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upper transition operator

T:RX%RX:f%Tf
T1. T(f+q9) <Tf+Tg
12. T()\f):)\Tf it A>0

T3. Tf < max f




ergodicity

for all f € R*

(T" f)pen converges

to a constant




convergence

for all f € R*

(T" f)pen converges

to_a censtant
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THEOREM

A precise Markov Chain is

convergent if and only If
all Its maximal communication
classes are aperiodic
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upper transition operator

T:RX%RX:f%Tf
I Tf(r) = max E,(f)

pEPy

P. forall z € X




convergence

for all f € R*

(T" f)pen converges

to_a eermstant




THEOREM

An upper transition operator

Is convergent if and only If ...




A convenient characterisation of convergent upper transition operators

Let X be a finite set. An upper transition operator Tisa
map from R¥ to R¥ such that

TL. Tf < maxf for all f € RY;

T2. T(f +g) < Tf + Tg for all f,g € RY;

T3. T(Af) = ATf for all 1 € Ry, f € R¥.
It's conjugate lower transition operator is

T: RY - RY: f s —T(—f).

An upper transition operator T induces the graph §( )
with U as set of nodes and a directed edge from x to y if
Ti1y(x) = max{p(y) : p € P*}> 0.

~ G(T) has only one class

gent <= Tis ergodic
) )

the single maximal class of G(T) is aperiodic

Enumerate the maximal classes of G(T) as Xn1s oo s Xmmr
and let Xma U UXpm-

X, is lower reachable from a transient state x € X' \ Xy,
if T, (x) > 0 for some n € N.

v — R¥tw

Ty, 8(x) nax{]ipulv (g): pe P, Zyexw p(y) =1}

~ P finite(ly generated) forall x € ',

T is conv

g

in every level ¢ € {
every maximal class U, of G( Xl

T is ergodic
ﬁ (Hermans & De Cooman,

, =@ and §(7’) has one maximal class
which is furthermore aperiodic

T is convergent
in every level £ €{1, .., d},
every maximal class 25, . of G( x¢-1) is aperiodic
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An upper transition operator T is convergent if

lim T"f exists for all f € R¥,
n—+oo

and ergodic if this limit is constant for all f € R¥.

Two states communicate if there is a directed path from x
to y and vice ve Thi lence relation partitions X'

into : (equivalence/communication

Xy collects the transient states from which XX, is lower
reachable, and can be determined recursively.

Lett X\ (X, U X)), we obtain the following

Every upper transition operator T is induced by some fam-
ily (P*)xex of closed sets of probability mass functions:

Tf(x) = max{Ey(f): p € P*}forall f € R, x € X,
and hence

Tf(x) = min{Ep(f): p € P*}forall f € RY,x € X.

The class C is maximal if it doesn’t have outgoing edges,
and aperiodic if its period pc, the greatest common divi-
sor of the lengths of the directed cycles in C, is 1.

0 ) is aperiodic
is periodic

the sole maximal class XX, ; = {a} of g
the sole maximal class X2 ; = {b, c} of G(T:




