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Uncertain processes

We consider a system whose uncertain state  

takes values in the state space  and 

changes over time . 

Let us focus on finite-state discrete-time uncertain processes, so with 

 finite and .

Xt

𝒳

t ∈ 𝕋

𝒳 𝕋 = ℕ = {1,2,3…}
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Homogeneous Markov chain
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set of initial p.m.f.s 𝔭□  a set of transition p.m.f.s (∀x ∈ 𝒳) 𝔭x
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p□ → �̂�□

px, py, … → �̂� ̂x
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EHM( f ) = sup
P∈𝒫HM

EP( f )

consider a (measurable) variable f : 𝒳ℕ → ℝ

finitary variables  
 

g(X1:n)

non-finitary variables  
 

τG : 𝒳ℕ → ℝ≥0 ∪ {+∞}: (xn)n∈ℕ ↦ inf{n ∈ ℕ : xn ∈ G}
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36

 and  finite and  finitary𝔭□ 𝔭x f

Compute ?EM( f )

otherwise

✅
enumeration


+

recursion

🤔
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f = g(X1:n)

Inference for 𝒫
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Compute ?E( f )

computing  requires 
1 evaluation of  

 evaluations of 

E( f )
E𝔭□

𝒪( |𝒳 |n−1 ) E𝔭∙
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g(Xn) finite horizon reward 
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∑
k=1

rk(Xk)finite time average 
1
n

n

∑
k=1

g(Xk)

 for the time-bounded until event 𝕀{S𝒰≤nG} {S𝒰≤nG} = {k ≤ n, Xk ∈ G and X1, …, Xk−1 ∈ S}
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f = lim
n→+∞
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⚠
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h1, h2, … ≥ 0
⇓

E( f ) = EM( f ) = EHM( f )
👩🎓

⚙
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Continuous-time imprecise Markov chains

px1:n
: 𝒳 → [0,1] : y ↦ P(Xn+1 = y ∣ X1 = x1, …, Xn = xn)

qt1:n
x1:n

: 𝒳 → ℝ : y ↦
∂+

∂Δ
P(Xtn+Δ = y ∣ Xt1 = x1, …, Xtn = xn)

Δ=0

 is compatible if  and P p□ ∈ 𝔭□ (∀n ∈ ℕ, t1:n ∈ ℝn
≥0, x1:n ∈ 𝒳n) qt1:n

x1:n
∈ 𝔮xn

  
set of compatible 

homogeneous Markov chains

𝒫HM   
set of compatible 

(inhomogeneous) Markov chains

𝒫M   
set of compatible 

precise uncertainty models

𝒫
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Limit distributions

43

E∞( f ) = lim
n→+∞

E( f(Xn) |X1 = x)

EM
∞( f ) = lim

n→+∞
EM( f(Xn) |X1 = x)

EHM
∞ ( f ) = lim

n→+∞
EHM( f(Xn) |X1 = x)

=
≥

Ergodicity

π∞(y) = lim
n→+∞

P(Xn = y |X1 = x)

E∞( f ) = ∑
y∈𝒳

π∞(y)f(y)



Limit distributions
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E∞( f ) = lim
n→+∞

E( f(Xn) |X1 = x)

EM
∞( f ) = lim

n→+∞
EM( f(Xn) |X1 = x)

EHM
∞ ( f ) = lim

n→+∞
EHM( f(Xn) |X1 = x)

=
≥

Ergodicity Weak ergodicity

Eav,∞( f ) = lim
n→+∞

E( 1
n

n

∑
i=1

f(Xi) X1 = x)

EM
av,∞( f ) = lim

n→+∞
EM( 1

n

n

∑
i=1

f(Xi) X1 = x)

EHM
av,∞( f ) = lim

n→+∞
EHM( 1

n

n

∑
i=1

f(Xi) X1 = x)
=

=

≥

≥

=



Pointwise ergodic theorem

45

E∞( f ) ≤ Eav,∞( f ) ≤ lim inf
n→+∞

1
n

n

∑
i=1

f(Xi) ≤ lim sup
n→+∞

1
n

n

∑
i=1

f(Xi) ≤ Eav,∞( f ) ≤ E∞( f )

lim
n→+∞

1
n

n

∑
i=1

f(Xi) = E∞( f ) = ∑
x∈𝒳

π∞(x)f(x) almost surely (with probability one)

For all three types of imprecise Markov chains:

almost surely (with lower probability one)
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