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Abstract

We derive closed form expressions for the lower expectations that
correspond to total variation distance and chi-squared divergence balls
around a probability mass function over a finite set.

1 Introduction

In the context of our work on robustness quantification for probabilistic clas-
sifiers [1], we had to evaluate the lower expectations that correspond to total
variation distance [2] and chi-squared divergence [2] balls around a categori-
cal/multinomial distribution. To our surprise, while it seems to us that this is
a task that is essentially well understood from Distributionally Robust Opti-
mization (DRO), we were unable to find closed form expressions for these lower
expectations in the literature. This note aims to remedy this situation.

2 General setting

Let X be a finite non-empty set, with |X'| = n, let ¥ x be the set of all probability
mass functions over X, and let RY be the set of all real-valued functions on X.

For any f € R and any p € Xy, we write E,(f) for the expectation of f
with respect to p, which is defined as

zeX

For any non-empty set M C X, we write E ,,(f) for the lower expectation of
f with respect to M, which is defined as

Eulf) = inf B,(f)

Concretely, we are interested in computing E ,(f) for sets M of the form



where p € ¥y is a given probability mass function, d : ¥y x Xx — R>¢ is a
given distance/divergence, and § € R> is a given radius. More specifically, we
focus on the cases where d is the total variation distance or the y2-divergence.

3 Total variation balls

The first case that we consider is when d is the total variation distance, which
is defined for all ¢ € Xy by

drv(a.p) = 3 3 la(e) ~ pla)].

zeX

In this case, for any 0 € [0, 1], we write Brv(p,d) instead of By, (p,9).

For any given f € R¥, our aim is to compute Ep.(ps(f); which we will
henceforth denote by EEX( f) for the sake of brevity.

The first step in computing EEX (f) is to sort the elements of X = {z1,...,2,}
in such a way that f(z1) < f(a2) <--- < f(x,). We will henceforth assume
that X is ordered in this way.

Now let r € {1,...,n} be the smallest index such that § > > . p(z;).
Note that such an index must exist, since ", p(z;) =0 and § € [0,1]. The
following result then provides the desired closed form expression.

p,6

Theorem 1. Let r be defined as above. Then

Ep3 (f) = Eqry (f)

where, if r > 1, qrv € Xx is given by

p(wy) +6 ifi=1,
qrv(z;) = p(%‘]i) ifi €{2,...,r —1},

iz P(@i) =0 ifi=r,
0 ifie{r+1,...,n}.

and, if r =1, gpry € Xx is given by

e {1 W=
V= N0 ifie (2,0},

Intuitively, this corresponds to constructing grv starting from p, by moving
as much mass as possible from the elements of X with the highest f-values to
the element of X with the lowest f-value, until we have moved a total mass of
6 or, if r = 1, have moved all available mass.



4 chi-squared divergence balls

The second case that we consider is when d is the chi-squared divergence, often
denoted as y2-divergence, which, if p(x;) > 0 for all i € {1,...,n}, is defined
for all ¢ € R by

dy(g.p) =) lal@) —p(@)” _ S pla) (‘1(5“) _ 1)

- E5" 0

In this case, for any § > 0, we write Byz(p, ) instead of By , (p,d).
For any given f € RY, our aim is to compute Ep 2 (p,3) (), Which we will
2 (P,

henceforth denote by EZ;( f) for the sake of brevity.

The first step is again to sort the elements of X = {x;,...,2,} in such a
way that f(z1) < f(x2) < -+ < f(xy). Let £ be the largest index such that
f(ze) = f(x1). Next, for any k € {¢,...,n}, we define

k k k

my =y (i), = mik > p(w:)f(w:) and of = mik > p(@)(f @) = u)?

i=1 i=1
We also let §; := o0 and, for any k € {{+1,...,n}, let
2

1 o

m(W%%MVH_W)

2
These 6 are the critical values of § at which the lower expectation E;f s()
changes its form, as we will see below. We start out by showing that they are
nicely ordered.

O :=

Proposition 1. The §; are well-defined, positive and non-increasing in k:
+OO:(Sg>5£+1 > Z(Snfl Z(Sn > 0.

Now let r € {{,...,n} be the largest index such that J, > . Due to the
previous proposition, this means that r is the unique value in {¢,...,n} such
that

6@2267>6257+1226n20

The following theorem then gives us the desired closed form expression for

the lower expectation that we are after.

Theorem 2. With r € {{,...,n} defined as above, we have that

2 Hr — Opa/ M0 — (1 - m?') if > ¢,
Ey5(f) = o (1)
f(a1) ifr=1.
If |X| = 3, Equation (1) for example results in the following case distinction:
’u3—g3\/5 if 6 < 93,
2
E;f,(s(f) = p2 — 02y/m20 — (1 —ma) if 63 < § < 0o, (2)



If | X| = 2, the resulting case distinction can be simplified even further, resulting
in the following simple expression:

2
£ () = ;p(xi)f(xi) — V/op(w1)p(we) | f(w2) = flan)] if & < 222, .
f(x1) if § > ple2)

= p(z1)”
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A Proofs for the results in Section 3

Proof of Theorem 1. If r =1, then § > Y , p(z;), which implies that

1 n
drv(grv,p) = 3 > lgrv (@) — p(as)]
i=1

= % (1 —p(xy) + Zp(%)) = ZP(%) <o
=2

=2

The result then follows because min f < E};}/(f) < Eyry (f) = f(z1) = min f.
So we can now assume that r > 1, which implies that

S pla) <6< Y ple) < 3 pla) = 1 - pla)
1=r+1 i1=r 1=2

Since Brv(p,d) is a non-empty closed subset of ¥y, the minimum Eg}/(f) is
well-defined and there is at least one ¢ € Bpy(p,d) such that Egg(f) = E,(f).
Since the set of all ¢ that attain this minimum is also closed, we can choose ¢*
to be one among them that maximizes g(z1).

We first show that ¢*(xz1) > p(x1). Assume ex absurdo that ¢*(z1) < p(z1).
Since ¢* and p are both probability mass functions, this implies that there is
some i € {2,...,n} such that ¢*(x;) > p(x;). Consider any such index. Then
we can construct a new probability mass function ¢’ by mass o« = min{p(x) —
q* (1), q¢*(x;) — p(z;)} > 0 from z; to x1. This mass transfer does not alter the
total variation distance to p, since we are moving the same mass « in opposite



directions, and the expectation of f does not increase since f(x1) < f(x;).
This contradicts the definition of ¢*, which was chosen to have the highest
value of g(x1) among all ¢ such that Eg};}(f) = E,(f). So we must have that
q*(z1) > p(x1), as claimed.

Next, we show that ¢*(z;) < p(z;) for all i € {2,...,n}. Assume ex absurdo
that there is some ¢ € {2,...,n} such that ¢*(z;) > p(z;). Consider any such
index. Then we can construct a new probability mass function ¢’ by moving
mass a = ¢*(z;) —p(z;) > 0 from z; to x1. This mass transfer does not alter the
total variation distance to p, since we are moving the same mass « in opposite
directions, and the expectation of f does not increase since f(z1) < f(z;).
This contradicts the definition of ¢*, which was chosen to have the highest
value of g(x1) among all ¢ such that E;};/(f) = E,(f). So we must have that
q*(x;) < p(x;) for all i € {2,...,n}, as claimed.

As a next step, we show that ¢*(z1) = p(x1) + . Assume ez absurdo that
p(z1) < ¢*(x1) < p(x1) +d. Since § < 1 — p(xy), this implies that ¢*(z1) < 1.
So there is some i € {2,...,n} such that 0 < ¢*(z;) < p(z;). Consider any
such 7. Then we can construct a new probability mass function ¢’ by moving
mass « = ¢*(x;) > 0 from x; to z1. This mass transfer again does not alter the
total variation distance to p, nor does it increase expectation of f, once more
contradicting the definition of ¢*. So we must have that ¢*(z1) = p(z1) + 9, as
claimed.

We conclude that g* belongs to the set

Q" :={qgeXx:q(x1) =p(x1)+d and q(z;) < p(x;) for all i € {2,...,n}}.

Since drv(g,p) = d for all ¢ € Q* and therefore Q* C Bry(p, ), and since ¢*
was such that E;f:;’(f) = Ey-(f), this implies that Egg(f) = mingeo~ Ey(f).
Since the set of all ¢ € Q* that attain the minimum min,cg+ E4(f) is closed,
we can choose ¢** to be one among them that maximizes >_._, q(z;).

We now show that ¢**(x;) =0 for all i € {r +1,...,n}. Assume ez absurdo
that there is some ¢ € {r +1,...,n} such that ¢**(z;) > 0. Consider any such
index i. Then

S gt (@) =1—q"(x1) — Y ¢ (w)
i—2 S
<1—=¢"(x1) =1-p(z1) -4
<l—plar) = Y plxi) =Y plz:).
i=2

i=r+1

Since ¢**(z;) < p(x;) for all ¢ € {2,...,n}, this implies that there is some j €
{2,...,7} such that ¢**(z;) < p(z;). Consider any such index j. Then we can
construct a new probability mass function ¢’ by moving mass o = min{p(z;) —
¢**(z;),q**(z;)} > 0 from x; to ;. This mass function ¢ still belongs to Q*,
and the expectation of f does not increase since f(z;) < f(x;). This however
contradicts the definition of ¢**, which was chosen to have the highest value of



Yo q(x;) among all ¢ € Q* that attain the minimum mingeo+ Ey(f). So we
must have that ¢**(z;) =0 for all i € {r +1,...,n}, as claimed.
So we find that ¢** belongs to the set

Q™ :={q€ By :qlx1) =plx1)+ 9, q(x;) <p(x;) for all i € {2,...,7}
and g(z;) =0for alli e {r+1,...,n}}.

Since mingeg+ Ey(f) = Eg«+(f) and Q** C O*, this implies that

. . _ TV
Join, Eq.(f) = min Eq(f) = Ep5(f)
Since the set of all ¢ € Q** that attain the minimum minge g« E,4(f) is closed,
we can choose gty to be one among them that minimizes gv (z;).

Finally, we show that ¢py(x;) = p(z;) for all i € {2,...,7 — 1}. Assume ez
absurdo that there is some i € {2,...,r—1} such that grv(z;) < p(z;). Consider
any such index i. Since gy (z;) < p(z;) for all ¢ € {2,...,r}, this implies that
Z:;Ql qrv(x;) < Z:;Ql p(z;). Since grv(z1) = p(z1) + 6 and grv(z;) = 0 for all
i€ {r+1,...,n}, this implies that

r—1
qrv(z,) =1 —qrv(z1) — ZQTV($i>
>1—p(xz1) -6 — ip(xz)

>1—pla)— Y —z_:p(wi) =p(z;) > 0.

i=r+1 =2

So qrv(x;) < p(x;) but grv(z,) > 0. Then we can construct a new probability
mass function ¢’ by moving mass o = min{p(z;) — ¢rv (), ¢rv(z,)} > 0 from
z, to x;. This mass function ¢’ still belongs to @**, and the expectation of f
does not increase since f(x;) < f(x,). This however contradicts the definition of
grv, which was chosen to have the lowest value of ¢(x,.) among all ¢ € Q** that
attain the minimum minge g« Eq(f). So we must have that grv(z;) = p(z;) for
alli € {2,...,r — 1}, as claimed.

So we conclude that our chosen ¢gryv € Q** C Q* C Brvy(p,d) such that
Eg}/(f) = Eg, (f) satisfies grv(z1) = p(x1) + 0, ¢rv(z:) = p(x;) for all ¢ €
{2,...,7 =1} and grv(z;) =0 for all i € {r +1,...,n}, and therefore also

r—1 r—1 n

grv(zr) = 1*QTV(I1)*Z qrv(z;) = 1*]?(931)*5*227(931‘) = Zp(ﬂﬁi)*fs >0,
i=2 =2 i=r

as required. O



B Proofs for the results in Section 4

Our proof for the results in Section 4 make use of a number of intermediate
results, which we will state and prove in the form of lemmas. For notational
convenience, for all k € {1,...,n}, we also let

Q= {qeR": ZQ(%) = 1,dy2(q,p) <6, q(x;) =0 for all i > k}.
i=1
Lemma 1. For any k € {1,...,n}, the set Qi is convex.

Proof. Consider any q1,¢2 € Q and any A € [0,1]. Then ¢ = Ag; + (1 — Mg
satisfies the y2-divergence constraint because
. 2
q2(T; 1>
2

Aqi(zi) + (1= A)ga(zs)
R o (@) g ®(@)
=2 ¢l (Mg + 0B 1)

p(z;)

dy2(q,p) = Zp(xi) (

where we have used the convexity of the function ¢ — (¢t — 1)? in the inequality
(which holds because the second derivative of this function is positive). Since the
other properties are trivially preserved under convex combinations, this implies
that ¢ € Q. O

Lemma 2. For any k € {{+1,...,n}, the following are equivalent:

1—
AV mpd—(1—my) >0 5> mmk.
k

Whenever either of these is true, we have that

min E,(f) = pr — o/ med — (1 — my,). (4)

qEQk

The minimum is then furthermore attained uniquely for qx € R with qx(z;) = 0
for alli >k and, for alli € {1,...,k},

p(z:) (1 (@) —

my Ok

qr(z;) = mgd — (1 — mk)> . (5)
Finally, qi(xx) > 0 (and then also qi(x;) > 0 for alli € {1,...,k}) if and only
if 6 < O, and gi(zk) = 0 (and then also qi(x;) > 0 for alli € {1,...,k}) if and
only if § = 0k



Proof. Let Xj, := {x1,...,2;} and consider the probability mass function p; on
X, defined by py(z;) = 222 > 0 for all i € {1,...,k}. For all g € R¥ we

. mk
write

k
Ey(g) = Zpk(xi)g(xi) and Vary(g) = Ey(g — Ex(g))?

for the expectation and variance of g with respect to pg. In particular, if we
use fi to denote the restriction of f to Xj, we then have that ux = Ei(fx) and
0'/% = Vark(fk)

Consider any ¢ € RY such that Zle q(z;) =1 and ¢(z;) =0 for all ¢ > k

and let u,y € R* be defined by u(z;) = ZE;’; - m%” and y(z;) = f(x;) — py for

alli € {1,...,k}. Then Ei(u) =0 and Ex(y) = 0, and therefore

E) = D atef(w) = B (me L5 )
= By ((mpu+ 1) (y + pr)) = meEy (uy) + mppr By (v) + Ey (y) + pe
= i + miEy (uy) . (6)
and
im1 p(z;) =1 p(z;) i1

1 2

2
1 1

k
(1 — mk)Q + mk(l — mk)
mg

2
myEL (u2) + my (n}b — 1) + 1 —my,

= mpEy (u2) +

N 2 l—mk
—mkEk(u)—i— o (7)

This also implies that

b (q,p) < 6 & By(u?) < T =L me)

(8)

mi
Due the Cauchy-Schwarz inequality, we also know that
|Ex(uy)| < v Eix(u?) v Ex(y?) = ox/ Ex(u?), (9)

with equality if and only if u and y are linearly dependent. Since y is not the zero
function (because f(zsy1) > f(xy)), thisis the case if and only if u = ay for some



a € R, in which case we have that Ej(y?) = o7, Ex(u?) = o?Ey(y?) = a0}
and Ej(uy) = aFEy(y*) = ao?.

Let us now start by proving the stated equivalences.

If Q) # 0, there is some g € Qy and therefore, due to Equation (8), some
corresponding u such that Ej(u?) < (myd — (1 —my))/m3. Since my > 0 and
Ej(u?) > 0, this implies that md — (1 — my) > 0.

Conversely, if mgd — (1 — my,) > 0, if we define ¢ € RY by q(z;) = 0 for all
i >k and q(z;) = %Ik) for all i € {1,...,k}, then u = 0 and Ej(u?) = 0 <
(myd — (1 —my))/m3, which implies that d,2(¢,p) < & due to Equation (8). So
q € Qp, which implies that Qy, # 0.

That mgd — (1 — my) > 0 if and only if 6 > (1 — myg)/my is a matter of
simple verification.

For the remainder of the proof, we now assume that Qp # ), and therefore
also that mgd — (1 —my) > 0.

For any q € Qy, it follows from Equations (6), (9) and (8) that

Eo(f) = i + miEy (uy) > e — mpop/ E(u?) > g, — og/mpd — (1 —my,).

Since my, > 0, the first inequality is furthermore strict unless u = ay for some
a <0 (and then Ej(uy) = aoi and Ex(u?) = o?07) and the second inequality
is then strict unless Ey(u?) = (myd — (1 —my))/m}. So the unique way to make
both inequalities an equality, and hence to achieve the minimum in Equation (4),

is if u = ay for
a=— ! vVmgd — (1 —myg),

Mok

which implies that

! p(xi) f(@i) — pe
o(e) =plas) (ot ) =22 (1= LD =)
for all i« € {1,...,k}. So g is indeed the unique element of Qj that at-
tains the minimum in Equation (4), and this minimum is indeed equal to
HE — ok\/mké — (]. - mk).
That gi(zr) > 0 if and only if § < d; follows from the following chain of
equivalences:

qk(xk)>0@1—w M — (1 —my) > 0
k
ok
& V/mEd — (1 —my) < ——2k
mp ( mk) f(-rk)_lj/k
o

(:)mké—(l—mk)<

(f(zr) — p)?

1 o2
p ((fm) S m’“) =0k

That gx(xr) = 0 if and only if § = 0, can be shown by replacing the strict
inequalities in the above chain of equivalences by equalities.

S6<



That g (zx) > 0 implies that g (z;) > 0 for all ¢ € {1,...,k}, and similarly
that gx(xzx) = 0 implies that gi(z;) > 0 for all ¢ € {1,...,k}, follows from
Equation (5) and the fact that f(z;) < f(zx) for all i € {1,...,k}.

0

Proof of Proposition 1. Consider any k € {£+1,...,n}. Since k > ¢, it follows
from the definition of ¢ that f(xr) > f(xes1) > f(xe) = f(z1). This implies
that the restriction of f to {1,...,k} is not a constant function, and therefore
that o7 > 0 and f(xx) — px > 0. Since p is strictly positive and k > ¢ > 1,
we also have that 0 < my < 1. Combining the above, we conclude that J is
well-defined and positive.

Now consider any k € {¢ +1,...,n — 1}. We will show that 6 > 0x41,
which will then imply the desired ordering of the §,. Assume ex absurdo
that 6 < k41 and let § = dgy1. Since § = fpq1 > 1;::7’“:“1, Lemma 2
tells us that there is a qry1 € Qpy1 such that £, (f) = mingeo,., £,(f)
with gg+1(2g+1) = 0 and gg1(xg) > 0. Since ggi1(xk+1) = 0, we also have
that qgy1 € Qk, so Qr # (. Since 0 < 011 = §, Lemma 2 therefore also
tells us that there is a unique ¢x € Qy such that E,, (f) = mingeo, Eq(f),
with gx(zr) < 0. Since gri1(xg) > 0, we have that g1 # gr. Since g
was the unique element of Qj such that E,, (f) = mingeg, Eq(f), this implies
that E,, ., (f) > mingeo, E,(f). But since Qp C Qpq1, we also know that
minge g, , £y(f) < mingeo, Eq(f). Putting everything together, we arrive at
the contradiction

B4 (f) = min E,(f) < min E,(f) < Eq,,, (f)-

q€EQr 11 q€Qk
So indeed 0 > dg41. O

Lemma 3. Consider any q € By2(p,0) and any i,j € {1,...,n} such that
q(z;) = 0 and g(z;) > 0. Then there is some 0 < € < g(x;) such that the
q € Xy defined by
€ if k=1,
¢ (we) =S a(zj) —€e if k=],
is also an element of By2(p,0). The corresponding expectation is given by

Ey(f) = Eq(f) + e(f (i) = f(5))-

Proof. Consider any 0 < € < ¢(z;). Then ¢’ is clearly a probability mass

10



function. We also find that

dX2(q/,p) — dx2(q,p) + (q,(‘rZ;(xS(IZ))Z _ (Q(xl)pr))(zJ)Z
L () —p(x))?  (q(z;) — p(xy))?
p(x]) p(xj)
(e p)? pla)?
= e (0P T T )
L la(zg) —e=p(@)))*  (ale)) = plz;))*
p(z;) p(z;)
_ e =2ep(w;) € —2e(q(x;) — p(z;))
heer) (z;)

—d(gp) +¢ ( <p<1x> * p(in) - 22236;) |

Since g(z;) > 0, we can choose € small enough such that the second term is
strictly negative. Since d,2(q,p) < ¢, this then implies that d,2(¢’,p) < d, so
indeed ¢’ € By2(p,9).

The corresponding expectation is given by

Ey(£)=>_d (xx) f (1)
k=1

= > alwn)f(xn) + e(f(2i) = f(27) = Eq(f) + e(f(x:) — (7).
k=1

O

Lemma 4. There are ¢* € By2(p,d) and k* € {{,...,n} such that ¢*(x;) > 0

for all i < k*, ¢*(x;) =0 for alli > k* and Ep(f) = E;(is(f).

Proof. Since B,2(p,0) is closed, laounded and non-empty, there is some ¢ €
B,z (p,0) such that Ey(f) = EJ;(f). Among all such g, pick one that has
maximal support size [{i € {1,...,n} : ¢(x;) > 0}| and denote it by ¢*, and let
k* be the largest index such that ¢*(xg+) > 0. Then by construction, ¢*(z;) = 0
for all i > k*. We will show that k* > ¢ and that g(z;) > 0 for all ¢ < k*.
Suppose that k* < ¢. Then f(xx) = f(xg). Applying Lemma 3 with
i = ¢ and j = k*, we find that there is some 0 < ¢ < ¢*(x~) such that the
corresponding ¢’ € X x is also an element of B,2(p,d) and satisfies

Ey(f) = Eg-(f) + e(f(ze) = f2x-)) = Eg-(f),

which contradicts the definition of ¢*, since ¢’ has a strictly larger support size
than ¢*. So indeed k* > /.

11



Now suppose that there is some i < k* such that ¢*(z;) = 0. Then we can
apply Lemma 3 with this ¢ and j = k* to find that there is some 0 < € < ¢*(xp)
such that the corresponding ¢’ € ¥y is also an element of B, 2(p, ) and satisfies

Eg(f) = Eq(f) + e(f (@i) — f(2+)) < Eg-(f),

which again contradicts the definition of ¢* because ¢’ has a strictly larger
support size than ¢*. So indeed ¢*(x;) > 0 for all ¢ < k*. O

Proof of Theorem 2. Let ¢* € By2(p,6) and k* € {{,...,n} be as in Lemma 4.
So ¢*(x;) > 0 for all i < k*, ¢*(x;) = 0 for all i > k* and Ey(f) = E7 5(f).
We now consider two cases. If r = £, then k* = £, so f(z1) = ... = f(z¢)
and therefore also u, = f(x1). Since ¢*(x;) = 0 for all i > ¢ = r, this implies
that
¢ ¢

ES() = Ep () = 3 ¢" @) f (@) = fle) Y ¢ (@) = (o),

i=1 i=1

as required. So it remains to consider the case that r > (.
In that case, we first show that r > k*. To that end, assume ez absurdo that
r < k*. Then

1 — myg~
626k*>ﬂ.

T =
Since k* > r > /¢, it therefore follows from Lemma 2 that g~ is the unique
element of Q-+ that attains the minimum in Equation (4) for k = k* and that
gk (xp+) < 0. Since ¢* € Qi+ and ¢*(xg+) > 0, this implies that E,-(f) >

EQk* (f)
Since ¢*(z;) > 0 for all i < k*, there is some A € (0,1) such that ¢’ =
(1= X)g* + Agg~ is an element X x. Due to Lemma 1, ¢’ is in fact an element of

B,y2(p,9d), s0 Eq(f) > E;‘i;(f) = E,(f). On the other hand, we also have that
Ey(f) = A= NEg(f) + ABq. (f) < (1 = N Eqg-(f) + AEq-(f) = Eq-(f),

which is a contradiction. So it must be that » > k*.
Since r > k*, we know that ¢* € Q,, so Q, # 0. Since r > /£, we therefore
know from Lemma 2 that

tr = om0 — (1 —my) = min Ey(f) = Ey, (f) < Eg-(f) = EZ,ZJ(JC)-

qEQ

On the other hand, since ¢ < §,, we also know from Lemma 2 that ¢,.(z;) > 0
for all i € {1,...,r}, which implies that ¢, € B,2(p,d) and therefore, that

2
5 5(f) < Eq, (f).
Combining both inequalities, we obtain Equation (1). O

Proof of Equation (2). It suffices to observe that the three cases correspond to
r =3, r =2 and r = 1, respectively, and to then apply Theorem 2 taking into
account that mz = 1. O
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Proof of Equation ( ). If f(z1) = f(x2), then £ = n = r, so we know from
Theorem 2 that EX 5(f) = f(z1). Since then also 3 2_ 1p(:L’l)f(:vz) = f(z1) and

|f(z2) — f(z1)] = O thls is consistent with the above expression.
If f(xl) < f(xQ)a then = ]-7 mg = 17 Mo = Zz:l p(xl)f(xl)a
o3 = p(e1)[f(21) = pa2]? + p(a2) [f (22) — pa]?

( [f
(1) [p(x2)(f (21) = f(@2))* + plw2) [p(21)(f (22) = f (1))
(z1)p(@2)(f(22) = f(21))*(p(21) + p(22)) = pla1)p(e2)(f(22) - f(z1))?

P <U§ tl—m > _ p(ry)p(x2)(f(22) — f(21))® _ p(22)
’ (f(w2) — 12)? ’ p(@)?(f(ws) = f@)> — plar)’
Ifo > géxfg = 0y, then r = 1 = £, so it follows from Theorem 2 that Exgé(f) =

f(z1), which is consistent with the above expression. If § < Zgzi = 4y, then
r = 2, so it follows from Theorem 2 that

E} 5(f) = p2 — 02¢/mad — (1 —ma),

which is again consistent with the above expression. O
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