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X0 Xt

0 t

eQt(x, y)

E(f(Xt)|X0 = x)What is                                 ?

f(Xt) = Iy(Xt) =

(
1 if Xt = y

0 otherwise

y = x = 0

f(Xt) = Iy(Xt) =

(
1 if Xt = y

0 otherwise

[eQtf ](x)
<latexit sha1_base64="7f7xeycb16jh5k/8bak4KMWYUFU="></latexit><latexit sha1_base64="7f7xeycb16jh5k/8bak4KMWYUFU="></latexit><latexit sha1_base64="7f7xeycb16jh5k/8bak4KMWYUFU="></latexit><latexit sha1_base64="7f7xeycb16jh5k/8bak4KMWYUFU="></latexit>



What is                                 ?P (Xt = y|X0 = x)

X0 Xt

0 t

eQt(x, y)

E(f(Xt)|X0 = x)What is                                 ?

P (Xt = y|X0 = x) = E(Iy(Xt)|X0 = x) = [TtIy](x)

f(Xt) = Iy(Xt) =

(
1 if Xt = y

0 otherwise

[eQtf ](x)
<latexit sha1_base64="7f7xeycb16jh5k/8bak4KMWYUFU="></latexit><latexit sha1_base64="7f7xeycb16jh5k/8bak4KMWYUFU="></latexit><latexit sha1_base64="7f7xeycb16jh5k/8bak4KMWYUFU="></latexit><latexit sha1_base64="7f7xeycb16jh5k/8bak4KMWYUFU="></latexit>



What is                                 ?P (Xt = y|X0 = x)

X0 Xt

0 t

eQt(x, y)

E(f(Xt)|X0 = x)What is                                 ?

⇡1(y) := lim
t!+1

P (Xt = y|X0 = x)

E1(f) := lim
t!+1

E(f(Xt)|X0 = x)

?

[eQtf ](x)
<latexit sha1_base64="7f7xeycb16jh5k/8bak4KMWYUFU="></latexit><latexit sha1_base64="7f7xeycb16jh5k/8bak4KMWYUFU="></latexit><latexit sha1_base64="7f7xeycb16jh5k/8bak4KMWYUFU="></latexit><latexit sha1_base64="7f7xeycb16jh5k/8bak4KMWYUFU="></latexit>



Reliability engineering (failure probabilities, …)

Queuing theory (waiting in line …)

- optimising supermarket waiting times 
- dimensioning of call centers 
- airport security lines 
- router queues on the internet

Chemical reactions (time-evolution …)

…

Pagerank





So how about 
imprecision?



So how about 
imprecision?

What if we  
don’t know  M       

exactly?
Q



Imprecise continuous-time Markov chain

P (Xt+� = y|Xt1 = xt1 , . . . , Xtn = xtn , Xt = x)
<latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit>

= P (Xt+� = y|Xt = x)
<latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit><latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit><latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit><latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit>

⇡ I(x, y) +�Qt(x, y)
<latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="1CVltT5Y9Hpd1ODE8bTlA+DNUWE="></latexit><latexit sha1_base64="1CVltT5Y9Hpd1ODE8bTlA+DNUWE="></latexit><latexit sha1_base64="kys49IOuKVETAa6m+bXRpxGfsCM="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit>

P (X0 = x) = ⇡0(x)
<latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit>

Q(x, y)
<latexit sha1_base64="iLS8ZzLwMxxZdqiyjFSGLLnYl8o="></latexit><latexit sha1_base64="iLS8ZzLwMxxZdqiyjFSGLLnYl8o="></latexit><latexit sha1_base64="iLS8ZzLwMxxZdqiyjFSGLLnYl8o="></latexit><latexit sha1_base64="iLS8ZzLwMxxZdqiyjFSGLLnYl8o="></latexit>

=<latexit sha1_base64="rl3+i9DwV+8vQQll9V0p3NEUuVI="></latexit><latexit sha1_base64="rl3+i9DwV+8vQQll9V0p3NEUuVI="></latexit><latexit sha1_base64="rl3+i9DwV+8vQQll9V0p3NEUuVI="></latexit><latexit sha1_base64="rl3+i9DwV+8vQQll9V0p3NEUuVI="></latexit>

2Q



Imprecise continuous-time Markov chain

P (Xt+� = y|Xt1 = xt1 , . . . , Xtn = xtn , Xt = x)
<latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit>

= P (Xt+� = y|Xt = x)
<latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit><latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit><latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit><latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit>

⇡ I(x, y) +�Qt(x, y)
<latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="1CVltT5Y9Hpd1ODE8bTlA+DNUWE="></latexit><latexit sha1_base64="1CVltT5Y9Hpd1ODE8bTlA+DNUWE="></latexit><latexit sha1_base64="kys49IOuKVETAa6m+bXRpxGfsCM="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit>

P (X0 = x) = ⇡0(x)
<latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit>

Q(x, y)
<latexit sha1_base64="iLS8ZzLwMxxZdqiyjFSGLLnYl8o="></latexit><latexit sha1_base64="iLS8ZzLwMxxZdqiyjFSGLLnYl8o="></latexit><latexit sha1_base64="iLS8ZzLwMxxZdqiyjFSGLLnYl8o="></latexit><latexit sha1_base64="iLS8ZzLwMxxZdqiyjFSGLLnYl8o="></latexit>

=<latexit sha1_base64="rl3+i9DwV+8vQQll9V0p3NEUuVI="></latexit><latexit sha1_base64="rl3+i9DwV+8vQQll9V0p3NEUuVI="></latexit><latexit sha1_base64="rl3+i9DwV+8vQQll9V0p3NEUuVI="></latexit><latexit sha1_base64="rl3+i9DwV+8vQQll9V0p3NEUuVI="></latexit>

2Q

probability bounds  
are special cases!

E(f) = min
Q2Q

E(f)
<latexit sha1_base64="QFE0aWENa20Kh+E+YW3OvG+Zr4U="></latexit><latexit sha1_base64="QFE0aWENa20Kh+E+YW3OvG+Zr4U="></latexit><latexit sha1_base64="QFE0aWENa20Kh+E+YW3OvG+Zr4U="></latexit><latexit sha1_base64="QFE0aWENa20Kh+E+YW3OvG+Zr4U="></latexit>

E(f) = max
Q2Q

E(f) = �E(�f)
<latexit sha1_base64="MtMXXEevVZx0uWXmwHCUOhEIN5o="></latexit><latexit sha1_base64="MtMXXEevVZx0uWXmwHCUOhEIN5o="></latexit><latexit sha1_base64="MtMXXEevVZx0uWXmwHCUOhEIN5o="></latexit><latexit sha1_base64="MtMXXEevVZx0uWXmwHCUOhEIN5o="></latexit>



Imprecise continuous-time Markov chain

P (Xt+� = y|Xt1 = xt1 , . . . , Xtn = xtn , Xt = x)
<latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit>

= P (Xt+� = y|Xt = x)
<latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit><latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit><latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit><latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit>

⇡ I(x, y) +�Qt(x, y)
<latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="1CVltT5Y9Hpd1ODE8bTlA+DNUWE="></latexit><latexit sha1_base64="1CVltT5Y9Hpd1ODE8bTlA+DNUWE="></latexit><latexit sha1_base64="kys49IOuKVETAa6m+bXRpxGfsCM="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit>

P (X0 = x) = ⇡0(x)
<latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit>

assumption of 
time-homogeneity

X0

0

Xt1

t1

Xt+�
<latexit sha1_base64="RSxvWdbrVziMJEpUZQUTn0s7vJ8="></latexit><latexit sha1_base64="RSxvWdbrVziMJEpUZQUTn0s7vJ8="></latexit><latexit sha1_base64="RSxvWdbrVziMJEpUZQUTn0s7vJ8="></latexit><latexit sha1_base64="RSxvWdbrVziMJEpUZQUTn0s7vJ8="></latexit>

t+�
<latexit sha1_base64="dv0eJptRLzTb5vrtipO07EFTxw4="></latexit><latexit sha1_base64="dv0eJptRLzTb5vrtipO07EFTxw4="></latexit><latexit sha1_base64="dv0eJptRLzTb5vrtipO07EFTxw4="></latexit><latexit sha1_base64="dv0eJptRLzTb5vrtipO07EFTxw4="></latexit>

Xt

t

Xtn

tn

Q(x, y)
<latexit sha1_base64="iLS8ZzLwMxxZdqiyjFSGLLnYl8o="></latexit><latexit sha1_base64="iLS8ZzLwMxxZdqiyjFSGLLnYl8o="></latexit><latexit sha1_base64="iLS8ZzLwMxxZdqiyjFSGLLnYl8o="></latexit><latexit sha1_base64="iLS8ZzLwMxxZdqiyjFSGLLnYl8o="></latexit>

=<latexit sha1_base64="rl3+i9DwV+8vQQll9V0p3NEUuVI="></latexit><latexit sha1_base64="rl3+i9DwV+8vQQll9V0p3NEUuVI="></latexit><latexit sha1_base64="rl3+i9DwV+8vQQll9V0p3NEUuVI="></latexit><latexit sha1_base64="rl3+i9DwV+8vQQll9V0p3NEUuVI="></latexit>

2Q



Imprecise continuous-time Markov chain

P (Xt+� = y|Xt1 = xt1 , . . . , Xtn = xtn , Xt = x)
<latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit>

= P (Xt+� = y|Xt = x)
<latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit><latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit><latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit><latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit>

⇡ I(x, y) +�Qt(x, y)
<latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="1CVltT5Y9Hpd1ODE8bTlA+DNUWE="></latexit><latexit sha1_base64="1CVltT5Y9Hpd1ODE8bTlA+DNUWE="></latexit><latexit sha1_base64="kys49IOuKVETAa6m+bXRpxGfsCM="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit>

P (X0 = x) = ⇡0(x)
<latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit>

assumption of 
time-homogeneity

X0

0

Xt1

t1

Xt+�
<latexit sha1_base64="RSxvWdbrVziMJEpUZQUTn0s7vJ8="></latexit><latexit sha1_base64="RSxvWdbrVziMJEpUZQUTn0s7vJ8="></latexit><latexit sha1_base64="RSxvWdbrVziMJEpUZQUTn0s7vJ8="></latexit><latexit sha1_base64="RSxvWdbrVziMJEpUZQUTn0s7vJ8="></latexit>

t+�
<latexit sha1_base64="dv0eJptRLzTb5vrtipO07EFTxw4="></latexit><latexit sha1_base64="dv0eJptRLzTb5vrtipO07EFTxw4="></latexit><latexit sha1_base64="dv0eJptRLzTb5vrtipO07EFTxw4="></latexit><latexit sha1_base64="dv0eJptRLzTb5vrtipO07EFTxw4="></latexit>
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<latexit sha1_base64="iLS8ZzLwMxxZdqiyjFSGLLnYl8o="></latexit><latexit sha1_base64="iLS8ZzLwMxxZdqiyjFSGLLnYl8o="></latexit><latexit sha1_base64="iLS8ZzLwMxxZdqiyjFSGLLnYl8o="></latexit><latexit sha1_base64="iLS8ZzLwMxxZdqiyjFSGLLnYl8o="></latexit>

=<latexit sha1_base64="rl3+i9DwV+8vQQll9V0p3NEUuVI="></latexit><latexit sha1_base64="rl3+i9DwV+8vQQll9V0p3NEUuVI="></latexit><latexit sha1_base64="rl3+i9DwV+8vQQll9V0p3NEUuVI="></latexit><latexit sha1_base64="rl3+i9DwV+8vQQll9V0p3NEUuVI="></latexit>
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P (Xt+� = y|Xt1 = xt1 , . . . , Xtn = xtn , Xt = x)
<latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit>

= P (Xt+� = y|Xt = x)
<latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit><latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit><latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit><latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit>

⇡ I(x, y) +�Qt(x, y)
<latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="1CVltT5Y9Hpd1ODE8bTlA+DNUWE="></latexit><latexit sha1_base64="1CVltT5Y9Hpd1ODE8bTlA+DNUWE="></latexit><latexit sha1_base64="kys49IOuKVETAa6m+bXRpxGfsCM="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit>
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<latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit>
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Imprecise continuous-time Markov chain

P (Xt+� = y|Xt1 = xt1 , . . . , Xtn = xtn , Xt = x)
<latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit>

= P (Xt+� = y|Xt = x)
<latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit><latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit><latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit><latexit sha1_base64="RvoqM8WT/8AhU4hLCosztiWpQFM="></latexit>
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<latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="1CVltT5Y9Hpd1ODE8bTlA+DNUWE="></latexit><latexit sha1_base64="1CVltT5Y9Hpd1ODE8bTlA+DNUWE="></latexit><latexit sha1_base64="kys49IOuKVETAa6m+bXRpxGfsCM="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit>
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P (Xt+� = y|Xt1 = xt1 , . . . , Xtn = xtn , Xt = x)
<latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit>
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<latexit sha1_base64="RSxvWdbrVziMJEpUZQUTn0s7vJ8="></latexit><latexit sha1_base64="RSxvWdbrVziMJEpUZQUTn0s7vJ8="></latexit><latexit sha1_base64="RSxvWdbrVziMJEpUZQUTn0s7vJ8="></latexit><latexit sha1_base64="RSxvWdbrVziMJEpUZQUTn0s7vJ8="></latexit>
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<latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="1CVltT5Y9Hpd1ODE8bTlA+DNUWE="></latexit><latexit sha1_base64="1CVltT5Y9Hpd1ODE8bTlA+DNUWE="></latexit><latexit sha1_base64="kys49IOuKVETAa6m+bXRpxGfsCM="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit><latexit sha1_base64="EyT9w7GfvSMSJ5YpcvV9AZtJqwY="></latexit>
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P (Xt+� = y|Xt1 = xt1 , . . . , Xtn = xtn , Xt = x)
<latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit>

= P (Xt+� = y|Xt = x)
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t+�
<latexit sha1_base64="dv0eJptRLzTb5vrtipO07EFTxw4="></latexit><latexit sha1_base64="dv0eJptRLzTb5vrtipO07EFTxw4="></latexit><latexit sha1_base64="dv0eJptRLzTb5vrtipO07EFTxw4="></latexit><latexit sha1_base64="dv0eJptRLzTb5vrtipO07EFTxw4="></latexit>

Xt

t

Xtn

tn

2

Q

⇡ I(x, y) +�Qt,�(x, y)
<latexit sha1_base64="UV3LtcWsOgOa5uPbFlPR1a8qR84="></latexit><latexit sha1_base64="UV3LtcWsOgOa5uPbFlPR1a8qR84="></latexit><latexit sha1_base64="UV3LtcWsOgOa5uPbFlPR1a8qR84="></latexit><latexit sha1_base64="UV3LtcWsOgOa5uPbFlPR1a8qR84="></latexit>

Markov  
assumption



Imprecise continuous-time Markov chain

P (Xt+� = y|Xt1 = xt1 , . . . , Xtn = xtn , Xt = x)
<latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit>

P (X0 = x) = ⇡0(x)
<latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit>

X0

0

Xt1

t1

Xt+�
<latexit sha1_base64="RSxvWdbrVziMJEpUZQUTn0s7vJ8="></latexit><latexit sha1_base64="RSxvWdbrVziMJEpUZQUTn0s7vJ8="></latexit><latexit sha1_base64="RSxvWdbrVziMJEpUZQUTn0s7vJ8="></latexit><latexit sha1_base64="RSxvWdbrVziMJEpUZQUTn0s7vJ8="></latexit>

t+�
<latexit sha1_base64="dv0eJptRLzTb5vrtipO07EFTxw4="></latexit><latexit sha1_base64="dv0eJptRLzTb5vrtipO07EFTxw4="></latexit><latexit sha1_base64="dv0eJptRLzTb5vrtipO07EFTxw4="></latexit><latexit sha1_base64="dv0eJptRLzTb5vrtipO07EFTxw4="></latexit>

Xt

t

Xtn

tn

2

Q
Markov  
assumption

⇡ I(x, y) +�Qt,�,x1,...,xn(x, y)
<latexit sha1_base64="SKK3yCNURA0mF2LlD8aUYyfFC3s="></latexit><latexit sha1_base64="SKK3yCNURA0mF2LlD8aUYyfFC3s="></latexit><latexit sha1_base64="SKK3yCNURA0mF2LlD8aUYyfFC3s="></latexit><latexit sha1_base64="SKK3yCNURA0mF2LlD8aUYyfFC3s="></latexit>



Imprecise continuous-time Markov chain

P (Xt+� = y|Xt1 = xt1 , . . . , Xtn = xtn , Xt = x)
<latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit><latexit sha1_base64="OoiTaNs9xq5qtI/OibYpwlN9vA0="></latexit>

P (X0 = x) = ⇡0(x)
<latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit><latexit sha1_base64="snON+6uNbbCspFh96EhzpVxtITk="></latexit>

2

Q

⇡ I(x, y) +�Qt,�,x1,...,xn(x, y)
<latexit sha1_base64="SKK3yCNURA0mF2LlD8aUYyfFC3s="></latexit><latexit sha1_base64="SKK3yCNURA0mF2LlD8aUYyfFC3s="></latexit><latexit sha1_base64="SKK3yCNURA0mF2LlD8aUYyfFC3s="></latexit><latexit sha1_base64="SKK3yCNURA0mF2LlD8aUYyfFC3s="></latexit>

probability bounds  
are again just 
special cases!

E(f) = max
P⇠Q

E(f) = �E(�f)
<latexit sha1_base64="G/fMGH/wI4TZrWdnm9LP0Ogk8Bk="></latexit><latexit sha1_base64="G/fMGH/wI4TZrWdnm9LP0Ogk8Bk="></latexit><latexit sha1_base64="G/fMGH/wI4TZrWdnm9LP0Ogk8Bk="></latexit><latexit sha1_base64="G/fMGH/wI4TZrWdnm9LP0Ogk8Bk="></latexit>

E(f) = min
P⇠Q

E(f)
<latexit sha1_base64="blylTzJ0mUE1+mtWfZkNalHXyjI="></latexit><latexit sha1_base64="blylTzJ0mUE1+mtWfZkNalHXyjI="></latexit><latexit sha1_base64="blylTzJ0mUE1+mtWfZkNalHXyjI="></latexit><latexit sha1_base64="blylTzJ0mUE1+mtWfZkNalHXyjI="></latexit>



What is                               ?[T t(f)](x) = E(f(Xt)|X0 = x)
<latexit sha1_base64="My+nY81lm98Sf/yIhAzOx/bPLEI="></latexit><latexit sha1_base64="My+nY81lm98Sf/yIhAzOx/bPLEI="></latexit><latexit sha1_base64="My+nY81lm98Sf/yIhAzOx/bPLEI="></latexit><latexit sha1_base64="My+nY81lm98Sf/yIhAzOx/bPLEI="></latexit>
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0
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t



What is                               ?

transition operator:

backward Kolmogorov differential equation

)

d

dt
T t = QT t,with T 0 = I

T t = eQt = lim
n!+1

(I +
t

n
Q)n

transition rate operator: Qf(x) = min
Q2Q

Qf(x)

[T t(f)](x) = E(f(Xt)|X0 = x)
<latexit sha1_base64="My+nY81lm98Sf/yIhAzOx/bPLEI="></latexit><latexit sha1_base64="My+nY81lm98Sf/yIhAzOx/bPLEI="></latexit><latexit sha1_base64="My+nY81lm98Sf/yIhAzOx/bPLEI="></latexit><latexit sha1_base64="My+nY81lm98Sf/yIhAzOx/bPLEI="></latexit>

[T t(f)](x) = E(f(Xt)|X0 = x)
<latexit sha1_base64="My+nY81lm98Sf/yIhAzOx/bPLEI="></latexit><latexit sha1_base64="My+nY81lm98Sf/yIhAzOx/bPLEI="></latexit><latexit sha1_base64="My+nY81lm98Sf/yIhAzOx/bPLEI="></latexit><latexit sha1_base64="My+nY81lm98Sf/yIhAzOx/bPLEI="></latexit>



What is                               ?

transition operator:

backward Kolmogorov differential equation

)

d

dt
T t = QT t,with T 0 = I

T t = eQt = lim
n!+1

(I +
t

n
Q)n

transition rate operator: Qf(x) = min
Q2Q

Qf(x)

[T t(f)](x) = E(f(Xt)|X0 = x)
<latexit sha1_base64="My+nY81lm98Sf/yIhAzOx/bPLEI="></latexit><latexit sha1_base64="My+nY81lm98Sf/yIhAzOx/bPLEI="></latexit><latexit sha1_base64="My+nY81lm98Sf/yIhAzOx/bPLEI="></latexit><latexit sha1_base64="My+nY81lm98Sf/yIhAzOx/bPLEI="></latexit>

[T t(f)](x) = E(f(Xt)|X0 = x)
<latexit sha1_base64="My+nY81lm98Sf/yIhAzOx/bPLEI="></latexit><latexit sha1_base64="My+nY81lm98Sf/yIhAzOx/bPLEI="></latexit><latexit sha1_base64="My+nY81lm98Sf/yIhAzOx/bPLEI="></latexit><latexit sha1_base64="My+nY81lm98Sf/yIhAzOx/bPLEI="></latexit>

[eQt(f)](x)
<latexit sha1_base64="SCY3Sw3QDbn2Y0IvMqNnMIdvL1c="></latexit><latexit sha1_base64="SCY3Sw3QDbn2Y0IvMqNnMIdvL1c="></latexit><latexit sha1_base64="SCY3Sw3QDbn2Y0IvMqNnMIdvL1c="></latexit><latexit sha1_base64="SCY3Sw3QDbn2Y0IvMqNnMIdvL1c="></latexit>



Imprecise continuous-time Markov chain
?



Imprecise continuous-time Markov chain

E(f(Xt+�|Xt1 = xt1 , . . . , Xtn = xtn , Xt = x) = E(f(Xt+�|Xt = x)

= E(f(X�|X0 = x)

= T�(f)
<latexit sha1_base64="eRlqy7ePCUrxwG+b+eRze2ePxDg="></latexit><latexit sha1_base64="eRlqy7ePCUrxwG+b+eRze2ePxDg="></latexit><latexit sha1_base64="eRlqy7ePCUrxwG+b+eRze2ePxDg="></latexit><latexit sha1_base64="eRlqy7ePCUrxwG+b+eRze2ePxDg="></latexit>

E(f(Xt+�|Xt1 = xt1 , . . . , Xtn = xtn , Xt = x) = E(f(Xt+�|Xt = x)

= E(f(X�|X0 = x)

= T�(f)
<latexit sha1_base64="eRlqy7ePCUrxwG+b+eRze2ePxDg="></latexit><latexit sha1_base64="eRlqy7ePCUrxwG+b+eRze2ePxDg="></latexit><latexit sha1_base64="eRlqy7ePCUrxwG+b+eRze2ePxDg="></latexit><latexit sha1_base64="eRlqy7ePCUrxwG+b+eRze2ePxDg="></latexit>

= [T�(f)](x)
<latexit sha1_base64="/lzpxqQyChgZDU8z+Ivd7xTVARE="></latexit><latexit sha1_base64="/lzpxqQyChgZDU8z+Ivd7xTVARE="></latexit><latexit sha1_base64="/lzpxqQyChgZDU8z+Ivd7xTVARE="></latexit><latexit sha1_base64="/lzpxqQyChgZDU8z+Ivd7xTVARE="></latexit>

Markov property
time-homogeneity

X0

0

Xt1

t1

Xt+�
<latexit sha1_base64="RSxvWdbrVziMJEpUZQUTn0s7vJ8="></latexit><latexit sha1_base64="RSxvWdbrVziMJEpUZQUTn0s7vJ8="></latexit><latexit sha1_base64="RSxvWdbrVziMJEpUZQUTn0s7vJ8="></latexit><latexit sha1_base64="RSxvWdbrVziMJEpUZQUTn0s7vJ8="></latexit>

t+�
<latexit sha1_base64="dv0eJptRLzTb5vrtipO07EFTxw4="></latexit><latexit sha1_base64="dv0eJptRLzTb5vrtipO07EFTxw4="></latexit><latexit sha1_base64="dv0eJptRLzTb5vrtipO07EFTxw4="></latexit><latexit sha1_base64="dv0eJptRLzTb5vrtipO07EFTxw4="></latexit>

Xt

t

Xtn

tn



Imprecise continuous-time Markov chain

E(f(Xt+�|Xt1 = xt1 , . . . , Xtn = xtn , Xt = x) = E(f(Xt+�|Xt = x)

= E(f(X�|X0 = x)

= T�(f)
<latexit sha1_base64="eRlqy7ePCUrxwG+b+eRze2ePxDg="></latexit><latexit sha1_base64="eRlqy7ePCUrxwG+b+eRze2ePxDg="></latexit><latexit sha1_base64="eRlqy7ePCUrxwG+b+eRze2ePxDg="></latexit><latexit sha1_base64="eRlqy7ePCUrxwG+b+eRze2ePxDg="></latexit>

E(f(Xt+�|Xt1 = xt1 , . . . , Xtn = xtn , Xt = x) = E(f(Xt+�|Xt = x)

= E(f(X�|X0 = x)

= T�(f)
<latexit sha1_base64="eRlqy7ePCUrxwG+b+eRze2ePxDg="></latexit><latexit sha1_base64="eRlqy7ePCUrxwG+b+eRze2ePxDg="></latexit><latexit sha1_base64="eRlqy7ePCUrxwG+b+eRze2ePxDg="></latexit><latexit sha1_base64="eRlqy7ePCUrxwG+b+eRze2ePxDg="></latexit>

E1(f) = lim
t!+1

E(f(Xt)|X0 = x)
<latexit sha1_base64="JIsg+iL4t7AEJrAfsMlzFkHmwXQ="></latexit><latexit sha1_base64="JIsg+iL4t7AEJrAfsMlzFkHmwXQ="></latexit><latexit sha1_base64="JIsg+iL4t7AEJrAfsMlzFkHmwXQ="></latexit><latexit sha1_base64="JIsg+iL4t7AEJrAfsMlzFkHmwXQ="></latexit>

= [T�(f)](x)
<latexit sha1_base64="/lzpxqQyChgZDU8z+Ivd7xTVARE="></latexit><latexit sha1_base64="/lzpxqQyChgZDU8z+Ivd7xTVARE="></latexit><latexit sha1_base64="/lzpxqQyChgZDU8z+Ivd7xTVARE="></latexit><latexit sha1_base64="/lzpxqQyChgZDU8z+Ivd7xTVARE="></latexit>

= lim
t!+1

[T�(f)](x)
<latexit sha1_base64="mCS47vW5tNJ7BaChXNhEbcRI8OI="></latexit><latexit sha1_base64="mCS47vW5tNJ7BaChXNhEbcRI8OI="></latexit><latexit sha1_base64="mCS47vW5tNJ7BaChXNhEbcRI8OI="></latexit><latexit sha1_base64="mCS47vW5tNJ7BaChXNhEbcRI8OI="></latexit>

Markov property
time-homogeneity



What if I don’t 
have any 

imprecision?



What if I don’t 
have any 

imprecision?

I know M 
exactly!

Q



Solving the scaling problem

Xt 2 X
<latexit sha1_base64="MkxNGi50yIHu2ndoomrua9+JWYE="></latexit><latexit sha1_base64="MkxNGi50yIHu2ndoomrua9+JWYE="></latexit><latexit sha1_base64="MkxNGi50yIHu2ndoomrua9+JWYE="></latexit><latexit sha1_base64="MkxNGi50yIHu2ndoomrua9+JWYE="></latexit>

X̂t = ⇤(Xt) 2 X̂
<latexit sha1_base64="gRuNcnCzu2LK0+VoVVPgANvVjeg="></latexit><latexit sha1_base64="gRuNcnCzu2LK0+VoVVPgANvVjeg="></latexit><latexit sha1_base64="gRuNcnCzu2LK0+VoVVPgANvVjeg="></latexit><latexit sha1_base64="gRuNcnCzu2LK0+VoVVPgANvVjeg="></latexit>

⇤ : X ! X̂
<latexit sha1_base64="9R0tEKece2xyTq1wDLl362SxLlM="></latexit><latexit sha1_base64="9R0tEKece2xyTq1wDLl362SxLlM="></latexit><latexit sha1_base64="9R0tEKece2xyTq1wDLl362SxLlM="></latexit><latexit sha1_base64="9R0tEKece2xyTq1wDLl362SxLlM="></latexit>

0 t

X0 Xt

0 t

X̂0
<latexit sha1_base64="+ZnmjaUj4apCDrCUtprRL0byC6c="></latexit><latexit sha1_base64="+ZnmjaUj4apCDrCUtprRL0byC6c="></latexit><latexit sha1_base64="+ZnmjaUj4apCDrCUtprRL0byC6c="></latexit><latexit sha1_base64="+ZnmjaUj4apCDrCUtprRL0byC6c="></latexit>

X̂t
<latexit sha1_base64="+T4xTn0aAGIG3uncfcxpjz60JrM="></latexit><latexit sha1_base64="+T4xTn0aAGIG3uncfcxpjz60JrM="></latexit><latexit sha1_base64="+T4xTn0aAGIG3uncfcxpjz60JrM="></latexit><latexit sha1_base64="+T4xTn0aAGIG3uncfcxpjz60JrM="></latexit>

lumping map

original Markov chain 

lumped process

Q(x, y)
<latexit sha1_base64="iLS8ZzLwMxxZdqiyjFSGLLnYl8o="></latexit><latexit sha1_base64="iLS8ZzLwMxxZdqiyjFSGLLnYl8o="></latexit><latexit sha1_base64="iLS8ZzLwMxxZdqiyjFSGLLnYl8o="></latexit><latexit sha1_base64="iLS8ZzLwMxxZdqiyjFSGLLnYl8o="></latexit>

Q̂
<latexit sha1_base64="QZ5PVanPoowztac947B2KUPToCs="></latexit><latexit sha1_base64="QZ5PVanPoowztac947B2KUPToCs="></latexit><latexit sha1_base64="QZ5PVanPoowztac947B2KUPToCs="></latexit><latexit sha1_base64="QZ5PVanPoowztac947B2KUPToCs="></latexit>

?



NOT  
GOOD

GOODAmorous

Bickering

Confusion

Depression



X0

0

Xt1

t1
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Xtn

tn

2 Q̂
<latexit sha1_base64="fu6U6lljNOw3fjU3E0tZtzr5lS8="></latexit><latexit sha1_base64="fu6U6lljNOw3fjU3E0tZtzr5lS8="></latexit><latexit sha1_base64="fu6U6lljNOw3fjU3E0tZtzr5lS8="></latexit><latexit sha1_base64="fu6U6lljNOw3fjU3E0tZtzr5lS8="></latexit>

ˆ<latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit> ˆ<latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit>ˆ<latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit>ˆ<latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit>

Solving the scaling problem

Q̂
<latexit sha1_base64="QZ5PVanPoowztac947B2KUPToCs="></latexit><latexit sha1_base64="QZ5PVanPoowztac947B2KUPToCs="></latexit><latexit sha1_base64="QZ5PVanPoowztac947B2KUPToCs="></latexit><latexit sha1_base64="QZ5PVanPoowztac947B2KUPToCs="></latexit>

?

Q̂t,xt1 ,...,xtn
<latexit sha1_base64="FQurcog6jmmWRZdUW0+6emXRV4E="></latexit><latexit sha1_base64="FQurcog6jmmWRZdUW0+6emXRV4E="></latexit><latexit sha1_base64="FQurcog6jmmWRZdUW0+6emXRV4E="></latexit><latexit sha1_base64="FQurcog6jmmWRZdUW0+6emXRV4E="></latexit>



Solving the scaling problem
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Xtn

tn

2 Q̂
<latexit sha1_base64="fu6U6lljNOw3fjU3E0tZtzr5lS8="></latexit><latexit sha1_base64="fu6U6lljNOw3fjU3E0tZtzr5lS8="></latexit><latexit sha1_base64="fu6U6lljNOw3fjU3E0tZtzr5lS8="></latexit><latexit sha1_base64="fu6U6lljNOw3fjU3E0tZtzr5lS8="></latexit>

ˆ<latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit> ˆ<latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit>ˆ<latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit>ˆ<latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit><latexit sha1_base64="MIhaPnoUwQ+PMAVQo0U1RPoopWU="></latexit>

Q̂
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Reliability engineering (failure probabilities, …)

Queuing theory (waiting in line …)

- optimising supermarket waiting times 
- dimensioning of call centers 
- airport security lines 
- router queues on the internet

Chemical reactions (time-evolution …)

…

Pagerank





Message passing in optical links

superchannelsm2 =
m1

n2

type I  messages require 1 channel
type II messages require 1 superchannel (      channels)

m1 channels

We want to know the blocking probability of messages 
for a given policy, and optimise it

n2







(Erreygers
et al. 2018) 



Partially specified     (and      ) are allowed

Time-homogeneity can be relaxed

The Markov assumption can be relaxed

Advantages of imprecise Markov chains  

Efficient computations remain possible

State space explosion can be dealt with

Q/T ⇡0




