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Abstract

Motivated by their connection to the limit behaviour
of imprecise Markov chains, we study the asymp-
totic behaviour of upper transition operators. Our
focus is on their convergence: the condition that
for every real function, the sequence generated by
repeated application of the operator admits a well-
defined limit. This notion is strictly weaker than
classical ergodicity, which enforces convergence to
a constant, and therefore requires a different ana-
lytic treatment. We develop a full characterisation of
convergence in terms of graph-theoretic relations
induced by the operator: accessibility and lower
reachability. The resulting criterion is both neces-
sary and sufficient, and applies to arbitrary upper
transition operators without structural restrictions,
thus strengthening earlier work that provided only
sufficient conditions for the unrestricted case.

1 INTRODUCTION

Imprecise Markov chains [Kozine and Utkin, 2002, §ku1j,
2009, [De Cooman and Hermans, 2008, |De Cooman et al.,
2009, 2016, Denk et al., [2018, Hermans and gkulj, 2014]
are a generalisation of classical Markov chains that allow
for partially specified transition probabilities. One way to
parametrize them is in terms of a so-called ‘upper transition
operator’, a sublinear operator that generalises the transition
matrix of a classical Markov chain. The study of the limit
behaviour of an imprecise Markov chains then amounts to
the study of the convergence properties of this upper trans-
ition operator, which is why we focus on the latter in this
contribution. Our main result Theorem |12]is a practically
verifiable necessary and sufficient condition for the conver-
gence of the iterates of such an upper transition operator,
thereby providing a complete characterisation of the con-
vergence of imprecise Markov chains. Our work builds on

recent work by |[De Bock et al.| [[2025] that studies the same
type of convergence; their main results are necessary and
sufficient conditions for specific types of upper transition
operators, a generally applicable condition that is sufficient
for convergence (their Theorem 4.1) and a counterexample
showing that this condition is not necessary in general.

The remainder of this contribution is structured as follows.
Section [2| gives a brief primer on imprecise Markov chains,
which serves as motivating context, and introduces upper
transition operators and their properties. Section[3]introduces
the key notion of convergence for upper transition operat-
ors, and repeats the sufficient conditions given by De Bock
et al.[[2025, Theorem 4.1]. In Section 4| we introduce a new
accessibility relation, and go on to show that this relation,
combined with lower reachability, allows us to characterise
the convergence of upper transition operators.

Proofs of all results, as well as some additional intermediary
lemmas, are available in the Supplementary Material.

2 IMPRECISE MARKOV CHAINS

Throughout this contribution, we fix some finite set X, which
we call the state space. One very convenient way to model
the uncertainty about the time-evolution of an infinite se-
quence (Xp)nez,, of X-valued variables is a Markov chain
[Kemeny and Snell, 1960, Norrisl [1997]. Such a model is
completely determined by an initial probability mass func-
tion gg which describes the uncertainty regarding Xy and, for
every state x € X, a transition probability mass function g
which describes the uncertainty about X,,4; given X,, = x. It
is well-known that these local uncertainty models, combined
with the Markov assumption, give rise to a global uncer-
tainty model; in this case a probability measure P on the
o-algebra generated by the cylinder events, or equivalently,
an expectation operator Ep on a suitable class of (extended)
real-valued variables on the set of paths X%2°. An imprecise
Markov chain relaxes this characterisation by allowing for
partial specification of these probability mass functions.
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Figure 1: Ternary plots depicting the set Q* (opaque dots
and lines) and the corresponding credal set—that is, convex
hull—(transparent shading) for each state x € {R, G, B} in
the running example.

2.1 PARTIALLY SPECIFIED MODELS

Formally, an imprecise Markov chain is characterised by a
set Q" of initial probability mass functions and, for every
state x € X, aset Q* of transition probability mass functions.
The following example provides concrete instances of such
sets of transition probability mass functions, which we’ve
borrowed from|De Bock et al.|[2025| Section 6.1]; we will use
them throughout this contribution to illustrate new concepts
and results as we come across them.

Example 1. Consider the ternary state space X = {R, G, B}.
Forall x € X, letI,: X — {0, 1} be the indicator of {x},
which only takes on the value 1 on {x}—equivalently, I, is
the mass function on X with all mass on x. For all € € [0, 1],
we consider the mass function on X defined by g, = €I +
€lg + (1 — € — €?)Ig. As sets of transition mass functions,
we take Q" = {Ig}, Q% = {Ig} U {gc: € € [0,1]} and
QB = {Ig, Ig}, which are depicted in Figure

Here too, as in the ‘precise’ case, the idea is to extend these
local uncertainty models Q" and (Q*)cx to a global one,
which now—at least in a measure-theoretic setting [|[De Bock
and T’ Joens, 2021}, Section 2]—takes the form of a set of
probability measures on the o--algebra generated by the cyl-
inder events. Crucially, there are three ways to make this
transition from local to global information, each leading to a
different global uncertainty model—that is, set of probability
measures. In the context of the present contribution, their
formal definition is not crucial; the interested reader can
find more details in, for example, [De Bock and T’ Joens|
2021}, |De Cooman and Hermans, 2008, Hermans and gkulj,

2014]. It suffices to know that the resulting sets of probab-
ility measures are the imprecise Markov chain under repe-
tition independence P', complete independence P and
epistemic irrelevance e and that these models are nested:
Pric Pl Pel.

Given such an imprecise Markov chain P € {P", P, Pei},
avariable g : X?20 — RU{—oc0, +c0} and some initial state x,
one is then often interested in the supremum E (g | Xo = x)
and infimum Ep(g | Xo = x) of Ep(g | Xo = x) as P
ranges over P. For more details on how to compute these
for particular instances of g, we refer the interested reader
to [De Bock et al., 2021} |Krakl, 2022} Sangalli et al., 2026]
and references therein. One of the fundamental examples of
such variables g are those of the form f(X;,), with f some
real-valued function on the state space X. Let us have a closer
look at these.

2.2 UPPER TRANSITION OPERATORS

We collect the real-valued functions on X in R¥; since X is
finite, any such function f € R¥ is bounded. One important
example are indicators: the indicator 14 of aset A € X maps
x € Xto1if x € A and to 0 otherwise; to ease our notation,
as we did in Example we write I, := Iy, forallx € X.

For imprecise Markov chains under complete independence
and epistemic irrelevance, it turns out that one can easily
compute the supremum and infimum conditional expectation
of f(X,): for every imprecise Markov chain P € {P¢!, P¢i},
initial state x € X, time point 7 € Z5 and function f € R¥,

Ep(f(Xn) | Xo =x) = T" f(x) (1)
= ~E,(—f(Xx) | Xo = x),

where the operator T: RY — RX maps f € R¥ to
Tf: X > R: 2 sup{E,(f): ¢ € Q°}. )

For example, for any target set A C X, initial state x € X
and time point n € Zs(, the supremum and infimum of

{P(X, e Al Xo=x): PeP}

are equal to T"I4 (x) and —T"(-I,)(x), respectively; these
are typically referred to as the upper and lower probability
of X, € A given X = x.

Example 2. In our running example, the upper transition

operator T induced by the family (Q*)ycx is given for all
feRY¥andx € X by

f(R) ifx =R,

Tf(x) = <max{f(R)} U{Eq (f): e € [0,1]} ifx=G,
max{f(R), f(G)} if x = B.

It is not difficult to verify that the operator T defined by @
is an upper transition operator in the sense of [De Cooman
and Hermans, 2008, [Hermans and De Cooman, [2012].



Definition 1. An upper transition operator is a map T
from R to R such that

T1. Tf < max f for all f € RY;
T2. T(f +g) < Tf + Tg forall g € RY;
T3. T(Af) = ATf forall 1 € Rsp, f € RY.

Even when an upper transition operator T is not derived
from a family (Q*),cx of sets of probability mass functions
through (2)), it can still be thought of as being derived from
such a family; the point-wise largest such family is that of
the closed and convex credal sets given by

{q € Zx: (Vf € RY) E,(f) STf(x)} forall x € X,

where X is the set of all probability mass functions on X.
Following De Bock et al.|[2025], Section 5], we call T finitely
generated if for every state x € X, the corresponding credal
set is a convex polytope—that is, the convex hull of a finite
set of probability mass functions.

Example 3. The sets QR, QC and QP and their correspond-
ing credal sets—that is, the closure of their convex hull—are
depicted in Figure These figures clearly show that T is not
finitely generated, since Q™ is not a convex polytope.

The three defining properties of an upper transition
operator T imply a number of other useful properties which
we will rely on in the remainder. When stating these, it will be
helpful to also use the conjugate lower transition operator T,
defined by

T4. Tf := —T(-f) forall f € R¥.

If T is an upper transition operator, then so is its n-fold
composition T”, and its conjugate lower transition operator
is T"; we will often use this basic fact implicitly in the re-
mainder. From the (well-known) properties of upper and
conjugate lower transition operators T and T thatDe Bock
et al.| [2025] Section 2.2] list, we will need the following
ones: with S € {T, T},

TS5. min f < Sf < max f for all f € RY;

T6. if f < gthen Sf < Sg forall f,g € RY;

T7. S(u+f) =u+Sf forall f e R¥ and u € R;
T8. Tl¢ = 1 — Tl¢e forall C € X.

3 CONVERGENCE

Just like for classical Markov chains, for imprecise Markov
chains P one is often interested in Ep (f(X,,) | Xo = x) for
large n. For imprecise Markov chains under complete inde-
pendence and repetition independence, (I)) tells us that we
then only need to look at T" f(x) for large n. This motivates
why in the remainder of this contribution we will only be

interested in the limit behaviour of the sequences (T" f),ex
in RY for f € R¥, given some upper transition operator T.

We are by no means the first to investigate this limit beha-
viour. Hermans and De Cooman| [2012] already noted that
any upper transition operator T is a ‘(convex) topological
map’ [Akian and Gaubert, 2003]—or, even more general,
a ‘sup-norm non-expansive map’ [Sine, 1990, |Lemmens
and Scheutzow, [2005]—thanks to[(TDH(T3)} Consequently,
for any f € RY, the sequence (T" f) e has a finite limit
set Qf = {w1,...,wp,} whose period p s has a universal
upper bound (functionally dependent of |X|). The points in
this limit set form a cycle: w, = Twl, ey Wpp = Ta),,f_l

and w; = Tw,,f = Wp el

Hermans and De Cooman|[2012]] introduced the notion of
ergodicity for upper transition operators, which requires that
for all f € R¥, the sequence (T f),en converges to a con-
stant function, or equivalently, the limit set £ ¢ is a singleton
(so pr = 1) containing a constant function. Their main result
is an easy to check necessary and sufficient condition for
ergodicity.

In their wake, De Bock et al.|[[2025) Definition 2.1] introduced
the notion of convergence, which also requires that all limit
sets O are singletons, but drops the requirement that the
limit functions should be constant.

Definition 2. The upper transition operator T is convergent
if for all f € RY, (T" f)nen converges.

De Bock et al.|[2025]] go on to give an alternative charac-
terisation of convergence in terms of a sufficient condition,
which they prove to be also necessary for finitely-generated
upper transition operators. To state this condition, we need to
introduce some additional terminology. Following T’ Joens
and De Bock|[2021} Section 5], we call any non-empty sub-
set C of X a class.

3.1 ACCESSIBILITY AND REGULARITY

Here and in the remainder, we will need the notion of an
accessibility relation, which is a well-known concept in the
theory of Markov chains. We essentially follow De Cooman
et al.| [2009, Section 4], but adhere to a slightly different
axiomatisation for accessibility relations; the reader will have
no difficulty in verifying the equivalence of their Eqns. (26)—

(27) and our[[ADH(AZ)}

An accessibility relation on some class A is a ternary rela-
tion - — - € A XN X A such that for all x,y,z € A and
n,méeN,

n m n+m
Al. x 5 yAy =z = x = z;
. 1
A2. there is some y, € A such thatx — y,.

For every two x,y € A, x has access to y if either x = y



orx = y for some n € N, and x and y communicate if x
has access to y and vice versa; we denote this by x — y
and x < y, respectively. The binary relation — on A is a
preorder, and its associated relation < is an equivalence
relation, which partitions A in equivalence classes, called
communication classes. The preorder — on A induces a
partial order on this partition, also denoted by —, and the
communication classes that are undominated in this preorder
are also called maximal. Such a maximal communication
class C is regular if there is some N € N such that x 4 y for
alln > N and x,y € C. In general, we call any class C C A
closed (for —) if no state x € C has access to a state outside C.
Note that every maximal communication class is closed, and
that a union of closed classes is again a closed class.

The accessibility relations in this contribution all satisfy an
additional property that implies [(A1), which makes them
particularly easy to visualise: for all x,y € A and n € N,

n . . .
x — y if and only if there is some sequence x = zg, ...,2, =

. 1
y of states in A such that z;_y — z; foralli € {1,...,n}.
If this is the case, - — - is completely determined by the

. . 1 . .. .
binary relation - — -, and we can then visualise it with a
directed graph with nodes A and a directed edge from x

to yifx 4 y. Checking whether x N y then amounts to
checking whether there is a directed path of length n from x
to y in this graph. The communication classes of - — - can
also be easily obtained using this graph: they are exactly
the strongly connected components of it. Furthermore, if we
define the cyclicity of a maximal communication class C
as the greatest common divisor of the lengths of the closed
directed paths that remain in this class, then C is regular if
and only if it has cyclicity 1.

De Cooman et al.| [2009} Section 4.2] give one particular
example of an accessibility relation on X: the one defined
forall x,y € X and n € N by

x vy & T'L(x) > 0. (3)

Taking into account (I}, this means x has access to y in n steps
if and only if, according to an imprecise Markov chain P
with upper transition operator T, the upper probability of
transitioning from x to y in n steps is (strictly) positive. |Her}
mans and De Cooman| [2012} Proposition 4] prove that this
relation has the additional property that allows us to visualise
it with the directed graph with nodes X and a directed edge

fromx to y ifx > y, which we call the upper accessibility
graph and denote by G(T).

Example 4. The upper accessibility graph G (T) of the up-
per transition operator T is depicted in Figure[2] This graph
clearly has two communication classes {R} and {G, B}, and
the former dominates the latter. Since the maximal commu-
nication class {R} is a singleton, it is trivially regular.

Figure 2: The upper accessibility graph G(T) in the running
example.

3.2 LOWER REACHABILITY

To state their sufficient condition for convergence, |(De Bock
et al.|[2025, Theorem 3.1] not only need (upper) accessib-
ility, but also the following notion of ‘lower reachability’
inspired by Hermans and De Cooman| [2012| Proposition 3]
and T’ Joens and De Bock][2021}, Section 5]: a class C € X
is called lower reachable from a state x € X if there is some
n € N such that T"I¢(x) > 0.

For a class C that is closed with respect to - s -, the set of
states for which this closed class C is lower reachable can be
determined with the help of the recursive scheme in [[De Bock
etal.,|2025, Lemma 3.1]—see also Proposition 6 in [Hermans
and De Coomanl [2012]]. The following result establishes that
this recursive scheme is valid for more general classes, which
will turn out to be quite helpful further on.

Lemma 3. Consider a class B such that T"1g(b) > 0 for
alln e Nand b € B. For all n € Z, let

B, ={x € X: T"Ig(x) > 0}.
Then for alln € Z>o, B C B, and

Bpi1 = {x € X: Tlp,(x) > 0}
=B, U{x € B,: Tl (x) > 0}.

Consequently, there is some k < |B®| for which By = Bj+1,
and By is the set of states from which B is lower reachable.

For the sake of completeness, we verify that any closed
class C satisfies the condition in Lemma[3l

Lemma 4. For every closed class C,
T"'Ic(x) =1 forallneN,x € X.

Example 5. Recall that {R} is the unique maximal commu-
nication class of - ~» -, which is of course closed. Following
Lemma 3.1 in [De Bock et all,[2025]—or Lemmas 3] and [4]
here—we look at the sequence (B, )nez., defined by the
initial condition By = C and, for all n € Z, the recursive
relation

Bpy1 =B, U{x € B,: Tlp, (x) > 0}.



Since it follows from [(T8)| that
Tlr =1 -Tlcg) =1 - e} =Ir.

it follows from this definition that B,, = {R} for all n € Zy.
Consequently, the unique maximal communication class {R}
is only lower reachable from {R}.

As the previous example shows, the class By obtained by
applying the algorithm in Lemma [3|need not yield the entire
state space X, but possibly only a subset of it; that is, B need
not be lower reachable from all states. The set Bj, of states
from which B is not lower reachable is then of course non-
empty and has the interesting property of being a so-called
“filtering class’.

Definition 5. A filtering class is a class A such that

A={x e X:TIs(x) = 1} = {x € X: Tlge(x) =0}. (4)

That this is indeed the case for B} follows from the fact that
Bj = By,, and the relation between B,, and B, given in
Lemma Since TIy = Tl = 1 by another example of
a filtering class is the entire state space X.

At first sight the term ‘filtering’ might be somewhat far-
fetched, but it has some intuitive motivation behind it: when
you are inside such a class, the upper probability of staying
inside is one, and when you are outside of it, the upper prob-
ability of returning to it is less than one, which is why we can
think of such a class as a “filter’ that allows probability mass
to stay inside it, but filters out at least part of the probability
mass that tries to enter it from outside.

Lemma 6. For every class A, the following statements are
equivalent:

(1) A is a filtering class;
(i) A={xeX: (Vn€Zso) T'I4(x) =1};
(iii) A®={x € X: (Vn € Zso) T"I4(x) < 1};
(iv) (3Ba €10,1])(Vn € Zsg) Tae > T"[pc > B2 e

Example 6. Recall that the unique maximal communication
class {R} is only lower reachable from {R}. This implies
that {G, B} is a filtering class. Indeed, for x = G orx = B,
TI[{G’B} (x) = 1, meaning that there is at least one compatible
probability model that keeps all probability mass in {G, B};
for x = R, on the other hand,T]I{G,B} (R) < 1, meaning that
probability mass in {R} cannot be entirely transferred to

(G, B).

3.3 A SUFFICIENT CONDITION FOR
CONVERGENCE

De Bock et al.| [2025]] consider a number of different cases
for which they establish sufficient (and sometimes necessary)

______________

Figure 3: Partitioning of the state space X, where dashed
lines indicate the communication classes of - ~» -,

conditions for convergence. The distinction between these
cases is based on the structure of the communication classes
of - ~» - and their lower reachability.

They start by considering the maximal communication
classes Xm’l, ... X} corresponding to - ~» -, and their
union X, = Xm’] U---u Xm’M. Next, they subdivide the
remaining states in X \ X, into two sets: those from which
X, is lower reachable, and those from which it isn’t, denoted
by X, and X;, respectively. As indicated by the subscript f,
the set X, will then be a filtering class. Figure E] provides a
schematic depiction of the resulting partition of X.

Example 7. In our running example, there is only one max-
imal communication class {R}, so X, = Xm’l = {R}. Since
X, is not lower reachable from either of the remaining
states G and B, we have X; = 0 and X, = {G, B}.

The least restrictive assumption under which they provide
a necessary and sufficient condition for convergence, is the
assumption that X; = 0, meaning that the union of max-
imal communication classes is lower reachable from every
state x € X. In that case, they find that T is convergent if and
only each of the maximal communication classes X _ ,, ...,
Xm’ » 1s regular [[De Bock et al.}|2025} Corollary 4.2]. The
intuition behind this result is that if the union of maximal
communication classes is lower reachable from every state,
then the limit behaviour of (T" f),cx is completely determ-
ined by the limit behaviour of (T" f),cx on these maximal
communication classes, and the latter is completely determ-
ined by their regularity; in particular, (T" f),ex converges
on a maximal communication class if and only if this class
is regular.

As illustrated by our example, the union of maximal com-
munication classes is not always lower reachable from
every state. Whenever this is the case, the limit behaviour
of (T" f),en is also influenced by the behaviour on the re-
maining states X £ Theorem 4.1 in [De Bock et al.,[2025]] then
provides a sufficient condition for convergence that is based
on a further decomposition of X,.|De Bock et al.|[2025, The-
orem 5.1] show that this sufficient condition is also necessary
if T is finitely generated, and give a counterexample—which
we’ve adopted as running example—which shows that this
condition is not necessary.



The first part of their sufficient condition is again the require-
ment that, similarly to the case where Xf = (), the maximal
communication classes X NOTRE Xm, M need to be regular,
but this is now no longer sufficient for convergence. The
problem is that X, is a filtering class, which implies that it is
possible to stay in X; for an arbitrarily long time, with up-
per probability one. To guarantee convergence, we therefore
need to ensure that ‘the behaviour on X, is convergent as
well.

To achieve this, |De Bock et al|[2025, Equation (2) and
Lemma 4.2] introduce a new upper transition operator T
that is obtained by ‘cutting’ X, from X and deriving an upper

transition operator on R*r from the original one T. More
formally, for all x € X, with @F C X the set of probability
mass functions on X, obtained by taking the restriction to X,
of every probability mass function in the closure of Q* that
assigns zero mass to X7, they define

Trg(x) = sup{E,(g): ¢ € Q'} forallg e R%. (5)
Since this new upper transition operator Ty captures the be-
haviour inside X, they then proceed to require that Ty is
convergent, and show that this, together with the regularity
of the maximal communication classes, is sufficient for con-
vergence of T. In this way, the problem has been reduced
from checking the convergence of T to checking the conver-
gence of Ty. This problem can then be similarly decomposed,
until there are no more states from which the union of max-
imal communication classes is not lower reachable, in which
case we can apply the result for that case.

Example 8. In our running example, with X; = {G, B}
and Xf = {R}, the upper transition operator T obtained by
cutting T on X is rather simple. The only probability mass
function in QGf that assigns probability zero to R is Ig, and
similarly, the only probability mass function in QP that as-
signs zero mass to R is I 5. Consequently, the upper transition
operator Ty is given by Trg(G) = g(B) and Trg(B) = g(G)
for all g € R{G-Bl; its upper accessibility graph G(Ty) is
depicted in Figure 4 This graph has a single (and hence
maximal) communication class {G, B}, which is not regular
since G only has acces to itself after an even number of
steps, and similarly for B. Consequently, Ty is not conver-
gent, and therefore the sufficient condition of |De Bock et al.
[2025, Theorem 4.1] for convergence of T is not satisfied.
This implies that this sufficient condition is not necessary,
because T is in fact convergent, as |De Bock et al.| [2025]
Example 5.1] demonstrate by explicitly verifying the defini-
tion of convergence—that is, after some tedious calculations
they painstakingly managed to show that for all f € R¥, the
iterates (T" f)nen converge to a limit.

Motivated by this counterexample, we will now develop a
slightly weaker condition that is both necessary and sufficient
for convergence, even without the assumption that T is finitely
generated.

Figure 4: The graph G(Ty) for our running example.

4 A NECESSARY AND SUFFICIENT
CONDITION

The reason behind the fact that the sufficient condition of
De Bock et al.|[2025, Theorem 4.1] is not necessary, is
that it requires the behaviour inside X, to be convergent:
as we saw in our counterexample, even if the behaviour
inside X, is cyclic—and hence not convergent—it’s still
possible for T to be convergent. The intuitive reason why
this is the case is rather subtle, and best understood by looking
at the graphical representation of Q© in Figure |1} There is
only one probability mass function that assigns probability
zero to R, and this probability mass function assigns all mass
to B, forcing a step to B that, combined with the reversed
edge, leads to cyclic behaviour inside X;. If we would also
have an edge from G to itself, this cycle could be broken,
making {G, B} regular and T convergent. Of course, such
an edge from G to itself would require a probability mass
function in QC that assigns mass to G but not to R, which
is not the case. However, the crucial insight is that this is
almost the case, in the sense that there are probability mass
functions in Q€ that do assign mass to G, at the ‘cost’ of
assigning only a comparatively negligible amount of mass
to R. This is a result of the curvature of the boundary of Q°
in Figure[T} which is tangent to the line connecting Ig and Ig.
Inspired by this observation, we will now develop a slightly
weaker notion of accessibility that allows us to capture this
idea of ‘almost accessibility’ relative to a filtering class, and
use it to establish a necessary and sufficient condition for
convergence that is weaker than the sufficient one of|De Bock
et al.| [2025, Theorem 4.1].

4.1 ACCESSIBILITY REVISITED

The accessibility relation we will use is a more general form
of the ‘standard’ one for upper transition operators defined
in (@). For any class A, we consider the corresponding ternary

relation - i> - defined for all x,y € A and n € N by

¥ 2y o (Va € Rag) T (—allge +1,) (x) > 0.

Note that for A = X, this definition reduces to the one in
@; for A C X, the extra term —al 4c in the argument of T”,
with @ € R arbitrarily large, formalises the above idea of
allowing one to assign mass to A€ as long as it is negligible
compared to the mass assigned to y.

A, ..
We now set out to show that - — - is indeed an access-
ibility relation and that it furthermore has the additional



property that allows us to visualise it with a directed graph,
at least under the assumption that A is a filtering class. A first
consequence of this assumption is that our ternary relation

satisfies
Lemma 7. If A is a filtering class, then for all a € A there

. Al
is some x € A such that a — x.

Property [(AT)] follows immediately from the following gen-
eralisation of Proposition 4 in [Hermans and De Cooman,
2012].

Lemma 8. Consider some filtering class A. Then for
allx,y e Xandn e N, x An, y if and only if there is some

. Al
sequence X = zg, ...,2Zn =y in X such that 71 — zx for

allk € {1,...,n}.

Since the ternary relation - A satisfies|(A1)land |(A2)| it

is indeed an accessibility relation.

. . A, .
Proposition 9. For every filtering class A, - — - is an
accessibility relation.

For any filtering class A, Lemma 8|also tells us that the cor-

A,- ",
responding accessibility relation - — - has the additional
property mentioned in Section so it is completely de-
termined by the graph with A as nodes and a directed edge

from x to y if x 22 y, which we will denote by G (T).

Moreover, if T is finitely generated, this graph Ga (T) is
identical to the upper accessibility graph G (T 4) of the upper
transition operator T obtained by ‘cutting” A from X. Gen-
eralising (3] from X to arbitrary filtering classes A,[De Bock
et al.| [2025] Equation (2) and Lemma 4.2] define this upper
transition operator T4 : R4 — R4 as

Tag(a) = max{E,(g): ¢ € Q,} forallge R4, a € A,

where Q4 C X is obtained by taking the restriction to A
of all probability mass functions in the closure of Q¢ that
assign zero mass to A°.

Lemma 10. [f A is a filtering class and T is finitely generated,
then Ga(T) = G(Ta).

If T is not finitely generated, however, G4 (T) and G(T4)
can differ: the former can (only) have more edges than the
latter. Indeed, take any directed edge in G(T4) from x to y,
meaning that TAin (x) > 0, and let Q* be the (closed) credal
set of x that corresponds to T. Then by definition of Ty,
there is some probability mass function ¢ in Q" such that
E;(Iac) = 0and g(y) > 0. Therefore, for all @ € R,

T(~-alac+ly)(x) = By (—alae+ly) = —aEq (Lac)+q(y) > 0,

so there is a directed edge from x to y in G4 (T). Our run-
ning example illustrates nicely that this inclusion G(T4) C
Ga(T) is sometimes a strict one.

Figure 5: The graph G(G g} (T) for our running example.

Example 9. For the filtering class A = X; = {G, B}, Ta

is the operator Ty defined by (@), whose upper accessibility
graph G(T g g}) is depicted in Figure

As an intermediary step towards determining GG B} (T), we
note that 4 = I and evaluate T in —alg + I, with @ € Ry

and y € {G, B}. The values of T(—alg + I,)(x) are easy to
determine for x = B: for all @ € R,

T(-alg +1g)(B) = max{-a, 1} = 1
and
T(-alg +1Ig)(B) = max{-a, 0} = 0.

Those for x = G are a bit more involved: for all @ € R,
T(-alg +1g)(G)

= max{—-a} U {—a/e2 +e€:€€ [0, l”

2—a
— 4
1
4da
and

T(-alg +I5)(G)

ifa<l

otherwise

= max{-a} U :—(1 +a)el+l—-€e€ [0,%”

=1.

This leads to the graph GG p) (T) depicted in Figure

Compared to the graph G (T{G,B}) in Figure this new graph
has an additional directed edge from G to itself, thereby
capturing the intuition that G is ‘almost accessible’ from
itself, as hinted at in the introduction of this section.

From here on, we will assume that all terminology regard-
ing accessibility relations— ‘has access to’, ‘communicate’,
‘maximal’, ‘closed’, ‘regular’, ...—are with respect to the

. A, . . .
relation - — -; to avoid confusion, we will often add the
suffix ‘A-’ to indicate the class A from which the relation is
derived.

4.2 STATING THE CONDITION

To state our necessary and sufficient condition for conver-
gence, we iteratively partition the state space X using the
accessibility and lower reachability relations we have intro-
duced in the previous sections, in much the same way as
De Bock et al.|[2025] Section 4.4] do for their condition.



We start off in exactly the same way as them—see also Sec-
tion[3.3] For reasons that will become clear further on, we let
A1 = X. First, we enumerate the maximal communication

. Ay,
. L= AN 1 1
classesof - ~w» - = —> - as Xm’l, XmM1 and denote

their union by X\. Next, since X! is closed for - ~ -, we
can distinguish the remaining states in X \ X according to
whether X! is lower reachable from them: Xli collects those
from which X! is lower reachable and X/ those from which
it is not. Recall from Section[3:2] that thanks to Lemmafd] we
can determine these two parts using the recursive scheme in

Lemmal[3l

If Xf1 = (@, we are done. If Xf1 + 0, Lemma also tells us
that
X Uy = {x € X: Tyt 1 (x) > 0}

in other words, X/ = (X, U X]!)° is a filtering class! Con-
sequently, we can partition A, = X fl as before, only this time

using the accessibility relation - LN rather than - Ay -
First we enumerate the A>-maximal communication classes
as Xé’l, - Xé’ M, and denote their union by Xr%l. Second,
we collect those states in A, \ X2 from which B; := ASUX2
is lower reachable in X and those from which it is not in X?.
Since Xn% is Ap-closed, the following result allows us to use
the recursive scheme in Lemma 3] to do so.

Lemma 11. Consider some filtering class A and some A-
closed class C C A, and let B = A°UC. Then T"Ig(b) > 0
forallb € Bandn € N.

If sz = (, we are done. If sz # 0, the way forward should
be clear: we again partition the remainder into ‘maximal’,
‘lower reachable’ and ‘non-lower reachable’ parts, now using
the filtering class A3 = sz = (A5 U X2 U XI%)C. Since
X is finite, after d iterations we eventually reach a point
where de = 0. See Figure|§|f0r a schematic depiction of the
obtained partition.

With this decomposition in place, our necessary and suf-
ficient condition for convergence now takes the following
elegant form.

Theorem 12. An upper transition operator T is convergent
if and only if for all k € {1,...,d}, the Ax-maximal com-

. . k k
munication classes Xm’l, e Xm’Mk are Ay-regular.

To illustrate this result, we apply it to two examples. We start
with our running example, finally confirming that the upper
transition operator that we have been considering is indeed
convergent.

Example 10. Since - ~> - = - Ay -with 4] = X, it
follows from before that X! = X IL . = {R}, Xli = ( and

Ay = Xf1 = {G, B}. From the graph GG B, (T) in Figure ,

. As,- .
we furthermore easily deduce that - 2, .hasa single

[ ani,l ] [ XI%!,Z ] Xr?l,Mz

d d
d

. J

Figure 6: Schematic depiction of the complete partition.

communication class {G, B}, which is A,-regular. Since the
unique A|-maximal communication class X IL , ={R}is As-
regular and the unique A,-maximal communication class
Xi’l = {G, B} is Aj,-regular, it follows from Theorem

that T is indeed convergent.

Our final example, by which we conclude this contribution,
is a bit more involved. It demonstrates how our notion of
‘almost accessibility’ might appear in practical scenarios and
illustrates that our decomposition, as depicted in Figure[d] is
different from the one of [De Bock et al.| [2025, Section 4.4].

Example 11. We consider a system that can be in one of four
states: A, B, W and F, so X = {A,B, W, F}. The system
typically switches back and forth between the two regime
states A and B. From either of these states, there can however
also be a small chance of switching to the warning state
From this warning state, a restart can give us a chance of
returning to state A, but this also comes with a small risk
of the system failing and ending up in the failure state F,
although this risk is negligible compared to the chance of
returning to A. Once we are in the failure state F, the system
remains in that state forever. This behaviour is captured by
the following sets of transition mass functions:

Q" ={(1 - p)lg +plyy: p € [0. 7]}
@® = {(1 - p)Ia+plyy: p € [0.Pg]}.
Q ={pla+o(p)lg+(1-p-o(p)I
Q" = {Ir}.

:p € [0,py1},

In these expressions, o: [0,p ] — [0, 1] is a continuous
function such that o(p) > 0 for p > Obutlim,_00(p)/p =



0, which expresses that the probability o(p) of going to
the failure state F is positive (unless p = 0) but negligible
compared to the probability p of returning to A from
For example, we could take o(p) = p¢ for some a > 1,
o(p) = xsin(x) or o(p) = sin®(x). We also need to specify
an upper probability py > 0 and pg > 0 for switching to
the warning state \/V from A and B, respectively, as well as
an upper probability p, > 0 for switching to A from
These three upper probabilities should be small enough to
ensure that Q*, QB and Q"' are indeed sets of probability
mass functions.

For all f € R¥, the upper transition operator T that corres-

ponds to this system is given by Tf(F) = f(F),
T {® it £(B) 2 £V,
FB)+pa(f(W) - f(B)) otherwise,

if f(A) =z f(W),

otherwise,

T = "
FOR) +PaF (V) = F(A)

and

Tf(W) =max{f (W) +p(f(A) = f(V))
+o(p)(f(F) = f(WV): p €0, pyl}.

To check whether T is convergent, we first determine the
upper accessibility graph G(T); this is an easy task because
of the expressions for T above, which results in the graph
depicted in Figure[7al This graph has a single undominated
communication class X | ! = {F}, which is clearly regular.
Since TIg(A) = T]IF(B) TIF (W) = 0, it follows that
Xli = Q)anXm ={A,B, W}.

At this point, there is a distinction between our condition in
Theorem and the sufficient one of |De Bock et al.[[2025)
Theorem 4.1]. We first look at the required steps for check-
ing the sufficient one. On that approach, the next step is to
determine the upper transition operator T{ A,B,W}- We leave
it to the reader to check that T{ A,B,\} 1s the upper transition
operator corresponding to the closed sets of transition mass
functions

Q{AB , ={(1-p)lg+ply: p € [0,pal},
Q{AB y ={(L=p)Ia+ply: p € [0, ppl},
Q{A,B, y = {Iw},

whose accessibility graph Q(T{ A,B,w}) is depicted in Fig-
ure[7b] Here too, this accessibility graph has a single undom-
inated communication class—now {\\/}—which is regular
but not lower reachable from the other states—now A and
B. The sufficient condition in [De Bock et al.l [2025, The-
orem 4.1] now requires us to consider the upper accessibility
graph of the upper transition operator T{ A,B}» Which corres-

ponds to the sets Q" = {Ig} and QB = {Ip}. This

{A.B} {A.B}

a’e o8 e

@ G(T) = Gx(T) (b) G(T(ap,
t»-‘«

(1 Te)

© G(Tiap)) @) Gag, (T

Figure 7: Directed graphs for Example

graph Q(T{ A,B}), depicted in Figure [7cl consists of a single
communication class {A, B} which is automatically maximal
but is however not regular: every closed directed path in this
class has an even length. The sufficient condition [De Bock
et al.,[2025| Theorem 4.1] is therefore not satisfied, so cannot
be used to establish convergence.

The operator Tis convergent, however, and we can show this
by verifying the condition in Theorem[I2] For A; = X, we
know that G4, (T) = G(T), so we already know from before
that the accessibility graph G, (T) = G(T) depicted in
Figure(7ahas a single maximal communication class X lo=
{F} thatis regular, and that A, = {A, B, W}. For the next Step,
rather than use Q(TAZ), as|De Bock et al.|[2025, Section 4.4]
do, we now need to consider the graph G4, (T) instead. As
we know from the discussion after Lemma [10] this will be
a graph that includes at least the directed edges of Q(TAZ),
but possibly more: Q(TAz) C Ga, (T). Since T(—QI[A; +
I,)(x) = Ta,L,(x) for all @ € Rog, x € {A,B} and y € A,
the directed edges that leave either A or B are the same in both
graphs, so it suffices to check the edges thatleave \/\/. The edge
from \/V to V/V cannot disappear. Since T(—a/}IAcz +Ig)(W) =0
for all @ € R, no edge from \/V to B is added. Since

T(=alag +1a)(W) = max{p — @o(p): p € [0, ]} > 0

for all @ € Ry, we do have to add an edge from \V to A
though. Consequently, and as can be seen in Figure [7d] the
only addition to G(Ta,) is an extra edge from 'V to A. Cru-
cially, the resulting graph G4, (T) has a single communic-
ation class X 2 = {A, B, W}, which is automatically max-
imal and furthermore easily seen to be regular. Consequently,
X? =0and d = 2. Since X!, | is Aj-regular and X2 | is Ag-

regular, we conclude from Theoremn that T is convergent.
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Characterising the Convergence of Imprecise Markov Chains
(Supplementary Material)

Jasper De Bock' Alexander Erreygers' Floris Persiau'

'Foundations Lab for imprecise probabilities, Ghent University, Ghent, Belgium

This appendix contains our proofs for the results in the main text, as well as some additional technical lemmas. We start off
in Appendix |A| with proving everything related to lower reachability, continue in Appendix [B| with giving proofs for the
results regarding accessibility, and end in Appendix [C|with our—rather long—proof for Theorem

A EXTRA RESULTS AND RELEGATED PROOFS REGARDING LOWER REACHABILITY
First, we prove Lemma@

Proof of Lemma[3] That B C B,, follows immediately from the assumption on B in the statement.

Observe that (B,,),ez., is a non-decreasing sequence by the second equality in the statement. Since B is finite, this implies
that there must be some smallest k € Z such that By,; = Br—and then B = B,, for all n > k—and that k < |B€|.

That By is the set of states from which B is lower reachable follows immediately from the definition of lower reachability
and the definition of B,,.

Hence, it remains for us to verify that for all n € Z>),
By ={x e X: Tlp,(x) >0} =B, U {x e X\ B,: Tlp, (x) > 0}.

To this end, note that for all n € Z5, by|(T5)|and the definition of B,, there is some 3, €]0, 1] such that 8,15, < T"Ig <1Ip,.
Consequently, for all n € Zx,
B,Tlg, =TB,Ip, < TT'Ipz =T 1p < Tip, .

From this, we infer immediately that
By ={x e X: Tlp,(x) >0} foralln e Zs,
which is the first equality. For the second equality, observe that if x € B,;, then

T p(x) = T"Tlp(x) = T"Bilp, (x) = /iT"1p, (x) = BiT"Ig(x) > 0. o
The next result we need to prove is Lemma 4]

Proof of Lemmald] Assume towards contradiction that there are some n € N and x € C such that T"I¢(x) < 1—the alternate
case T"I¢ (x) > 1 is of course impossible due to[(T5)} From this and|(T8)} it follows that T'ee(x) =1 - T"I¢(x) > 0. Since

Tee(r) =T Y Iy |(0) < . T, (x)
yeCe® yeCe®

by |(T2), we infer from this that there must be some y € C° such that T”]Iy (x) > 0, or equivalently, x ~ y. Since x € C,
y € C¢and C is closed, this is the contradiction we were after. m]
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B EXTRA RESULTS AND RELEGATED PROOFS REGARDING ACCESSIBILITY

First, we prove the equivalent characterisations of filtering classes in Lemma 6]

Proof of Lemmal6] It is not difficult to see that[(iD]and [(fiD)]imply [(D} take n = 1 and use[(T8)]and Similarly, [(iv)]implies
and[(ii))] Hence, it remains for us to verify that[(D)]implies

We’ll prove by induction on n that 84 = min{Tl4c(x): x € A°} > O satisfies the condition in Forn=0andn =1,
since A is a filtering class our definition of S4 ensures that [4c > T"I4c > g 14c. For the inductive step, we assume that

Tagc > Ik}l Ac > ,6’1];]1 Ac for all k£ < n, and set out to verify this inequality for n + 1. Since I"“}I Ac = T(T"4¢), it follows from
the induction hypothesis for k = 1 and k = n,[(T6)|and [(T3)| that

B Tae < BiTIae = TAAIae < T ' xe < Tlae < Iye. 0

Proof of Lemmal7} Since we know from () that TIa(a) = 1, it follows that for all @ € R,
T(—alge +14)(a) = T(—a + (1 + @)Ix)(a) = —a + (1 + @) Tls(a) = 1.
From this, it follows that for all @ € R,

1 = T(—a|Alx +14)(a) = T(Z —allqe + ]Ix)(a) < Z T(—alse + 1) (a). (©6)

X€EA X€EA

Hence, for all @ € Rxg, the set Cy == {x € A: T(—alye + L) (a) > 0} is non-empty, and it follows from [(T6)|that & > C,,
decreases for increasing a. Since () 4cx_, Co cannot be empty—otherwise we’d reach a contradiction with (6)—the statement
follows. ]

In our proof for Lemma|8] we’ll rely on the following intermediary result.

Lemma 13. For any filtering class A,

T (—alpe +1,)(x) >0 foralln e N,a € Ryo,x,y € A.

Proof. This follows immediately from [(T6)|and Lemma [6}

T (—alae +1,)(x) = T"(—alae)(x) = —aTlze (x) = 0. O

Proof of Lemmal8] Our proof will be one by induction on n. The base case n = 1 holds trivially. For the inductive step,
we assume that the result holds for some n € N and consider any x,y € X. Now suppose there is some sequence x =
205 - - -, Zn+1 = y in X that satisfies the condition in the statement. Then by the induction hypothesis, for all @, 8 € R,
T"(—Blac + I, )(x) > 0 and T(—ale + I,)(zx) > 0. Since furthermore T(—alge + I,)(z) = —a for all z € A® and
T(—alye + I,)(z) > Oforall z € A by Lemma it follows that, with y := T(—al4e + I,)(zn) > 0,

T (—alge +1,) (x) = T"T(=alpe + 1) (x) = T"(—alae +yI,, ) (x) = yT" (—%]IAc + I[Zn)(x).

From this and the induction hypothesis, we infer that for all @ € R, T"*! (—ale + I,)(x) > 0.

For the converse implication, we suppose that there is no such sequence from x to y and show that then there is some @ € R
for which T"*! (—al4e + I,)(x) < 0. Since there is no such sequence, there is no z € A such that for all « € R,

T(-alae +1;)(x) > 0 and—using the induction hypothesis—T" (—alc + I,)(z) > 0. Since A is a filtering class, we know
from Lemma@that there is some 4 €]0, 1] for which T"I4e > 8 L4c. Consequently, for all @ € R and z € A°,

T"(—alae +1,)(2) < aT"(<Iae)(2) + TLy(2) = —@T"Iac(2) + Ty (2) < —a % + 1.



So for all @ € R for which @’ — 1 > 0, and with Z,, = {z € A®: T (—alye + I,)(z) > 0},

Tn+1(_a,]IAC + ]Iy)(x) = T(Z T"(_a'ﬂAc + Hy)(Z)Hz)(X)

zeX
< T(=(af} - Dlae +17,)(x)

_ n_q
< Z T(——aﬂ|f)‘(| }IAC+1[Z)(x).

z€Za

Note that by|(T6)} the map o — Z, decreases with increasing «. If it decreases to the empty set, we’re done. If it doesn’t, then
let Z* = (N ger., <La- Then there must be some @ € R such that Z, = Z* and T(—%HAC +1I)(x) <Oforallz € Z7,

otherwise we contradict our initial assumption. For this @, we infer from the previous inequality that T+ (—al 4 +1,)(x) <0,
which is what we needed to prove. O

Proof of Proposition[d] Property [(AT)] follows from Lemma 8 and [(A2)] follows from Lemma m|
The last result related to accessibility in the main text that we still need to prove is Lemma [I0}

Proof of Lemma[I0] It clearly suffices to prove that for all x,y € A,
Taly(x) > 0 & (Va € Ryg) T(—alae +1,)(x) > 0.
So fix any x, y € A. Since T is finitely generated, there is some finite set @* C Zx such that
Tf(x) = max{E,(f): ¢ € Q"} forall f e RY. (7)
Consider any such set Q*.

If TA]Iy (x) > 0, then since Q* is closed because it is finite, it follows from the definition of TA that there is some probability
mass function ¢ in Q" such that E; (I4<) = 0 and E, () > 0. Consequently, for all € R,

T(—ala +1,)(x) > E,(—alae + 1) = —aE, (Ise) + E, (1) > 0.
For the implication to the right, assume that T(-alae + I,)(x) > O for all @ € Ryp. For all n € N, it then follows from
Equation (7) that there is some probability mass function ¢, € Q* such that E;, (—nl4c +1,) > 0. Since Q~ is finite, there is

at least one mass function ¢ € Q* that appears infinitely often in the sequence (g, ),en. It must be that ¢(y) > 0, otherwise
E,(—nl4e +1,) <0 for all n € N. We now claim that E, (I4c) = 0, from which it follows that indeed

TA]Iy(X) > quA (I[y) = Q(}’) > 0.

To verify this claim, we assume towards contradiction that ¢ := E, (Iac) > 0. Then for all @ € ]1/c, +oo],
Ey(—alae +1,) = —aE; (Iac) +E4(Iy) = —ac+gq(y) < -1+4q(y) <O0.
On the other hand, for all @ € ]1/c, +oo[, and with n, the smallest natural number n > « such that ¢, = ¢,
Ey(—alac +1,) > E;(—nolac +1y) = By, (—nolac +1,) > 0.

We’ve arrived at the contradiction which verifies our claim, and this finalises our proof. O

Finally, we establish two technical results which will come in handy further down the line.

Lemma 14. Consider some filtering class A and some closed class C C A. Then for all x € C and n € N, T"I¢(x) > 0.

Proof. Since C is closed and - — - is an accessibility relation [Proposition EI], it follows from repeated application of [(A2)
A, .
andthat there is some z € C such that x = z. It follows from and this that

T"Ic(x) > T*(=Lac +1,)(x) > 0. O



Lemma 15. Consider some filtering class A and some closed class C € A. Then for all x € C and n € N, there is some
a € Ry such that _
T"(—ozI[Ac +1Ice)(x) <0.

Proof. If C¢ = 0, this follows immediately from [(T1)} hence, we may assume without loss of generality that C¢ # 0, or
equivalently, that |C¢| > 0. Assume towards contradiction that there are some x € C and n € N such that

0 < T"(—alge +I¢ce) > x forall @ € Ray.
From this and [(T2)}, it follows that
0 < T"(=|C|als +Icc) = T" Z —alpe + 1, |(x) < Z T (=alse +1,)(x) forall @ € Rug.
yeC*® yeC¢®

From this, it follows that the set Y, = {y € C®: T"(—al4c + I,)(x) > 0} is non-empty for all @ € R.. Since the map
@ — Y, is furthermore decreasing for increasing « due to((T6)} we conclude that (1) ,cg_, Yo is non-empty. But this tells us

that there is some y € C° such that x SN ¥, which contradicts the assumption in the statement that C is closed. O

C PROOF FOR THEOREM

The remainder of this appendix will be devoted to the proof of our main result Theorem [12] Before doing so, we still need to
prove Lemma I 1] though.

Proof of Lemma [7_7] For b € A€, it follows from |(T6){and Lemma@that forall n € N,

T'I5(b) = T"I4c(b) > O.

The alternative case b € C _is a bit more involved. Assume towards contradiction that there are some b € C and n € N for
which T"Ig(b) = 0. Then T"Ig(b) = 1 by|(T8); consequently, for all @ € R,

T"(—alac +Ige) (b) > T"(—alp +1pe)(b) = T"(—a + (1 + @)pe) (b) = —a + (1 + @) T"Ipc(b) = 1,
where we used for the inequality and |(I'7)| for the penultimate equality. From this, it follows that for all k¥ € N,

1 < T"(—k|BC|Lae +Ipe)(b) < Z T (—klxe +1,) (D),

zZE€B¢

so there is at least one zx € B = A N C° for which T(—kIxc +I,)(b) > 0. Because B is finite, there is at least one
7*¥ € B° = A N C° that appears infinitely often in the sequence (zx)ken. Then for all @ € R., and with &, the smallest
natural number n > « such that z, = z*,

T"(—alac +12)(b) 2 T"(—kqolac +12)(b) = T"(~kqlac + 1, ) (b) > 0.
This means that b ﬂ z*, which is a contradiction because b € C, z* € C® and C is closed. m]

C.1 SUFFICIENCY

Let us establish first that the condition in Theorem[I2]is sufficient for convergence.

Proposition 16. If for all k € {1,...,d}, the Ai-maximal communication classes /\’r’;’l, XT{{LMI( are Ay-regular, then T
is convergent.

We start our proof for Proposition [T6| with an intermediary technical result, which will also turn out to be useful in our proof
for the necessity further on.



Lemma 17. Consider some filtering class A and some A-closed class C C A. Then for allx,y € C, f € RN and n € N,
there is some a € R+ such that

T"f(x) = min flc + (f(y) = min o) T (—edae +1,) (x)
> min f|c.

Proof. Since T"(—alac + I,)(x) > Oforall @ € Ry [Lemma, the second inequality follows immediately from the first
one.

To prove the first inequality, let ¢ := f(y) — min f|¢. To deal with the case ¢ = 0, we let § := min f|¢c — min f. For § =0,
the inequality follows from|(T1)} For 6 > 0,

T" f(x) —min f = T"(f — min f)(x) > T*(6I¢)(x) = 6T"I¢(x) > 0,

where the last inequality follows from Lemma[T4] Since ¢ = 0, this inequality implies the one in the statement.
For the case ¢ > 0, we choose 8 € R.¢ such that f > min f|c + cl, — Blc:. By Lemrna there is some y € R such that
T"(—ylac +Ice)(x) < 0. Then with @ = yB/c > 0,

f > min flc + CI[y —ﬁﬂcc = min flc - )/ﬁI[Ac + C]Iy —ﬁ(—’yﬂAc + Hcc) = min flc + C(—(II[AC + I[y) —ﬁ(—’yﬂAc + ﬂcc),
and therefore,
T"f(x) > T"(min flc + c(—alae + 1) — B(=yLac +Ice)) (x)
=min flc + T"(c(=alpe + 1) = B(—=ylac +Ice))(x)
> min flc +T"(c(=alae +1,))(x) = T"(B(=yLac +Ice))(x)
=min flc + cT"(—alae + 1) (x) = BT (=ylac +Ice) (x)

> min flc + T (—ale + L) (x),

where the last inequality follows from our choice of y. O

For the following result, it’ll help to recall Definition 4.1 from [De Bock et al., 2025]).

Definition 18. Given some class C, T is convergent (ergodic) on C if for all f € RX, the sequence ((T" f)]¢)nen converges
(to a constant function).

Lemma 19. Consider some filtering class A and some maximal communication class C C A. If C is A-regular, then T is
ergodic on C.

Proof. Fix any f € R¥, and consider its limit set Qr ={wi,...,wp,} Let
Cmin = min{w,(x): re{l,...,prh,x € C} and cmax =max{w,(x):r€{l,...,pr},x € C}.

To prove the statement, it suffices to show that cpin = Cmax-

Assume towards contradiction that ¢y, < ¢max. Then there are some k,¢ € {1,..., pf} and x,y € C such that ¢y, =

wi (x) < we(y) = Cmax. Since wy and wy are part of a p r-cycle, there is some m € N such that wy (x) = T™*1Pf e (x) for
all n € N. Since C is A-regular and x, y € C, we furthermore know that there is some 7i € N such that x is A-accessible from
yinm+iip s steps, which implies that ¢, = TAPs (—l g + I,)(x) > O for all @ € Rs. Finally, it follows from Lemma
that there is some @ € R such that

T™Pf we(x) > minwelc + (we(y) — minwe o) T™PF (=l ze + 1) (x)

> Cmin + (Cmax = Cmin)C& > Cmin-

This contradicts the fact that cyin = wi (x) = T Pf we(x). o



Lemma 20. With D = J{_, XX, the map S: RX — RX defined by

_ T ] D
Sg(x):{ glx) ifxe forallg e R¥ x € X

g(x)  otherwise

is an upper transition operator. Furthermore, D = U',izl Xk is a X-closed class for S that is lower reachable from every
x € X for S.

Proof. That S is an upper transition operator follows immediately from the definition of S and the fact that T is an upper
transition operator. Similarly, that D€ is closed for S follows immediately from the definition of S. Hence, it remains for us to
show that D¢ is lower reachable (for S) from every x € X.

Applying Lemma [3| with B! = X! [which is allowed due to Lemma [11| with A = X], we get the non-decreasing se-
quence (B}l)nezZO which is constant from k| onward with B,lcl = XI}] U Xlr = A;. Observe now that for all n € Z,

B, =B,U{xeX\B,: Tlg(x) >0} =B, U{x € X\ B,: Sl (x) >0},

n+l

where the equality follows from the definition of S. Since X! is trivially X-closed for S, it follows from the equality above
that (B})nez., is also the sequence we get by applying Lemmawith A =Xand C = X! forS. Consequently, for all k > ki,
ﬂ}{ = min{§"]IXI}1 (x):x € A5} > 0 and ﬂlch[A‘é < §k]IX,}1 < I¢. In particular, for all x € Xhu Xli = AS it follows from this,

(T6){and [(T3)| that S¥1 T pe (x) > SX Ixi (x) > 0, so D€ is lower reachable from x.

If d = 1, we're done. If d > 1, we repeat the same argument. Applying Lemmawith B? = AS U X2 [which is allowed by
Lemmafor A=Aryand C = an,], we get the non-decreasing sequence (B%l)nGZZ[) which is constant from k, onward with
Biz =ASUXZUXE = AS. Here too, it follows from the definition of S that, for all n € Zs,

B, =B,U{xeX\B;: Tl (x) >0} = B; U{x € X\ B,: Sy (x) > 0}.

Since X2 is also A-closed for S, it follows from Lemmaand the equality above that ( B,%),,EZ20 is also the sequence we get
by applying Lemmawith B = B? = AS U X2 for S. Consequently, for all k > ko, 52 = min{§kI[A;Ux% (x):x €A} >0
and ﬁihg < §k}1 ASUXZ <I A Furthermore, it follows from (repeated application of) the definition of S and (T5)| that
S*Ix1ux2 = Ix1,x2 forall k € N. For any x € X3 U X2 = A§ \ AS, it follows from all of this that

SHRIpe(x) 2 SR e (1) 2 88 (s + B Lag) () 2 By, 8% 1ae iz () 2 By BT, > O,

so D€ is lower reachable from x.

If d =2, we’re done. If d > 3, we simply repeat the same argument d — 2 more times. In the end, we’ll have concluded that

D is lower reachable from every x € X. O
Proof of Proposition[I6] Fix any f € R¥ and consider its limit set Q r ={w1,...,wp,}. Thanks to the assumptions in the
statement, we know from Lemmathat forall k € {1,...,d}and € € {1,..., My}, wllf\’rﬁ,g’ . wpflng are all constant
and equal.

Let D = U,‘f: 1 Xl’r‘, and consider the upper transition operator S as defined in Lemma This way, Sw; = Tw; = Wiy

foralli € {1,..., pr}. Consequently, the limit set of (§"w1)n€N is {wi, ..., a)pf}. However, since D¢ = an, U---uU Xr‘,f
is closed and lower reachable from any x € X for S [Lemma, it follows from [De Bock et al., 2025, Lemma 4.4] that
w1 =+ =wp,, and therefore py = 1. O

C.2 NECESSITY

Finally, we set out to prove that the condition in Theorem [12]is not only sufficient for T to be convergent, but also necessary.

Proposition 21. If an upper transition operator T is convergent, then for all k € {1, ..., d} the Ag-maximal communication
classes Xnﬁ’l, ey Xn'i’Mk are Ay-regular.



Our proof is quite long, which is why we split it up into a couple of intermediary results. The first one of these is a basic
result regarding {0, 1}-valued matrices, which should be obvious; in essence, it’s related to Lemma

Lemma 22. Consider any non-empty finite set Z and some matrix M: Z X Z — {0,1}. Then for all x,y € Z and
n €N, M"(x,y) > 0 if and only if there is some sequence x = 20,21, ...,2n = y in Z such that M (zy—1,zx) = 1 for all
ked{l,...,n}.

The following two intermediary results are a bit more involved.

Lemma 23. Consider some filtering class A and some maximal communication class C C A. If T is convergent on C, then

forallx,y € C and a € Ry, lim,—100 T (—alge + 1) (x) > 0.

Proof. Fix any x,y € C and a € R(. For all z € C, since C is a communication class, y is A-accessible from z, so there is
some m, € N such that ¢; := T"= (—alac +1,)(z) > 0. Let ¢ := minzec ¢, > 0.

Since T is convergent on C, the limit L := limy,_ o0 T" (—alzc + I,)(x) exists. We need to prove that L > 0. Since the limit
exists, there is some N € N such that
c

T (—alae +1 <L+
(—alge +1,)(x) < 2C|

forallm e N,n > N. (8)

Since C is A-closed, it follows from Lemmathat TN (—|C] “lac +Ic)(x) 2 1, which, since

TN(—|C|%11AC +]IC)(x) - TN(Z —%]IAc + ]IZ)(x) <y TN(—%]IAc + ]IZ)(x),
zeC zeC

implies that there is some z € C such that TN(—%I[Ac +1,)(x) > ﬁ

By|(T6), Lemma|13|and the definition of ¢, we have that T"= (—al zc + Iy) > —alac + ¢ I; > —alac + cl;, and therefore

TV (—alge +Iy) (x) = TVT™ (—alpe +1y) (x) > TV (—alpe + cl) (x) = TV (- 2Lp + 1) (x) 2 <

=T
Combining this inequality with the one in (8]) for n = N + m; > N, we find that \é_l <L+ 2|CC| , from which we infer that
L> ﬁ > (), as desired. |
Lemma 24. Forall k € {1,...,d}, there is some yi € |0, 1] such that, for all x € A} and n € Zsy, In]IACk (x) = vx.

Proof. We provide a proof by induction on k. For the base case k = 1, we have A| = X and therefore A} = (. The statement
therefore holds trivially for any ;. We choose y; := 1. Now assume that the statement holds for some k € {1,...,d — 1};
we will show that it also holds for k£ + 1.
Forall z € X%, since XX is Aj-closed, we know from Lemma|l 5|that there is some ;; > 0 such thatT(—azﬂAi +(xkye) (2) < 0.
Fix any & > 1 such that @ > a, forall z € XK. Let B := ALV XX Then by Lemmasand there is some m € N such that
T"Ig(z) > O0forallz € BU X'r‘; let

6 = min{T™I(z): z € XX} €0, 1].
Since Ay, is a filtering class, it follows from Lemma@ that there is some S € ]0, 1] such that I"HA; - ,B"IAi " for all
n € Zso. Let yiq1 = min{6 2, gm~1} > 0.
Consider now any x € A} | and n € Z>(. We need to prove that T"I AC (x) = yi. If n < m, this follows from the definition of

B:T'ac  (x) 2 B" > B > vy, If n > m, the argument is a bit more involved.

We first prove by induction on ¢ € Z5 that I"’]IB > %]IB for all ¢ € Z5(. The base case ¢ = 0 holds trivially since IO]IB =1
and % < 1. For the inductive step, we assume that the statement holds for some ¢ € Z>( and show that it also holds for £ + 1.

Consider any z € XX. By the hypothesis of our induction on k and [(T6)| we have that T‘Iz(y) > TI A (y) = v forall
y € A} By the hypothesis of our induction on ¢, we have TIp(y) > %" for all y € XX. Since T!Iz > 0 by [(T5)} it follows
that T¢Ip > 1 A+ ! xk» from which we infer that

T (2) = T (2) > Tvalag + 2] (2) = ZoT(alag +14) ). ©



Since T(—leI[Ai + ]I(X,ﬁ)c)(z) < 0and @ > a,, it follows from [(T6)|that

T(_CVI[Ai + xx)e)(2) < T(_a’zl[Aﬁ( +I xkye)(2) <0,
implying that
T(alas +1Ixe)(2) = T(adas +1 - Lxxye)(2) = 1+ T(alas — I xk)e)(2) =1 —T(—aﬂAck +Lxkye)(2) 2 1.

Substituting this back into Equation (@), we find that T*'Iz(z) > 2%. On the other hand, for all z € A, it follows from

@

the hypothesis of our induction on k that T*'I5(z) > yx > Z. Hence, T*'Ig(z) > % for all z € AS U X} = B. Since
IE“I[B > 0, it follows that I“l]IB > %}IB. This concludes the induction on £.

Recall from Section that AS

¢ =ASUXKUXE Ifx € AS U XL, then|(T6)|and the induction on £ above immediately
yield that

n n k k k
T () 2 T'Ip(x) = 2Lip) = 22 5 678 > 9,0,
* @ a a
If instead x € Xl’r‘, then the induction on ¢ above implies that T" "I > %]IB. It therefore follows from |(T6)|that, once more,
T'Lae () 2 T'Ip(x) = T"T" "I (x) > T'"(ﬁﬂg)(x) = Yopmyp () > 625 >y
+ - - = ~— \a a~ a
This concludes the induction on k and therefore also the proof. O

Finally, then, we are ready to prove the necessity of our condition.

Proof of Proposition[21] Consider any k € {1,...,d} and ¢ € {1,..., Mi}. We need to prove that C := XIII‘1 ¢ 18 Ag-regular.

Let yx € ]0,1] be as in Lemma[24]and let Br = vk /(2|Ak|) € ]0,1]. Since C is Ag-closed, we know that for all x € C and
y € C¢, there is some ay,, € R.¢ such that T(—ax,yﬁkhi +I,)(x) £0.Let @ = max{ay,y: x € C,y € C°} > 0. Then

clearly, forany @« > a@,x € C and y € C°, T(—aﬁk]IAck +1,)(x) <0.
Fix any @ > min{2/yg, @} > 0 and consider the matrix My: C X C — {0, 1} defined for all x,y € C by

1 if T(=aBilae +1y)(x) > 0,
0 otherwise.

Ma(xs Y) = {

Since T is convergent, it is in particular convergent on C. It therefore follows from Lemma |23| that, for all x,y € C,
lim;; 40 T”(—oAIAi +1,)(x) > 0. This implies that there is some n, € N such that T"« (—ozI[Ai +1;)(x) >Oforallx,y € C.

Fixanyx,y € Candlet zp :=x € C. Forall z € AS,
T (=alye +1,)(2) < T" ' (=alas +1)(2) = 1 - aT"* Mg (2) < 1 -y,

using Lemma for the last inequality. Since @ > 2 /vy, this implies that for all z € AS,

Tra-1 : Yk Wk XYk _ -
T (malag +1)(2) £ 1= =5 = 5 < =% = ~[AileBe =~ ) api.
ZEAL
Hence, . _
T' ! (—aly +1) < Z aBilas + T (—adpe +1,) ()L (10)
Z€ALK

Since T" (—al +1y)(x) > 0, it follows that

0 < T (—adac +1)(z0) = TT"* ™! (—als +1y)(20)

ST D —apedas + T (—alas +1,)(2)I |(20)

ZEAk

< Z T(—aﬁkﬂAi +Tn“_l(—Q'HA§( ‘HIy)(Z)]IZ)(ZO)-

ZEAL



This inequality implies that there is some z; € Ay such that
0 < T(-afilas +T" " (=alas +1,) (211, ) (20). (11)
On the one hand, since T" ! (—adas +1,)(z1) < 1 by|(TD), it follows from (TI) that
T(-aBilac +1;,)(z0) = T(-aBilac + T (=adae +1,)(21)I, ) (20) > 0.

Since it’s not possible that z; € C°—recall that T(—ozﬁ;<]IA3c +1;,)(z0) £ 0as @ > a—it must be that z; € C.

On the other hand, also implies that T"~! (_aﬂAi +1,)(z1) > 0, since otherwise it would follow from|(T1)| that

T(—aBilas + T (—adae +1,) (211, ) (z0) < O.
So we conclude that there is some z; € C such that

My(z0,z1) =1 and T""_l(—a]IAck +1,)(z1) > 0.

Using a similar argument, this time starting from Tra~1 (—aI[Ack +1,)(z1) > 0 instead of Tl (—a/]IAi +1,)(z0) > 0, we find
some z» € C such that _
My (z1,22) =1 and T"”‘z(—a}IAi +1,)(z2) > 0.

Repeating this argument n,, — 3 times more, we find a sequence 2o, z1, . . ., Zn,-1 € C such that
My(zi-1,z;) =1 and T”('*"(—aI[Ai +1,)(z;) >0 forallie{l,...,n, —1}.
In particular, for i = n, — 1, we find that T(—a]IAi +1,)(2n,-1) > 0 and therefore also, with z,,, := y € C, that

T(-aBilas +1z,, ) (2n,-1) = T(=alas +1, )(Zn,-1) > 0.

We have thus found that there is a sequence x = 2o, 21, .. .,2n, = ¥ in C such that, foralli € {1,...,n,}, Mo (zi-1,2;) = 1.
Using Lemma we conclude that M[* (x,y) > 1.

Since our choices of x, y € C were arbitrary, we have shown that M > 1. By Theorems 3.4.4 and 3.5.6 in [Brualdi and
Ryser, 1991], this implies that M" > 0 foralln > N := (|C| — 1)> + 1. Applying Lemma again, we find that for all
x,y € Candn > N, there is some sequence x = zg,Z1,..-,2, =y in C such that, foralli € {1,...,n}, My(z;-1,2;) = 1, or
equivalently, T(—aﬁk]IAi +1;,)(zi-1) > 0.

Since our choice of @ > min{2/y, a} was arbitrary, we conclude that for all x,y € C and n > N, there is for all
a > min{2/yy, a} some sequence x = zg, 71, . ..,Z, =y in C such that, for alli € {1,...,n}, T(—aﬁk]IAck +1;,)(zi-1) > 0.
Since there are only finitely many possible sequences x = zg, 1, . . . , Zn = y in C, there is therefore at least one such sequence

that appears for arbitrarily high values of @. For that particular sequence x = z¢, z1, ..., 2, = ¥ in C, it follows that for all

— Ak, .
ie{l,...,n}and a € Ry, T(—aI[Ack +1;,)(zi-1) > 0. From this and Lemma a we conclude that x =2 y. Since our
choices of x, y € C and n > N were arbitrary, we conclude that C is Ag-regular. O
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