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Uncertain processes

We consider a system whose uncertain state X,
takes values in the state space Z and

changes over time 1 € 1.

Let us focus on finite-state discrete-time uncertain processes, so with

A finteand T=N={1,2,3...}.
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Precise uncertainty model
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mprecise Markov chain

homogeneous Markov chain P is compatible if p— € p—and (Vx € X) p, € b,
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imprecise Markov chains

P is compatible if p5 € ppand (Vn € N,x,,, € L") p, € p,
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t=0

Susceptible
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¢ Recovered

/ R
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https://je-suis-tm.github.io/graph-theory/epidemic-outbreak/
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nference for iImprecise Markov chains

consider a variable f: I~ - R

finitary variables non-finitary variables

g2(X;.,) o0 AN = RyU {+0}: (x,),en — inf{n €N: x, € G}
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Compute E(f)?

computing E(f) requires
* 1 evaluation of Ep

*O(| X |”_1) evaluations of Ep.




f has a sum-product decomposition if

f=81(X) + gy (X)) -

n k—1
- 8, (X )h, (X, ) (X)) = ) g X) | X))
k=1 =1
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f has a sum-product decomposition if

n k—1
= 81X + &X)h (X)) + -+ + g,(X)h,_(X,_1)---h (X)) = Z gk(Xk)th(Xf)
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Inference for &

Compute E(f)?

computing E(f) requires computing E(f) requires
+ 1 evaluation of E), + 1 evaluation of E,

*0(| 2" !) evaluations of E, * (n— 1)| 2| evaluations of E,,
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Inference for &

Compute E(f)?

computing E(f) requires
* 1 evaluation of Ep

*O(| X \”_1) evaluations of Ep.




n——+0oo n—+00

n k—1 | n k—1
f=lim ) gXp|]rx, =  E(f)= lim E( D gk(Xk)th(XLp))
k=1 =1 k=1 =1



o n——+oo

n . N a k=1
f= lim Z gk(Xk)th(Xf) =  E(f)= lIm E ( Z gk(Xk)th(Xf))
k=1 £=1 = -
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n—-+0oo B=7rE8

. r—1 A B B n k—1
f= lim Z gk(Xk)th(Xg) = E(f)= lm E ( Z gk(Xk)th(Xf)>
k=1 £=1 k=1 £=1
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Continuous-time imprecise Markov chains

pxl:n: Q%‘ — [O,l] : ; ‘ Xl o xl’ © e X — xn)
L. a_l_
q.": X — R: yHa—AP(XHA—y\Xt =X, .. X, = X)
A=0

P is compatible if p5 € pqand (Vr €N, 1, € R, x),, € L") %222 € q,
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L ImiIt distributions

Ergodicity

E.(f) = lim E(f(X,)|X; = x)

n—-+0o00

EN(f) = lim EM(f(X,)|X, = x)

n—-+o0

AV

EMM(f) = lim E™M(f(X,)| X, = x)

n—-+o0

Teo(y) =™

) w

yed

. P LY _

X)

L o) ™S
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L ImiIt distributions

Ergodicity Weak ergodicity

n——+00 n— 100

_ _ _ 1Y

E.(f)= lim BAX)|X,=x) > E,.(f)= lim E(;Z x| X, =x>
=1

1 1

AV

EM(f) = lim EM(f(X,)|X, =x) Eyo(f) = lim FM(lZﬂXz‘) A ”)
& =1

n——+oo n—+00

IV |

EQN() = lim E™MAX) X =x) = EW()= lim EM( 2 5 | X, = )
n =1

n—=+o0 n—-+0oo




Pointwise ergodic theorem

lim — ) i) =E_(f) = 2 r (x)f(x) almost surely (with probability one)
x€X

For all three types of imprecise Markov chains:

E () < E,, (f) <lim inf — Zf(X) < lim sup— Zf(X) < By oolf) S Ee(f)

almost surely (with lower probability one)
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