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Abstract

To model discrete-time finite-state uncertain processes, we argue for the use of a global belief model in the
form of an upper expectation that is the most conservative one under a set of basic axioms. Our motivation for
these axioms, which describe how local and global belief models should be related, is based on two possible
interpretations for an upper expectation: a behavioural one similar to Walley’s, and an interpretation in terms of
upper envelopes of linear expectations. We show that the most conservative upper expectation satisfying our
axioms, that is, our model of choice, coincides with a particular version of the game-theoretic upper expectation
introduced by Shafer and Vovk. This has two important implications: it guarantees that there is a unique most
conservative global belief model satisfying our axioms; and it shows that Shafer and Vovk’s model can be given an
axiomatic characterisation and thereby provides an alternative motivation for adopting this model, even outside
their game-theoretic framework. Finally, we relate our model to the upper expectation resulting from a traditional
measure-theoretic approach. We show that this measure-theoretic upper expectation also satisfies the proposed
axioms, which implies that it is dominated by our model or, equivalently, the game-theoretic model. Moreover, if
all local models are precise, all three models coincide.

Keywords: upper expectations, uncertain processes, coherence, game-theoretic probability, measure-theoretic
probability, global uncertainty model

1. Introduction

There are various ways to describe discrete-time uncertain processes, such as Markov processes, mathematic-
ally. For many, measure theory is and has been the preferred framework to describe the uncertain dynamics of
such processes [IH3]. Others have used martingales or a game-theoretic approach [4H6]. However, the common
starting point for all these approaches are the local belief models. They describe the dynamics of the process
from one time instant to the next and they are typically learned from measurements or elicited from experts.
For instance, in some specific cases, one typically may have information about ‘the probability of throwing
heads on the next coin toss, ‘the expected number of goods that are sold by a certain shop on a single day’, ‘the
probability of rain tomorrow’, ... In a measure-theoretic context, such local belief models are presented in the
form of probability charges or probability measures on the local state space; in a game-theoretic context, sets of
allowable bets are used. The latter belong to a family of so-called imprecise probability models [7H9], e.g. upper
and lower previsions (or expectations), sets of desirable gambles, credal sets... Such imprecise probability models
generalise traditional precise models, in the sense that they allow for indecision and for a representation that
only expresses partial knowledge about the probabilities. In order to allow for imprecision in a measure-theoretic
context, we will often consider sets of probability measures (or charges) on the local state space. Then, if local
state-spaces are assumed to be finite, as in our case, the game-theoretic and measure-theoretic local descriptions
are mathematically equivalent. This will be clarified in Sections[2]and[3]

In practice however, we are typically interested in more general inferences such as ‘the (lower and upper)
expected number of tosses until the first tails is thrown, ‘the (lower and upper) probability of being out of stock on
agiven day), ... Itis less straightforward how we should directly learn about such more complicated inferences and,
even if we could in principle do so, it is often not possible or feasible to gather sufficient information because of
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time and budget limitations. Hence, the question arises: ‘How and to which extent, can we extend the information
captured in the local models towards global information about the entire process?.

Measure theory relies on countable additivity to do this elegantly, and this results in a mathematically powerful,
but rather abstract framework. The mathematical arguments are often encumbered by measurability constraints,
and it is not always clear how to extend classical measure-theoretic notions to an imprecise probabilities setting.
On the other hand, Shafer and Vovk’s game-theoretic framework defines global upper expectations construct-
ively using the concept of a ‘supermartingale’. Though it allows us to directly model imprecision and does not
require measurability constraints, the involved upper expectations thus far lack a characterisation in terms of
mathematical properties. This impacts the generality of their model in the negative, since it can therefore only be
motivated from a game-theoretic point of view.

We propose a different, third approach. Our aim is to establish a global belief model, in the form of a conditional
upper expectation, that extends the information contained in the local models by using a number of mathematical
properties. Notably, this model will not be bound to a single interpretation. Indeed, its characterising properties
can be justified starting from a number of different interpretations. We consider and discuss two of the most
significant ones in Section[4} a behavioural interpretation that is more in line with a game-theoretic approach to
uncertainty, and an interpretation in terms of upper envelopes of linear expectation operators. We then define
the desired global model as the most conservative—the unique model that does not contain any additional
information—under this particular set of properties. In other words, it is the so-called natural extension [7, 9} [10]
under this set of properties.

Care should be taken here though. While the concept of natural—that is, most conservative—extension is
well-established in the field of imprecise probabilities, it usually refers to the natural extension under coherence.
The advantage of this notion of coherence, and the related natural extension, is that it can be applied to general
uncertainty models. However, the scope and properties of the resulting extension can sometimes be rather
weak. A first issue with natural extension under coherence is that it traditionally only allows us to work with
bounded variables. The problem of how to extend this method to a broader class of variables was addressed in
[11} Chapter 13], yet, only for the class of unbounded real-valued variables, whereas we wish to consider extended
real-valued variables as well. There is a second, more profound issue though, which is that the natural extension
under coherence lacks some basic continuity properties that we feel are desirable. For example, in our context of
uncertain processes, natural extension under coherence would lead to a global upper expectation that does not
necessarily satisfy upward monotone convergence, even if we were to restrict attention to bounded VariablesE]
Furthermore, and related to this, the corresponding inferences are often very conservative, or even vacuous.
If we would only be interested in bounded variables and uncertain processes with a finite time horizon, all of
these issues would not come to the fore, and the natural extension under coherence would then be a valuable
model; see for example [12]. However, in our—vastly—more general setting, where we will be looking at extended
real-valued variables and uncertain processes with infinite time horizons, we find this model unsatisfactory for
the reasons described above. We will therefore not be considering the natural extension under coherence (alone);
instead, we will consider the natural extension under a different set of axioms. Unlike the coherence axioms, our
axioms are specifically designed with the purpose of extending local models in the context of uncertain processes
(with infinite time horizons). As we will see, the resulting natural—most conservative—extension yields more
satisfying results when it comes to the mathematical properties of the resulting global model.

In Section[5} we give an alternative characterisation of our most conservative model by showing that it is
the unique operator that satisfies a specific set of properties. This alternative characterisation is particularly
interesting from a technical point of view, since it allows us to establish our main result in Section[6} that our

IThe experienced (or interested) reader can verify this using the following example (the notation and terminology is introduced further
on in the paper). Interestingly, it shows that upward monotone convergence fails even for increasing sequences of n-measurable gambles
that converge to a limit that is itself a gamble. Fix any x € 2" and let Q,(f) := f(x) for all s € 2°*; this means that in every situation, the next
state will be x with (lower) probability 1. Consider now the increasing sequence {f}, },cy of n-measurable gambles defined, forall n e N,
by fu(w)=0if w; =x foralli e{1,---,n} and f,(w):=1 for all other w € Q. Then it can be checked that the value of the natural extension
under coherence is 0 for all gambles f;,, but that it is 1—and therefore vacuous—for the limit f :=lim,,_,, o f,,. This means that the (upper)
probability of observing a state that is not x in the first n steps, for any n, is zero, but that the upper probability of ever observing such a state
is 1. We are indebted to Matthias C. M. Troffaes for this example—or rather, a very similar one that inspired it. He presented it in a talk at
WPMSIIP 2013 in Lugano, and recently also discussed it with us in private communication; it seems to be unpublished though.
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model coincides with a version of the game-theoretic upper expectation introduced by Shafer and Vovk [4}5]. On
the one hand, this serves as an additional motivation for our model. On the other hand, it establishes a concrete
axiomatisation for the game-theoretic upper expectation. Section|[8|aims at strengthening the relevance of the
most conservative model that results from our axioms by listing its most salient properties.

In the final section, we couch our findings in a more measure-theoretic language. As a first step, we put
forward a sensible way of applying measure theory in our imprecise probabilities setting. To do this, we draw
inspiration from earlier work done in our group [13]. Subsequently, we show that the measure-theoretic upper
expectation this results in, satisfies the axioms presented in Section 4] and is therefore always dominated by
the most conservative one satisying these axioms—which is our model. Moreover, the fact that this model,
entirely based on measure-theoretic principles, also satisfies our proposed axioms, is to be seen as an additional
motivation to adopt them. Furthermore, in a context where all local models are precise, meaning that every
single one of them can be represented by a single probability mass function on the local state space, both upper
expectations—and hence, also the game-theoretic one—turn out to be one and the same model.

As a final remark, we want to mention that our current work extends upon an earlier conference contribution
[14]). The added material is mainly gathered in the penultimate section; it concerns the study of how our model is
related to a possible measure-theoretic model. Apart from that, another important difference with the conference
contribution lies in how local models are extended in order to become consistent with the game-theoretic
approach; see the first part of Section[6|and compare this with [14} Section 2].

2. Upper Expectations

We denote the set of all natural numbers, without 0, by N, and let N := NU {0}. The set of extended real
numbers is denoted by R := RU {+00,—00} and is endowed with the usual order and the usual order topology
(corresponding to the two-point compactification of R). The set of positive real numbers is denoted by R, and
the set of non-negative real numbers by R.,. We also adopt the usual conventions for the addition between the
reals and +00 and —oo, and the conventions that +co —o0o =—0c0 + 00 =400 and 0 (+00)=0-(—00)=0.

Informally, we consider a subject who is uncertain about the value that some variable Y assumes in a non-
empty set %. More formally, we call any map on % a variable ; our informal Y is a special case: it corresponds to
the identity map on #%. A subject’s uncertainty about the unknown value of Y can then be represented by an
upper expectation E: an extended real-valued map defined on some subset 2 of the set (%) of all extended
real-valued variables on %. An element f of Z(%) is simply called an extended real variable. We say that f is
bounded below if there is some real ¢ such that f(y)> c for all y € %, and we say that f is bounded above if —f
is bounded below. We call a sequence {f,} <, of extended real variables uniformly bounded below if there is a
real ¢ such that f,,(y) > c for all n € Ny and y € %. An important role will be reserved for elements f of £ (%)
that are bounded, meaning that they are bounded above and below. Bounded real-valued variables on % are
called gambles on %, and we use £ (%) to denote the set of all of them. The set of all bounded below elements of
2(%)is denoted by Ly(X).

Consider now the special case that E is defined on at least the set of all bounded real-valued variables; so
£(%)C 9. Then we call E boundedly coherent [7-9] if it satisfies the following three coherence axioms:

Cl. E(f)<supf forall f € £(%); [upper bound]
C2. E(f+g)<E(f)+E(g)forall f,g € L(¥); [sub-additivity]
C3. E(Af)=AE(f)forall A€Rs, and f € L(¥). [non-negative homogeneity]

In the particular case where 2 = .£(%), we will simply say that Eis coherent. For any (boundedly) coherent
E, if we let E be the conjugate lower expectation defined by E(f) := —E(—f) for all f € —%, then the following
additional properties follow from

C4. f<g=E(f)<E(g)forall f,ge.L(¥) [monotonicity]
C5. inf f <E(f) <E(f)<sup f forall f € Z(¥); [bounds]



C6. E(f+u)=E(f)+uforallyeRandall f € £(¥); [constant additivity]
C7. forany f € (%) and any sequence {f, } ey, in Z(¥): [uniform continuity]

lim _sup|f—f,|=0 = lim E(f,)=E(f).

Proof. We only prove which clearly implies that E is real-valued on (%), and the remaining properties then
follow from the standard argumentation in [[7, Section 2.6.1.].

First, note that E(0) = 0 because of|C3|and our convention that 0 - (+00) = 0-(—o0) = 0. Therefore, for all
f € 2(#), it follows from[C2that 0 < E(f) + E(—f), or equivalently, that —E(—f) < E(f). Applying[C1]to both
sides, we find that inf f = —sup(—f) < —E(—f) < E(f) < sup f. The result now follows readily from the definition
of E. O

A gamble f is typically interpreted as an uncertain reward or gain that depends on the value that Y takes in %;
if Y takes the value y, the (possibly negative) gain is f(y). Then, according to Walley’s behavioural interpretation
[7], the upper expectation E(f) of a gamble f is a subject’s infimum selling price for the gamble f, implying that,
for any a > E(f), the subject is willing to accept the gamble a— f Axiomsare then called rationality axioms,
since they ensure that these selling prices are chosen rationally. Alternatively, any coherent upper expectation
on Z(?%) can equivalently be represented by a set of linear expectations on £(%): coherent upper expectations
on £(%) that are self-conjugate, meaning that E(f) =—E(—f) for all f € £(%). More precisely, it follows from
[7, Section 3.3.3] that any coherent upper expectation E on .2(%) is the upper envelope of the set of all linear
expectations on .Z (%) that are dominated by E; so E(f) = sup{E(f): (VgeZ(%))E(g)< E(g)}, where E ranges
over the linear expectations on .Z(%). Moreover, according to [9, Theorem 8.15], linear expectations on .Z(%) are
in a one-to-one relation with probability charges on the power set 2 (%) of %, being maps p: (%) — R, that
are finitely additive and where p(%) =1 and p(#) = 0. Such probability charges are more general than the more
conventional probability measures, which additionally require o -additivity and typically also that the domain
should be restricted to a o-algebra on %. However, when % is finite, this distinction disappears, and we can
simply limit ourselves to working with probability mass functions on #; these can be seen as probability charges
or measures restricted to the domain of all singletons. In that case, we have that E(f) =’ yew f(y)p(y) for any
linear expectation E on £ (%) and any f € £ (%), where p is the unique probability mass function on % defined
by p(y):=E(1,)for all y € %. Here, we used 1, to denote the indicator of AC %: the gamble on % assuming the
value 1 on A and 0 elsewhere, and where we will not distinguish in notation between y and {y}. Hence, if % is
finite, any coherent upper expectation E on ¢ (%) can alternatively be represented by the corresponding set of
probability mass functions

P ={peP:(Vfe2@) > f0Ip) <E}, (1)

yE¥

where P denotes the set of all probability mass functions on % It then follows from [15, Theorem Zﬂthat

E(f):max{Zf(y)p(y):pePE}forallfe.f(@/). 2)

YEY

This alternative representation of a coherent upper expectation will be our starting point in Section[9} where we
aim to establish a measure-theoretic global belief model in the form of an upper expectation.

It follows from the discussion above that, in general, (boundedly coherent) upper expectations can be inter-
preted in at least two possible ways: in a direct behavioural manner in terms of selling prices for gambles, or
as a supremum over—an upper envelope of—a set of linear expectations. As will be discussed in Section|6} the

2Strictly speaking, the interpretation as infimum selling price only guarantees that there are a > E(f) arbitrarily close to E(f) for which our
subject accepts @ — f (by definition of the infimum). Our claim that this is true for all @ > E(f) is based on an additional implicit assumption
that if a subject is willing to sell a gamble for some price, then she is also willing to sell that gamble for any higher price.

3More specifically, Equation (2) does not follow from [15, Theorem 2] itself, but rather from the last paragraph of its proof.
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behavioural interpretation allows us to motivate the game-theoretic approach proposed by Shafer and Vovk. On
the other hand, an interpretation in terms of upper envelopes of linear expectations seems more natural from
a measure-theoretic point of view, where probability measures or mass functions are regarded as the primary
objects for describing uncertainty. Linear expectations are then typically obtained by integration and limiting
the domain to measurable functions. In this paper, we will not allow ourselves to be bound to any of these two
interpretations. Instead, we will motivate the defining properties of our proposed global belief model in terms of
either of these interpretations.

3. Upper Expectations in Discrete-Time Uncertain Processes

We consider a discrete-time uncertain process : a sequence X;, X, ..., X,,, ... of uncertain states, where the state
X} at each discrete time k € N takes values in a fixed non-empty set 2, called the state space. We will assume
that this state space & is finite. Let a situation x;.,, be any string (x, ..., X,) € X 1.,, := X" of possible state values
with finite length n € N,,. In particular, the unique empty string x;.,, denoted by 0, is called the initial situation:
1, = {O}. We denote the set of all situations by 2™ := U, cy, Z71.,. We will also use the generic notations s and ¢
to denote situations. Furthermore, when we write x;., € Z'*, we implicitly assume that n € N,.

To model our uncertainty about the dynamics of an uncertain process, we associate, with every situation
X1., € Z'*, a coherent upper expectation 6%" on Z(%'). This upper expectation expresses a subject’s beliefs
about the uncertain value of the next state X,,,,, when she has observed that X; = x;, X, = x,,--+, X,,_; = x,,_; and
X, = x,. Hence, it gives information about how the process changes from one time instant to the next. We will
therefore also refer to axm as the local model or the local upper expectation associated with x;.,,. We gather all
local models in an imprecise probability tree: a function Q, that maps any situation s € 2'* to its corresponding
coherent upper expectation Q,. Hence, such an imprecise probability tree Q,, which we will also simply denote
by Q, represents the dynamics of the uncertain process as a whole.

As discussed in the previous section, we consider two possible ways of interpreting the coherent upper
expectations Q,: in terms of upper envelopes of linear expectations and in terms of betting behaviour. The latter
is, by nature, more oriented towards a game-theoretic approach, whereas the interpretation in terms of upper
envelopes of linear expectations will seem more natural for a reader with a measure-theoretic background. In
fact, since 2 is assumed to be finite, the coherent upper expectation Q;, for any s € 2*, can be represented
equivalently by the set P; := P; of probability mass functions on 2, related to it by Equations (I) and ). In
measure-theoretic contexts, this representation in terms of P; is then typically preferred over the representation
in terms of Q.

The mathematical equivalence between the different approaches—the game-theoretic, the measure-theoretic
and ours—on a local level is crucial, because only then, we can meaningfully compare the differences of their
associated uncertainty models on a global level. Indeed, though it is locally only a matter of interpretational
differences, it is not immediately clear how these different approaches relate on a global level, where we look at
the entire dynamics of the process and no longer only at the transition from one time instant to the next. Each
approach will extend the local models using different concepts, assumptions and methods, resulting in possibly
different global models. Our upper expectation approach will use a limited set of simple properties, that, as we
will argue, are desirable for a global model to have, under both of the interpretations we consider. Before we
proceed to do so, we finish this section by introducing some further notation about uncertain processes.

An infinite sequence x; x, x5 - - - of state values is called a path, which we denote by w = x; X, x5 ---. We gather
all paths in the sample space Q:=ZN. For any path w = x; x, --- €, the situation x,.,, ‘= x; X, --- x,, that consists
of its first n state values is denoted by w” € Z7.,,. The state value x,, at time n is denoted by w,, € Z'. An event
A CQis a collection of paths, and in particular, the cylinder event T'(x,.,,) = {w € Q: w" = x;.,,} of some situation
X1., € Z¥, is the set of all paths w €2 that ‘go through'’ the situation x;.,,.

A variable on Q is called a global variable and we gather all extended real(-valued) global variables in the set
V= 2(Q). Similarly, we let V}, := Z,(Q) and V := £(Q). For any natural k < ¢, we denote by X,., the global variable
defined by X;.(w) = (wy, ..., ;) for all w € Q. As such, the state X}, := X;., at time k can also be regarded as a
global variable. Moreover, for any natural k < ¢ and any map f: 2%+ — R, we will write f(Xy.,) to denote the
global extended real variable defined by f(Xy.,) := f o X;.,. We call a global extended real variable f n-measurable
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for some n € Ny, if it only depends on the initial n state values; so f(w;)= f(w,) for any two paths w, and w, such
that w} = w}. We will then use the notation f(x;.,) for its constant value f(w) on all paths w €I'(x,.,). Clearly,
the indicator I, =1y, ) of the cylinder event I'(x,.,,) for x,.,, € Z™* is an n-measurable variable. Finally, we call
any f €V finitary if it is n-measurable for some n € N,. We gather all finitary gambles in V.

4. In Search of a Global Belief Model

Any extended real-valued map E: V x 2* — R: (f, s)— E(f|s) will be called a global upper expectation. The
corresponding global lower expectation E: V x Z* — R: (f, s) — E(f|s) is then defined by conjugacy: E(f|s) =
—E(—f]s) for all f €V and all s € 2*. These lower and upper expectations also give rise to upper and lower
probabilities. In particular, for any event A € Q and any s € %, P(Als) := E(14]s) is the upper probability of
A conditional on s and, similarly, P(A|s) := E(14|s) is the lower probability of A conditional on s. Throughout
this work, however, we will focus almost entirely on (global) upper expectations, and will regard (global) lower
expectations and upper and lower probabilities as derived notions.

Given an imprecise probability tree Q that associates a local upper expectation Q, with every situation
s € 2*, we aim to define a global upper expectation E that extends the information included in these local
models in a ‘rational’ manner. To do so, we impose the following properties, where we adopt the notation that
E(f1X;.,) = E(f|) o X;., for all f € V and all n € N,, and where limits of variables are intended to be taken
pointwise.

P1. E(f(Xn+1)|X1:n)=6x,m(f) forall f e (%) and all x;., € ™.
P2. E(f|s)=E(f1I|s) forall f € Vg, and all s € 2°*.

P3. E(f|X1.n) SEE(f|X1:p41)|X1.p) forall f € Vg, and all n € N,,.
P4. f <g=E(f|s)<E(g|s) forall f,geVandallsec2*

P5. For any sequence { f,} e, of finitary gambles that is uniformly bounded below and any s € 2™

lim f,,=f=>limsupﬁ(fn|s)zﬁ(f|s).

n—+09

To motivate we need to attach some interpretation to E. We will consider two particular ones, similar to
what we have done for the (boundedly) coherent upper expectations in Section 2}

We start from the interpretation of a global gamble f €V as an uncertain reward depending on the uncertain
path w that the uncertain process takes in 2. However, it is not clear what this means operationally if the gamble
f depends on the entire length of the path. Indeed, the gamble f depends on an infinite number of subsequent
state values, so there is no point in time when we can determine the actual reward linked to the gamble f. The
same interpretational problem arises when considering unbounded or extended real variables (on a general set %
such as 2). The simple interpretation of an uncertain reward does not suffice there because the reward itself can
be unbounded or infinite, which is unrealistic—or even meaningless—in operational practice. For this reason,
we prefer to only attach a direct operational meaning to the value E(f|s) of a global upper expectation E for a
finitary gamble f € Vg, conditional on a situation s € Z™*. Such finitary gambles can be given an operationally
meaningful behavioural interpretation as uncertain rewards because they take real valuesﬂ and only depend on
the state at a finite number of time instances.

We distinguish the following two ways for interpreting the global upper expectation E(f|s) of a finitary gamble
f € Vg, conditional on a situation s € Z'*:

40One could also question the meaning of a direct behavioural interpretation for some specific (real-valued) gambles. For instance, how do
we exchange money if the gamble’s value is equal to 7?2 In this case, we can only give an indirect interpretation in terms of simpler gambles
that are ‘sufficiently’ close.



* Behavioural interpretation. It is a subject’s infimum selling price for f contingent on the event I'(s), 1mply1ng
thatl for any a > E(f|s), she is willing to accept the uncertain reward associated with the gamble I(a— f).

* Interpretation as an upper envelope. It is the supremum value of E(f|s), where E belongs to some given set E
of conditional linear expectation operators: E(f|s) =sup{E(f|s): E€E}.

Since only apply to finitary gambles, a direct justification for these axioms can be given quite easily in
each of the above interpretations. Property requires that the global model E should be compatible with the
local models Q. The desirability of this property is self-evident, no matter which interpretation is used. Property
[P2]requires that the upper expectation of a finitary gamble f conditional on s should only depend on the value of
f on the paths w €I(s). This property is clearly desirable when using the behavioural interpretation, because
I,(a— f) only depends on the restriction of f to I'(s). It is also quite evident that this property is desirable for an
upper envelope of conditional linear expectations, because[P2|should in particular also hold for such conditional
linear expectations themselves. Similarly, that [P3|should hold under the upper envelope interpretation, is
motivated by the fact that conditional linear expectations satisfy[P3|with equality—then better known as the
law of iterated expectations; an upper envelope of conditional expectations is therefore guaranteed to satisfy
under the assumption that[P4]holds for conditional linear expectations. In order to see that property|[P3]is
also desirable according to the behavioural interpretation, one requires a conditional version of the notion of
coherence that we discussed in Section 7,9 IO]EI Explaining in more detail why this is the case, and what this
conditional notion of coherence exactly entails, would however lead us too far.

Having attached an interpretation to finitary gambles and their conditional upper expectations, we now
proceed to do the same for more general variables. We have already argued that no direct operational meaning
can be given to such variables. However, this should not be taken to imply that an uncertainty model should
not be able to deal with them. In fact, they can serve as useful abstract idealisations of (sequences of) variables
that can be given a direct operational meaning. In particular, we will regard any extended real variable f thatis
bounded below and that can be written as the pointwise limit lim,,_,, , f,, of some sequence of finitary gambles
{fn}nen,» as an abstract idealisation of f, for large n. We gather these limits in the set

Vb lim = { fevVy: f= hm f» for some sequence {f, } ey, in me}

Since[P5|applies to precisely these kinds of variables, this axiom can be justified by extending the above idealisation
from the variables f to their upper expectations E(f|s). Basically, since f is an abstract idealisation of f, for
large n, E(f|s) should be an abstract idealisation of E(f, |s) for large n. The practical benefit of this is that we can
then use E(fs) to reason about E(f,|s) for a generic large value of n, without having to specify the specific value
of n. The problem, however, is that the sequence {E(fuls) }neN may not converge. What we then do know for
sure, however, is that as n approaches infinity, E(f,|s) will oscillate between the limit superior and inferior of the
sequence {E( fn|s)} Ny Since we want E(f|s) to serve as an idealisation of E(f,|s) for generic large values of n,
E(fs) should therefore definitely not exceed the limit superior, as this would result in an unwarranted loss of
‘information, in the sense that E(f|s) would be too high—this will be clarified shortly. We therefore i 1mpose

The final property that we impose is which states that E should be monotone. For finitary gambles f and g,
this follows easily from either of our two different interpretations for E( fls)and E(gls). Under a behavioural
interpretation, since the reward associated with g is guaranteed to be at least as high as that of f, the same should
be true for a subject’s infimum selling prices for these two gambles. Under an interpretation in terms of upper
envelopes of expectations, monotonicity of the envelope is implied by the monotonicity of each of the individual
expectations. If f and g are more general variables—so not necessarily finitary gambles—the motivation for[P4]is
that, still, higher rewards—even if abstract and idealized—should correspond to higher upper expectations. It is
also worth noting that the combination ofn and.lmphes that E is continuous with respect to non-decreasing
sequences of finitary gambles. In a measure-theoretic context, this kind of continuity is usually obtained as a
consequence of the assumption of o-additivity [T} [16].

5The comment in Footnote applies here as well, suitable adapted to the conditional setting.
6There are several versions of conditional coherence [7}[91[10], however, in the case where variables take values in a finite set, all these
different versions are mathematically equivalent.



We will show in Section@ that are consistent, in the sense that if the local models Q, are coherent,
there always is at least one global upper expectation E satisfying However, there may be more than one
global upper expectation E satisfying In that case, the best thing to do, we believe, is to choose the most
conservative model among those that satisfy[P1{P5} as choosing any other would mean adding ‘information’ that
is not simply implied by our axioms. We will denote this most conservative global upper expectation by E, and
let E 5 be its conjugate lower expectation. As we will see in Section@ E, is guaranteed to exist, and furthermore
coincides with a particular version of the game-theoretic upper expectation defined by Shafer and Vovk [4} [17].

Of course, in order for our definition of E, to make sense, we need to know what it means for an upper
expectation E’ to be more conservative than some other upper expectation E. We here take this to mean that E’
is higher than E. So higher upper expectations are more conservative, or less informative. This is why, in our
motivation for we said that a too high E(f|s) corresponds to an unwarranted loss of ‘information’. That it is
indeed reasonable to regard higher expectations as more conservative, can again be motivated using either of the
two interpretations that we considered before. Under the behavioural interpretation, higher upper expectations
mean higher selling prices, which is clearly more conservative. Using an interpretation in terms of upper envelopes
of expectations, higher upper expectations correspond to larger sets of expectations, so weaker constraints on
expectations, which is again less informative and hence more conservative.

Having said all this, we would like to stress that—despite our extensive use of them to motivate our axioms—
none of the results that we are about to develop hinge on any particular interpretation for upper expectations.
Other interpretations could also be adopted, or perhaps even no interpretation at all. All that is needed is that we
agree on and on the fact that higher upper expectations are more conservative.

5. An Axiomatisation of E,

For a given imprecise probability tree Q, let E;_,(Q) denote the set of all global upper expectations satisfying
and similarly for E,_,(Q) and E,_5(Q). In this section, we introduce sufficient conditions for a global upper
expectation E to be the most conservative among all upper expectations in E,_5(Q). We start by considering the
domain of finitary gambles and then, step by step, extend the domain and introduce additional conditions on E,
in such a way that it becomes the most conservative on this extended domain.

For any situation x;.,, € Z* and any (n+1)-measurable (global) gamble f, we use f(x;.,-) to denote the gamble
on % that assumes the value f(x;.,,1)in x,,; € Z, and then use f(x;.,X,,11) as a shorthand for the global gamble
f(x1.n7) 0 Xp,11. The following lemma establishes compatibility with the local models in a stronger way than|P]]
does.

Lemma 1. Consider anyE € E,_,(Q). Then, for any situation x,., € 2* and any (n + 1)-measurable gamble f

E(f'-xl:n) :axl;,,(f(xlzn'))-

Proof. Fix any x,., € 2™ and any (n + 1)-measurable gamble f. Note that f(x,.,X,.1)I,, = fI,, and hence,
because of[P2} E(f|x1.) = E(f L, 1 %1:0) = E(f (¥1:0 X1y, | %1:0) = B(f (%10 Xiv1)| Xi20). [P1] therefore implies that,
indeed, E(fx,.,) = Qxl,n(f(xlzn'))- O

To make sure that some particular upper expectation E € E,_4(Q) is a most conservative upper expectation on
the domain of all finitary gambles, we impose on it the following property, known as the law of iterated upper
expectations [4,[18]:

P3=. E(f1X1.4) =E(E(f|X1:041)| X)) forall f € Vg, and all n €N,
Proposition 2. Consider anyE € E,_,(Q) that satisﬁes Then, for anyE’ € E,_4(Q), we have that

E(fIs)=E'(fls) forall f € Vg, and all s € 2.



Proof For any p € Ny and any (p + 1)-measurable gamble g, we let Q x,,(&) be the p-measurable gamble defined

by Q X, (8w) = Q wr(g(w?)) for all w € Q. Note that Q X, ( )isindeed a gamble because of (bounded) coherence
IC5] and the fact that g is a gamble. Then, because both ‘the operators E and E’ satlsfy. andn it follows from
LemmalI]that

E/(8|X1:p) = leip(g) =E(g|X1;p)- 3)

Now fix any f € Vg, and any x;.,, € Z*. Since f is finitary, it is n-measurable for some n € N,. We can assume
that m+2 < n without loss of generality, because f is obviously also p-measurable for every p > n. Now, it follows
from Equation (3) and the fact that 6;{ ,(f)is an (n—1)-measurable gamble, that E/( (fIXin)= E(fIXl n_1)is an
(n—1)-measurable gamble. Subsequently, we can apply Equation () once more, where E’(f|X;.,_1) = E(f|X1.n_1)
now takes the role of g, in order to find that E’(E’(f1X}.,—1)| X1.n—2) = E(E(f|X1:p—1)| X1.n—2) is an (n—2)-measurable
gamble. Then we can continue in the same way, to finally obtain that

E/(E,(' : 'E/(flxlzn—l) T |X1:m+1)|x1:m) = E(E( : 'E(f|X1:n—l) Tt |X1:m+1)|x1:m)-

Ey repeatedly applyingand we infer that EI(E/( : 'E/(f|X1:n—1) Tt |X1:m+1)|x1:m) =2 E/(E/(f|)(1:m+1)|xl:m) =
E’(f|x:.,). Hence, plugging this back into the previous expression, we have that

E'(f1%0m) EE(CE(f1Xp 1) 1 X1l X1m)-

On the other hand, since E satisfies[P3=] we infer that E(E(- - E(f | X1.n-1)"** 1 Xpms1)1 X1m) =+ = BE(F 1 Xpm1)l X1m)
=E(f|x1.,)- So indeed, we find that E’(f|x.,,,) < E(f|X1.n)- O

Next, we consider the domain Vb 1im C V of all extended real variables that are bounded below and that can be
written as the pointwise limit of a sequence of finitary gambles. The following condition, together with[P37} turns
out to be sufficient for an upper expectation E to be a most conservative one on the domain of V}, j;,, amongst all
upper expectations in E,_5(Q).

P6. Forany f € Vy i, and any s € 2%, there is some sequence { fn}nen, of n-measurable gambles that is uniformly
bounded below and that converges pointwise to f, such that moreover limsup,,_, o, E(f,|s) < E(f]s).

Note that, for an upper expectation E € E,_5(Q), the inequality limsup,,_,, ., E(f,|s) < E(fIs) inis in fact an
equality because of[P5]

Proposition 3. Consider anyE € E,_5(Q) that satisﬁes and Then, for allE’ € E,_5(Q), we have that
E(fIs)>E'(fls) forall f € Vi, and all s € X*.

Proof. Fixany f €V}, any s € Z* and any E' € E,_5(Q). According to [P there is some sequence {f;,} ,en, Of
n-measurable gambles that is uniformly bounded below and that converges pointwise to f in such a way that
limsup,,_,,« E(f,|s) < E(f|s) and therefore, due to also that

limsupE(f,|s) =E(f|s). (4)
n—+0o0
Because all f, are finitary gambles and both E and E’ are upper expectations in E;_,(Q), with E additionally
satisfying[P3~} we can apply Proposition[2|to find that

limsupE’(f,|s) <limsupE(f,|s). (5)

n—+00 n—+o00
Furthermore, since { f,,} ,en, is a sequence of finitary gambles that is uniformly bounded below and that converges
pointwise to f, implies that E’(f|s) <limsup,,_,, oo E'(f,|s). Combining this with Equations @) and (5), we
find that, indeed, E’(f|s) <E(f]s). O



Finally, we consider the entire domain V. Now, in order for an upper expectation on V to be the most conservative
one, it suffices to additionally impose the following property, as we will show presently.

P7. Forany f €V and any s € 2%,
E(fls)=inf{E(g|s): g € Viym and g > f }.

Theorem 4. Consider anyE € E,_5(Q) that satisﬁes and Then, for allE’ € E,_5(Q), we have that
E(f1s)=>E'(f|s) forall f €V and all s € 2°*.
Proof. Fixany f €V, any s € 2* and any E’ € E,_5(Q). According to[P7, we have that

E(f]s)=inf{E(gls): g € Vyum and g > f }.
Then, using Proposition 3} we get
inf{f’(g|s): g€Vymand g > f} < inf{E(gls): g€Vymand g > f} =E(fls).
Since, for any g € Vy, ji,, such that f < g, we have that E(f|s) < E’(g|s) because E’ satisﬁes it follows that

E'(fs) < inf{E'(gls): § € Vyum and g > £} <E(f5),
which completes the proof. O

We conclude that, according to Theorem if there is some upper expectation E € E,_5(Q) that satisﬁes
and|[P7} it must be the unique most conservative upper expectation in E,_5(Q), and it must therefore be the global
belief model E, that we are after. So it now only remains to show that there is at least one—then necessarily
unique—global upper expectation in E,_5(Q) that additionally satisfies and

6. Game-Theoretic Upper Expectations

In this section, we show that a particular version of the game-theoretic upper expectation developed by
Shafer and Vovk [4}, 5] belongs to E,_5(Q) and furthermore satisfies and[P7} which will then—because of
Theorem imply the existence of the unique E, we are in pursuit of. This game-theoretic upper expectation
relies on the concept of a supermartingaleﬂ which is a capital process—the evolution of a subject’s capital—that
is obtained by betting against a ‘forecasting system’. The forecasting system—called ‘Forecaster’ in Shafer and
Vovk’s framework—determines for each situation a collection of allowable bets that a subject—called ‘Skeptic’ in
Shafer and Vovk’s framework—can choose from. These allowable bets define Forecaster’s uncertainty model and
are also captured by our notion of an imprecise probability tree. We should point out though that Shafer and Vovk
also allow for more general settings where local models need not be boundedly coherent, where state spaces can
be infinite and where Forecaster his commitments—that is, the allowable bets for Skeptic—in each situation
need not be announced beforehand, but may also depend on previous moves by Skeptic. In that respect, our
discussion here will be more particular and limited.

As before, we start from an imprecise probability tree that specifies a local coherent upper expectation Q; on
2L(%) for every situation s € Z'*. However, in their most recent work [5, Part II], Shafer and Vovk start from local
models E; that are defined on the extended domain .2(2’) of all extended real local variables, and they require
these local models E; to satisfy a modified version of the bounded coherence axioms generalised to
extended real variables. Concretely, for any s € 2*, they impose the following properties on the upper expectation
E, on 2(2) that models the corresponding local beliefs:

“Shafer and Vovk drew inspiration from Jean Ville, whose work [19] constitutes the first major steps towards a theory of probability where
(super)martingales, instead of probability measures, function as the fundamental, primary objects.
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El. E;(c)=c forall c €R;

E2. E,(f +g)<E,(f)+E(g)forall f,g e 2(2);
E3. E{(Af)=AE,(f)forall A€ R,y and all f € Z2(2);

E4. f <g = E,(f)<E,(g)forall f,g € 2(Z).
E5. lim,,_, oo E,(f,) =E; (lim,,_,Jroo f,,) for any non-decreasing and non-negative sequence {f } ,ey, in 2(2).

Hence, in order to place ourselves squarely in their framework we need to extend the domain of our local models
Q, from (%) to 2(3{) in such a way that they satlsfy 5, Forany f € 2(2')and any ¢ €R, let f¢ and fV¢
be the variables in Z(Z) respectively defined by f"¢(x):= mln{f(x c}and fVe( x) max{f(x),c}forall x e .
We propose the following two continuity properties for an upper expectation QT on Z(2') that extends a coherent
upper expectation Q, on £(2):

C8. Ql(f)=lim o0 Q(f°) forall f € Ly(X);
C9. Q(f)=lim o Q!(fV¢) forall f € £(X)

Properties[C8 and[C9]are respectively called continuity with respect to upper and lower cuts (or, alternatively,
bounded above and below support). According to |20, Proposition 10 (ii)—(iii)] such an extension QT always exists
and is moreover unique. The upper expectation QT is also an appropriate extension, in the sense that it satisfies
55 this follows from [20} Proposition 10] together with [20, Proposition 1]{5_] Hence, in order to adhere to Shafer
and Vovk’s approach, we can—and will—adopt this particular extension QT of Q, for each situation s € 2'* in the
following game-theoretic reasoning.

Amap ./ : 2* — Ris called a supermartingale if it satisfies 6 (M (s-) <A (s)forall s € Z*, where ./ (s-)
denotes the variable in .Z(2’) that assumes the value ./ (s x) for all x € 2". As mentioned earlier, a supermartingale
-/ can be interpreted as a capital process that results from betting against a forecasting system. In order for
this to make sense, such an interpretation will only be attached to supermartingales that are bounded below,
meaning that there is some real ¢ such that ./#(s)> c for all s € 2™*. This represents the constraint that we can
never borrow an infinite or even unbounded amount of money. To see that a bounded below supermartingale
A can indeed be interpreted as described above, we first need to know how a forecasting system allows us
to play. In our case, the allowable bets in any given situation s € Z* are those variables f € 2(2) for which
QS( f) < 0—we will come back to this shortly. Now, if ./ (s) is real, then the condition that QS( (s-)<.A(s)is
equivalent to the condition that Ql(//l (s-)—.#(s)) <0 because 61 satisfies constant additivity on the domain
2Lp(X); see [20} Proposition 3(E8)]. Hence, the incremental change .# (s-)—.# (s) of the capital process ./ in the
situation s indeed represents an allowable bet. If on the other hand .#(s) = +00 (the case where .#(s)=—00
is impossible because we assumed .# to be bounded below), the condition that 61(//{ (s)) £ A (s) does not
impose any constraints on ./ (s-). The interpretation that the increment .# (s-)— . (s) represents an allowable
bet is, in this case, somewhat questionable. However, one could argue that, since the process .# has reached the
maximum possible value—that is, + co—in the situation s, it cannot increase any further, hence there is no need
for any constraints on the process’ future value.

That the allowable bets f in some situation s € Z'* are characterised by the condition that 6 (f)<0, agrees
with the behavioural interpretation of (boundedly) coherent upper expectations. To see this, we hmlt ourselves
to the domain ¥ (%) and recall that Q (f) = Q,(f), for any f € £(Z), can then be interpreted as a subject’s
infimum selling price for the gamble f. So the subject, being the forecasting system in this case, is willing to offer
the gambles that have negative[ﬂ upper expectation. We can then take the subject up on his commitments by
accepting its offer and selecting one such gamble. Moreover, since the upper expectations Q, are assumed to be
(boundedly) coherent, the associated sets of available gambles will also satisfy certain rationality axioms. We

8To see this, note that the definition of an upper expectation in Reference [20] is different from the one we adopt here.
9In the interest of brevity, we ignore in our discussion of the interpretation the special case where we have zero upper expectation. See [12]
for more details about this special case.
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refer to an earlier paper by one of us [12] for a more elaborate discussion of how Walley’s behavioural approach
can be related (in a slightly different context) to the game-theoretic one proposed by Shafer and Vovk.

Our definition of the global game-theoretic upper expectation—and the one considered by Shafer and Vovk—
will be based on bounded below supermartingales, not only because it allows for a sensible interpretation as
we have explained above, but also because of more technical reasons, which we discuss in [20, Section 8]. So let
M, be the set of all such bounded below supermartingales. For any ./ € M,, we then use liminf./ to denote
the extended real global variable that assumes the value liminf,,_,, ., .#(w") in each w € Q. We also write, for
any situation s € ™ and any two f and g in V, that f >, g if f(w) > g(w) for all paths w € I'(s). The global
game-theoretic upper expectation Ey: V x 2* — R can now be defined as

Ey(fls):=inf{.(s): .# €My and liminf./ >, f} forall f eVandall s € 2.

The corresponding game-theoretic lower expectation Ey, is again defined by conjugacy; so Ey(f|s) = —EV —fls)
for all f €V and all s € 2*. For a concrete and detalled motivation and interpretation for the operator Ey, we
refer to [4} 5, 20]. Essentially, the upper expectation Ey(f|x,.,) can once more be seen as an infimum selling price
for a variable f €V conditional on the fact that we have observed some history X; = x;, X, = X,,-++, X,, = X,, of
the process. It is based on the assumption that we should agree to sell f for any starting capital .#(x;.,) such
that, by appropriately betting against the forecasting system from x;., onwards, we manage to end up with a
higher capital than what we would receive from f, regardless of the path w €2 taken by the process. Indeed, it
is reasonable to state that such a starting capital .# (x;.,,) is worth more than the uncertain (possibly negative)
payoff corresponding to f. The global game-theoretic upper expectation Ey(f|x;.,) is the infimum over all such
starting capitals.

As we will briefly discuss in Section |7 l the global game-theoretic upper expectation Ey satisfies various,
remarkably powerful properties. In particular, it satisfies[PI{P5} [P37] [P6|and[P7} which allows us to state our main
result: that Ey is the unique most conservative upper expectation E, in E,_5(Q). Our proofs for these results are
heavily based on our work in [20]. The setting there is entirely the same as the one described in this section, with
the exception that we generally do not impose[C9|on the local models in [20]. It will soon be clarified why we
have made this distinction; for the moment, it suffices to see that the setting in [20] is more general and therefore,
that the results in [20] obviously remain valid here.

Proposition 5. Ey is an element of Ey_5(Q) and furthermore satisfies[P37 [P6 and[p7]

Proof. We prove that Ey satisfies and Axiom follows immediately from [20} Proposition 14]
which, in particular, says that E(f]x.,) = Qy,,, (f(x1.,")) for any situation x;., € Z* and any (n + 1)-measurable
gamble f. Indeed, for any h € £(Z'), h(X,,) is an (n + 1)-measurable gamble, so it follows from [20} Proposi-
tion 14] that Ev(h(Xn+1)|x1 )= Qxl (h). To prove[P2} observe that liminf.# >; f if and only 1f11m1nf//l >, I
for all f €V and all .# € M. The desired equality therefore follows directly from the definition of Ey. [P37} and
hence also[P3} follows immediately from [20, Theorem 15]. Property[P4]follows from [20, Proposition 13(V4)]
which says that Ey satisfies the stronger property that E(f|s) <E(g|s)if f <; g forall f,geVandall s € Z™*.
Furthermore, [P6]and [P7|follow from, respectively, [20, Theorem 32] and [20, Proposition 28]. Note that, in
these results, the definition of V}, ;;,, seems to be slightly more general, since it there also includes pointwise
limits of possibly extended real finitary variables. However, according to [20, Proposition 30], any such limit of
extended real finitary variables is in fact also a pointwise limit of n-measurable, and therefore finitary, gambles.
So both our definitions of Vi, j;,, are equivalent, therefore indeed allowing us to apply the results in [20] here.
Finally, Propertyfollgws from [20} Corollary 25], which says that, for any sequence {f,} ey, in ¥, that is
uniformly bounded below, Ey(liminf,,_, . f,|$s) < liminf,_,, ., Ey(f,|s). Indeed, in the special case that { f,} ,en,
is a sequence of finitary gambles that is uniformly bounded below and converges pointwise to some variable
f €V, this implies that Ey(f|s) <liminf,_,, « Ey(f,|s) <limsup,,_, oo Ev(f,l5)- O

Theorem 6. There is a unique most conservative upper expectation k Eyin El 5(Q) and. it is the global game-theoretic
upper expectation Ey. Furthermore, if an upper expectation E in E,_5(Q) satzsﬁes. . andn then it is equal
to this most conservative upper expectation E,, and therefore also equal to Ey .

Proof. Immediately from Theorem[4]and Proposition[5] O
12



7. On the Implications of Theorem 6

Shafer and Vovk define their game-theoretic upper expectations using supermartingales. Their definition has
a constructive flavour and can be given a clear interpretation in terms of capital processes and betting behaviour.
However, it requires that one allows unbounded and even infinite-valued bets, which we find more questionable
from a behavioural point of view. Furthermore, a complete axiomatisation of Ey is, to the best of our knowledge,
absent from the literature. Theorem|6|addresses both of these issues. First, it provides an abstract axiomatisation
for Ey usmg- .andnln addition toﬂ-. 5 Most importantly, however, Theorem@]prowdes an alternative
definition— and 1nter retatlon—for Ey as the most conservative upper expectation E, under a limited set of
intuitive properties: 5, This strengthens the argument in favour of using Ey as a global upper expectation,
because it can now be Inotlvated from both a game-theoretic point of view and from a purely axiomatic point
of view. Readers need not even be familiar with the concepts of game-theoretic probability in order to use Ey
as global upper expectation. Put simply, they only have to agree on the axioms And even if they wish
to impose additional axioms, then Ey would still serve as a conservative upper bound for their desired (upper)
expectation.

Still, recalling our assumptions about the extended local models QT one could regret the fact that we are
only considering a special case of what is generally being done by Shafer and Vovk; an upper expectation QT on
() satisfying|E1 . . does not necessarily have to be an extension of a coherent upper expectation Q, on £(Z’)
satisfying[C8|and[C9} see [20, Example 1]. However, this restriction in generality actually turns out to be rather
desirable. Indeed, as we show in [20], compatibility of local and global game-theoretic upper expectations—a
property that we find essential—can only be obtained if we limit ourselves to extended local models Ql of the
form that we have described earlier, that is, boundedly coherent and satisfying|[C8and[C9}

That said, as mentioned before, we do not a priori impose[C9|on the local models in [20]. In that paper, we
mainly focus on the mathematical properties of global game-theoretic upper expectations and most of these do
not require[C9] Furthermore, by dropping this axiom, we can allow for more general local models than Shafer
and Vovk, who impose[EIHE5| Nevertheless, in this less mathematical and more philosophical contribution, we
do impose|C9|on the local models because, practically speaking, we always want local and global belief models
to be compatible; see for example Section[d] where we considered it self-evident that[P1]should be desirable.
Note however that Theorem@]actually does not depend on whether the extended local models QT satisfy[C9} On
the one hand, because E, only depends on the (boundedly) coherent local models Q;, and on the other hand,
because Ey only depends on what the values of the extended local models Ql are on the restricted domain Z,,(2).
The latter can easily be seen from the fact that Ey is defined using supermartingales that are bounded below; we
refer to [20] for more details.

8. Additional Properties

Of course, there is more to an uncertainty model than an axiomatisation or an interpretation, however
compelling they may be. In order to be practically useful, its mathematical properties should also be sufficiently
powerful such that inferences can be computed or approximated efficiently. For instance, the popularity of the
Lebesgue integral as a tool for defining expected values, is in part due to its strong continuity properties (e.g.
the Dominated Convergence Theorem [I}[16]). What may perhaps be somewhat surprising, is that despite the
simplicity of our axioms our most conservative model E, also scores well on this count. For example, it
satisfies the following generalisation of bounded coherence. Its proof, as well as the proofs of the other results in
this section, follows immediately from the fact that E, coincides with Ey and the fact that these properties hold
for Ey, as is shown in [20].

Proposiiion 7. [20} Proposition 13 and Theorem 15] Forall f,g € V,allre Rso, ally e R, all n € Ny and all
s € X'*, E, satisfies

VL. infoer) f(@) <EA(f15) S EA(f15) < supers) f (@);

V2. Ea(f +gls) <Ea(f1s)+Ea(gls);
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V3. Ea(Af]s)=AEA(fls);
V4. Ez(f +pls) =Ea(f1s)+p.
V5. Ea(f1X1:0) = EA(BA(f [ Xai1)| X )-

Another important result, better known as Fatou’s Lemma, shows that the upper bound imposed by property
for a global upper expectation E(f|s) of a variable f € V}, ;;,, need not be attained by the most conservative
upper expectation E, in E,_5(Q). Interestingly enough, it can be replaced by a generally tighter one, which is
established in the following lemma.

Lemma 8. [20, Corollary 25] Forany s € Z* and any sequence {f,,} ,en, in Vy, that is uniformly bounded below,
EA(hm infn—»-*—oo fn | S) <lim infn—)+c><> EA(fn | S).

The following theorem states that E, satisfies continuity with respect to non-decreasing sequences of bounded
below variables and with respect to non-increasing sequences of finitary, bounded above variables.

Theorem 9. [20, Theorem 23 and Theorem 31]

i. Foranys € %™ and any non-decreasing sequence{f,} e, in Vy, that converges point-wise to a variable f € Vy,
we have that Ey(f|s) =1im,,_,co EA(f,]$).

ii. Foranyse Z™* and any non-increasing sequence { f,},en, of finitary, bounded above variables that converges
point-wise to a variable f €V, we have that Ex(f|s) =1im,,_, .o Es(f,5).

Apart from the brief overview above, Ey = E, also satisfies a weak and a strong law of large numbers, a law of
the iterated logarithm, Lévy’s zero-one law, and many more surprisingly strong properties; we refer the interested
reader to Shafer and Vovk’s work [5,[17] and to ours [20} [21].

9. Measure-Theoretic Belief Models

In contradistinction with the game-theoretic approach, where the central concept is that of a supermartingale,
the measure-theoretic approach relies on o -additive probability measures in order to describe the global dynam-
ics of an uncertain process. In a precise probabilities context, this global measure is usually obtained by extending
the information that is included in the (precise) local models, now represented by probability mass functions on
Z , using Ionescu Tulcea’s extension theorem [I, Theorem 2.9.2]. This consists of two consecutive steps. First, a
probability measure on the algebra generated by all cylinder events is constructed in a straightforward manner,
by combining local (conditional) probabilities using the well-known product rule. Subsequently, this probability
measure is extended to a probability measure on the o-algebra % generated by all cylinder events, which, ac-
cording to Carathéodory’s extension theorem [6, Theorem 1.7], can be done uniquely. Linear expectations are
then typically obtained by Lebesgue integration and by restricting the domain to (random) variables that are
measurable with respect to the o-algebra 7.

This traditional measure-theoretic approach has a few shortcomings however. First of all, it only considers
the special case where each local model is represented by a single probability mass function on &'. Hence, we
cannot directly apply it here in our more general, imprecise probabilities setting. Secondly, the domain of the
expectation operators is restricted to measurable (random) variables and therefore, no explicit information is
given about non-measurable variables. Thirdly, by condensing all local probability mass functions into a single
global probability measure, we disregard part of the information that is incorporated in the local probability
mass functions. More specifically, the part that describes the process’ dynamics conditional on the fact that its
path will lie in a set of probability zero (with respect to the global probability measure). Indeed, conditional
probabilities and expectations are typically derived from the global probability measure using Bayes’ rule, yet, for
those cases where the conditioning event has probability zero, the conditional probabilities and expectations
become ill-defined or are chosen arbitrarily; see[Appendix Aland [1} 3].

In this section, we aim to adapt the traditional measure-theoretic approach to our setting and deal with these
problems in a satisfactory manner. As a first step, we will limit ourselves to the precise case and try to resolve
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the last two issues mentioned above. The global probability measure on .7, which is the starting point for the
traditional approach, will be replaced by a ‘conditional probability measure’ in the sense of [13} Definition 6].
Essentially, such a conditional measure specifies a probability measure on .Z for each situation s € Z'*, which
describes the global dynamics of the uncertain process if we are sure that the path w taken by the process will
pass through this situation s. This will enable us to also meaningfully define linear expectations conditional
on situations that have probability zero. Subsequently, we will extend the domain of these conditional linear
expectation operators to all global variables V by taking a particular upper integral leading to an upper expectation.
As a final step, we allow for imprecision in the local models by considering a set P, of probability mass functions
on & in each situation s. We can then apply the foregoing course of reasoning for each possible selection
p:seZ*— p(-|s) of local probability mass functions, where, in each situation s, the selected probability mass
function p(-|s) belongs to P. Hence, instead of a single upper expectation operator, we now obtain a set of them.
The global measure-theoretic upper expectation E,,.,s will then be defined as the upper envelope of all such
‘compatible’ upper expectation operators, similar to what is done on a local level.

The resulting operator E e, will satisfy which implies by Theorem@that the upper expectation Ey—
and therefore also Ey—is an upper bound for E,,.,s. Moreover, if all local models are precise, all upper expectation
operators E,, Ey and E,s will be shown to coincide.

Precise Probability Trees

In this subsection, we consider a precise probability tree p, that is, amap p: s € Z*— p(-|s) where each p(:|s)
is a probability mass function on 2. Recalling our considerations in Section[2} each mass function p(:|s)isin a
one-to-one correspondence with a linear expectation Q on .£(2), so we could just as well have started from an
imprecise probability tree Q where all local models Q, are linear on .2(2’). However, we prefer to start with p
because it is in accordance with the traditional measure-theoretic view towards uncertainty, where probability
measures or charges—and therefore also probability mass functions—are considered to be primary objects.

As mentioned above, we aim to construct a conditional probability measure that allows us to condition on
any situation s € Z* meaningfully. To do so, we follow the same reasoning as proposed in [13} Chapter 3]. First,
we define, for any x,., € Z*, a probability charge P(:|x;.,,) on the algebra generated by all cylinder events. This
can be done in a simple and intuitive manner [13} Lemma 14]: for any m € N, and any C € 2", we let

—1 .
l—[:in p(zi+1|zlzi) if n<mand Z1:n = X1:n

P(C|x1:n) = Z P(Zl:mlxl:n)! where P(zl:mlxlzn) = 1 if nzm and 21:m = X1:m (6)

Z1m€C 0 otherwise,

where we use the shorthand notation P(C|x;.,) for any C € 2™ to mean P(U, <cI(21.5,)|%1.,), and where we
did not make any particular distinction between the notations z,.,, and {z,.,,}. Since each P(-|x,.,,) defined in
this way is a (finitely additive) probability charge on the algebra generated by all cylinder events [13} Chapter
3], and therefore automatically a o-addive probability measure on this algebra [3} Theorem 2.3], we can use
Carathéodory’s extension theorem [6, Theorem 1.7] to extend each P(:|x;.,,) to a unique o -additive measure on
the o-algebra 7 generated by all cylinder events. Then, according to [13} Theorem 15], we can gather all such
probability measures P(-|x;.,,) to obtain a single conditional probability measure P: & x Z* — R [13} Definition 6],
which is coherent in the sense of [13} Definition 5]. This notion of coherence is related to the bounded coherence
condition in Section 2} both notions represent rational behaviour, but, the version used in [13} Definition 5] is
adapted to probability measures and involves conditioning on events.

Before defining our global measure-theoretic (upper) expectation, we first recall the following concepts
about measurability and integration; we refer to[Appendix Alfor a more elaborate introduction. We say that a
global variable f €V is .Z -measurable if, for all ¢ € R, the set {w € Q: f(w) < ¢} is Z-measurable, meaning that
it is an element of the o -algebra #. We will commonly use the properties that % -measurability of variables
is preserved under taking maxima or minima (this follows immediately from the fact that the class of all Z-
measurable sets is closed under countable unions and intersections [22} Section I1.4]) and that % -measurability
is preserved under pointwise convergence of variables [22, Theorem II.4.2]. Moreover, recall that the Lebesgue
integral f o dPy [1,13,[16] with respect to any (unconditional) probability measure P, on 7 always exists if f
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is .Z -measurable and either bounded or non-negative. However, for a general .Z -measurable variable f €V,
the integral only exists if min{fQ erdPu,fQ f~dP.} < +oo, where f*:= f¥0 and f~ := —f"0. In that case, we
let fQ fdp, = f oftdP,— f qf dP,. Then, because the Lebesgue integral is trivially real-valued for a bounded
Z -measurable variable (this can for instance be deduced fromM1]and[M2]in[Appendix A), it can easily be seen
that fQ fdP, also always exists for an .Z -measurable variable f € V.

We now adopt an approach that is similar to what is done in a traditional context, defining expectations as
Lebesgue integrals. An important difference, however, is that we integrate with respect to a probability measure
that depends on the conditioning event. Concretely, we define the measure-theoretic expectation E s ,(f|s) of an
Z -measurable variable f € V conditional on the situation s € 2°* by the Lebesgue integral f o fdPs with respect
to the (unconditional) probability measure Pj; := P(:|s), provided that fQ fdPy exists. The expectation E e, ,(-|0)
then corresponds to the unconditional expectation as introduced in traditional measure theory. The subscript p
in Epeas,p 18 used to remind us that E ¢, , depends on the precise probability tree p. Since Eyeqs,, is defined in
terms of the Lebesgue integral, it inherits several properties of this integral; again, we refer to[Appendix A|for
more information. The following is a subset of these properties—simplified and applied to E e, ,—that we will
need in the main text. We take s € 2™ to be any situation and implicitly assume that the considered expectations
exist.

MI} Emeas,p(@f + b|$)= GEmeqs p(f|s)+ b for all F -measurable variables f € Vandalla,b eR.
M2l f < g = Emeas,p([15) < Emeas,p(gls) for all #-measurable variables f, g € V.

Consider any non-decreasing sequence { f,, } ,en, of 7 -measurable variables in V. Ifthereis an & -measurable
function f* such that E ey, (f*[s) > —00 and f, > f* for all n €Ny, then

nligrnooEmeas,p(fnb): Emeas,p(fls) where nggloo fn = f

[M3l Consider any non-increasing sequence {f,},en, of .7 -measurable variables in V. Ifthereis an .Z -measurable
function f* such that E ey, (f*[s) < +00 and f, < f* for all n €Ny, then

nllgrnm Emeas,p(fn|s) = Emeas,p(fls) where nggloo fn = f

Now that our measure-theoretic definitions are in place, we aim at relating the expectation Eye,s,, to our
upper expectation operator E, discussed in the earlier sections of this paper. For the sake of clarity, we will use E, ,
to denote our upper expectation E, corresponding to the imprecise probability tree Q associated with p; so each
Q, is defined by Q,(f):= er% f(x)p(x|s) forall f € £(Z'). We first focus on the domain of all & -measurable
variables in V. This seems appropriate because, though we cannot guarantee existence of the integral f ofdPs—
and therefore also E e, (f|s)—for a general 7 -measurable variable f €V, it can always be guaranteed for an
& -measurable variable f €V}, as we have explained earlier. It will turn out that both operators Eyne,s , and Ey
coincide on the domain of all % -measurable variables in V.

To prove this, we base ourselves on [5, Theorem 9.3]; a result by Shafer and Vovk—yet the essential idea
originates from Jean Ville—that shows that game-theoretic and measure-theoretic (upper) expectations coincide
on .7 -measurable gambles, in case we are considering precise probability trees. Proposition[10|below establishes
the equality of EA,p and E a5, 0N this domain and therefore, due to Theorem@ also of Ey and Eeas,p- Though
the proof of Proposition [10]is based on the same principles and ideas as those that underly the proof of [5,
Theorem 9.3], they are stated in a somewhat different setting and, for an unexperienced reader, it may therefore
not be entirely clear how both are related to each other. Moreover, our result here also applies to conditional
expectations, whereas [5, Theorem 9.3] only considers the unconditional case. We have therefore decided to
include a self-contained proof of Proposition[10]in[Appendix B} starting from Ville’s martingale theorem.

Proposition 10. For any 7 -measurable f €V and any s € Z*, we have that E a5, (f15) = EA,p(fls).
The next result extends the domain of the equality to all & -measurable variables in Vy,.

Theorem 11. For any Z -measurable f €V, and any s € 2°*, we have that Emeas,p (f$) :EA‘p(f|s).
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Proof. Consider any f € V,, that is .Z-measurable and any s € 27*. Because f is bounded below and .Z-
measurable, E . ,(f]s) exists. We can moreover assume that f is non-negative without loss of generali
because it is bounded below and both E ¢, , and EA p are constant additive with respect to real constants; see
and. V4, Consider now the non-decreasing sequence {f""},cy, of upper cuts and note that each f"" is bounded
and .Z -measurable; this follows from the fact that % -measurability is preserved under taking minima. Using
-—which we are allowed to use because E eqs,, (f N|s) is real (since f° is bounded) and because {f MY en, 18
non-decreasing—we have that E e, , (f15) = 1imy, .1 00 Emeas,»(f""[$). As a consequence,

Emeas,p(fls) = nl—l}-Poo Emeas,p(f/\nls) = nl—iLIlooEA’p(fAn'S) = EA,p(flS),
where the second equality follows from Proposition[10]and the third one from Theorem|9jfi). O

Next, we want to drop the condition of .Z -measurability and generalise towards the domain V of all global
extended real variables. So we are looking for an upper expectation operator that appropriately extends Eyeas
to the entire domain V x 2*. Inspired by Theorem[11} we simply suggest the following upper integral:

Eéleas,p(ﬂs) = inf{Emeas,p(gls): g €V,, g is Z-measurable and g > f} forall feVandse2™

That it is valid to write Ecqs,,(g]$) for any g € V}, that is & -measurable, follows from the fact that E cqs, p(gls)=
fQ gdP; is guaranteed to exist for such a variable. Let us now show that E}neas, p is indeed an extension of Eeas, -

Proposition 12. Forany f €V and any s € 2'*, we have that E}neas,p(fls) = Emeas,p(f18) if Emeas,p(f1$) exists.

Proof. Suppose that Eca ,(f5) exists, which means that the variable f is .7 -measurable and that E cas ,(f )
Of Eeas,p(f7|5) is real-valued. By the monotonicity [M2] of E . ,, we immediately have that

Elneas,p(fls) = inf{Emeas,p(g|s): g €V,, g is Z-measurable and g > f} > Eneas,p(f15)- @)

If Eppeas,p(f |s) = +00 and therefore E eqs , (f 7|5) € R and Epeqs , (f|5) = +00, the desired equality follows trivially
from Equation (7). We proceed to show that this is also the case if Eyeqs,,(f|5) < +00.

Consider the non-increasing sequence {f'~"} ey, of lower cuts of f. Then, for any n €N, the global variable
f¥=" is bounded below and . -measurable. Hence,

E,Leas,p(fls) = inf{Emeas,p(gls): g €V,, g is Z-measurable and g > f}

< nlgl\ﬁ, Emeas,p(fv_n ls)= nl—l»I-Poo Emeas,p(fv_nls) = Emeas,p(fls)’

where the second equality follows from the non-increasing character of the sequence {f"~"},cy, and the mono-
tonlclty of Emeas,p» and the final equality follows from 9 which we can use because f¥~" < fV0 = f* for
allneN, and Emeas,p(f F1s) < +00 by assumption. Comblnlng this with Equation (7), the desired equality again
follows. O

Our next result shows that Erlneas, p 1s in fact the most conservative extension of Eje, , that satisﬁes

Proposition 13. Elneas, p IS the most conservative extension of Epe,s , that satisﬁes

Proof. Fixany f €V, any s € 2* and any E; :Vx 2* —R that satisﬁesand that coincides with Eyes , On its
domain. Then,

Emeas p(f15)= inf{Emeas,p(gls): g €Vy, g is Z-measurable and g > f}

= inf{E;(gls): g €V, g is Z-measurable and g > f} > E;(fls),
where the second equality follows from the fact that E e, (8]$) exists for any # -measurable variable g € Vb,
and the inequality follows from the fact that E satisfies monotonlclty [P4]. Hence, the proposition now follows

immediately from the fact that, due to Proposition . Emeas p itself is an extension of E ¢, , and the fact that
E;eas p satisfies[P4because Eeqs  is monotone [M2]. O
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In Section[4} we argued that[PIHP5|are desirable for a global upper expectation and, under those axioms, we
put forward the most conservative upper expectation as our model of choice. Now, Proposmon.guarantees
that Emeas p is the most conservative extension of E ¢, , Only under. P4l So it may very well be that Emeas p does
not necessarily satisfy the axioms[P1HP5] Since we consider these axioms to be desirable, that would mean that
Erlneas p 1s a too conservative extension of E 4, 5, in the sense that it results in an unwarranted loss of 1nformat10n.
Our following result assures that this is not the case; the extension Emeas p» coincides with EA p and hence, EmeaS p

is guaranteed to satisfy[P1IHP5]
Theorem 14. Forany f €V and any s € Z'*, we have that Eheasyp(fls) =B, (f1$).

Proof. Forany f €V and any s € 2*, we immediately find that

Emeas, p(f15)= inf{EmeaS,p(gls): g €Vy, g is Z-measurable and g > f}

= inf{EAyp(gls): g €V,, g is Z-measurable and g > f} >Enp(f1s),

where the second equality follows from Theoremand the inequality from the monotonicity [P4] of Ep p- 1o
show that the converse inequality holds, we will use the fact that E, p satisfies[P7] (this follows from Proposmonl
and Theorem|[6).

Consider any g € V}, ;.. Since g is the pointwise limit of a sequence { 8n}nen, of finitary gambles g, € Vj,
and since any finitary gamble is clearly . -measurable, g is the pointwise limit of a sequence of Z-measurable
global gambles. Then it follows that g itself is also % -measurable (Z -measurability is preserved under pointwise
convergence). Furthermore, by the deﬁnltlon of Vb lim» & 18 also bounded below. Hence, E cas,,(g1$) exists and
due to Theorem we have that EA p(818) = Eeas,p(gl$). Since Emeas p is an extension of E e, p by Prop031t10n
this implies that E, ,(g[s) = Eé,easv »(g1s). We conclude that

Eap(f15)=inf{Ey ,(815): € € Vijimm and g = £} =inf{Emeas, p(815): 8 € Viyjim and g 2 £ } 2 Epeas, (£15)

where the first step follows fromand the last step follows from the monotonicity of Eéleas’ » (as established
by Proposition[13). O

Theoremdoes not only show us that E;’leas, p satisfies but also, and more importantly, that it is the
most conservative global upper expectation satisfying Furthermore, if we combine Theorem[14] with
Proposition it can also easily be seen that it is the most conservative extension of E s, satisfying

Corollary 15. Er{jeas, p IS the most conservative extension of Emyeqs p that satisﬁes

Proof. We know from Proposmonthat Enmeas, p is the most conservative extension of Eneq  that satisfies[P4]
This 1mp11es in partlcular that EmeaS p is more (or at least as) conservative than any extensmn Of E a5, that
satisfies[PTHP5} Since Epeas, p itself satlsﬁesdue to Theorem|14] it follows that Enmeas, p is indeed the most

conservative extension of Epeqs , satisfying[P1HP5| O

Another interesting consequence of Theoremand Propositionis that E, p turns out to coincide with
Emeas,p ON the entire domain where it is defined, or, in other words, our model E, ,, is an extension of the traditional
measure-theoretic expectation Eeq -

Corollary 16. Forany f €V and any s € 2*, we have that EAp(ﬂs) = Emeas,p(f18) if Emeas,p(f1$) exists.
Proof. Immediate consequence of Theorem[14|and Proposition O

Now, before we continue to consider the more general case of imprecise probability trees, we briefly want to
come back to our choice of the extension E}neas, »- Recall that we defined it as an upper approximation—called an
upper integral—with respect to all .# -measurable variables in V,. However, one could rightfully wonder why
we approximate with respect to this particular domain. It turned out to be a suitable choice, as Corollary[15|
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shows, but there was a priori no concrete reason for doing so. We could just as well have adopted the following
alternative upper integral{’']

Emeas, p(f15) = inf{EmeaS,p(gls): 8 €V, Epeas p(gl$) exists and g > f} forall feVandse2™

The upper € expectatlon Emeas p isan extensmn Of Epeas,p because Epeqs, ), IS monotone [M2]. Moreover, it 1s also
clear that EmeaS p(f1s) is dominated by Em%IS p(fls)forall f e Vandall s e 2* because the infimum in EmeaS p
is taken over an equal or larger set than the set over which the infimum is taken in Emeas »- Hence, one could
be tempted to adopt the upper integral Emeas p instead of Emeas p with the aim of obtaining a more informative
extension—recall that we regard higher upper expectations as less informative. However, it can straightforwardly
be shown that this is only vain hope.

Proposition 17. We have that Epeq, p(fls)= Bl s, p(fls) forall f eV andall s € Z*.

Proof. Fixany f € V and any s € 2*. That Emeas p(fls)= Erneas p(fls) follows immediately from the fact that
Emeas,p(g1$) exists for each .7 -measurable variable g € V,, and therefore, that the infimum in Emeas p(f1s)is taken
over a set that is at least as large as the set over which the infimum is taken in Emea1S p(f1s). On the other hand, we
have that

Er?neas,p(fb) = inf{Emeas,p(g|S): g€ V’ Emeas,p(gls) exists and g2 f}

—lnf{ meas, p(gls) g EV Emeas p(gls) exists andg >f} >Emeas p(f|5

where the second equality follows from Propositionand the inequality follows from the monotonicity of Eéleas’ p
(see Proposition|13). O

Hence, both measure-theoretic extensions Emeas p and EIrleas p are equal and therefore, by Theorem. 14} both
of them coincide with our model E,, » which, on its turn, coincides with the game-theoretic upper expectation Ey
according to Theorem|6] In summary, we conclude that, if the local models are precise, all of the three possible
approaches—the game-theoretic, the measure-theoretic and ours—are equivalent.

Imprecise Probability Trees

Let us now turn to the general case where we consider an imprecise probability tree Q for which the local
models Q, are (boundedly) coherent upper expectations that are not necessarily self-conjugate. As we have
explained earlier, these local models can equivalently be represented by sets P; of probability mass functions on
%X, where P :=P;_is related to Q, according to Equations (I) and @) for all s € 2*. We call a precise probability
tree p: s € 2* — p(-|s) compatible with the imprecise probability tree Q and write that p ~ Q if p(-|s) € P, for all
s € 2*. In other words, a compatible precise probability tree p ~ Q corresponds to a possible selection, where
alocal probability mass function p(:|s) is chosen from the set P, for each 51tuat10n se 3&” *. Now, for any such
compatible tree p ~ Q, we can consider the global upper expectation E,eas = Emeas p= Emeas p as defined in the
previous section. Hence, instead of a single upper expectation, we now obtain a set of compatible global upper
expectations. We define the global measure-theoretic upper expectation E ., as the upper envelope over all such
compatible upper expectations:

meas(fls) _SUP{ measp(fls) p~ Q} for allfeVandse%*

This definition is in correspondence with the usual measure-theoretic view towards imprecision where it is
regarded as partial information about a single, unknown probability measure. Upper (and lower) expectations

10This upper integral seems to be the one used by Shafer and Vovk in [5] Chapter 9].
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are then considered as upper (and lower) bounds on the set of all ‘possible’ linear expectations. A similar, yet
unconditional version of this measure-theoretic upper expectation is also adopted by Shafer and Vovk in [5}
Chapter 9].

As we will now show, the measure-theoretic upper expectation E,,., satisfies our amomsﬂ-. This implies,
by Theorem @ that E ey is always dominated by the global upper expectation E,, and therefore also by Ey.
Moreover, that the operator E, ., is entirely based on a measure-theoretic view towards uncertainty, yet turns
out to satisfy our axioms[PIHP5} can only be seen as an additional motivation for the use of these axioms.

Theorem 18. The global measure-theoretic upper expectation Ey,e,s is an element of E,_5(Q).

Proof. To show that[P1|holds, consider any f € £(2) and any x;.,, € 2*. Since f(X,,,,) is bounded and clearly
g'measurable’ we have' for any p ~ 6’ that Emeas,p(f(Xn+1)|xl:n) exists and therefore that Emeas,p(f(Xnﬁ-lﬂxl:n) =
Emeas,p (f (Xp11)1 %1:4), due to Proposition Moreover, using P, (x,41) to denote P, (U, canI(21.,Xp41)) for
any x,.; € 2, itis clear that E yeqs p (f (X41)| %1:0) = Zx,,+1€,%‘ F(Xp41)Ppy,, (X541)- It also follows immediately from
the construction () of P, = P(:|x,,) that P, (x,41) =Py, (X1:041) = p(Xy411%1.,) for all x,,,; €  and p ~ Q.
Hence,

{ meas, p(f(Xn+1)|x1:n): p Na}
Sup{Emeas p(f n+1)|x1:n): p Na}

{ Z Fxp)p(XpalX10): p~ Q}

xn+16(%

meas f(Xn+1 |x1 :n)=Sup

= Sup{ Z f(xn+1)p(xn+1|x1:n): p(’lxl:n) € Px,;n} :ax,:n (f)r

Xn+1 =

where the last step follows from the relation between P, and Qx1 which is given by Equation @).

The remamlng propertlescan be easily derived from the definition of Emeas and the fact that, due to
Corollary[T5] these properties are satisfied by each compatible E¢q, p- For Properties[P2|and[P4]this is immediate.
To see th P3|holds, consider any f € Vg, and any n € N,. Note that, for any compatible tree p ~ Q and any
X1., €X', we have that Emeas,p(ﬂxl_n < Emeas,p(Emeas,p(f|X1_n+1)|an) because Emeas,p satlsﬁes 3| Hence,

Emeas(f|xl:n) = SUP{ meas, p(f|x1 n) p~ Q} < SUP{ meas p(Emeasp leI n+1)|x1 n) p~ Q}
< Sup{Emeas,p(Emeas(f|X1:n+l)|x1:n): p~ Q}
= Emeas(irneas(f|Xl:n-*—l)l-xf-l:n)r
where the second inequality follows from the monotonicity [[P4] of Emeas p and the fact that Emeas p(flz1n41) <
Ineas(f|z1 2e1) forall p ~Q and all zy.,,, € 27!, The inequality above holds for any x;., € Z'", so we indeed find
that Eneas(f1X1:1) < Emeas(Emeas(f 1 X1:n+1)1 X1. - To prove[P5} we consider any s € 2* and any sequence {fu}nen,
of finitary gambles that is uniformly bounded below and that converges pointwise to some variable f € V. For

any compatible tree p ~ Q, Epeas satisﬁes and therefore, Epeas p(f1s) <limsup,,_, oo Emeas p(fu|$). Then we
also have that

Emeas(f|s) = Sup{Emeas,p(f|S): p NG} < Sup{limfupﬁmeas,p(fnh)z p NG}

<sup{hmsup[8up{ meas, p’ fnls) p QHPNG}

n—-+00

=1imsup [sup {Emeas p (ls): P/~ Q} | =l SupErne(fyls). O
n—

n—+oQ

As mentioned before, the result above implies, in combination with Theorem@ that Ee,s is dominated by
our model E,.
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Corollary 19. We have that Epeas(f|5) <Ea(fls)=Ev(fls) forall f €V and all s € 2°*.
Proof. Immediate consequence of Theorem|[6|and Theorem|[18] O

Corollary extends upon an earlier result by Lopatatzidis et al. [I3} Theorem 33], which says that E,,¢.s(f]5) <
Ey(f]s) for all s € Z* and some specific variables f in V}, ;;,,. The definition of Ey in [I3] slightly differs from ours
though. The version in [13] is always larger or equal than—so at least as conservative as—ours because they work
with supermartingales that can only take real values; see [20, section 8] for more details. Hence, Corollary[19]
certainly implies [13} Theorem 33]. Another existing result that is strongly related to Corollary[19]is due to Shafer
and Vovk [5, Proposition 9.8], which seems to say that E.,,(f]0) < Ey(f|0) for all bounded below variables
f € V. Since our result applies to all f € V and all s € 2*, our result would in that sense be stronger than
theirs. However, it is not immediately clear whether we can actually draw such conclusions. Unlike in our case,
Shafer and Vovk [5} Section 9.2] do not require that, for each possible situation, a local model should be specified
beforehand. To put it in their terms: Forecaster need not declare to Skeptic beforehand—that is, before the game
starts—which local upper expectations he is going to choose. Instead, Shafer and Vovk only start off with a set Q
of local upper expectations from which, at each situation, Forecaster can choose. Since this set QQ is moreover
required to be constant throughout the whole game, this crucially implies that we, as subjects outside the game,
are unable to specify Forecaster’s moves—and hence, the choice of the local upper expectation at each situation.
The global game-theoretic upper expectation will therefore not depend on Forecaster’s moves, but rather only on
the set Q. Moreover, both of their global models—their global game-theoretic upper expectation and their global
measure-theoretic upper expectation—are defined on variables with a domain that differs from (2. Besides the
fact that we find it far from trivial how this whole framework relates to ours here, they also impose some relatively
strong toplogical conditions on the set Q. Hence, all together, in order to draw a fair comparison, we feel like a
closer look is required. We hope to clarify this in our future work.

Moving on, the inevitable question that comes to mind when looking at Corollary[19]is whether the inequality
can be turned into an equality. We are aware of two partial answers. On the one hand, Shafer and Vovk seem to
establish in [5, Theorem 9.7] that E,,,.,s(f|0) = Ey(f|0) for all Suslin gambles f € V; this includes all Z -measurable
gambles and is therefore a very strong result. However, here too, as before, their framework differs substantially
from ours and the result requires additional topological assumptions. It is therefore again not immediately clear
if, and how, it translates to our context; we leave this for future work. On the other hand, we also have a result
by Lopatatzidis et al. [I3, Theorem 29] that shows that E..s(f|s) = Ey(f|s) for all s € 2°* and all n-measurable
gambles f—and therefore all finitary gambles f in Vi;,. Here too, however, the result is not immediately applicable
because —as explained directly after Corollarythe version of Ey that is used in [13] differs from ours. We
therefore give a self-contained proof instead. Nevertheless, our ideas and techniques are essentially the same as
the ones that were used to obtain [13} Theorem 29].

We start by showing that E, e, satlsﬁes ~| the desired equivalence result will then follow as an immediate
consequence.

Lemma 20. The upper expectation E e, satisﬁes

Proof. Consider any f € Vy,. Let n € Ny be such that f is n-measurable—there is at least one such an n because
f is finitary. Then, to establish the fact that E,qs satlsﬁesﬂ it suffices to prove that, for all m € N,

there is some p~ 6 such that Emeas(Emeas(f|X1:m-%—1)|X1:m) = Emeas,p(f|X1:m)- (8)

Indeed, by definition of Eyneass Emeas,p(f 1 X1:m) < Emeas(f | X1.) for all p ~ Q and all m € Ny, and therefore, expres-
sion (@) implies that E c.s(Emeas(f 1 X1:m+ 1)1 X1:m) < Emeas(f1X1:m) for all m € Ny. The converse inequality then
follows from Theorem ‘ which says that E, ., satisfies

Let us first show that expression (8) holds for any m > n. Consider any £ > n and any x,., € Z'*. Since f is n-
measurableand{ > n, f takes a constantvalue f(x;.,) onT(x;,), and therefore, we canwrite that f1, , = f(x;.,)I,, .
Hence, for any p ~ Q, since Epneas " satisfies[P2]due to Theorem |14} we have that

_ P2— _ P2—
Emeas,p(f|x1:lf) = Emeas,p(f]lxl,g [X1:0) = Emeas,p(f(xlzn)]lxm [X1.0) = Emeas,p(f(xlzn)|x1:lf) = Emeas,p(f(xl:n)lxl:[)-
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where the last step follows from Proposmon 2|and the fact that E a5 , (/(X1:,)] X1.¢) €xists because f(x;.,)isa
constant. Furthermore, since f(x;.,) is real-valued [because f is a gamble], M1| -1mp11es that Epeqs p (f (X1:0)|%1:0) =
f(x1.,)- Hence, we have that

Emeas p(f1%14) = f(x1,) forall p~Q, all ¢ > n and all x,, € 2. )

So, since m = n, the right hand side of Equation (8) is equal to f(X.,)= f, whatever the tree p ~ Q. Moreover,
note that Equation (@) also implies that Epe(f]%1¢) = f(x1.,) for all £ > n and all x,., € Z'*. Then, since m > n,
and therefore certainly m + 1 > n, the left hand side of Equation (8) is equal to

Emeas(Emeas(f|X1:m+1)|Xl:m) ZEmeas(f()(lznnxl:m):Emeas(fp(l:m) :fy

where the last step follows once more from the fact that m > n, and that E,cas(f| X1.¢) = f(x1.,) for all £ > n and all
x4 € 2. Hence, irrespectively of the tree p ~ Q, both sides of Equation (8) are equal to f—and therefore equal
to each other—for the case that m > n.

For the case that m < n, we will establish expression (8) using a decreasing induction argument in m. The case
where m = n will serve as an induction base; that expression (8) holds for this case was just proved above. Now
suppose that expression is satisfied with m = £ where 1 < { < n, meaning that there is some p ~ Q such that
Enneas(Emeas(f X1 +1 IX1) = meas_p (f|Xl «)- First note that this implies that Eeas(f1X1:¢) = Emeas E(flxl () because,
on the one hand, E,peqs( S1X1:0) € Emeas(Emeas(f 1 X1:¢41)1X1.¢) due to Theorem . Wthh says that E¢as satlsﬁes
and on the other hand, E,,c,s 21X < Emeas(f1X1¢) due to the definition of E ... Furthermore, because f is a
finitary gamble, and therefore an .7 -measurable gamble, E ,cas,,(f1X1.¢) exists and therefore, by Proposmon

_meas(flxllf) Emeas,p(flxlzf)ZEmeas,p(f|X1:[)-

Moreover, usingM1]and[M2] and the fact that inf f and sup f are both real (because f is a gamble), it can easily
be inferred that inf f < Epneqs,p (f1X1:0) < sup f. S0 Eneas(f1X1:0) = Emeas, (£ 1 X1.¢) is a gamble, and more specifically
an /-measurable gamble. Then, fix any x;.,_; € 2! and note that, since E e, satisfies[P1|and[P2]by Theorem[18}
we can apply Lemmall]to obtain that

Emeas(Emeas(fp(l:K)'xlzf—l) = Emeas(Emeas,p(f|X1:Z)|xl:Z—l) = 6161;;‘71 (Emeas,p(f|x1:€—l ))

Then, due to the fact that P
that

is related with 6% ., through Equation @), there is some p’(-|x;.,—) €P such

X1:-1 X1:6-1

Emeas(Emeas(f|X1:€)|xl:é—l):le:,,l(Emeas,p(f|xl:f—l )= Z p/(xl|x1:Z—1)EmeaS,p(f|x1:Z)- (10)

X EX

Moreover, since f is n-measurable, we can write that f = Z veanf (21.0)1,,,, and therefore, the Lebesgue integral
Emeas,p(f1x1:¢) for any x, € 2, reduces—by definition; see [1 "Section 2.6. 1]—to the finite sum

measp(f|xlf)_ Z le n)Ple(Zln Z Z f(zlﬂx/+1 n)P\x”(zlfxf+ln)
21 €2 210 €X " XpymeX "

where the last step simply is a convenient change of notation. Due to Equation (6), we have, for all z,., € 2°¢ and all

— . —1 . . .
Xgp1n € !, that Plxu(zl:Z Xg41:0) = 01f 21, # X1 and Plxl:g(zl:l Xeg1n) = ]_—[:'l:[ p(xis1l%1:4) if 210 = X1 Substituting
these expressions in the equality above, gives us

n—1

Emeasp(flxli Z f X1:n Plx“ xln Z f X1:n l—[p x1+1|xll

X €2 Xerrn €2 i=

Then, plugging this back into Equation (I0), we obtain that

meas(EmeaS(fl*XlZ)lle 1)_ Z p (x€|xll 1) Z f(xln l_[P xl+1|xll)
=(

XEX Xes1n €2 "

Z C U EAE Ve l)ﬂp(x,mxl i) (an

ex n—(+1
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Now let p* ~ Q be any compatible precise probability tree such that p*(-|x;,_;) = p’(+|X1._1) and p*(+|xy,;) =
p(-lx;;)forall{ <i<n—landall x,; € i=t+1. it is always possible to choose such a compatlble tree p* because
p~Qand p’(-|x14_) € P, , - Then note that, for any x., € X' n=t+1 " the corresponding probablhtyP (xl )
related with p* through Equation (§), is equal to p’(x,|x;..— 1)1_[[ ¢ p(x,+1|x1 ;). Hence, recalling Equatlon (11,
we infer that

meas(Emeas(f|X1/ |xlf 1 Z f(xl n |x e (xl n)_ Z Z f(zlzf—lxl:n)PF;l#l(Zl:é—le:n)

cqrn—t+l 2 €2 xp e X

= Emeas,p*(f'-xl:f—l) = Emeas,p*(flxlzf—l)!

where the second step follows from the fact that Plx 3 (zl 4—1Xp-n) =0if z1.p_y # x1.4_, due to Equation (6), where the
penultimate step follows from f = Zz ean f(21: n)]Iz1 and the definition of the Lebesgue integral [1} Section 2.6.1],
and where the last step follows from Proposmon Hence, since the equation above holds for any x;,_; € 21,
we have established expression (8) for the case where m = ¢ —1, concluding our proof of the induction step. D

That Eppeqs, Ex and Ey are all equal on the domain Vg, now follows straightforwardly by combining Lemma
with Corollary[19} Theorem|[18|and Proposition|2}

Proposition 21. We have that E,,c.s(f|s) =Ea(f|s) =Ey(f|s) forall f € Vg, and all s € 2°*.

be done by combining Theorem Lemrnaand Proposition|2| Indeed, Theorem 8|says that Emeas is an element
of E,_5(Q) CE,_4(Q), and Lemma 0jsays that Eneas Satisfies o) Proposmonlmphes that Eeas(f15) > E'(f1s)

forall f € Vg, all s € 27* and all E’ € ]E1_4(Q) In particular, thls implies that Eyeas(f15) > Ea(fs) for all f € Vi,
and all s € 2* because, by definition, E, € E,_5(Q) CE,_4(Q). O

Proof. Dueto Corollary it suffices to prove that E,,cas(f]5) > [ (f|s)forall f € Vi, and all s € Z'*. This can easily

Whether the equality with E s can be extended to a more general domain, remains an open question that
we would like to pursue in our future research. We expect that there is much to learn from the results in 5}
Section 9.2], provided that they can be translated to our setting here.

10. Conclusion

We have put forward a small set of simple axioms and argued that they are desirable for a global upper
expectation in the context of discrete-time finite-state uncertain processes. We have established the existence
of a unique most conservative model under these axioms, and have in addition given sufficient conditions to
uniquely characterise this most conservative model. Using this characterisation, we have shown that our most
conservative upper expectation coincides with a version of the game-theoretic upper expectation used by Shafer
and Vovk, and therefore has particularly powerful mathematical properties, despite the simplicity of our defining
axioms.

We also considered an alternative, more traditional measure-theoretic approach, where we defined a global
belief model using an upper envelope of upper integrals corresponding to compatible precise probability trees.
We have shown that this model satisfies axioms and therefore, that our most conservative model gives
guaranteed upper bounds on the value of this measure-theoretic upper expectation. For precise probability trees,
both models, and consequently also the game-theoretic model, coincide. In the imprecise case, equality was only
established for the domain of finitary gambles, and it remains to be seen whether this can be extended to a more
general domain.

Given our current findings, we belief there are a number of reasons why our global model E, candidates as an
excellent choice when it comes to modelling discrete-time finite-state uncertain processes. First and foremost,
its definition is based on the axioms[P1HP5} a set of properties which, in our opinion, are essential for a global
belief model to have. Our model E, is taken to be the most conservative or, equivalently, the least informative
model under these axioms because we do not want to include any further information. In this way, we obtain a
definition that is both convincing and interpretationally clear. Moreover, if one desires her global belief model
to also have other properties, additional to then our model E, would still serve as a conservative upper
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bound for her model. As a second argument, we recall from Sectionlthat our model E, possesses rather strong
continuity properties, as well as several fundamental probabilistic laws. Thirdly and lastly, our model E, coincides
with the game-theoretic upper expectation Ey and dominates the measure-theoretic upper expectation E .
Hence, our model EA plays an important role to anyone: for a person with a game-theoretic background, the
equivalent models E, and Ey can be used interchangeably and can therefore benefit from each others properties;
for a person with a measure-theoretic background, our model E, always gives a conservative upper bound for the
model Epep.

One counterargument that could be given to the plea above, is whether axiom P5is really desirable or even
justified for a global belief model. Our justification for it is based on the fact that we consider upper expectations
of non-finitary variables to be abstract idealisations of upper expectations of finitary variables. Still, this could be
seen as a rather artificial and unnecessary assumption, similar to the countable additivity property in measure
theory. However, compared to other common continuity properties, e.g. monotone convergence, property|P5|is
fairly weak since it only applies to sequences of finitary gambles and only imposes an inequality on the value of
the global upper expectations. Moreover, that both the game-theoretic and the measure-theoretic model satisfy
property[P5] can only be seen as additional motivation to adopt it.
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Appendix A. Basic Measure-Theoretic Concepts

A measurable space (%, F) is a couple, where % is a non-empty set and .7 is a o -algebra on %. We say that
AC % is F-measurableif Ac . Such aset A€ & is also called an (& -measurable) event. We say that an extended
real-valued function f: % — R is Z -measurableif the set f~1(A):={y € #: f(y) € A} is Z-measurable for every
A€ B(R). Here, B(R) denotes the Borel algebra on R, being the o -algebra generated by all open—or equivalently,
closed—sets in R. Recall that we consider the usual order topology on R and therefore, the Borel algebra %(R)
can alternatively be generated from the sets {x € R: x < c} where ¢ € R; see for instance [I} Section 2.2.2].
Then, as we have done in the main text, we can alternatively characterise the % -measurable functions as those
functions f: % — Rsuch that {y € #: f(y) < c} is.Z -measurable for all ¢ €R [3} Theorem 13.1. (i)]. Typically, an
Z -measurable (extended) real-valued function f is also called a random variable.

A probability space (%, ,P) is a measurable space (%, %) equipped with a o -additive probability measure P
on Z. We say that an event A € Z is P-null if P(A) = 0. We will also say that a property about the elements in
% holds P-almost surely (P-a.s.) if there is a P-null event A € Z such that the property holds for all y € %'\ A.
Note that the intersection AN B € & of two P-almost sure events A, B € .Z, is itself also P-almost sure. Now,
for any probability space (%,.Z,P) and any extended real-valued function f: % — R that is . -measurable, the
(measure-theoretic) expectation E(f) of f will be defined using the Lebesgue integral [1}3}[16]: E(f) == f o fdP.
As we already mentioned in the main text, this integral is definitely well-defined if f is non-negative and is
otherwise only defined if min{fﬂ, frdp, foy f~dP} < 400, with f+= f¥0 and f~ = —f"?, in which case we let
fﬂ/ fdpP = fy frdp— f o fdP. When we say that ‘E(f) exists, we take this to mean that its defining integral
fy fdP is well-defined. Furthermore, an extended real-valued function f: % — R is called P-integrable if it is
Z-measurable and [, |f|dP = [, f*dP+ [, f~dP <+oo0.

The (measure-theoretic) conditional expectation E(f|¥) of a non-negative .# -measurable extended real-
valued function f with respect to a o-algebra ¥ C 7, is any extended real-valued function on % that is ¥-
measurable and that satisfies fA fdp= fA E(f|%¢)dP or, equivalently, foy f1,dP = fq, E(f19)1,dP forall Ac 9. If
f is Z-measurable and non-negative, the conditional expectation E(f|%) exists and is unique up to a P-null set
[1} Section 2.7]. The value of E(f|¥) on a P-null set can be chosen arbitrarily since it will not change the value
of the integral f A E(f|¥9)dP = f% E(f]9)1,dP; see Propertybelow. Similarly to the unconditional case, the
measure-theoretic conditional expectation E(f|¥) of a general .Z -measurable extended real-valued function
f with respect to a o-algebra ¢ C % is only defined if min{E(f*|¥),E(f~|¥)} < +0c0 P-almost surely, and then
E(f19)=E(f*|9)—E(f|¥) up to a P-null set. If f is P-integrable, such a conditional expectation E(f|¥) always
exists; see also [3} Section 34]. We moreover have the following convenient properties.

Lemma 22. For any probability space (%, % ,P) and any two extended real-valued functions f and g that are 7 -
measurable, the following properties hold, provided that the considered unconditional or conditional expectations
exist.

M1. E(af +b)=aE(f)+ Db foralla,b €R;

M2. f<g=E(f)<E(g)

M3. f =g P-almost surely = E(f)=E(g);

MA4. E(f|F)= f P-almost surely;

M5. E(f|9*)=E(f) where 9*={0, %},

M6. E(E(f|%,)|%;)=E(f|%,) P-almost surely for every two o -algebras 4, € %, C F.

M7. inf f <E(f|¥9) P-almost surely and E(f|9) <sup f P-almost surely for any o -algebra 4 C F;

Proof. Let us first show that[M5|follows from [T} Section 2.7.4(E*)]. There, it is stated that E(f|%*)=E(f) holds
P-almost surely. However, since ¢* = {, %} and E(f|%*) is ¢*-measurable, we find that E( f|%*) must be constant.
So if E(f|%*)=E(f) holds P-almost surely, it also holds on the entire domain % .

To prove Property consider [1} Section 2.7.4(D*)] which in particular states that E(a f + b|94*) = aE(f|¥9*)+
E(b|9*) P-almost surely. Since E(b|%*) = b P-almost surely by [1}, Section 2.7.4(A*)], we have that E(a f + b|¥*) =
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aE(f1%*)+ b P-almost surely, which by[M5|implies that E(a f + b) = aE(f)+ b P-almost surely. Since both sides
are constants, [M1]follows.

Property[M2|follows from [I} Section 2.7.4(B*)], which states that E(f|%*) < E(g|%*) P-almost surely if f < g
P-almost surely. Indeed, if f < g, then certainly f < g P-almost surely and then [1} Section 2.7.4(B*)] together
with[M5|implies that E(f) < E(g) P-almost surely; since both sides are constants,[M2|follows.

To prove[M3] note that f = g P-almost surely implies that both f < g P-almost surelyand f > g P-almost surely.
Then[M3]follows by applying the previous reasoning to both of these inequalities. Furthermore, Properties[M4]
andare taken directly from [I} Section 2.7.4].

To see that property [M7]holds, consider [I, Section 2.7.4(A*)], which in particular says that E(sup f|¥) =
sup f P-almost surely. Combining this with mononicity [T} Section 2.7.4(B*)], and taking into account that the
intersection of two P-almost sure events is itself also P-almost sure, we indeed find that E(f|¥) < sup f P-almost
surely. The fact that inf f < E(f|¥) P-almost surely can then easily be obtained using the linearity of E(:|%) [1}
Section 2.7.4(D%)]. O

Lemma 23. Consider any probability space(%, 7 ,P), any o -algebra ¥ C F and any sequence{ f,} e, of extended
real-valued functions such that f,, is % -measurable for all n € N,,.

M8. If {f.}nen, is non-decreasing and there is an F -measurable function f* such that E(f*)>—o0 and f,, > f*
forall n eN,, then

nl—i>I-PooE(fn) =E(f) where nglglmfn =f.

M9. If {f.}nen, is non-increasing and there is an 7 -measurable function f* such that E(f*)<+o00 and f,, < f*
foralln eNy, then

nl—i>I-PooE(fn) =E(f) where nLHPoof” =f.

Proof. Both properties can directly be obtained by applying[M5|to the properties stated in [I, Theorem 2.7.2]
and observing that both sides of the acquired equations will be constants (allowing us to infer that the equations
always hold, instead of P-almost surely as is the case for the more general versions in [T, Theorem 2.7.2]). O

A (discrete) filtration {7 ,},en, on a measurable space (%, %) is a sequence of increasing o-algebras in
F; 50 Fy €I C---F. We will then also use .7, to denote the smallest o -algebra o (U,cy,-#,,) generated by
the o -algebras 7,. We say that (%, ,{7,},en,) is a filtered measurable space if (%,F) is equipped with a
filtration {#, },cn,, and moreover say that (%, Z,{Z,} ,en,, P) is a filtered probability space if it additionally has a
o-additive measure P on 7. A sequence {4, } <y, of extended real-valued functions on % is called a measure-
theoretic process in a filtered probability space (¥, #,{Z,} e, P) if A}, is Z,-measurable for all n € N,. It is
moreover called a measure-theoretic martingale if .V, is real-valued and E(A4;,,,|Z,,) = .4, P-almost surely for all
n € Ny, where the existence of E(.4},,1|%,,) is an implicit condition. The following two results are fundamental in
establishing a relation between the measure-theoretic and the game-theoretic framework.

Proposition 24 (Lévy’s zero-one law; |2} Theorem 7.4.3)). For any filtered probability space (%, F, {gl'n}neNU ,P)
and any P -integrable function f, we have that

nl_i)I_gloo E(f|Z,)=E(f|Z) P-almost surely

Proposition 25 (Ville'’s theorem; [4} Proposition 8.14]). For any filtered probability space (%, 7 {7} nen,, P) and
any A € Z ., we have thatP(A) =0 if and only if there is a non-negative measure-theoretic martingale that converges
to +00 on A.
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Appendix B. Proof of Proposition

Proposition[10|will be shown to hold by establishing the equivalence between the global measure-theoretic
and global game-theoretic (upper) expectation on a particular restricted domain and then applying Theorem 6]
Before we relate both global models, however, we first establish the following alternative characterisation for the
unique extension Gl of the local linear (upper) expectation Q; corresponding to any probability mass function
psonX':

Lemma 26. Consider any probability mass function p; on X" and let Q, be the unique linear expectation on £ (')
corresponding to ps. Then we have that Ql(f) =Y o f(X)ps(x) forall f € L(X).

Proof. LetE;: Z(%) — R be defined by Ey(f):=3. .., f(x)ps(x) for all f € Z(2). We show that Q! coincides
with Ej. It is clear that this is the case on the domain .£(2 ) 0f all gambles on 2; this follows immediately from
the fact that QT is an extension of Q, together with the fact that E;(f) = D veq f(X)ps(x)= Q,(f)forall f e £(X

To see that both coincide on Z,(2), consider any f € Z,(2') and observe that

QUNE 1im QU= tim > x)p, x)—Z lim_f"(x)py(x)= D plx) lim_f(x)

xez XX

= > p0f()=E(f),

XEX

where the second equality follows from the fact that f¢ € £ (%) for any ¢ € R and, as we have just shown, Gi
and E; coincide on .Z(2’); where the third equality follows from the fact that 2 is finite and that, for all x e &,
f/¢(x)p,s(x) is real and non-decreasing in c¢; where the fourth equality follows from the fact that p,(x) > 0 for all
x € 2 and our convention that 0 - (+00) = 0; and where the last equality follows from the definition of E,. In an
analogous way, we show that Q! and E; coincide on their entire domain Z(%): consider any f € Z(2’) and note
that

QUAE tim QU= tim > fp0= Y. lim fUEpdx)= D plo) lim £ ()

xej XeX xeZ

= > pf()=E(f),

XEX

where the second equality follows from the fact that fV¢ € £,(2') for any ¢ € R and, as we have just shown, Gl
and Es coincide on Eb(% ); where the third equality follows from the fact that & is finite, our convention that
+00 — 00 =—00 + 00 = +00 and that, for all x € 2, fV¢(x)p,(x) is in RU{+0c0} and non-decreasing in c; the
fourth equality follows from the fact that p;(x) > 0 for all x € Z and our convention that 0-(—o0) =0; and the last
equality follows from the definition of E;. O

Henceforth, for any precise probability tree p and any s € Z'*, we will always let Gl be this unique extension
of the linear expectation Q; corresponding to the probability mass function p(-|s). We will then say that a map
M : 2* — R is a game-theoretic supermartingale with respect to a precise probability tree p if ./ is a game-
theoretic supermartingale with respect to the local upper expectations 61

Furthermore, for any precise probability tree p: s € Z* — p(-|s), we let P: F x Z* — R be the corresponding
conditional probability measure as discussed in Section[9} where 7 is the o-algebra generated by all cylinder
events. Recall that, for any s € Z™*, the map P(-|s) =P is then a probability measure on .Z. This allows us to apply
the concepts and results in[Appendix Al here, by considering the probability space (2, Z, P;;), for any s € 2*. For
notational convenience, we will let E;(f) be the Lebesgue integral f o J dPjs with respect to the measure Pj; for all
Z -measurable f € Vand all s € Z™* such that fﬂ fdPj exists. So E;(f) is an alternative notation for Epeas ,(f15).
We introduce this notation because it allows us to write E;(f|%) to denote a ¢¥-measurable function representing
the measure-theoretic expectation of f conditional on a o-algebra ¢ C .7, as defined in[Appendix Al Furthermore,
we equip the measurable space (Q,.7) with the filtration {%,},cy, where, for any n € N, 7, is the o-algebra
generated by all cylinder events I'(x;.,,) where x,., € Z". Note that, for any n € N,, an .Z,,-measurable function is
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then an n-measurable variable because the cylinder events I'(x;.,,) form the atoms of Z,, and % is finite. Hence,
any measure-theoretic process {4}, } ,en, in (2, Z,{Z, }.en,) is a sequence of n-measurable variables. This allows
us to write A},(x;.,) for any n € Ny and any x;.,, € Z" to mean the constant value of .4, on all w €I'(x;.,,).

Lemma 27. Consider any x,., € Z*, any precise probability tree p and let P be the corresponding conditional
probability measure. Then, for any non-negative measure-theoretic martingale {.V;},c, in the filtered probability
space (8, F ,{F n} men,» Px,, ) there is a non-negative game-theoretic (super)martingalefj]//l with respect to the
tree p such that liminf.# >, liminf; ., .A; and moreover ./ (x,.,)= Ao(0).

Proof. Fix any non-negative measure-theoretic martingale {.4;};cy, and let .4 : 27 — R be defined by

Nmlzrm)  iEn<m, zy, = xp,, and Plxlz,,(zlzm) >0;
M(2y.0,) =1 +00 ifn<m, zy.,, = x1., and P, (21.,) =0; forall z;.,, € 27"
Nu(x1.,) otherwise,

We show that ./ is a non-negative game-theoretic supermartingale such that .#(x,.,) = Ay(0) and liminf.# >,
liminf;_, oo A;.

Let us first show that .#(z;.,,) > 6;1” (A (z1.;p°)) for all z,.,, € Z* and therefore, that _# is a game-theoretic
supermartingale. Recall that, because {.4;}cy, is a non-negative measure-theoretic martingale, we have that
{#7}ien, is @ sequence of non-negative real i-measurable variables such that E|,, (A7117;)=#; P, -almost
surely for all i € N, (note that the considered expectations exist because {.#;} ey, is non-negative). For all i € N,
and all A€ 7, since B, (Ai+1|F;) and .4; only differ on a P, -null set, we have that fA By, (N F)dPy =
f 4VidPyy,  because of In particular, this implies that

f Epx, (N1 Fp)dP = NmdP,, ~forany m e Ny and any z,.,, € 2.
T(z1.m) [(z1:m)

Moreover, since I'(z;.,,,) € Z,,, it follows from the definition of the measure-theoretic conditional expectation that
fr(zm) N dPpy, = f Tz Ey,., (AN m41|Fm)dP . Combining both equalities, we find that

</Vm+ldp\xlm = </dep\xl;,, :</Vm(zl:m)Jv dPlxlzn :Wm(zl:m)Plxm(zl:m)y
I(

(z1:m) I(z1:m) Z1:m)

where the second equality follows from[M1]and the fact that .4, is constant and real on the cylinder event I'(z,.,,).
Moreover, because A}, is (m + 1)-measurable and real-valued, the term on the left hand side of the equation
above reduces to the finite sum szﬂey Nn+1(21:m11)Ppx,,, (21:m+1), allowing us to conclude that

L/Vm(zlzm)Plx,:,,(Zl:m) = Z f/Vm+1(Zl:m+l)P|x,:,, (Zl:m+1) for any m < NO and any 2., € 2. (B.1)
Zip 1 EX

Consider now first any m > n and any z,.,, € " such that z,., = x;., and P, _ (z,.,) > 0. It then follows from
the definition of .# that

M2 Py, (Z1m) = N (21 Pras, (21) B D s (ZrmstPrag, ()

Zyp 1 €L
= '/ﬂ(zl:m+l)P|x1;n(lem+l)
Zyp 1 EX
= Z '//l(zlzm+l)P|x1:n(lem)p(zm-H|Z1:m)
Zm+1€'%n
— _ Al
=P, (Zim) D M2 Znit| Zim) = Pl (1) QL (A (217),

21 €EX

1 As shown in the proof, the inequality .#(z,.,,) 26;1.”1 (A (z1.1,+)) is actually an equality, for all z;.,, € Z*. Combining this with the

non-negativity of .# and the characterisation of the upper expectations 621_’” that we established in Lemma it can then be deduced that
— is also a game-theoretic supermartingale. In this case, we can therefore actually call ./ a game-theoretic martingale.
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where the third equality follows because .A,,,1(21.,41) only differs from .#(z;.,,11) if P (21:n+1) = 0 [because
n < m+1and z,., = x;.,,] and our convention that 0-(+00) = 0, where the fourth equality follows from Equation (6)
together with the fact that n < m +1 and z,.,, = x;.,,, and where the last equality follows from the expression
for Gllm that we established in Lemma Recall that P, (z1.,,) >0, so we can devide both sides by P, (z1.n)
to obtain that .#(z,.,,) = le (M (z1.,°)). As a consequence, the condition that ./#(z;.,,) 2 Q,,_ (A (z1.,")) is
satisfied for all z;.,, € £* such that m > n, z,.,, = x3., and P, (2;.,) > 0.

Second, consider any z;.,, € Z* such that m > n, z,,, = x;., and P, _(z,.;,) = 0. Then we also have that
Py, (z1.m41)=0for any z,,,, € 2 because I'(z;.,11) CI(21.,,), and it therefore follows from the definition of .#
that A (zy.) = M (21.m11) =+00 for all z,,,,; € 2. Hence, using Lemma[26} we find that

Qll:m(-//l(zl:m')): Z -//l(zl:m+l)p(zm+l|zl:m):+oo:'//l(zl:m)r
Zm 1 EX

which establishes that indeed .#(z;.,,) > Gll_m (A (21.1n°)). So we have that #(z,.,,) > Gll_m (A (21.,,")) for all
Z1.m € Z* such that m > n and z,., = x1.,,.

Thirdly, consider any other situation z,.,, € Z*. That is, consider any z;.,, € Z* such that n > m or z,.,, # x1.,,.
It then follows from the definition of ./ that .#(z,.,,) = A,(x:.,,) and, as we will now show, that also .#(z;.,,,41) =
Np(xy.,) forall z,,, ., € 2. Our assumption about z,.,, tells us that there are two cases: either n < m and z,.,, # x1.,,,
either n > m. If n < m and z,., # x,.,, then also n < m + 1 and therefore, due to the definition of .#, we find that
M(21.p41) = Np(x1.,) forall z,, ., € X. If n> m, theneither n >m+1orn=m+1. If n> m+1 or, equivalently,
n £ m+ 1, then it is once more clear from the definition of .# that .#(z,.,,41) = Ay (x1.,) forall z,,,;, € Z. If
n=m+1, then for any z,,,; € 2, we either have that z,.,,,,; = x;.,, or that z,.,,,,; # x;.,. In the latter case, it is
clear, again due to the definition of ./#, that .#(z,.,,,11) = A, (x1.,). Otherwise, so if z;.,,,.1 = X;.,,, the definition
of ./ also implies that ./#(zy.p,41) = A (X.,) = Ny, (x1.,) because Py, (x;.,) = 1> 0 according to Equation (6). We
conclude that, indeed, #(z.,,) = N, (%1.,) and A (z1.;p41) = Np(x1.,) for all z,,,,; € Z'. It now follows trivially
from Lemma|[26|that ./ (z,.,,,) = ail.m(/ﬂ(zlrm'))v and therefore definitely that .#(z;.,,) > 6; (A (21.2°))-

So we have proved that ./ (z;.,,,) > 6; (M (21.,°)) for all z,.,,, € Z'* and therefore, that / isindeed a game-
theoretic supermartingale with respect to the tree p. Moreover, ./ is non-negative because {.4;};cy, is non-
negative. That liminf; ,, ., .# (") > liminf;_,, ., A4;(w) holds for all w € I'(x;.,), follows immediately from the
fact that ./ (w?) > A;(w') = A;(w) for any w €T(x;.,) and any i > n, where the inequality is simply implied by the
definition of ./ together with the fact that " = x,.,, and i > n. It still remains to show that .#(x;.,,) = A5(0).

We only need to prove that A4(0) = A,(x;.,,), since the desired equality then trivially follows from the definition
of ./ and the fact that P (x;.,) = 1> 0 due to Equation (6). To do so, consider any z,.,, € 2™* such that m < n
and z,.,, = X;.,,. Note that, by Equation (), we then have that P, _(z,.,,) = 1. Moreover, it should also be clear
from Equation (6) that P, (2y.n4+1) = 1 if 2,541 = X4 [because then zy.,41 = X1.y41 and m +1 < n] and that
Py, (21.m+1) = 0 otherwise [because then z,.,,4; # X1.,+1]. Hence, plugging this back into (BI), we find that
N m(21.m) = Nmi1(21.m Xme1)- Since this holds for any z,.,, € Z* such that m < n and z,.,,, = x,.,,, it follows that
N (X1:m) = Ama1(X1.m41) for all m < n. This clearly implies that Ay(00) = A (x) = -+ = A, (X1.)- O

In the following proof, we will write, for any two f,g € V, any s € 2™* and any (unconditional) probability
measure P’ on 7, that f =; g P-almost surely—and similarly for >; and <,—if the event {w € T(s): f(w) # g(w)}
is P-null. Note that then f =; g P-almost surely if f = g P-almost surely.

Proof of Proposition[I( Fixany.Z-measurable f' €V and any x;., € 2*. It suffices to show that E qs , (1 X1.) =
Ev(f’|x1.,); the desired equality is then automatically implied by Theorem@ First observe that, because f” is
bounded and .7 -measurable, Epeqs , (f/|X1.1) = E|x,,, (f') exists. We will now prove that Epeqs , (f1%1:) = Ev(flx1:0)
for the non-negative % -measurable gamble f := f’—inf f’ (the variable f is indeed a gamble because f” is a
gamble and therefore inf f” € R), which then implies that Eeas , (f1%1:0) = Ev(f’|x1.,) because Emeas,p (- X1:,) and
Ey both satisfy the constant additivity property; see[M1]and[V4]

We first show that Ey(f]x;.,) < Eneas, p(f1%1:1)- To do so, we will prove that there is some ¢ € R such that, for
all € > 0, there is a bounded below game-theoretic supermartingale ./ . with respect to the tree p such that
M (X1:n) = Emeas,p(f1%1.4) + €c and liminf.# . >, f. Indeed, the desired inequality then follows immediately

from the definition of Ey .

29



Consider the filtered probability space (2, Z,{Z,,} nen,,Px,.,) and the corresponding measure-theoretic
expectation E| = E a5 (-] X1.,,). Since f is bounded and 7 -measurable, it is surely P, -integrable (the Lebesgue
integral of a bounded .7 -measurable function is real-valued), and therefore, by Proposition[24]in we
have that

ml—1>IPoo Ex,, (fIZn)=E,, (f1F) Py, -almostsurely.

Note that #, = 0(Upen,Zm) = F is the smallest o -algebra generated by all cylinder events, which, by
implies that E|,, (f|Zc)= f, Py, -almost surely. Hence, since the intersection of two P|,,_-almost sure events
is itself also Py, -almost sure, we have that lim,, ;0 E,,, (f|#,;) = f P|;,,-almost surely. Moreover, note that
the conditional expectations E|,,_(f|%,,) can be chosen in such a way that the sequence {E|,_ (f|%)}nen,
is a non-negative measure-theoretic martingale in the filtered probability space (0, 7,{%,,}men,, Px,,)- In-
deed, each E |, (f|%,,) is real-valued and non-negative P, -almost surely because of and the fact that f
is bounded and non-negative. So, since the value of the measure-theoretic conditional expectation can be
chosen arbitrarily on a null set, E|,, (f]%,,) can be chosen such that it is real-valued and non-negative every-
where. Moreover, because of we have thatE|, (E‘xl:n(flﬂ'mﬂ)lﬁ'm) =Ey,, (f1Zn) Py, -almost surely for all
m € N,, where E‘xm(E|x1:"(f|9r'm+1)|9m) exists because E |, (f1Z,,+1) is Z -measurable and non-negative. So let
{E|x,,, (f1Zm)} men, be a version of the conditional expectations that forms a non-negative measure-theoretic mar-
tingale. We can then use Lemma[27]to infer the existence of a non-negative game-theoretic supermartingale ./,
with respect to the tree p such thatliminf #( >, liminf, .. E, (f|%,)and 4 (x;.,) =E . (f|F)0). Then,
because lim,,,_,, o0 E |y, (f|#;) = f Py, ,-almost surely and therefore also lim,,,_, .. E |y, (f|Z ) =y, f Pjx,,-almost
surely, we have that liminf.#, >, f P, -almost surely. Moreover, we have that ./ (x,.,) = E|y,, (f1Z0)(0) =
E|,,, (f), due to the fact that Z, = {}, 2} and property So, we can conclude that ./# , is a non-negative game-
theoretic supermartingale with respect to p such that .# o(x.,) =E|y,,, (/) = Emeas,p (/| %1:n) and liminf.# >, f
Py, -almost surely.

As our final step towards obtaining .# ., consider Proposition [25|and note that it ensures that there is a
non-negative measure-theoretic supermartingale {4}, } e, in (0, Z,{Z,,} men,, P)x,,) that converges to +00 on
all paths w € I'(x;.,,) such that liminf # o(w) < f(w). Indeed, the set of all such paths w has probability zero
because liminf.Z, >, f Py, -almostsurely. Let ¢ := .4;(0), which is real-valued because {4}, } e, is a measure-
theoretic supermartingale. By Lemma[27] we find that there is a non-negative game-theoretic supermartingale
' with respect to p such that liminf.#’ >, liminf,_, . A, and .#'(x,.,,) = A(0) = c. Since {4},}yen,
converges to +oco on all paths w € T'(x;.,,) such that liminf.# o(w) < f(w), it follows that .4 also converges to
+00 on all such paths w. Consider now any € > 0 and let ./ . be the process defined by .# .(s) := .4 o(s)+ €4 (s)
for all s € Z*. Then ./, is clearly non-negative—and therefore bounded below—and it is a game-theoretic
supermartingale because of [20, Lemma IZ]EI Furthermore, note that liminf # .(w) > f(w) for all w € I'(x;.,,).
Indeed, if liminf.# o(w) = f(w) for some w €T(x;.,), then also liminf.# .(w) > f(w) because € and .#’ are non-
negative. If liminf # (w) < f(w)for some w € T(x;.,), then .#’, and therefore also €., converges to + oo, which,
together with the non-negativity of .4, implies that .# . converges to +00 on w. Hence, also in this case, we have
thatliminf.# .(w) > f(w) so we can conclude that liminf.#, >, f. Moreover, recall that ./#'(x,.,)= ¢ € R and
that ./ o(x,.,) = El)ck,l (f)r so we have that ./ .(x,.,) = M o(x1.,) + Eﬂl(xl:n) :_El)c,:,, (f) tec= Emeas,p(f|x1:n) teéc.
Hence, ./ . satisfies all the desired conditions and we conclude that indeed Ey(f|x1.,) < Emeas p (f[X1:1)-

Then we are left to show the remaining inequality Ey(f|x;.,) = Emeas,p(f1%1:n). However, this can be easily
deduced from the already obtained inequality and the self-conjugacy of E ¢ ,- Indeed, E|, (—f) exists because
—f is Z -measurable and bounded, so we can appl to find that Eyeqs p (f1X1:0) = By, (f) = =By, (=) =
—Emeas,p(—f1X1.,). Since we have already shown that Ey(g|x;.,) < Eneas p(81X1:,) for all 7 -measurable g €V, we
have in particular that Ey(—f|x1.,) < Epeas,p(—f1X1.,), which implies that Eyeas (f1%1:0) = —Emeas,p(—f | x1:0) <
—Ey(—=f1x1.,) = Ey(f|x1.n) Ey(f]x1.,), where the last inequality follows from|V1|and the fact that E, = Ey—and
therefore also E , = E;,—because of Theorem@ O

12 Alternatively, instead of using [20, Lemma 12], one could also easily deduce this using the alternative expression for the local models 62
that we established in Lemma[26]
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