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Abstract

After a general description of adaptive logics and their intended ap-
plications, I study the proof theory and semantics of two closely related
predicative inconsistency-adaptive logics, APIL1 and APIL2. To this
end, I first describe their monotonic basis: the paraconsistent logic PIL
obtained by dropping the consistency requirement from classical logic.
The propositional fragments of these inconsistency-adaptive logics have
been studied elsewhere. The predicative versions involve several interest-
ing difficulties that lead to new results.

1 Aim of this paper

After a general description of adaptive logics and their intended applications,
I study two closely related inconsistency-adaptive predicative logics. To this
end, I first describe the paraconsistent logic PIL, a basic paraconsistent logic
obtained by dropping the consistency requirement from classical logic. Next,
I investigate the proof theory as well as the semantics of two inconsistency-
adaptive logics based on PIL, APIL1 and APIL2. The proof theory of the
propositional fragment of APIL1 was described in [4], the semantics of the
propositional fragment of APIL2 in [3]. In those papers, I used the term
“dynamic dialectical logic”. I moved to “inconsistency-adaptive” because the
general notion of an adaptive logic is not captured by the term “dialectical”.
The fact that I present two (sensible) variants, APIL1 and APIL2, is to a
large extend the result of a mistake. Both the semantics presented in [3] and
the proof theory presented in [4] are very appealing intuitively, but they define
slightly different systems. The difference relates to an ambiguity in “maximally
normal interpretation”. Suppose that a theory, that was intended as consistent,
contains (p& ~ p) V (¢& ~ ¢), but contains neither p& ~ p, nor g& ~ gq,
nor any other inconsistency. (This notion of containment becomes clear in the
sequel). There are two different strategies to proceed in view of a maximally



normal interpretation of the theory. According to the first, reliability, both p
and ¢ are unreliable; the theory does not allow us to rely on the consistent
behaviour of either of them, even if we may rely on the consistent behaviour
of all other formulas — the idea behind the proof theory of [4]. The second
strategy minimizes abnormality: only one of p and q behaves inconsistently —
the idea behind the semantics in [3]. T have been unable to find further (natural)
strategies to obtain maximally normal interpretations.

The central importance of (especially inconsistency-)adaptive logics lies in
their application to (reconstructions of) discovery processes and related creative
episodes from the history of the sciences — see section 2.

2 Adaptive logics

A logic specifies a (type of) language by fixing the meaning of a set of logi-
cal terms. As a result, a logic comprises a number of presuppositions on the
structure of the domain described — or rather, on the structure of the domain
as it is pictured in the language. Those presuppositions are usually revealed
by the semantics of the logic!. Classical logic (henceforth CL), for example,
presupposes that A and B are not both true if A&B is false; it presupposes
that an adequate description of the domain may be arrived at by describing
actual properties of the domain, without recurring, for example, to possibilities;
and it does not presuppose that A(«a) is true for some individual constant « if
(3z)A(z) is true.

By a theory T'= (I', ) I shall mean Cny,(T"): the deductive closure, defined
by a logic L, of a set of (non-logical) axioms I'. ‘Theory’ is used here in a broad
sense, as I' may be any set of sentences of the language. But it is useful to keep
in mind that I" may be determined by criteria that link the language to the
domain. For example, it may comprise an empirical theory (in the usual sense)
together with a set of descriptions of the results of applications of observational
criteria. In view of the process by which we arrive at I', and of the fact that
we have to fix L at an early stage of that process, it is possible that I" violates
some of the presuppositions of L, in which case we shall say that I' (and T') has
abnormal properties (with respect to L).

Sometimes L turns out to be inadequate with respect to the domain. Re-
member intuitionism, that was forced to give up CL in view of its criteria for
mathematical truth and falsehood. In other cases, one may have good reasons
to modify T in such a way that the abnormal properties are removed (while cer-
tain non-logical criteria are still being fulfilled). In [2] T hinted to the process by
which Russell removed the Russell paradox from Frege’s set theory; in [6], Joke
Meheus studies the case of Clausius who forged a consistent theory from the in-

ISome care is required here, as a logic may have characteristic semantics of different types.
The difficulty is too complex to be dealt with here, and fortunately there is no need to do so
for the purposes of the present paper.



consistent set comprising Carnot’s thermodynamics as well as Joule’s principle
on the conversion of work to heat (and back) and a set of experimental results
(mainly obtained by Joule). In such cases, the logic of the resulting theory —
CL in the above cases — is the same as the originally intended logic. Yet, there
is a period during which the original ‘theory’ displays abnormal properties with
respect to this logic. It is typical for CL (and several other logics) that, if
T displays abnormal properties with respect to it, these always surface in the
form of inconsistencies and hence of triviality. It is this transitory stage that
requires us to move to adaptive logics. In this sense, adaptive logics are typical
for certain creative stages in the development of mathematical and empirical
theories.

In the transitory stage, Cng, (T') is trivial. In typical cases it is possible to
show, as in [6], each of the following. (i) It is necessary to continue reasoning
from T" in order to localize and remove the abnormal properties. (ii) L is clearly
inadequate for this purpose. (iii) L may still be applied sensibly to certain
subsets of I', but the definition of these subsets requires reasoning from I' itself.
(iv) The logic Lf, defined by dropping the violated presuppositions from L, is
too poor to serve as a device for reasoning from I'. (v) Such reasoning proceeds
(or may be reconstructed) in terms of a (particular) adaptive logic.

Before turning to a specific adaptive logic, I briefly list some general prop-
erties in a somewhat metaphorical way. An adaptive logic La localizes the
abnormal properties of I', safeguards the theory for triviality by preventing spe-
cific rules of L from being applied to abnormal consequences of I'; but behaves
exactly like L for all other consequences of I'. In a sense La oscillates between
L and Lf (as defined in the previous paragraph), depending on the abnormal
properties of the set of premises. The (dynamic) proof theory of adaptive logics
is based on the idea that a formula is considered to behave normally ‘unless
and until proved otherwise’?. The semantics is better understood by another
metaphor: La interprets I' as maximally normal. We have seen that there are (at
least) two strategies to do so. For APIL2, e.g., the La-semantic consequences
of I' are the formulas true in the Lf-models of I' that are minimally inconsis-
tent (not more inconsistent than required to make T true). By displaying these
properties, adaptive logics enable us to reason from theories that are abnormal
with respect to their logic, and to localize® the abnormal properties and thus to
prepare for their elimination (in view of extra-logical considerations)?.

2This formulation is somewhat inaccurate; two formulas may be connected with respect to
their consistent behaviour, as in the example from section 1.

3This phrase is often used for paraconsistent logics in general, meaning that they do not
lead from inconsistency to triviality. Adaptive logics, however, localize inconsistencies in a
much deeper sense: each inference rule of classical logic applies except at points where a
specific inconsistent consequence of the premises prevent this - this becomes fully transparent
later.

41In [5] T show that some mixed non-monotonic logics (the logics intended for handling rules
with exceptions) may be reconstructed as inconsistency- adaptive logics that are supplied
with a preferential procedure to resolve inconsistencies that result from applying the rules



My view on adaptive logics is top-down. Given a theory that displays ab-
normal properties with respect to its intended logic L, Lf and next La are
introduced in order to stay as close as possibly to the originally intended the-
ory; extra-logical preferences should enable us to move from Cnp,(T) to a TV
that is normal with respect to L. In [8] Graham Priest accommodates adaptive
logics to a bottom-up view. As a dialetheist Priest believes in the existence of
a true logic, which he contends to be paraconsistent. But he admits that in
many situations we are justified in presupposing consistency. He then shows
that, if his preferred paraconsistent logic LP (from his [7]) is extended into an
adaptive logic LP™ by assuming consistency until and unless shown otherwise,
then LP™ recaptures all classical reasoning where it is sensible (according to
his dialetheist view). In the top-down view, adaptive logics are provisional in-
struments, to be used during the transitory stage in which the full intended
logic L is inadequate. In the bottom-up view, one starts from a rather poor (in
Priest’s case paraconsistent) logic, taken to be the correct logic. By adopting
an (inconsistency-)adaptive extension of this logic, its power is extended to that
of CL whenever reasoning does not take place ‘in the neighbourhood’ of a true
inconsistency.

I mentioned already that abnormal properties with respect to CL (and some
other logics) always result in inconsistency (and hence triviality). This does not
entail that all adaptive logics should be defined from a paraconsistent logic.
Quite to the contrary. If, for example, empirical criteria lead to abnormal
behaviour with respect to conjunction in that some criterion results in ~ (A& B)
whereas other criteria result in A as well as in B, the violated presupposition
is not consistency (that ~ A is false whenever A is true) but the Conjunction
rule (that A&B is true whenever A and B are true — remember Kyburg’s attack
on conjunctivitis). Another argument derives from the paradox of Curry and
Moh Shaw-Kwei, that is independent of negation properties. So, many other
adaptive logics deserve to be studied as well.

Some of the intended applications of adaptive logics are frequently approached
by inference relations that apply to subsets or subbases of a set (or multiset,
or base) of (possibly inconsistent) premises. It all started with [9] (and other
work by Nicholas Rescher) but became popular recently in connection with Al
applications. Such approaches are extremely dependent on the formulation of
the premises. Many applications require that one logically analyzes the incon-
sistent set of premises, derives ‘deeper’ inconsistencies, attaches preferences to
formulas that are not premises themselves, but consequences of the premises,
etc. In all such cases, inference relations defined with respect to subsets (etc.)
of the premises are inadequate. Adaptive logics differ from these approaches in
that they proceed, syntactically, by dynamic proofs and, semantically, in terms
of (specific inconsistent) models of the full set of premises.

with exceptions. [10] studies indexed inconsistency-adaptive logics, with reference to some
applications to knowledge bases.



3 The paraconsistent logic PIL

The consistency presupposition is rendered in the standard CL-semantics as
(%) If vpr(A) =1, then vp(~ A) = 0.

The system obtained by dropping () from the standard CL-semantics will
be called PIL. It is not an adaptive logic, but a (paraconsistent) fragment of
CL on which inconsistency-adaptive logics will be built in subsequent sections.

Let the language-schema (including the definition of terms, formulas, and
wifs) be as for CL; including functions is straightforward, but will be disre-
garded. Let S be the set of sentential letters, P" the set of letters for predicates
of rank r, C and V the set of letters for individual constants and variables re-
spectively, F the set of (open and closed) formulas, and N the set of formulas of
the form ~ A. Let the members of C as well as the members of V be given in a
certain order, denoted by “<”. As usual, A(z) is a formula in which x occurs
free, and A(a) is obtained from A(z) by replacing every free occurrence of x in
A by a.

PIL-SEMANTICS®

A model is a couple M = (D, v) in which D is a set and v is an assignment

function defined by:

C1.1 v:S—{0,1}

C1.2 v: CUV — D is such that D = {v(a)a € CUV}6

C1.3 v:P" — P(D") (the power set of the r-th Cartesian product of D)
Cl.4 v:N—{0,1}

The valuation function vy; determined by the model M is defined as follows:
C2.1 vy i F = {0,1}

C2.2 where A € S,vp(A) = v(A)

C23 vy (m"ay ...ap) = 1iff (v(a1),...,v(ar)) € v(7")

C2.4 vy (a=p) =1iff v(a) =v(B)

C25 vy(~A)=1iff vy(A)=0o0rov(~A)=1

C2.6 vyy(AD B)=1iff vp(A) =0o0rvpy(B)=1

5Throughout this paper, the metalanguage is classical. For example, in the true statement
about the PIL-semantics “if v(p) = 1, then v(p) is not 07, the “not” is classical.

6The requirement, which is obviously much weaker than w-completeness, restricts the se-
mantics to models with countable domain D, but greatly facilitates both some other clauses
and the proofs.



C2.7 var(A&B) = 1iff vp(A) =1 and vy (B) =1
C2.8 vy (AV B) =1iff vy (A) =1 or vy (B) =1
C2.9 vy (A= B) =1iff vy (A) = vp(B)

C2.10 vasr((
(

Truth in a model, semantic consequence and validity are defined as usual. PIL
is the basic paraconsistent logic obtained by weakening CL.

PIL is the predicative version of PI from [1]; most properties are retained
in the predicative version. It has a number of paraconsistent extensions that
are closer to CL. PIL may indeed be extended by basically two kinds of prop-
erties. Vasil’ev properties are specific forms of (x), e.g., “if vy (~ A) = 1,
then vy (~~ A) = 0”; they make negation behave classically in front of spe-
cific complex formulas. Schiitte properties reduce the meaning of negation in
front of complex formulas to (negations of) subformulas or related formulas, as
in “vpr(~ (A&B)) = vp(~ AV ~ B)”. If only Schiitte properties are added,
the resulting systems are strictly paraconsistent in that all forms of contradic-
tions have models. With some Vasil’ev properties, e.g., “vpr(~ (A&B)) =1
iff var(A&B) = 07, classical negation is definable, e.g., by “-A =g~ (A&A)”
which results in “vpr(=A) = 1 iff vy (A) = 07. Some PIL-extensions are maz-
imally paraconsistent in that their only (proper) extensions are CL and the
trivial logic (in which all wifs are theorems).

In some PIL-extensions, all negations in front of complex wiffs are either
governed by Vasil’ev or by Schiitte properties. This entails that all inconsisten-
cies are reduced to inconsistencies at the level of primitive wifs (propositional
letters, primitive predicative wifs, and identities). This will allow for a more
elegant formulation of the semantics. In PIL, however, A& ~ A may be true in
a model M, even if no subformula of A behaves inconsistently in M; if A is true
in M, the truth of ~ A is fully independent of the truth of any subformula of
A. The advantage of the present formulation is that it is more general than any
other formulation known to me. In [8] for example, inconsistencies are handled
by assigning a positive as well as a negative extension to predicates. That is
only possible because all inconsistencies true in a model derive from true incon-
sistencies at the level of primitive predicative wifs. This may be expressed in
the above semantics by (i) requiring that v(~ A) = 1 only if A is a primitive
wif, and (ii) adding the suitable clauses on the valuation function.

For positive formulas, the above PIL-semantics is identical to the CL-
semantics. Also, C2.5 warrants that vy (A) =1 or vpr(~ A) = 1. It is useful to
look at the properties of inconsistencies in PIL. Unlike most of its extensions,
PIL does not spread inconsistencies: no inconsistency entails another. As a
consequence, the usual extensionality properties do not obtain within the scope
of a negation. For example, it is possible that vy (A) = vpr(B), and even that

Va)A(a)) =1 iff vp(A(B)) =1 for all 5 € CUV.
da)A

(
((Fa)A(a)) =1 iff vpr(A(B)) = 1 for at least one f € CU V.

C2.11 VM



vy (A) = vpp (B) for all M7, while vps(~ (A&C)) # vy (~ (B&C)). Similarly,
it is possible that v(a) = v(b), whereas vy (~ a = ¢) # v (~ b = ¢)7. Of course,
PIL may be extended in such a way that a = b, A(a)| = A(b) holds, but it is
certainly advisable not to have this in a basic logic in which the replacement
rule does not obtain for wifs and predicates either. That PIL does not spread
inconsistencies will prove valuable for the adaptive logics based on it.

PIL-models have an important property which is absent in many paracon-
sistent logics, e.g., in Priest’s LP and in relevant logics.

Theorem 1 For all non-trivial models M,{Avy(A) = 1} is maximally non-
trivial.

Proof. If vpr(B) = 0, then vy (B D C) =1 for all C, and hence {Avp(A) =
1} U{B} is trivial. =

This is important for the relation between the logic and the language, as it
warrants that some theories are complete (in the sense of Gédel’s first theorem).
For logics lacking this property, no theory T' = (I',L) is complete (maximally
non-trivial) if there are at least two wifs A and B such that A ¢ Cny(I") and
B ¢ Cnp,(T'U A) — roughly speaking: if two partially independent wifs behave
consistently in T. So, in practice, no interesting theory based on such logic is
complete.

Clause C1.4 is independent of C1.1-3, as it should be. It follows that v(~
A) =1 does not necessarily cause an inconsistency in the model: if vps(A) =0,
then vpr(~ A) = 1 anyway. But some models have the property that, for any
formula A, v(~ A) = 0 whenever vy (A) = 0; let us call these N-minimal models.
Let us call M and M’ formula-equivalent (respectively wif-equivalent) models
iff vpr(A) = vpr (A) for all formulas (respectively wils) A.

Theorem 2 For any PIL-model M, there is a formula-equivalent N-minimal
PIL-model M'.

Proof. Define M’ from M, by modifying v as follows: if vp(A) = 0, then
v(~ A) = 0. Obviously, M’ is N-minimal. Still, vy (A) = vpr(A) for all A.
Indeed, the change in C1.4 has no effect at all on C2.5 (and cannot possibly
have any effect on any other vys-value). =

Ezcursion. Truth in an w-complete CL-model is characterized by the set
of propositional letters, primitive predicative wifs, and identities. In view of
C1.4, this property fails in PIL. Still, similar characterizations of w-complete
PIL-models are possible. The simplest (redundant) characterization of an w-
complete PIL-model M is a quartuple (S°,1°, E°,N°) in which S°,I°, E°, and

"Here is another instructive example. (3z)(Vy)(z = y D (Py& ~ Py)) is true in a model
iff there is an o € CUV such that v(«) € v(P), and, for all 5 € CUV such that v(8) = v(a),
v(~ PB)=1.



N° are respectively the members of S, the identities, the primitive predicative
wifs, and the formulas of the form ~ A that are true in M. To obtain a non-
redundant characterization, define C™, the minimization of C with respect to
M, as the set of those o € C for which there is no § € C such that § < a and
vy (@ = B) = 1; next define a non- redundant characterization of an w-complete
PIL-model M, by requiring that a = g € I° only if « € C"™ and 8 ¢ C™,
and that no elements of C — C™ occur in E°. Finally, one may recursively
define a N-minimal characterization of a PIL-model M by moreover restricting
N° as follows. Where the complexity of a wif is the number of occurrences of
connectives and quantifiers, and the complexity of ~ A is n,~ A € N° only if
~ A is not a semantic consequence of S° U I° U E° together with the members
of N° the complexity of which is smaller than n. A N-minimal characterization
characterizes a N-minimal PIL-model and all models wif-equivalent to it.

I now list an axiomatization of PIL. As usual, the o and 8 should be inter-
preted in such a way that all (main) formulas are wifs.

SYNTAX

MP From A and A D B to derive B

AD1 AD(BDA)

AD2 ((A>DB)DA)DA

AD3(AD(B>C)D((ADB)>(AD(C))

A&l (A&B) D A

A&2 (A&B) > B

A&3 AD (B D (A&B))

AV1 AD(AVB)

AvV2 BD(AVB)

AV3 (ADC)D((BDC)D((AVvB)DC(C))
1 (A=B)D>(ADB)

2 (A=B)D(BDA)

A
A
A

3(ADB)D((BDA)D(A=D))
A~1 (AD~ A) D~ A (alternatively: AV ~ A)

RY To derive - A D (Vo) B(«) from = A D B(), provided § does not occur in
either A or B(a).

AY (Va)A(a) D A(B)



R3 To derive - (Ja)A(«) D B from + A(8) D B, provided 8 does not occur in
either A(«) or B.

A3 A(B) D (Aw)A(«)
A=1a=a«a

A=2 a =D (A D B) where B is obtained by replacing in A an occurrence
of o that occurs outside the scope of a negation by /3

I leave it to the reader to show that
Theorem 3 If FPILA7 then T’ ):PIL A.

To prove the completeness of the axiomatization with respect to the seman-
tics, one proceeds very much as for CL. First, we prove (as for CL) that I'prr, A
iff TppA’, where I'" and A’ are obtained from I' and A by a systematic relet-
tering of the individual constants. This enables us to suppose that an infinite
subset of C does not occur in either I or A in the following theorem.

Theorem 4 IfF ':PIL A, then FPILA~

Proof. Suppose that I' i/pyr, A. Consider, as for the proof in CL, a sequence
B, Bs, ... that contains all wifs and in which each wif of the form (Ja)A is
followed immediately by an instance with a constant that does not occur in T,
in A, or in any previous member of the sequence. We then define

AO = CTLPIL(F)
A1 = C’nPIL(Ai @] {B2+1}) if A¢g C’nPIL(Ai U {BiJrl}); and
A;y1 = A, otherwise
A = AgUAU...

Each of the following is provable:
i) I O A (by the definition of A).
ii) A& A (by the definition of A).
iii) A is deductively closed (by the definition of A).

(

(

(

(iv) A is maximally non-trivial. To see this, remark first that A D C' € A for
all C. Indeed, if A D C ¢ A, there is a A; such that A, U{A D C} F A4
hence A; F (A D C) D A by the deduction theorem; hence, in view of
A D 2,A; F A, which is impossible. If F ¢ A, then there is a A; such that
A;U{E} F A and hence AU{E}F A;as ADC € Afor all C,AU{E}
is trivial.



(v) A is prime, i.e.: if CVE € A, then C € A or E € A; obvious in view of
the proof of (iv).

(vi) A is w-complete. As for CL, the order of the sequence By, Bs, ... and R3
warrant that, whenever (3a)C(a) € A, then C(8) € A for some 5 € C.

Define a PIL-model M as follows:
1. D = {aa € C and (there is no 8 € C such that 8 < a and a = 8 € A)};
2. forall C €S, v(C)=1iff C € A,

3. foralla € C,if « € D, v(a) = «; if « € C— D, v(«) is the 8 € D such
that o = 8 € A (there is a unique such 8 by the definition of D);

4. forallm e P™, v(m) = {{o1 ... o)1 ...t € A}
5. forall ~C eN,v(~C)=1iff C,~ C € A,

6. each o € V is associated (arbitrarily) with a constant 8 (which need not
be a member of D) to the effect that v(a) = v(8) and, for any A,v(~

A(a)) = v(~ A(B)).

I now show by an induction on the length of formulas that, for all C, if C' € A,
then vy (C) = 1. First consider ~ C € A. If C ¢ A, then vp(C) = 0 and
hence vy (~ C) = 1. If C € D, then v(~ C) = 1 by (5); hence vy (~ C) = 1.
The proof of the other cases proceeds as for CL. I give only two examples. For
identity, suppose that a = 5 € A; then, by the definition of D, thereisay € D
such that o = v, 8 = v € A; hence v(a) = v(8) = ; hence vy (e = ) = 1.
For the universal quantifier, suppose that (Va)C'(a) € A; then C(5) € A for all
B € C, and hence vy (C(B)) =1 for all 5 € C; in view of (6), vp (C(8)) =1 for
all § € V as well; whence, by C2.10, vy ((Va)C(a)) = 1.

As A is maximally non-trivial and vy (C) = 1 for all C € A, it follows
immediately that A = {Cvp(C) = 1} and hence that vp(A) = 0. But vy (B) =
1forall BeT. Hence ' rpr, A. m

Corollary 1 T'prA iff T =pipL A.

In the following two sections, I shall implicitly rely on Corollary 1 to freely
move from the PIL-syntax to the PIL-semantics in metatheoretic proofs. Con-
sistent PIL-models — see also the next section — are (formula-)equivalent to
CL-models®. I shall, however, conventionally identify CL-models with consis-
tent PIL-models, whenever this does not cause any troubles.

8Ifa<banda=bé€ A, thena € D,b¢g D, even if ~ Pa € A and ~ Pb & A.
91f the PIL-model is N-minimal, then v(~ A) = 0 for all A.

10



4 Prooftheory of the inconsistency-adaptive logic
APIL1

The proof theory for the propositional case is explained in detail in [4]. A basic
idea was the following theorem, in which PI is the propositional fragment of
PIL:

(1) FeorL A iff, for some Cy,...,Cr(n > 0),Fpr (C1& ~ Cy) V...V (Cr& ~
Cn)) VA

Where A has the form (B1&...&B,,) D C, (f) suggests that we derive C
from Bi,...,B,,, provided all of Cy,...C, ‘behave consistently’. A specific
interpretation of this suggestion leads to an inconsistency-adaptive logic, as we
shall see.

The equivalent of (f) is not provable for PIL. Consider, for example, the
following CL-theorem:

((Vz)(Pz D Qx)&(3z) ~ Qx) D (3z) ~ Px

The antecedent is true and the consequent is false in, e.g., PIL-models in which
v(P) = v(Q) = D, v(~ Qx) = 1 and v(~ A) = 0 whenever A # Qz. But
Qx& ~ Qx is not well-formed.

Where (A& ~ A) is a formula in which the variables ay,...,a; (kK > 0)
occur free (in that order), let I(A& ~ A) be (Jaq)...(Fag)(A& ~ A). Let
DEK(Ay,..., A,) refer to I(A1& ~ Ay) V...V I(A& ~ A,) — a disjunction
of (where necessary) existentially quantified contradictions. I shall say that
Ai,..., A, are the factorsof DEK(A;1,...,Ay,). As permutations of the factors
and of the quantifiers in “3” result in equivalent formulas, I shall from now on
use sets to refer to any of those permutations. Remark that DEK (X U{Px}) is
PIL-equivalent to DEK (XU{Py}) and is PIL-derivable from DEK (XU{Pa}),
but that neither Pa nor Py is a factor of DEK (X U {Pz}). For the sake of
generality, DEK (()) V A will be A.

Incidentally, a PIL-model M is consistent iff vy (3(A& ~ A)) = 0 for all
formulas A.

Theorem 5 IfFpi, DEK{C1,...,C,} V A, then bc1, A.

Proof. As all CL-models are PIL-models, DEK{C,...,C,} V A is true in all
CL-models. But DEK{C,...,C,} is false in all of them. Hence, A is true in
all CL-models. =

Define the set bsf(A) of (open and closed) basic subformulas of A as follows:

(i) if A is a propositional letter, a primitive predicative formula, or an identity,

then bsf(A) = {A},

11



(i) bsf(~ B) =~ BUbsf(B),
(iii) bsf(B D C) =bsf(B&C) =bsf(BVC) =bsf(B =C) =bsf(B)Ubsf(C),

(iv) bsf((Va)A(e)) = bsf((a)A(a)) = bsf(A())-

Obviously, bs f(A) is finite for any A. Moreover, inspection of the PIL-semantics
teaches that an induction on the length of formulas gives us:

Lemma 1 For any PIL-model M, if there is no B such that ~ B € bsf(A)
and vy (3(B& ~ B)) = 1, then there is a consistent PIL-model M’ such that

UM(A) = Upng (A)

Proof. Suppose that the antecedent is true for some M. Let M’ be obtained
from M by putting v(~ B) = 0 for all B. We proceed by an induction on the
complexity of A (the number of connectives and quantifiers that occur in A).

If the complexity of A is 0, then vy (A) = var(A). Supposing that va (A) =
vy (A) for all A with complexity less than n, I show that vy (A) = var(A) for
all A with complexity n. Of the seven cases to be considered, four are obvious,
viz. the ones where A is either B D C or B&C or BV C or B=C.

Case 5: Ais ~ B. If 111\/[/(3) = ’UM(B) =0, then UM/(N B) = ’UM(N B) =1
by C2.5. Suppose that vy (B) = vy (B) = 1. Then vpp(~ B) = 0 (as M’ is
a consistent model). But also vp(~ B) = 0, for otherwise (in view of C2.5)
v(~ B) = vy (B& ~ B) = vy (3(B& ~ B)) = 1, which contradicts the main
supposition.

Case 6: A is (Va)B(«a). Suppose first that vas(A) = 1. Then vy (B(8)) =1
for all B € CUV. Hence, by the induction hypothesis, vy (B(8)) = 1 for all
B € CUV. But then vy ((Va) B(a)) = 1. Suppose next that var(A) = 0. Then
thereis a 8 € CUV such that vy (B(8)) = 0. Hence, by the induction hypothesis,
v (B(B)) = 0 for some (the same) € CUV. But then vy (Vo) B(a)) = 0.

Case 7: A is (3a)B(«). The proof is wholly analogous to that of case 6. m

Remark that, if vy ((3z)(Pz& ~ Px)) = 0, then vy (Pa& ~ Pa) = 0 for
all @ € CUV. So, the requirement (from the antecedent of the Lemma) on the
finite bsf(A) has implications for an infinite number of formulas.

Theorem 6 Iftcy A, then, for some Cy,...,Cp(n >0),bFpi, DEK{C,...,C,}V
A.

Proof. Suppose that Fcr, A. Hence vy (A) = 1 for all consistent PIL-models M.
As bsf(A) is finite, DEK{B ~ B € bsf(A)} vV A is a wif, which is easily shown
to be PIL-valid. Consider indeed a PIL-model M. If, for some ~ B € bsf(A),
vy (3(B& ~ B)) = 1, then vy (DEK{B ~ B € bsf(A)}) = 1. 1If, for no
~ B e€bsf(A), vy (3(B& ~ B)) =1, then vp(A) =1 by Lemma 1. m

The following PIL-theorems illustrate Theorem 6:
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(P2 9&p) D¢

. ((Vz)(Pz D Qz)&Pa) D Qa

- (P& ~p)V(((pV & ~p)Daq)

- (P& ~p) V (g ~q)) V (((r D (pV q))&(~ p& ~ q)) D~ 1)
- (

- (

Ot e W N

J2)(Qz& ~ Qx) V ((Vx)(Px D Qx)&(3z) ~ Qz) D (Iz) ~ Px)
(Va)Px& ~ (Vz)Pzx) V (~ (Vx)Pz D (3x) ~ Pzx)

=

Remark that (6) is equivalent to each of the following;:

(6.1) ~ (Vz)Px D ((3z) ~ Pz V ((Vx)Pz& ~ (Vz)Pzx))
(6.2) ((Vx)Px& ~ (Vz)Pz) DL) D (~ (Vz)Px D (I1) ~ Px)
(6.3) (Vx)PzV (~ (Vx)Pz D (3x) ~ Px)

n (6.3), L is the ‘falsum’ (intuitively, the conjunction of all formulas). Similarly
for all PIL-theorems of the form DEK{...} V A. Each of these formulations is
useful to grasp the idea of the next paragraph.

The first inconsistency-adaptive logic based on PIL will be called APIL1.
I now define its proof theory. The idea is that we apply all rules of (or derivable
in) PIL unconditionally, whereas other rules of (or derivable in) CL are applied
on a provisional basis and on the condition that certain formulas are reliable

(with respect to their consistent behaviour). To keep the matter algorithmic, the
consistent behaviour of a formula will be determined by the stage of the proof,
not by the (abstract) notion of derivability. As a result, proofs will be dynamic
in that wifs written at some stage may be deleted at a later stage. Yet, I shall
show that each set of premises has a unique set of (final) APIL1-consequences.

As T explained in [4] for the propositional version, it is handy to write
APIL1-proofs in a specific format according to which each line of a proof con-
sists of five elements:

i) a line number,
ii) the formula derived,

10

iv) the rule of inference that justifies the derivation

(

(

(iii) the line numbers of the wifs from which (ii) is derived,
( , and
(

v) the formulas on the consistent behaviour of which we rely in order for (ii)
to be derivable by (iv) from the formulas of the lines enumerated in (iii).

10This is an application of RU or RC, rather than these (meta-)rules themselves. See below
in the text.
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The extension to the predicative level does not require any changes, except in
that (v) will sometimes contain open formulas.

Definition 1 A occurs unconditionally at some line of a proof iff the fifth ele-
ment of that line is empty.

Definition 2 A behaves consistently at a stage of a proof iff I(A& ~ A) does
not occur unconditionally in the proof at that stage.

Definition 3 The consistent behaviour of Ay is connected to the consistent be-
haviour of As, ..., A, at a stage of a proof if DEK{Aq,...,A,} occurs uncon-
ditionally in the proof at that stage whereas DEK{As, ..., A,} does not occur
unconditionally'® in it.

Definition 4 A is reliable at a stage of a proof iff A behaves consistently at that
stage and its consistent behaviour is not connected to the consistent behaviour
of other formulas.

Given these definitions, proofs in APIL1 are governed by an unconditional
rule, a conditional rule and a deletion rule. The application of a rule to a proof
at a stage produces the next stage.

RU Ifbpm, (A1&...&A,) D B, and Ay,..., A, occur in the proof, then add B
to it. The fifth element of the new line is the union of the fifth elements
of the lines mentioned in its third element.

RC Iftpi, DEK{Cy,...,Cp}V((A1& ... &A,) D B), and A4, ..., A, occur in
the proof, then add B to it provided that each factor of DEK{C4,...,Cy}
is reliable (at that stage). The fifth element of the new line is the union of
{C1,...,Cp} and of the fifth elements of the lines mentioned in its third
element.

RD If C is not (any more) reliable, then delete from the proof all lines the fifth
element of which contains C'*2.

At any stage of a proof, it is obligatory to apply RD and permitted to apply
RU and RC. If the fifth element of a line is empty, the formula (its second
element) is PIL-derivable from the premises (and cannot possibly be deleted
later); if the fifth element is not empty, its formula is provisionally derived and,
unless it can also be derived at a line the fifth element of which is empty, not a
PIL-consequence of the premises.

Please remark that the (unconditional) occurrence of (plain) DEK-formulas
in the proof determines whether some formulas are reliable, and hence which ap-
plications of RC are permitted in view of PIL-theorems of the form DEK{C1,

11See sections 4 and 5 of [4] for the rationale of this requirement; see also Lemma 2 below.
12Instead of deleting wifs, one might require that a rule of inference should only be applied
to formulas that are still derivable at the stage of the proof; see [4].
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1...,Cn} V ((A1& ... &A,) D B). As usual, proofs may be sped up by de-
rived rules — e.g., RC may be restricted in such a way that the occurrence of
DEK{Py,...} makes the consistent behaviour of Pz unreliable.

As RU and RC are in a sense meta-rules, it may be useful to have a look at
some object rules. Of course, all positive rules of PC are valid unconditionally in
APIL1: AJAD B/B; A,B/A&B; A&B/A; AJAVB; AVB,AD>C,B D> C/C,
(Va)A(a)/A(B); etc. Here are some rules that may be applied at a stage of
a proof provided A is reliable: AV B,~ A/B; B D A;~ A/ ~ B; A/ ~~
A; ~ A/ ~ (A&B). For ~ (Ja)A/ (Vo) ~ A, (Ja)A should be reliable; for
(Va) ~ A/ ~ (3a)A, (the possibly open formula) A should be reliable — i.e.,
(3a)(A& ~ A) is not derived unconditionally'3.

With respect to natural deduction proofs, it is useful to remark that Con-
ditional Proof (to derive A O B from a proof of B on the hypothesis A) holds
unconditionally and that Reductio (to derive ~ A from a proof of B and ~ B on
the hypothesis A) may only be applied provided (that) B is reliable. It is useful
to remark that only the premises determine whether some formula is reliable.
With respect to Reductio, for example, it is quite all right that B& ~ B is deriv-
able from the premises together with hypotheses that are not yet eliminated —
but this is not the place to discuss these matters any further.

As explained in section 7 of [4], “theorem” may be defined in two different
ways in APIL1, resulting in different sets of theorems, viz. those of CL and
those of PIL. As APIL1 is non-monotonic, proofs from premises and axioms
should be carried out in such a way that some axioms (of CL) are written con-
ditionally (and that the conditions are transformed in applications of Uniform
Substitution). But let me return to the formulation in terms of RU, RC, and
RD.

As the proofs are dynamic, a wif may be derivable (and derived) at some
stage of a proof, and may be deleted (and not derivable any more) at a later
stage. So, we need to distinguish between provisional consequences and final
consequences.

Definition 5 An extension of an APIL1-proof from T is intelligent iff it has
the following property: if both DEK(X) and DEK (X UII) occur unconditionally
in the extension, then the former precedes the latter.

Definition 6 A is finally derived at some line in an APIL1-proof iff it is the
second element of that line and the line will not be deleted in any intelligent
extension of the proof.

Definition 7 T' Fapin1 A (A4 is an APIL1-consequence of T' or is finally deriv-
able from T) iff A is finally derived at some line in an APIL1-proof from T'.

13 A (structurally) simple way to implement the proof procedure is to apply only PIL-rules
and to restrict RC as follows: If DEK{C1,...,Cp} V A, occurs at line j of the proof at a
stage, then add A to the proof provided that, at that stage, each factor of DEK{C1,...,Cp}
is reliable; the fifth element of the new line is the union of {C1,...,Cm} and of the fifth
element of line j.
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PIL is not decidable. Hence, unlike for its propositional fragment, there
is no algorithm for writing intelligent proofs. A dramatic consequence is that,
while we have a positive test for CL-derivability, we lack even this for APIL1.
Of course, some fragments of APIL1 are decidable, and we may have reasons
to assume consistency or local consistency — most people applying APIL1 to
elementary Peano Arithmetic will assume that it is consistent.

Yet, it is possible to prove that Cnaprr1 (L), the set of APIL1-consequences
of T, may be characterized without referring to the dynamics of the proofs.
This is important in itself as well as with respect to the semantics introduced in
section 5. The characterization refers to PIL only. The central point is that it
depends only on PIL-derivability (which is monotonic) whether a wff is reliable
in an intelligent extension of a proof.

Lemma 2 If, in an APIL1-proof from I', A occurs as the second element and
{C1,...,Cn} (0 < m) occurs as the fifth element of a line, then T Fpr, AV
DEK{Ch,...,Cn}.

The proof proceeds exactly as for Lemma 1 of [4], by induction on the number
of the line at which A occurs. If the antecedent of Lemma 2 is true, then it
is possible to add to the proof a line which has AV DEK{C,,...,C,,} as its
second element and the fifth element of which is empty.

Where a DEK-formula is a formula of the form DEK{A4,..., Ay}, we de-
fine:

Definition 8 A DEK-consequence of I' is a DE K -formula which is PIL-derivable
from T.

Definition 9 A minimal DEK -consequence of I' is a DEK -consequence of I'
such that no result of dropping a disjunct from it is a DEK -consequence of T'.

Theorem 7 T Fapri A, iff there are Cq,...,Cp, (m > 0) such that T Fpry,
AVDEKA{Cy,...,Cp}, and none of Cy,...,Cy, is a factor of a minimal DEK -
consequence of T.

Proof. For the first direction, suppose that I' Fapir1 A. Hence, A is finally
derived at some line j of a proof from I'. Let the fifth element of this line be
{C1,...,Cp}. Hence, T bpr, AV DEK{C4,...,Cp} (m > 0) by Lemma 2.
Suppose now that C; is a factor of a minimal DFK-consequence of I'; then
there is an intelligent extension of the proof in which that DF K-consequence
of I' occurs unconditionally; but then line j is deleted by RD, which contradicts
the fact that A is finally derived at line j.

For the second direction, suppose that there are Cq,...,Cy, (m > 0) such
that (i) T' Fpi, AV DEK{C1,...,Cp} and (ii) no C; is a factor of a minimal
DEK-consequence of I'. Then, there is an APIL1-proof from I' in which A
occurs as the second element of a line the fifth element of which is {C1, ..., Cp}.
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Figure 1:

Moreover, this line will not be deleted in any intelligent extension of the proof.
It follows that A is finally derived at that line. Whence I' Fapir1 A. ®

An important feature of APIL1 is expressed by the following theorem:

Theorem 8 IfI' Faprri A, then it is possible to extend any proof from I' into
a proof in which A is finally derived from I.

Proof. If ' Faprr1 A, there is a proof from I' in which A is finally derived. Call
this Proof 1. Consider an arbitrary proof from I', call it Proof 2, that consists
of j lines. For any DFEK-formula in proof 2, it is possible to add to Proof 2 a
minimal DFE K-formula from which it is derivable. This will extend Proof 2 with
at most j lines. In view of RU, RC, and RD, it is obvious that the sequence
consisting of the lines of Proof 1 followed by the lines of the extended Proof 2
form a proof in which A is finally derived from I". =

5 Semantics of the inconsistency-adaptive logic
APIL1

The dynamic proof-procedure of APIL1 displays an interesting similarity to
real thought processes. Still, the semantics offers a different and insightful
perspective.

All CL-models are PIL-models. If I"is consistent, its consistent PIL- models
are its CL-models; but it has inconsistent models as well (except for the border
case where I' is maximally non-trivial, i.e. the set of wffs true in some w-
complete CL-model). If I' is inconsistent, it has inconsistent PIL-models only
(and no CL-models).

The APIL1-semantics is obtained from the PIL-semantics by defining, for
each ', a subset of the PIL-models of I'. The idea is that any I' defines a
set of (semantically) unreliable formulas, and that the APIL1-models of T" are
those PIL-models of I" in which only unreliable formulas behave inconsistently.
I summarize the situation in Figure 1: the two larger ellipses represent all PIL-
models and all CL- models respectively; the circle represents the PIL-models
of T'; the smallest field marked I represents the APIL1-models of T'.

Definition 10 Where M is a PIL-model, EK (M) = {Avp (3(A& ~ A)) = 1}.

Remark that, if A(z) € EK(M), then A(«a) € EK(M) for all « € V. The
set of formulas that are (semantically) unreliable with respect to I' is defined as
follows:
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Definition 11 U(T) is the set of the factors of minimal DEK -consequences of
r,

Definition 12 A PIL-model M is maximally APIL1-normal with respect to
T if (i) M is a PIL-model of T, and (i) EK(M) 2 U(T).

Definition 13 M is an APIL1-model of T iff M is maximally APIL1-normal
with respect to I.

Definition 14 T' E=apiL1 A iff A is true in all APIL1-models of T
Theorem 9 IfT'FaprL1 4, then T Eapma A.

Proof. Suppose that I" Faprr1 A. By Corollary 1 and Theorem 7, there are
Cy,...,Cp (m > 0)such that T Epr, AVDEK{C,...,Cp}and Cy,...,Cp, &
UT). T =pir, AthenT Eapip1 A. If there are C1, ..., Cy, (m > 1) such that
I' EpiL. AV DEK{C4,...,Cy} and C4,...,C,, € U(T), then, for all APIL1-
models M of T, vy (AVDEK{C4,...,Cpn}) =1land vy (DEK{Cy,...,Cp}) =
0, and hence vpr(A) =1. m

Theorem 10 IfF }:APILl A then T |_APIL1 A.

Proof. Suppose that I' t/apir1 A. Let By, Bs, ... the sequence from the proof
of Theorem 4 and define:

Ay = CnPIL(F U {H(B& ~ B) DABeF— U(F)})
Aip1 = CnpiL(AiU{Bis1}) if A¢ Cnprn(A; U{Bit1}), and
A1 = A; otherwise

A = AgUAU...
Each of the following is provable:
(i) I' O A (by the definition of A).

(ii) A € A. By the definition of A} if A € A, then A € Ag. The latter, however,
is impossible. Indeed, if A € Ag, then there are C4,...,C,, € F —U(I')
(m > 1) such that T U {DEK{C4,...,C,} D A}piA'S; hence, by the
deduction theorem, I' Fpyy, (DEK{Cl, ey Cn} D) A) D) A; hence I' Fp11,
DEK{Cy,...,C,} V A; but as Cq,...,Cp, € F=U(T), it follows that
I' FapiL1 A, which contradicts the main supposition.

(iii) If C & U(T), then 3(C& ~ C) & A. Indeed, if C ¢ U(T), then 3(C& ~
C) D A€ Ag;so, if I(C& ~ C) € A, then A € A, which contradicts (ii).

141n view of Corollary 1, the minimal DEK-consequences of I" are determined by the PIL-
models of T'.
151n view of the fact that any proof is finite, and of A D B,C D Bpi(AV C) D B.
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iv) A is deductively closed (by the definition of A).
v) A is maximally non-trivial (as in the proof of Theorem 4).

vi) A is prime (as in the proof of Theorem 4).

(
(
(
(vii) A is w-complete (as in the proof of Theorem 4).

As in the proof of Theorem 4, a PIL-model M is defined from A. In view
of (i) and (ii), all members of T" are true in M and A is false in M. In view of
(iii), M is an APIL1-model of I'. Hence I' ffapi1 A. ®

Theorems 7, 9 and 10 give us:
Corollary 2 T'Fapmn1 A iff T EapiL1 A.
Theorem 11 IfT is consistent, then Cnapri(T') = Cncn(T).

Proof. If T is consistent, the APIL1-models of I" are the consistent PIL- models
of I', viz. the CL-models of I'. m

Theorem 12 If there is an A such that (i) A ¢ U(T'), and (ii) and CnprL(T'U
{3(A& ~ A)}) is not trivial, then Cnpir(I") is a proper subset of Cnapiri(T).

Proof. Suppose that the antecedent is true. In view of (ii), there is a B such
that T Fpir, 3(A& ~ A) D B. But bpr, 3(A& ~ A) VvV (3(A& ~ A) D B).
Hence, in view of (i), I' Fapin1 3(A& ~A) D B. =

In [8] Priest discusses an interesting property which he calls reassurance. For
APIL1 reassurance is provable:

Theorem 13 Cnapiri(I') is not trivial unless CnpiL(T') is trivial. (Reassur-
ance)

Proof. Suppose that CnaprLi(T) is trivial whereas Cnpry,(T') is not, and let
A ¢ Cnpip(T'). Then A& ~ A & Cnprr,(I') whereas A& ~ A € Cnaprni(T). In
view of Theorem 7, this is only possible if there are C1,...,C, (n > 0) such that
DEKA{Cy,...,Cp} V(A& ~ A) € Cnpi,(T) and Ch,...,C, ¢ U(T'). But then
DEK{Ch,...,Cy,, A} € CnprL(T). As no member of {C4,...,C,} is a factor of
a minimal DEK-consequence of I', (DEK{A} =)A& ~ A € CnpL(T"), which
is impossible. m

6 Semantics of the inconsistency-adaptive logic
APIL2

For APIL2, our second inconsistency-adaptive logic, it appears advisable to
start from the semantics (which is an extension of the semantics in [3] to the

19



predicative level). The central difference with the APIL1-semantics lies in the
different strategy to obtain maximally normal models. Here the strategy will
be minimizing abnormality. This will result in a stronger selection of models: it
will appear that all APIL2-models of some set of premises are APIL1-models
of it, but that the converse does not always hold. If, e.g., DEK (p, q) is the only
minimal DF K-consequence of I', then, unlike for APIL1-models of T', either
p& ~ p or q& ~ ¢ is false in any APIL2-model of T'.

Definition 15 A PIL-model M is maximally APIL2-normal with respect to
T iff (i) M is a PIL-model of T', and (ii) there is no PIL-model M’ of T such
that EK(M') C EK(M).

To avoid misunderstanding, it is useful to repeat that, if A(z) € EK(M),
then A(a) € EK(M) for all o € V6.

Definition 16 M is an APIL2-model of T iff M is maximally APIL2-normal
with respect to .

Definition 17 T Eaprz A iff A is true in all APIL2-models of T.

In general, the relation between PIL-models, APIL2-models, and CL-
models is still as in Figure 1. If I is consistent and not maximally non-trivial,
it has consistent as well as inconsistent PIL-models, but its APIL2-models are
its CL-models. So, if T is consistent, APIL2 and CL define the same set of
semantic-consequences for it. If T" is inconsistent, it has no consistent PIL-
models (it has no CL- models). Still, some PIL-models of I' will (except for
border cases) be more inconsistent than is required to make T' true. In other
words, some PIL-models of I' will not be maximally APIL2-normal with re-
spect to I'; these are not APIL2-models of I'. As the APIL2-models of I
are, in general, a subset of its PIL-models, I" has, in general, more APIL2-
semantic-consequences than PIL-semantic-consequences.

It is not, however, just a matter of having less models and more semantic
consequences. More importantly, the definitions show that APIL2 interprets a
set of premises as consistent as possible in the sense that no more formulas of
the form 3(A& ~ A) are true than is required by the set of premises.

It should be mentioned that there are other senses of interpreting premises
as consistent as possible. If Pz& ~ Px and Py& ~ Py are the only inconsistent
formulas true in M and only Pz& ~ Px is true in M’, then EK(M') = EK(M).
Indeed, as far as wifs are concerned, M is not more inconsistent than M’. This
situation is largely due to the fact that I choose to consider inconsistencies as
linguistic matters and not as ontological ones. In the PIL-semantics, inconsis-
tencies are provoked by the values assigned to formulas of the form ~ A. I gave

161 view of this (and of the PIL-semantics), making the domain as small as possible does
not result in general in models that are less inconsistent. In this sense APIL1 and APIL2
differ drastically from LP™ — see p. 325 of [8].

20



a reason for this decision in section 3, viz. symmetry with respect to the absence
of other replacements of extensionally identicals within the scope of negation.
Once the decision was taken, it became rather artificial (as an inspection of the
semantics shows) to try to minimize inconsistencies in another sense!”. Let me
add a final comment on the matter. People that consider the way in which
APIL2 minimizes inconsistencies unsatisfactory should consider its functioning
in w-complete models before settling their minds. In the semantics of LP™, for
example, Graham Priest locates inconsistencies at the level of the elements of
the domain, but considers w-complete models only — see [8].

7 Proof theory of the inconsistency-adaptive logic
APIL2

Let the format of proofs be as for APIL1, except that no lines are deleted in
APIL2- proofs, but that there may be tentative lines, indicated with a mark
after the line number. Marked lines are not considered as occurring in the proof
and may not be relied upon for adding further lines. After each step, the marks
are updated, viz. removed or added.

The updating of the marks will be governed by an integrity criterion. The
intuitive idea is as follows. Suppose that A is derived on one or more lines the
fifth element of which is not empty. A is considered as derived (at a stage of
the proof) and the lines become a full part of the proof if A comes out true
under any maximally normal ‘interpretation’ of the least DEK- formulas (at
that stage). Since we are in the proof theory, “interpretation” should refer to
formal properties of the formulas that occur in the proof.

Let us first try to get some grasp on DEK-formulas. Clearly, at least one
disjunct of each DFEK-formula should be true. As we shall have to look at
combinations of factors of DEK- formulas, it is useful to remark that some
D FE K-formulas that occur unconditionally in a proof may be disregarded. Sup-
pose that a Gddel-numbering (or some other ordering) of formulas is given.
Where A and B are DEK-formulas, let us stipulate that

Definition 18 A < B iff either (i) A Fpi. B and B VpiL A, or (i) A and
B are PIL-equivalent and the Gédel-number of A is smaller than the Gédel
number of A.

Definition 19 A is a least DEK -formula (at a stage of the proof) if it occurs
unconditionally in the proof and no DEK -formula B such that B < A occurs
unconditionally in the proof.

17Suppose that v(z) = v(y) € v(P) and that v(~ Pz) = 1. The model seems to become
more inconsistent if also v(~ Py) = 1; if, however, v(~ Py) = 0, then (3z)(3Fy)(z = y&(~
Pa&(~ Py D1))) is true in the model, which also seems a kind of inconsistency (as ~ Py DL
is a strong negation of ~ Py).
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If DEK(I' U{Pz}) and DEK(I'U{Py}) occur unconditionally in the proof
and the Goédel-number of the former is smaller than that of the latter, then at
best the former will be a least DE K-formula. Neither of them is a least DEK-
formula if DEK(I' U {Pa}) also occurs unconditionally in the proof. Clearly,
if one disjunct of each least DE K- formula is true, then all DEK-formulas are
true (at that stage).

Let *®, be the set of all sets that contain one factor out of each least DE K-
formula (at stage s of the proof). *®, may contain redundant elements for
two different reasons. The first is related to the individual variables. Where
neither z nor y occurs free in A(z),3(A(z)& ~ A(z)) is PIL-equivalent to
J(A(y)& ~ A(y)). But A(x) may be a factor of some least DEK-formula
and A(y) of another. Hence, *®, may contain {Px, Py}, or may contain both
{Pz,p} and {Py,p}. To reduce these, we define °® from xP, by relettering
all open formulas in the members of *®, in such a way that the free vari-
ables occur always in the same order (for all formulas, the first occurring
free variable is always x1, the second always za, etc.). The second reason
for redundant elements is that the same factor may occur in different least
DEK-formulas. If DEK{p,q} and DEK{p,r} are the least DEK-formulas,
*q)s =° q)s = {{p}a {pa 7'}, {p7Q}7 {(LT}} Of these {par} and {paq} are redun-
dant: both DEK{p,q} and DEK{p,r} are true if p& ~ p is true; there is no
need that also r& ~ r or ¢& ~ ¢ be true. So, let &, be obtained from °®, by
eliminating elements from it that are proper supersets of other elements. The
members of @, are sets of formulas, such that, if (A& ~ A) is true for all
members A of such a set, then all DEK-formulas that occur unconditionally
in the proof are true. To see this, it is sufficient to realize that, if A and B
are different formulas (and not reletterings of each other with respect to the
individual variables), then 3(A& ~ A) and I(B& ~ B) are PIL-independent
formulas — remember that PIL does not spread inconsistencies.

Where &, is as defined above and A is the second element of line j, line j
fulfils the integrity criterion (at stage s) iff (i) the intersection of some member
of &, and of the fifth element of line j is empty, and (ii) for each ¢ € ®, there
is a line k such that the intersection of ¢ and of the fifth element of line k is
empty and A is the second element of line k. As a (very) simple illustration,
consider:

() DEK{p,q,r} ... ... 0

(G+1) A N X3
(G+2) A coe oo Agyr}
(G+3) A cee oo Apyr}

If (j) is the only least DEK-formula in the proof, ®; = {{p},{q}, {r}}
and lines (j+1)-(j+3) fulfil the integrity criterion. They also fulfil the integrity
criterion if the second element of line (j) is DEK{p, q,r, s}'8.

18The integrity criterion has a helpful geometrical interpretation. A least DEK-formula,
corresponds to a (finite) dimension of a many- dimensional space; its factors correspond to
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Let us now turn to the APIL2-rules.
RU As for APIL1.

RC If Fpi, DEK{C4,...,Cpn} V ((A1&...&An) D B), and A4,..., A, occur
in the proof at a stage, then add B to it provided'® that, at that stage,
each factor of DEK{CY,...,Cy,} behaves consistently. The fifth elements
of the new line is the union of {C4,...,Cy,} and of the fifth elements of
the lines mentioned in its third element.

RQ+ A mark is added to a line that does not fulfil the integrity criterion, and
to all lines derived from it.

RQ- If a line fulfils the integrity criterion and is marked, the mark is removed.

This format requires many duplicated lines and lots of updating of the marks.
More convenient formats involve complications that are expendable with respect
to the aim of the present paper.

Definition 20 An extension of an APIL2-proof from T is intelligent iff it
has the following two properties: (i) if both DEK(X) and DEK(X UTII) occur
unconditionally in the extension, then the former precedes the latter, and (i) if
DEK(X) may be added unconditionally to the proof, and if some line becomes
marked when DEK (X) is added at once but does not become marked when some
other lines are added first, then these other lines are added before DEK(X).

Remark that ®4 is always a finite set of finite sets of formulas. Suppose that
A occurs as the second element of some unmarked line, and that it becomes
marked if DEK (X) is added unconditionally. Whether it is possible to prevent
this line from being marked depends on the possibility to add lines that have A
as their second element and some out of a finite number of sets as fifth elements.

Definition 21 A is finally derived at some line of an APIL2-proof iff it is the
second element of that line, and the line is not marked and will not be marked
in any intelligent extension of the proof.

Definition 22 T Fapre A (A is an APIL2-consequence of T or is finally
derivable from T) iff A is finally derived at some line of an APIL2-proof from
r.

As for APIL1, we have:

the elements of the dimension. A point of the space corresponds to a way to make all least
DEK-formulas true. A fifth element of a line corresponds to a union of hyperplanes; the
intersection of all these unions is empty if the integrity criterion is fulfilled.

191f the line were added while the proviso is not fulfilled, it would be marked at all stages
of the proof.
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Lemma 3 If, in an APIL2-proof from I', A occurs as the second element and
{C4,...,Cn} (0 < m) occurs as the fifth element of a line, then T Fpr, AV
DEKA{Ch,...,Cpn}.

Definition 23 A strongest minimal DEK -consequence of ' is one that is not
PIL-derivable from any non-equivalent minimal DEK -consequence of T'.

If DEK{Pb,Qa} is a minimal DEK-consequence of ', then DEK{ Pz, Qa}
is a minimal DFEK-consequence of I', but not a strongest one. Any DEK-
consequence of I'; A, is derivable from a strongest minimal D F K-consequence
of I, possibly A itself.

Definition 24 A is a least DEK -consequence of T iff (i) it is a strongest min-
imal DEK - consequence of T’ and (i) no B < A is a strongest minimal DEK -
consequence of T.

Definition 25 ®r is the set of all sets that contain exactly one factor of each
least DEK - consequence of I' and that are not proper supersets of such a set?°.

Theorem 14 T Faprra A iff there are one or more (possibly empty) finite sets
21,39, .. such that T bFprr, AV DEK(Y,),T bpi, AV DEK(Xs),. .., and, for
any ¢ € ®r, one of the X; is such that ¥; Ny = ().

Proof. For the first direction, suppose that I' Faprr,2 A. Hence, A is finally
derived at some line j of a proof from I'. Let the fifth element of this line be
(the finite set) X. Hence, I' Fpir, AV DEK(X) by Lemma 3. If ¥ is empty or,
for any p € 1, X Ny = 0, then the consequent of the first direction is true. So,
suppose that, for some ¢ € ®r, there is no ¥ such that T Fprr, AV DEK(X)
and X N # 0. It follows that, for any set {31,...,3,} such that ' Fpyy,
AV DEK(%),...,T Fpi, AV DEK(X,,), there is a finite ¢’ O ¢ such that,
SN #0,...,%,N¢" # 0. Hence, there is an intelligent extension of the proof
in which a finite set of least DEK-consequences of I" occur unconditionally and
in which line j does not fulfil the integrity criterion (some member of &, overlaps
with the fifth element of each old or new line of which A is the second element).
But then A is not finally derived at line j, which contradicts the supposition.
For the second direction, suppose that there are one or more (possibly empty)
finite sets X1, Xs, ... such that T' Fpr, AVDEK(X4),T Fpir, AVDEK(X,),. . .,
and, for any ¢ € ®r, one of the ¥; is such that ¥; N¢ = 0. I now show
that A is finally derivable from I". Consider a proof from I' in which (i) some
unmarked line j has A as its second element and has one of the aforementioned
Y, viz. ¥, as its fifth element, and in which (ii) each least DEK-formula is a
minimal DE K-consequence of I'*!. Consider also any formula DEK (I) that is

20T suppose that the Gédel numbering warrants that free individual variables always occur
in the same order in factors of least DFE K-consequences of T'.
21 There is bound to be such a proof, at the worst one in which no DEK-formula occurs.
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a minimal DFEK-consequence of I'. Let the addition of DEK(IT) to the proof
result in ®;. Whether we first add non-DFEK- formulas to the proof has no
effect on ®,. Remark that ®, has a finite number of members, each of which is
a finite set. Remark also that each ¢ € ® is a subset of some ¢’ € ®r. As, for
some ¢’ € ®p,3; N¢" =0, there is a ¢ € @, such that ¥; N = 0. Moreover,
for any (of the finitely many) ¢ € @, there is a ¢’ € ®r and a finite X}, such
that T'Fpi, AV DEK(Z:), X N¢’ =0 and ¢ D ¢’; but then also 3y Ny = 0.
Hence there is an intelligent extension of the proof in which DEK (II) occurs
unconditionally and in which line j is not marked. m

As for APIL1 it is easy (and hence left to the reader) to prove:

Theorem 15 If T Fapire A, then it is possible to extend any proof from I'
into a proof in which A is finally derived from T.

Let us now move on to the relation between the syntax and the semantics.
As before, I shall rely on Corollary 1 without referring to it.

The following lemma is very central and deserves some explanation. By
an equivalence set of formulas I shall mean a set of formulas that are PIL-
equivalent. Even if PIL only sparsely relates inconsistencies to each other, some
DEK-formulas are PIL-equivalent, e.g., DEK{Px,Qa} and DEK{Py,Qa},
and some DFEK-formulas are stronger than others, as we have seen. It is in-
teresting to have a closer look at the relation between DFE K-consequences of I"
and the inconsistencies true in APIL2-models of I'. First, the number of equiv-
alence sets of strongest minimal DFEK-consequences of I' does not uniquely
determine the number of inconsistencies true in a model M of I'. For ex-
ample, if DEK{p,q} and DEK{p,r} are the minimal DF K-consequences of
I', then in some models p& ~ p will be the only true inconsistency, whereas
both g& ~ ¢ and r& ~ r will be true in other models. Next, more than one
factor of some strongest minimal DEK- consequence of I' may behave incon-
sistently in an APIL2-model of I'. For example, if DEK{p,q}, DEK{q,r},
and DEK{p,r} are the minimal DFEK-consequences of I, then two out of
p& ~ p, q& ~ q and r& ~ r are bound to be true in any APIL2-model of
I'. Finally, if DEK{Pzy,...} is and DEK{Pzz,...} is not a minimal DEK-
consequence of I', then vy (Prax& ~ Pzx) = 0 for any APIL2-model of T
indeed, if it were true, then not only vy, ((3z)(Jy)(Pry& ~ Pxy)) = 1, but also
vy ((Fz)(Prade ~ Pxx)) = 1, whence M would not be maximally normal with
respect to I'.

In any APIL2-model M of T', there is a set of (open and closed) formulas A
such that vy (A& ~ A) = 1. As a result, there are wifs of the form 3(A& ~ A)
such that vpr(3(A& ~ A)) = 1. For any set of equivalent such wifs, we may
select a paradigmatic member on the basis of the occurrence of free variables
in A& ~ A, which I supposed before to agree with the order introduced by
the Godel numbering of formulas. The degree of inconsistency of a model is
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determined by these paradigmatic inconsistencies, as appears from the definition
of an APIL2-model.

For any APIL2-model M of T, let ¢5; be the set of A such that A& ~ A is
a paradigmatic inconsistency true in M. Let U be the set of all these ;.

Lemma 4 For any ¢ € ®p, I' has an APIL2-model M such that ¥p; = .

Proof. Let T" be prepared as for Theorem 4, and let By, Bs, ... be the sequence
from the proof of that theorem. Select some ¢ € ®r, and let IT = {3 (A& ~
A)A € p}. Define:

Ag = OTLPIL(F U H)

If there is no ¥ such that DEK(Y) € CnpinL(A;U{B;+1}) and Il tprr, DEK (Y),
then
Aip1 = Cnpin(A; U{Biy1}),

otherwise
Aiy1 = Cnpin(A; U~ Bigq).

A=A UA2U...

It is possible to prove that there is an w-complete PIL-model M such that
(i) v (A) =1 iff A € A, and (ii) ¥ = . The proof is completely analogous
to that of Theorem 4, except for the following bit.

If there is a ¥ such that DEK(X) € CnpinL(A; U {B;11}) and II Hpr,
DEK(Y), then there is no ¥’ such that DEK(Y) € CnpiL(A; U ~ Biy1)
and 1T Hpr, DEK(Y'). To see this, suppose that II tpy, DEK(X), 11 Hprr,
DEK(Z’),AZ U {Bi-i-l} l_PIL DEK(Z), and Az U {N Bi-l—l} l_PIL DEK(Z/)
Then, by the Deduction Theorem, the fact that B;;1V ~ B, is a PIL-theorem,
Dilemma, and the fact that DEK(X) vV DEK(Y') = DEK (X UY/), it follows
that A; Fpi, DEK (X UY). But then I Fpr, DEK(X UY') by the definition
of A. But as Il is a set of formulas of the form 3(A& ~ A), it follows that either
Il Fpir, DEK(X) or 11 Fpyr, DEK(Y'), which contradicts the supposition. It
follows that 1y = .

M is maximally normal with respect to I'. Indeed, M is a PIL-model of
I' and, for all II' C II, there is a ¥ such that T UII' Fpyr, DEK(X) and
Il Vpr, DEK (X) (by the definition of ). m

Remark that the least DEK-consequences of I' are true in all PIL-models
of ', and that all DFE K-consequences of I" are true in all PIL-models in which
all least DFEK-consequences of I" are true (remember Corollary 1).

Lemma 5 & = ¥

Proof. & O W follows from Lemma 4. For the opposite direction, let 1y, € Y.
Hence M is an APIL2-model of I'. Any least DEK- consequence of I" has a
factor B such that B € ¢y and vy (3(B& ~ B)) = 1. Hence, there is a ¢ € ®r
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such that ¢ D . If Y # @, then, again by Lemma 4, there is a APIL2-
model M’ of T' such that 1 = ¢. But then FK(M’) C EK(M), which is
impossible. m

Theorem 16 T’ ':APIL2 A Zﬁr l_APIL2 A.
Proof. Immediate in view of Lemma 5, Theorem 14, and Corollary 1. m

As for the propositional fragment of APIL1 — see Theorems 7 and 8 of
[4} — we have (1) CTLPIL(F) D) CTLAPILQ(F) B CTLCL(F), (11) if ' is consistent
then CnapiL2(l') = Cnen(l), and (iii) if T' is inconsistent then, except for
border cases, CnpiL(I') C CnapiL2(I') C Cncr(I'). The proof of Theorem 17
is identical to that of Theorem 11.

Theorem 17 If T is consistent, then CnapiL2(l') = Cncr(T).

Theorem 18 If there are wffs Ay,..., A, (n > 0) such that (i) CnprL(T' U
{A1& ~ Aq,..., A& ~ A,}) is not trivial, and (ii) {A1,...,An} is not a
subset of any ¢ € ®r, then CnpiL(T) is a proper subset of Cnapir2(T).

Proof. Suppose that the antecedent is true. In view of (i), T U {A;& ~
Ai,..., A& ~ A,} has a non-trivial PIL-model M, which also is a PIL-
model of T'. Hence there is a B such that T bprr, ((A1& ~ A1)& ... &(A& ~
Ap)) D B. In view of (ii), it follows from Lemma 5 that, for all APIL2-models
M of T oy ((Ar& ~ A& ... &(A& ~ Ay)) = 0 and hence var(((A1& ~
A1>& . &(An& ~ An)) D) B) = 1. HenceI' Fapir2 ((Al& ~ Al)& . &(An& ~
Ap))DB. =

The result is very general. I cannot imagine any interesting I' such that any
finite set of wifs is a subset of some ¢ € ®r.

Theorem 19 Cnaprrz(T) is trivial iff Cnpr(T) is trivial. (Reassurance)

Proof. It Cnpir,(T') is not trivial, then I' has non-trivial PIL-models. These
determine the set of least DEK-consequences of I', and hence ®r. In view of
Lemmas 4 and 5, the APIL2-models of I" are those PIL-models M for which
Yy € @r. And there are such models: the proof of Lemma 4 shows how to
construct them. m

8 Concluding remarks

As promised, I studied the syntax and semantics of two inconsistency-adaptive
logics that are based on a poor and simple paraconsistent logic. With respect to
the top-down view on adaptive logics, viz. where their role is restricted to tran-
sitory stages and the aim is to reach a consistent theory, richer paraconsistent
bases are less suitable, as I explained in section 9 of [4].
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A point that still deserves to be stressed is the need for a dynamic proof pro-
cedure: lines are deleted or marked; formulas derivable at some stage of a proof
may become underivable at a later stage, or vice versa. This is related to the fact
that proofs are concrete entities. Although the meta-theoretic characterizations
of final derivability and semantic consequence are static, it is not possible to
devise static proof procedures. This should not be considered a disadvantage of
adaptive logics. The systematic way in which this dynamics is captured and its
static meta- theoretic characterization should rather be considered a positive
step towards an understanding of the many forms of dynamics that occur in
human (creative and other) thought processes.

Both APIL1 and APIL2 have nice and interesting tableau methods. The
related results are important from a computational point of view, but have to
be postponed to another paper. So has the study of logics that are adaptive
with respect to other abnormal properties.

There are many open problems about adaptive logics, even about inconsistency-
adaptive ones. A rather urgent and easy one concerns those based on the PIL-
variant which locates inconsistencies at the level of elements of the domain,
rather than at the linguistic level. Even if I argued for my present choice, such
inconsistency-adaptive logics may be useful both from a dialetheist point of view
and, in general, with respect to theories that are not meant to be replaced by
consistent ones. The most suitable approach to the PIL-variant is as follows.
Consider all formulas of the form ~ A in which all constants and free variables
are replaced by the metavariables aq, ag, ... (in that order). Any such formula
is a propositional function of (some) arity n. Replace C1.4 of the PIL-semantics
by a clause that assigns, to each propositional function of arity n, a set of n-
tuples of members of D, and adapt C2.5 accordingly. This will immediately
result in (Vz)(Vy)(z =y = (A(z) = A(y))) being a valid formula, as desired by
this approach.
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This is a very old paper. Some hints for translating to recent terminology:

old terminology recent terminology

conjunction & A

standard negation ~ -

classical negation - ~
disjunction of abnormalities DEK(...) Dab(...)

Tarski logic PIL CLuN
adaptive logics APIL1 CLulN"
adaptive logics APIL2 CLuN™
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