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ABSTRACT. We provide a decision-theoretic framework for dealing with uncertainty in
quantum mechanics. This uncertainty is two-fold: on the one hand there may be uncer-
tainty about the state the quantum system is in, and on the other hand, as is essential to
quantum mechanical uncertainty, even if the quantum state is known, measurements may
still produce an uncertain outcome. In our framework, measurements therefore play the
role of acts with an uncertain outcome and our postulates ensure that Born’s rule is en-
capsulated in the utility functions associated with such acts. This approach allows us to
uncouple (precise) probability theory from quantum mechanics, in the sense that it leaves
room for a more general, so-called imprecise probabilities approach. We discuss the math-
ematical implications of our findings, which allow us to give a decision-theoretic found-
ation to recent seminal work by Benavoli, Facchini and Zaffalon, and we compare our
approach to earlier and different approaches by Deutsch and Wallace.

1. INTRODUCTION AND OVERVIEW

In dealing with a quantum system, there are various reasons why some subject, whom
we’ll call You, might be uncertain about the present state it’s in: the state may have been
prepared by performing a measurement, or You might be uncertain about the dynamics that
brought it to its present state, or about the state it started out from, to name a few of them.

This uncertainty is typically represented, and reasoned with, using (quantum) probab-
ilities, in the form of density operators. This type of probabilistic model, pervasive in the
literature, has a characteristic that it shares with the probabilistic models that are commonly
used in more classical — non-quantum — contexts: it has a very high informational con-
tent. That it does, is exemplified by the fact that when such models are used in a decision-
theoretic (expected utility) framework, they leave no room for indecision: they allow You
to choose between any two options and provide a definite answer to every yes-or-no ques-
tion. While this isn’t a problem or a drawback in itself, it does call into question why
such decisiveness is always justified in all contexts where uncertainty is present. And this
question is made all the more incisive by the following observation: while probabilities are
often seen as constituting a superstructure built on a foundation of classical (propositional)
logic, they don’t share, in the way they’re commonly represented, with this logic one of its
most crucial properties: its ability to represent and deal with partial information through
its conservative deductive inference mechanism.

This ‘problem’ has been recognised for quite some time in classical (non-quantum)
uncertainty contexts, and the research field of imprecise probabilities (see, for instance,
Refs. [2, 46, 50, 51]) has devoted quite some time and effort to allowing the mutually re-
lated aspects of indecision, imprecision and partial information to also play their important
constitutive role in probability theory. It was, arguably and to the best of our knowledge,
Walley who first drew attention to the conservative inference mechanism that is hidden
behind classical (non-quantum) probability theory [50, 51] and one of us (De Cooman)
who first drew attention to the analogy between that conservative inference mechanism
and deductive inference in classical propositional logic [18]. In a nutshell, the so-called
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imprecise probability models (such as there are: sets of probability measures, coherent
lower and upper previsions, coherent sets of desirable gambles and coherent partial prefer-
ence orderings) represent partial information states that have the same role as deductively
closed and logically consistent sets of propositions do in classical propositional logic; and
it’s the precise models amongst them (such as there are: single probability measures, coher-
ent previsions, maximal coherent sets of desirable gambles and coherent total preference
orderings, respectively) that correspond to the maximal (so-called complete) deductively
closed and logically consistent sets of propositions, to which no further information can
be added without producing inconsistencies. On this way of looking at things, insisting
that all uncertainty must be modelled by probabilities is very much like claiming that the
only reasonable sets of propositions are the complete ones. We’ll have ample occasion
to explain, and provide pointers to, the relevant technical imprecise probabilities literature
dealing with such models as coherent sets of desirable gambles, coherent lower previsions
and sets of probability measures further on in the paper, but as far as their connection with
conservative inference is concerned, we want to take the opportunity here to also refer
readers to Refs. [12, 18, 19, 22], which are relevant explorations of this issue.

We believe that Benavoli, Facchini and Zaffalon were the first to bring the imprecise
probabilities framework to bear on dealing with uncertainty in quantum mechanics in a
finite-dimensional context. In a number of ground-breaking papers [6, 7], they essentially
associated specific types of desirable gambles with measurements, and showed how coher-
ent sets of such desirable gambles can be connected to sets of density operators.

One of the things we want to achieve in this paper, is to provide their uncertainty models
with a more solid decision-theoretic foundation and to show that the exact ‘Born rule’-like
form they give to the desirable gamble that is associated with a measurement on a quantum-
mechanical system can be derived from decision-theoretic principles.

We’re well aware that we aren’t the only ones — and definitely also not the first — to
try and provide a decision-theoretic foundation for dealing with uncertainty in quantum
mechanics. To name only a few others, Deutsch [23] and Wallace [47-49] have tried to
show that in an Everettian (many-worlds) approach to quantum mechanics, a few simple
decision-theoretic principles are enough to derive the probabilistic quantum mechanical
postulates from the non-probabilistic ones. Their aim in this has been to justify the use of
probabilities (Born’s rule) in a quantum mechanical context, or to use Deutsch’s phrase, to
justify

[...] deriving a probability statement from a factual statement. This could
be called deriving a ‘tends to’ from a ‘does’.

In this paper, we don’t necessarily want to repeat or improve on their existing arguments
and we most decidedly aren’t looking for ways to justify using (precise) probabilities in
a quantum context. But we are looking for ways to deal with the existing uncertainty in
quantum mechanics using a decision-theoretic toolbox. In doing so, we also want to show
that more general models than probabilities are reasonable and useful for dealing with epi-
stemic uncertainty in quantum mechanics. As we’ll explain in much more detail further
on in Section 3, we’ll place the decision-theoretic argument in a de Finetti rather than a
Savage framework, which will then allow us to deal more easily with partial preference,
imprecision and indecision. Indeed, rather than postulate Born’s rule (and the concomitant
existence of probabilities) directly, we propose (like Deutsch and Wallace) a conglomer-
ate of decision-theoretic postulates that seem less invasive, and which allow us to derive
Born’s rule as a special case, while allowing (unlike Deutsch and Wallace) for more gen-
eral (imprecise or partially specified probabilities) models in less restrictive cases. This
will allow us to put into perspective the — to our mind unjustifiably strong — uniquely
central role that precise probabilities often seem to play in quantum mechanics.
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How have we structured the discussion? We begin in Section 2 with a brief review of the
basics of quantum mechanics, and in particular of its (non-probabilistic and probabilistic)
postulates, which we’ll have occasion to refer to and build on later.

In Section 3, we describe the decision-theoretic foundations for our approach to deal-
ing with uncertainty in quantum mechanics, we formulate and motivate our (decision-
theoretic) postulates, and we announce the important conclusions that can be drawn from
them; we postpone proving these conclusions until Section 10. At the same time, we sketch
the decision-theoretic background that will help readers place our subsequent discussion
in its proper context and compare it in Sections 7 and 8 to the approaches followed by
Deutsch and Wallace. In a nutshell, we show in this section that when measurements A
are interpreted as acts with an uncertain reward w (|'¥')), which depends on the (possibly
uncertain) quantum state |'¥) and which is expressed in units of some predetermined linear
utility scale, a number of simple postulates fix the form of this reward, as they guarantee
that w; (|¥)) = (¥|A|¥) — we’ll explain the notations in Section 2.

The decision-theoretic upshot of our results in Section 3 (and their proofs in Section 10)
is that uncertainty about the quantum state |¥) of a system under consideration can be
described by a strict partial vector ordering on the uncertain rewards wj, or equivalently,
on the measurements A. We describe the mathematical consequences of using such uncer-
tainty models, and alternative representations for them, in Sections 4 to 6. This is where we
show that the models introduced by Benavoli, Facchini and Zaffalon [6, 7] can be derived
within our decision-theoretic framework. We also provide proofs for our claims there, even
though some of them can be found elsewhere in some form or other, mainly in the interest
of making this discussion as self-contained as possible.

In Section 4, we show how these strict partial vector orderings can be represented by
so-called coherent sets of desirable measurements, and that such models provide a means
to perform conservative inference based on partial desirability statements about various
measurements. In Section 5 we go on to introduce a slightly simpler and less general type
of model that has the advantage of being Archimedean, meaning that the preferences can
be expressed using the real number scale; these are the coherent lower (and upper) pre-
vision functionals, or equivalently, convex closed sets of density operators. When lower
and upper prevision functionals coincide, they turn into coherent previsions; equivalently,
when the convex closed sets of density operators collapse to singletons, we recover the
more classical case of quantum probability — working with density operators — as a spe-
cial case, as discussed in Section 6. We’ll also discover, incidentally, that the mathematical
(almost-)equivalence between working with sets of measurements on the one hand in Sec-
tion 4 and working with sets of density operators on the other in Section 6, allows us to
recover the well-known duality between the Heisenberg and Schrodinger pictures in our
decision-theoretic approach as well. Throughout Sections 3 to 6, we illustrate the various
models and arguments using a series of simple examples involving qubits.

Section 6.4 is of special importance, because we show there that our general sets of
desirable measurements approach, based on the representation result in Section 3, collapses
to Born’s rule when the state |¥') is known. This allows us to compare in some detail our
present approach to the earlier ones by Deutsch (in Section 7) and Wallace (in Section 8),
and to point out the relevant differences in Section 9.

Finally, we spend some time in Section 11 on rehearsing the main themes in this paper
and drawing conclusions from them. We also point to useful and interesting ways that
the uncertainty models we’re about to discuss in detail, might be used advantageously in
practical computational tasks, which also opens up paths for future research.

2. THE QUANTUM-MECHANICAL BASICS

To lay the foundations for the coming discussion and to sketch the necessary context,
we start with a concise account of those foundational tenets of quantum mechanics that
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we’ll need, and which we’ll present here in the form of seven basic postulates. For a more
thorough account of the foundations and more details about what we leave unexplained,
we refer to the basic textbooks by Cohen-Tannoudji, Laloe and Diu [9] and Nielsen and
Chuang [37], where readers can also find a discussion of those aspects of linear algebra
that are necessary for understanding the mathematical underpinnings of these postulates,
and which we’ll assume them to be familiar with.

We begin with those postulates that don’t mention, or rely on, probabilistic notions.

2.1. The non-probabilistic postulates. With every quantum system, we associate a com-
plex Hilbert space %, with an inner product (s1,+;) and associated norm ||| := 1/ (s, ).

We’ll use Dirac’s notation and terminology [24] throughout, so we’ll call an element | )
of 2" a ket. The corresponding bra, or dual ket, is then generically denoted by (y|: it’s
the continuous' linear functional on .2” defined by (y|(|¢)) := (|w),|0)) forall |¢) € 2.
The inner product of two kets |y) and |9 ), or in other words, the image of the ket |¢ ) under
the bra (|, is then conveniently denoted by (y|¢).

For any subset .o/ of 2", its linear span

span(es) = { 3 200): 0 € N[00 [60) € o2 € C
k=1

is the smallest linear subspace of 2" that includes 7. Here and in what follows, we denote

by N the set of all natural numbers (without zero), and by C the set of all complex numbers.
A state is a normalised, or normal, ket |y) € 2", which means that (y|y) = 1. We’ll

denote the set of possible states — the state space — by 2 = {|y) € 2": (y|y) = 1}.

Quantum mechanical postulate 1 (QM1)
At any fixed time, the state of a physical system is represented by a normalised ket [w),
which is an element of the system’s state space X >

To deal with certain aspects of quantum-mechanical systems, such as location, infinite-
dimensional Hilbert spaces are essential. But to keep the discussion as simple as pos-
sible, we’ll restrict ourselves in this paper to the case of finite-dimensional Hilbert spaces,
which can for instance be used to model such aspects as the spin or (with some extra as-
sumptions, such as ignoring the higher energy levels) the energy of a bounded electron.
Such finite-dimensional spaces are particularly useful in quantum computing and quantum
cryptography [37].

One way to interact with a quantum system is through measurements, which are repres-
ented by Hermitian operators. The Hermitian conjugate of a linear operator O on .2 is the
unique linear operator O on 2 such that (OF|w),|¢)) = (|w),0|¢)) forall |y),|¢) € 2.
A linear operator A on 2" is called Hermitian if it’s equal to its Hermitian conjugate A",
and we can then use Dirac’s notation (y|A|¢) == (Jw),A|9)) = (A|w),|)) without any
possible confusion. Observe, by the way, that it follows from the properties of an inner
product that?

(wlAl9) = (lw).Al0)) = (Alo),|¥))" = (#lAly)" forall ly),[¢) € 2, (1)

and therefore also that (¢|A|¢) is real for all |¢) € 2. We denote the set of all Hermitian
operators on 2 by S, or by 5 (Z") should we want to avoid confusion about the Hilbert
space 2" they’re defined on.

n the topology induced by the norm ||¢||, the inner product and the norm are continuous.

2Strictly speaking, the state of a system is represented by a ray of kets, typically characterised by one of its
elements: a normalised one. This implies that if the normalised ket |y) represents the state of a system, then
so does ¢/*|y) for any & € R; a normalised ket represents a system’s state uniquely, up to a phase factor. We’ll
always implicitly disregard this phase factor when considering the state of a system.

3We denote the complex conjugate of a € C by a*.
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Quantum mechanical postulate 2 (QM2) .
Every measurable physical quantity of a quantum system with state space 2 can be de-
scribed by a Hermitian operator A € 7 (Z").

In fact, in finite-dimensional Hilbert spaces it’s also often tacitly assumed that all Hermitian
operators correspond to physical measurements, and we’ll also make that assumption here.

When we measure a physical quantity associated with a system, this measurement pro-
duces a real number, which we’ll call the outcome of the measurement; we’ll denote the set
of all real numbers by R. But it turns out that, typically, for a given measurement A, not all
real numbers are possible outcomes for the measurement. This is where the third postulate
comes in, for the formulation of which we recall the notion of eigenvalues and eigenkets.

A complex number A is an eigenvalue of a linear operator O on 2 if there’s some
non-null ket |a) € 2 such that Ola) = A|a). Any ket |a) for which Ola) = Ala) is
then called an eigenket of O corresponding to the eigenvalue A; we’ll denote the set of all
such eigenkets by &). A normal eigenket is called an eigenstate. 1t’s clear that any linear
combination of eigenkets in &) is still an eigenket, so & is a linear subspace of 2", called
the eigenspace of O corresponding to the eigenvalue A. The set of all the eigenvalues of
the operator O is called its spectrum and denoted by spec(O).

Quantum mechanical postulate 3 (QM3)
The only possible outcomes of a measurement are the eigenvalues of the corresponding
Hermitian operator A € 7.

The fact that all eigenvalues of any Hermitian operator are always real and that eigen-
states corresponding to different eigenvalues are always orthogonal [37, Exercise 2.17],
gives some intuition as to why the measurement operators are (taken to be) Hermitian.
Since the outcome of a physical measurement must be a real number, we must there-
fore consider measurement operators with real eigenvalues, and this is a property that
Hermitian operators have. In fact, the knowledge of both the eigenvalues and their cor-
responding eigenstates is enough to determine the corresponding Hermitian operator. To
explain this in the following proposition, we first introduce a convenient new notation. For
any ket |y), we’ll denote by |y)(y| the linear operator on 2~ that maps any ket |¢) to
the ket (Jy)(y])(|9)) :== |w){y|¢), which is a scalar multiple of the ket |y) — in fact,
it’s the orthogonal projection of |¢) on the linear subspace spanned by |y). It’s a trivial
exercise to show that |y)(y| is Hermitian. Indeed, any Hermitian operator is a real linear
combination of specific operators of this type.

Proposition 1 ([37, Box 2.2])

Let Ay, ..., A, be any real numbers and let {|ay),...,|an)} be any orthonormal basis
for the n-dimensional Hilbert space 2. Then A = Yi1 Mlax) (ak| is the only operator
that has Ay, ..., A, as eigenvalues with respective eigenstates |a), ..., |a,), and this
operator is Hermitian. Conversely, every Hermitian operator A € A can be written as
A=Y Mlag)(ai), with {|a1),...,|a,)} an orthogonal basis of eigenstates® for A with
corresponding respective real eigenvalues Ay, ..., A, € R.

A projection operator P is a Hermitian operator such that PP = P. Due to its hermi-
city, a projection operator is an orthogonal projection: (P|¢),|9) —P|¢)) = (P|9),|¢)) —
(P|9),P|9)) = (P|o),|9)) — (PTP|§),|¢)) = O for all |¢) € 2Z". Moreover, since for any
eigenvalue A € spec(P) with corresponding eigenket |¢), A|9) = P|@) = P*|9) = A%|¢),
we see that spec(P) C {0,1}.

For any linear subspace & of 2, we’ll denote by Py the unique projection operator P
whose range mg(P) := {P|¢): |¢) € 2} is equal to &. Given an m-dimensional linear

4Throughout, we’ll use the term ‘orthogonal basis of eigenstates’ rather than ‘orthonormal basis of eigen-
states’, because the normality is already implied by our using the term ‘eigenstates’.
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subspace & of 2" and any orthonormal basis {|b1), ..., |bn)} for &, this projection operator
can be written as Pg = Y7 |by) (by|; see Proposition 1. If &}, is the eigenspace correspond-
ing to the eigenvalue A of some Hermitian operator, then we’ll also use the notation 25 for
the projection operator IA’(,@/l with range & .

Projection operators allow us to represent any Hermitian operator in terms of its eigen-
values and eigenspaces.

Corollary 2 ([37, Box 2.2])

Consider m < n distinct real numbers Ay, ..., Ay, and let &, ..., &, be orthogonal sub-
spaces of an n-dimensional Hilbert space X that span 2, then the Hermitian oper-
ator A := Y, lkf’gk is the unique operator with eigenvalues Ay, . .., A, and corresponding
eigenspaces &) = 6‘:1, s 6y, = &p. Conversely, any Hermitian operator A € 7 can be
uniquely written as A =Y., lkPglk, with A1, ..., Ay its distinct real eigenvalues and with
orthogonal corresponding eigenspaces &), ..., &, that span 2.

Postulate QM3 fixes spec(A) as the set of all possible outcomes of a measurement A,
but says nothing about which of these outcomes will actually be obtained. The following
postulate resolves this uncertainty in an important particular case.

Quantum mechanical postulate 4 (QM4)
Performing a measurement with Hermitian operator A € 7 on a quantum system in an ei-
genstate |a) of A results in the corresponding eigenvalue A being measured with certainty.

In quantum mechanics, measurements seldom leave the state untouched, as is made
clear by the following postulate. We won’t rely on it for our main argument in Section 3
(and Sections 4 to 6 and 10). But since it allows for ways to make sure that a quantum
system is in a known state — by performing a measurement with an outcome that corres-
ponds to a one-dimensional eigenspace — it will enable us in Section 6.4 to consider a
special case where we can compare our approach to earlier discussions by Deutsch [23]
and Wallace [47-49].

Quantum mechanical postulate 5 (QMS)

If a measurement with Hermitian operatorA € J on a quantum system in a state |y) € z
results in the eigenvalue A, then the state |@) of the system immediately after the measure-
ment is given by’

P ly) .
V(WP w)

The last non-probabilistic postulate describes the dynamics of a quantum-mechanical
system — how its state changes over time.

9) =

Quantum mechanical postulate 6 (QM6)
The temporal evolution of the state |y (t)) as a function of the time t, is governed by the
Schrodinger equation:

L d N
ih= [w(0)) = H(0)lw()),
where H (t) is the (possibly time-dependent) Hamiltonian of the system.

SThis |¢) is the normalised version of 2y |y).
6Hcrt:, h = h/2z, where h is Planck’s constant.
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As this paper is focused on the uncertainty related to measurements in quantum mechanics,
the dynamical aspects will have little or no bearing on the present discussion, but we still
include this postulate for the sake of completeness.’

2.2. Probabilities in quantum mechanics. As we’ve already mentioned, Postulate QM3
tells us what the possible outcomes of a measurement are, but tells us nothing about which
of these possible outcomes will actually be observed. Postulate QM4 resolves the remain-
ing uncertainty whenever the quantum state belongs to an eigenspace of the measurement,
but fails to do so in more general cases, where the quantum state is a superposition — a
linear combination — of kets belonging to different eigenspaces. In classical accounts of
quantum mechanics, this is where probabilities come into play. The final postulate, also
known as Born’s rule, attaches a specific probability to each possible outcome.

Quantum mechanical postulate 7 (QM7) X
When a measurement with corresponding Hermitian operator A on 2 is executed on a
system in state |y) € %, then the probability p(l“l]/)) of measuring the eigenvalue A
of A is given by

p(A|lw)) = (vl ly). )

This is in similar spirit to Postulate QM4, where if the system resides in the eigenstate |a ),
the probability of observing the corresponding eigenvalue A is 1.

As an immediate consequence of this postulate, the linearity properties of the inner
product and Corollary 2, the expected outcome E(A||y)) of the measurement A is then

given by
E@Aly) = Y ap(Allw) = Zl<wlpx|w><w w>
= (ylA|y). 3)

A€spec(A) A€spec(A)
Born’s rule, in the guise of Egs. (2) and (3),8 postulates the existence of such probabilities
(and expectations), but it leaves open the question of how they should be interpreted. In
the many interpretations of quantum mechanics, they tend to acquire a different meaning
and/or justification.

Some interpretations of quantum mechanics, such as the Copenhagen interpretation
[28], interpret the Born probabilities as physical and frequentist: they tend to insist that
these probabilities, and their interpretation as limit frequencies, have been corroborated
by numerous experiments, and that they’re physical, objective properties attached to the
system; on such views, the universe is indeterministic.

Other interpretations, such as QBism [30], insist that these probabilities are epistemic
and that they characterise some subject’s knowledge, or the lack thereof, about the quantum
system. This view is compatible with an agnostic stance about whether the universe is
deterministic.

The Everettian world view is deterministic, which might lead us to suspect that the Born
probabilities there must necessarily have some epistemic interpretation. Indeed, Deutsch
[23] and later Wallace [47—49], have advanced the claim that under certain (rationality)
assumptions, and taking into account the non-probabilistic quantum mechanical postulates,
any rational decision-maker must bet on the possible outcomes of a measurement using the
betting rates supplied by Born’s rule. In this sense, on the Everettian view, their claim is
that Born’s rule follows from the non-probabilistic postulates and basic tenets of rational
decision-making. We’ll come back to Deutsch and Wallace’s arguments in later sections.

Y AP,

A€spec(A)

Tof course, the dynamics will become relevant when we want to account for how the uncertainty changes
with time, which we’ll leave for future work.

8Eq. (2) can be seen as a special case of Eq. (3), for the specific choice A ~» P;. We’ll come across an even
more general version, or formulation, further on in Eq. (6).
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Leaving aside the different possible interpretations of the Born probabilities for now, we
want to stress that the uncertainty about the outcome of a measurement when the system
is in a given state |y), isn’t the only type of uncertainty that can be considered in quantum
mechanics: it’s also possible that we have imperfect knowledge about the actual state that
the system resides in. In the traditional formulation of quantum mechanics, such so-called
epistemic uncertainty about the system state is described by so-called mixed states. It’s
essential for the later discussion that we recall here in some detail how it can be represented
mathematically and how this mathematical representation can be combined with Born’s
rule in the shape of Eq. (3).

A quantum system is said to be in a mixed state if it’s believed to be in one of a fi-
nite number of possible quantum states |y1),| W), ..., |W,) € Z°, with respective prob-
abilities p1,pa,..., pm, where m € N. These probabilities p, therefore describe epistemic
uncertainty about the actual state the system is in.

The outcome of a measurement on a system in a mixed state is uncertain because there
is, on the one hand, this epistemic uncertainty about which of the possible states that sys-
tem is in, and because in each of these possible states, the outcome of the measurement
will be uncertain according to Postulate QM7. To distinguish between these two types of
uncertainty, we’ll also refer to the uncertainty about the outcome of a measurement on a
system in a given pure state as quantum-mechanical.9

It turns out that, as we’ll explain below, the epistemic uncertainty associated with a
mixed state can be very conveniently described using its so-called density operator

p =Y pelwi)(wel. “)
k=1

Generally speaking, a density operator p is defined as a Hermitian operator such that
Tr(p) =1 and p > 0. We’ll denote the convex set of all density operators on 2" by %, a
subset of 7.

To explain the notations we’ve just used, recall that the trace Tr(A) of a Hermitian op-
erator A is the sum of its eigenvalues. Given any orthonormal basis {|b1),...,|b,)} for the
n-dimensional Hilbert space 2", the trace can also be written as Tr(A) = Y7_, (b|A|by).
Moreover, a Hermitian operator A € # is called positive semidefinite, which we’ll write
as A >0, if (w|A|y) >0 for all |y) € 27, or equivalently, if all its eigenvalues are non-
negative.

It isn’t hard to see that the operator p in Eq. (4) is indeed a density operator. As a
matter of fact, any density operator can be rewritten as some such finite convex mixture
of projection operators based on states. But, such finite convex mixtures aren’t unique in
determining the density operator p.

Proposition 3 ([32, Problem 10.1]) )
An operator P is a density operator if and only if there are states |y),|y2),...,|Wm) € Z
and real numbers o, 0, . .., 0y, € [0,1] such that Y' o =1 and p =Y 7" | o W) (Wi.

The so-called pure states are then (degenerate) special cases: the density matrix p corres-
ponding to a pure state |y) € 2 is the projection operator p = |y)(y| on that state.
Let’s now argue briefly why the concept of a density operator p associated with a mixed
state in Eq. (4), is so useful.
Consider any Hermitian measurement operator A € .7 with eigenvalues A, ..., A, and
corresponding respective eigenspaces &), ...,&;, and corresponding respective projection
operators 13,11 yeon ,IS;Lm, then we gather from Corollary 2 that A = Y MISM. We now

perform the measurement A on the quantum system in its mixed state.

9Dep«;—:nding on the interpretation of quantum mechanics, quantum-mechanical uncertainty may be seen as
physical, or also as epistemic; see the discussion above.
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First, it follows from a straightforward application of the Law of Total Probability that
the probability p(A,) of observing eigenvalue A, is given by

m

D=3 pOullv)pe= Y pelwrlBy v = 3 peTr(w) (vl By,)
k=1 k=1

k=1
=Tr(pP,,), 5)

where the second equality follows from Born’s rule [QM7] in its simplest form (2); the
third equality follows from the cyclic nature of the trace;'? and the final equality follows
from the linearity of the trace.

As we now know the probabilities p(A;) of the different possible outcomes A, of the
measurement A, it’s a simple matter to calculate the corresponding expected outcome:

Ey(A): Z Ap(2) = Y Te(pBy) = Tr(Z Mﬁ}%) _ Tr(p 3 M&)
/=1 /=1 /=1
:Tr(pA), ©)

where the second equality follows from Eq. (5) and the third equality from the linearity of
the trace. This expression for the expectation operator on measurements associated with
a mixed state, or a density operator, is also often referred to as Born’s rule, and it will
provide an anchor point for connecting our developments starting in Section 3 with the
more traditional approach in quantum mechanics. This is the version of Born’s rule in the
presence of epistemic uncertainty about the state of the system, as captured by the density
operator p. The version of Eq. (3) in the presence of a specific state |y), can be recovered
from it by letting p ~ [} (], as Tr(|y) (w|A) = Tr((wlAlw)) = (wiA|)."" So. Eq. (6)
combines the quantum-mechanical uncertainty about the outcome of a measurement on a
system in a pure state, as expressed in Eq. (3), with the epistemic uncertainty about the
state of the system, captured by the density operator p.

2.3. A few elementary results about Hermitian operators. We conclude this introduct-
ory section with a number of basic results about Hilbert spaces and Hermitian operators
that will come in useful in later sections, and whose formulations (and proofs) we want to
separate off in the interest of didactic clarity.

We begin with a number of elementary lemmas. The first lemma provides a necessary
and sufficient condition for kets to be normalised.

Lemma 4 ([37, p. 67])
Let |a1),]az),...,|an) be any collection of mutually orthogonal states in a Hilbert space % .
Then any |y) € 2 is normal if (and only if when m = n) there are Qy, ..., 0, € C such

that Y\ |ow|> = 1 and |y) = Y7 | olay).

Our second lemma shows that it’s possible to write any state as an equal-amplitude super-
position of some appropriate collection of orthogonal states.

Lemma 5
If |v) is a state in an n-dimensional Hilbert space X', then for allm € {1,2,...,n}, there
are mutually orthogonal states |y), |ya), .. )in 2 such that |y) = \/,zzk L)

Proof. Let {|b1),|b2),.--,|bn )} be any orthonormal basis of 2~ with |b,,) = |y}, and let

m

lys) = Z |bk forse{l,...,m}.

10we’11 have occasion to use this idea a number of times. It’s based on the observation that Tr(AB) = Tr(BA);
see [37, Sec. 2.1.8] for more details.
"Here and further on, we use the symbol ‘~~’ to denote ‘instantiates as’ or ‘is replaced by’.
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Then by Lemma 4, |y;) has norm 1 for all s € {1,2,...,m}. Forall r,s € {1,...,m}, we
use the conjugate symmetry of the inner product to find that

- —omitk 1 & 2mist 1 & v —omitk ogist
(wrlys) = \f e T (by ﬁ e lby) | = " Z Ze m e m (by|be)
k= (=1 k=1(=1
T i r 1 i (s—r)k
— Z Z e_z,-“l 271:1," 8]{[ Z 6—271'17" 27i Ek _ a 6277:17 _ 5rs7
k

mk 1=

where the second equality is explained by the linearity properties of the inner product, the
third equality follows from the orthonormality of the basis {|b),|b2),...,|b,)} and the last
equality identifies the sum of the terms of a finite geometric sequence. Therefore, |y,) and
|ws) are orthogonal for r # s, and since they all have norm 1, they’re normal.

Finally, after identifying once again the sum of the terms of a finite geometric sequence,
we find that

Jlﬁé lys) = % Z i Wby = — Z (Zem") b)) = stkmwk |by)

s= k=
=ly). O

The final lemma provides a useful alternative expression for (y|A|y).

Lemma 6

Consider any collection |ay),...,|an) of mutually orthogonal eigenstates of a Hermitian
operator A on a Hilbert space 2 with corresponding eigenvalues Ai,..., Ay, and any
linear combination |y) = Y[ | Ok|ay) of these eigenstates with Qi ..., 0, € C and such
that Y7 |ox|> = 1. Then |y) is normal and (w|A|y) = Y1 |ox|* Xy

Proof. That |y) is normal follows from Lemma 4. Observe that
m " n m m n m
vl=Y of(aland Aly) =AY alar)) =Y awdlar) =Y oudilar),
k=1 =1 =1 =1

where the last equality holds because |ay) is an eigenstate of A with eigenvalue A; so if we
use the linearity properties of the inner product, we find that, indeed,

m m m
(w|Aly) = Z Z ogoyhilarlar) = Y Y ooy = Y o A,
k=1/¢=1 k=1

where the second equality follows from the orthonormality of the |a;), ..., |an). O

It will also be useful to remember that the set 77 of all Hermitian operators on a finite-
dimensional complex Hilbert space 2" constitutes a finite-dimensional real linear space:
if 2" has dimension n, then . has dimension n?. The so-called Frobenius inner product
[37, Exercise 2.39], defined by

(A,B) :=Tr(AB) forall A,B € #

turns .7 into a real Hilbert space.'? The so-called Frobenius norm ||«||r that’s associated
with this inner product, is defined by

= \/ \/Tr ) forall A € 7.

It turns 7 into a normed linear space, with which we can associate a topology of open
sets, a topological interior operator Int(e) and a topological closure operator Cl(e).

12This is because any finite-dimensional linear space with an inner product is a Hilbert space.
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3. OUR DECISION-THEORETIC APPROACH

Let’s now describe our approach to deriving a generalisation of Born’s rule, in the more
general version of Eq. (6), from a number of assumptions, inspired by QM1-QM4, the
relevant non-probabilistic postulates of quantum mechanics.

3.1. The set-up. First, we consider a subject, whom we’ll call You. You are concerned
with the value that the state of a quantum system under consideration takes in the set of
all its possible values, which in principle, by QMI, is given by the set 2~ of all states, or
normalised kets. You are uncertain about this state: You may have some knowledge about
the actual value that this state takes in the set .2, but this knowledge may not be sufficient
for You to determine this actual value with certainty. To honour a time-tested tradition,
we’ll denote this possibly unknown state by a capital letter |¥'). On the other hand, lower
case letters will be used to denote, amongst other things, the states |y) € 2 that are the
candidate values for |¥).

In a second step, we recall that we can get information about the unknown state |¥) € .2~
through performing measurements, described by Hermitian operators A € 7, as postulated
by QM2. If You were to perform a measurement A € . on the system, its outcome
would be uncertain too, for two reasons: firstly because You are (or may be) uncertain
about the state the system is in, and secondly because even in a perfectly known state, the
Postulate QM3 typically leaves unspecified which of the eigenvalues A € spec(A) of the
Hermitian operator A the measurement would actually yield.

We’ll consider that after You've performed the measurement A, what You’ll get as a
pay-off will be the actual outcome A € spec(A) of the measurement, expressed in units
of some linear utility scale — also called utiles. Your entertaining beliefs about which
value |¥) assumes in .2~ might cause You to prefer performing some measurements over
others, because You believe they will lead to better pay-offs.

This is a simple idea, but important for what is to come, so let’s look at a simple example
to better explain where it comes from. It’s the first in a series of instalments of a running
example that we’ll use to illustrate various ideas throughout the text.

Qubit running example: instalment 1
Consider a qubit [37], which is a quantum system with a two-dimensional Hilbert space,
spanned by two orthogonal basis states |0) and |1), so

2 ={al0)+b|1): a,b e C},
and the set of all possible states is then, due to Lemma 4,
Z ={al0)+b|1): a,b € C and |a|* + |b|* = 1}.

We consider the unknown ket |¥) := A|0) + B|1), where A and B are uncertain variables
in C such that |A|*> + |B|*> = 1. For any given @, 8 € R, we consider the Hermitian operat-
ors @a,f)ﬁ € S defined by

Ca 1= a|0)(0] — [1)(1] and Dy := —[0) (0] + B[1){1],

s0 Cy has eigenstates |0) and |1) with respective eigenvalues ¢ and —1, and Dﬁ has eigen-
states |0) and |1) with respective eigenvalues —1 and f [see Proposition 1].

Now, suppose that You strongly believe that the qubit is in the |0) state, so in other
words, that |B| = 0 and |A| = 1. Because You accept QM4, this implies a strong belief,
on Your part, that the outcome of the measurement Cy, will be o, and correspondingly,
that the outcome of the measurement ﬁﬁ will be —1. You’ll therefore prefer performing
the measurement C, to performing the measurement ﬁ[; as long as « is sufficiently larger
than —1. 5
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It’s this idea, namely that Your having beliefs about what value the (possibly) unknown
state |V) assumes in the possibility space & may lead You to having preferences between
performing different measurements, on which we’ll build our theory. It brings us squarely
into a traditional context of decision-making under uncertainty [1, 3, 4, 17, 19, 36, 50, 52],
for which we’re about to spell out the more important details, in the form of a number of
background assumptions and postulates.

3.2. Decision-theoretic background. There are quite a number of ways in which so-
called rational decision-making can be approached. Many, if not most, of them start with
the basic set-up where, on the one hand, there are acts a that You’re invited to choose — ex-
press a preference — between, and where, on the other hand, the so-called consequence ¢
of choosing an act a may depend on what is often referred to as the state of the world ®,
which is considered to be unknown, or uncertain.

In the simplest case, where there are only a finite number n of acts az, k=1,...,nand a
finite number m of possible states of the world @y, £ = 1,...,m, the decision problem can
be summarised in an act-state table, where each entry ¢y is the consequence of choosing
act a; when the actual state of the world turns out to be @y:

‘ (Ol ab cee a)m
a | €11 €12 - Clm
a | €21 €2 - Cm
ap | Cnl Cn2 **° Cnm

If we denote the set of all consequences by C, then the acts a can be seen as, or iden-
tified with, maps from the set of all states Q to C; in the simple example above, we then
have that a; (@) = cye. Savage [42] considers specific preference relations I on the (set
of all) acts A, and his approach consists in providing axioms for the sets of acts A and
consequences C and for the preference relation > on A that guarantee that there’s some
probability on the state space Q with corresponding expectation operator E and some so-
called utility function U : C — R such that

abs E(Uoa)>E(Uob)foralla,bcA. 7

A number of his axioms have the effect of ensuring that the sets of acts and consequences
are sufficiently rich and closed under convex mixtures. We see that, in other words, prob-
abilities, utilities and expectations on this way of thinking are tools that can be used to
conveniently represent Your preferences between acts; and they can be constructed from
the acts, consequences and preferences.

One specific aspect of Savage’s approach stands out in the light of what we want to come
to next. He only allows for a total, or linear, ordering of acts: it must be thata > b or b > a,
for all a,b € A. This allows him to define a strict preference > by letting a > b < b # a,
for all a,b € A. In other words, if a ¢ b and b % a, then it must be that both b > a and
a > b, which means that You have no option but to consider a and b equivalent: there’s no
room for incomparability or indecision in Savage’s set-up.

We find Savage’s blanket totality requirement too strong, generally speaking, for a num-
ber of reasons. The first is that, as Savage himself indicates [42, Sec. 2.7], there seems to
be no a priori reason not to allow for incomparability or indecision when trying to model
Your rational preferences: indecision can be perfectly rational, even though allowing for
it tends to complicate things. A reluctance to complicate matters seems to have been Sav-
age’s prime reason for not pursuing this idea of allowing for indecision:

There is some temptation to explore the possibilities of analysing prefer-
ence amongst acts as a partial ordering, that is, in effect to replace part 1
of the definition of simple ordering by the very weak proposition f < f, ad-
mitting that some pairs of acts are incomparable. This would seem to give
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expression to introspective sensations of indecision or vacillation, which
we may be reluctant to identify with indifference. My own conjecture
is that it would prove a blind alley losing much in power and advancing
little, if at all, in realism; but only an enthusiastic exploration could shed
real light on the question.

The second reason has a more positive flavour: not allowing for incomparability or in-
decision tends to hide or ignore important inferential aspects of specifying preferences.
Indeed, there’s a very strong analogy with propositional logic, where it’s generally ac-
cepted to be of crucial importance to allow for sets of propositions that are deductively
closed but not complete in the sense that they leave the truth states of some propositions
undecided; see for instance the detailed discussion in Ref. [18].

It’s interesting to mention already here that Wallace [48, 49], as we’ll discuss in Sec-
tion 8, uses Savage’s approach to refine Deutsch’s argumentation [23] (discussed in Sec-
tion 7) in a multiverse context; it’s therefore not very surprising that his argument leads
to a model for the uncertainty in quantum mechanics that describes Your preferences by a
probability—utility pair, as alluded to above.

Here, we want to follow a different route, for the reasons already mentioned, and not
impose the totality of preference orderings as a foundational part of our set-up. If we do
assume totality of preference relations in certain places and instances, we will be clear
about it, and mention it explicitly. In all other cases and instances, we’ll assume partially
ordered preferences to be the fallback models. To see where this different route could lead,
we have a brief look at some of the relevant literature.

Anscombe and Aumann [1] and Aumann [3, 4], as well as a few authors in their wake,
amongst whom Seidenfeld, Schervish and Kadane [44] and Nau [36], have followed a
different approach than Savage to modelling decision-making, by (essentially) considering
as the set of consequences C the simplex of all probability mass functions — so-called
lotteries — on some set of rewards R. Taking the set of acts A to be all maps from the
set of states of the world Q to these lotteries makes sure that A is sufficiently rich: it
contains all constant maps — the lotteries — and is closed under convex mixtures. The
state-dependent lotteries that constitute the acts in A are also called horse lotteries. Two
differences with Savage’s approach stand out: (i) in most of the above-mentioned papers
[3, 4, 36, 44], the preference relations > and > needn’t reflect totality, and therefore still
allow for incomparability between acts; and (ii) in some of them [44], the authors also let
go of conditions of Archimedeanity that allow the preferences to be represented by (sets
of) real-valued utilities.

Bruno de Finetti [15, 16], on the other hand, followed a simpler — and therefore less
general — route, where contrary to the above-mentioned approaches, the utility function U
isn’t derived from Your preferences, but is instead assumed to exist extraneously to the de-
cision problem. This then essentially implies that the consequences ¢ € C in the decision
problem can now themselves be identified with utilities, that is, assumed to be expressed in
units of some predetermined linear utility scale. These could, for instance, be tickets in a
lottery for a single desirable prize, and in this sense, this simpler take on preference mod-
elling can also be viewed as a special case of the above-mentioned horse lottery approach,
where the doubleton set of rewards consists of winning and not winning the prize; see also
Refs. [19, 36, 52]. The acts can now be seen as uncertain rewards: they’re maps a: Q — R
that associate with each state of the world @ the reward a(®) for taking action a, expressed
in utiles. The preference relations > and > now express preferences between such uncer-
tain rewards. We’ll see further on in Section 7 that Deutsch’s take [23] on framing quantum
uncertainty in a decision-theoretic context can be seen as inspired by de Finetti’s approach.

On de Finetti’s approach, Your preference ordering is still ideally total, as well as
Archimedean, but later approaches [44, 50, 51] let go of these requirements, to allow for
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incomparability or indecision, and to incorporate preferences that aren’t necessarily rep-
resentable by the ordering on the real numbers. Doing so has led to a rich literature on
so-called sets of desirable (or favourable) gambles; see for instance Refs. [10, 11, 21, 35,
38, 39, 52]. It’s in this generalisation of de Finetti’s approach that we intend to develop our
argumentation: on the one hand, because it allows for dealing with partial preferences, and
on the other, because it’s technically the least complicated. We’ll leave the more general
but technically more involved approaches for future research.

It follows from the discussion near the beginning of this section that each measure-
ment A € 7 can be considered as an ‘act’

act; := “perform the measurement A on the quantum system”,

and these acts are in a one-to-one correspondence with the elements of the (real) linear
space ¢ of all measurements. If we consider the states of the world @ to be the ele-
ments |@) of the state space 2, all that still needs to be specified to complete the basic
description of the decision problem, is the consequences, or in other words, the utilities
(expressed in utiles) that correspond to any acty in each state of the world |¢). This brings
us to the first background assumption.

Decision-theoretic background assumption 1 (DTB1)

With every measurement A € 7 on the Hilbert space 2, You associate a reward function,
which is a map wy: & — R, such that the real number w;(|9)) is the reward, expressed
in utiles, for act; when the quantum system under consideration system is in state |¢).

In other words, the uncertain real number w;(|¥)) is the uncertain reward associated
with act;; this reward is typically uncertain because the system state |¥) is unknown.
The reward functions w4 constitute a subset

WZ:{WA:AE%}

of the linear space .#(2") of all real-valued maps on 2. Since we can associate an
uncertain reward w(|¥)) with every reward function w € #/, we’ll agree to call these
reward functions w uncertain rewards as well. We stress that, in a general decision-making
context, the reward functions are Yours to choose or determine, but we’ll argue further on
that in the specific context of quantum mechanics, a number of simple postulates make
sure that this is no longer the case and that You’re left with no choice about what these
reward functions look like.

This first background assumption fits nicely within de Finetti’s approach, but its con-
sequences are stronger than they might seem at first encounter. For a start, it implies that if
You know that the quantum system is in a state |¢) — so if You know that |¥) = |¢) — then
Your preferences between acts/measurements must necessarily be fotal in the sense that
You’ll strictly prefer measurement A to measurement B if and only if w;(|9)) > wz(|9)),
and You’re indifferent between A and B if and only if w;(|@)) = wz(|@)). In this sense,
the starting point for our approach is similar to Deutsch’s [23] and Wallace’s [48, 49], as
we’ll see in Sections 7 and 8, respectively: acts/measurements are linearly ordered when
You know what state the system is in.

Moreover, if You know that |¥) = |¢), then w;(|¢)) is a one-number summary of all
the possible outcomes A € spec(A) that the measurement A may yield for a system in that
state |¢). DTBI essentially assumes that such a one-number summary is possible, and
implies that it’s the only thing that matters for Your decisions when You know the state
of the system. What it doesn’t do, however, is to specify, or impose restrictions on, what
these reward functions may look like. For that, we’ll use specific postulates about the
reward functions in the next section.
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In general, when You don’t know with certainty what value |¥) assumes, we’ll still
assume that You can order the acts acty, but we’ll not require, as Savage would have us do,
that this ordering should be total.

Decision-theoretic background assumption 2 (DTB2)

Your beliefs about the value of |¥) in 2 lead You to strictly prefer some uncertain re-
wards in W to others, which leads to a strict preference relation > on the set of uncertain
rewards W and therefore also on the set of acts, or measurements, .

By a strict preference relation, we mean an irreflexive and transitive binary relation (a so-
called strict partial order); and when # is a vector space, as we’ll argue that it is further on,
we’ll assume that it’s also a vector ordering. We repeat that there’s no totality assumption:
it’s not assumed that You think incomparable measurements — measurements A and B
for which neither w4 (|¥)) > wy(|¥)) nor w;(|¥)) < ws(|¥)) holds — are necessarily
equivalent, so that You’re indifferent between them. We’ll dive into the many and rich
details of such belief representations in Sections 4 to 6 further on.

In summary, the background assumptions DTB1 and DTB2 allow You to represent Your
beliefs about where the state |¥) is by means of a strict partial (vector) ordering on the
reward functions, but the ordering is required to be total — or linear — and in particular
determined by linear ordering of the real numbers w.(|¢)) only when You know with
certainty that |¥) = |¢).

3.3. The reward function postulates. The assumptions DTB1 and DTB2 fix the con-
text for our argument. Against this backdrop, we’ll now formulate four decision-theoretic
postulates; more precisely, these are postulates that deal with the reward function aspect
of our decision-making framework. As we’re about to argue, they’re inspired by, and in
a sense based on, the non-probabilistic postulates of quantum mechanics. We’ll prove in
Section 10 that they determine what the uncertain rewards w; look like: You don’t get to
play any role in fixing their shape, the postulates RF1-RF4 we’re about to introduce, will
do that for You.

Every one of these four postulates is in itself intended to capture a simple idea, and we’ll
devote some attention to trying to point out what the four relevant ideas are. We intend
them to capture what is ‘essential’ about the decision problem in quantum mechanics to
allow us to recover Born’s rule as a special case. We emphatically don’t want to claim that
these central ideas can’t be clarified further, or stated more succinctly or elegantly. Nor
do we necessarily believe that there are no simpler, weaker or more parsimonious sets of
postulates that may lead to the same conclusions. Our aim here is, simply stated, to propose
a collection of postulates that we feel are convincing and natural enough, and which allow
us to fix the reward functions.

Let’s begin with the simplest postulate, which fixes the utility gauge of the uncertain
rewards. It deals directly with the case governed by QM4, where the system resides in an
eigenstate |a ) of the measurement operator A € .. Since the outcome of the measurement
is then necessarily the corresponding eigenvalue A, we want this to also be the utility You
obtain from performing the measurement in that state: the reward received should equal
the outcome of the measurement in case of certainty. This can be seen as a convention —
as are essentially all ways of fixing a gauge — and it seems the simplest one that allows
us to connect the reward — the utility — received from performing a measurement to its
outcome.

Reward function postulate 1 (RF1)
Let &), be the eigenspace corresponding to an eigenvalue A of a Hermitian operator A on
a Hilbert space 2. Then necessarily w;(|a)) = A for all |a) € & with (ala) = 1.
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The second postulate is a fairly strong one. We’ll first give a general formulation and
then spend some effort in justifying it, through a number of examples and through an altern-
ative formulation that perhaps captures its essence more clearly. It’s important to realise
here that this postulate — as does the next one — identifies the values of reward func-
tions across different state spaces, and therefore allows us to express powerful invariance
properties.

Reward function postulate 2 (RF2)

Consider any Hermitian operator A = Yo lkﬁgk on a Hilbert space Z\, with (dis-
tinct) real eigenvalues Ay, ..., A, corresponding to respective mutually orthogonal eigen-
spaces &, . .., &, that span 2. Similarly, consider a Hermitian operator B := Yt lkf’yk
on a Hilbert space 2>, with the same eigenvalues Ay, ..., A, corresponding to respective
mutually orthogonal eigenspaces F, ..., F, that span Z>. Choose any normalised |a;) €
& and |by) € Fy, and any oy € C such that ¥;_, |ow|* = 1, and consider the states |9;) =
Yi_i oular) € 27 and |0g) = Xi_, oulbi) € 5. Then wy(193)) = wa(|05))

In essence, this requires that if a state |@) is a superposition of eigenstates of a measure-
ment A corresponding to distinct eigenvalues, then w 1(|¢)) should depend only on the
superposition weights and on these eigenvalues, but not on the eigenstates themselves, nor
on the Hilbert space they’re embedded in.

The following examples are meant to illustrate two different applications of this second
postulate and will provide intuition about what it entails and why it could be considered
reasonable as an invariance requirement.

Qubit running example: instalment 2

Let’s go back to our example involving a single qubit and assume that it represents the
spin of an electron. Assume that the respective states |0) and |1), which constitute an
orthonormal basis for the Hilbert space 2", represent spin up and spin down in some
physical direction, labelled as the z-direction. We consider a measurement in this physical
z-direction that is represented by the Hermitian operator A :=[1) (1| —[0)(0| € J; it yields
the outcome +1 for spin up in this direction and —1 for spin down. The corresponding
orthogonal eigenspaces are, respectively, &4 = span({|1)}) and & = span({|0)}).

However, we can also use the transformed basis with states |0') := [1) and |1’} := |0)
to model the same system. Consider the operator B := |1')(1’| —|0/)(0’|, which is now a
measurement in the negative physical z-direction. B = —A has the same eigenvalues +1
and —1 as A, but with exchanged eigenspaces .7, = span({|1’)}) = span({|0)}) = &_ and
F =span({|0")}) = span({|1)}) = &\.

Now consider any o, @ € C such that [0t |>+ |z |* = 1, and the states |¢;) = o |1) +
OC2|0> and ‘¢é> = 061‘1/> + 062|0/> = oy |O>A+ 062|l>.

Even though the measurements A and B, as well as the corresponding states [¢;) and |¢z)
are clearly different, the second situation is a mere relabelling of the first, and Postu-
late RF2 therefore requires the corresponding rewards w4 (|¢4)) and w4 (|¢;)) in both situ-
ations to be the same.

Qubit running example: instalment 3
Consider an experiment where we conduct a measurement on two independent qubits. The
first qubit system is the one we’re interested in, while the second qubit system isn’t really
of any interest to us; for example, this could be one of the spins of some free electron in
extragalactic space. We can then consider both systems simultaneously and regard them
as one larger system. In quantum mechanics, such a composition of two systems with
respective Hilbert spaces 2~ and % is described by the tensor product 2" ® #; see for
instance Ref. [40, Sec. I11.4].

We define a measurement on this composite system as follows. On the first system in
a state |y), we perform a measurement C, while leaving the second system untouched in



A DECISION-THEORETIC APPROACH TO DEALING WITH UNCERTAINTY IN QUANTUM MECHANICS 17

some state |¢). This leads to the tensor product C ® I of the measurement C on the first sys-
tem with the identity measurement [ on the second one: (C@1)(|y)®[9)) = (Cly))®|0).
Postulate RF2 then implies that wa;(|W) ® [9)) = we(|w))."* In more words, the re-
ward we 1 (|w) ©[¢)) for this extended measurement on the larger system in the extended
(so-called decoherent) state |y) @ |¢) shouldn’t differ from the reward we(|y)) for the
measurement on the first system in the state |y); this is justifiable because the second sys-
tem is independent of the first and the extended measurement leaves that second system
untouched. A

The first of the two examples above illustrates that RF2 requires reward functions to be in-
variant under relabelling, and the second example hints at invariance under a specific type
of compression of the Hilbert space. We now give an alternative but equivalent formulation
of the postulate that elucidates these two types of invariance requirements more clearly.

Reward function postulate 2 (RF2*, alternative formulation).

Consider any Hermitian operator A := Yo lkf’gk on a Hilbert space 21, with (dis-
tinct) real eigenvalues Ay, ..., A, corresponding to respective mutually orthogonal eigen-
spaces &81,...,6, that span Z,. Also consider any r-dimensional Hilbert space %2, with
any orthonormal basis {|b1)...,|b,)} and the Hermitian operator B := Y;_, A|bi) (bx|
on 2, with the same eigenvalues Ay, ..., A, as A. Choose any normalised |ay) € & and
any oy € C such that ¥;_,|o4|> = 1, and consider the states |04) =Yio) Clax) € 271 and
|93) = Yi—1 Olbr) € 22. Then wy(|0z)) = wy(|93))-

Brief argument that RF2* and RF2 are equivalent. RF2* clearly follows from RF2 as a
special case. That it also implies RF2 can be seen by applying it twice in opposite direc-
tions. U

This definitely exhibits the compression part of the invariance requirement: each eigen-
space can be compressed into a one-dimensional space without affecting the reward func-
tion. Since, moreover, the choice of orthonormal basis in .25 has no effect, this shows
that unitary transformations (and in particular relabelling) have no impact on the reward
function either.

The third postulate exploits the linearity of the utility and considers two measurements A
and B with the same orthogonal eigenspaces & but possibly different corresponding eigen-
values A; and . The sum A 4 B then also has the same eigenspaces &, with corresponding
eigenvalues A + (. If the state |¢) is in one of these eigenspaces &, then RF1 guaran-
tees that wy , »(|9)) = A + i = w;(|9)) +wz(|@)), so the uncertain reward is additive on
each of the eigenspaces &;. We now require that this additivity should be extended from
the eigenspaces to the entire Hilbert space 2.

Reward function postulate 3 (RF3)

Consider any two Hermitian operators of the form A = Yo Akﬁgk and B = Yo ukf’gk
on a Hilbert space X', where the r eigenspaces & are mutually orthogonal and span
X, where A,y € R and then all the A are distinct and all the Ly, are distinct. Then

wis(19)) =wi(19)) +wp(19)) for all |¢) € Z.

The fourth and final postulate deals with the continuity of the uncertain rewards, the
underlying idea being that if You’re no longer able to distinguish between states, You
shouldn’t be able to distinguish between the corresponding rewards either: the reward
functions w; should be continuous in their state argument.

13Apply the postulate with 2] ~» 2, 23~ X QY ,A~+C,B~~CI, Fy~ 50U, |b) ~ |ag) @19),
197) ~ [w) and [@3) ~ [y) @[9).
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Reward function postulate 4 (RF4)
Let A be a Hermitian operator on a Hilbert space 2" and let |¢,) be any sequence of states,
then |¢) = lim,_ o |@,) implies that wz(|@)) = 1lim,—, o w5 (|9n)).

Observe, by the way, that the continuity of the norm ||¢|| in the topology it induces on the
Hilbert space £, implies that the limit |¢) = lim,,_, ;. |@,) of the sequence of states |@,)
is a state as well, so it makes sense to consider the value w;(|¢)) of the reward function w;
in that limit state |¢).

We now come to our main result. To formulate it, we introduce the specific so-called
reward assignation ue: € — U : Ars u;, with

ui(19)) = (9|A|¢) forall [¢) € 2~
and with corresponding set of uncertain rewards
U ={uy: Aec A}y ={(¢|A|"): A et}
We can and will prove that the postulates RF1-RF4 determine the reward functions w;
unequivocally, in the sense that they imply that
wi(19)) = u;i(|9)) = (¢|A|@) for all A € 5 and all |¢) € 2. 8)

We postpone the detailed and quite formal mathematical argumentation for this interest-
ing result until Section 10, so we can now, in the intervening sections, concentrate on a
discussion of its implications.

4. THE BASIC DECISION-THEORETIC MODELS

Let’s look at a specific decision problem involving the unknown state |¥) of a quantum
system with Hilbert space 2, with a corresponding set of measurement operators .77°.
In one of its more general forms, decision theory will now use a strict (partial) vector
ordering to express Your preferences between acts, and therefore, indirectly, Your beliefs
about |¥).

4.1. Mathematical preliminaries. Before delving into the details of this ordering, let’s
take a few moments to contemplate what it is tpat’s being ordered, namely the acts acty,
which can be identified with the measurements A € 7. Our next result is based on the dis-
cussion in the previous §ection, and in particular on Eq. (8), and shows that the acts acty,
and the measurements A, are also in a one-to-one correspondence with the uncertain re-
wards uy.

Proposition 7
The reward assignation ue is a linear isomorphism between the real linear spaces
and % .

The proof is straightforward, but we include it for the sake of completeness.

Proof. Since, clearly, 57 is a real linear space, it suffices that prove that (i) the reward
assignation u, is linear; and (ii) that it’s a bijection. )

For (i), consider any A, B € J#, any «, 8 € R and any |y) € 2, then (A + BB)|y) =
aAl|y) + BB|y), so the bi-linearity of the inner product then guarantees that

ugirps(1¥) = (W(@A+BB)y) = (v|(aAly) +BBly)) = aly|A|y) + B(y|Bly)

v)) +Bug([w)),
and therefore, indeed, u 4 BB = Oy + Bu 3> S0 the reward assignation u, is linear.

For (ii), it suffices to prove that the reward assignation u, is one-to-one, as it’s clearly
onto by the definition of %. So, consider any A, B € # and assume that u 4 = up, then

we must show that A = B. If we let C := A — B, then we infer from the linearity of u,
that us = uz —ug = 0, and we must prove that C = 0. Since C is Hermitian, it has an

= OCMA(
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orthogonal collection of eigenstates {la1),...,|as)} that constitutes a basis for 2. We’ll
denote by A the eigenvalue of C that corresponds to the eigenstate |ay), for k € {1,...,n}.
Consider any complex numbers q, ..., &, with Y7_ |04 |> = 1, and let |y) == Y¥7_, ak|ak>.
Then it follows from the assumption and Lemma 6 that 0 = up(|y)) = Y/ |0x|* A, and
since this must hold for all possible choices of the «y,..., o,, we infer that, necessarily,
A1 =--- = A, = 0. But then, indeed, by Proposition 1, C = ¥7_, A|ax)(ar| = 0. O

For this reason, we’ll identify the measurements A and the corresponding uncertain re-
wards u; = (s|Als), and the real linear spaces . and % . There are two particular aspects
of this identification that deserve extra attention.

First, for any real number u, the Hermitian operator uf satisfies (uf)|¢) = u|¢) for
all |¢) € 2 and therefore has a single eigenvalue y with corresponding eigenspace 2.
Postulate QM4 — or in this case equivalently QM3 — then guarantees that the correspond-
ing measurement always produces the outcome p with certainty. The reward assignation u,
takes these constant measurements g1 to the (constant) maps uyp= (o pl]e) = p(s|f]e) = u
We’ll identify in our notations the real number u and the constant map that assumes the
value .

Second, there are a few (vector) orderings of the real linear space % that have a natural
interpretation and will play an important role in what follows. We begin with the so-called
weak Pareto or weak dominance ordering >, which is the partial vector ordering on %
defined by

u>ve (V) e 2)u(ly)) >v(ly)), forallu,v € %,

and the corresponding strict vector ordering >, also called weak strict dominance, given
by
u>vsu>vandu#v

< (Vw) € D)u(lw)) > v(|y)) and Bly) € Z)u(|w)) > v(ly)), forall u,v € %.

There’s also the strong dominance ordering >, which is the strict vector ordering on %
defined by
u>ve V) e Du(ly)) > v(|y)), forallu,v € %.

The (inverse of the) linear isomorphism u, induces corresponding vector orderings on the
Hermitian operators, completely characterised as follows:

A>0e u; >uy e (V) € Z)ui(ly)) >0 < minspec(A) >0
AZO@AZ()andA#(A) forall A € 7.
A>0euy>uy < (Vy) € 2 )uy(

)) > 0 < minspec(4) > 0

These orderings refer to well-known notions for Hermitian operators, some of which we
had occasion to mention in our discussion of density operators in Section 2.2. For instance,
A > 0 means that A is positive semidefinite, A > 0 means that A is positive semidefinite and
non-zero and A > 0 means that A is positive definite.

On our way of looking at things, A > B, or equivalently A — B > 0, means that act A
always produces an uncertain reward u;(|'¥)) that’s at least as high as the uncertain re-
ward ug(|¥)) produced by acty, regardless of what value |\P) assumes in 2. That A > B,
or equivalently A — B > 0, means that, in addition, the corresponding rewards aren’t equal
for all values that |‘P> may assume in 2 . We’ll denote by %éo the set of all non-null
measurements with a non-negative uncertain reward, or in other words, all non-null pos-
itive semidefinite Hermitian operators. Also, j‘%o = _%036 is the set of all non-null
negative semidefinite Hermitian operators.

Similarly, A > B, or equivalently A — B > 0, means that act; always produces an un-
certain reward u;(|¥)) that’s strictly higher than the uncertain reward uz(|¥)) produced
by acty, regardless of what value |¥) assumes in 2. We’ll denote by 7 4 2o the set of
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all measurements with a positive uncertain reward, or in other words, all positive definite
Hermitian operators. Also, g = —J# ; is the set of all negative definite Hermitian
operators.

Qubit running example: instalment 4
To illustrate these ideas, we go back to the example of a qubit, and we refer to Ref. [37,
Sec. 2.1.3] for the mathematical background details.

All Hermitian operators on its Hilbert space 2~ can be written as linear combinations of
the identity operator / and the Pauli operators 6, 6y and 6. In other words, for any A € J7,
there are scalars w, x, y,z € R such that A = wi + x6; +y6y +26;.

Moreover, for any a, 8 € C, it holds that

6:(@]0) + BI1)) = Bl0) + u|1) and 6 (t[0) + B|1)) = ~iB[0) +ict|1)

and &, (ar|0) + B|1)) = a[0) — BI1),

and therefore
us, (al0) +B[1)) = aB” + a*B and us, (|0) + B|1)) = i(af” — o B)
and ug (t|0) + B|1)) = aa* — BB,
uz ((@l0) +BI1)) = ao™(w+z) + BB*(w—2) + aB* (x +iy) + " B (x — iy).

We also find after some algebraic manipulations that the eigenvalues A of A are given by

A=wt/x2+y?+22, )

and therefore
Hoy= {wl +x6, +y6y,+26;: w,x,y,z € R and VAl 4y 422 < w} (10)
Hp={wl+x6,+y6,+26:: wx,yz€Rand /a2 +y2+2 <w#£0} (1)
H5 = {wl+x6,+y6,+26,: w,x,y,z € Rand \/m<w}. o)

We close this mathematical digression with a very brief foray into topology. The so-
called supremum norm of a map g: 2 — R is defined by ||g||e := supjgye 7 18([9))]. Tt
turns %, and therefore indirectly also . via the (inverse of the) linear isomorphism u,
into a normed linear space; simply observe that all the elements u; of % are bounded —
have bounded supremum norm ||u4|... Indeed, for any A € J#, we know from Proposi-

tion 1 that there’s a basis of eigenvectors |ay),. .., |a,) of A for the Hilbert space 2", with
corresponding eigenvalues A1, ..., A,, so taking into account Lemmas 4 and 6,
n n
JAlle =l = s Jug(lo))|=sup | ¥ e P s ¥l = 1]
|$)eZ k=1 k=1
=max{|A|: A € spec(A)}. (12)

Observe, by the way, that for the standard definition of the so-called operator norm [43,
Ch. 23] on the normed linear space 2, there’s a related result: taking into account that
ATA = A? is also Hermitian with the same eigenstates as A, and with eigenvalues that are
the squares of the corresponding eigenvalues of A, we find that

. A V{(p|ATA = o
llp= sup 1O, YORAW) _ oy iplaTAIg) = 474
ey IO ey V(O19)  jpyer
=max{|A|: A €spec(ATA)} = max{A?: A € spec(A)}. (13)

Since the real linear space .77 is finite-dimensional, all norms are equivalent — lead to
the same topology. In Section 2.3 we came across the Frobenius norm ||s||r on ., which
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therefore gives rise to the same topology of open sets, the same topological interior oper-
ator Int(e) and the same topological closure operator Cl(s), as the supremum norm ||¢||«
and the operator norm ||+||op do.

Observe, by the way, that a similar argumentation, again based on Lemmas 4 and 6,
allows us to infer that

infu; == ”éf_”,&(

n n
$)) = inf{ low[* s Y Jou* = 1}
l¢)e2 1;1 lgl
=min{A: A € spec(A)} = minspec(A). (14)
and similarly that supu; = maxspec(A).

4.2. Sets of desirable measurements. We’ll take u; > ug to mean that, based on Your
beliefs about the value of [¥) in 2, You strictly prefer'* the uncertain reward u;(|%¥))
corresponding to measurement A to the uncertain reward ug(|¥)) corresponding to meas-
urement B. Thus, Your beliefs lead You to a (strict) preference relation > on the set 7%/ : it
collects those couples (1, uz) for which You strictly prefer u; (|¥)) to ug(|¥)). We’ll say
that Your beliefs are represented by the preference ordering >.

As we’ll see further on in Section 4.3, we’ll want to allow for the possibility that the
ordering > is only a partial representation (also called an assessment) of Your beliefs: You
may not have all the time and resources needed to give an account of all Your preferences
between the (infinitely many) uncertain rewards in %/. This is one practical reason why
we don’t require the ordering > to be total. Another, more fundamental, reason is that You
may not have at Your disposal all the information that would lead You to impose a total
ordering on the uncertain rewards in %/ .

But we do require the ordering > to take into account the rational implications of those
preferences that You do express, and to also satisfy certain non-inferential rationality re-
quirements, such as respecting those background preferences that should always be present,
regardless of any information or beliefs You might have about the value of [¥) in 2. These
requirements, both inferential and non-inferential, are captured by the notion of coherence,
as expressed by the axioms PO1 to POS5, or equivalently D1 to D4, further on.

Because we’ve argued above that the linear isomorphism u, allows us to move freely
from measurements A to uncertain rewards u 4 and backwards, we see that we can readily
interpret a preference u; > up as a preference between measurements (or between the
corresponding acts): A > B & u 4 D> ug.

Once the step of focusing on such preference relations is taken, there’s not much else
we can do but apply the existing theory for choosing between uncertain rewards — see, for
instance Refs. [2, 12, 17, 39, 44, 46, 50] and the discussion in Section 3.2 — and translating
everything back to preferences between measurements. In doing so, we’ll mainly follow
the lead taken by Benavoli, Facchini and Zaffalon in their earlier work [6, 7], but we’ll
also be adding a few interesting details as we go along. This is our programme for the
remainder of this section and Sections 5 and 6.

The notion of coherence captures the minimal rationality requirements that we’ll want
Your preferences to satisfy. We call a binary preference ordering > on the space of meas-
urements ¢ coherent if it satisfies the following conditions:

POl. A¢AforallA € 7 [irreflexivity]
PO2. A>Band Br>C= A CforallA,B,C e 7, [transitivity]
PO3. A B = cA > cB for all AE’ € # and all ¢ € Ry; [positive scaling]
PO4. A>B=Ar BforallA,Bec #; [monotonicity]

143uch strict preference can be given the following operationalisable meaning: You strictly prefer uy (|'\¥))
to uz(|¥)) if You accept the uncertain reward u; (|¥)) — uz(|'¥)) but don’t want to give it away; see for instance
Ref. [39] for a thorough discussion of such preferences, also leading to a justification for the axioms PO1 to PO5
and D1 to D4.
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PO5. A>B= (A+C) > (B+C)forallA,B,C € 2. [additivity]
What lies behind these coherence requirements?

Axioms PO1 and PO2 reflect the strict partial order aspect of the preference. We don’t
require the ordering to be fotal, by the way: A (¥ B and B ¢ A needn’t imply that A = B; it
may be that You're indifferent between the different uncertain rewards u; (|'¥')) and ug(|¥))
in the sense that You’re willing to exchange any one of the two for the other, but alternat-
ively also that to You, A and B are incomparable in the sense that You don’t feel able or
compelled to express a (weak or strict) preference between the uncertain rewards u ; (|¥))
and uy(|¥)).

Axioms PO3 and POS5 turn the preference ordering into a vector ordering that’s compat-
ible with, or preserved under, the addition and scalar multiplication of measurements. This
is a reflection of the linearity of the utility scale that rewards are expressed in, and which
we assumed from the outset in Section 3.

And, finally, Axiom PO4 expresses that Your preferences should take into account the
natural background ordering > between measurements. If A > B, or equivalently, u A= Up
then, regardless of Your beliefs about the unknown state |¥), You ought to always strictly
prefer A over B, as the uncertain reward u 1 can never be lower than the uncertain reward u
in any given state, while for some states it will be strictly higher.'

Because a coherent I> is a strict vector ordering, we can represent it in a mathematically
equivalent manner by the following convex cone of measurements:

9 ={Acst: A0}
Its elements are the measurements that You (strictly) prefer to the zero measurement 0,
which gives You zero utility and is therefore often called the status quo. We’ll therefore

call such measurements desirable (to You), and the corresponding convex cone & a set of
desirable measurements (for You). Observe that, by POS,

ArBoeA-B>0sA—-Be 2, for any two measurements A,B € 22,  (15)

which confirms that the ordering 1> is indeed completely determined by the convex cone 2,
and vice versa.

Such sets of desirable measurements & therefore constitute an equivalent representation
to preference orderings >. The basic rationality requirements that are typically imposed
on them are:

DI1. 0¢ 2,

D2. if A,Be Z thenalsoA+B € 2;

D3. if A€ 2 and A > 0 then also AA € Z;
D4. if A>0thenA € 2.

They’re the one-to-one counterparts, in that order and via Eq. (15) and therefore POS,
for the axioms POI1 to PO4. Any subset & of ¢ with these four properties is called a
coherent set of desirable measurements (in 77°). Axiom D1 essentially states that Your
ordering > must be strict, and together with D2 guarantees, via Eq. (15), that You have a
strict preference ordering between acts. Axioms D2 and D3 state that 2 must be a convex
cone, so they — in combination with Eq. (15) and therefore PO5 — also reflect the linearity
of the utility scale. The final axiom D4 simply requires that non-null measurements that
never6yield a negative outcome — that are positive semidefinite — must be desirable to
You.!

15Most, if not all, of what we’ll discuss in Sections 4.2, 4.3, 5 and 6 remains, mutatis mutandis, valid if we
consider > rather than > as the background ordering and add the monotonicity requirement that A> Band B> C
should imply that also A > C, or equivalently, that A > 0 and B > A should imply that also B > 0; this connects
directly to the remark in footnote 16.

16For some applications, it may be preferable to replace D4 with the weaker condition that 2 should include
all positive definite measurements, and then also to explicitly add the requirement that A € 2 and B > A imply
that B € 9; see D6 further on. Doing this wouldn’t affect the main conclusions in this paper. Again, most of what
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It follows readily from the coherence axioms D1, D2 and D4 that a coherent set of
desirable measurements & also has the following properties, where we denote by 7 ==
— % the set of all negative semidefinite measurements:

Ds5. .@ﬂe%ﬂg():@;
D6. ifAc P and B> A then also B € 2.

We’ve been talking about desirable measurements, but we want to remind readers at this
point that a measurement A is considered to be desirable because You strictly prefer the
associated uncertain reward u; (|'¥)) to the status quo 0. The desirability of measurements
always goes back to the desirability of the associated uncertain rewards and thus to the
desirability of gambles — bounded real-valued maps. The coherence axioms D1 to D4
are direct translations of coherence axioms for the desirability of gambles that appear in
the relevant imprecise probabilities literature [7, 19-21, 38, 39, 51], and in that sense the
desirable measurements framework we’re about to explore below, can be seen as a direct
application of imprecise probabilities ideas to quantum theory.

It’s important to stress here that there’s nothing essentially probabilistic about this rep-
resentation of Your beliefs. To give a simple example, the so-called vacuous set of desirable
measurements PDy,c ‘= {A e A > O} = . is coherent and therefore allowable as a
candidate model for Your preferences. It represents Your complete ignorance about |¥)
in the sense that it reflects Your (quite conservative) lack of any inclination to engage in
any act; whose reward function u4; has a negative value in some states. Recall that, for the
corresponding vacuous strict preference ordering >,

A>BoA—-B>04 A+#Band minspec(A —B) >0, forall A,B € 7.

How this condition is expressed in terms of the eigenvalues of different A and B depends on
how ‘commensurate’ A and B are: the simplest condition arises when A and B commute,
as then all eigenvalues of A must be at least as large as the corresponding eigenvalues of B
(with at least one eigenvalue being strictly larger).

Of course, many other, and arguably more interesting, types of preference orders are
also allowed by this set of desirable measurements approach, and we’ll have occasion to
study quite a few of them in the following sections. But before doing so, we want to
briefly draw attention to an interesting aspect of our allowing Your preference ordering to
be partial and not insisting on totality, as is often done [17, 23, 42, 47-49]. This is the type
of approach advocated in the so-called imprecise probabilities literature [2, 12, 46, 50, 52],
which allows the inferential aspects of uncertain reasoning to come to the fore, as already
hinted at in the Introduction.

4.3. Conservative inference. When we want to model Your beliefs about the system un-
der consideration, it may not be feasible to ask You to come up with all the measurements
that are desirable to You — or all Your strict preferences for that matter. It may be much
more reasonable to expect only a partial assessment o/ C 7 of the measurements — or
uncertain rewards — You deem desirable. And because the coherence axioms D1 to D4
are closed under taking arbitrary intersections, we can use the idea of closure, or conser-
vative inference, to infer from this partial assessment the smallest — most conservative
— coherent sets of desirable measurements that it includes, similarly to what is done in
propositional logic by taking the deductive closure of a collection of propositions. In this
analogy, the measurements in sz() play the role of the logical tautologies, and the meas-
urements in .7#_ that of the logical contradictions.

we’ll discuss in Sections 4.2, 4.3, 5 and 6 remains, mutatis mutandis, valid if we consider > rather than > as the
background ordering.
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To see how this works, we start by defining the positive hull operator, which associates
with any set of measurements .o’ C 77 the smallest convex cone that includes 7"

posi(&) == {Zkkﬁk: ne N, > 0,4, EM}.

k=1

It’s now clear that €' (.«7) := posi(a/ U.# ;) is the smallest set of measurements that in-
cludes <7 and satisfies axioms D2 to D4. Observe that

@ (o) = posi(e/ UA5) = posi(Hg) Uposi(&/) U (posi(&/) +posi(p))
= A5 Uposi(#/) U (posi(«) + %Z()) =AU (posi(«) + Hp)- (16)

If 0 ¢ € (<), then € (/) is the smallest coherent set of desirable measurements that in-
cludes <7, and therefore the most conservative coherent model that’s compatible with Your
assessment. There are then typically infinitely many coherent extensions of .27, each one
of which will include (/) and will therefore be more committal, or less conservative,
in the sense that more measurements will be included. We’ll then say that Your assess-
ment is consistent, because it can be extended to a coherent set of measurements. If, on
the other hand, 0 € % (/) then there’s no compatible coherent model, meaning that Your
assessment 7 is inconsistent. Using Eq. (16), we can simplify the consistency condition
as follows:

O%‘f(ﬂi)<:>(A)¢posi(gz{)—i—%ﬂzo@posi(d)ﬁ%():@. 17

It should be clear from this discussion that the operator € acts like a deductive closure,
or conservative inference, operator that associates with any assessment <7 the set € (<)
of all measurements whose desirability can be deduced from o/ taking into account the
‘production axioms’ D2 to D4.

Qubit running example: instalment 5
To illustrate these ideas, we go back to the example of a qubit. If You have no knowledge at
all about the system’s state, then the set j‘é@ of all non-null positive semidefinite Hermitian
operators is a reasonable model for Your desirable measurements.

Suppose You make the assessment that A, = w,f + x,6, + Y06y + 2,6 is desirable as
well, for some w,,X,,Y,,z0 € R. If we recall Eq. (16), then we see that the most conservat-
ive set of desirable measurements that corresponds to the assessment <7 := {A,} is

G () = AU (posi() + Hp) = HopU ({aho: a > 0} + ) (18)
= {(@wo -+ W)+ (ax, + )8+ (avy + )y + (azo +2)8:
(a,w) >0and w > \/x2+y? +z2}

= {wf+x6'x +y6y+26;:

(a,w—aw,) >0and w—aw, > \/()c—axo)2 +(y—ay,)?+ (z—azg)z},
(19)

where we let ‘(a,b) > 0’ be a shorthand for ‘a,b > 0 and a + b > 0’; the third equality
follows from Egs. (10) and (11) and the final equality from the replacement ax, + x ~~ x,
ay,+y ~y, azo +z ~» z and aw, +w ~» w. Eq. (17) guarantees that the consistency
condition 0 ¢ €' (/) will be satisfied if and only if A, ¢ 525, which is in its turn equivalent

to \/x2 +y2 + 72 > —w,, by Eq. (10). In that case, Your assessment that A, is desirable, is
consistent, and %'({A,}) is the set of all measurements that You ought to then also deem
desirable, as a result of Your making the desirability assessment .«7 = {4, }. A
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5. ARCHIMEDEAN MODELS: COHERENT LOWER AND UPPER PREVISIONS

Cobherent sets of desirable measurements & are our most general models for describing
Your uncertainty about the system state |¥). They are, indeed, very general and can be
quite complex. Their complexity can be reduced somewhat by limiting ourselves to the
special case of so-called Archimedean models, where the preference ordering is essentially
reduced to comparing real numbers. This simplification is achieved by looking at coherent
lower and upper previsions, which are studied in the imprecise probabilities literature; see
for instance, Refs. [2, 19, 46, 50, 51]. Doing so will take us closer to the language of
probabilities, but we’ll warn in Section 6.3 against too naive an enthusiasm in making such
interpretational jumps.

Here and in Section 6, we’ll discuss how coherent (lower and upper) previsions can
be derived from coherent sets of desirable measurements, what their properties are, and
how they can be seen to provide a connection with the existing probabilistic models for
quantum mechanics, such as Born’s rule and the use of density matrices.

In the imprecise probabilities literature, coherent lower and upper previsions are typ-
ically defined for gambles, which are bounded real-valued maps interpreted as uncertain
rewards. To apply the theory to the present context, where we’ll define them for measure-
ments, rather than gambles, two roads lie open to us, and we could venture upon both. The
more circuitous one consists in recalling from the discussion in Section 4.1 that measure-
ments A are in a one-to-one relationship with their reward functions u '1» which are gambles.
Everything that can be done for gambles [2, 46, 50, 51] can therefore also indirectly be
done for measurements, through the identification between the two. The more direct road,
which we’ll follow below for the most part, exploits the fact that coherent lower and up-
per previsions have also been defined and studied directly for abstract vectors that live in a
normed linear space [19], rather than for gambles. The discussion below for measurements
can therefore also be seen as a direct instantiation of that study. Even though this means
that, in much of the discussion below, we could content ourselves by merely stating results
and referring to the above-mentioned literature for their proofs, we’ll nevertheless provide
short proofs for all of them, to make the discussion sufficiently self-contained.

Let’s start with a coherent set of desirable measurements 2 as a model for Your beliefs
about |P). Its elements A € 2 are the measurements (acts) You strictly prefer to the status
quo 0. We now define Your supremum buying price A, (A) for measurement A € /7 as

Agy(A):=sup{a cR: A—af € 7} =sup{a € R: A > ai}, (20)

the supremum (certain) price — amount of utility — You’re willing to pay to acquire the
uncertain reward u; (|'¥)) associated with performing measurement A. Let’s explain better.
The statement ‘A — otf € 2° means that the uncertain reward u;_,;(|¥)) = uy(|'¥)) —
(%)) = u(

¥)) — a is desirable to You, or in other words, that You find it desirable
to get the uncertain reward u;(|'¥)) and give away the fixed amount of utility & — to buy
the uncertain reward u; (|¥)) for a price a.. Hence, our use of the name ‘supremum buying
price’ for Ay, (A).

Similarly, we define Your infimum selling price Ao (A) for measurement A € 7 as

Agp(A) =inf{BcR: Bi—Ac P} =inf{B eR: BI>A} =—A,(—A), 1)

the infimum (certain) price — amount of utility — You’re willing to receive to give away
the uncertain reward u 4 (|¥)) associated with performing measurement A. We’ll also call
Ay, and Ag price functionals for the set of desirable measurements 2.

Qubit running example: instalment 6
Let’s return to our running example about the qubit system, where we recall the assess-
ment &7 = {A,} = {wo] +x,6x + y,6, + 2,6 } considered earlier in Instalment 5.
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Let A, = 6y, 50 (Wo,X0,Y0,20) = (0,1,0,0). With this assessment, You express that You
consider it more likely that measuring the spin in the x-direction will yield the outcome +1
than that it will yield the other possible outcome —1.

It’s then easy to see that 0 = —w, < \/x2 +y2 +2z2 = 1, so this assessment is consistent,
and therefore €' (/) as characterised by Eq. (19) is the smallest coherent set of desirable
measurements that contains Ao = 6, and therefore represents Your assessment. Observe
that, with C := wi 4+ x6, +y6, + 26, and € R,

C—al € posi(#/) + 5 < (3a>0)a <w—/(x—a)> +)> + 2
and
C-ale Ay (wtaanda<w—/2+y2+2),

where we started from Eq. (18) and used Eqs. (10) and (11). These conditions, together

A A

with Eq. (20), allow us to find the values for A¢()(C) and A () (C) = —Ag() (=C) in
any measurement C € . After some calculations, we find that

w—/y?+72 ifx>0 d
an
w—/x2+y2+z2 ifx<0

A (o) (Wl + x84 y6, +26;) =

Aeg(op) (Wl + X85+ 6, + 26;) = {Xi \/%—&—12 L{;c i 37 )
80, in particular,
Ag(r)(62) =0 Ag(ar)(6y) = —1 Ag(ar)(6:— 6y) = —1
{/\%(,Qf)(ffx) 1" {Acg(m(ffy) =1 {Awm(@x - 6,) =V2. @y

The discussion in Section 6, and in particular in Section 6.3, will allow us to conclude that,
on a more traditional view of probability in quantum mechanics, A ) (A) and K‘f(%) (A)
can be interpreted as tight lower and upper bounds on the expected values of the outcome
of the measurement A, based on Your assessment /. We now see in the expressions
above that Your assessment that 1 is a likelier outcome than —1 for the measurement &y,
allows You to tightly bound the expected value of its outcome to lie between 0 and 1. For
the expected outcome of the measurement 6y, Your assessment .27 leads to the vacuous
bounds —1 and 1, so it’s really totally non-informative about it.!”

By the way, the difference A () (€)— Ag(ar) (C) is called the imprecision, or bid-ask
spread, for C = wi +x6, +y6, + 26, and it’s given by \/x2 +y2 + 22 + /)2 + 2.

Although typically somewhat more involved, essentially the same type of arguments
can be used to find €' («/) and A¢/(,) and K(g(ﬂ) for more involved assessments .27 and
more general Hilbert spaces 2", and they will typically involve solving some kind of semi-
definite programming problem [8, Sec. 4.6.2]. )

The price functionals A, that are obtained by letting & range over all the coherent sets
of desirable measurements are exactly all the real functionals A : .77 — R that satisfy the
following properties:

LP1. A(A) > minspec(A) for all A € 7, [bounds]
LP2. A(A+B)>A(A)+A(B)forallA,B c 7, [super-additivity]
LP3. A(AA) =2AA(A)forall A € s and allreal L >0.  [non-negative homogeneity]

Proof. First, let’s assume that & is a coherent set of desirable measurements, and show
that the corresponding price functional Ay, is real-valued and satisfies LP1 to LP3. First,

consider any A € 7, then it follows from D6 that the set L; == {a e R: A—al € Z} is

17This can be related to the incommensurability — non-commuting character — of 6, and 6.
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decreasing and therefore bounded above by any element of its set-theoretic complement R \
Li={aeR: A—al ¢ 2}. Since it readily follows from D5 that maxspec(A) ¢ L; and
from D4 that (—eo, minspec(A)) C Ly, we find that minspec(A) < supL; < maxspec(A)
and therefore that A, (A) = supL 4 1s real. This also shows that A, satisfies LP1. Also,
consider any o, € R such that A—af € 2 and B— Bl € 2, thenA+B— (a+B)ic 2
by D2. Invoking Eq. (20) now leads to the conclusion that A, satisfies LP2. For LP3, first
infer from LP1 and LP2 for A = B = 0 that A, (0) = 0, so we need only check that A,
satisfies LP3 for A > 0. Now observe that, by D3, AM—ale 2 < A- Ot/kf € 9, and
invoke Eq. (20).

Conversely, assume that the real functional A : 5 — R satisfies LP1 to LP3, then we
must show that there’s some coherent set of desirable measurements & such that A = Ag,.
If we let

N

Iy ={AcH#:AA)>00rA >0}, 24)
then
Iy ={Ae A AA) >0} C9p C{Ac ' A(A) >0} = 7, (25)

where the second inclusion follows from LP1. Also observe that by the constant additivity
property LP6, which as we’ll show further on follows from LP1 to LP3, it holds that

A-—al€ 7) < AA)>aandA—al € 7] < A(A) > o forall a € R. (26)

If we now combine Egs. (25) and (26) with Eq. (20), we find that A = A%, so it only
remains to show that &, is (a) coherent (set of desirable measurements), or in other words
satisfies D1 to D4. For D1, simply observe that we’ve already proved above that A (0) =0,
so indeed 0 ¢ I . For D2, consider any AJ? € 9 , then there are a number of possibilities.
If A >0and B > 0, then clearly also A + B > 0, and therefore A+ B € 2, . If A(A) >0 and
A (B) >0, then by LP2 also A (A+B) > A (A) + A (B) > 0, and therefore A + B € 9, . For
the remaining possibilities we may assume without loss of generality that A(A) > 0 and
B>0. But then A(B 3) >0 by LP1, and therefore by LP2 also A (A+B) > A (A)+A (B) >0,
whence, here too, A+ B € P . That P, satisfies D3 follows readily from LP3, and, finally,
P satisfies D4 by construction. U

Adopting Walley’s [50] nomenclature,' we’ll call any map A : .# — R that satisfies
the so-called coherence conditions LP1 to LP3 a coherent lower prevision on €.

The corresponding coherent upper previsions A are related to the coherent lower previ-
sions A through the conjugacy relationship: A (A) = —A (—A) forall A € 7.

Coherent lower and upper previsions also always satisfy the following useful properties,
which are immediate consequences of the coherence conditions LP1 to LP3. The conver-
gence in LP8 is convergence in supremum norm ||¢||«, or equivalently, since all norms are
equivalent — lead to the same topology — on the finite dimensional space .7, conver-
gence in Frobenius norm ||+||¢ or in operator norm || ||op.

LP4. min spec(A) <A (A) <A(A) < max spec(fi) [more bounds]

LPS. A(A)+A(B) <A(A+B) <A(A)+A(B) <A(A+B) <A(A)+A(B);

LP6. (A + /J.D =A(A ) + ul and A (A + o) = A(A) +u; [constant additivity]

LP7. if A > Bthen A (A) > A(B) and A (A) > A (B); [monotonicity]

LP8. if the sequence A, € A converges to the measurement A, then A(A,) — A (A)
and A ( n) = AA A). [continuity]

18Since, as we’ve shown in Eq. (14), minspec(A) = infuy for all A € #, the correspondence between our
coherence requirements for lower previsions on the linear space of measurements and Walley’s coherence result
for lower previsions on a subspace of the space of all gambles, is immediate; see [50, Thm. 2.8.4].
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Proof. LP4. The first and third inequalities follow directly from LP1 and conjugacy, so we
concentrate on the second inequality. Simply observe that

0=A(0)=AA-4) > AA)+A(-A) =A(A) - A(A),
where the first equality follows from LP3 and the first inequality from LP2.
LP5. It suffices to prove the second equality, as all the other inequalities will follow
then by also invoking LP2 and conjugacy. Now simply observe that

AA)=AA+B-B)>AA+B)+A(-B)=A(A+B)—A(B),

where the first inequality follows from LP2.
LP6. It suffices to prove the second equality, as the first then follows by conjugacy.
First, infer from LP4 that A (uf) = A (uf) = u, and then invoke LP5 to find that

AA)+u=AA) +A(uh) <AA+ul) <AQA)+A(uh)=AA)+p.

LP7. We concentrate on proving the second implication, as the first will then follow
from conjugacy. Assume that A > B, or equivalently, A — B >0, then

0 < minspec(A—B) <A(A—B) <A(A)+A(-B)=A(A)—A(B),

where the first inequality follows from the definition of the vector ordering >, the second
inequality follows from LP1 and the third inequality from LP5.

LP8. We concentrate on proving the second implication, as the first will then follow
from conjugacy. Simply observe that

N

AA)—AB)=A(A)+A(—B) <A(A—B) < maxspec(A —B) < |A—B|.,

where the first inequality follows from LP5, the second one from LP4 and the third one
from Eq. (12). Since, similarly, A (B) — A (A) < ||A — B, we find that

[A(A) = A(B)| < |A—Bl|. forall A,B € 7,
which even proves the Lipschitz continuity of A. U

To better understand the relationship between coherent sets of desirable measurements
and coherent lower previsions, we observe that

Acnt(2) e Ay(A) >0and A € CI(Z) < Ay (A) >0, forall A € 2. 27)

Proof. To prove Eq. (27), consider any A € 7.

Assume that A € Int(@), implying that there’s some real € > 0 such that the open
ball Bg( A):={Be A: |B-Al. <€} C 2. Since ||(A—¢/2) —A|. = ¢/2, we find
that A — 8/21 € 92, and therefore, indeed, Ay (A ) >¢/2>0.

Assume that A ¢ Int(2), and therefore A € Cl(#\ 2), implying that there’s some
sequence A, € 7\ 2 such that |A —A,||« — 0. But A, ¢ 2 implies that A, (A,) <0
[use Lemma 8], and therefore the continuity of Ay, [use LP8] implies that also Ag, (A) <0.

Assume that A € CI(2), which implies that there’s some sequence A, € 2 such that
|A—A,|l — 0. But A, € 2 implies that A, (A,) > 0, and therefore the continuity of A,
[use LP8] implies that also Ay (A) >0.

Assume that A ¢ CI(2) and therefore A € Int(2#\ 2), implying that there’s some
real € > 0 such that the open ball B¢(A) := {B € J7: |B—All« < €} C #\ 2. Since
(A +¢/2l) — A« = €/2, we find that A +¢/2] ¢ 9, which implies that A, (A +¢/2f) < 0
[use Lemma 8] and therefore A, (A ) —£/2 < 0 [use LP6]. O

Lemma 8
Consider any coherent set of desirable measurements 9 and let Ay be the corresponding

price functional. Then, for any A € S, we have that A ¢ 9 = A, (A) <0.



A DECISION-THEORETIC APPROACH TO DEALING WITH UNCERTAINTY IN QUANTUM MECHANICS 29

Proof. That A ¢ 9, or in other words, that A—0f ¢ 9, implies that 0 dominates all ele-
ments of the decreasing set L; = {d € R: A — al € 2} and therefore dominates its su-
premum A, (A). O

Eq. (27) tells us that all measurements A with a positive supremum buying price Ag (A) lie
definitely inside &, and those with a negative supremum buying price definitely outside 2.
It follows at once from Eq. (27) that

AcCl2)\Int(2) & Ay (A) =0, forall A € 2,

so for the so-called marginally desirable measurements in the topological boundary of
the convex cone 2, which are the measurements with supremum buying price zero, their
supremum buying price typically won’t determine whether they belong to 2, unless &
is known to satisfy additional properties, besides coherence.!® The upshot of this is that
the price functional Ag characterises the set of desirable measurements 2 it’s derived
from only up to the measurements in its topological boundary. Coherent lower previsions
therefore have at most as much, and typically (slightly) less, representational power than
coherent sets of desirable measurements: the correspondence between coherent sets of
desirable measurements and coherent lower previsions is typically many-to-one. As is
apparent from Eq. (24) in the proof above that investigates the correspondence between
the two models, one way to make a coherent lower prevision A correspond to exactly one
strict preference >, is to pick the one given by

AbBeoA-Be gy & (A(A—B)>00rA>B) forallA,Be 7. (28)

To conclude this discussion of coherent lower and upper previsions, let’s consider a few
special cases. At one extreme end, we have the price functionals for the vacuous set of
desirable measurements YDy, = %00 which are the so-called vacuous lower and upper
previsions, defined by

Ayao(A) = minspec(A) and Ayac(A) = maxspec(A) forall A € 7.

==vac
Here, the bid-ask spread Ayee(A) — Ay, (A) = maxspec(A) — minspec(A) between Your
selling and buying prices for measurements A is as large as allowed by the coherence
requirements [in particular LP1].

At the other extreme end, we recover the cases that are most often considered in more
classical approaches to decision theory, where the bid-ask spread A (A) — A (A) between
Your infimum selling and supremum buying prices for measurements A is as small as it’s
allowed to be by the coherence requirements [in particular LP4], namely O everywhere.
This is the type of uncertainty model we’ll now turn to in the coming section.

6. COHERENT PREVISIONS AND DENSITY OPERATORS

6.1. Bruno de Finetti’s coherent previsions. Coherent lower previsions A with the smal-
lest allowable bid-ask spread are self-conjugate in the sense that A = A, so we can and will
use the simpler notation A for A = A in this case.

According to the discussion and definitions in the previous section, A (A) is then at
the same time Your supremum price for buying the uncertain reward u;(|'¥')) and Your in-
fimum price for selling it, and can therefore also be seen as Your fair price for the uncertain

reward u; (|'¥)).

In conjunction with self-conjugacy, the coherence conditions LP1 to LP3 turn into
CP1. A(A) > minspec(A) forall A € .27; [bounds]
CP2. A(A+B)=A(A)+A(B)forallA,Bc . [additivity]
Homogeneity then follows from these two coherence conditions:

CP3. A(AA)=AA(A) forall A € 7 and A € R. [homogeneity]

19

.. such as, for instance, being open.
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Proof. First, CP2 implies that CP3 holds for all rational A. It’s clear that we can extend the
equality to the reals, provided we can show that CP1 and CP2 imply the continuity of A.
To this end, observe that CP2 implies in particular that A (0) =0 and A (—A) = —A (A) for
all A € 7. But then also

AA)—AB)=AA)+A(-B)
=AA-B)=-A(—(A-B))
< maxspec(A — B) < ||A — B||«,

where the second equality follows from CP2, the first inequality follows from CP1, and the
second inequality from Eq. (12). Similarly, A (B) — A (A) < ||A — B||-, so

IA(A)—A(B)| < ||A—B|. forall A,B € 7,

which even proves the Lipschitz continuity of A.

It’s now clearly enough to prove that we can derive CP1 and CP2 from the condi-
tions LP1 to LP3 and self-conjugacy, which tells us that A = A = A. CPl1 is clearly
equivalent to LP1. For CP2, consider any A,B € . Self-conjugacy implies that A (A) +
A(B) = A(A) +A(B). On the other hand, it follows from LP5 [which follows from LP2]
that A(A) +A(B) < A(A+B) < A(A+B) < A(A)+A(B) and therefore, indeed, that
AA)+A(B)=A(A+B). O

It’s easy to see that the self-conjugate coherent lower previsions can also be character-
ised exactly as all real functionals A : 5# — R that are (i) linear in the sense that
Ll. A(AMA +uB) = AA(A) 4+ uA(B) forall A,B € 7 and all A, u € R;

(ii) positive in the sense that

L2. A(A)>0forall A > 0;

and (iii) normalised in the sense that

L3. A() =1.

Proof. Clearly, L1 is equivalent to CP2 and CP3. Condition L2 is an immediate con-
sequence of CP1. Applying CP1 to [ and —f leads to L3. It now only remains to prove
that CP1 follows from L1 to L3. Consider, to this end, any measurement A and let

¢ = min speC(A), then A — ¢f > 0 and therefore A(A — cﬂ >0, due to L2. L1 and L3
now ensure that A (A —cl) = A(A) —cA () = A(A) —c. O

If we follow the standard functional-analytic approach in defining the following oper-
ator norm
I'(4)
|T]|op := sup | = |
izo 1Al
on (linear) real functionals I': 5 — R, then it follows from Eq. (12), LP4 and L3 that

|Allop = 1 for all self-conjugate coherent lower previsions A ; (29)

they’re bounded and therefore continuous, as also shown directly in the proof of CP3 above.

For these reasons, these self-conjugate coherent lower previsions can also be seen as the
coherent previsions in the sense considered by Bruno de Finetti; see for instance Refs. [15]
and [17, Ch. 3 and App.]. We denote the set of all such coherent previsions on 77 by P.
Coherent previsions on real Hilbert spaces are indeed the probability models envisaged by
de Finetti, but we must caution against interpreting them without further ado as expectation
operators associated with a (finitely additive) probability on some sample space, as this
is an interpretational step that asks for further justification, which isn’t provided by our
argumentation above; see also the discussion further on in Section 6.3.
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Interestingly, we can use the coherent previsions, or rather, sets of them, to characterise
the coherent lower previsions. Taking the lower envelope of any non-empty set of coher-
ent previsions M C P leads to a coherent lower prevision A (¢) = inf{A (¢): A € M}.
But, even stronger than this, it’s a consequence of the Hahn—Banach theorem (or, in this
finite-dimensional context, of Minkowski’s hyperplane separation theorem) that any co-
herent lower prevision A is the lower envelope of a (non-empty) convex and closed® set
of coherent previsions P(A ), uniquely defined by

P(A):={A €P: (VAc #)A(A) <A(A)}, (30)
in the sense that
A(A)=min{A(A): A eP(A)} forallA € . (31)

This result, also known as the Lower Envelope Theorem, guarantees that there’s a one-to-
one correspondence between coherent lower previsions and non-empty convex closed sets
of coherent previsions. Following Levi’s [34] terminology, we’ll call the convex closed
set P(A) the credal set that corresponds to, and characterises, the coherent lower previ-
sion A. We refer to Ref. [19, Cor. 13] for a more detailed argumentation, or alternatively
to Refs. [50, Ch. 3] and [46, Ch. 8] for proofs in the context of gambles that can be readily
transported to the present context. See also Ref. [7, Prop. IV.3], where Benavoli, Facchini
and Zaffalon are the first to introduce credal sets in the quantum mechanical context, with
a somewhat different interpretation.

Qubit running example: instalment 7
Let’s return to our qubit system and consider an arbitrary coherent prevision A on 7.
Since any Hermitian operator C € A can be written as C = wi + x6, + y6, + z6; for
some unique (w,x,y,z) € R*, we find that, due to the linear character of A [coherence
property L1],

A(C) =w+xA(80) +yA(6y) +2A(6), (32)

where we also took into account that A (I) = 1, by coherence property L3. We see that
the coherent prevision A is therefore completely determined by its values A, := A (6y),
Ay = A(6y) and A, := A (6;) in the Pauli operators. We can find the constraints imposed
by coherence on these real numbers by looking at the coherence condition LP4, which,
applied to any C, tells us that minspec(C) < A (C) < maxspec(C). If we now recall Eq. (9)
for the eigenvalues of C‘, we see that this can be rewritten as

w24y 22 <whxAc+yAy A S w24y 422,
or equivalently, as
(XA + YAy +2A.)* <P +y? + 22, forall x,y,z € R.
Combining this with the Cauchy—Schwarz inequality, which can be rewritten as

Ax+yAy +2A)?
A2FA2ZHA2 = max L LPL: Aie 2
 (eR\ {000} ¥y +z

)

leads to
AT+HATHAZ <, (33)

which, together with A (I) = 1, is all that coherence imposes on the values of a coherent
prevision A in the Pauli operators, and therefore on its values in any C € .77 through Eq. (32).

20 in the (so-called weak*) topology of pointwise convergence on the set of all linear functionals on the

linear space 7.
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As we’ve seen in Instalment 6, the assessment </ := {6, } corresponds to a lower pre-
vision A%)( o) Taking into account Eq. (22), we find that a coherent prevision A belongs
to the credal set ]P’(A%a( M)) that corresponds to this lower prevision when

_ 2.2 ifx>0
{W \/m hx= <W+XAx+yAy+ZAZ for all (x,y,y,z)ERA',

w—/x24+y2 2 ifx<0”

and Afc +A§ +A§ < 1 [these are the general coherence bounds established in Eq. (33)].
After some algebra, we find that the credal set P(A«(.)) is completely determined by the
conditions

Ac>0and A7 +A]+AZ < 1. (34)

We then infer from Eq. (31) and conjugacy that, to find A%(gm(é) and K%ﬁ(ﬂ)(é), we
have to minimise respectively maximise w +xA, + yAy + zA; subject to the constraints in
Eq. (34). Some small effort shows that this leads to the same values as those given in
Eq. (23) for the particular choices 6y, 6, and &, — &, for C. These calculations correspond
to solving dual semidefinite programming problems for the ones mentioned near the end
of Instalment 6 of our running example. )

6.2. Density operators. In the more standard treatment of uncertainty in quantum mech-
anics, as discussed in Section 2.2, uncertainty about the state is often expressed through
density operators. For a system in a mixed state, described by such a density operator p, the
expected outcome of the measurement A on the system was found to be Ep (A) = Tr(pA);
see Eq. (6). This formalism doesn’t come, however, with a clear view on how to interpret
the probabilities and expected values that play a role in it.

As it’s one of our aims in this paper to provide a decision-theoretic interpretation for
such density operators and expected outcomes, by relating them to our coherent (lower)
previsions and sets of desirable measurements, we’ll now show that the coherent previ-
sions on .77 provide us with an appropriate means of connecting them with our decision-
theoretic set of desirable measurements approach. To do so, we’ll again follow the path
that was cleared by Benavoli, Facchini and Zaffalon in Ref. [7, Sec. IV], by focusing on
the mathematical links between coherent (lower) previsions and density operators. We
postpone a discussion of how to interpret these links to Section 6.3.

We begin this brief mathematical exploration with the observation that expected out-
comes make for perfectly acceptable coherent previsions.

Proposition 9
For every density operator p € %, the real functional Ay (e) = Ep(¢) := Tr(p *) is a co-
herent prevision on F€.

Proof. The additivity condition CP2 follows at once from the linearity of the trace, so it
only remains to prove the bounds condition CP1. Since p is a density operator, Proposi-
tion 3 tells us that there are kets |y1), ..., |y,) in 2 and real numbers o, 0, ...,0Q, €
[0,1] such that ') o4 =1and p =Y7_, | i) (W] Forevery A € J, we then find that,
indeed,

q q
Te(PA) = Y o Tr(|yi) (WelA) = ) o (il A ) > minspec(A),
k=1 k=1

where the first equality follows from the linearity of the trace, the second equality from its
cyclic character, and the inequality from Lemma 6 and the fact that ZZZI o =1. (]

To prove a converse result, namely, that for every coherent prevision A there’s a (unique)
density operator p such that A (s) = Tr(p ), we need a bit of mathematical background on
Hilbert spaces. We’ve already had occasion to mention that we can provide the real linear
space .7 with the Frobenius inner product, defined by (A, B) := Tr(AB) for all A, B € /7,
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which turns 7 into a real Hilbert space. We can then apply to this Hilbert space .7 the
general Riesz Representation Theorem, which states that continuous — or equivalently,
bounded — linear functionals on a Hilbert space are in a one-to-one relationship with its
vectors.

Lemma 10 (Riesz Representation Theorem [40, Thm. I1.4])
For any continuous linear functional T on J, there’s a unique Br € 5 such that T(A) =
Tr(BrA) for all A € .

We now have the tools to prove the desired one-to-one relationship; see also the discus-
sion in Section IV of [7], where Proposition IV.6 and Theorem IV.4 turn out to be closely
related to what we have here.

Proposition 11

There’s a one-to-one correspondence R between coherent previsions A on # and density
operators p on 2", through A (s) =Tr(p ) with p = R(A). This bijection preserves convex
combinations, in the sense that R(aA; + (1 — &)Ay) = aR(A1) + (1 — a)R(Az), for all
real o € [0,1] and all Ay,Ap € P.

Proof. We begin with the first statement. By Proposition 9, it suffices to prove that with
any coherent prevision A € P there corresponds a unique density operator p such that
A(s) = Tr(p+). We can then denote this p by R(A). We know that A is bounded and
therefore continuous, from the discussion leading up to Eq. (29), so we can infer from
Lemma 10 that there’s a unique B € . such that A () = Tr(By *). It’s enough, therefore,
to prove that the Hermitian operator B, is a density operator, or in other words, that By >0
and that Tr(B, ) = 1.

First, observe that Tr(Ba) = Tr(Bal) = A(f) = 1, where the last equality follows
from L3.

Next, consider any |y) € £ . Then for the projection By = |y)(y| € 5, we find that
spec(By)) C {0,1} and therefore, by the bounds condition CP1, that A (Ayy) > 0. As the
trace is cyclic, this leads to 0 < A (Byy) = Tr(BaBy)) = Tr(Ba|w)(v|) = (y|Ba W),
which implies that, indeed, By > 0.

To prove that the second statement, consider any real « € [0, 1] and any Aj, Az € P, and
let p == R(A1) and Py := R(A;z). And, by the linearity of the trace,

Tr((api+(1—a)py)e) = aTr(pre) + (1 — a) Tr(pae)
=aAi(s)+(1—a)Ax(s) = (@A + (1—a)Ay)(s). O

More generally, when Your beliefs about |¥) are modelled by a coherent lower previ-
sion A that isn’t self-conjugate, then we’ve already established that this A can be written
as the lower envelope of the convex closed set of coherent previsions, or credal set, P(A ).
Because it preserves convex combinations, the map R turns this set into the convex and
closed®" set of density operators

Z(A) =R([P(A) ={R(A): A €P(A)}
={p e Z#: (VAc ) Tr(pA) > A(A)}, (39)

and, clearly, this set of density operators completely determines the coherent lower previ-
sion A in the sense that

A(A) =min{Tr(pA): p € Z(A)} forall A € 2. (36)

21 in the topology on Z induced by the map R, characterised by the fact that a sequence of densities pj,

converges to the density p if and only if corresponding sequence of linear functionals Tr(p,e) converges (point-
wise, or equivalently, in norm, due to the finite dimension of the underlying Hilbert space Z°) to the linear
functional Tr(pe).
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This is the generalisation of Born’s Rule, in its most general version (6), that we derive
from our decision-theoretic argumentation, where the single density operator p is replaced
by a convex closed set Z(A ) of them, and where the expected outcome Ej (4) of a meas-
urement A is replaced its lower prevision A (A).

One meaning that our decision-theoretic approach attributes to this lower prevision A is,
on the one hand, that it characterises (up to border behaviour, see the previous section) Your
preferences between the acts acty associated with measurements A. On the other hand,
we also recall that A (A) was defined as Your supremum price for buying the uncertain
reward u; (|'W)) associated with performing the measurement A on the quantum system in
its unknown state |'¥'). And finally, if we were to allow ourselves to follow a more standard
approach to probability in quantum mechanics, A (A) could be seen as a tight lower bound
on the expected values of the measurement A, as is indicated by Eq. (36).

Qubit running example: instalment 8
Let’s now find out how to apply these ideas in our running example.

First, let’s consider a density operator p. Since p is in particular Hermitian, we know
that there are a,b,c,d € R such that p = df + a6, + b6, 4 c6y; its eigenvalues are then
d +va*+b?+c?, due to Eq. (9). Expressing that Tr(p) = 1 and p > 0 therefore leads to
the conditions:

1 1
d:immﬁ+#+£gz. (37)

Now consider any measurement C € . and let, as before, C = wi 4 x6, + y6, +z6;, with
x,y,z,w € R. Another apphcatlon of the argumentation behind Eq. (9) tells us that Tr(p C)
is twice the /-component of pC. Moreover, by the properties of Pauli operators [9, p. 418],

we find that

g 1. S A A
pC= (21+a6x+bo3 +co;) (Wl +x6, +y6y +z6;)

A

1 S N A
= (§w+ax+by+cz)l+(...)0'x+ (...)06,+(...)6;

and therefore Tr(pC) = w + 2(ax+ by + cz). If we now consider the coherent prevision A
that corresponds to P in the sense that A (¢) = Tr(p ), and invoke Eq. (32), we find that

w+2(ax+by+cz) =w+xAc+yAy +zA; for all w,x,y,z € R.
This tells us that Ay = 2a, A, = 2b and A; = 2c, and therefore

5 Li AGEAG A

> > ; (38)

while the constraints (37) turn into A)% + Ayz. + Af < 1, which is in complete accordance
with Eq. (33).
The elements p of the closed convex set %’(Agg(d)) are therefore characterised by

5o L NG EAG A,

5 5 with Ay > O and A] + A; +A? < 1. S

6.3. A few words of caution ... and a curious observation. It’s important to stress again
that the version of Born’s rule (36) that we’ve thus derived from our assumptions, doesn’t
start from a probability argument, but rather from a preference argument, which then leads
to coherent (lower) previsions. We feel this distinction to be quite important, and we’ll use
this and the next section to clarify our point.

The lower previsions A that we’ve introduced here, are functionals that serve as an al-
ternative characterisation for Your preferences, in the sense that, up to boundary behaviour,
A > Bif and only if A (A —B) > 0 or A > B; see Eq. (28) and the discussion leading to it.
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We’ll see further on that this will definitely be the case if a coherent set of desirable
measurement is maximal, that is, not included in any other such set, for which an equivalent
condition is that

M. {A,~A}N 2 # 0 for all non-null A € 7. [maximality]

Proof of the equivalence. Assume that the coherent set of desirable measurements 2 is
maximal and consider any non-null A € . such that —A ¢ 2, then we need to prove that
A € 9. We’re done if we can show that 2 U {A} is consistent, because then €'(2 U {A})
will be coherent and therefore equal to 2 by its maximality; and clearly A € € (2 U{A}).
Suppose towards contradiction that 2 U {A} isn’t consistent, then we infer from Eq. (17)
that 0 € posi(Z U{A}) + ;. Taking into account that

posi(Z U{A}) + A= (posi(.@) Uposi(A) U (posi(2) +posi({A}))> + A
= (.@Uposi({fi}) u(2 +posi({A}))) + A4
= (2 + H#,5) U (posi({A}) + 725) U(Z + posi({A}) + A4)
=2 U(posi({A}) +7#5) U (Z +posi({A})),

where the second equality follows from & = posi(Z) [use the coherence of & and D2
and D3] and the last equality follows from & + 4 = & [use the coherence of & and

D6], we then find that, necessarily, —Ae . [because A #* 0] or —Ae g, contradicting

our assumption that —A ¢ 2 [use the coherence of & and D4].

Conversely, assume that 2 satisfies the condition M, then we must show that & is
maximal. Let 2’ be any coherent set of desirable measurements that includes 2, assume
towards contradiction that the inclusion is strict and consider any A € 2’ \ 2. But then
—A € 9, and therefore also —A € Z'. Since, by assumption, also A € 9', we infer from
the coherence of 2’ [namely, D2] that 0 = —A +A € 2’, contradicting the coherence of 2’
[namely, D1]. O

Indeed, the self-conjugacy of Ay, is equivalent to & satisfying the so-called weak maxim-
ality condition, which is formally similar to, but somewhat weaker than, the condition M
for maximality; see also Refs. [13, 19] for related discussion.

WM. {A+el,—A+el} N2 #0forall A€ # andallreal € >0.  [weak maximality]
Weak maximality means that, if we include Your marginal preferences to come to a notion
of weak preference, You always have a(t least a weak) preference between any A and its
additive inverse —A. This statement is clarified and made more precise by the following
proposition, which established a direct connection between weakly maximal coherent sets
of desirable measurements and coherent previsions.

Proposition 12

A coherent set of desirable measurements 9 is weakly maximal if and only if the corres-
ponding lower prevision A, is a coherent prevision, so Ay = Ay = Ag. In that case, the
corresponding credal set P(Ag) is the singleton {Ag }.

Proof. First, assume that Z is weakly maz&imal. Consider any A € . and any real £ > 0,
then it follows from Eq. (21) that (A (A) —€) —A ¢ 2. So it follows from WM that
A—(Ap(A)—¢) € 2, and therefore Eq. (20) implies that Ag (A) — & < Ay, (A), implying
that Ay, (A) > A (A) and therefore also that Ao, (A) = Ay (A), taking into account LP4.

Conversely, assume that Ag = A, is a coherent prevision Ag. Assume towards con-
tradiction that there are A € . and real € > 0 such that both A+ el ¢ 2 and —A+ el ¢ 2.
Hence, both Ag (A + el) = Ay (A +el) <0 and Ay (—A + &) = Ay, (A +el) <0, by
Lemma 8. Using L1 and L3, this implies that both Ag (A) < —gand —Agy (A) < —ga
contradiction.
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The rest of the proof is now immediate. (]

In the special, so-called precise, case that is characterised by Proposition 12, we find
that the uncertainty is described similarly as on a more standard account of uncertainty in
quantum mechanics, because we’ve seen in Proposition 11 that the coherent previsions A
on 7 are in a one-to-one correspondence with the density operators p in %. In fact, we
then retrieve a version of Born’s rule in the presence of epistemic uncertainty about the
state of the system, as Proposition 11 tells us that

A(A) =Tr(pA) = Ep (A) forall A € #,

where the last equality follows from Eq. (6). We see that when we let p := R(A ), Your fair
price A (A) = Tr(pA) for the measurement A can be made to correspond to the expected
value Ep (A) of the outcome of a measurement as considered in the standard approach to
quantum mechanics, and discussed in Section 2.2.

But, we have to be cautious in making the connection between our approach and the
more standard one. In the way we’ve set up the argument in this paper, the decision prob-
lem comes first — is primary — and the linear price functional Ay is a mathematical tool
that, under certain rather restrictive conditions, allows us to characterise Your preferences
as captured in Z, in the sense that

A€ 2= (Ap(A)>00rA >0).

It turns out that this Ay can be characterised mathematically by a density operator py =
ﬁ(Ag), which, through Proposition 3, is often given a probabilistic interpretation.”? But
this probabilistic interpretation, and the corresponding probabilistic interpretation of the
trace Tr(ﬁ@A) as the expected value of the outcome of the measurement A, is only sec-
ondary, or derivative. Indeed, what we have shown above is that A (A) = Tr(pA) is Your
fair price for the uncertain reward u; (|¥)), which isn’t necessarily the same thing as Your
expected value for the outcome of the measurement A.

6.4. An interesting special case. To shed still more light on this issue, let’s now consider
the special case that You know with certainty that the state is some specific |¢) in 2 —
so You know that [¥) = |¢).2> This could for instance be the case after You’ve just per-
formed a measurement B on the quantum system and observed an outcome — eigenvalue
— with a one-dimensional eigenspace; see QMS. Through what coherent set of desirable
measurements & can this knowledge be represented?

As we mentioned before right after announcing DTB1 in Section 3.2, there’s now no
longer any uncertainty about the reward You’ll get from performing any measurement A:
it’s the real number u;(|9)) = (¢|A|¢), and You’ll clearly strictly prefer that to the status
quo provided that (¢|A|¢) > 0. This leads to the assessment o7 == {A € 77 : (¢|A|¢) > 0}.
This assessment is consistent [see Eq. (17)], and [using Eq. (16)] we find that the smallest
coherent set of desirable measurements that includes it is given by

Dy ={A €A (9|A|¢) >00rA >0};

which is, by the way, weakly maximal. The corresponding coherent prevision Ajg) == Ag,
is then given by

A~

Ajgy(A) =sup{a e R: A—al € Zj¢)} = sup{a € R: ($|A|¢) > cwor A > af}
=sup{a € R: (¢|A|¢) > o or (minspec(A) > o and A # )}
—(6/419) = u;(9)), forall A € 2,

22This interpretation is not without its problems, because the ‘decomposition’ in Proposition 3 typically isn’t
unique.

23Recall that the state of the system is actually identified by a ray in Hilbert space 2", of which |¢) is only
one of the elements, which completely determines it. By “You know that |¥) = |¢)’, we mean that You know
that the system is in the state |¢), up to a phase factor.
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where the penultimate equality follows from the fact that (¢|A|¢) > minspec(A) [see
Eq. (14)]. In other words, if You know that |¥) = |¢), then u;(|9)) = (¢|A|@) is ne-
cessarily Your fair price for performing the measurement A. Again, this isn’t necessarily
the same thing as Your expected value for the outcome of the measurement A.

Stating that Your fair price u3(|¢)) = (¢|A|¢) for performing the measurement A is the
same thing as Your expected value for the outcome of the measurement A, is tantamount
to making an extra assumption, namely that there are probabilities for each of the possible
outcomes A € spec(A) of the measurement A and that these probabilities are given by
Eq. (2). Making this extra assumption therefore amounts to accepting QM7, which is
something we’ve been wanting to avoid all along in this paper.

We’ll now explain why it might make sense to make this extra assumption, all the while
realising that it is indeed an additional step to take. In DTB1 we assumed the existence
of a reward function w; such that w;(|¢)) is the reward for performing measurement A
when the system is in the state |¢) and there intended to be a one-number summary of
the possible outcomes A € spec(A) that the measurement A may yield in the state |¢).
The exact form of the reward function w; was then fixed by the later postulates RF1-RF4
to be wy = uy = (sJAls). Interestingly, these postulates make sure that the one-number
summary u; (

¢)) behaves linearly in A and therefore acts as if it were an expectation:

Y 22,

A€spec(A)

ug(

0)) = (8lA10) = <¢

¢>>: YAGIBI0) = Y Aup (16)),

A€spec(A) A€spec(A)

where the uﬁa(L(P)) = (¢|P;|¢) then act as if they were the expected outcomes of the
measurements P;. Since the only possible outcomes of a projection P, are O and 1, the
one-number summary up, (|¢)) then also acts as if it were the probability of its outcome
being 1, or in other words, the probability of the measurement A producing the outcome A,
in accordance with Born’s rule QM?7.

This special case of our decision-theoretic argument brings us quite close to a result by
Deutsch, which has a similar interpretation, but follows a different argumentation, as we’ll
see next.

7. DEUTSCH’S DECISION-THEORETIC APPROACH

In an important and seminal paper [23], David Deutsch presented a different, and earlier,
approach to what we’re attempting here.

Deutsch aimed at deriving the probabilistic postulate QM7 of quantum mechanics —
or Born’s rule in its simplest version (2) — from the non-probabilistic ones and straight-
forward ‘non-probabilistic’ decision-making principles. While our argumentation in this
paper is inspired by Deutsch’s take on this issue, it’s also rather different in quite a number
of respects, in that we’re not necessarily convinced that the ‘non-probabilistic’ decision-
making principles he suggested are all that straightforward. This is why we made quite
some effort in this paper to clearly state exactly what decision-making approach we fol-
low, which assumptions we make and which we don’t make. We believe our derivation can
be defended on any interpretation of quantum mechanics that accepts the postulates QM 1—
QM4 (and QMS) and the reward function postulates RF1-RF4, which make sense against
the decision-making background (DTB1 and DTB2) sketched in Section 3.2.

To allow readers to better see the similarities and differences between Deutsch’s argu-
ment and ours, we now give a brief account of it, which should also be compared to and
contrasted with the approach we’ve set up in Sections 3 and 4.

Deutsch considers a quantum system whose states belong to some complex Hilbert
space 2. He focuses on a measurement A € . on this quantum system, which can be in
any of several possible states |y) € 2" right before the measurement is carried out.
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His decision-making set-up considers a subject, whom we’ll also call You and who can
choose between playing several games of the type

gameﬁm := “perform the measurement A on the quantum system in state [w)”,

one for each |y) € 2 and A € J#. The outcome of game‘A is unknown to You before
playing the game — doing the measurement — but, after the measurement, You’ll receive
as a pay-off the actual outcome of the measurement, expressed in units of some linear
utility scale. While the latter is an assumption we also make in our set-up in Section 3.1,
our general approach is different in that Deutsch focuses on the case that You know what
the system’s state is, while we allow You to be uncertain about it from the outset.

The first assumption that Deutsch makes,?* is that each game game? | has some real
value ¥;(|y)), intended as a one-number summary of the possible pay-offs that the game
gameﬁl/> may yield. He seems to be inspired by de Finetti’s [15] definition of a prevision
for a random quantity as a fair price for it when he defines this value as

the utility of a hypothetical pay-off such that [ You are] indifferent to play-
ing the game and receiving that pay-off unconditionally.

Since it follows from the non-probabilistic postulates of quantum mechanics [in particular
QM4] that performing the measurement ¢/ yields the real outcome « unconditionally —
meaning independently of |y) —, this implies in effect that #,; = . Hence, there is —
You are assumed to have — some valuation ¥ : ' x Z — R: (A,|9)) — 7;(|¢)) that
assigns a value 7;(|y)) to each gamefw> in such a way that

Vi(1w)) = V(W) & gamefh, = gamef,, (39)
where we define the statement gameﬁl/> = game ‘f‘m’ to mean that You're indifferent between
the game game‘A and the game game* with unconditional pay-off o. That there should
be such a real number for all such gameIA , 1s an assumption that is very close to our
decision-theoretic background assumption DTB1, where we assume that there’s some re-
ward function” wy: 2 — R such that w;(|y)) is the reward, expressed in utiles, for act;
when the quantum system under consideration system is in state |y), intended as a one-
number summary of the possible pay-offs that the measurement A may yield on a system
in state |y).

Deutsch’s further assumptions deal with the nature of Your ‘value of a game’, and he
argues that they’re strong enough to fix its form. The third assumption is that You adhere
to the principle of substitutability in composite games, which are games that involve sub-
games. It means that if any of the subgames is replaced by some game of equal value, the
value of the composite game remains the same to You.

The fourth and final assumption that Deutsch makes, is what he calls the zero-sum rule,
and it concerns Your attitude towards games where You can take one of two possible roles
— say, R and S — with the following property: whenever You were to receive a pay-off x
in role R, You would receive —x in role S. The rule then states that if ¥ and ¥5 are Your
respective values for playing the game in roles R and S, then it must be that ¥z + 75 = 0.

Using these decision-theoretic assumptions, together with the non-probabilistic quantum
mechanical postulates, Deutsch argues that Your valuation must then necessarily be given
by

7;(19)) = (¢]A|@) for all A € 57 and |¢) € & (40)

Recall that, according to Deutsch’s argumentation, this #;(|y) is the fair price You’re
willing to pay for playing the game gamel“‘w, or in other words, for performing the meas-
urement A when the quantum system’s state is |y). It’s in this specific sense that Deutsch’s

24The order in which we list these assumptions doesn’t follow the order in which Deutsch presents them, but
rather reflects our attempt at structuring his argumentation to allow for a comparison with our approach.

25Recall that, initially, we use the notation wy for any such reward function, and we reserve the notation u;
for the unique reward function that turns out to satisfy our reward function postulates.



A DECISION-THEORETIC APPROACH TO DEALING WITH UNCERTAINTY IN QUANTUM MECHANICS 39

argument leads to a justification of, and interpretation for, Born’s rule as put forth in Pos-
tulate QM7, and in particular Eq. (3). This is comparable to our justification for it using
the postulates RF1-RF4 and the background assumptions DTB1 and DTB2, and caveats
apply here that are similar to the ones we formulated for our derivation near the end of
Sections 6.3 and 6.4.

On Deutsch’s approach, the system state |y) is assumed to be known, or given, and
the value 7;(|y)) of gamer}l,> is Your fair price for performing the measurement A upon
the system in that state |y), in the sense that You deem performing the measurement and
getting as a reward its outcome in units of a linear utility to be equivalent to getting the fixed
amount 7;(|y)) of that linear utility. His way of dealing with the problem is, like ours,
very much de Finetti-like, in that he starts with a pre-determined linear utility and implicitly
assumes that all games game‘A with A € 7, for a fixed |w) € 2 can be compared to one
another through the intervention of the values that their valuation #;(|y)) assumes on the
real line;26 see also our discussion on decision-theoretic foundations in Section 3.2.

It should be clear that Deutsch’s decision problem, and the context he places it in, is in its
conception a bit different from ours. We start from the assumption that You are (or at least
may be) uncertain about the state |¥) the system is in, and that You express Your beliefs
about what that state is by expressing preferences between the uncertain rewards w (|¥))
for different measurements A. In addition, our postulates, as announced in Section 3.3,
are quite different from Deutsch’s. But, as we point out in Section 6.4, in the special case
that You know that the state |¥) of the system is actually |y), we’re still led to the same
conclusion as Deutsch: You must have a fair price for the uncertain reward associated with
performing the measurement A in that — now certain — state, and that fair price must be
given by u; (|y)) = (w|Aly).

To be sure, while Deutsch’s discussion in Ref. [23] deals directly only with the case that
You know the system to be in some pure state |y), he does consider that You might be
uncertain about the quantum state, by mentioning the possibility that the system might be
in a mixed state. Even if he leaves the discussion of mixed states implicit, he does hint, at
the end of Section 3 there, at ways to deal with them:

Generalizing these results to cases where [the quantum system] is not in a
pure state is trivial if [the system] is part of a larger system that is in a pure
state, for then every measurement on [the system] is also a measurement
on the larger system. Further generalisation to exotic situations in which
the universe as a whole may be in a mixed state [...] is left as an exercise
for the readers.

It appears from the first sentence of this quote that Deutsch wants to treat epistemic un-
certainty about the system’s state by using the well-known observation that a mixed state
can be treated as a pure state for a larger system, which would make his earlier arguments
about how to derive Born’s rule for pure states amenable to mixed states as well. But, since
he assumes a linear ordering of games/measurements for such pure states, it seems fair to
infer that he’d be willing to order games/measurements linearly also when the system’s
state isn’t perfectly known to You.?’

Our willingness to work, in that case, with partial preference orderings — which aren’t
reducible to mixed states nor to pure states in higher-dimensional state spaces — when
dealing with Your epistemic uncertainty about the system’s state, can therefore only be seen

26B1uno de Finetti [15, 17] likewise assumes that all uncertain quantities X can be compared to one another
through the intervention of the values that their prevision, or fair price, P(X) assume on the real line.

2TThis of course assumes that You’re able to identify the pure state that the larger system is in, which is quite
a strong assumption to make. The strength of this assumption is a good indicator of the strength of the torality
assumption for Your preference ordering. In addition, it’s not entirely clear to us why Deutsch would consider a
situation where You have epistemic uncertainty about the ‘state of the universe as a whole’ — that the universe
as a whole is in a mixed state — to be ‘exotic’.
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as a fundamental departure from Deutsch’s way of thinking. Interestingly, as we’ve seen
in Section 6.2, such partial preference orderings are mathematically (almost-)equivalent to
convex closed sets of mixed states — density operators — and therefore to sets of pure
states for a higher-dimensional system.

8. WALLACE’S DECISION-THEORETIC APPROACH

Soon after Deutsch published his argument, Barnum et al. [5] pointed to a flaw in it:
in order for Deutsch’s proof to work, another critical assumption is necessary, namely
that Your value for the game gamel“:l, should equal Your value for game gamellz», where
B =UAU" and |¢) = U|y), and where U is some unitary operator on 2". In words, a
unitary transformation of the Hilbert space and the corresponding measurements mustn’t
have any influence on Your valuation of the game.28 Wallace [48] has argued that the above
condition can be derived in the context of the Everettian interpretation and has continued
to improve on this work [47, 49].

However, in contradistinction with Deutsch, who we’ve already argued relies on de
Finetti’s approach in representing Your preferences between games involving measure-
ments, Wallace uses Savage’s approach; see Section 3.2 for a short summary of Savage’s
ideas. Because Wallace’s argument is much more detailed and intricate, we’ll try to hint
at its decision-theoretic essence by using what we believe to be relevant quotations from
his more recent work [47] and providing them with our interpretations,”® where we’ve
preserved the wording, but adapted the mathematical notation to accord with ours. We’ll
discuss the differences with our approach as we go along.

A quantum state is to be prepared in some superposition; the system is
measured in some basis; a bet is made by the agent on the outcome of
that measurement. Our agent knows (we assume) that the Everett inter-
pretation is correct; he is also assumed to know the universal quantum
state, or at least the state of his branch. [...] His preferences can be
represented by an ordering relation on these bets. Since (in Everettian
quantum mechanics, at any rate) preparations, measurements and pay-
ments made to agents are all physical processes, there is a certain simpli-
fication available: any preparation-followed-by-measurement-followed-
by-payments can be represented by a single unitary transformation. So
our agent’s rational preference is actually representable by an ordering on
unitary transformations.

So, we see that You are to express preferences, in a quantum state |y), between acts, which
are the unitary transformations U that are available to You in that state.

We now need to represent the agent’s preferences between acts. Since
those preferences may well depend on the state, we write it as follows: if
the agent prefers (at |y)) act U to act U’, we write

0=V o

To be meaningful, of course, this requires that U and U’ are both available
at |y)’s macrostate. So ~¥) is to be a two-place relation on the set of acts
available at that macrostate.

So, like Deutsch, and unlike us, Wallace assumes the quantum system to be in a known
(macro)state. Unlike Deutsch, and like us, he starts with a strict preference ordering that
You have on a set of acts and where each act has an uncertain reward. But as we’ll see,
unlike both Deutsch and us, he doesn’t assume that the rewards can be expressed in some

287This invariance under unitary transformations is in particular implied by our postulate RF2.

29We’re referring to the arXiv version, which is dated ‘October 22, 2018’, of a chapter published in 2010 as
How to prove the Born Rule in Ref. [41].
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predetermined linear utility scale; like Savage, he ‘constructs’ the utilities from the prop-
erties of the preference ordering and the richness of the act (and reward) space.

Indeed, Wallace then imposes a number of (so-called richness) axioms, or assumptions,
that guarantee that the set of acts (and rewards) is rich enough, and a number of (so-called
rationality) axioms on Your preferences on such acts, the most important of which for our
present discussion is the following:

Ordering: The relation =/’ is a total ordering for each y on the set
of acts available at y, for each y (that is: it’s transitive, irreflexive and
asymmetric, and if we define U ~/¥) V as holding whenever U =/¥) ¥
and V =!¥) U fail to hold, then ~I¥) is an equivalence relation).

First off, we believe the symbol ‘*/¥)" to be a typo for ‘~!¥)", as the former symbol is
nowhere defined in Wallace’s text and the ‘weak’ aspect that the extra horizontal bar might
suggest is contradicted by the irreflexivity requirement. So, this axiom, fully in line with
Savage’s approach, requires that Your preference ordering %) should be a strict partial
ordering™ (as is also assumed on our approach) that has the additional totality property:
the associated relation ~/¥?, which generally speaking represents both indifference and
incomparability, must actually be an equivalence relation and can therefore only represent
indifference; incomparability in a given state is excluded on Wallace’s approach (as it is on
ours as well).

Based on his richness and rationality axioms and following the path blazed by Savage,
Wallace is able to provide an ingenious argument to show that there’s a utility function on
the rewards, such that the strict weak ordering ~I¥) on the acts U can be represented by
the strict total ordering of their expected utilities, where the underlying probabilities are
provided by Born’s rule.

9. WHAT ARE THE ADVANTAGES TO OUR APPROACH?

It’s clear that the decision problem that Wallace considers, is quite similar to (if more
involved than) Deutsch’s, in that acts are compared for a quantum system in a given, per-
fectly known, quantum state |y). Contrary to our approach, there’s no uncertainty about
the quantum system’s state.

In our more general decision problem — whose solution coincides with Deutsch’s and
Wallace’s solutions in the special case that the system state is indeed known — we allow
for strict partial (preference) orderings that needn’t be total, so we allow for incomparab-
ility between acts: A (¥ B and B ¥ A needn’t imply that You are indifferent between the
measurements A and B: You may also hold them to be incomparable, and then You won’t
be able to compare them on a linear scale.

Indeed, much of what we do in this paper amounts to showing that this total ordering
requirement isn’t necessary in our more general decision problem: we can still derive
interesting results, and in particular also recover Born’s rule as a special case, without it,
using our decision-theoretic assumptions. At the same time, we’ve shown in the previous
sections that in doing so, we uncover an interesting mathematical toolbox for representing,
and making conservative inferences about, uncertainty about quantum systems. We start
out from the assumption that You are (or may be) uncertain about the state |¥) of the
quantum system under consideration and that performing measurements A on the system,
where the rewards are expressed in units of some predetermined linear utility, will therefore
yield uncertain rewards, which You can order via a strict ordering that is allowed to be
merely partial when You don’t know the system’s state. This freedom has at least two
advantages, besides its making the resulting theory more general: (i) it’s more realistic
because specifying only a partial order is a lot easier for You to do, and all the more so if
You only have limited — finite — time and resources at Your disposal; and (ii) it uncovers

304 strict partial ordering is an irreflexive and transitive binary relation; the asymmetry is then implied.
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the constructive conservative inference mechanism that underlies doing inferences about
the state of a quantum system, that tends to get hidden by a focus on total orderings.>!

Born’s rule is therefore still recovered, even if we allow for partial orderings to represent
Your preferences in our more general decision problem where the system state is unknown
to You.

10. FORMULATION AND PROOF OF THE MAIN THEOREM

Let’s now prove the main result in this paper, which is, essentially, that the postu-
lates RF1-RF4 guarantee that the shape of the reward functions w; is completely fixed,
as in Eq. (8).

The exact formulation in Theorem 13 below takes some care and preparation, however.
We’ll need to be able to switch freely between various finite-dimensional Hilbert spaces,
which is why we’ll need to consider the set X of all of them.

We’ll use the notation 2", 2/, 2" for elements of X. Every such Hilbert space comes
with its own inner product and its own real linear space of Hermitian operators, and we’ll
always use the same respective notations (¢|s) and # for these, as it will always be clear
from the context which Hilbert space they’re associated with.

In each such finite-dimensional Hilbert space 2~ € X, there are of course infinitely many
ways to associate a reward function w; € (%) with each measurement A € .7, and each
of them corresponds to a so-called reward assignation we: # — L(Z): Arsw 3 for 2.
Recall that we denote by .Z(2") the set of all real-valued maps on the state space 2. We'll
denote by W o~ the set of all such possible reward assignations w, for the Hilbert space 2.

Each of the many ways of doing this for all possible finite-dimensional Hilbert spaces is
captured in a specific map W on the set X that selects a reward assignation W (.2") € W o
for each Hilbert space 2~ € X. We’ll call any such map W: X — W o a reward assignation
system. We’ll use the notation w, for the reward assignation W(.2"), as it will always be
clear from the context what Hilbert space 2~ we’re working in.

The task before us, now, is to show that the postulates RF1-RF4 allow for only one
specific reward assignation system, namely the one specified by Eq. (8). We’ll say that a
reward assignation system W obeys a specific postulate if the statement in the postulate is
true for the reward assignations we = W (") of all the possible instantiations 2~ of all the
various Hilbert spaces mentioned in the postulate.

Theorem 13

There’s a unique reward assignation system U that obeys Postulates RF1-RF4. For all
Hilbert spaces 2 € X and all corresponding A € H, its corresponding reward func-
tionuy : Z — Ris given by

v)) = (ylAly) forall |y) € Z. 41)

g (

We want to stress here that Eq. (41) determines the reward assignation system U fully: for
any Hilbert space .2, it specifies the values u; of the reward assignation ue = U(Z") in
all Hermitian operators A € 7 on 2 .

In our proof for this result further on, we’ll rely heavily on the additivity property of the
uncertain rewards for commuting measurements. Before we can formulate this property in
Proposition 15 and prove it as a special consequence of Postulate RF3, it’s useful to recall
the following essential property of commuting Hermitian operators.

Proposition 14 ([37, Thm. 2.2])

Two Hermitian operators A,B on a Hilbert space 2  commute, meaning that [A E} =

3lThe analogy with propositional logic is telling: (coherent) partial orderings correspond to deductively
closed sets and the total orderings to maximal deductively closed sets, or complete theories; focussing on complete
theories alone hides the deductive character of propositional logic and it surfaces only when other, non-maximal,
deductively closed sets are considered.



A DECISION-THEORETIC APPROACH TO DEALING WITH UNCERTAINTY IN QUANTUM MECHANICS 43

AB — BA = 0, if and only if there’s some orthonormal basis {|a\),...,|a,)} of 2 such
that each of its elements |a;) is an eigenstate for both operators.

Proposition 15

Consider any reward assignation system W that obeys Postulate RF3, and any two commut-
ing Hermitian operators A, B on a Hilbert space % . Then wis(10)) =wi([9)) +ws(¢))
forall |¢) € .

Proof. Proposition 14 guarantees that there’s some orthogonal basis of states {|a1),.. ., |a,)}
that are eigenstates for both A and B. Let A,..., A, and Ui, .., U, be the (not necessar-
ily distinct) corresponding eigenvalues of A and B respectively, then A = Y{_; A |ax) (|
and B =Y} tklag)( Let Amax == maxj_, [A| = [|A]|co, Mmax =
max}_; || = ||Bll and & := 2(Amax + Hmax) + € with € > 0. Also let A :== A + ke,
A = —ko, ;= e +ka and p = —ka for all k € {1,...,n}. Then, on the one hand,
M=+ A and e =y + ! forall k € {1,...,n}, (42)

while, on the other hand,

A+ e 7 g Ay and A+ ! # A7+ g

M A A and A # M) forall k,£ € {1,...,n} such that k # .

My 7 My and W #

(43)
Let A" ==Y} A/ |ak><ak| and A”' Yi_ ]l”|ak>(ak| and similarly B =y l/.Lk|ak><azk|
and B” == Y7 w!'|ax){ +A"and B=B' +B".
Moreover, Eq. (43) guarantees that the measurements A’ and A” , as well as the measure-
ments B’ and B”, have distinct eigenvalues. Postulate RF3 then ensures that

WAA = WA"/ +WA// and WB = WBI +Wé//- (4’4)

But Eq. (43) also guarantees that the measurements A’ and B, as well as the measure-
ments A” and B”, have distinct eigenvalues, so we can equally well apply RF3 to find
that
Wi = Wa +wy and Wiy g = Wan +wgn. 45)
Finally, Eq. (43) guarantees that the measurements A’ + B’ and A” + B" have distinct ei-
genvalues, and since A + B = (A’ + B') + (A" 4+ B"), we can again use Postulate RF3 to
get
Wirh = Wargg T Wanggr- (46)
But then, summarising,

(46) (45)
Witg = Waryp +WA”+§” = (WA/ +Wl§/) + (WA// +Wéu)

44
=Wy +win)+(wg+wgn) @ wi+ws. O

We’ll also rely on the following consequence of RF2, in a form that doesn’t require the
eigenvalues considered to be different.

Proposition 16

Consider any reward assignation system W that obeys Postulate RF2, any Hermitian oper-
ator A on a Hilbert space 2, and any orthogonal basis of its eigenstates {|a), ..., |a,)}
with corresponding (not necessarily distinct) real eigenvalues Ay, ..., Ay, lmplymg that
A=Y"_ Mlay)(ar|. Also consider a Hilbert space 2> and an Hermitian operator B
on X, with the same eigenvalues Ay, ..., A, and with orthogonal eigenstates |by), . n)
corresponding to these respective eigenvalues Choose any oy € C such that ¥ _ l\ock\ =
1, and consider the states |¢3) = Y[_; O|ax) € Z1 and |¢g) = Y]_; 0|bx) € Z3. Then

wi(102)) = wa([93))-
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Proof. We may assume without loss of generality that there are » € N distinct eigen-
values u; € R with corresponding multiplicities m; € N, so we have for the eigenval-
ues of A that Ay = y for all £ € {My_1+1,...,M} and k € {1,...,r}, My := 0 and
My = Zlgzl my. The eigenspace for A that corresponds to the eigenvalue i is then given
by & == span({|a¢): £ € {My_1 +1,...,M;}}). Correspondingly, we see that the linear
space span({|bg): £ € {My_; +1,...,M}}) is a subspace of the eigenspace .7 for B cor-
responding to the eigenvalue p. The r orthogonal eigenspaces &; span 27, and the r
orthogonal eigenspaces .%; span 2;, by Corollary 2.

For any k € {1,...,r}, choose the complex number f; in such a way that |B;|> =

M,
Zzszk,IH \Oﬂe|2- If By # 0, then let

1 My 1 My
)=o), oulagand |d) == Y oulby).
Bk {=My_1+1 ﬁk (=M_1+1

If B = 0, then let |c;) be any state in & and |dy) any state in .Z. It follows that |cy)
is always a state in & and that |d;) is always a state in ., and also that Yi_,|Bi/* =
Yiolo? =1, 193) = Tiy aular) = Tiy Belex) and |¢g) = Y7y culbe) = Yiy Bild)-
Now apply RF2 [with Ay ~ Uy, 0 ~ Bk, |ax) ~ |cx) and |bg) ~ |di)] to conclude that
wi(l02)) =wp(19))- O

To make the proof of Theorem 13 easier to digest, we’ll split the argument into several
successive propositions that are stepping stones on our way to the main result, and which
allow us to uncover the form of the reward function wy(|y)) in increasingly more general
types of arguments |y) € Z .

In a first step, we manage to fix the value of the reward function in equal-amplitude
superpositions of eigenstates of a measurement operator.

Proposition 17

Consider any reward assignation system W that obeys Postulates RF1-RF3; any Hilbert
space X € X, with corresponding reward assignation we = W (XZ"); and any measure-
ment A € A, with any orthogonal basis of eigenstates {|a1),...,|an)}. Then

" 1 & .
i (Vi) = (Wl i) for all [y} i= = ¥ law), with 1 < m <.
k=1

Proof. Before we start, infer from Lemma 4 that all |y,,) € 2. Also, denote by 4 the
eigenvalue of A corresponding to the eigenstate |ay), for all k € {1,...,n}.

We begin with the simplest case that m = 1, so with |y) = |a;). RF1 then guaran-
tees that, on the one hand, w;(|y1)) = wj;(|a1)) = A1. On the other hand, we infer from
Lemma 6 that 4; = (a1|A|a;) = (y1|A|y1). Hence, indeed, w; (|y1)) = (w1 |A|y).

Next, we turn to the more involved case that 1 < m < n. We denote by 7,,: {1,...,n} —
{1,...,n} the cyclic permutation of the first m indices, defined by

k+1 iftk+1<m
(k) =141 ifk=m forallk € {1,2,...,n}.
k ifm<k<n

Forany ¢ € {0,1,...,m}, we let ﬂ,f, denote the result of applying 7, £ times, so Jrf; satisfies

k+0 ifk+0<m
Tk)=k+l—m ifm<k+l<m+¢ forallke{1,2,...,n}.
k ifm<k<n

Also observe that
(mt) ' =n" " forall £ € {0,1,2,...,m}. (47)
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Using these permutations, we can now construct m Hermitian operators A, € . as follows
[see Proposition 1]:

Ay= Z Aklags o )aze il for £ € {0,....m—1},
k=1

is the Hermitian operator with eigenstates |a )> corresponding to the respective real
eigenvalues M forke{l1,...,n}. Touse Proposrtron 16, with 27~ 2, 25~ X, A~ A,
B~ Agand |¢;) ~ |l[/m> forallﬁe{O,l,..., — 1}, we define

108) = 102,) = Z\aﬂr Z = |y forall £ € {0,1,...,m— 1},

and then Proposition 16 implies that
wall¥m)) = wi(192)) = wp(

and therefore also that

3)) = wy, (|Wm)) forall £ € {0,1,...,m— 1},

m—1

Y wa, (lym)) = mwg(
(=0

Furthermore, because we infer from Proposition 1 that the elements of the orthonormal

))- (48)

basis {|ai),...,|a,)} are the eigenstates for each of the Hermitian operators Ao, Ay, ...,
Ap_1, we 1nfer from Proposition 14 that these operators commute: [A,,A ]=0forallr,s €
{0,1,...,m—1}. But then clearly also [A,,Z Ak] =0forall r e {1,.. —1}. Suc-

cessively applying Proposition 15 m — 1 times, and letting C := Yo lAg, we then find for
the left-hand side of Eq. (48) that

m—1
Y wa, (W) = we(lym))- (49)
=0
Moreover, we recall from the definition of Ao, e Am,l that
. mflA m—1 n (47)
C == Aé’ == Z)&k|anlé’ Z Z)u m— [ ‘ar ar| - Z Z}Ln’tn |ar Clr|
(=0 (=0 k=1 s=1r=
m m m
=Y Y Ay lar) ar|—|—Z Z/t,,v Jlar) (a| _Z(Zzp)m, ar|+Z (mA)|ar) (ay.
r=1s=1 r=m+1s= r=m+1

This, together with Proposition 1, tells us that the Hermitian operator € has the same eigen-
value )" | A corresponding to each of the eigenstates |ay) for k € {1,2,...,m}. There-
fore, the linear combination |y,,) = ﬁ Y lax) of these m eigenstates will also be an

eigenstate of € with this same eigenvalue Y7 | A,. RF1 then guarantees that we(|y,)) =
Y7, A, so Egs. (48) and (49) then yield that w; (|w;,)) = %Z;”:l Ay. Since, on the other
hand, Lemma 6 guarantees that (i, |A|w,) = Y1, L2, we're done. O

In a second step, we succeed in fixing the value of the reward function in real linear
combinations Y}_; o|ax) of the eigenstates |a;) of a measurement operator A, provided
that the squares Ot,f of their real amplitudes ¢y are rational.

Proposition 18

Consider any reward assignation system W that obeys Postulates RF1-RF3, any n-dimen-
sional Hilbert space & € X with corresponding reward assignation we := W (Z") and any
measurement A € S with any orthogonal basis of eigenstates {|a),...,|a,)}. Then

wi(1Wm)) = (WnlAl W) for all |y) ==Y /arlax),
k=1

m
withl <m<nandq,...,qn € Q=g such that qu: 1.
k=1
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Proof. Before we start, infer from Lemma 4 that all |y,) € 2. Due to Proposition 1, we
know that A = Y}, An|ax)(ax|, with A the eigenvalue corresponding to eigenstate |ay,).
First, since qy,...,q, are positive rational numbers, there are natural numbers r and
D1, ..., Pm such that py = gir for all k € {1,...,m}. Since Y'7" | gx = 1, we also have that
Y/ px = r, and then clearly |y,,) = %ZZ‘ZI /Prlax). We'll also consider an arbitrary

r-dimensional Hilbert space, which we denote by 2.

Define the Hermitian operator B := A® [ = Y!_, A|ax){ax| ® [ on the tensor product
space 2" ® 2. For the remainder of the argument, we’ll now consider an arbitrary but
fixed |¢) € 2. Then |a;) @|¢) is an eigenstate of B = A ® I with corresponding eigen-
value 4, and all these n eigenstates |a) ® |@) are mutually orthogonal.

We now want to make use of Proposition 16, with 27 = 2", 2> = 2 ® 2", A~ A,
B~ B, |93) ~> |Wn). We then also let [@g) ~ |y) @ |¢) = %Z}?:] VPrlax) ®|¢). Since
each |a;) ® |¢) is an eigenstate of B corresponding to the eigenvalue A, it follows from
Proposition 16 that

willym)) = wa(|Wm) ©19))- (50)
Now, use Lemma 5 to construct from the chosen and fixed |¢) € 2"/, forany k € {1,...,m},
the pj mutually orthogonal states |¢f), ..., |9} ) € 2 such that [¢) = \/% Y7 | |oF) [which

is possible since 0 < px < r]. Due to the bi-linearity of the tensor product, we then find
that

) ® ) = (1 y \/maw) ® (1 Zk¢é‘>) = LS S ) elel. 6
=1 Pk = Fi=1i=1

This is now an equal-amplitude superposition of the r = Y}' | py mutually orthogonal ei-
genstates |a;) @ |¢f) of B with corresponding eigenvalue Ay, where £ € {1,...,p;} fork €
{1,...,m}. Forall k € {1,2,...,n}, we define the one-dimensional linear subspaces ¥ :=
span({|ax)}). For any fixed k € {1,2,...,m}, we can use the Gram—Schmidt procedure
to extend the orthonormal collection |ax) ® |¢f), |ax) ® |9%),...,|ac) @ |9k ) — with p;
elements — to an orthonormal basis % for ¥ ® 2"’ — with r elements. Similarly, for
any k € {m+1,...,n}, we define an orthonormal basis % for ¥, ® 2~ — with r ele-
ments. As the direct sum of these orthogonal linear subspaces ¥, ® 2" is the complete
Hilbert space 2" ® 2", the union of the bases |J;_; % is a basis of eigenstates for the
Hilbert space 2" ® 2" that contains all the orthogonal eigenstates |ay) @ I(Pf) in Eq. (51).
Since |y,) ® |¢) = %ka:, Y7k | lax) ® |9F), we're therefore in a position to apply Pro-
position 17 and find that

wa(|¥m) @19)) = (Wil @ (S )B(1Win) @19)) = (Yl @ (9NA@1(1yi) @ 9))
(Wl A1) (1110} = (Wil Al i) (0]9)
(Winl A Yr).

This, combined with Eq. (50), shows that w;(

Vi) = (WA W), s0 we're done. O

In the next and penultimate step, we move from amplitudes that are the square roots of
rationals to all non-negative real amplitudes.

Proposition 19

Consider any reward assignation system W that obeys Postulates RF1-RF4, any Hilbert
space X € X with corresponding reward assignation we = W(Z"), and any measure-
ment A € A with any orthogonal basis of eigenstates {|a1),...,|a)}. Then

willw)) = (yIAlw) for all |y) =Y axlax) € Z,
k=1

n
with ay,...,0, € R>y and Zalzz 1.
k=1
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Proof. We'll denote by A the eigenvalue of A corresponding to the eigenstate |ag), for
all k € {1,...,n}. Since Q is dense in R, there are n sequences ,,qx € Q, k € {1,...,n}
such that for all m € N: (i) YF_, gk = 15 (ii) ,,qx > 0 for all k € {1,...,n}; and (iii)
limy,—y oo,y Gk = (x,? for all k € {1,...,n}. We define a sequence of states as follows: let
|Win) = Y41 \/marlax) for allm € N. Then lim,,— o | W) = |W), because it follows from
our assumptions that lim,, ;«/,,qx = 0% for all k € {1,...,n}. Now invoke RF4 to find
that, on the one hand,

n

V)= lim wi(|ym)) ZmLif}rlmWA<Z \/m61k|ak>> = lim ZmCIMk Zaklk,
i=1 k=1

m——+oo mHer

wi(

where for the third equality, we used Proposition 18 and Lemma 6. On the other hand, we
also infer from Lemma 6 that (y|A|y) = Y2, [ow|* A = X}, Ak, so we're done. [

With all these stepping stones in place, it’s now fairly straightforward to prove the ex-
istence and uniqueness Theorem 13.

Proof of Theorem 13. We begin with the existence part: it’s enough to show that the reward
assignation system U obeys all four postulates RF1-RF4.

DTI. Fix any Hilbert space .2 and any Hermitian operator A on 2. If |a) is an eigen-
state associated with an eigenvalue A of A, then, indeed, uz(|a)) = (a|A|a) = (a|Aa) =
Alala)=A.

DT2. Fix any two Hilbert spaces 27 and 2>, and consider the Hermitian operatorA =
Yo )Lkﬁgk on £, with (distinct) real eigenvalues Ay, ..., A, corresponding to the respect-
ive mutually orthogonal eigenspaces &7, ..., &, that span 2. Similarly, consider the Her-
mitian operator B == Y;_, lklsgzk on 25, with the same (distinct) eigenvalues Ay, ...,A,,
corresponding to the respective mutually orthogonal eigenspaces .%1, .. .,.%, that span 2.
Fix any states |a;) € & and |b;) € F, and any o4 € C such that Y;_,|o|? = 1. Con-
sider the states [¢;) = Y;_; ox|ax) € 21 and |¢y) = ):k | O%|bx) € Z>. Then it follows
from Lemma 6 that 15 (16:)) = (841410;) = Th_y o[> A4, and similarly, that uz(|95)) =
(951B193) = Li_1|0x[*Ax. Hence, indeed, uz(1¢;)) = uz(|95)).

DT3. Fix any Hilbert space .2, then we find for any two Hermitian operators A and B
on Z [regardless of whether they have the same eigenspaces or not] that

i 5(10)) = (91(A+B)[o) = (91A]9) +(9|B9) = uz(19)) +uz(19)).

DT4. Fix any Hilbert space 2" and any Hermitian operator A on .2". The argument is a
standard one, but we include it here for the sake of completeness. Consider any sequence
of states |¢,) with |¢) = limy,_, 1 |@y), Or in other words, |||¢) — |¢,)| — 0. If we also
consider the sequence of kets |y;,) := A|@,), then

1A19) = [w) || = 1A]9) — Alga) || = [|A(I9) — |¢n>)H ||A||op 119) =19 =0, (52)
s0 A|@,) — A|¢): any Hermitian operator is continuous. Moreover,
uz(19)) = uz (19a))] = (91A10) — (9l A|¢n)]
=[(#1A19) — (#1A19n) + (@[A]9n) — (9] A|¢n)]
L 1(61A16) — (01A10,) + (6:/A10)" — (9nlA[0,)"]
< [(@1A19) — (9A[@n)] +[(9nlA[@) — ($ulA|gn)]
[(@A(19) —19a))] + (8 A(I9) — [0))]
<2JlA(9) — o) S0,

where the second inequality follows from the Cauchy—Schwartz inequality and the fact
that |||¢)|| = |||¢n)|| = 1. This latest result can also be seen as a direct consequence of the
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continuity of the inner product in the topology generated by the associated norm. Hence,
indeed u;(|9)) = lim, oo tt5(|Pn)).

We can now move to the unicity part. Consider any reward assignation system W and
assume that it satisfies postulates RF1-RF4, then we’re going to show that then necessar-
ily W = U. To do this, we’re going to consider any Hilbert space 2" and any Hermitian
operator A on 4, and prove that w A= Ui where, of course, we = W(% )

By Proposition 1, we know that there’s an orthonormal basis for 2~ that consists of
eigenstates |ay),...,|a,) of A. If we denote by A; the eigenvalue of A that corresponds
with the eigenstate |ay), for k € {1,...,n}, then A = ¥7_, Ai|ax) (ax|-

Fix any state |w) € 2. Since {|aj),...,|a,)} is an orthonormal basis for 2", we know
from Lemma 4 that there are complex numbers o, ..., 0, such that }7_, \Ock|2 =1 and
lw) =Y} oklag). Forallk € {1,2,...,n}, let By := |oy| € R>g and 6, = argoy, € [0,27).
Then oy = Bre® and |¢y) == ¢'%|ay) is then obviously also an eigenstate of A with eigen-
value A;. It’s immediate that the |@;),...,|¢,) also constitute an orthonormal basis for .2~
and that

v) = Y oular) = Y Be®la) = Y Below) with Y BZ = 1.
k=1 k=1 k=1 k=1

V). U

w)) = (wlA|w) = us(

11. CONCLUSION

We then infer from Proposition 19 that, indeed, w A(

We’ve formulated the problem of uncertainty in a quantum mechanical system as a
decision problem between acts that are measurements You can perform on the system.
We’ve tried to address this decision problem under uncertainty using a number of postulates
that fix the form of the reward function u; associated with each act (or measurement) A as
ui = (olAf).

The upshot of this is that Born’s rule turns out to be already incorporated in the re-
ward or the utility aspect of the decision problem and is thereby to some extent freed from
its purely probabilistic connotations: we can, in a de Finetti-like approach, separate the
utilities and the probabilities, and mathematically express Your preferences as coherent
preference orderings on the uncertain rewards, or equivalently, on the measurements. Such
coherent preference orderings, as we have seen, can be represented using coherent lower
previsions on the real Hilbert space of all measurements. Coherent lower previsions can
also be represented mathematically by closed convex sets of density operators; only in spe-
cial cases do these sets reduce to single density operators and to the standard probabilistic
models used in quantum mechanics. In this sense, the decision problem is primary and
probabilities are derivative.

To try and drive home this point, let’s backtrack a bit and look at general decision
problems and the role that coherent previsions play there, as described in Section 3.2.
Generally speaking, any coherent prevision on the real linear space ¥ (Q) of all bounded
real-valued functions on a state space Q can always be seen as an expectation operator E
with respect to a (finitely additive) probability measure on that space: the restrictions of
the coherent prevision to the indicator functions associated with the subsets of the state
space; see for instance Refs. [2, 46, 50]. This is the way that such probability measures
can be made to help in characterising preferences, as is made clear in Eq. (7). But in this
characterisation of preferences, the role of probabilities is — to repeat what we said above
— merely derivative.

This derivative character of probabilities becomes all the more apparent in the more spe-
cific present context, where the coherent previsions are defined on the real linear space 7
of all measurements A, or equivalently, on the real linear space % of all bounded real-
valued uncertain rewards u4; on the state space % . This 7% is only a linear subspace of the
linear space ¢ (Z") of all bounded real-valued maps on 2 : the uncertain rewards u 4 are
‘quadratic’ functions of the system state and can in no way be associated with indicators
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of subsets of the state space Z, as % contains no indicator functions. The coherence
conditions make sure that there are probability measures on the state space 2~ such that
a given coherent prevision A on J# coincides on the quadratic functions in % with the
expectation operator associated with that probability measure, but these probability meas-
ures are in no way necessary to deal with the decision problem: the coherent prevision A
on J¢ suffices and the role of probabilities is, it bears repeating, derivative. Due to the
nature of quantum-mechanical decision problems, probabilities have no foundational part
in their treatment — unless a confusing one — but coherent (lower) previsions on the real
Hilbert space of all measurements, and equivalently, (sets of) density operators, do. On this
view, probabilities are mere artefacts that turn out to appear and be useful in some decision
problems, but not in others.

Incidentally, some of the stranger problems associated with using classical probabilities
in quantum mechanics, such as the violation of Bell’s inequalities, or their incompatibil-
ity with the Tsirelson bound, can be simply explained (away) by taking into account the
consequences of the geometry of the Hilbert space of measurements, as is elaborately dis-
cussed and argued in Ref. [31, Secs. 2.6 and 3.4]. It turns out that we’ve been doing this
here by considering specific price functionals — coherent (lower) previsions — on this
Hilbert space. Working with coherent (lower) previsions on measurements, rather than
classical probabilities on the state space, also fits in perfectly with the geometric focus in
the work of de Finetti [14] and Fisher [29] and solves the above-mentioned problems. It
seems to us one of the simplest ways of justifying, and working with, ‘quantum probabil-
ities’.

Finally, we want to point out that when we use coherent sets of desirable measure-
ments to express Your uncertainty, we’re essentially relying on the Heisenberg picture of
quantum mechanics. And, since density operators are mixed quantum states, we see that
sets of density operators fit well within the Schrodinger picture. The (almost-)equivalence
between working with sets of measurements on the one hand in Section 4.2, and working
with sets of density operators on the other in Sections 5 and 6, allows us to recover the well-
known duality between the Heisenberg and Schrédinger pictures in our decision-theoretic
approach as well.

Our argumentation also enables us to get rid of the totality requirement on Your prefer-
ence ordering whenever You’re uncertain about the state of the quantum system. It there-
fore allows for a more general treatment of quantum-mechanical uncertainty, that still gets
back to Born’s rule under the right (and usual) circumstances; a treatment of uncertainty
that fits in perfectly with the more recent developments in the field of imprecise probabilit-
ies, that allows us to deal with partial probability assessments and that looks at probabilistic
inference as a special case of conservative (deductive) inference. To put it very succinctly,
on our way of looking at it in this paper, quantum mechanics doesn’t enforce a probability
model for the uncertainty, as all the peculiar quantum mechanical aspects of the associated
decision problem are captured in the reward functions and Your preference orderings can
therefore be allowed to be only partial. This leaves us with a lot of freedom to accommod-
ate for other uncertainty models than precise probability models, which could (but needn’t)
be seen as partial and less perfect approximations to these precise models.

We’ve already taken the opportunity to point out reasons why such more general mod-
els can be useful: they can be more realistic for a You with limited time, resources and
information, and who therefore can’t be expected to come up with a total ordering of the
infinity of acts associated with the decision problem; and the conservative inference mech-
anism associated with them allows You to mathematically draw all the inferences that can
be drawn from the preferences You’ve actually expressed; see, for instance, the various
instalments of our qubit running example.
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But, there are, next to these more fundamental reasons for using more general models,
also practical ones. Letting go of precision (or totality, or completeness) can make a prob-
lem that is computationally too complex or expensive more manageable. One interesting
case in point is lumping, where a reduction of the dimension of the state space reduces the
computational complexity of making inferences about a quantum system, but introduces
imprecision. Working with imprecise probability models and techniques will then allow
us to turn a computationally hard problem into a more manageable one, at the cost of our
only being able to find conservative bounds on quantities of interest whose exact calcula-
tion is too expensive. In this way, our discussion here provides the foundation for practical
applications in quantum mechanical inference and for importing into quantum mechanics
ideas that have proved useful in classical dynamical systems theory, such as for instance,
lumping in Markov chains [25-27]. Before an attempt can be made at using our approach
for solving such problems, we must be able to import the essentially static considerations
in this paper into a dynamical context, where the quantum state of a system evolves in time.
This is the subject of our current research.

There are a number of issues and questions that remain, and which we feel to be worthy
of attention. First, it might be argued that our approach still isn’t general enough, in that
we still, in our decision-theoretic background assumption DTB1, assume the existence of
a reward function uy, which in effect still imposes a total strict ordering on measurements
when the system is in a known state |¥) = | ), because then A > B < u; (|y)) > uz(|y)).
Would it be possible to let go of even this a priori assumption and to then try and recover
it a posteriori on the basis of other decision-theoretic assumptions, in the spirit of our pos-
tulates RF1-RF4? A second question is whether similar conclusions to ours, and similar
justifications for using imprecise probabilities in quantum mechanics can be reached when
working, as Savage (and Wallace) did, in a decision-theoretic context where the utilities
aren’t supposed to exist as extraneous to the decision problem, but have to be constructed
from the (partial) preference relation on acts.

To conclude, we’ve already pointed out on several occasions that our work here can
be used to provide a decision-theoretic foundation to ideas about introducing imprecise
probability models (desirable gambles, lower and upper previsions, sets of density op-
erators) in quantum mechanics, as first proposed by Benavoli, Facchini and Zaffalon in
Ref. [7]. As pointed out in a number of relevant places in Sections 4 to 6, we recover a
number of their results, even if our interpretation of them may differ. They have developed
their ideas further in a different direction in Ref. [6], where they provide an alternative
way of thinking about, and justifying, imprecise probability models in quantum mechan-
ics. In contrast to what we do here, they don’t follow the practice, standard in quantum
mechanics, of using the tensor product space ®}' ; 2 of the particle state spaces 2 to
represent the system state. Instead, they essentially use only a subset of this space, namely
the Cartesian product X}’ ; 2. On this alternative but smaller set of quantum states of the
typex:=(|¢1),...,|0m)) € X}, Z they consider all quadratic gambles, which are defined
as functions of the form

91),-- 0m)) = (31 (k) A (L1 16x)),

also symbolically written as g4 (x) = x"Ax, corresponding to the Hermitian operators A
on ®}' | Zk. They then introduce a concept of algorithmic rationality that leads to coher-
ence axioms and a framework of desirability that closely resembles ours in spirit, but is
rather different in the mathematical details. Their gambles g; correspond to our reward
functions, but essentially restricted to the smaller Cartesian product; it’s easy to see that
there’s a one-to-one correspondence between them, as they’re both isomorphic to the space
of Hermitian operators.*> They furthermore take the quadratic shape of their gambles as a

84(

32When there’s only one particle, the state space will be identical in both frameworks.
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given, whereas we derive it from a set of postulates. We therefore feel justified in claiming
that our approach here is rather different and deserving of separate consideration.
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