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cor Mowas PACEN ks Thanks:
fIt IS a great pleasure for me to give a talk at this (:onferenc:e.T
For me this the 3rd MACKIE-2 conference and | hope to
profit from it as before by interacting with people whom | do
not see as usual mathematical conferences. Many thanks
to everybody from the organizing committee!

o -

Talk at the workshon?Z008 annual seminar on Mathematics in Chemical Kinetics an@&Enaineerinag’. Ghent Universitv. Belaium. Mav 23. 2008 — p.



PaceN ks Thanks:

GDR MOMAS

o .

It is a great pleasure for me to give a talk at this conference.
For me this the 3rd MACKIE-2 conference and | hope to
profit from it as before by interacting with people whom | do
not see as usual mathematical conferences. Many thanks
to everybody from the organizing committee!

These results are obtained in collaboration with C.J. van
Duijn and I. S. Pop (TU Eindhoven, The Netherlands), C.
Rosier (Université du Littoral, France) and C. Choguet
(Marselille).

This research is supported in part by the GDR MOMAS
(Modélisation Mathématique et Simulations numeriques
liées aux problemes de gestion des dechets nucléaires):
(PACEN/CNRS, ANDRA, BRGM, CEA, EDF, IRSN)as a

Lpart of the project J
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GDR MOMAS PaceN “%s Introduction

f"I\/Iod‘eles de dispersion efficace pour des pesbés de T
Chimie-Transport: Changementathelle dans la maisation
du transport eactif en milieux poreux, en @sence des nombres
caraceéristiqgues dominants.

In many processes arising in chemical engineering it is mamb
to study the diffusion of a solute transported by a fluid flagvin
through a porous medium. In addition, there are reactions or
adsorption occurring at the solid/fluid interfaces.

Examples are chromatographic systems, heterogeneousrseac
from chemical and catalytic reaction engineering, the dse o
surfactants in tertiary oil recovery processes, enviramale
problems ....
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GDR MOMAS PaceN “%s Introduction

f"I\/Iod‘eles de dispersion efficace pour des pesbés de T
Chimie-Transport: Changementathelle dans la maisation
du transport eactif en milieux poreux, en @sence des nombres
caraceéristiqgues dominants.

In many processes arising in chemical engineering it is mamb
to study the diffusion of a solute transported by a fluid flagvin
through a porous medium. In addition, there are reactions or
adsorption occurring at the solid/fluid interfaces.

Examples are chromatographic systems, heterogeneousrseac
from chemical and catalytic reaction engineering, the dse o
surfactants in tertiary oil recovery processes, enviramale
problems ....

These systems are analyzed in termdispersion equationsfor
momentum, energy and mass transfer in continua. In fact
averaging of the physical first principles should give J
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us the dispersion coefficients (=effective coefficients. T
Nevertheless, there are difficulties:

Even the simplest models contain the transport terms of the
form v - Ve. Since both the velocity and the concentration
gradient are oscillatory, in general the average of the

product is different from the product of the averages.

o -
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us the dispersion coefficients (=effective coefficients. T
Nevertheless, there are difficulties:

Even the simplest models contain the transport terms of the
form v - Ve. Since both the velocity and the concentration
gradient are oscillatory, in general the average of the

product is different from the product of the averages.

Par example, in Taylor’s dispersion the velocity field

contributes, after averaging, to the effective diffusion and

one obtains Taylor's mechanical dispersion term. Presence

of the chemical reactions complicates additionally

determination of the effective coefficients since they can

depend on the reaction term or on the adsorption isotherm

In a complicated way. It is fairly complicated to determine
Lthis dependance using just laboratory experiments. J
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fIn order to start with a simple situation, we consider a T
porous medium comprised of a bundle of capillary tubes.
The disadvantage is that a bundle of capillary tubes
represents a geometrically oversimplified model of a porous
medium. Nevertheless, there is considerable insight to be
gained from such analysis.

o -
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fIn order to start with a simple situation, we consider a
porous medium comprised of a bundle of capillary tubes.
The disadvantage is that a bundle of capillary tubes
represents a geometrically oversimplified model of a porous
medium. Nevertheless, there is considerable insight to be
gained from such analysis.

We start with a "simple" problem:

We study the diffusion of the solute particles transported by
the Poiseullle velocity profile in a semi-infinite 2D channel.
Solute particles are participants in a first-order chemical
reaction with the boundary of the channel. They don’t
Interact between them. The simplest example,is described
by the following model for the solute concentration ¢*:

o -
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réaction chimique

injection sens de |’écoulement
- soluté passif

réaction chimique

Figure 1: The tube
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réaction chimique

injection sens de |’écoulement
- soluté passif

réaction chimique

Figure 3: The tube
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oc o D*Age.c® =0 in Ry x (—H,H), (1)

Ot* +a(2) oxr*

-
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oc* oc* . A
O +C]<Z)8ZE* - D A:C*,ZC =0 1n R+ X (_H7 H)a (3)

where ¢(z) = Q*(1 — (z/H)?) and Q* (velocity) and D*
(molecular diffusion) are positive constants. At the lateral
boundaries z = +H the first-order chemical reaction with
the solute particles is modeled through the following
boundary condition :

oc*
ot*

where K. is the linear adsorption equilibrium constant and
[ ={(z%y*): 0<a* <+o0, |y*| = H}.

o -
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At the inlet boundary, infiltration with a pulse of water
containing a solute of concentration Ct,

followed by solute-free water is described using the
Danckwerts boundary condition

q(y*)ch, for 0 <t* <t
—D*Op+c™ 4 q(y™)c" = !
i ') { 0, for ¢ > 5.

(5)

The natural way of analyzing this problem is to introduce
the appropriate scales.

o -
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hey would come from the characteristic concentration ¢,
the characteristic length L, the characteristic velocity Q g,
the characteristic diffusivity Dr and the characteristic time
Tr. The characteristic length L coincides in fact with the "
observation distance".

o -
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They would come from the characteristic concentration ¢,
the characteristic length L, the characteristic velocity Q g,
the characteristic diffusivity Dr and the characteristic time
Tr. The characteristic length L coincides in fact with the "
observation distance".

Problem involves the following time scales:

=

T, = characteristic longitudinal time scale =L r/Qr

Tr = characteristic transversal time scale #2/Dp

. . L LrK,
T = superficial chemical reaction time scale = He
HQr
: : L
and the non-dimensional number Pe = ROR (Peclet

D
Lnumber). 5 J
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fIn this paper we fix the reference time by setting T
Tr=Tc=Trand K = K./H =T¢/T;, = O(1). To carry out
the analysis we need to compare the dimensionless
numbers with respect to . For this purpose we set

Pe =79,

o -
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In this paper we fix the reference time by setting
Tr=Tc=Trand K = K./H =T¢/T;, = O(1). To carry out
the analysis we need to compare the dimensionless
numbers with respect to . For this purpose we set

Pe =7,

Solving the full problem for arbitrary values of coefficients is
costly and practically impossible. Consequently, one would
like to find the effective (or averaged) values of the dispersn
coefficient and the transport velocity and an effective
corresponding 1D parabolic equation for the effective
concentration. In 1953 G.I. Taylor obtained an explicit
effective expression for the enhanced diffusion coefficient
and it is called in literature Taylor’s dispersion formula

o -
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We choose @ = QR = 0(1), and

jT HQR 2— 2
— = = %) =¢" Pe
Ty Dp e =0l ) =¢

Then the situation from Taylor’s article corresponds to the
case when 0 < « < 2, I.e. transversal Peclet’'s number is

1 . . .
equal to (=)* ' and K = 0 (no chemistry). It is interesting to
E

remark that in his paper Taylor has o« = 1.6 and o = 1.9.

o -

Talk at the workshon2008 annual seminar on Mathematics in Chemical Kinetics andgEnaineering’. Ghent Universitv. Belaium. Mav 23. 2008 —p. 1



GDR MOMAS PaceN “ks |6
N o

We choose @ = QR = 0(1), and
& L HQR L 2—oN 2
T, DRe—O(s ) =¢“ Pe

Then the situation from Taylor’s article corresponds to the
case when 0 < « < 2, I.e. transversal Peclet’'s number is

1 . . .
equal to (=)* ' and K = 0 (no chemistry). It is interesting to
E

remark that in his paper Taylor has o« = 1.6 and o = 1.9.

Our domain is now the infinite strip Q* = IR, x (0,1). Then

using the antisymmetry of ¢, our equations in their
non-dimensional form are

o -
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oc* N o0 w207 +
E+Q(1_y )(9—3;_D 5 + De o In Q7 x (0,7,
(6)
oct 1 Oc° Oc*
_ D222 D = K— It x (0,7 I
y - Popeay K on U x01), ()
(x,y,0) =0 for (x,y) € QT (8)

Q(1 — yQ)Cf, for 0 <t <t
0, for ¢t > tg.

(9)
oct

—(x,0,t) =0, for (z,t) € (0,400) x (0,7). (10)
o -

Talk at the workshon2008 annual seminar on Mathematics in Chemical Kinetics andgEnaineering’. Ghent Universitv. Belaium. Mav 23. 2008 —p. 1

)

(—De®0pc® + Q(1 — y*) ) aep = {



PaceN s 1S

GDR MOMAS

-

We study the behavior of the solution to (6) -(10), with
sguare integrable gradient in z and y, when ¢ — 0.

In the absence of chemical reactions, the effective problem
with Taylor’s dispersion coefficient reads:

=

(9 cloy 4 2Q(9 clay — (De® + 94F % g2~ a)achay,
in IR, x (o,T), |, _o = cy, (11)
" Wi—g =0, 9" € L*(IRy x (0,7)),

/"

\

What is known concerning derivation of (11) ?

o -
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¢ For the formal derivation using the method of moments
see the paper of Aris from Proc. Roy. Soc. London (1956).
¢ Another approach is in the paper by Lungu and Moffat, J.

Engng Math (1982). They used a large time and small wave

number expansion, after a Fourier transform, to decipher
the asymptotic behaviour.

o -
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¢ For the formal derivation using the method of moments
see the paper of Aris from Proc. Roy. Soc. London (1956).
¢ Another approach is in the paper by Lungu and Moffat, J.
Engng Math (1982). They used a large time and small wave
number expansion, after a Fourier transform, to decipher
the asymptotic behaviour.

=

¢ " Near rigorous " derivation using the centre manifold

theory is due to Mercer and Roberts, SIAM J. Appl. Math.

(1990). The initial value problem is studied and the Fourier

transform with respect to = is applied. The resulting PDE is

written in the form @ = Au + F(u), with uw = (k, ¢) . Then the

centre manifold theory is applied to obtain effective

equations at various orders. Since the corresponding centre
Lmanifold Isn’t finite dimensional, the results aren’t rigorous. J
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¢ When the chemistry is added (e.g. having an irreversible,
1st order, chemical reaction with equilibrium at y = 1, as we
have), then there is a paper by M.A. Paine, R.G. Carbonell
and S. Whitaker in Chemical Engineering Science,
(1983).Paine et al used the "single-point" closure schemes
of turbulence modeling by Launder to obtain a closed model
for the averaged concentration. Their effective equations
are non-local and the effective coefficients are not
determined.

=

o -
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¢ When the chemistry is added (e.g. having an irreversible,
1st order, chemical reaction with equilibrium at y = 1, as we
have), then there is a paper by M.A. Paine, R.G. Carbonell
and S. Whitaker in Chemical Engineering Science,
(1983).Paine et al used the "single-point" closure schemes
of turbulence modeling by Launder to obtain a closed model
for the averaged concentration. Their effective equations
are non-local and the effective coefficients are not
determined.

¢ More recently, there is an approach using the centre
manifold theory in the article by Balakotaiah et Chang, Phil.
Trans. R. Soc. Lond. A (1995), where they use the ratio
between T+ and T7.

o -
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fOur technigue is motivated by the paper by J. Rubinstein,
R. Mauri in SIAM J. Appl. Math. (1986), where the analysis
IS based on the hierarchy of time scales. In our knowledge
the only rigorous result concerning the effective dispersion,
In the presence of high Peclet’s numbers (and no
chemistry), is in the recent paper by A. Bourgeat, M. Jurak
and A.L. Piatnitski, in Math. Meth. Appl. Sci. (2003). Their
approach is based on the regular solutions for compatible
data for the underlying linear transport equation. In the
absence of the compatibility, it seems more efficient to use
the "Gausslets", than very compatible hyperbolic equations.

o -
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fOur technigue is motivated by the paper by J. Rubinstein,
R. Mauri in SIAM J. Appl. Math. (1986), where the analysis
IS based on the hierarchy of time scales. In our knowledge
the only rigorous result concerning the effective dispersion,
In the presence of high Peclet’s numbers (and no
chemistry), is in the recent paper by A. Bourgeat, M. Jurak
and A.L. Piatnitski, in Math. Meth. Appl. Sci. (2003). Their
approach is based on the regular solutions for compatible
data for the underlying linear transport equation. In the
absence of the compatibility, it seems more efficient to use
the "Gausslets", than very compatible hyperbolic equations.

We obtained several mathematically rigorous results on
Taylor’s dispersion, with and without chemical reactions and
LI’II present some of them. J
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The Laplace’s transform method is widely used in solving T
engineering problems. In applications it is usually called the
operational calculus or Heaviside’s method.

For locally integrable function f € L] (R) such that f(¢) =0

loc

fort <0and |f(t)] < Ae™ as t — +oo, the Laplace transform
of f, denoted 7, is defined as

A —1_00
f(r) = /0 f(t)e_Tt dt, 7=&+1ineC. (12)

It is closely linked with Fourier’s transform in R. We note
that

f(r) =F(f®e ) (-n), &>a, (13)

o -
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where the Fourier’s transform of a function g € L'(R) is

given by

Fgt)(w) = /Rg(t)em dt, wecR.

It is well-known that f defined by

12

IS analytic in the

half-plane {Re(7) = ¢ > a} and it tends to zero as

Re(71) — +00.

For real applications, Laplace’s transform of functions is not
well-adapted and it is natural to use Laplace’s transform of

distributions.

=

Laplace’s transform is applier to linear ODEs and PDEs, the

o

transform problem is solved and its solution 7 is calculated.

-
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fThen the important question is how to inverse the Laplace’s
transform.

We have the sufficient condition by Pruss:

Theorem by Priuss Let g : {Re(7) > 0} — X be analytic. If
there exists a real number M > 0 such that || A\g(\)||x < M
and [|\?¢'(\)||x < M for Re()\) > 0, then there exists a
bounded function f € C(0, +o00; X)) such that

+00
1) = /0 F(t)e ™ dt.

In particular
q € Cy (R X)=Cr(Ry; X) = {r € C((0, +00); X); |[rflw =

)\n—l—l

LsupneN SUPA>0 ~ ||d>\” )HX < +oo}. J
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fThis result represents a complicated criterium and we will
use a direct approach based on the link to Fourier’s
transform.
The simplest way to average the problem (6)-(10) is to take
the mean value with respect to y. Let

cgff =< £ >= fol ¢ dy. Supposing that the mean of the

product is the product of the means, which is in general
wrong, we get the following problem for the " averaged "

concentration ¢&/7 (1) :

=

eff 2 eff |
(1+ k)20 4 20067 _ capZa? jn R x (0,7),

— D% coff +2Qc 13 =2Qé /3 In Ry x (0,T),
2o =0, 0,577 € L2(IRy x (0,T)).
| (14)J
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The problem for Laplace’s transform reads:

r Leff 2 Liff
ef f QQ 6‘(: 0“c :
(1+ K)TCO + 3 on =D (%2 In (0, 4+00),

\ ekl e L2((0,+00)),

| —De®0pc T +2Qch T 13 = 2Qés /3, for z =0

(15)
We will call this problem the "simple closure approximatior'.
We get

o -
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roposition 2

Clrlcy
_Leff) s ;
165 — e 2 max(0.1)) < € T (o)A (16)

_ Clrlles
B—a/2 / 17
1+ (eo|r])1/4 (17)

102(6% = 5"l 2 % (0,1)) <

5-|—1 a/2 C‘TH(A:JC’ (18)

) Lieff |
19,(¢ 1—1—(50“7")1/4

¢ — o) r2my x(0,1)) <

where 6 =1—«a/2Ifa>1/2and = (1+a)/21fa < 1/2.

o -
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Corollary 3.  Letc¢; € D(0,7) and let ¢£// be such that

el = 117 Let g be defined as in Proposition 2. Then we
have
& = &6 e,z < C<F

Next let ¢, € Wh*°(R.) with compact support in [0, +oco),
such that c¢(0) # 0. Then for 1 < r < +o00, we have

Cel=@/2=0 925 0 >1/2, 0< 8 <1/

€ eff
Ie |z @iz (ah) = { ceU+a)/2 1795 > 0.

)

Presence of the contact discontinuity due to c¢(0) # 0
diminishes precision.

LFor details see J
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[Al] C. Choquet, A. Mikelic : Laplace transform approach toﬂ
rigorous upscaling of the infinite adsorption rate readioe

under dominant Peclet number through a pore, accepted for
publication inApplicable Analysis2008.

Furthermore, the case of = 1 on (0,7") Is covered by Corollary
3, since it could be extended to a Lipschitz functionfon with
compact support ifd, +o0).

NOT BRILLANT AS APPROXIMATION.

IS THERE A BETTER APPROXIMATION ?

o -
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[Al] C. Choquet, A. Mikelic : Laplace transform approach toﬂ
rigorous upscaling of the infinite adsorption rate readioe

under dominant Peclet number through a pore, accepted for
publication inApplicable Analysis2008.

Furthermore, the case of = 1 on (0,7") Is covered by Corollary
3, since it could be extended to a Lipschitz functionfon with
compact support ifd, +o0).

NOT BRILLANT AS APPROXIMATION.

IS THERE A BETTER APPROXIMATION ?

Paine et al propose the following effective model

( atCPai_l_Q(% _|_A1)axcPai_|_C«20Pai _ K*axxcpai’
¢ in Ry x (0,T), 0.c" € L*(IRy x (0,T)) (20)

Pai Pai
L Y=o = cf, Ym0 =1,
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where A; depends on the zeroth order moments of ¢’* and

qct’ and K* depends on the zero, first and second order
moments of the same guantities and Peclet’'s number.
This is a non-local problem, hence difficult solve. Even
worse: it was derived using an AD HOC closure
assumption.

We performed a different derivation of the effective model.
The model we got is the following:

o -
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. .

where A; depends on the zeroth order moments of ¢’* and

qct’ and K* depends on the zero, first and second order
moments of the same guantities and Peclet’'s number.
This is a non-local problem, hence difficult solve. Even
worse: it was derived using an AD HOC closure
assumption.

We performed a different derivation of the effective model.
The model we got is the following:

(EFF)

v+ 52 0pe = De 2t in (0, +00) x (0,7),

_Dgaaxc‘x:() =+ %(C‘x:() — Cth<to) =0,
Ozc € L*((0,+00) x (0,T)), cli=o = 0,

. -

where
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- 2 40% K(TK + 2
8 @ 2-2a @ (TK + )52—204. (21)
045 D 135D (11 K)?

Our result could be restated in dimensional form:

Theorem 4 Let us suppose that
Lr > max{Dr/Qr,QrH?/Dg, H}. Then the upscaled
dimensionabpproximation for (1) reads

ocell 9 gewelt 8 4 K(TK +2) <
1+ K ~QF = D*(1 Pe- ) -
) =55 139 50 (+(945+135 1+ K72 )
(22)
Q*H .
where Per = IS the transversal Peclet number and

S

K = K./H is the transversal Damkohler number.

o -
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GDR MOMAS

fWhy our model is better than other models from the T
literature?
For simplicity, we compare only the physical concentration
& with c.
TheoremSLet o > 1 and let cy € C5°(0,7'). Let c be given by
(EFF). Then we have

Ic® = clleqoyrzor)) < Ce™®, (23)
10y lleqoryze(ary < Ce® 22, (24)
102 (¢ = ) lleqorzz(ary < Ce*3/2. (25)

For ill-prepared data we have following more precise result:

o -
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GDR MOMAS

. .

et

2 4
Ll (0, y0) = eo(ae) 4+ 22 (L L L ZETRAD
" (z,y56) = co(a;e) + D\6 12 180 45 (1+K)2
K1 K Y’
Do 20‘—(‘ __) ; 0
co(z;e) + ¢ I 6+3(1+K) 5 Tco(T;€) (26)

where ¢y € H'(Q™) is the solution of the following effective
problem

{ (14 K)reo + 220,00 — £2DO2,co = 0in (0, +00), 27

—De“0co + QCO = QQCf for x = 0,

LThen we have J

Talk at the workshon2008 annual seminar on Mathematics in Chemical Kinetics andgEnaineering’. Ghent Universitv. Belaium. Mav 23. 2008 — p. 2



PaceN “s 310

GDR MOMAS
fProposition 6 T
2
A Leff 2—« ’T Cf’
(& =" )T 2y x 0,1)) < Ce T (@l (28)
R e . 7'2(3
10:(¢5 — "N 2 (m. x(0,1y) < C¥7372 i (29)

1+ (eo|7])1/4°

Corollary 7. Letcy € C§°(0,T) and let cgff be such that

el = 111 Let g be defined as in Proposition 6. Then we

have
e

|c® — 08

Next let ¢, € W1(R) with compact support in [0, +0c0),
Lsuch that c¢(0) # 0. Then for 1 < r < +o0, we have J
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L o

| [ (E—cg!) dtl|prm, roey < C2707%%, 0 <6 < 1/4, r(1-0) -

These results are more precise than previous from the

article

[A2] A. Mikelic , C. Rosier : Rigorous upscaling of the infinite

adsorption rate reactive flow under dominant Peclet number

through a poreAnn Univ Ferrara\ol. 53 (2007), p. 333—-359.

obtained by a different technique.

Next we present the formal derivation of the upscaled eqoati

which can be found in

[A3] C.J. van Duijn, A. Mikelc, I. S. Pop, C. Rosier : Effective

Dispersion Equations For Reactive Flows With Dominant &ecl
Land Damkohler Numbers, accepted for publicatioAdvances m

Chemical Engineering2008.
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ormomas PACEN RS Eorma] expansion

fThe estimate obtained when we took the simple mean T
value, isn’t satisfactory. At the other hand, it is known that
the Taylor dispersion model gives a very good 1D
approximation. With this motivation we briefly explain how
to obtain formally the higher precision effective models and
notably the variant of Taylor’s dispersion formula, by the
2-scale asymptotic expansion.

o -
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ormomas PACEN RS Eorma] expansion

fThe estimate obtained when we took the simple mean
value, isn’t satisfactory. At the other hand, it is known that
the Taylor dispersion model gives a very good 1D
approximation. With this motivation we briefly explain how
to obtain formally the higher precision effective models and
notably the variant of Taylor’s dispersion formula, by the
2-scale asymptotic expansion.

We start with the problem (6)-(10) and search for ¢¢ in the
form

=

& =Pz, t;e) + 27N a, y, ) + 22V E(z,y, t) + ... (31)

After introducing (30) into the equation (6) we get

o -
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-

PaceN “%s £1

50{8tco +Q(1 — y*)0pc® — Dso‘_lé?yycl}Jr

52_0‘{&501 + Q1 — y2)0a;cl — D19, —

D210, L = O(e2272)) (32)

In order to have (32

for every 0 < e < gg, all coefficients In

front of the powers of ¢ should be zero.

o

-
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-

PaceN “%s £1

50{8,500 + Q1 — y*)0pc” — Dso‘_lé?yycl}+

52_0‘{&501 + Q1 — y2)0$cl — D19, —

In order to have

D=210,,¢2 L = O(e227) (34)

32

for every 0 < e < gg, all coefficients In

front of the powers of ¢ should be zero.

The problem corresponding to the order ¢V is

—DOyyct = —Q(1/3 — y?) 0y’ —
(0’ +2Q0,c"/3) on (0,1), (35)
\_ 0y01]y:0 =0, —D(‘?ycl]yzl — KO,V J
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ffor every (z,t) € (0,4+00) x (0,7). By Fredholm’s alternative,T
the problem (33) has a solution if and only if

(1 + K)oy +2Q0,°/3=0 in (0,L) x (0,7T). (36)

Unfortunately our initial and boundary data are incompatible
and the hyperbolic equation (36) has a discontinuous
solution. Since the asymptotic expansion for ¢¢ involves
derivatives of ¢, the equation (36) doesn’t suit our needs.

o -
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o o

or every (x,t) € (0,400) x (0,7). By Fredholm’s alternative,
the problem (33) has a solution if and only if

(1 + K)oy +2Q0,°/3=0 in (0,L) x (0,7T). (38)

Unfortunately our initial and boundary data are incompatible
and the hyperbolic equation (36) has a discontinuous
solution. Since the asymptotic expansion for ¢¢ involves

derivatives of ¢, the equation (36) doesn’t suit our needs.

In the article by Bourgeat et al the difficulty was overcome
by supposing compatible initial and boundary data. We
proceed by following an idea by Rubinstein and Mauri and
suppose that

(14 K)8 +200,0/3 = OE2"Y)in (0, 400) % (0,T). (39)
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-

an equation for . Hence

33

PaceN s £3

The hypothesis (37) will be justified a posteriorj after getting

reduces to

Oycty=0 = 0, —Ddyct|,=1 = Ko,

{ — D8yt = —Q(1/3 — y2)0,” + Kdy® on (0,1),

for every (z,t) € (0,+00) x (0,7, and

o

-

(40)

-
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-

The hypothesis (37) will be justified a posteriorj after getting
an equation for . Hence (33) reduces to

-

—DOyyct = —Q(1/3 — y*)0,c’ + Ko on (0, 1), (42)
Oycty=0 = 0, —Ddyct|,=1 = Ko,
for every (z,t) € (0,+00) x (0,7, and
2 4 2
1 QW _Yg 0 B LY, 0
¢ (ZU,y,t) — D( 6 12)8336 + D(6 9 )atC —|—O()(£E,t),
(43)

where Cy Is an arbitrary function.

-
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. .

et us go to the next order. Then we have

( —D(‘?yyc2 = —Q(1 — y?)0pct + De2la=lg N
Orcl + De®0, 0l — e¥2 ((1 + K)oy’ 4 2Q0,c" /3
) on (0,1), dyc*|y=0 =0 and

| =Dy’ |y—1 = Kyc'y=1

(44)

for every (z,t) € (0,4+00) x (0,7).

o -
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GDR MOMAS

fLet us go to the next order. Then we have

( —D(‘?yyc2 = —Q(1 — y?)0pct + De2la=lg N
Orcl + De®0, 0l — e¥2 ((1 + K)oy’ 4 2Q0,c" /3
) on (0,1), dyc*|y=0 =0 and

| =Dy’ |y—1 = Kyc'y=1

(45)

for every (z,t) € (0,4+00) x (0,7).

The problem (44) has a solution if and only if

Oy +2Q0,c" )3 4+ K(9y” + e* 0t y=1)—

1 1
D528m(/ cldy) + 52_0‘8,5(/ ! dy) — DOy’ +
0 0

o
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52O‘Q8x(/1(1 — )t dy) =0 in (0,400) x (0,T). (46)
0

46) is the equation for & . Next let us remark that

1
/ ¢t dy = Co(z, 1), (47)
0
/1<1— et dy = 2Co(a,t) — 0,0+ ZEIC g
LG Ty)e =gt T Bt T 5D o
oc! 2 K
8—(;‘y:1 — 45%85(;1560—3—1)&5756 +8t00 (49)

o -
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=

In order to get a parabolic equation for - we choose Cyk
such that (91515(:9-( and (%th do not appear in the effective

equation.
Then Cj is of the form Cy = ad;® + b0,.c° and after a short
calculation we find that

1 K* |, 2Q KQ+7K)_ |

Cole.t) =551 7k ~mp 1r k) ¢ OO
Now ¢! takes the form
2 4

| _Qy__y__i_2K(2+7K) 0
) =5 "B B atr) ¢

K1 1 K Tl

L 5(6 + §—1 K — ?)&gc . (51u
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=

fFor a>1,2>2(2—«a)and we are allowed to drop the term
of order O(¢?). Now the equation (46) becomes

2 ~ :
(14 K)oy’ + ?Q&,;CO = %Dy’ in (0, 400) x (0,7). (52)
with

2 2
D=D—+ iQ_gz(l—a) n 40 K24 7K) _2(1-a)

945 D 135D (1 + K)2

(53)

Using the energy arguments, we prove Proposition 6 and
Corollary 7. The estimate would be normally of order

O(£2(279), but presence of the boundary layer at z = 0
Lreduces our precision to O(e2~%) J
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- o

roofs through the combination of Laplace’s transform and
anisotropic energy arguments in [Al], are much simpler
than the corresponding ones in [A2] or in the original article
[A4] A. Mikelic, V. Devigne, C.J. van Duijn, Rigorous
upscaling of the reactive flow through a pore, under
dominant Peclet and Damkohler numbers, SIAM J. Math.
Anal.,\Vol. 38, Issue 4 (2006), d.262-1287,
where the reactions were given by

D*0,c*+ k¢ =0 onz=4H, (54)

o -
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. .

PARAMETERS VALUES

Width of the slit : H 2.635- 1074 m,
Characteristic length : Lp 0.319 m

e=H/Lpg 0.826 - 10~
characteristic velocity: Q* 4.2647 - 107° m/sec
diffusion coefficient: D* 1.436 - 10710 m? /sec,
longitudinal Peclet number: Pe= “2<° — | (0.94738 - 10°

a = logPe/log(1/e) = 1.614172
transversal Peclet number: Per = %@f = | 0.7825358 - 102

LTabIe 1: A. Parameter values for the longest time example ofJ
Taylor
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fFor the direct numerical solution of 2D problem we use the T

package FreeFem++by O. Pironneau, F. Hecht and A. Le
Hyaric.
We present a very short description of the method:

# Discretization in time :
The first order operator is discretized using the method

of characteristics. More precisely, the equation (6) is
written as:

86 - Q a—
E =+ (Q-V)C = De™0ppc + De Qayyc — f(w’ y’t) (55)

Let ¢"* be an approximation for the solution ¢ at a time
mot.

o -
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-

# Then the one step backward convection scheme by the

-

method of characteristics reads as follows:

%(Cmﬂ(x, y) — (@ —qly)ot,y) = f"(z,y)

Space discretization:

One of the characteristics of our problem is the
presence of a smeared front. In order to track it
correctly, the Lagrange P1 finite elements, with
adaptive mesh, are used. The mesh is adapted in the
neighborhood of front after every 10 time steps.

we start with

CASE A: time of flow: t* = 11220 sec

.

-
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w

1. The 2D problem . It is solved using the FreeFM++
package. On the images the solution is denoted

=

e solve

(pbreel).
2. The effective problem
2 ES
Opcl W 4 g Oprct W = D*(1+ %Pe%)@x*m*cT“y forx,t >0
(56)
dW,._o=1 and ¥y =0. (57)

On the images its solution is denoted by (taylor).

o -
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-

the vertical section:

20*

at* oY 4

with initial/boundary conditions

1. The problem obtained by taking the simple mean over

Y4

solution is denoted by (moyenne).

=

Do MY D* Qe ™Y = 0in (0, +00) (0, T)

(58)
. On the figures its

On the figure we show the comparison between
concentration from Taylor’s paper (taylor), from the original
problem (pbreel) and the simple average (moyenne) at

t = 11220 sec.

o

-
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1.2 | | T T T T T
'‘pbreel’  +
‘taylor X

'moyenne’ *

=
X XI
]

0.8

0.6 -

04

%xxxxgxxyxgxxxgx%xgx
¥

0.2

>$X><><

o
0
X X
[

-0.2 ' '

| |
0 0.1 0.2

0.3 0.4

0.5 0.6

0.7 0.8 0.9 1

LFigure 5. Comparison between concentrations at ¢ = 11220J
sec.
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-

Note that in the absence of the chemical reactions we can
solve the problems (56)-(57), respectively (58) - (57

explicitly. With @ = 22~ and D = D*(1 + ;-Pé%), the

solution for (56)-(57) reads

=

1

AW t)=1— —|exp Q—_:E h e dn+
1) ﬁ{ tp ) (z+0t)/(2v/ DY)
e dn (59)
/(a:Qt)/@\/D_t) }

For the problem (58),(57), everything is analogous.
CASE B: time of flow t* = 240 sec.

o -
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- .

PARAMETERS VALUES

Width of the slit : H 2.635- 1074 m,
Characteristic length : Lp 0.632 m
e=H/Lpg 0.41693 - 107
characteristic velocity: Q* 0.393 - 1072 m/sec
diffusion coefficient: D* 0.6 - 107 m?/sec,
longitudinal Peclet number: Pe= “2<° — | 41396 - 106

a = logPe/log(1/e) = 1.95769
transversal Peclet number: Pep = 2%~ — | 1.72592 - 10°

LTabIe 2. B. Parameter values for the characteristic time 24OJ
seconds from Taylor's

at the workshop semlnarpon MBematics in Chemical Kinetics an@gEnaineerina’. Ghent Universitv. Belaium. Mav 23. 2008 — p. 4
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- .

1.2

T T
‘pbreel’  +
‘taylor’
‘'moyenne’ *

X

0.8

06

0.4 | L

02 r

-0.2

| | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

LFigure 6. Case B: 2nd case from Taylor’s paper. ComparisonJ
between the solutions at t* = 240 sec.
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-

On the Figure the comparison between concentration from
Taylor’s paper, from the original problem and the simple
average at t = 240 sec.

=

o -
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fNow we study the case of the linear surface T

adsorption-desorption reaction. Then the condition (2) is
replaced by

oc

—D* 9yt = o =

k(¢ —¢/K.) onz==+H, (60)

where &* represents the rate constant for adsorption and K.
the linear adsorption equilibrium constant. We note here
presence of 3 new characteristic times: Tpr = K.r/kr
(characteristic desorption time), Ty = ¢r/(crkRr)
(characteristic adsorption time) and Tieoct = H/kRr
(superficial chemical reaction time scale). We consider the
case when K.p = H, T4 = T;, = Tpg. In non- dimensional

Lform, 60) reads J
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- .

_50c° Ty Oc 17, 1A
—De® i = S = = k(- “/K)|y,=1 on T x(0,1
S ay TDE 6t TDE (C TDECS/ )‘y 1 ( )
(61)
The effective problem is now
(EFF22)
[ Oi(c+ %cs) + (% + Z?ﬁ TZ;TE)axc — (De*+
2 .
) o5 b0kt = Bhi 1 1z Ozca i (0, +00) x (0,7)

(1+ 522 )dhcs = kE(c + 2 220, 0 — Fac,/K)
L in (0,400) x (0,T)

o -
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fThe effective problem in its dimensional form is T
(DIM)
( 815*(0*_'_%)_'_(2@ _I_QQ DaT)am*c*_D*(1+

20Q)*Dar
45K,

" PE)Oyepec” = Op=cin (0, +00) x (0,7)

(1+ 3Dag)dp-é = k*(c" + 28 g . cr — L)
in (0,00 x (0,T)
cla=0 = 0, cli=0 = 1, dpc € L*((0,+00) x (0,T)).

\

where Pep — @°H s the transversal Peclet number and

D
LDa

-
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CASE A2: time of flow: t* = 100 sec

Our scaling impose k* = ¢Q* and K, = H. This gives

Da; = <Per. Now the system to solve is (DIM) and we
should compare between the solutions to (1), (60) with the
initial/boundary conditions (??), ¢|.—o = 0 and (DIM) and the
problem obtained by taking the simple mean, with the same
Initial/boundary conditions.

Comparison between concentration obtained using our
effective problem (eff), average of the section of the
concentration from the original problem (pbreel3) and the
concentration coming from the simple average (moy) at

t* = 100,t* = 211 and t* = 350 sec sec, IS shown on the
Figures [7, [8 and 9.

o -
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B B

PARAMETERS VALUES
Width of the slit : H 0.5-107% m,
Characteristic length : Ly 0.632 m
e=H/Lpg 0.7911 - 102
characteristic velocity: Q* 0.3-107% m/sec
diffusion coefficient: D* 0.2 - 1079 m?/sec,
longitudinal Peclet number: Pe= 222" — 9.48 - 10°
a = logPe/log(1/e) = 1.670972
transversal Peclet number: Pep = 27 — 75

L characteristic reaction velocity: k* = eQ* = 0.237 - 10™* m/sec J

| transversal Damkohler number: Day = 5%%* = | 0.5933 N
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I I I I
'pbreel3”  +
‘eff’ X
lm0y1 X
0.8 ]
- %
“;t\‘
0.6 - .
04 X —
3
X
0.2 * =
X
X %
oL e
_02 ] ] ] ] ] ] ]
0 0.2 0.4 0.6 0.8

1 1.2 1.4 1.6

Figure 7. Comparison between the volume concentrations
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|7 Lo |

| | | | | ’moytZil’ +
efft211’ X
‘pbreel’  x
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Figure 8. Comparison between the volume concentrations
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'efft350° x

‘pbreel’  x
0.8 i
0.6 —
04 —
0.2 —
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LFigure 9: Comparison between the volume concentrationsJ

. %«
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MOMAS I"“’ENO’Q’the Nonlinear Problem

fNow we study some nonlinear cases. Then the condition
(2) is replaced by

=

oc
ot*

— D0y = = d(c*) — k¢ onz=4H, (62)

where /%; represents the constant desorption rate and K,

the linear adsorption equilibrium constant. Examples of &
are

A B ]flC ! . A B ko .
d(c) = T (Langmuir) ;  ®(c) = k1™ (Freundlich).

(63)

Characteristic times are now 7y = ¢r/(crkiRr)
(characteristic adsorption time) and T;.cqct = H/k1r J
L(superfi(:ial chemical reaction time scale).
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In non- dimensional form, (62) reads

=

o Tq & T
028 A T L () —kiTucE)[y—1 on T x (0,

—De =
(9y Treact 8 t Treact

(64)
The effective problem is now
T4 20) 1 Ty
o 0 eff e 0 o 0 _
t(CFN i Treact CSN ) " 3 x(CFN " 15D Treact (CFN))
8 Q% 51 2Q TyTrk!
ol Y7 2(1-a)yg 0 49,0 (65
2 ( —|—945 D€ ) :(;:UCFN+45D T TC N (695)

1 — *
el = == (B(chy + e “chnly=1) — kiTacly),  (66)

2 Q Ty
1 _ 0 I
L CFN y:l — 4_55833017]\] — SDTreactatciN , (67)J
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Anle=o =0, Sylimo=1, Fdlimo=co.  (68)

In its dimensional form our effective problem for the volume
and surface solute concentrations {cj;, ¢y } reads

O (i + ) + 00 (S5 + L B(c)) =
8 2k Per
Opén = (e + Perély) — kién (70)
2H 1
~1 _ e . x = */\
N = e O C 38,5 CN, (71)

“H .
Lwhere Per = QD* IS the transversal Peclet number. J
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Similar to the linear case, taking the mean over the T
transversal section gives

Moy 9 Q*

Op (N + Do) + S0 Y = D* O YV =0 (72)

OpCN = &)(CN 7) = kg (73)

We point out that for the non-negligible local Peclet number,

taking the simple mean over the section does not lead to a
good approximation.

For more details one could consult the article
[P] C.J. van Duijn, Andro Mikelic, I. S. Pop, Carole Rosier:
Effective Dispersion Equations For Reactive Flows With

Dominant Peclet and Damkohler Numbers, to appear in
L"Advances iIn Chemical Engineering"”, 2008. J
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fHere we concentrate our attention to the case when the
adsorption rate constant &* is infinitely large.
This means that the reaction at channel wall
[ ={(z%2): 0 <2a® <400, |2| = H} Is described by the
the following flux equation

=

oc*
Ot*

—D*0,c" = K, onI'*, (74)
where K. Is, as before, the linear adsorption equilibrium
constant. Now we see that (60) is replaced by (/4), which

corresponds to taking the limit &* — oo.
The characteristic times T4 and Tpg can not be used any
more and we introduce the new characteristic time

LTC = SR, which has a meaning of the superficial chemicalJ
R
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GDR MOMAS

reaction time scale. As before, we set ¢ = L—}; << 1and

choose Tr = T7;. Introducing the dimensionless numbers
Into the starting and considering constant initial/boundary
conditions yields the problem :

oc® oc® oates n0O*cc
BN + Q(1 — ) Py = De“ 572 + De 0,2 in Q7 x (0,7)
(73)

_50c" 1 0c¢ To O
~De*?— = -D =YK I+ T) (7

- 0y 22Pegy T Ot on < (0.7) (76)
¢ (x,y,0) =1 for (z,y) € QF, (77)
c(0,y,t) =0 for (y,t) € (0,1) x (0,T), (78)

o -
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Further, we suppose that 7~ ~ T},.. After the same
calculations as before, we find that the effective problem for

the concentration %/ in its dimensional form reads

=

deefl o acket!

(14 Dar) =g+ 5 g =
2, Da(2 + 7Dag) 92l
D*(1+—p @
( +srel; (1 + Dag)? ]) 8($*)2 (79)

_ Q'H ;
In (79) Per = =5
Day = flfl IS the transversal Damkohler number.

o -
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. .

he transversal section mean gives

20)*
(1 -+ DaK)&g*cK + éz goy D™ O 'r[r(wy =0 (80)

We present the numerical solution of the equation (/9) with
the initial/boundary data

w0 =0 and g =1. (81)

K

Parameters are shown on the Table (4.

o -
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PARAMETERS VALUES
Width of the slit : H 5.-1073 m,
Characteristic length : Ly 0.8632 m
e=H/Lp 5.7924001 - 1073
characteristic velocity: Q* 0.3-1073 m/sec
diffusion coefficient: D* 2.-1077" m?/sec,
longitudinal Peclet number: Pe= 222" — 1.2948 - 10°
a = logPe/log(1/e) = 1.83815052
transversal Peclet number: Per = I}’)@* — 75

L transversal Damkohler number: Dar = flfl — |1 J

Table. 4: . Parameter values.in.the .case. of an. infinite.adsors. . .
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fResults are shown on corresponding Figures 10, 11/ and
12, at times t* = 863, 2877 and 5755 sec.

Once more the model obtained by the simple averaging
over vertical section gives an approximation which is not
good and which gets worse during time evolution.

The simulations are from [P] C.J. van Duijn, A. Mikelic, I. S.
Pop, C. Rosier: Effective Dispersion Equations For Reactive
Flows With Dominant Peclet and Damkohler Numbers,to
appear in Advances in Chemical Engineerirf)08.

and the error estimate in the articles [Al] and

[A2] A. Mikeli ¢, C. Rosier : Rigorous upscaling of the infinite
adsorption rate reactive flow under dominant Peclet number
through a poreAnn Univ Ferrara\ol. 53 (2007), p. 333-359.

o -
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............ ..............
efft3  x
'moyt3  x

0.2 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10

Figure 10: Case of an infinite adsorption rate i* = foor
LComparison between concentrations at ¢ = 863 sec.
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1 T T T ,’lZIZIZIZIZIIZIIZIZIZIZIZIZIZIE:I'I"","f“ s e S
‘pbreeltl0”  +
efftl0’ X
'moytl0’  x
-0.2 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10

Figure 11: Case of an infinite adsorption rate i* = foor
omparison between concentrations at ¢t = 2877 sec.
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-0.2 | | | | | | | | |

Figure 12: Case of an infinite adsorption rate i* = foor
LComparison between concentrations at ¢ = 5755 sec.
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Perspectives:

=

PERSPECTIVES:

o

“

o o

Getting the effective equation for more complicated
chemistry

Hyperbolic models? Camacho, Cas Berentsen .......
Generalization to realistic porous media

Advantages of the homogenization approach over
direct simulations of stiff anisotropic multidimensional
convection/diffusion are obvious

-
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