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Motivation

A quick reminder on linear algebraic groups

Linear algebraic groups = matrix groups defined by polynomial
equations over a field k.

char(k) > 0 (i.p., char(k) # 2, 3).
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Motivation

Algebraic groups as automorphism groups

Type Gy: Automorphism group of octonion algebra

Type F4: Automorphism group of Albert algebra
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Motivation

The hunt for Eg begins... |

Proposition ([GG15]).

On the second smallest irrep V of type Eg (with dimension
3785) there exists a unique equivariant algebra product ¢
together with a unique invariant Frobenius form 7, i.e.

T(aob,c)=7(a,boc) Va,b,ce V.
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Construction starts from the associated Lie algebra g.
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Two constructions

The Chayet-Garibaldi construction

ET lp 829 ® 829 T Szg
(

P) C End(g) P®PJ( J(P
AQA — A

— Explicit formulas for P, < in terms of Killing form K and Lie
bracket [, -]

— Frobenius form 7 is just the trace map!



2 \ Two constructions

The formulas (you can ignore this slide)
hY : Dual Coxeter number

P: S?g —End(g)
ab—3(h" ad(a) o ad(b) + h" ad(a) o ad(b)
+ K(b,)a+ K(a,-)b),

P(ab) ¢ P(cd) = %(P(a, (adceadd)b) + P((ad c e add)a, b)
+ P(c,(adaeadb)d) + P((ad aeadb)c,d)
+ P([a, c][b, d]) + P([a, d][b, c]))
+1(K(a,c)P(b,d) + K(a,d)P(b,c)
+ K(b, c)P(ad) + K(b, d)P(ac)).



Two constructions

Structural results

Theorem ([CG21], D. 2022+).

Given an (almost) simple algebraic group G, one can construct
unital algebra A(G) s.t.

> A(G) is simple,
> 7(aob,c)=7(a,boc) forall a,b,c € A(G),

» For types Gy, F4 and Eg, Aut(A(G)) is adjoint group of type
GQ, F4 and Es (resp.)

If [h, h] = 0 then P(h?) o P(h?) = K(h, h)P(h?) —
idempotents!



Two constructions

A decomposition algebra

Two different constructions

— De Medts - Van
Couwenberghe
[DMVC21]

Chayet - Garibaldi
[CG21]



Two constructions

Theorem (|[DMVC21]). zebra

Given a split simple algebraic group G over C of simply laced
type, one can construct an axial decomposition algebra A(G).



2 Two constructions

Theorem ([DMVC21]). sebra
Given a split simple algebraic group G over C of simply laced
type, one can construct an axial decomposition algebra A(G).
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Fusion laws for Eg with parameter c;.

— related to idempotents m, = P(h?)/K(h, h).



Cartan gradings in Chayet-Garibaldi algebras

Finding idempotents
Axes with non-trivial grading — idempotents in trivial
component of grading.

Cartan grading
Split simple algebraic group G of rank n acts on algebra A as
automorphisms = Algebra A admits grading by Z".

Theorem (Classificiation of Lie algebras).
Over C, for any Lie algebra g there exists a root system ¢ of
rank n s.t.

L=1Lo® EP La,
acd

with [La, Lg] C Lotp and Ly = (eq).



3 \ Cartan gradings in Chayet-Garibaldi algebras

The trivial component

A(G)o = <P(eae_a), P(hlhz) | o € ¢, hl, h2 € L0>
W @S2 Ly (as vector spaces).

1
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The trivial component
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If a is a long root then
2P(ene o) = P([ea, e_a]?)

®=A,,D,or E, = A(G)o = S? L.
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Cartan gradings in Chayet-Garibaldi algebras

The trivial component
If a is a short root then

B, F4 Cn
e LR 7;_- i .......... .—‘:@




3 \ Cartan gradings in Chayet-Garibaldi algebras

The trivial component

If a is a short root then

Uy = M2(4S(ene_a) — S([en, e_a]?)) is an idempotent.

Go
==

Uy = A3(6S(ene_o) — S([en, e_a]?)) is an idempotent.
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Cartan gradings in Chayet-Garibaldi algebras

Relations on the v/ s

Uy = U_q, Ugtp = Uq for any long root (.




3

Cartan gradings in Chayet-Garibaldi algebras

Relations on the v/ s

Uy = U_q, Ugtp = Uq for any long root (.




3 Cartan gradings in Chayet-Garibaldi algebras

Relations on the v/ s

Uy = U_q, Ugtg = Uq for any long root (.

B, F4 Cn

Go

Computations show the u,'s span a Matsuo algebra of type Ax!
(rank determined as above)



b = Bn, Cn, Gg or F4
—

A(G)o = My 4(Ax) @ S2 Lo
———

v -
Matsuo algebra of Jordan type % Jordan algebra related to Killing form

Axes:



4 \ Resulting fusion laws

Type G,
3a+ 26 ype &2

G

154 a+ 2 + 8 3a+f




Resulting fusion laws

For root v € ® write h, = [e,,e_,].

Type G

0 1 3 3
P(S? L) Uy P(e+ahs) P(exaht), ho Lk hy € Lo
P(e+plo) P(et(a+pyhats) | Plera+rpym), hats Li b € Lo

P(e+(3a+s)Lo)
P(e+(3a+28)Lo)

P(e+(2a+8)M2a+s)

P(et2atp)yh1), h2atp Lk h € Lo
€+a €4 (3a+20)

€+ (a+8)€+(3a+p)

€4 (20+5) €45




Resulting fusion laws

Type Gy

Proposition.
The fusion law for type G, with respect to the primitive
idempotent u,, is

* 0 1 % %

of {o} | 0 | {34 | {33
1 o {13 {3 {5}
3 || {3:3} [ {3} | {1.0,3} | {5,0}
G036 o)




Resulting fusion laws

Type G

Short roots: {a,a+ 8, —(2a+ p)} U{—a, —(a+ B),2a + 5}
orbits under (03, 03048, 030+28)-

Pex(a+p)Lo)
P(et(3a+2p)L0)

Ple_a+p)2a+s)

0 1 %+ %‘F
P(S? L) Ue P(eaha) Pleah1), ha Lk h € Lo
P(e+pLo) Pleatphats) P(eatpm), hayp Lk h € Lo

P(e_(2a+p)M); Ma+p Lk h € Lo
€aet(3a+28)
&a+B)C+(3a+8)

Mol

€—(2a+B)¢EB
1

3

P(e—aha)
Ple_(a+p)ha+s)
P(e2a+gh2a+s)

Ple_ah1), ha Lk h1 € Ly
P(e_(atpyM)s hatp Lk M € Lo
P(e2a+8h), hoayp Lk h1 € Lo

€—a®t(3a+2pB)
€—(a+B)C+(3a+B)
Qa+B+3




Resulting fusion laws

Type Gy

Proposition.
The decomposed fusion law for type G, with respect to the
primitive idempotent u, is

SN I S IV N T O CO I
BN D S I % s SR Aak 5o Al RSt i Bk oo
1 o o | Oe ) g G-y 0 4o
A IREASE A IR A0 M N C R SN o 0 NS LV N O S
| Bein e | G 0 G- © o
Ao |88 en | o | G L GH
-l g-i i g | o ) o G+ 3+




Resulting fusion laws

Proposition.

The fusion law for type B, with respect to the primitive

idempotent u,, is

« 0 11 1 i1
of {0 10 |53 G
1 0 i{| {& (Y
3|8 6 Lo {0
LI {5,543y | {0y {0}

Type B,



Resulting fusion laws

Conjecture.

The fusion law for type C,, F4 with respect to the primitive

idempotent u,, is

* 0 1 : ; i

0 {0} 0 | Bt | 33 | Gl

1 0 {1} 120 ol 15}

Hais | @ eisn|din]dio

43 [ 8630 ] 0o |G

2| Ga [y Gio | Gay @i
Problem

Verified up to Cg, sufficient if known for Cg.



Some interesting projections
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Some interesting projections

[ [ [ s
: o [Gid ] 0B [ G
1 {1} 83 {a} {5}
5 (3} [ {15300 | {5,500 | {530}
i i} | 550 | (10} | {55}
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4 \ Type C,

Some interesting projections

* 0 1 :

0 {0} 01 {5 ] {3 |G

1 0 {1} {3} {} { }

2|z Y| Gy [, 0y {5, 03| {3 .0}
{z. 3 | {}]| G .0p | {1o} | {53 }
{z {3} 3.0 | {3 ) [{1 .0}




4 \ Type C,

Remove %:
x| 0 1 i %
o {0y | 0 | {3z} | {5}
1|0 | {1 | 3| (%)
i |l Gy |y | {Lor ] {5}
3 | ) | )| {5 [ {130

Some interesting projections



4 \ Type C,

Some interesting projections

Remove%:
Remove

sl o | 1| % 2

* 0 1 %
0| {o} ) {1} {3}

o {o}| 0 | {2
1)l | {1 ] {3 | {3} 1 {@} 1 ;]}*
A | {3y | {10} {3%} Iy {4 {120}
sl e e ape] LT




5 Further questions

1. Can we decompose the fusion law for C,, F4?

2. Can we use other gradings to find different idempotents?
e.g. Cayley Dickson

3. ldempotents u,, exist for compact real form of the groups;
does the Norton inequality hold in these algebras?

4. Is there a natural explanation for this fusion law?
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