%%for all
@ N, we have that M (3 ( Eand therefore, together with its non-negativity, we
obtain that M (3 ' R. Finally, since Iy ( liminf M gfor all @ N, we can inferin a
similar way as we have done in Eq. 6.12) that

los ( liminf M g( liminf M @= liminf M .
@N# @N @N
Since the variable ' gyl is equal to +$ forall ? ' % we conclude that M indeed
converges to+$ on the event % O

Proof of Proposition5.3.2,35. Fix any $ ' V, and any 'y, ' X'. First ob-
serve that, because$' ' V, is bounded, E;p (% 1.+) = E't+($) exists [MEdges]
and so Epum ($' 1.4) = Eom($Y 1.+) becauseE,y extends E,y according to Corol-
lary 5.2.5,34. Hence, it su' ces to show thatE,w (' 1.4) = E%l?v ' 1.4). We will
prove that Eo (9" 1.4) = E%tfv($|‘ 1..) for the non-negative ! (X ')-measurable gam-
ble $! $&inf $ (the variable $is indeed a gamble because$' is a gamble and
therefore inf $' R), which then implies that E;w (% 1.4) = E%'fv($1|' 1.+) because
Eom(a]1+) and ngv both satisfy the constant additivity property; see ME10,¢5 and
Proposition 4.4.3164 [ECH.

We brst show thatE(%kfv($|' 14) ( Eom (93 1.4). To do so, we will prove that there
is some&"' R such that, for all E > 0, there is a game-theoretic supermartingale
Me' Mep(Q,) such that Me(' 1..) = Eom($' 1.4) + E&and liminf Mg # $ Indeed,
the desired inequality then follows immediately from the debnition of Eff;v.

Consider the bltered probability space(! ,! (X '), (A 1)u' Ng» P,%*) and the cor-
responding measure-theoretic expectationE" t+ = E, (4] 1.+). Since $is bounded
and! (X ')-measurable, it is surelyP, **-integrable [ ME5,g4], and therefore, by The-
orem 5.A.3,47, we have that

Jim EL(SIA W) = ELE ($/As) Phu*-almost surely.
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Note that Ag = ! (% n,Aw) is the smallest! -algebra ! (X ') generated by all
cylinder events, which, by Lemma 5.A.2,¢; [and the boundedness of §, implies
that ELL*($/Ag) = $ PLi*-almost surely. Hence, since the intersection of two
P, *-almost sure events is itself alsoP,%*-almost sure [p.264], we have that
limys 45 ELE* (A 1) = $PL " -almost surely.

Due to Lemmab5.B.2(i) ,70 and since $is non-negative, we know that E, y ( $|#1:n)
is a version ofE";,i;*(SslA ) forall H # +, so we obtain that limy» 3 Eom($#1n4) = $
P,*-almost surely. So, if we let M be the extended real process debned by
M(@A ! Exm($A forall A X!, then liminf M = limys +¢ M (#.4) = $PLY-
almost surely. Moreover, since $is non-negative, it follows from Lemma 5.B.2(ii) 70
and the debnition of M, that M ' Meb(QQ. Furthermore, consider Lemma5.B.3,7,»
and note that it ensures that there is a non-negative supermartingaleM *' Meb(Q¥)
such that &! MY('1.) ' R and that converges to+$ on all paths ? ' ! such
that liminf M (?) ! $(?). Indeed, the set of all such paths? has probability zero
becauseliminf M = $P,*-almost surely.

Consider now any E> 0 and let M ¢ be the process debpned bM (> ! M (3 +
EMY> forall >' X'. Then Mg ' Mep(Q,) because of Lemmad.4.2,63. Further-

more, note that liminf Mg(?) # $(?) forall ? ' ! . Indeed, if iminf M (?) = $(?)
for some ? ' !, then also liminf Mg(?) # $(?) becauseE and M * are non-
negative. If liminf M (?) ! $(?) for some? ' !, then MY and therefore also

EM %, converges to+$ , which, together with the fact that M is bounded below [due
toM ' Meb(Q¥)], implies that M ¢ converges to+$ on ?. Hence, also in this case,
we have thatliminf Mg(?) # $(?), so we can conclude thatliminf Mg # $ More-
over, recall that &= M (' 1.,) ' R and that M (' 1) = Eom($' 1.+), SO we have that

Me('14) =M (1) +BM Y 1) = Eom (9] 1) + E& Hence, M ¢ satisbes all the de-
5|red conditions and we conclude that indeed Ex V($| 1+) ( Eam(9¥' 1:+), and thus

($1| 1+) ( Eom($Y 14)-

Then we are left to show that Eg V($|>) # Eyum(9$» for any $ ' V, and
any > ' X'. However, this can be easny deduced from the already obtained
inequality and the self-conjugacy of E,y. Indeed, &$is ! (X ')-measurable and
bounded, and therefore Pg“-integrable [MEB,64], sO we can apply ME3ys, to
bPnd that E;m($» = EP($ = &EP(&$ = &E;m(&9$]». Since we have al-
ready shown that EQV( [ ( Eam(-1» for all - ' V,, we have in particu-
lar that E (&$|>)( EZM(&$|>) which implies that Exm (%) = &Em(&$> (
&EQV(&$|>) = QV($|>) ( EQV($|>) where the last inequality follows from Propo-
sition 4.4.3164 [EC]]. O

5.C Topological results for the sample space !
Consider the distance functionVon! debned by
V(2,291 2% with +! inf{""' N: 2.1 21}, (5.13)

forall ?,?1' 1| . Then it can easily be checked thatVis a metric on! . Fur-
thermore, as is shown by the lemma below, the topology on! corresponding
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to this metric V is the same as the topology that we have adopted through-
out the main text; that is, the smallest topology containing (generated by)
the set of all cylinder events" (X ') = {"(3: >' X'} or, equivalently [ 111,
Problem 5.D], the (unique) topology for which " (X ') is a subbase?* Recall
that a base for a topology is a collectionB of sets (in this topology) such that
any open set can be written as an arbitrary union of sets inB [111, Debni-
tion 5.1], and that a subbase is a collection S of sets (in this topology) such
that all bnite intersections of elements in S form a base for this topology
[111, Debnition 5.5]. The above conbrms our claim that! is metrizable.
Furthermore, the lemma below also shows that this metric topology co-
incides with the product topology on ! =X N, with X (being Pnite) given
the topology consisting of all its subsets; that is, the discrete topology [111,
Example 3.2 C]. Since this discrete topology onX is Pnite, it is clear by
the depnition of compactness [L11, Debnition 17.1] that X is compact.
Hence, since the product of compact spaces is itself compact in the prod-
uct topologyNTychono! Os theorem J11, Theorem 17.8]Nwe have that
I =XNis compact.

Lemma 5.C.1. The topology orl generated by (X '), the metric topology on

I corresponding toV, and the product topology orl  are all equal. Moreover,
a set in this common topology is open if and only if it is a (possibly empty)
countable union of cylinder events.

Proof. First recall that the set of all open Edisks form a subbase for the metric
topology. Indeed, [111, Debnition 2.5] says that a set% + ! is open if and only
if, for each ? ' 9% there is an open Edisk about ? contained in % which by the
second part of [111, Debnition 5.1] implies that the open Edisks form a base for the
metric topology on ! . Any topologyNand thus in particular the metric topologyN

is closed under taking Pnite intersections, so the metric topology contains all bPnite
intersections of openE-disks [and also all possible unions of these intersections, since
any topology is closed under taking unions]. Furthermore, since the Edisks form a
base, any open set can be written as an arbitrary union of&disks, and thus surely
as an arbitrary union of pnite intersections of Edisks. Hence, the set of all bnite
intersections of E-disks forms a base for the metric topology, and thus the set of all
Edisks forms a subbase for this topology.

Next, consider any openkEdisk; thatis, forany E> Oandany? ' ! , consider the
set{?!" ! : V(?,?) <B.IfE>1,let @ O;otherwise, let @ N, be the unique
natural number such that 24@% < £ ( 2%@ Then, for all ?1' " (? 9, sinceinf{" '
N: 21! 2.} # @1, we have by Equation (5.13) that V(?,?Y) ( 2¢®! < E On the
other hand, for any 21" " (? 9, we infer in a similar way that V(?,?7% # 2%@# E
Hence, both facts taken together, we obtain that" (? 9 = {?1' 1 : V(?,?) < B

21The experienced reader may also understand that this topological spacé is homeomor-
phic to the Cantor space; see 53, Theorem 7.4] and Lemma5.C.4,7s.
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is the open Edisk around ? . Conversely, one can see that any cylinder event (' 1.9

with ' 1.9 " X ', is an open Edisk around any ? ' " (" 1.9 if E> 0 is such that
28@1 <« E( 2%@ As a consequence, the family of operedisks in! is the same as the
set" (X ') of all cylinder events and therefore, since the former is a subbase of the
metric topology, the set " (X ') is a subbase of the metric topology. As a result, due
to [111, Problem 5.D], this establishes the equivalence between the metric topology
and the smallest topology containing " (X ') (or the topology generated by " (X ')).

Let us show that the same holds for the product topology on! = XN, Since
the set{{'}: ' ' X} forms a (sub)base for the discrete topology onX [111, Ex-
ample 5.2 (b)], it follows from the discussion below [ 111, Debpnition 8.3] that the
setsS, ! {? ' ! :?,=,}with +' Nand, ' X form a subbase for the prod-
uct topology on ! . Clearly, any such setS. is the union of the cylinder events
"("1ee1,) With ' 1.e1 ' X *¥, so the topology generated by the cylinder events
{"(®:>"' X'} is Pner than (includes) the product topology. On the other hand,
any cylinder event " (' .,) with "1, ' X' is the bnite intersection of the setsS.
with . * {1,...,+}, so we also have that the product topology is bPner than the one
generated by{" (3: >' X'}. All together, we conclude that the topology generated
by the cylinder events{" (3: >' X'} coincides with the product topology.

It remains to prove the second statement, which says that a set in this common
topology is open if and only if it is empty or a countable union of cylinder events.
In other words, we have to prove that B! {% n"(>): (/.' N)>"' X'} %) is the
topology generated by the subbase' (X '). That B is closed under arbitrary unions
follows from the fact that the set X ' of all situations is countable (since X is Pnite).
Indeed, any union of elements of B is a (possibly empty) union of cylinder events,
and sinceX ' Nand therefore also {" (3: >' X '}Nis countable, this union can al-
ways be written as a (possibly empty) countable union_therefore implying that it is
an element of B. Now, consider any bnite intersection — ;1 . % of elements of B
and let us check that this toq js an element ofB. If at least one % is equal to the empty
set) , then the intersection ~ | ;1,3 % s also equal t<o) and thus in B. If not, then

by the debnition Bf B each % islfjﬂqual to some union " (>,) of cylinder events.
Sowe have that ~ ;14 %= JiL.g N " gl). Bsing distributivity, this Pnite

intersection can be rewritten as | 'n ,na&a.,n ru.+ " (>.); @ countable
union of bnite intersections of cylinder events. So we have that this countable union
is an element of Bif we manage to show that any Pnite intersection of cylinder events
is itself a cylinder event or empty. In order to do so, consider the intersection of any
two cylinder events " (* 1..) and " (, 1.4) with ' 1., * X' and, .4 ' X '. Note that this
intersection is non-empty if and only if, either, + ( H and ' 1., =, 1.4, O, if + > H
and ' 1.y =, 1. In the bPrst case, we have that" (" 1), "(,zn) = "(, n) and, in
the second case, we have that (" 1.+) , "(, 1) =" (' 1.+). Hence, the intersection of
any two cylinder events is either empty or itself a cylinder event and therefore, any
Pnite intersection of cylinder events is empty or a cylinder event. By our previous
considerations, this implies that B is indeed closed under bnite intersections. To-
gether with the fact that Bis closed under arbitrary unionsNand trivially includes !
and the empty subset) : ! Nwe may conclude that Bis a topology on! . Itis more-
over clear from the depbnition of B, that B is contained in the topology generated by
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" (X ') and, conversely, sinceB is a topology containing all cylinder events, that the
(smallest) topology generated by " (X ') is contained in B. Hence, both topologies
are equal. O

Proof of Lemmab.5.2,5,. We start by proving the two direct implications. Let
$' VY be u.s.c. and let($)+ n be debned by

$(?) ! sup({&+} %{$(?Y): 2" " (2 1)),

forall 2 ' ! andall +' N. Then ($). n is clearly a decreasing sequence oft-
measurableNand thus PnitaryNbounded below variables (since $ # &+). If $is
bounded above, then each$ is clearly also bounded above, so in that casg $)+ n
is a sequence of gambles. So it only remains to show thatim.- .5 $(?) = $(?)
forany ? ' ! . Thatlimw« 4«5 $(?) # $(?) holds, follows from the fact that, due

to the debnition of the variables &, $(?) # $(?) for all + * N. To prove the
converse inequality, bx any real) > $(?) [remember that $is real-valued]. Since
$is u.s.c, the set{?1' 1 : $(?Y < )} is an open set, which moreover contains
? . According to Lemmab5.C.1,75, any open set in! is a countable union of cylinder
events. Since? belongs to {?1' ! : $(?9 < )}, one of these cylinder events
contains ?. This implies that there is some+ ' Ng such that $(?9 < ) for all

21" "(2*). Then, for any " # +, since"(?") + "(?*), we obviously also have
that $(?%) <) forall 21* *(?"). Hence, $(?) ( ) forall * # max{|) |, +}, which

implies that lim.« .3 $(?) ( ). This holds for any real) > $(?), so we bnd that
lim.« .5 $(?) ( $(?), as desired.

To prove the two converse implications, consider any$' V' thatis the pointwise
limit of a decreasing sequence( $). y of Pnitary bounded below variables. We show
that, forany ) ' R,theset%! {? ' ! : $(?) <)} is open, and therefore that $is
a u.s.c. variable. It will then be clear that $is moreover bounded above if($). n is a
sequence of gambles, because inthatcas®( $ ( sup$ ' R. Sobxany) ' Rand
note that the sequence(%). n of events debPned by% ! {? ' ! : §(?) <)} for
all +' N, is increasing ang converges to%because($). n converges decreasingly
to $ So we have that%= . y %. Moreover, for any +' N, because$ is Pnitary,
thereisa" ' N such that & only depends on the brst" states, and so the set4 is a
(possibly empty) bnite union of cylinder events of the form " (* 1.-) with " 3. * X",
So, by Lemma5.C.1,75, e%ch set% is open. Since any union of open sets is open
again, we obtain that %= ..y % is indeed open. O

The last part of this section is devoted to proving that the ! (X')-
measurable (non-negative) variables are the same as the Borel-measurable
(non-negative) variables, and that these are in turn a subset of the analytic
(non-negative) variables; a result that we have used in the main text to re-
state ChoquetOs capacitability theorem2B, Theorem 11.2.5] in the form of
Theorem 5.5.9,5s.

Let B (! ) be the (smallest) ! -algebra generated by all open sets in! ;
that is, the Borel ! -algebraon! [53, Section 11.A]. A global variable $' V
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is called Borel-measurable if it is measurable with respect to the ! -algebra
B (! ) (or simply B (! )-measurable); that is, if the inverse image $(0) !
{?'1:%?)" 0}isinB (! )forevery0' B (R); recall Appendix 5.Azs3.
It is clear that this notion of Borel-measurability is in accordance with the
general one in [53, Section 11.C]. Moreover, also infer from Appendix 5.Az53
that the Borel-measurable variables can alternatively be characterised as
those variables$' V forwhich {? ' | : $?)( & ' B (! ) forall & R.
The following result follows almost immediately from Lemma 5.C.1,75.

Corollary 5.C.2. The Borel! -algebra B (! ) coincides with the! -algebra
I (X') generated by the cylinder events. A variablg ' V is thus Borel-
measurable if and only if it is! (X ')-measurable.

Proof. By Lemma5.C.1,75, any open setin! is a (possibly empty) countable union
of cylinder events. So, by debnition of! (X '), all open sets are included in the! -
algebra! (X ') and therefore, ! (X ') includes the Borel! -algebraB (! ). Conversely,
itis clearthat ! (X ') is not larger than the Borel ! -algebraB (! ) because each cylin-
der event is itself open. The last statement then simply follows from the depnition
of measurability (Borel-measurability or ! (X ')-measurability). O

Without explicitly stating the depbnition of an analytic function [ 28, Def-
inition 1.1.4], we next show that any ! (X ')-measurable non-negative vari-
able $' Vj is analytic. The fact that any Borel-measurable non-negative
function (on ! ) is analytic, and thus by Corollary 5.C.2 that any ! (X ')-
measurable non-negative global variable is analytic, is already stated in
[28, Corollary 1.6], but we nevertheless give an independent proof because
Dellacherie [28] characterises Borel-measurable functions in a somewhat
di! erentNpresumably equivalentNway.

Proposition 5.C.3. Any ! (X ')-measurable non-negative variablé ' V is
analytic according to 28, Debnition 1.1.4].

The proof relies on the following topological fact about ! Nthe debni-
tions of a separable space and a zero-dimensional space can be found isB,
p.3] and [ 53, p.35], respectively.

Lemma 5.C.4. The space is metrizable, separable and zero-dimensional.

Proof. The metrizability follows from Lemma 5.C.1,75. To prove that! is separable,
we need to show that there is a countable subset of thatis densein! . LetW+ !

be any set of paths obtained by including, for each situation>" X', a single path
? from the cylinder event " (3); such a setWexists and is countable becauseX ' is
countable.?? To see thatWis dense in! , recall from Lemma 5.C.1,5 that any open

22 And by evoking the Axiom of Dependent Choice.
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setin! is a countable union of cylinder events. Since, for any cylinder event" (),
the set Wcontains by debnition at least one path from " (3, it is clear that Walso
contains at least one path from each open set inl , and thus that Wis dense in! .
Furthermore, ! is zero-dimensional if it is Hausdor! and has a base of sets that

are both open and closed (that is, clopen sets). That this is true is mentioned on b3,
p.35], but we can also easily derive it ourselves. Indeed, since is metrizable, and
since any metrizable space is Hausddr [53, p.18], ! is Hausdor . The cylinder
events " (X ') moreover form a base of! [by Lemma 5.C.1,75], and any cylinder
event" (' 1.+) is both open [Lemma5.C.1,,5] and, because” (' ;.+) is the complement
of the Pnite union % .. x *+,.}" (=1+), closed. O

Proof of Proposition5.C.3 . We prove that any Borel-measurable non-negative
variable $ ' V# is analytic; the desired statement then follows from Corol-
lary 5.C.2 . To this end, we start by using [53, Theorem 24.3] which guaran-
tees that, if ! and R are metrizable and R is separable, then the setVg of Borel-
measurable variables is the union%Bp of all sets By of variables of Baire classP.
Without going into detail, P here is any ordinal number such that1 ( P < ?,
where ? ; is the brst uncountable ordinal, and Baire classes are recursively debned
by starting with variables of Baire class1 and then iteratively debning new larger
Baire classes by including pointwise limits of sequences of variables in the preceding
Baire classes; see3, Debnition 24.1]. Let us brstcheck that! and R are metrizable
and that R is separable. The metrizability of! is guaranteed by Lemma5.C.4 , and
the metrizability of R follows from [ 40, Problem C.11]Nrecall from Section 1.614
that our topology on R corresponds to the one in [40, Example C.2.1]. Taking into
account this topology, it is also clear that the rational numbers Q are dense inR
and thus that R is separable b3, p.3]. So by [53, Theorem 24.3] the set Vg of
Borel-measurable variables is equal to the union%Bp.

Next, let us show that the union % B is the smallest subset ofV that contains all
continuous variables and that is closed under taking pointwise limits. Let T be any
subset of V that contains all continuous variables and that is closed under taking
pointwise limits. To see that %Br + T, we will apply the principle of transPnite
induction [ 44, p.66] on the ordinal numbers P (see [44, p.56] for the debnition of
an Oinitial segmentO). We are allowed to use this principle because the set of all ordinal
numbersPsuchthatl < P< ?, is well-ordered by [44, p.79]. To start the induction,
we prove that B, is in T. This follows from [ 53, Theorem 24.10], which implies that
any variable in B, is the pointwise limit of continuous variables, and thus an element
of T. Note that we can indeed use |63, Theorem 24.10] because, as shown earlier,
R is metrizable and separable, and! is metrizable, separable and zero-dimensional
by Lemma5.C.4 . To prove the induction step, consider any ordinal number P
such that1l < P< ? 4, and assume that%w;Bp + T. Any variable $in Bp is by [53,
Debnition 24.1] the pointwise limit of a sequence { $} . y of variables in %w.sB 1, and
thus also the pointwise limit of a sequence{ $}.- y of variables in T. SinceT is closed
under taking pointwise limits, we have that $' T, and since $is any variable in Bp,
we obtain that Bp + T and therefore that % sBp + T. This proves the induction
step, and so by the principle of transbnite induction, we infer that %Bp + T [where
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P ranges over all ordinal numbers such thatl < P < ?,]. It now su" ces to observe
that %B5 itself contains all continuous variables [53, p.190] and that it is closed
under taking pointwise because, as discussed above,53, Theorem 24.3] implies
that it is equal to the set Vg of Borel-measurable variables, which is itself closed
under taking pointwise limits; see [53, Example 11.2 (i)] and take into account
that R is metrizable. So%B5p is the smallest set of variables inV that contains all
continuous variables and that is closed under taking pointwise limits. Hence, by
[53, Theorem 24.3], the same is thus true for the setVg of all Borel-measurable
variables.

We continue to show that the setVB «# of all Borel-measurable non-negative vari-
ables is the smallest subset o¥/x that contains all continuous non-negative variables
and that is closed under taking pointwise limits. It is clear that, since Vg con-
tains all continuous variables and is closed under taking pointwise limits, that the
subset of Vg of all non-negative variablesNthe set Vg « of all Borel-measurable
non-negative variablesNcontains all non-negative continuous variables and is also
closed under taking pointwise limits. To see that Vi 4 is also the smallest such set,
consider any second setK + V, that contains all non-negative continuous vari-
ables and that is closed under taking pointwise limits. Then it is clear that the set
{$' V: $,$" K} contains all continuous variables inV and is also closed under
taking pointwise limits; the former follows from the fact that, for any continuous
variable $in V, the variables $* and $* are also continuous (and non-negative), and
the latter follows from the fact that lim. .5 $ = liMm 15 & & lim 4¢ § for any
converging sequence($). n in V (and the fact that K is closed under taking point-
wise limits). Since VB is the smallest set that contains all continuous variables and
is closed under taking pointwise limits, it follows that Vg + {$' V: $, &' K}.
This implies that for any $' Vg 4, since $= $ and $' Vg, we have that $' K,
and thus that VB # + K. SOVB # is indeed the smallest subset of\_/# that contains
all continuous non-negative variables and is closed under taking pointwise limits.

It now only su" ces to establish that the setVA,# of all analytic (non-negative)
variables in V [28, DePnition 1.1.4] contains all continuous non-negative variables
and is closed under taking pointwise limits, because we can then combine this with
our observation that VB # is the smallest subset of\_/# that contains all continuous
non-negative variables and is closed under taking pointwise limits, to infer the de-
sired statement that the setVB « of Borel-measurable non-negative variables is a
subset of the analytic non-negative variables. Thaﬁ_/A,# is closed under taking point-
wise limits follows from [ 28, Theorem 1.2.5]. To see that\_/A,# contains all continuous
non-negative variables, observe from the text below 28, Debnition 1.1.4] that all Oel-
ementary Borel functionsO are analytic. The notion of an elementary Borel function
is dePned in [28, DePnition 1.1.3]; in particular, it follows from this depbnition that
any continuous non-negative real-valued variable inVy is an elementary Borel func-
tion, 2% and is therefore analyticNfor recall from [ 28, Introduction, Paragraph 2] that
continuous functions according to Dellacherie [28] take values in the non-negative
realsRy. SOVA,# contains all continuous non-negative real-valued variables. Finally,

23This is also explicitly mentioned by Dellacherie [28] himself, in the proof of [ 28, Corol-
lary 1.2.6].

280



5.C Topological results for the sample space

let us check that any continuous non-negative (not necessarily real-valued) variable
$is the pointwise limit of a sequence of continuous non-negative real-valued vari-
ables, and therefore, since we have already shown that\_/A,# is closed under tak-
ing pointwise limits, that V4 contains all continuous non-negative (not necessarily
real-valued) variables. Since $is continuous, we also have that §* for any +' Nis
continuous; indeed, $* is u.s.c. becausesis u.s.c. (since itis continous) and the sub-
level sets{? ' | : ¥*(?) <)} forall ) ' Rareeitherequalto{? ' ! : $(?) <)}
(if) ( Horequalto! (if +<)), and similarly we can infer that $*isl.s.c. So%*
is continuous for all +' N, and it is clearly also real-valued and non-negative (be-
cause $is non-negative). Hence, since($ ). y converges pointwise to $, we obtain
that $is the pointwise limit of a sequence of continuous non-negative real-valued
variables. O
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The previous two chapters each introduced and studied a particular type
of global upper expectation. Each of these operators turned out to have
fairly nice continuity properties, yet their construction also relied on a very
specibc language and interpretation. Game-theoretic upper expectations
take local sets of acceptable gambles as a starting point, and then use notions
such as supermartingales and superhedging to construct a global model.
Measure-theoretic upper expectations on the other hand take local sets of
mass functions as a starting point, and then use probability measures and
upper integrals to extend beyond the local level.

In the current chapter, we take a more direct route. Starting from an up-
per expectations tree, we will construct a global model solely by imposing
some basic requirementsNaxiomsNand by using conservativity arguments.
In that respect, the approach is similar to the one that leads to the natural
extensionsE%n and E@ under coherence; recall Section3.4g55. However, a
crucial di! erence is that we will now only impose coherence on the domain
F9 X', and use some type of continuity axiom to extend beyond this bni-
tary domain. Doing so seems to be necessary in order to obtain desirable
continuity behaviour of the resulting global upper expectationNrecall from
Section 3.695 that the natural extension Ea under coherence alone lacked
a rather basic type of continuity from below. Choosing the type of conti-
nuity axiom is a delicate matter however; preferably, we want it to be as
weak and intuitive as possible, yet it should also be suU ciently strong in or-
der to result in a global upper expectation with satisfactory properties. The
specibc continuity axiom that we will suggest is fairly weak, and will follow
intuitively from an approximation argument that regards global non-pnitary
variables as representing idealised bnitary gambles (se€02,g5 further be-
low). However, the global upper expectation thatNthrough conservativ-
ity argumentsNwill result from imposing this weaker type of continuity,
will exhibit strong continuity behaviour nonetheless. In fact, the axiomatic
model thus obtained will turn out to be equal to the game-theoretic upper
expectation Eibyv and hence, for a large part, also to the measure-theoretic
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Figure 6.1 Overview of all the global upper expectations treated in this dis-
sertation.

upper expectation Ep y.

Though comparable to game-theoretic or measure-theoretic upper ex-
pectations in terms of continuity behaviour, it is the simple and universal
character of its debnition that really sets our axiomatic model apart from
these other two global models. In that respect, it is very similar to our dep-
nition of Ea, which solely relied on upper expectations trees, coherence and
conservativity arguments; none of these notions require any particular in-
terpretation; they can instead be motivated or given meaning starting from
multiple points of view. The only notable di ! erence with E@ is that our new
axiomatic model hinges on an additional continuity axiom, but, here too, no
particular interpretation for an upper expectation is required. Moreover, we
will also provide a wide variety of alternative but equivalent characterisa-
tions for our axiomatic model, including a full axiomatisation that does not
rely on any additional conservativity arguments. Apart from their obvious
mathematical benepts, these alternative characterisations allow readers to
interpret and motivate our axiomatic model in an even more Rexible way.

The structure of this chapter is rather straightforward: in Section 6.1« ,
we introduce and argue for the use of some specibc axioms, and then subse-
guently use these axioms to debne a global upper expectation. We then con-
tinue to study the propertiesNand the existenceNof this axiomatic global
upper expectation in Sections 6.2,99 and 6.3,94. More precisely, in Sec-
tion 6.2,99, We prove the existence of our axiomatic upper expectation, and
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show that it is equal to the game-theoretic upper expectation, and hence,
for a large part, also to the measure-theoretic upper expectation. In Sec-
tion 6.3294 then, we establish several alternative characterisations for our
axiomatic model, including a full axiomatisationNnot based on additional
conservativity argumentsNand a constructive characterisation. The latter
is of considerable importance on a practical level, since it explicitly tells us
how to calculate the value of our axiomatic upper expectation for any kind
of variable.

Finally, in Section 6.43q,, we study whether the continuity axiom that
characterises our global model can be relaxed even further. We consider
one specibc weakening of the continuity axiom and show that the newly
obtained global upper expectation is essentially a trivial adaptation of the
upper integral proposed by Daniell [19]. In general contexts however, the
properties of this Daniell-like global upper expectation are not quite satisfac-
tory, and so we areNin generalNinclined to stick with the original stronger
continuity axiom. Nevertheless, there are three particular instances where
it does perform well; if we restrict ourselves to monotone limits of Pnitary
gambles, if we restrict ourselves to the domain of all indicators, andNfor all
possible variables and situationsNif the local models are precise.

6.1 Natural extension under a continuity axiom and a mono-
tonicity axiom

In order to propose a global model that is, in its interpretation, as uni-
versal as possible, we start from an upper expectations treeQ, to describe
the local dynamics of our stochastic process; recall that upper expectations
trees can always be seen as to directly result from acceptable gambles trees
or imprecise probability trees through Egs. 3.159 and 3.3s;, respectively.
One of the simplest and most intuitive ways to then extend Q,Nor better
E%reNis by using the natural extension under coherence, or equivalently un-
der WC1g,B\WC4g,; recall Debnition 3.8g5. The downside of this approach,
however, is that the resulting model Eg lacks some basic but desirable con-
tinuity properties, which is why we dismissed it at the end of Chapter 345
and went on to study more involved types of global upper expectations in
the subsequent chapters.

Yet, as we also remarked at the end of Sectior3.69g, no such continu-
ity issues arise if we restrict our attention to the bnitary domain F 9 X *.
Moreover, the restriction of E@ to this Pnitary domainNor simply the natu-
ral extension E%” under coherence toF 9 X ' [Corollary 3.4.7g9]Ncoincides
not only with all the other Pnitary global upper expectations Ea , Ej \ and
Ep on F9X ' [Theorems 3.5.1¢y and 3.5.24,], but also with the continuity-
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based upper expectationsﬁ%bv and Ep monF9X ! [Corollary 4.4.9;7¢ and
Proposition 5.4.5544]. Hencey it seems that the extension from the prelimi-
nary upper expectatlon EQ to Ef is a done deal, and so we will henceforth
take Ef onF9X'asa startlng point for debning our axiomatic global
upper expectatlon Nevertheless, our axiomatic model will later on also be
given alternative characterisations that are based on directly extendingN
for instance, using coherence and continuityNthe initial upper expectation

E%re; see Section6.3594.

The continuity axioms and monotonicity

Given a global upper expectationE: V9 X' * R that extends Eg", one of
the weakest types of continuity axioms that we can and will want to impose
on E is the following:

Col. For any increasing sequence$). n in F, and any>' X',

limsup E(&|> # E($> with $! sup$ = lim $.
+* +$ + N + 4%

Note that Colis weak because it only applies to sequences that arencreas-
ing and that consist of Pnitary gambles Na motivation for this axiom will
be given shortly. Apart from this continuity axiom, we will moreover always
impose that E should be monotone onV 9 X '

EC4. $( -- E(D ( E(-|Dforany $-"' Vand>' X'.

This monotonicity property is weaker than EC463 because it requires an
inequality between two variables $and - on their entire domain ! , rather
than only on the cylinder set " (3. Note that, if we assume a global upper
expectation to satisfyEC4 , imposing Axiom Colbecomes equivalent to im-
posing continuity with respect to increasing sequences inFNwhich is, for
readers who are familiar with Choquet integration, perhaps more comfort-
able or natural to impose as an axiom:

Col”. For any increasing sequencg $). n in F, and any>' X',
lim E($]» = E($» with $! sup$ = lim $.
+* +$ N +* +$
Though Axiom Colis elegant and weak, we also consider an alternative

but stronger version of the axiom, which applies to all converging sequences
in F that are uniformly bounded below:

Co2. For any sequence($). n in F that converges pointwise and that is
uniformly bounded below, and any >' X',

limsup E(&|> # E($> with $! lim $.
+* +$ +*
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6.1 Natural extension under continuity and monotonicity

Clearly, Co2 implies Col , and therefore also impliesCo1~, if combined
with monotonicity [ EC4 . ]. The converseNthat Col  or Col” implies
Co2 Nis not true though; see Section 6.4.3319 later on.

A motivation for the axioms

First and foremost, our motivation for the axioms above, and thus also for
the global axiomatic upper expectations introduced below, is basedNas we
will clarify in the next paragraphNon the interpretational convention that
we regard higher upper expectations to be more conservative (or less in-
formative). We feel this convention is appropriate because it is true for all
global upper expectations that we have encountered so far, whether they
are of the probability-based type, or the behavioural/game-theoretic type.
Indeed, if an upper expectation denotes an upper bound on the linear ex-
pectations corresponding to a set of probability charges/measures, then a
higher upper bound is obviously more conservative (or less informative).
On the other hand, if an upper expectation denotes the inbmum selling (or
hedging) prices corresponding to a set of acceptable gambles (resp. super-
martingales) then, again, higher selling (hedging) prices are more conser-
vative (or less informative). Note also that this convention is in line with
what we have already said in Section2.6.33g and Section 3.4.2g5, where
we argued for the use of the natural extensionNthe most conservative or
largest extensionNunder coherence.

Now, apart from the convention above, our motivation for Col and
Co2 additionally stems from our di! erence in interpretation between bni-
tary gambles and non-bnitary (extended real) variables. For we consider
Pnitary gambles to be the only global variables that have direct practical
signibcance; they depend on the states of the stochastic process up until
some bnite time horizon, and they can only take real values. Global vari-
ables that depend on the entire inbnite path taken by the process, or take
the values+$ or &3$, are only given an implicit interpretation in the sense
that they are considered to be abstract idealisations of Pnitary gambles that
lie arbitrarily close.! In particular, if $is the pointwise limit of a sequence
($)+ n of Pnitary gamblesNand if $is itself not a Pnitary gambleN, then $
is considered to be an idealisation of $ for large +; think of e.g. hitting times
[Example 4.2.2140], hitting probabilities [Example 3.6.149], Stopping times,
inPnite time averages [26], ... As a result, we typically desire the upper
expectation E($|> of such a global limit variable to give information about
the upper expectation E( &[> for a generically large value of +. Given this
point of view, Co2 is then only a minimal requirement; it simply demands

1Recall that a similar point was raised in the paragraph below Debnition4.3143, where we
said that extended real variables are being regarded as idealisedNboundedNgambles.
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that, for any converging (uniformly bounded below) sequence (%), n of
Pnitary gambles, and the corresponding sequenceﬁ($|>)'+. N Of upper ex-
pectations, the upper expectationE( $|>) of the limit variable $should not
exceed the OmaximumO value th&($ |5 ,.  attains at large +. If this con-
dition were not satisbed? then, since we regard higher upper expectations
to be less informative, E( $|> would not take into account information given
by the limit values of E($|9 ., which we consider to be unwarranted.
Furthermore, since Colygg is simply a weakened version ofCo2,g6, it can be
argued for on similar grounds.

Though the reasoning above essentially applies toany converging se-
guence inF, Co2gs (and in particular Colygs) nonetheless only applies to
sequences that are uniformly bounded below. Mathematically speaking, this
is no problem since we ideally want to impose axioms that are as weak as
possible anywayNas long as we obtain a global model with desirable fea-
tures. From an interpretational point of view, however, the condition of
being uniformly bounded below seems rather arbitrary and, based on mere
intuition, we would be inclined to drop it. This is not a good idea though, be-
cause it would make global upper expectations sometimes attain extremely
low values; we will come back to this issue in Chapter73,3.

Lastly, it remains to motivate monotonicity [ EC4 ,g¢]. In general, this
property is satisbed by almost all upper expectations; for one, all the global
upper expectations that we have studied so far satisfy it. It therefore does
not appear to be very controversial. On the domain F 9 X ', monotonic-
ity will automatically be satisped because Ef sat|sbesW0584 and we re-
quire our desired global upper expectation to extend E6 That monotonic-
ity [ EC4 ,g6] should also hold on the more general domain V9X!' can
then be argued in a somewhat similar way as before, using approximation
arguments; since we have that larger pPnitary gambles lead to higher up-
per expectations, we also assume that largerNabstract and idealisedN(not
necessarily Pnitary) extended real-valued variables return higher upper ex-
pectations.

Axiomatic global upper expectations

Given that we choose to acceptColyge and EC4 ,g5, We can take the nat-
. —=Pbn . . p - . .

ural extension of E6 under these two axioms, which if it exists, delivers

us with a brst candidate for a possible axiomatic global upper expectation.

The natural extension here is debPned similarly as in Section3.4.2gs5, but

extended to apply to general operators onV 9 X '; so it is once more the

2This is for instance the case in Example3.6.1g9 for the upper expectations -Ez(l4-‘)'+. N
and Ez(l4,). In fact, it can be seen that the sequence(l,- )~ n, there is increasing, and thus
that the corresponding upper expectation E, does not even satisfyColpge.
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6.1 Natural extension under continuity and monotonicity

pointwise largest orNsince we consider higher upper expectations to be
more conservativeNthe most conservative extension satisfying a specibc
set of axioms.

Debpnition 6.1. For any upper expectatlons treeQ,, we let EQA be, if it ex-
ists, the natural extension of Ef to V9 X' under Colygs and EC4 5g6. !

We will see later onNin Section 6.430,Nthat this natural extension EQA
always exists, and that it moreover can be identibed as an imprecise ver-
sion of Daniell®s upper integral. Furthermore, we will also show there that
it can be elegantly characterised as an extension of the preliminary upper
expectation E%re.

If we moreover choose to accept the stronger axiomCo2,g6 instead of
Colyge, then we obtain the following axiomatic global upper expectation.

Debpnition 6.2. For any upper expectatlons treeQ,, we let EQA be, if it
exists, the natural extension ofEf to VOX ! under Co2,55 and EC4 ,g5. !

Once more, as we will show in Sections6.2- and 6.3,94, this global upper
expectation EQ A €Xists and can be given various alternative characterisa-
tions.

The reason that we let Eg, and Eg, be debned as the natural
extensionsNthe most conservative extensionsNunder their respective ax-
ioms, is the same as in Section3.4.2g5. Taking any smaller global upper
expectation would mean adding information on top of the already accepted
axioms (and what E%n says), which we do not consider to be necessary.
Moreover, if one nevertheless desires to impose further axioms or add more
information, then the natural extension still provides conservative (upper)
bounds.

The axiomatic lower expectations  Eg , and E_ aare obtained from the
upper expectations EQ A and EQA by conjugacy, so, forall ($> ' VI X!

Ega(39) | &Ega(&81) and Eg,(3P) | &Ega(&3). 6.1)

Using conjugacy to debne axiomatic lower expectations is justipedNand
perhaps even intuitiveNbecause all other types of upper and lower expecta-
tions satisfy it. Nonetheless, if one desires so, one could equivalently debPne
these axiomatic lower expectations independently, starting from a (conju-
gate) lower expectations tree, and then following a similar reasoning to how
we debnedEg , and Eg », but where all steps are Oconjugated; e.g. we do not
take the pointwise largest extension, but the pointwise smallest extension
(of some initial lower expectation).

When it comes to choosing betweenEé)A and EQA, the former appears
to be more appealingNat least, at brst sightNsimply because its depbnition is
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based on the weaker and simpler axiomCol,g¢. Of course, much depends on
whether this operator E"QA exhibits satisfactory continuity behaviour, and

in particular we would want it to satisfy Co2,gsNsince we have just argued

it to be desirable. Unfortunately however, as we will show in Section 6.43q;,,

this is not necessarily the case: Eé‘A may fail _tp satisfy CoZgs. We are
therefore inclined to work with Eg , instead of Eg .

Besides it satisfying a stronger continuity axiomNand actually more
than oneNanother major reason why we prefer to use EQ A instead of EQ A
is that EQA will turn out to coincide with EQ Nor EA v for an agreeing
tree A,Non the entire domain V 9 X'. Hence, by Theorems5.5.13,56
and 5.5.10,55, it will also coincide with Ep ,MNfor an agreeing tree PN
on a rather large domain. It is clear that this considerably increases the
relevance ofE5 AC compared to that of Eé a- We will therefore mainly study
the properties of EQ A in the coming sections, and only come back to those
of Eg o.a atthe end.

Furthermore, all this being said, we want to stress that the dePnitions of
EQA and Eé,A, or rather, the justiPcation of these debpnitions, do not hinge
on any particular interpretation for a global upper expectation. Indeed, we
started from an upper expectations tree to parametrise the local dynamics of
a stochastic process; this parametrisation can on itself already be regarded
as resulting from either a behavioural approach involving sets of acceptable
gambles, or from a probability-based approach involving sets of probability
mass functions. We then continued to conS|derEf as a brst extension of
the local models; this extension was simply obtalned fromNonlyNadopting
WC1g,PNC4g, or, equivalently, coherence; properties that can once more
be motivated from a behavioural point of view and from a probability-based
point of view. The two axioms that we then additionally impose, Co02g6
and EC4 g6 for Eg A, Or Colygs and EC4 g5 for Eé,A' follow only from
an approximation argument; no particular interpretation is required here
either.

6.2 Relation to game-theoretic and measure-theoretic upper ex-
pectations

Let us start by proving that, for any upper expectations tree Q,, the
eb

game-theoretic upper expectation Eé satisbes all the debning properties
of the axiomatic upper expectatron EQ A, Which will therefore imply that the
latter exists and coincides with Ef on all of V9 X'. Afterwards, in Sec-
tion 6.3,94, We will establish varlous alternative characterisations for EQ Ar
one of which will be a full axiomatisation, without a conservativity argu-
ment.
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6.2 Relation to game-theoretic and measure-theoretic upper expectations

The game- -theoretic upper expectation Ef is surely smaller than or
equal to EQ ANif it exists. This foIIows |mmed|ately from the dePnition of
EQ A and the fact that Ef extends Ef and satisbesEC4 ,g56 and C0o2g6,
due to Corollary 449170, Proposrtron 4.4.3,54 and Corollary 4.6.2;77.
To prove that they are in fact equal, we will crucially rer on Proposi-
tion 4.7.6154 and Theorem 4.7. 4183, the former expressesEQ in terms of
its values on the domain L, 9 X' of all bounded below limits of Pnitary
variables (and situations), whereas the latter provides a crucial continuity
property for Eib on this domain. We start with the following lemma.

Lemma 6 2 1. For any upper expectations tre®,, the upper expectatror’E
extendsES" and satrsbesi:ozzge and EC4 ,g5. Moreover, for any other upper
expectatronE1 onV 9 X! that satisbes these conditions, we have that

E'($1) ( Egy(8P) forall (8" L,9X'

Proof. Observe that E%blv extends E%“ by Corollary 4.4.9,70, and that it satisbes
C02,g6 by Corollary 4.6.2,77 and EC4 ,g¢ by Proposition 4.4.3164. So it remains to
prove that, for any second global upper expectatronE1 onV9 X' that extends E%”
and satisPesC02gs and EC4 ,g, that E($/» ( Eg V($|>) forall ($ "' L,9X"'.
Fix any ($> ' Lpb 9 X '. By Theorem4.7.4;g3, there is a sequence( $). n of Pni-
tary gambles that is unlformly bounded below and that converges pointwise to $
such that lim .« g EQV($|>) = EQV($|>) Since both ES’ 5y and E' extend E%”, E%'?V
coincides with Eon F 9 X !, and so we have that

Jim B(s) = lim ES, (81 = Eqy (3.

Applying Co2,g to the left-hand side, we obtain that EX($]5) ( EQV($|>) as desired.
O

The remaining step, which is showing that E v IS also the most con-
servative global upper expectation on the entire domamV 9 X' among all
those that extend EQ and satisfy Co2,gs and EC4 ogg, now follows trivially
from Proposition 4.7.61g4.

Theorem 6.2.2. For any upper expectations tre€,, the natural extension
= . . | h t t.—eb
Eg.a exists and is equal to the upper expecta |CE5'V.

Proof. We simply show that E® Gy is the pointwise largest global upper expectatron

on V 9 X! that extends E and satisbesCo02gs and EC4 ,g¢. Since EQV exists
by its very depnition, and srnce the natural extension EQ‘A is debned as the largest
extension under these conditions, this |mmed|ately implies the desired statement.

We know by Lemma6.2.1 that Efv extends E " and satisPesC02g and EC4 56,

SO it su" ces to prove that E® GV is the (porntwrse) largest global upper expectation

satisfying these properties.
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To this end, consider any global upper expectationE* on V 9 X ! that extends
E%" and satisPesC02gs and EC4 g6, and Px any ($,5 ' V 9 X '. Then, by Propo-
sition 4.7.61g4, we have that

| "
—eb . R b T
Egv (8 = inf 'Egv(-|>): - Lpand- # $

#inf E-19:-' Loand- # $ # EX(SP),

where the prst inequality follows from Lemma 6.2.1, and our assumptions about
El, and where the second inequality follows from the fact that E! satispesEC4 286
by assumption. O

An immediate consequence of this main theorem is thatEg , also coin-
cides with Ep y on a fairly large domain, given that Q, and P, agree.

Theorem 6.2.3. For any imprecise probability tree®, and upper expecta-
tions tree Q, that agree according to Eq(3.3)s1, we have thatEQA($|>) =
Ep m($ forall (3" V,,9X'. If P,is moreover closed for alh' X',
then alsoEg A($») = Ep m($H forall (£ ' V 9 X' such that $is the
pointwise limit of a decreasing sequence of bPnitary gambles.

Proof. The brst statement follows immediately from Theorem 6.2.2, and
Theorem 5.5.10,55. The second follows from Theorem 6.2.2, and Theo-
rem 5.5.13,56. O

Theorems6.2.2, and 6.2.3 can be seen as two of the most important re-
sults of this dissertationNif not the most important. They have considerable
merit both at a philosophical level and at a mathematical level. Philosophi-
cally speaking, it is most interesting that game-theoretic upper expectations,
which are based on behavioural notions such as supermartingales and su-
perhedging, coincide with the upper expectationsEQA resulting from a di-
rect and interpretation-free axiomatic approach. Due to Theorem6.2.3, the
same can be said, to a large extent, for measure-theoretic upper expecta-
tions. The axiomatic model EQA serves as an alternative characterisation
that is neutral in interpretation and conceptually much more direct than
either of the two other types of global upper expectations. From a mathe-
matical point of view, Theorems 6.2.2, and 6.2.3 provideNand hopefully
will continue to provideNa large number of additional insights about the in-
volved global upper expectations. In particular, these theorems ensure that
all the considered global upper expectations share the same properties and
features. So properties that were previously only known to hold for only
one or two types of global models, suddenly are seen to hold for all three of
them, and similarly for any additional properties that might be discovered
in future work. We have already extensively used a similar mechanism in
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Figure 6.2 Schematic overview of the possible continuity-based approaches
and their connections.

Chapter 5,17, where we deduced a large number of properties for measure-
theoretic upper expectations (especially in the precise case) from the fact
that they are known to hold for game-theoretic upper expectations. We can
now do the same for EQA, establishing properties for it by exploiting its

. . —=eb
equality with EQV.

Corollary 6.2.4. For any upper expectations tre@,, the following statements

hold:

(i) The restriction ofEg , to V9 X ! is coherent.

(i) EQA satisbes the extended coherence proper€l; s3PECE63.

(i) Forany$' Vandany"'

No,
+

E6,A($|#1:") = EQ,A EQ,A ($#1:041) 1#1:"’ .
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(iv) Forany($>' V9X',
| "

Eoa(81) =inf Ega-19:-" Loand- # 8

(v) For any > ' X' and any increasing sequencé$). n in Vp,
lim . 45 Ega($) = Ega(lim. 45 $[5.  [Continuity from below]

(vi) Forany>' X' and any decreasing sequen¢& ),  of Pnitary bounded
above variableslim .« 45 Eg A($]3) = Ega(lim.= 15 $[3.
[Continuity w.r.t. decreasing Pnitary variables]

(vi) Forany>' X' and any $' L, there is a sequencé$), n of +-

measurable gambles that is uniformly bounded below and that converges
pointwise to $such thatlim .+ +s Eg($]») = Ega( 8.

(vii For any > ' X' ang any sequence($)+-N_in Vp that is uni-
formly bounded below,E%?V($|>) ( liminf .+ 4¢ E%kfv($,|>) vyith $!
liminf .« ¢ $. [FatouOs lemma]

Proof. The properties above follow from combining Theorem 6.2.2,9; With, in order,

(). Corollary 4.4.5:67;
(i) . Proposition 4.4.314;
(iii) . Theorem4.4.446;
(iv) . Proposition 4.7.61g4;
(v). Theorem4.6.1,7s;
(vi). Theorem 4.7.3155;
(vii) . Theorem 4.7.4,g3.
(viii) . Corollary 4.6.2177. O

6.3 Alternative characterisations for  Eg 5

Our starting point for the debnition of EQA was the Pnitary upper ex-
pectation E%", a global upper expectation that itself results from accepting
WC1g,DNC4g, (or coherence)Nand these properties aloneNon the bnitary
domain F 9 X '. We considered this to be the simplest and most convinc-
ing way of introducing our axiomatic model, since there seems to be no
disagreement on how a global upper expectation should be debned on the
domain F9X ' Nall the global upper expectations we have considered so far
coincide with E%n on F9X'. Yet, on the other hand, this approach is some-
what indirect in the sense that we consider two extensions: one from the
local models Q,Nor, equivalently, from E%reﬁlto E%”, and then subsequently
from E%" to Eg .. One may therefore be inclined to desire a depnition of
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EQA as a one-step extension of the local model®,; this is what we set out
to explore next.

We will moreover give a full axiomatisation of Eg ,Nand thus also Eg’,
and, for a large part, Ep yNwithout any conservativity arguments, similar
to what we did for Eg“ and Eg in Section 3.4.3g;. Lastly, we will mold
these characterising axioms together into a single formula; this provides us
with a more constructive characterisation of EQ A that does not rely on any
existence arguments.

Let us already give an overview of the possible properties for global up-
per expectations that, on top of Co2,5 and EC4 g6, Will be used in the
results about to come. They are stated for a general global upper expecta-
tion E: V9 X' * R and a general upper expectations treeQ,:

NEL E($(#+1)] 1) =Q . (9 forall $' L (X)and' ' X*;
NE2. E($» =E($Ls]» forall ($>' FO9X';

NE3. E($|#1+) = E(E($#1:041) [#1+) forall $' Fand" ' No such that
E(9$|#1.+41) is real-valued.

NE3(. E($#1) ( TE(E($|#1;--+1)|#1;--) forall $' Fand" ' No;
NE4. E($ =inf E(-]9:-' Lpand-# $ forall (' VOX';

Co3. Forany>' X' and any sequence($). n in F that converges point-
wise and that is uniformly bounded below,

- — . :_ . l . .
Hl*InISB E(leH &9 = E($> with $! +1|n3$ $;

Co4. Forany>' X ' and any increasing sequence($ ). n in L,

lim, E($]® =E($», with $! sup$ = lim .
+* N +* 4+

Co5. For any >' X' and any decreasing sequenceg $). n in F that is
uniformly bounded below,

Jim, E($]® = E($», with $! inf & = lim$;

PropertiesNE1gsENE 355 were already introduced in Section 3.4.3g7, and
they fully characterise E%n [Theorem 3.4.6g5]. Property NE3( is a weak-
ened version of the law of iterated upper expectations [NE3gg], 2 and NE4-

3strictly speaking, NE3( is not weaker than NE3gg because the latter only applies if
E($|#1.+1) is real-valued. Nonetheless, since all the global upper expectations on which we
will impose NE3( and/or NE3sg will always be real-valued anyway, we will always pretend,
for the sake of simplicity, as if NE3( is weaker than NE3gg.
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is similar to NE4gg but where the approximation is with respect to variables

that are in LyNinstead of FNand that moreover lie above the considered

variable $on their entire domainNrather than only on " () as is the case for
NE4gg. Finally, Co3 BCo5 are three specibc continuity properties; note
in particular that Co3, is a type of continuity with respect to increasing se-
quences. PropertiesC02,56BC04; can be ordered depending on how strong
they are; Co4 s the strongest, Co2,g5 the weakest (under monotonicity

[EC4! 286])-

Lemma 6.3.1. For any global upper expectatioft on V 9 X !, we have that
Co4, impliesCo3 . If E is moreover monotone EC4 ,g¢], then Co3 im-
pliesCo2g6.

Proof. Fix any global upper expectationE on V 9 X !. First suppose thatE satispes
Co4 . To show that E satispesCo3 , consider any>' X' and any converging
sequence($). n in F that is uniformly bounded below. Let $! lim, .3 $ and,
forall " * N, let - be the global variable debned by-. ! inf.(. $. Since ($)+n
is uniformly bounded below, each -- is bounded below, and since each-- is clearly
also the pointwise limit of the Pnitary gambles inf.(..y & for H * +$, we have
that -. ' Ly forall " * N. The sequence(--)-+ y is moreover increasing [due to its
dePnition], so we have by Co4, that

lim E inf $}>' = lim E(--|) =E lim R i $}>'
Ag t(+ LT g o as (1.
=E liminf &

R

=E Jim 5 = E($),

establishing that Co3, also holds.

To establish the second claim, suppose thaE satisbesEC4 ,55 and Co3 . Again,
bx any>' X' and any converging sequence($). y in F that is uniformly bounded
below, and let $! lim.« .5 %. By Co3 , we have that

Jim. E_jvr(lf sk =g,

Due to the monotonicity [ EC4 ,g] of E, we have that limsup.. .4 E($]) #
lim.« . E(inf-(. $]3), and therefore that

limsup E($|> # E($.
"k +$
This establishesC02,g6 for E. O

6.3.1 Alternative natural extensions of E%re or E%n

We start by expressingﬁav A 8s a natural extension ofE%re [Eq. (3.13)gs5]
under a series of axioms that are as weak as possible. The alternative char-
acterisations of Eg , that we will then give afterwards, will all be natural
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extensions ofE%re (or Ep”) under some strongerNbut also fairly intuitiveN
axioms.

Proposition 6.3.2. For any upper expectations tre€,, the upper expecta-
tion Ega is the natural extension ofE%re under NE2gg, NE3( 595, C02,56 and

Proof. It follows from DepPnition 6.2,g4 that EQ  satispesEC4 56 and C02g6. Def-
inition 6.2,g9 also says thatEQA extends E , Which is itself an extension of the
preliminary upper expectation EQ [Debnltlon 3.846], S0 Eg 5.a €xtends Egre. That
EQ A Moreover satlsbes the propertiedNE2gg and NE3( 595 foIIows from the fact that
Eg.a extends EX , from Theorem 3.4.6gg[ NE2g5] and from Corollary 3.5.7¢4. So,
according to the dePnition of the natural extension, it su" ces to prove that EQ,A is
larger or equal than any other global upper expectation E on V 9 X' that extends
_pJ and that satlsbesNE288, NE3( 595, EC4 ,56 and C02,55. To this end, let us brst
show that E "Nand thus EQ ANis always larger or equal than Eon F9 X'

Start by noting that, for any ';. ' X' and any (. + 1)- measurable gamble
- (#1:.41),

NE2 —

E(- ()] 1) = E(-( 1#21)] 1) =Eg (- (1. #4)] 1)

—E"”( (r#a)l 1)

"FEL(- () 1), (6.2)

where the second equality follows from the fact that E extends EQ ; and where the
third equality follows from the fact that, by depPnition, E extendsEQ Now bx any
($> ' F9X'andlet" ! |5 be the length of > Slnce $is pnitary, there surely is
some@# " such that $is (@ 1)-measurable. SinceE satisbeSNE3( 565 and EC4 g6,
we have that

E($|#1:") ( E(E($|1:’E1:"+1)|1‘7"1:") ( E(E(E($|#l:"+2)|#1:"+1)|#’£1:")
( E(E(AAB(H#1.0 A& &]s1)|#1).

Applying Eq. (6.2) to the inner upper expectation of the rightmost term, we obtain
that

E(8l#:) ( E(E(AAR(EG (H#10 [#1@1) A4 &1 [#1-).

Since E%"($|#1;@) is real-valued [by Corollary 3.4.2g3 and Corollary 3.4.5g7] and
clearly @measurable, it is automatically bounded and thus an@measurable gamble.
Hence, by once more applying Eq. 6.2), we obtain that

E(8l#1+) ( E(E(4aBg (BZ (310 |#rau) A &) 1),

We can do the same with the other upper expectations, working our way outwards
to bnd that

E(3#1-) ( Bg'(Bg (A4BY (S0 Aa# ) |#1-).
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It now su" ces to recall that Corollary 3.5. 794 holds for E , and therefore that the
above inequality implies that E( $|#;.-) ( E "($#y). Slnce>|s a situation of length
", we have in particular that E(3P ( E ($|>) and since this holds for any ($ > '

F 9 X', we have that E |s always Iarger or equal thanE on F 9 X '. The upper
expectation EQA extendsE , S0 we consequently have thatE ($]>) ( EQ A($> for
al ($>' Fox!'

We next show that this inequality also holds on the domain L, 9 X '. Fix any
couple (> ' Lp 9 X'. By Corollary 6.2.4(vii) 504, there is a sequence($). y of
Pnitary gambles that is uniformly bounded below and that converges pointwise to
$such thatlim .« .5 Ega($|) = Ega($). SinceE(- | ( Ega(-|? forall - * Fas
we have just proved above, and sinceE satisbesC02,g5, We have that

E(81) (limsupE($]) ( imsupEg (1) = lim Ega($]) =Ega($).

Hence, we indeed have thatE($]>) ( Eg (9 forall ($> ' L, 9 X'. Finally,
to see that this inequality also holds on the entire domain V 9 X ', consider any

(%' V9 X' and note that by Corollary 6.2.4(iv) 293,
| "
Eg (8 = inf |EQA(- P:-" Loand- # $

#inf E(-|9:-' Lyand- # $ # E(3,

where the second step follows from the fact that, as we have just proved above,
E(-|) ( Ega(-|® forall - ' Ly, and where the bnal step follows the fact that E
satisbesEC4 ,g¢ by assumption. O

The following result establlshes a characterisation of EQA as being a
natural extension of EQ under coherence onF 9 X ' and Axioms C02g¢
and EC4 ,g5. One may check that coherence onF 9 X'is aNstrictlyN
stronger condition than NE2gs and NE3( 595, and so the result can easily
be seen to follow from Proposition 6.3.2; above. The characterisation may
nonetheless be convenient for those who consider coherence to be a basic
requirement for upper expectations.

Corollary 6. 3 3 For any upper expectatlons tre@,, EQ A Is the natural ex-
tension ofEQ under coherence off 9 X !, Co2,g5 and EC4 ,gs.

Proof. Proposition 6.3.2, says that EQA extends EQ and satisPesEC4 ,g5 and
C02g6. EQA is also coherent onF 9 X' because it extendsEQ [by dePnition],

and becauseEa is coherent by Corollary 3.4.5g;. Any other global upper expec-
tation E on V 9 X! that extends EQ , that is coherent on F 9 X', and that satis-
PesEC4 ,g5 and Co2gq, also satisbesNE2gs and NE3( ,g5 due to Theorem 3.4.3g,4

4Even when a global upper expectation extendsER® and satisPesNE2gg and NE3( g5,
there is nothing that bounds its values from below on couples (' 1:+) ' F9 X' with $not
(+ + 1)-measurable. We leave it as an exercise for the reader to check that this permits such
a global upper expectation to violate coherence. On the other hand, due to Theorem3.4.3g4
and Proposition 3.4.4g4, coherence impliesNE2gg and NE3( 595.
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and Proposition 3.4.4g,. Hence, by Proposition6.3.2267, E($>) ( Eg A($> for all
($3' VX' O

The next characterisation OTEQA is based on continuity with respect to
increasing sequences Co4,gs]; a property that is satisbed by upper inte-
grals/expectations of all sortsNalso upper integrals/expectations that we
have not discussed in this dissertation; e g Choquet integrals ¢, 28, 29].
We express it as a natural extension 01E , because we want to emphasize
the extension fromF9X ' to VOX ' through Co4295 (and EC4 ,g), but one
may also express it as a natural extension oEQ as we did in the previous
two results.

Corollary 6.3.4. For any upper expectations tre€,, the upper expectation
Eg.a is the natural extension ofE%n under Co4ygs and EC4 ,g6.

Proof. By depnition, Eg, extends ED” and satispbesEC4 ,55. Due to Corol-
lary 6.2.4(V) 294, EQ I also satrsbei:o4295 Any other global upper expectation E on
V9 X' that extends E " and that satisPeSEC4 ,g5 and Codygs, also satisPesC02,g4
due to Lemma6.3. 12% Hence, srnceEQ A Is by debnition the largest extension of
E " satisfying EC4 ¢ and C02,g5, we indeed obtain that E($>) ( EQ A($]> for all
($ »'Vox! O

6.3.2 Full axiomatisation

What properties oraxioms su' ce in order for a global upper expectation
to be equal to EQ A? Or, equivalently, what propertres su" ce in order for a
global upper expectation to be equal to Ef and, for a large part, Ep ?
So far, our characterisations for EQ A always established that it is the most
conservative upper expectation under some given set of properties. A full
axiomatisation of EQA without any conservativity arguments is still lack-
ing at this point; we now provide such an axiomatisation, with the goal of
proposing a series of axioms that is as weak and simple as possibleNthough
the latter is admittedly sometimes somewhat of a subjective matter.

We start by axiomatising Eg  on the domain L,9X ' . Recall that Co3ys,
though it may look abstract at prst sight, simply imposes continuity with
respect to some very specibc increasing sequences [see e.g. LemfMa&.1,95].

Lemma 6.3.5. For any upper expectations tre@,, a global upper expectation
EonV9X ' isequaltoEg , onLp9X ' ifand only if it satisPesNE 1gsENE3gs,
Co03,95 and Co5,g5.

Proof. First note that Eg , itself satispes the axioms above. Indeed, TheorerB.4.6g5

and the depnition of Eg, imply that Eg, satisPesNElggENE3gs. Axiom C055
follows from Corollary 6.2.4(vi) 204, and Axiom Co03,95 follows from the fact that
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EQA satisPes Codygs by Corollary 6.3.4; , and since Co4ygs implies C03,95 by
Lemma 6.3.1,95. Since Eg , satisPes the axioms above, a global upper expectation
EonV9 X' thatis equal to Eg , on L, 9 X' will also satisfy these axioms, be-
cause these axioms solely involve variables inLp. It is clear that this is the case for
NE1ggsENE3ss and Co5,95. It is also the case forCo3,95 because, for any converg-
ing sequence($). n in F that is uniformly bounded below, inf.sy $ forany H ' N
and $! lim.- +¢ $ are both bounded below and limits of bnitary gambles. This
establishes necessity oNE1gsENE3gg, C03,95 and C05;95.

To prove su' ciency, suppose thatE is any global upper expectatlon onV9X!'
satisfying NE1ggENE3gs, C05;,95 and C03,95. Then E c0|nC|des with E "onF9X!'
by Theorem 3.4.6gg, which by the fact that EQ A extendsE " [by debnltlon] implies
that E coincides with EQ A0nF9X'. Nowbxany($> ? Ly 9 X', According to
Proposition 4.7.2,g,, the variable $is the pointwise limit of a sequence ($). n in F
that is uniformly bounded below.

Let us prst show that E(inf.u $[3) = Ega(inf.sn $|>) forany H ' N. For
anyH ' N, Iet (-")+ n be the sequence inV debned by-" ! inf.u@n %for all
+# H,and - ! & forall + < H. Then it can easily be checked that, since
($)+ n is a sequence of Pnitary gambles(-4). y is a sequence of Pnitary gambles.
Moreover, (-), y clearly converges decreasingly toinf .4y $, and (-). y is uni-
formly bounded below because (). v is uniformly bounded below. Hence, sinceE
and Eg 4 both satisfy Co5,05, and since we already knowE and Eg , to coincide on
F9 X', we obtain that

—_=, T =, H o = H —E_ = .
e igp sb = m ECIP = im, EquCTh < Eq, g s

Since the equality above holds forallH * N, and sinceE and EQA satisfy Co3,95,
it follows that

N N

To axiomatise Eg , on the entire domain V 9 X *, we only need to add
Axiom NE4-,g5 to the list in Lemma 6.3.5, ; it simply says that the values
of Ega0onV9X : are_obtained by approximating from above using the
variables in the domain L, 9 X!

Proposition 6.3.6. For any upper expectations tre@,, the upper expectation
Ega is the unique global upper expectation satisfyimngdE1ggENE3gg, C05,95,
Co03,95 and NE4L295.

Proof. By Lemma6.3.5, , we know that EQA satisPpesNE1ggENE 35, C0595 and
Co03,95. That it satisbes NE4-,95 follows from Proposition 4.7.6154 and Theo-
rem 6.2.2,9;. TO prove the uniqueness ofEQA, consider a second global upper ex-
pectation E on V 9 X ! satisfying the axioms above. Then Lemma6.3.5, says that
E and Eg , coincide onL, 9 X . The fact that they coincide on all of V9 X ' then
follows immediately from the fact that they both satisfy NE4-,gs. O
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6.3.3 A direct formula

Though the axiomatic characterisations presented previously are at-
tractive from a theoretical point of view, pragmatically oriented readers
will still be on the lookout for some formula that allows them to derive
the values of the upper expectation EQ A more directly. The expression
for the game-theoretic upper expectation EQV in Debnition 4. 6149 is in
that sense convenient to work with, because it directly expressesEf V($|>)
for anyNgeneralNcouple ($> ' V 9 X' in terms of the aIIowabIe su-
permartingales Me,(Q,). Similarly, Proposition 3.5.1047Nor, even better,
Corollary 3.5.12¢gNshows that Eg($>) forany ($> ' V9 X' can simply
be obtained by looking at the values ofE%” on all bnitary gambles that are
larger or equal than $on " (3.

The result below prowdes a similar practical formula for Eg o.a- Itdeliber-
ately takes the values ofE " as a starting point, because these can easily be
obtained from the local models one method to do so is to use the formula
in Lemma 3.D.5;16. For particular types of bnitary gambles, and particu-
lar types of trees, more & cient methods can be found in [58, 63, 100].
Furthermore, as we have already mentioned a few times [e.g. Sectiord.71g9
and Section5.5.4,57], we are often interested in limits of Pnitary gambles, or
even more specibcally, monotone limits of Pnitary gambles. In those cases,
instead of using the formula below, it is more convenient to use the continu-
ity propertles Corollary 6. 2 4(v) 204 and (Vi) 294 in conjunction with the fact
that EQ A coincides with E "onF9X!'

Proposition 6.3.7. For any upper expectations tre€, and any ($> ' V 9
X', we have that

Eoa(8) | .
e g PN L P :
= inf I|Ip||+r%f Eg(-+P:-+" F,GO' R)-.#0 and+1|rr+1$ . #-$

Cie e p oo EPN C -
‘(')UE inf I'IPIQ;f Es -+P:-+" F-+#0 and)rl*|rrr1$ - HS S

Proof. It follows from Theorem 6.2.2,5; and Proposition 4.7.7.gs, that, for any
(' Vox!,
I "
Ega($ =inf liminf Bga(-+[):-+" F,( 0" R)-.# 0and lm -, #.$ .

Recalling that Eg extendsE%" [by debnition], we immediately obtain the brst de-
sired equality. The second equality follows trivially from the Prst, because
| "
iminf EPD . ! . ;
|IH‘II+I;f Es (-+: —+' F,.(;0 R)—+#0and+L|r11$—+#>$ )

A _
= liminf E%”(-+|>): -+ F-,#0and lim -, #.$ . O
o'R +* +$ 4§
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6.4 The natural extension under a weaker continuity axiom

In this Pnal section, we examlne whether the depnition of EQA as the
most conservative extension ofEf under EC4 ,g6 and Co2,g5 can be fur-
ther relaxed by replacing 002236 with Colpgs. In other words, we study
whether EQ AN|f it eX|stsN|s equal to EQ A and, more generally, what the
main characteristics of Eg o.A @re. The upper expectation EQ A IS particularly
interesting because, as we will discuss in Sectior6.4.23q4, it can be seen as
a imprecise-probabilistic generalisation of DaniellOs upper integral.

6.4.1 Existence ofE"QA and a direct formula

We start by establishing the existence oﬂ_E"QA, and by giving a formula
that is similar toNbut more elegant thanNthe one given for Eg.a in Propo-
sition 6.3.7; .

Proposition 6.4.1. For any upper expectations tre®,, the natural extension
Eg. exists and, forany($> ' V9X',
I n
= . - —=bn ) f .
Eé,A($|>) =inf |+1|r11$ Ea ('+|>). T ( '++1y+1|n;1$ - H.$

. . =pn o .
_|nf|+1|n;l$ EG ('+|>). -+ F,'+( '++ly+l|n;]$ '+#I;$

= inf supEgn(-+|>): v F - (a1, SUP-L # S
+' N +' N

Proof. We start by proving the brst equality. LetE on V 9 X' be debned, for all

(83" VoX', by
| "

E($ ! inf I|m EQ( T FEETULE SR (R Iim L H# S,

where the limit Ilmﬁ +$ E "(-.]3 indeed exists for any increasing sequence-.). n
in F becauseEf is monotone by Proposition 3.4.4g, [WC54]. We show that E
is the most conservatlveNpomtmse largestNglobal upper expectation on V 9 X!
that extends E " and satisPesSEC4 ,g5 and Colygs. By the debnltlon of the natural
extension, this WI|| then automatically imply the existence of Es 5.4 and the equality
of E and EQ A

Let us Drst check thatE commdes with EQ on F 9 X', or in other words that
E extends Ef That E($|>) ( E "($>) forany ($> "' F9 X ' follows immediately
from the debnltlon of E; we can S|mply consider the (increasing) sequence inF that
is equal to $for all indices. To prove the converse inequality, observe that, for any
($> "' FOX!',

I "

= e E=Pn . . .
E($|>) —|nf |+!‘IT$ Ea ('+|>)- ~ 4 F,'+( '++1,+!JT$ T+ #> $

# inf '|irpi+gf Eg-: - F.GO' R)-. #0and im -. #. 5,
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because any increasing sequencé-.).- n in F is bounded below (by inf -,), and the
corresponding limit lim .« ¢ E%”(-+|>) = liminf o 4g EE”(-+I>) always exists due to
the monotonicity [ WC5g, in Proposition 3.4.4g4] of E E . Proposition 6.3.730; says
that the right-hand side in the inequality above is equal to EQA($|>) so we obtain
that E($> # EQA($|>) Since EQA moreover extends Ep we infer that E($») #
E "(¢>) forall ($>' FOX'
Furthermore, that E satisDeSEC4’ 286 follows straightforwardly from its debni-

tion. To see that it also satisbesColygs, consider any >' X' and any increasing
sequence(-.)+ N in F. Let- ! sup, -+ = lim. 45 -.. Then we have that

E(-P) (lim EF'(-]) = lim E(-+]) = lim sup E(-. |,

where the inequality follows from the debnition of E, and the brst equality follows
from the fact that E extends Ef Hence, E is a global upper expectation that extends
E " and satisPesEC4 g6 and Colzge

To prove that E is the largest such gIobaI upper expectation, consider any global
upper expectatlon E! that extends E " and satisPesEC4 ,g5 and Colygs. Fix any
($5 ' V9X!' and consider any increasing sequence(-.)+ n in F such that
lim.~ ¢ -+ #- & Let (+.). n be the sequence debned by, | -.l.(y + +l.(ye for
all +' N. Then we clearly have that (+.). \ is an increasing sequence irF- such that
M 4g + =M 4g -2l + (#8) 1 (5 # $ Moreover,

. =b . =h . = =1, 1 —
Jim, Eg (-+1) = Jim. Eg (+]) = Jim, E(= # El(+t|rn$ |3 # E($,

where the Prst equality follows from NEZ2g5 in Theorem 3.4.6g5 and the fact that
+l 5 = -4l (5 forall +' N, the Prst inequality from the fact that E'satisPesColysgs,
and the last inequality from the monotonicity [ EC4 ,g] of E% Since the inequality
above holds for any increasing sequence-.). y in F such thatlim.- .g -+ #- $ we
obtain from the debnition of E that E($> # EX($]>. Hence E is indeed the largest
global upper expectation onV9X ! that coincides with E " and that satisbeSEC4 ,gg
and Colygs. This establishes the brst equality in the statement above.
To prove the second equality, note that obviously, for any ($,> ' V9 X',
| "
Ega(8 = inf Jim, Eg(-P):-v" Foou( S, Jim - # S

(inflim. Eg(-eP):-+" Frou (- LR

To establish the converse inequality, consider any increasing sequencéC,). n in F
suchthatlim. g C. #. $ Let(C.), y bedebnedbyC, | C.l.(y++.(yaforall +* N.
Then, sincelim.» 45 C, #. $ we have thatlim .« 45 G, = liM.x 15 Clo (5 +(+$ )l (ya #
$ Moreover, the sequence(C,). \ still is an increasing sequence of bnitary gambles,
so we get that
| "
inf lim Eg'(-+1): -+ Foou (-, im -0 # 8 ( lim E5N(ED)
+* +$ +* +$ +f +$—Dn
= +L'T$ Eg (G2,
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where the last step follows from the fact that €.I-(5y = Cl.(y forall + ' N, and
the fact that Eg” satispesNEZ2g5. Since the above holds for any increasing sequence
(C)+ n in F such thatlim.- .+ C. #, $ we infer that
| "
inflim B (-+[): -+ Foou (-, im - # 8

+* 48 | +* +$ "

( inf '+Lirr+1$ Eg”(-+|>): et B (e fim-s 8 = EgA(3P).

The Pnal equality in the statement above now follows trivially from the increas-
ing character of the sequenceq(-.). n, and the fact that E%” is monotone by Propo-
sition 3.4.44, [WC534] O

The following result shows that E A IS additive with respect to real con-
stants; a property that we will need Iater on.

Proposition 6.4.2. For any upper expectatlons tre®,, we have thatEQ A($+
P = EQA($|>)+ forall ($>' V9X'and; ' R.

Proof. Considerany($>' V9X'and; ' R. According to Proposition 6.4.130;,
we have that

Ega($+; ) = inf lim, [= G I S ( LU A

Note that a sequence of global variableg(- .). y is an increasing sequence of bnitary
gambles such thatlim. .5 -+ # $+;, if and only if (- & ; )+ is an increasing
sequence of bnitary gambles such thatim.- .5 (-+ & ;) # $ Moreover, by Propo-
sition 3.4.4 [WCT7g4], we have that Eg”(-+|>) = E%"(—+ &;|® +; for any such a
sequence(-.)+ y and all +' N. Hence,

Eqal(p*i 1
= inf +Lin3$Eg"(-+&; D+::(-.&;)" F

(+&) ((wa&:) Im (- &;)# 8 =Ega($P) +:;. O

6.4.2 Daniell-like upper expectations

One of the reasons why we bnd the extensmrEQA of E " interesting is
that it can be seen as an imprecise adaptation of DanleIIOS.Q] method for
extending a linear expectation. This method uses similar ideas as those that
are used in standard measure theory to extend the domain of a measure,
with the di ! erence that linear expectations are now immediately considered
to be the initial objects and that continuity arguments are directly applied
to linear expectations rather than probability measures.
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The classical Daniell extension

Concretely, Daniell®sl[9] method for extending a linear expectation consists
of the following three steps, of which we will only sketch the essentials; we
refer to [ 103, Chapter 6] and [38, Section 5.1] for more details.

(i) The initial object that we aim to extend ought to be an elementary

(i)

(i)

integral Xon a vector lattice K. A vector lattice is a non-empty set
of real-valued functions $: Y * R closed under pointwise addition,
(Pnite) minima, (Pnite) maxima, and scaling with a real number; e.g.
F is a vector lattice. An elementary integral X K * R on a vector
lattice K is a functional that is linear [ 103, (a), (b) on p.283], that
takes non-negative values on (pointwise) non-negative functions [103,
(c) on p.283], and that additionally satisbes [ 103, (d) on p.283]:

+I*ir£1$ X$)=0if ($)+ n is decreasing inK and +l"1‘$ $=0. (6.3)

The integral Xis extended to the domain of all over- and under-
functions by imposing continuity. An over-function $' K °is the (ex-
tended real-valued) pointwise limit of an increasing sequence of func-
tions in K ; an under-function $' K is the (extended real-valued)
pointwise limit of a decreasing sequence of functions inK . The inte-
gral Xis then debned, for any $' K °, by

X9 ! +1ir11$ X %) if ($)+ n isincreasing inK and +1ir11$ $=9

and similarly for any under-function $' K. It can be shown that, due
to the assumptions about Xand K , this debnition does not su er from
ambiguity.

Ihe upper integral X $) of any extended real-valued function $: Y *
R for which thereisa - ' K °such that- # $ is now debned by the
following upper approximation:

_ % &
X! inf X-):-"'" K°and- # $ .

Analogously, the lower integral X($) of any extended real-valued func-
tion $for which thereisa - ' K suchthat- ( $ is dePned by

% &
X9 ! sup X-):-"' Kyand- ( $.

If X($) and X $) are both debned, real-valued and coincide, then the
common value X$) ! X9 = X9 is called the integral of $ It can
again be proved that this debnition of Xis consistent with its earlier
depnition on K ° %K ,, and therefore that this new integral Xextends
the earlier one.

305



Axiomatic upper expectations

The measure-theoretic enthousiast may indeed spot great similarities
between the reasoning above and how probability measuresNsometimes
called pre-measuresNare usually extended; see e.g. 102, Section 1.7].
Daniell®s19] method can therefore be seen as the functional analysis analo-
gon of the classical measure-theoretic approach. In our context, where (up-
per) expectations are the main objects of interest, this method is therefore
much more natural and direct than any of the measure-theoretic procedures
described in Chapter5,,7. Of course, since it only involves linear function-
als, the applicability of this method is restricted to a precise context. The
adaptation® to our imprecise setting, however, seems rather straightforward.
As we will see, this adaptation furthermore results in the same operator as
the axiomatic upper expectation E"QA debned earlier. Let us attempt to make
this clear.

An imprecise Daniell-like extension

In our context, we use F as our initial vector lattice, and, for any bxed
>' X', we let E "“(@P: F * R be our Oelementary@ upper expectation.
We put OelementaryO between quotation marks becau‘sg (4P satisbes all
the characteristic properties of an elementary integral, apart from the fact
that it is sublinear instead of linear [ 103, (a), (b) on p.283]; sublinearity
follows from the fact that E " satispesWC2, and WC3s, by dePnition; the
fact that E6 is non- negatlve on non-negative gambles 03, (c) on p.283]
follows from Proposition 3. 44[WC684] Eq. (6.3): , Dnally, follows from
Corollary 6.2.4(Vi) 294, the fact that EQA extends Ef , and the fact that
E "(0]5 = 0 due to Proposition 3.4. 4[WC684]

Next, similar to step (i) , we extend E "(4P to all over-functions F°
and under-functions F, by imposing contlnur[y, that is, we let the extension
Eg (&P on F° %F, be dePned byEg 5 (8> ! lim. 4s E%”($|>) for any
$' F° and any increasing sequenceg($). n in F such thatlim.« .5 $ = $
and similarly for any $' F, and any decreasing sequencé $.). n in F such
that im +¢ & = $ Iltcan easily be checked using Corollary6.2. 4(v) 294
and (vi) 94 and the fact that EQ A extends Ef that this debnltlon of E
does not su er from ambiguity and that E mdeed extendsE6 In fact |t
follows from the same arguments thatE comudes with Eg 5 on (F°%F,)9
X!, and therefore by Corollary 6.2. 4(||) 203 that Ex oD is monotoneNwe will
use this property shortly. Furthermore, observe that the set of all real-valued
over-functions is exactly the class of bounded below lower semicontinuous
(I.s.c.) variables in VY, and that the set of all real-valued under-functions is

5We do not call it a generalisation because we restrict our attention to the setting of
discrete-time bnite-state processes; in that respect, DaniellO%g] approach is much more gen-
eral since it considers abstract possibility spaces, vector lattices and elementary integrals.
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6.4 The natural extension under a weaker continuity axiom

the class of bounded above upper semicontinuous (u.s.c.) variables ifvY;
this follows from Lemma 5.5.2,5; (and the debnition of an I.s.c. variable).

Finally, similar as in step (iii) 305, we extend EQD(é#) one step further to
the entire domain V, by using an outer approximation:

—o % D o & R
Ego(8 ! inf Egp(-[):-' Foand- # $ forall $' V.

The obtained upper expectationﬁ%’D is then an extension of the previous
Daniell-like expectation Eg

Corollary 6.4.3. For any upper expectations tre€,, the upper expectation
E%YD extendsEg p,.

Proof Consider any ($> ' (F° %F,) 9 X'. If $' F°, then clearly E%,D($I>) =
Eso($P) becauseEQ (&P is monotone as mentioned above. If$' F,, then the
inequality that EQ (8 # EQD($|>) follows once more from the monotonicity of
QvD(a1>) To prove the converse inequality, note that $ = lim.« . $ = inf. &
for some decreasing sequencd $). n in F + F° [because $is an under-function].
Hence, by the debnition ofE%VD and since § # $forall +' N,

Ego(8P) (lim Egp(81) = Egp(9h),

where the equality (and also the existence of the limit) follows from the depnition
of EaD O

The Daniell-like upper expectation EQ p that we have debned above can
now easily be seen to coincide with our axiomatic upper expectation EQA
on the entire domain V 9 X '; indeed, it fgllows from the continuity of Eg
with respect to increasing sequences irfFNwhich itself follows immediately
from how Eg 5.0 Was dePned onF°Nand the fact that EQ p extends EY’, that,
for any ($>) Vox!

—=0 . % , o &
Eqo(8R) =inf Egp(-1):-" Frand- # $ .

inf E6D( “m '+|>): - F-'+( '++1,+lir11$ L H#H S

% , . &
= inf o +!(Ir£]$ EQ D( +|>) T+ Fy T+ ( '++1y+l|r9$ 7S
= inf +!JT$ EQ ( +|>) T+ F,‘+ ( '++1,+l|n;|$ - HS
= Ega($P),

where the last step follows from Proposition 6.4.13p;.

6In accordance with step (i) 305, the inPmum in this debnition is always taken over a
non-empty set; e.g. it is easy to see that the constant ! +$ is in F° and always satisbes
-# 3%
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That E%M and E%’D coincide ought not to surprise us as they are essen-
tially built on the same principles: Prst adopting continuity with respect
to increasing sequences inF (this corresponds to Colygs or Col™ 556 in the
case ofEaA) and then approximating from above (this corresponds to tak-
ing the most conservative extension or natural extension underEC4 ,g¢).
This makes this way of extending Ef very elegant. Nevertheless, it re-
mains to be seen how well the resultlng common operatorEQA performs
in terms of continuity properties. The Daniell (outer/inner) integral is well-
understood and known to satisfy many strong continuity properties in a
precise contextNsimilar to those of the Lebesgue integral with respect to a
probability measureNbut we are unaware of any existent results about an
imprecise variant such asE(l . In Sections 6.4.3310 and 6.4.4314, we will
investigate the properties of Eg , and how it relates to EQ A

A note about the Daniell lower extension

Before we continue to study the properties of EQ A We want to point out
an interesting fact about the Pnal step in our construction of EQ o- We took
the upper mtegral EQ p as our object of interest, but said nothing about the
lower integral EQ p Which approximates from the inside:

_ % _
EQD($|>)! sup Egp(-1): - Fuand- ( $ forall ($>"' V9X'

The reason is that, as we will clarify shortly, EQ pand EQ p do not coincide in
many cases, and therEQ p Clearly is the more intuitive choice when it comes
to debning a global upper expectation operator. Yet, though its dePnition
may be somewhat counter intuitive, it actuaIIy turns out that on a Iarge
part of its domain, EQ p coincides with EQ a» and therefore also with Ef

[Theorem 6.2.2591] and, actually, if P is closed for all A" X!, then when
EQ pand EQ A coincide, EQ pand Ep m coincide as well [Theorem 6.2.3292].

Proposition 6.4.4. For any upper expectations tre€, and any ($> ' V 9
X' such that $is bounded below and (X ')-measurable, or the limit of a
decreasing sequence F we have thatEu@’D($|>) = Eg (8.

Proof. First recall from the discussion above thatEa p coincides with EQ aon (F°%
F) 9 X ; this followed from, on the one hand, the debnition of EQ o Which starts
from E " and assumes continuity with respect to monotone sequences of bnitary
gambles and on the other hand, Corollary6.2.4(v) 294 and (vi) 294 and the fact that
Ega extendsE%”. Hence, we have that

—u % ! & - \
Egp(3) =sup Ega(-19:-"' Fyand- ( $ forall ($3' VIX". (6.4)

Next, note from _the above equality and the monotonicity [ EC4 ,g6] Of EQ A that E%,D
coincides with Eg , on the under functions (and situations) F, 9 X '. Hence, since

308



6.4 The natural extension under a weaker continuity axiom

any limit $' V of a decreasing sequence irF isbe debnitionNin F,, we have that
EQ (8> = EQ A($]> for any such $and any>' X'

So it remains to prove that EQD($|>) = EQA($|>) forany $' V,p and any
>' X '. To this end, we will once more use ChoquetOs capautabnhty theorem [Theo-
rem 5.5.9,55]. First observe that, smceEQA coincides with Ef v [Theorem 6.2.2,41],
we have by Proposition5.5.8,54 that the restriction of Eg A(a1>) to V4 is a capacity
on! . Since $is bounded below and! (X ')-measurable, the variable$t ! $&inf $is
non-negative and clearly still ! (X ')-measurable. Hence, Theorenb.5.9,55 says that

_ % o &
Eoa($1) =sup Ega(-1d:- "' V4, -isus.c.and- ( § .

We next show that, for any bxed- ' V, we have that- * V' and - is u.s.c. if and

onlyif - # 0and- ' F,. Suppose that- ' V,' and- isu.s.c. Then by Lemmab5.5.754

- is bounded above (and clearly below) and thus by Lemma5.5.2,5; the pointwise

limit of a decreasing sequence(-.). y of Pnitary gambles. So then we indeed have
that - # 0 and - ' F,. Conversely, suppose that- # 0 and - ' F,. Then by
Lemmab5.5.2,5; - is u.s.c. and bounded above, and thus also real-valued because
is non-negative. Hence,- ' V! and - is u.s.c. as desired.

So, by the equality above, we have that

_ % & _y4
Ega($) =sup Ega(-1):-" Fu,-#0and- ( 8 ( Egp($P,

where the inequality follows from Eq. (6.4). . To prove the converse inequality,
consider any- ' F, such that- ( $. Since $ is non-negative, we also have that
-t ( $twith -* = -@_ Moreover, since- ' F,, we also have that-* ' F,; indeed, if
(-+)+ n is adecreasing sequence iffr such thatlim .« 4 -, = -, then we also have that
((-+)")+ n is a decreasing sequence irF- such that lim .+ .5 (-+)* = -*. Moreover, it
follows from - ( -* and the monotonicity of Eg , that Eg A(- |9 ( Ega(-*|?. Since
this holds for any - * F, such that- ( $. we indeed bnd that

&
Ego($1) =sup /EQA( B:-t Rand- (80
( sup Ega(-1P:-" Fy,-#0and- ( § =Ega($P.

So we conclude thatEQ o(FP) = Es. E5 A($Y. Itremains to show that this implies that
EQ (% = EQA($|>) Since $ = $&inf $W|th inf $' R [because $is assumed to be
bounded below], it su" ces to check thatEQ p and EQ A are additive with respect to
real constants. ForEQ a» this follows from Corollary 6.2.4(ii) 293] EC5i63]; for EQ D
this then follows from Eq. (6.4). , the fact that EQ,A is constant additive and the
fact that, forany - ' V and any; ' R, we clearly have that- ' F, if and only if
-+; ' R O

Since EUQD coincides with Eg , on the domain of couples ($> ' V 9
X' such that $' V,, or $is the limit of a decreasing sequence inF, it
has the same desirable properties aEQA on this domain. Most practically
relevant inferences are included in this domain (recall Section 5.5.4,57),
and so, technically speaking,Eu@’D is a suitable global upper expectation.
However, since its depbnition is rather unconventional and not very intuitive,
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Axiomatic upper expectations

we are inclined to regard EQ p Mainly as a technical construct which may
operate as an alternative characterisation forEQ A Or E Nor perhaps even

Ep mNin many cases, but not necessarily convrncrng as a debnition of a
global model for discrete-time stochastic processes.

Furthermore, our claim that E%D and E%D do not coincide in many
cases is illustrated by two examples further on [Example6 4.5 and Exam-
ple 6.4. 6314] They show that EQ ANwhich is equal to EQ oNmay already
di! er from EQA for bounded pointwise limits of Pnitary gambles, which
since EQA and EQ p coincide on such limits (because, as claribed near the
end of Example 6.4.6314, such a limit is always in V. b), implies that EQ D
and EQD di! er on such limits. Hence, the domain where the Daniell-like
upper integral EQ p and Daniell-like lower integral EQ p coincide, and thus
where a common Daniell-like integral as in (iii) 305 can be debned, is in some
cases too small to be practically relevant. Moreover, such a commonRNupper
and lowerNintegral is in the classical OpreciseO setting important because it
|s a linear operator, yet, in our case, even on the domain whereEQ p and
EQ p coincide, nelther of these operators need to be linear (since the upper
expectation Ef itself already isnOt linear). Hence, there is no good reason
to restrict our attentlon to such a common operator, instead of working with

—o —u
EG,D (or EQD)'

6.4.3 Eé A fails to satisfy a crucial continuity axiom

A brst obvious question that one may pose about the nature of_E;jA is
whether it satisbes the contrnurty property Co2gg; for if it did, then it would
follow from the dePnitions of EQ A and EQ A that both upper expectations are
equal, and therefore that EQ A hasthe sameNand desirableNcharacteristics
as EQ A We would then preferably adopt EQ A as the main characterisa-
tion of this common global upper expectation, simply because it relies on
a weaker continuity argument; one that is moreover the same as DaniellOs
continuity argument in the precise case.

Unfortunately, and somewhat remarkably, this is not the case. This is
shown by the following example.

Example 6.4.5. Consider the state spaceX ! {),*, &, and let Py be
the imprecise probability tree where, for each >' X', P . is the set of all
probability mass functions 2 such that 2(*) =: and 2()) = 2(& = (1&:)/2
for some 0 ( : ( 1. The agreeing upper expectations treeQ, is then
described by Eq. B.3)s;; forall >' X' andall $' L (X), itis given by

_ = >
Q(9! o<S-uF1 () +(1&:)(80)) + H(&)/2 .
The treesPy and Q, model the case where a subject has vacuous beliefs
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6.4 The natural extension under a weaker continuity axiom

about whether the next state value will be * or an element of {), &, but
where if she knows the latter is true she deems it equally likely that either
) or &will be the next state value.

Now let us look at the values ofE”QA for the sequence($). n of Pnitary
gambles debned, for all+"' N, by

51 if 2" =+*"4) forsomel ( " ( +
$(?)! .0 if 2+ =x* forall 2 " 1.
&1 if?" =+"%gforsomel ( " ( +,

So & forany +' N depends on the brst+ states of the process; it is equal
to 1 if the prst state di! erent from * in this (Pnite) sequence is); it is equal

to &1 if the prst state di! erent from * in this (Pnite) sequence is & and it

is equal to O if all states in this sequence are*. So it is clear that ($). N is

a sequence of bnitary gamblesNin fact, each$ is +-measurable. Moreover,
($)+ n converges pointwise to the global gamble $debned by

gl if 2" =+*"4) forsome" ' N;
$?)! .0 if? =% 444 forall 2 ' 1.
&1 if 2" =*"%gforsome" ' N,

So $(?) forany ? ' | is equal to 1 if the brst state di! erent from * in ? is
); itis equal to &1 if the Prst state di! erent from * in ? is & and it is equal
to O if all states in ? are *. We will show that lim.x .g EQA($) =0 and
EQA($) # 1/ 2, thus establishing that Co2,g¢ does not hold for Eg .

We Pbrst prove that EQA($) = 0 for all + ' NNand therefore that
lim . 4 QA(:ﬁ) = 0. Fixany + ' N and note that EQA($) E "($)
due to the debnition of Es oA and the fact that & is a bnitary gamble So it
su" ces to show thatE ($)

Start by observmg that, due to Proposition 3.5.99¢ and because % is
+-measurable,

EZ($1) = Quota (8 ('18))= Queaa () & 19

sup 0+ (1&: )(1&1)/2 =0.
o(:

Furthermore, since $ is constant and equal to1 on the cylinder set" (**42)),
we have by Theorem3.4.6 [ NE2gg] and Proposition 3.4.4g, [WC6g,4] that

Eg ($1*)) = E5 (812 [*%)) = Eg (1Lesez) [*™#9)) = 1.

In an analogous way, we can deduce thatE "($|*%28 = &I1. Hence,
E (% ]**428)is equal to the local gamblely & I& L (X ), and so it follows
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in a similar way as beforeNnote that E%”($|#1;+&1) is (+ & 1)-measurable
and a gamble because of PropositiorB.4.4g, [ WC6s4]Nthat

Eg'(EQ'($ 1) ") = Quucz (EG ($1524))= Quucz () &1g) = 0.

Using the law of iterated upper expectations forEgn [Corollary 3.5.794], we
obtain that

=bp —=bn ,=b
Eg (817%) = B5'(Bg (S [#1aa) ) = 0.

We can now simply repeat this entire reasoning; we have that
Eg”($|*+&3)) = 1 and Eg‘(ﬂil**‘%&) = &1 because of Theo-
rem 3.4.6 [NEZ2gg] and Proposition 3.4.4g4 [WC6g4], and therefore that
Eg ($[**%%4)= 1) &l This again implies that

Eg ($1°%%) = E5(BG (8 #1102 %) = Quaa (B ($+744))
= 6*+&3(|) &lg) = 0.

Applying this reasoning over and over again, eventually yields that indeed
E(8) =Eg'(s19) =0,

To show that Eé,A($) # 1/ 2, we use the formula in Proposition 6.4.130;.
Fix any increasing sequence(-.). n in F such thatlim.,» +¢ -+ # $ and any
E> 0. Sincelim« g -.(*** ada# $(** aaazy 0, thereisan+"' N such
that - .(*** aa a4 &E The gamble- . is Pnitary and therefore H-measurable
for some H ' N, so this implies that -.(?) # &Eforall 2 ' " (*"). Since
(-+)+ N is increasing, we also have that-.(?) # &Efor all + # + and all
2 (M),

Let us now focus on the values that the gambles(-.).-+ take on the
cylinder event " (*")). Since $is equal to the constant 1 on this entire
cylinder event, we know that (-.(?)):s+ forany 2 * " (*")) converges to
avalue larger than orequalto 1. Let % ! {? ' "(*")): -.(?) < 1&B
for all + ' N such that + > +. Then, by what we have previously said,
lim. +¢ % =) . We now show that in fact % =) for some bnite+ > +.

Observe that (% ).-+ is a decreasing sequence of events becauge. ).+
is increasing. Moreover, each% is a bnite union of cylinder events; indeed,
this follows from the fact that each - is Pnitary and the Pniteness ofX . As
a result, sincelim.x . % is empty, we infer by Lemma 4.C.2,09 that %
must be empty for at least one+ > + [and consequently also for all + larger
than +'].

Since % is empty, we have that-, (?) # 1 &Eforall 2 ' " (*")), and
therefore that -, L.y # (1 & BL.+y. On the other hand, since + > + we
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also know from before that -, (?) # &Eforall ? ' " (*"). In particular, we
have that -t (Len + Leng) # &E(Ln + 1eng). So we bnd by adding these
two inequalities that

- 4! 11 # (l&E)l*H) &E(l*H* + 1*H&). (65)

The variable on the right-hand side is an (H + 1)-measurable gamble, and
therefore Proposition 3.5.9¢¢ guarantees that

Ex' (1&B)Liy &E(Lw + 1*H8)]3~H' = Qi (1&B1) &E(- +1g)’
=sup : (&B + (1 &: )(1&E&E)/2
0(:(1_
=sup & /2+1/2&E =1/2&E
o(: (1
Hence, by Eq. 6.5), Proposition 3.4.4g, [WC54] and Theo-
rem 3.4.6 [ NEZ2gg], we have that

V2&E( Eg -olw M =EE(-u ). (6.6)

Next, note that Epn(—+ [*H) ( Epn(—+ ). Indeed, using the law of iterated
upper expectatlons [Corollary 3. 5 794] and Lemma 3.D. 4116Nwh|ch we can
apply due to Proposition 3.4.4g4 [ WC11gs] and the fact that Ef extendsEQ

by debnitionNwe have for any 0 ( . ( H &1 that

E (-+'|*)‘E (E Nt ) ) = Q E (-+'|*a)#E N [,

where the last inequality follows from the debnition of Q.. [simply consider
the case where: = 1] Since this holds forall 0 ( . ( H &1, we obtain
that E SERTELO N E o |*°) = E "(-,1). Combining this with Eq. (6.6),
we mferthat 1/2&E( E (o).

The rest of the proof |s now straightforward: Since (-.): n is increas-
ing, and since Ef is monotone by Proposition 3. 4 4g4 [WC5g4], the previ-
ous inequality |mp||es that 1/2 & E ( I|m+* +3 E "(-,). This holds for any
E> 0,sowe getthat1/2 ( lim. 4+g E (-, Th|s holds for any increas-
ing sequence(-+)+ N in F such that I|m+* +$ -+ # $ so by the formula in
Proposition 6.4.130, we obtain that 1/2 ( Eg oal9.

So we conclude thatlim .« g QA($) = 0 but that EQA($) # 1/2, and
therefore that EQ A does not satisfyCo2gs. "

As already argued in Section6.1,g5, we believe Axiom Co2gg to be a
desirable property for global upper expectations to have. SmceEQA does
not satisfy this axiom, we regard this global upper expectation as somewhat
madequate Our belief grows even stronger if we compare the behawour of
EQA to that of the three other main upper expectations EQ Ar QV (or EA v
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for any agreeing tree Ay) and Ep  in the example above; these three global
models all return the value 0 for the gamble $.

Example 6.4.6. Reconsider the upper expectations tree(_g¥ and the variables
(%)+n and $from Example 6.4.5319. Recall that E "(¢)=0forall +' N.
SlnceEQA extendsEa this implies that also EQA($) =O0forall +' N, and
therefore that lim .« +g EQ,A($r) 0. Since ($)+ n is a sequence inF that is
clearly uniformly bounded below (by &1), Co2,g5 implies that

0= +lil’1’_l$ EQA(SB,) # EQ,A($)- (6.7)

By conjugacy [Eg. (6.1)2s0], this yields 0 ( Eg ,(&$), which by EClie3 in
Corollary 6.2.4(ii) 295 in turn implies that 0 ( EQA(&$) It follows from
Ssymmetry considerations of the treeQ, and the variable $ that EQ,A(&$) =
Ega(9. As a result, we obtain that 0 ( Eg($), which together with
Eq. (6.7) allows us to infer that Eg A($) = 0. So we conclude that

Jim Ega(8) =0=Ega(9),

and therefore that E@A is continuous with respect to the sequence($)+ N
of Pnitary gambles.

To see that the same is true for the upper expectat|on£ and Ef\bVVN
for any agreeing acceptable gambles treeANit su" ces to use Theo-
rem 6.2.2,9; and Theorem 4.3.6,4:. Finally, that it holds for Ep w for
any agreeing imprecise probability tree Py can be deduced from Theo-
rem 6.2.3,9,, and the fact that $is in V, b. Indeed, $is clearly bounded
below, and it is moreover ! (X ')-measurable because each bnitary gamble
$ is! (X ')-measurable [since the level setd? ' | : $(?) ( & forall &' R
are pnite unions of cylinder events] and because oﬂ\/IV2228

Another reason why one may not want to use EQA as a global model,
is the fact that EQA does not satisfy Cod,g5 Or any other stronger form of
continuity from below (with respect to increasing sequences). Indeed, for
if it did, then, since EQ » is monotone [EC4 ,56] by dePnition, EQA would
satisfy Co2,g5 due to Lemmab.3.1,96. But this is impossible as we just shown
above. Though we considerCo4,g9s or any other stronger form of continuity
from below to be less intuitive and compelling than Co2,g5, one might still
want to impose it simply because it is a property common to all sorts of
(upper) expectations.

6.4.4 E@ A @s a suitable alternative forEQ a In three special cases

Though EE,A does not really qualify as a suitable global model in general
contexts, there are still three particular instances whereEg 4, has all the nice
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6.4 The natural extension under a weaker continuity axiom

features that we would like it to have; (i) if the global variable of interest

is the limit of a monotone sequence of bnitary gambles, (ii) in a precise
context where the local dynamics are described by linear expectations trees
and/or precise probability trees, (iii) and in a context where we are solely
interested in global upper (and lower) probabilities rather than global upper
(and lower) expectations. It turns out that EQ A IS equivalent to EQ A |n these
three special cases, and therefore that it is then also equivalent tcEQ and,
for a large part, to Ep M. Moreover, it follows trivially from the depnitions
of EQA and EQ A that, even when EQ A does not coincide with EQ A it still
provides a conservative bound for the latter.

Corollary 6.4.7. Forany u upper expectations tre@,, we have thatEg »( 3> #
EQ,A($|>) forall ($>' VIX'

Proof. This follows immediately from the fact that Co2gs is stronger than Colygs,
and Debnition 6.1,59 and DePnition 6.2,g9. O

An equality for monotone limits of Pnitary gambles

Let us start by establishing thatE“QA and EQA coincide on all pointwise lim-
its of monotone (increasing or decreasing) sequences of bnitary gambles. As
already mentioned in Section 4.7,g9 and 5.5.4,57, these limits already make
up a fair deal of all the variables that are relevant for practical purposes.
Any hitting time, for instance, can be written as the limit of an increasing
sequence of Ostopped® hitting times; see Exanl2.2,49 for a case where
we consider the hitting time B, of a single state) ' X

Corollary 6.4.8. For any upper expectations tre@,, any >' X' and any
monotone sequencE$ ). n of Pnitary gambles that converges to song' V,

Ega(8P) =Ega(8) and Eg (81 = Eg , (89

Proof. Eg , and Eg , coincide on F 9 X ' because they are both equal toE%" by
dePnition. Then, if the sequence of Pnitary gambleg( $). y is increasing, the desired
equality follows from Corollary 6.2.4(v) .94 and the continuity of EQA with respect
to ($)+ N due to Col s [because it satisPesColygs and EC4 g6 by dePnition].

On the other hand, if ($). n is decreasing, thenEQA is continuous with respect
to ($)+ n due to Corollary 6.2.4(vi) 294 [since gambles are always bounded above].
Then, becauseﬁé,A is always equal to or larger than EQA due to Corollary 6.4.7,

Eoa(8) ( Ega() ( lim Ega(8P) = lim Eqa($P) = Ega(sh),

where the second inequality follows from EC4 ,g5 and the decreasing character of
($)+ n, and where the Drst equality follows from the fact that Eg 5.aand Es g.a are both
by debnition equal to Ef on F9 X '. The equality between the lower expectatlons
then follows from conjugacy [EQ. (6.1)2g0]- O
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Axiomatic upper expectations

Note in particular that EHQA satisbes, apart from continuity with respect to
increasing sequences of Pnitary gamblesCo1 ,g5], also continuity with re-
spect to decreasing sequences of pPnitary gambles; this is due to the proof
above, or by Corollary 6.4.8, and Corollary 6.2.4(vi) 294.

An equality for the precise setting

To show that Ef A _coincides with EQ  for precise local models, it su' ces to
simply check that EQ A IS equal to the tradltlonal OpreC|seO Daniell integral as
described in Section6.4.2(i) 30sEiii) 305, with E (a1>) now fulblling the role

of an actualNlinearNelementary integral (and not merely a sublinear one

as in the discussion below Sectiorn6.4.2(i) 3o5Eiii) 305). The desired equality
then follows immediately from the fact that the standard Daniell integral
satisbes continuity properties similar to those ofEQA. We concretize this
reasoning in the proof of the following lemma.

Lemma 6.4.9. For any precise probability tree2 and the agreeing (upper)
expectations tre€, according to Eq(3.4)s;, Eqg 4 satisPe<C0o4,9s.

Proof. Let us check that our upper expectationEéyA(é#) forany >' X' is equal to
the Oouter Daniell extensionéﬁ, from [ 38, Section 5.1.3], with P a specibc count-
ably additive probability charge [DePnition 5.1,]. As we will see, the desired re-
sult for E, o.a Will then follow from the Omonotone convergence theoremCBB, Theo-
rem 5. 10] Though the monotone convergence theorem for the Daniell integral is
well-established, and can also be found in earlier textbooksNe.g. [103, Chapter 6]N
we choose to base ourselves on the work in 88, Section 5.1] because it is adapted
to also allow extended real-valued expectations rather than only real-valued ones.
The construction of Ep in [ 38, Section 5.1] relies on a countably additive (un-
conditional) probability charge P on an algebra (or beld) of events F. It follows
from [ 38, Lemma C.3] and DePnition 5.1,,; that theNsomewhat unconventionall
debnition of countable additivity in [ 38, Section 5.1] is equivalent to countable ad-
ditivity in ourNtraditionalNsense. The elementary integral in [ 38, Section 5.1] is
denoted by Ep, and is debned by [38, Eq. (2.19)]; that is, for all F-simple gambles,

'

Er(9 ! ) .P(%), (6.8)
L, . . . .
with ;) lg, any representation of $[recall Section 3.3.37,4]. A reasoning entirely
the same as in Sectior6.4.2(i) s05Hiii) 305 is then further followed to debne the upper
Daniell integralNor outer Daniell extensionN Ep in [ 38, Section 5.1].
For any arbitrary but bxed >' X', consider the global probability charge P, on
X '=9X' that satisbes Eq. 8.12)7,Naccording to Proposition 3.3.4,5 this global
probability charge exists and is unique. The unconditional probability charge P, (&P
on X ' =is then countably additive according to [5, Theorem 2.3]. So we can apply
the procedure above to dePne the corresponding elementary integralEp, (&9 [ac-
cording to Eq. (6.8)] on all <X '=simple gambles, and subsequently the outer Daniell
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6.4 The natural extension under a weaker continuity axiom

extension Ep, (&) [according to Section 6.4.2(i) s0sHiii) 505] on all global variables

$' V. Then E}, (&} satisbes the continuity described in 88, Theorem 5.10], be-
cause this continuity solely concerns OD-integrableO variables and the ODaniell expec-
tation EE() in B8, Theorem 5.10] is simply a restriction of the outer Daniell extension

to OD-integrable® variables.

We next show that E (&P is equal to E, (&P, and therefore that Eq (&)
also satisbes the continuity in [38, Theorem 5.10]. Let E,(&p) be debned fromP,
according to Debnition 3.4,7. Then its restriction to F coincides with the elemen-
tary integral Ep, (&b (on F): indeed, the <X '=simple gambles are equal to the Pni-
tary gambles F [Lemma 3.3.545], and it is clear from Debnition 3.4;; and Proposi-
tion 3.3.6(i) 76 that E, (&P on Fis deduced from P, (&) in agreement with Eq. (6.8). ,
and thus in the same way as howEp, (&) was deduced from P,(&p. By Corol-
lary 3.5.39,, and since Q, agrees with 2 according to Eq. (3.4)s, (or Eq (3.3)51),
E,(ap is also equal toEq (&), and thus by Corollary 3.4.7g equal to EQ (&P on F,
so we infer that E "(&b) is equal to Ep, (&4P). SinceE , (@b is the outer Daniell exten-
sion of Ep, (a1>) [accordlng to Section 6.4.2(i) 305H|u) 305] and since, as we have al-
ready shown, EQ A(@P coincides Wlth the outer Daniell extensionNor upper Daniell
integralN EZ o(ap deduced from E " according to Section 6.4.2(i) s0sEXii) 305, We
obtain that E%Z(a1>) and EQA(a1>) are equal

Hence, for any > ' X', since E‘;Z(a#) satisbes the continuity in [38, Theo-
rem 5.10], we have that EQA(a1>) satisbes the continuity in [38, Theorem 5.10]. Ax-
iom Co4,g5 then follows as a special case, because all variables in, are OD-integrable®
according to Proposition 4.7.2;5, and [38, Theorem 5.12], and becauseEp, , (@b [and
hence, EQA(a1>)] can never take the value &3$ for a D-integrable varlable that is
bounded below due to [38, Theorem 5.9 (DE3)]. O

Theorem 6.4.10. Consider any (upper) expectations tre®, for which there
is a precise probability tree2 such that Qy is equal to the agreeing tre€) ,
debned by Eq(3.4)s5,. Then we have that

Eoa(89) = Eqa(8) forall (' VOX!

Proof. Since EQ A SatisPesCo4,95 by Lemma6.4.9. , and moreover extendsEQ and
satisPesEC4 5 by debpnition, it follows from Corollary 6.3.4 that Eg , is always
smaller than or equal to EQ a- Hence, combined with Corollary 6.4.75,5, we obtain
that EQ A and EQA are equal. O

The fact that Eé A coincides with EQ_A (in the precise case) guarantees
that it possesses all the same features a&q, 5, and thus also that it coincides
with EQV and E,w (for an agreeing precise tree 2); see (i) below. So in
particular EQA satisPes the properties from Corollary6.2.4,93Nwhich we
will not present separately for the sake of brevityNand, as a result of its
equality with E,y, it satisPes some additional strong continuity properties
which we list next.
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Corollary 6.4.11. For any precise probability tree and the agreeing (Upper)
expectations tre€, according to Eq(3.4)s;, the following statements hold:

() Eqa(3h) = Eqy(8) = Exm(8) forall (83 VX,
(i) EQA($|>) = EQA($|>) for all bounded below or above$ ' V, and all

>' X! [being precise]
(i) EqaQ$+* 19 =)Eqa(8) +*Eqal-1) forall $' Vip,all- " Vi,
>' X'and),*"' R. [linearity]

(iv) Consider any>" X ' and any (). n in V, that converges pointwise to
avariable $' V,. Ifthereisa$ ' V, such that|$| ( $ forall +' N
and EQA($ 19 ( +$, thenlim.« 45 Eqa($) = Eqa(9.

[dominated convergence]

(v) Consider any>"' X' and any decreasing sequend&). n in V,. If
there is a$ ' V, such thatEq($]) < +$ and § ( §, then
lim . g EQA($,|>) = EQA(I|m+* s . [monotone convergence]

Proof. Property (i) follows from Theorem 6.4.10, , Theorem 6.2.2,9; and Theo-
rem 5.3.1,35. Properties (i) &(v) follow from (i) and Corollary 5.3.4,39. O

An equality for upper and lower probabilities

Another, perhaps surprising instance WhereE"(?YA is equal to EQA occurs
when we consider general imprecise local models but restrict our atten-
tion to global indicators. Or in other words, if we only look at the upper

and lower probabilities associated with EHQA and E_QA. Recall from Sec-
tion 3.1.3s5, that, for any upper expectations tree Q,, the (global) upper
probability 5QA and (global) lower probability Paa associated with EQA
and Eg , are dePned by

Poa(U) | Egalld?) and Py A (%9 ! Egalled,

forall %+ ! and>' X'. The upper and lower probabilities PQA and P
are debned similarly.

Theorem 6.4.12. For any upper expectations tre@,, any % + ! and any
>' X', we have that

f’@A(O/fP) = 55,A(°A1>) and Pg (%) = E“QA(OAP)

The theorem above can be deduced straightforwardly from the following
lemma, which is expressed in terms of game-theoretic upper expectations.
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6.4 The natural extension under a weaker continuity axiom

Lemma 6.4.13. For any upper expectations tre@,, any %+ ! , any A' X',
and any E > 0, there is a countable collectio of pairwise incomparable
situationsNa tree cutNsuch that

" A " —eb #
% "(A+ () and Egy (" sollA ( Eg, (1A +E

> D

Proof SinceEs V(I%|A) is real by Proposition4.4.3 (ECli63), it follows the debnition
of E that there is a bounded below supermartingale M ' eb(Q¥) such that
M (A) ( Es V(I%|,°) +H2 and liminf M #4 1o, So, forall 2 * %, "(A, there is a

"o # A such thatM (?") # 1L&H2forall " # ",. Let D' be the set of situations
> 3 Asuch that>=?"? for some? ' %, " (A, and Iet Dbe debned by

D! {>' D: (C¥}' DY# 3.

Then note that ~ 2" (3 = < sp" (3. Indeed, for any >*' D'\ D, there is at least
one>' Dtsuchthat># > Let= ' D'be such a situation with minimal length; then
there are no situations ="' D' such that = # =. Hence, we must have thats ' D.
Moreover, " (2) 5 " () becausex # 3. Since this holds for any>'' D'\ D[and since
clearly D' 4 D] we thus have that
A
"= 0. (6.9)
St pt 3D

Furthermore, note that the situations in D are pairwise incomparable: for any two
situations »,> ' D, 3 # > is impossible, because if this would hold then>,> ' D'
and > # >, implying that > cannot be in D. Moreover, recall that the situations
X' = % \X - are countable because the state space is bnite.Hence,D: X' is a
countable collection of pairwise incomparable situations.

SinceDis made up out of pairwise incomparable situations, it is a (possibly par-
tial) cut, and so we can let M ap be the supermartingale M stopped at the cut D.
SinceM ' Mg (Q,), we have by Lemmad4.C.5,1; that also M ap ' Mep(Q,). Fur-
thermore, for any >' D, since >' D!and by the dePnition of D!, we know that
M (» # 1 &H 2. Hence, sinceM 55 remains constant for all situations that follow >
we have thatliminf M op(?) # 1&HE 2 forall ? ' " (3. Since this holds for all >' D,

A
liminf Map(?)+E2# 1forall ? ' " (3.

> D

Recall thatliminf M #, |y, which by Lemma4.4.1,¢; implies that M , and thusN
because every>' D+ D!follows Aalso M pp, is non-negative for all situations that
follow A Hence, by the inequality above,

liminf M ap+H 2 #a1<, v (5.

Since the situations in Dare pairwise incomparable, we have thatl<, .y = »pl.
Plugging this back into the inequality above, gives us

. . #
|Im|nf(|\/|AD+E{2)=|ImlnfI\/IAD+E/2#A >'D1>-

"This continues to hold for countable state spaces.
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Taking into account that M ap ' Me,(Q), and thus by LES5,ss in Proposition 4.3.41sg,
that (M ap+ H2) ' Mgp(Q), we obtain by the debnition of E%tfv that

B2 (* Lo LIA ( M+ E2) (3 = Ma(d +H2.

Furthermore observe thatM ap(A = M (A because all situations inDfollow Alby the
debnition of D' and D]. The inequality above and our assumptions aboutM then
imply that

=eb # =eb

Esv( s0LA( M(A+H2( E5,(I4A +E

<
It remains to check that %, "(A + +p" (3. Since for gny? " %, " (A, there

isa", # |Asuchthat?"™ ' D itis clearthat %, "(A + » " (3. Hence, the
desired inclusion follows from Eq. (6.9): . O

Proof of Theoren6.4.123;5. We brst prove the equality for the upper probabili-
ties. We trivially have that

Poa() =Egalludd ( Egalluld = Poa(4),

where the inequality follows from Corollary 6.4.73;5. To prove the converse inequal-
ity, recall from Theorem 6.2.2,9; that E@A is equal to E%k?v. Hence, for any E there
is by Lemma6.4.133,5 a countable collection D of pairwise incomparable situations
such that

_o# _
%, "(3 + %" (A and Ega( aold>) ( Egallud +E

The countable sum# ola can be written as the limit lim . 4 #AD,IA(+ 1, of the
increasing sequence( apj+ 1)+ n. Note, moreover, that (" ap+1d+n IS @
sequencg of Pnitary gambles. Since%, "(3 + %p" (A, we also have that
lim. 4 app+ 1a#> loe Moreover, due to Corollary 6.2.4(v) 204 and the fact that
Eg , extendsEg', we have that

- # . - # . —pn #
Ega( apla® =lim. 45 Ega(’ appc+ 14 = limy 45 E%n( ApAC+ 1.
_o# _
Combined with Eg o(" xp1a>) ( Ega(lu> +E we get that

. —pn —
lim Eg'(" ao+ 14 ( Egalle +E

+* +$

- # . . .
Hence, taking into account the fact that (" 4 p4(+ 14)+ ~ iS @nincreasing sequence of
Pnitary gambles such thatlim .« 15~ s pja(+ 1a#5 lo, We have by Proposition6.4.130,
that

Egalld?) ( Egalldd +E
This holds for any E > 0, s0 Ega(lsd® ( Ega(lul>. Together with the ear-

lier deduced inequality, we obtain that Eg a(lul> = Ega(l%/>) and therefore that
Poa(%>) = Pga(%).
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The equality for the lower probabilities can then be deduced from conjugacy
[Eq. (6.1),50] and the equality between the upper probabilities; indeed, for any
0+!

)

1&Pg5 (019 = 1&EgA(lo]) = 1+Ega(&lo|) = Ega(1&1o|>) = Eg a(loel?)
= P50,

where the third step follows from EC54; in Corollary 6.2.4(ji) ,93. A similar
equality can then be deduced for the lower probability P PL (0|>) using conjugacy
[Eq. (6.1)260] and Proposition 6.4.2304. Hence, since the upper probabilities PQA
and PQA are equal, the lower probabilities P5 , and Pf are also equal. O

SlncePQ A lisequalto PQ A itfollows from Theorem 6.2.2591 artr)d 6.2.329>
that Pg5 o is also equal to the game-theoretic upper probab|I|tyP and, for
all ! (X )-measurable events, equal to the measure- theoretlc upper prob-
ability Pp y or its simplibed variant PP w (for an agreeing tree P ), and
similarly, due to conjugacy, for the lower probabrlltles

Corollary 6.4.14. LetQ, andP, be any upper expectations tree and imprecise
probability tree that agree according to E(.3.3)5;:. Then, for any%+ ! and
any>' X', we have that

Poa(9) = Poy (%) and P, (%) = P (%),

If %is moreover! (X ')-measurable, then

ISH@A(O/4>) =Pe m(% =_§ (A
: (O/d>) =Pp m(%>) =P M(°/c|>).

Proof. The prst statement follows from Theorems6.4.123,5 and 6.2.2,9;, the conju-
gacy ofEQ v [Corollary 4.3.716,], and the fact that upper and lower probabilities are

specibc instances of upper and lower expectations. The equality betweeﬁ’Q A and
Pp ™, and between P, and Pp v, follows from Theorems 6.4.125,5 and 6.2.3,,, the
conjugacy of Ep [Corollary 5.4.2,41], and the fact that lois a! (X ')-measurable
gamble if the event %is ! (X ')-measurable. The remaining two equalities, between
Pp v andPg w» and betweenPe y and PS v follow from the fact that [=4 wandPg "

are restrictions of respectlverPp mandPp yto! (X !)-measurable events; this fol-
lows from Corollary 5.4.14;. O

We furthermore obvrously have that all the properties of EQ A in Corol-
lary 6.2.4,93 also hold for EQA, if we restrict ourselves to the domain of
indicators. In order not to overload this text with excessively many similar
results, we will not state this as a separate result.
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N Chapter VIIN

CI")2,%-+1"%

Our work has focused on global upper expectations for discrete-time
stochastic processes with a bnite state space. We have considered a wide va-
riety of them; some were entirely new, some already existed or were based
on methods frequently used in di! erent contexts. We examined the charac-
teristic features of all these global upper expectations in considerable depth,
and laid great emphasis on the problem of how these global models are re-
lated to each other. This was done not only to present a technical overview
of the matter; above all else, we hope this manuscript provides a unifying
guideline on how and why we should use certain types of global upper ex-
pectations. Let us give a brief summary of our Pndings, and highlight some
of them a bit more.

We distinguished amongst six di erent classes of global upper expec-
tation, and within each of these classes we often further distinguished be-
tween several possible debnitions for a global upper expectation. The prst
three classes that we studied were the Pnitary ones [Chapter3,s]; they
consisted of the Pbnitary behavioural or betting-based upper expectations
Ea and EA v» the Pnitary probability-based upper expectatlon Ep, and the
Pnitary axiomatic or coherence-based upper expectatlonEQ and E9 Each
of these three classes are based on tierent types of local modelsNAy, Py
and Q,, respectivelyNand subsequently use extension procedures that are
unique to the framework that is associated with the corresponding type of
local modelsNsets of acceptable gambles/martingales, sets of probabilities
and upper expectations, respectively. Since none of these extension proce-
dures rely on a continuity assumption, the Pnitary upper expectations can
be interpreted in a direct and intuitive way, and their mathematical analysis
is, compared to the continuity-based global upper expectations, relatively
straightforward. Moreover, as we have shown in Section3.5gq, all these dif-
ferent types of bnitary global upper expectations coincide if the local mod-
els are chosen in accordance with each other, which can perhaps be seen as
the most profound advantage of (any of) these Pnitary upper expectations.
Unfortunately however, these Pnitary upper expectations are only debned
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on the domain V 9 X' and, as was discussed in Sectior8.645, areNin our
opinionNonly suited for use on the even smaller domain F 9 X' because
they lack basic but important continuity properties.

The subsequent chapters were then concerned with three types of global
upper expectations that can be seen as the continuity-based counterparts
of the three Pnitary global upper expectatlons These upper expectations
are debned on the entire spaceV 9 X' and are marked by relatively
strong (continuity) properties, therefore allowing us to deal with extended
real-valuedNnot necessarily PnitaryNglobal variables in a meaningful way.
However, their more complex and involved design implies that introducing,
interpreting and studying these global models becomes harder.

Chapter 4,59 studied game-theoretic upper expectations; global opera-
tors that express a gambler®s inbmum starting capital such that he is able to
hedge the global variable of interestNpossibly by playing for an inPnitely
long time. These operators were prst introduced by Shafer and Vovk §5,
86] but have since then appeared in many dil erent forms, and within many
di! erent contexts [8, 26, 60, 88, 101, 109]. We discussed a multitude of
possible debnitions, and argued why the versionsEg ,, and E, ,Nwhich
coincideNare to be preferred over the other ones. Moreover, we also showed
in Section 4.315, that EA v can be alternatively characterlsed in terms of up-
per expectations treesQ,, and that the resulting operator E v IS then often
equivalent to the one used by Shafer and Vovk in their Iatest book B5]; see
Section 4.9:g7. The remaining part of Chapter 4,,9 was devoted to estab-
lishing a host of properties for these global operators, with a heavy focus on
proving or disproving continuity properties.

Chapter 5,17 then treated global upper expectations deduced from the
framework of measure-theoretic probability. We started with the precise
case; yet the construction of our global measure-theoretic (upper) expecta-
tion in this traditional context already di ! ered from the classical approach
in two notable ways: we use (conditional) global probability measures in-
stead of a single (unconditional) probability measure in order to meaning-
fully condition on events of probability zero; and we extended the global
expectation beyond the domain of measurable variables, due to which it be-
came an upper expectation instead of an expectation. We showed that in
this precise case, the measure-theoretic upper expectation coincides with
the game-theoretic upper expectation on the entire domainV 9 X ! [Theo-
rem 5.3.1,35], and therefore that properties of either one can be borrowed
and applied to the other one. Subsequently, in the general imprecise set-
ting, we debned the measure-theoretic upper expectation as the upper en-
velope of the Oprecise® measure-theoretic upper expectations corresponding
to the compatible precise probability trees. Several strong continuity prop-
erties were established, and this in turn lead us to conclude that these global
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measure-theoretic upper expectations are for many practically relevant vari-
ables equal to global game-theoretic upper expectations, especially if the
local sets of probability mass functions are closed; see Corollanb.5.15555.

Finally, it is the material presented in Chapter 6,53 that | believe to be
the most compelling of all, and certainly the material that | am most proud
of. The axiomatic approach described there is simple and straightforward,
yet, has to our knowledge never been attempted beforeNor at least not in
this imprecise discrete-time stochastic processes setting. We took the Pni-
tary upper expectation E%” on F 9 X' as our starting point, because its
debnition is based on the simple and weak AxiomsWC1g,PWC4g, (which
are equivalent to conditional coherence) and because all the global upper
expectations that we have discussed in this dissertation turn out to coincide
with Eg” on the restricted domain F 9 X '. Our subsequent extension then
simply relied on imposing monotonicity [ EC4 ,gs] in addition to continuity
with respect to specibc sequences of Pnitary gambles. Two versions of the
latter were considered; Colygs, Which solely concerns increasing sequences,
and Co2ygs, Which concerns not necessarily increasing but still bounded be-
low sequences. We then argued to take as global upper expectatloEQ A or
EQ A, Which are the most conservative ones among all those that extencEf
and that satisfy EC4 ,g¢ and Colygs, or EC4 55 and Co2ygg, respectively. It
quickly turned out that EQ A is equal to Eg bv [Theorem 6b 2.2591] and there-
fore that it also inherits all the powerful propertles of Ef None of the most
important being that it is for a large part equal to Ep M [Theorem 6.2.3292].
On the other hand, though the debnition of EQ’A is conceptually even more
attractive than that of Eg ,, and though it can moreover be seen as an impre-
cise generalisation of DaniellOs integration approachi], it may for some
limits of bnitary gambles return overly conservative values. This is why, in a
general context and considering general global variables, we prefer the use
of Eg » over Eg -

Nonetheless, we do want to stress that the three instances considered in
Section 6.4.4314 Where EaA and EQA coincide, are encountered frequently.
Indeed, the brst is where the considered variable of interest is a Pnitary
gamble or the limit of a monotone sequence of bnitary gambles. Most of the
practically relevant variables that we know of, such as hitting times, stop-
ping times or averages over a bPnite time interval [58, 100], are of this type.
A second situation WhereE”@’A and EQA coincide is where local models are
assumed to be precise; an assumption that is still often madeNrightly or
not. Finally, both these operators are also equivalent on the domain of all
indicators, which means that they give rise to the same upper and lower
probabilities. It requires little explanation that we are sometimes only in-
terested in such upper and lower probabilities rather than general upper
and lower expectations; an important and commonly encountered inference
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is for instance the hitting (upper and lower) probability of a certain subset
%+ X ; see Example3.6.199 and [58]. Interestingly enough, the equality on
the domain of all indicators can also be seen to imply that, if the restrictions
of the (unconditional) upper expectations EQA(é#) and E"QA(é#) to V are
2-monotone [6, 13, 106] for all >' X ', then the global upper expectations
EQA and Eé,A coincide on the domain V9 X ' of all gambles and situations.
This can be deduced from the representation result L06, Theorem 6.22],
which implies that 2-monotonicity of an unconditional coherent upper ex-
pectation, together with the domain of this upper expectation being a set of
gambles with a structure that is rich enough, is su' cient for this upper ex-
pectation to be fully determined by its restriction to the indicators. Such an
upper expectation can then be written as a Choquet integral with respect
to its corresponding upper probabilities. It remains to be seen, however,
whether the 2-monotonicity of EQA(a1>) and EQA(a1>) (or their restrictions
to V) can be characterised in an elegant and useful way, for instance using
the form of the local models Q,.

All things considered, the axiomatic upper expectation EQ A Canin prac-
tice often be replaced by EQ a- Itis then preferable to do so because, as
already mentioned, the debnition of EQ’A is more direct, it requires a user
to accept weaker axioms, and it agrees with DaniellOs traditional approach
to extending integrals.

Now, if we take a step back and think about the simple but central ques-
tion posed in the beginning of Chapter 345 about how to extend imprecise
local models to a single global uncertainty model, we have now made up
our minds; the axiomatic upper expectation EQ ANoften to be replaced by
EQ ANis what we will go with. This because of its simple and direct dePni-
tion, and because of its strong continuity properties; but the most important
reason, we feel, is its universal character. Indeed, as pointed out at the end
of Section 6.1,g5, the debnitions of EQA and EE’A do not hinge on any par-
ticular interpretation, nor do they require a user to quantify uncertainty in
one specibc way, or within one specibc framework. The Pnitary upper ex-
pectation E%”Nthe starting point for these global operatorsNis debned in
terms of Axioms WC1g,DNC4g,, or equivalently coherence, which can be
motivated from both a behavioural point of view, and a probability-based
point of view; the subsequent extension ofE%n then relies on a monotonic-
ity axiom and a continuity axiom, which can both be argued for on the
basis of a neutral approximation argument. This is in sheer contrast with
the (continuity-based) global upper expectations Eibvv and Ep y which are
each constructed from a single and distinct point of view; game-theoretic
upper expectations start from local sets of acceptable gambles, and use the
language of gambling to extend beyond this point; measure-theoretic up-
per expectations start from local sets of probability mass functions, and use
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probability charges and measures to extend towards a global level. This dis-
tinction between probability-free (behavioural) approaches and probability-
based approaches has a long-standing history and is also present on a more
general scale, not only in our specibc context of discrete-time stochastic pro-
cesses. Our axiomatic approach reconciles both worlds, at least in our con-
text of discrete-time stochastic processes, and therefore frees the pragmatic
user from the controversial debate about how uncertainty ought to be inter-
preted and quantibed.

Lastly, to Pnish this plea in favour of the axiomatic approach, we want
the reader to think of the success of KolmogorovOs worksp] in the beld
of measure theory; his approach was purely axiomatic and provided the
mathematical foundations for a theory of probability in a clear and elegant
fashionNwhich was apparently much needed at the time it was published
[87]. By no means, we compare the value, relevance or scale of our work to
that of KolmogorovOs, but we do hope that, for the beld of imprecise discrete-
time stochastic processes, our work may serve a similar purpose.

Future outlook

As tradition will have it, we conclude this chapter with a discussion of some
topics that may be worthwhile investigating further. A brst one concerns the
debnition of EQA, and more specibcally the form of Axiom Co2,g5. Recall
that it applies only to converging sequences inF that are uniformly bounded
below. The condition of being uniformly bounded below makes the axiom
weaker, which is desirable from an abstract mathematical perspective. But
our motivation for Axiom Co2g6 just as well applies to general converging
sequences inF as it applies to uniformly bounded below ones, so why canOt
we modify Co2,g5 to apply to general sequences? WeIIJ_E%n itself does not
necessarily satisfy such a generalised type of continuity, and so there need
not exist an extension OTE%“ that satisbPes such a continuity property!

Example 7.0.1. LetX ! {),*} and consider the expectations treeQ, de-
Pned byQ.($) ! ($())+ $(*))/2forall $' L (X)and>" X'. Thenitcan
easily be derived from the law of iterated (upper) expectations [Proposi-
tion 3.5.9¢¢] that, forany $' Fandany" ' N for which $is"-measurable,
the upper expectation E%n($) is the average of $0s values over all situations
of length ":

— $ $
Eg (9= &7 (1) = 5 8 1) (7.1)

'1:"'X" '1:"'X”

10f course, one could overthrow this argument by simply suggesting that a global upper
expectation should not always extend E%”, but we honestly do not see any good reasons to do
so.
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Now let ($). n be the sequence debned bys ! &22°1y+ forall +' N.
It is clear that & ' F for all + ' N, and it can also be checked that
lim. 4+ " ()**) =) and therefore that lim . .5 $ = 0. But by Eq. (7.1),
and the fact that each $ is clearly (+ + 1)-measurable, we have that

_ $ $
Eg'($) = 53¢ $(" 1001) = 527 82% 1+ (" 1:441)

vx L -1:++1- X ++1

= &=Ly 227 = &2%4,

2++1

"L+l

As a result, lim . g Eg"($,|>) = &$ . But ($). n converges to the Pnitary
gamble 0, so we have that

. —=p —b —=bn~ ,. .
Jim EG'(81) = &8 %0 =E5(0) =Eg" lim &

where the second equality follows from the fact that E%” satisPesWC3s,
by debnition. Hence, Eg" cannot satisfy a generalised type ofCo2,g6 that
applies to general sequences irf. "

Itis clear from the example above that modifying Co2,g5 to apply to not
necessarily bounded below sequences is not a good ideaNprobably not even
if an extension were to exist. Still, the bounded below requirement in Co2,g¢
seems somewhat arbitrary from a philosophical point of view, and it begs
the question whether Co2,g5 cannot be modibed in one way or another in
order to arrive at an axiom that is more natural altogether. Perhaps it should
apply to sequences that converge in a stronger way than simply pointwise,
and perhaps the bounded below requirement can then be dropped? Food
for thought.

Two other possible routes for future research concern generalising the
present theory in two ways. The brst is to generalise to a setting where the
state spaceX is (countably or uncountably) inbnite. The ideas and prin-
ciples that give rise to the dePnitions of the game-theoretic and measure-
theoretic global upper expectations would in such a context remain essen-
tially the same. For instance, Shafer and Vovk B5] allow for general state
spaces, and the dePnition of their global game-theoretic upper expectation
relies on entirely the same concepts as ours. In the measure-theoretic case,
lonescu-TulceaOs extension theoren89, Theorem 2.9.2] would allow us to
extend local probability measures similar to how Proposition 5.1.3,,¢ allows
us to extend local probability mass functions.

As far as the properties of these hypothetical game-theoretic and
measure-theoretic global upper expectations are concerned, much shall de-
pend on the additional conditions that we impose on the local models. For
instance, in order to obtain continuity of the game-theoretic upper expec-
tation with respect to increasing sequences, we shall at least need to im-
pose this upward continuity on the local upper expectations. This becomes
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clear if we look at the proof of Theorem 4.6.1,75, which explicitly relies on
the continuity property LEG6;s¢ of the local upper expectations. We did not
need to impose it in our treatment hereNor at least not on the set L (X )
of gamblesNbecause our state spaceéX was assumed bnite. The measure-
theoretic upper expectation, on the other hand, shall probably remain con-
tinuous with respect to increasing sequences, simply because it will be an
upper envelope of Lebesgue integrals with respect td -additive probabil-
ity measuresNhere too, there is a continuity assumption at the local level,
because we would start from sets of local probability measures (which are
each! -additive).

The question under which conditions the game-theoretic and measure-
theoretic upper expectations will remain to be continuous with respect to de-
creasing Pnitary gambles [the counterparts of Theorem4.7.3:g, and Propo-
sition 5.4.9,46] is more tricky, though. A brst issue would of course be what
we understand under Opbnitary® gambles or variables if the state space is
inbniteNthe continuity would surely not hold if we allow a Pnitary gam-
ble to simply be any bounded variable that depends on the process state at
a Pnite number of time instances. An alternative could be to debne them as
bounded variables that are both continuous and only depend on the process
state at a Pnite number of time instancesNnote that, due to Lemma5.5.2,5;
and the paragraph above it, this is in line with our treatment here. Yet, even
then, we are convinced that some additional conditions will need to be sat-
isbed before one can guarantee the downward continuity of these global up-
per expectations. For instance, Lemmal.C.2,09, Which is crucial for proving
Theorem 4.7.3:5,, can be extended to inPnite state spaces, but only if the
considered state space remains to be compact. Apart from that, we suspect
that, for game-theoretic upper expectations, either supermartingales should
be restricted in how they are allowed to behave or some more continuity
conditions should be imposed on the local upper expectations, and that for
measure-theoretic upper expectations, the sets of local probability measures
will need to be compact or satisfy some other topological condition. All this
is no more than a calculated guess, though, and we certainly did not look
into the details. Yet, if game-theoretic and measure-theoretic global upper
expectations would satisfy comparable continuity properties in the case of
inPnite state spaces as they do here in the case of Pnite state spaces, then
ChoquetOs capacitability theorem [Theoren$.5.9,55] could again be used
to establish an equality between the two operators.

Lastly, we did not talk about how our axiomatic global upper expecta-
tions should be adapted in order to appropriately deal with inPnite state
spaces. This is di cult to predict, though, since many of its characteris-
ing concepts and properties are specibcally adapted to the Pnitary setting;
e.g. what are the sequences of bnitary gambles/variables in this new con-
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text? Can we guarantee existence and uniqueness in this new context? Here
too, additional assumptions for the local upper expectations shall need to
be made in order to arrive at satisfactory results.

Another interesting way in which this work can perhaps be generalised,
is to consider or develop global upper expectations that allow us to condition
on more general events than only (cylinder events of) situations. We have
little knowledge of existing work done on this part, especially in the game-
theoretic caseNall the more compelling to look into it.

Of course, though our work was mainly aimed at examining the the-
oretical aspects of imprecise stochastic processes, we hope that it can also
play its part in more practically oriented research. Continuity properties, for
instance, can be combined with backwards recursive algorithms p2, 100]
to obtain methods for computing the upper expectations of (Pnitary and)
non-Pnitary variables; in [ 58], such a reasoning is used to obtain upper and
lower expected hitting times and probabilities. On the other hand, one may
also evoke our results on the connections between the dierent types of
global models to borrow algorithms and techniques specibcally developed
for one type of global model and apply them to any other type.

Finally, it would also be worthwhile to further investigate how our work
compares to the material in some neighbouring research pelds. In partic-
ular, the work of Denk et al. [ 30] on Daniell-Stone type of (global) upper
expectations seems interesting; comparing the form of our lower Daniell

. —=u ~ . . .
extension Eg pNwhich due to Proposition 6.4.450g is for a large part equal
to our axiomatic (and thus also the game-theoretic and measure-theoretic)
upper expectationNto the extension described in [30, Theorem 3.10], it
seems that a close connection must exist, at least for bounded measurable
variables. Equally compelling seems to be the relation with the sublinear
expectations proposed by Cohen et al. ¥]; as [7, Theorem 2.1] and [7,
Debpnition 2.4] show, the expectation operators treated there must in some
sense be similar to our measure-theoretic global upper expectations.
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The presentis in every age merely the shifting point at which
past and future meet, and we can have no quarrel with ei-
ther. There can be no world without traditions; neither can
there be any life without movement. We cannot bathe twice
in the same stream, though, as we know to-day, the stream
still Bows in an unending circle. There is never a moment
when the new dawn is not breaking over the earth, and never
a moment when the sunset ceases to die. It is well to greet
serenely even the prst glimmer of the dawn when we see it,
not hastening towards it with undue speed, nor leaving the
sunset without gratitude for the dying light that once was
dawn.

Havelock Ellis.
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