Sublinear Expectations ...

For a domain D C R€ which includes all constant
functions, a sublinear/ expectation on D is a
functional £/ : © — R that is constant
preserving, isotone and ...

Such a sublinear expectation E is said to be
downward continuous on S C D if

lim E(f,) = E(f) forall 8" > (f)uen \ f €S

N—>+00

and upward continuous on S C 9D if

lim E(f,) = E(f) forall 8" > (f)uen /" f € S.

n—+0o

straightforward modification
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... sublinear, meaning that

E(af +g) < aE(f) +E(g)

forall f,ee Danda e Ryywithaf +g € D.

, meaning that

E(af+g)=aE(f)+E(g)

forall f,eeDanda e Rwithaf+geD.

Suppose D C L(L) is a linear lattice.

E is downward (& then upward) continuous
on D iff every dominated linear expectation in

E- = {E € E(D): (Vf D) E(f) <E(f)}

is downward continuous.

Theorem e,

The sublinear expectation E7 extends E,
Is downward continuous on Ds; N L(£) and
upward continuous on M; (D).

On M, (D), this extension is unique.

E is downward (& then upward) continuous
on D iff there is a unique probability mea-
sure P on o(9) such that

E(f):/fdPE for all f e D.

Let M(D) = My(D) U M"(D) be the set of
o (D)-measurable variables f € R that are
bounded below/above and let

E7: M(D) = R: fl—)Sllp{/fdPEi E € EE}'

... for Countable-State Uncertain Processes

Let & denote the countable state space. The possibility space @ is some set of paths w: R.; — 2, and the domain O are the finitary bounded variables:

D = {g(th, .

sublinear expectation E, on £(X)

semigroup (T,: £(X) — L(X)),_, of ‘sublinear

transition operators’:

teRsg

(i) T,[e] (x) is a sublinear expectation

(ii)io =

(iii) Tysr = Ty o T,

A semigroup (T;) of sublinear transition oper-

ators ...

t€R>0

... has uniformly bounded rate if

1 _
lim Sup—sup{Tt[l —0.](x): x € Sl"} < 400,

1\0 [

or & equivalently, limsup, 2| T, — I|| < +oo (.

.. 1s uniformly continuous if

lim||T, = IJ| = 0.
1N\0

For some ‘bounded sublinear rate operator’

Q: L(X) = LX),

_ _ f_\7
T, =Y = lim (I -+ —Q) forall t € Rs;
n

n—-+oo

whenever this is the case,

d — T,-T
—T, = lim f

= QT, forall € R.,.

;sublinear process E on D?

isublinear Markov process!

Q = cdlg(XH>) ¢ IR

E, is downward continuous
- &
T;[®](x) is downward continuous
&

(T'),cg., has uniformly bounded rate

E is downward continuous on O
M(D) is sufficiently rich

sublinear Poisson process

Fix some rate interval [, 1] ¢ R, and take

L =250, Eo(g)=g(0) & (T)),p., = ("),
where L: L(X) —» £L(Z) maps g € L(Z) to

>R x> max{ﬂ(g(x +1) —g(x)): A€ [/_l,/_l]}.

LX) neNH <--- <tneR20,g€L(5X”)} with X;: Q > X w — w(t).

Theorem

There is a unique sublinear expectation E on D
such that

() E(g(Xo)) = Eo(g) forall g € £L(Z) and
(i)forall s; < --- < s, <t€Rspand g € L(I),

E(g(Xs. . X5, X)) = E(h(X;, .., X))

Q = LR

E, is downward continuous
- &
T;[e](x) is downward continuous

E is downward continuous on 9

M(D) is not sufficiently rich

Cool, on My(D) thereisa ...... 'suf-
ficiently continuous’ extension of the
downward continuous sublinear expec-
tation E on D!
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