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Abstract

The Poisson process is the most elementary
continuous-time stochastic process that models a
stream of repeating events. It is uniquely character-
ised by a single parameter called the rate. Instead of a
single value for this rate, we here consider a rate inter-
val and let it characterise two nested sets of stochastic
processes. We call these two sets of stochastic process
imprecise Poisson processes, explain why this is jus-
tified, and study the corresponding lower and upper
(conditional) expectations. Besides a general theoret-
ical framework, we also provide practical methods to
compute lower and upper (conditional) expectations
of functions that depend on the number of events at a
single point in time.

Keywords: Poisson process, counting process,
continuous-time Markov chain, imprecision

1. Introduction

The Poisson process is arguably one of the most basic
stochastic processes. At the core of this model is our sub-
ject, who is interested in something specific that occurs
repeatedly over time, where time is assumed to be continu-
ous. For instance, our subject could be interested in the
arrival of a customer to a queue, to give an example from
queueing theory. For the sake of brevity, we will call such a
specific occurrence a Poisson-event," whence our subject is
interested in a stream of Poisson-events. The time instants
at which subsequent Poisson-events occur are uncertain to
our subject, hence the need for a probabilistic model. This
set-up is not exclusive to queueing theory; it is also used
in renewal theory and reliability theory, to name but a few
applications.

There is a plethora of alternative but essentially equi-
valent characterisations of this Poisson process. Some of
the more well-known and basic characterisations are as the
limit of the Bernoulli process [4, Chapter VI, Sections 5
and 6] or as a sequence of mutually independent and expo-
nentially distributed inter-event times [5, Chapter 5, Sec-
tion 3.A]. An alternative way to look at the Poisson process

1. We use the term “Poisson-event” rather than just “event” to avoid
confusion with the standard usage of event in probability theory,
where event refers to a subset of the sample space; we are indebted
to an anonymous reviewer for pointing out this potential confusion,
and to Gert de Cooman for suggesting the adopted terminology.
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is as a random dispersion of points in some general space—
that need not be the real number line—see for instance [1,
Sections 2.1 and 2.2] or [7, Chapter 2]. More theoretically
involved characterisations that follow our set-up are (i) as
a counting process—a type of continuous-time stochastic
process—that has independent and stationary increments
that are Poisson distributed, see for example [11, Defini-
tion 2.1.1] or [12, Section 3]; (ii) as a counting process with
a condition on the “rate”—the rate of change of the probab-
ility of having a Poisson-event in a vanishingly small time
period—see for instance [4, Chapter XVII, Section 2] or
[11, Definition 2.1.2]; (iii) as a stationary counting process
that has no after-effects—see for instance [4, Chapter X VII,
Section 2] or [6, Section 1]; (iv) as a martingale through
the Watanabe characterisation [14, Theorem 2.3]; or (v)
as a pure-birth chain—a type of continuous-time Markov
chain—with one birth rate, see for instance [9, Section 2.4].
Many of these characterisations are actually equivalent, see
for instance [9, Theorem 2.4.3] or [11, Theorem 2.1.1].
Broadly speaking, these characterisations all make the
same three assumptions: (i) orderliness, in the sense that
the probability that two or more Poisson-events occur at
the same time is zero; (ii) independence, more specific-
ally the absence of after-effects or Markovianity; and (iii)
homogeneity. It is essentially well-known that these three
assumptions imply the existence of a parameter called the
rate, and that this rate uniquely characterises the Poisson
process. We here weaken the three aforementioned assump-
tions. First and foremost, we get rid of the implicit assump-
tion that our subject’s beliefs can be accurately modelled
by a single stochastic process; instead, we assume that her
beliefs only allow us to consider a set of stochastic pro-
cesses. Specifically, we consider a rate interval instead of
a precise value for the rate, and examine two distinct sets:
(1) the set of all Poisson processes whose rate belongs to
this rate interval; and (ii) the set of all processes that are
orderly and “consistent” with the rate interval. We then
define lower and upper conditional expectations as the in-
fimum and supremum of the conditional expectations with
respect to the stochastic processes in these respective sets.
Aside from this general theoretical framework, we focus
on computing the lower and upper expectation of functions
that depend on the number of occurred Poisson-events at a
single future time point. For the set of Poisson processes,
we show that this requires the solution of a one-parameter



FIRST STEPS TOWARDS AN IMPRECISE POISSON PROCESS

optimisation problem; for the second set, we show that this
can be computed using backwards recursion. Furthermore,
we argue that both sets can be justifiably called imprecise
Poisson processes: imprecise because their lower and upper
expectations are not equal, and Poisson because their lower
and upper expectations satisfy imprecise versions of the
defining properties of the (precise) Poisson process. The
interested reader can find proofs for all our results in the
Appendix.

Our approach is heavily inspired by the theory of im-
precise continuous-time Markov chains [8]. For instance,
we define the imprecise Poisson process via consistency
with a rate interval, whereas Krak et al. [8] use consistency
with a set of transition rate matrices. In the bigger picture,
our contribution can therefore be seen as the first steps to-
wards generalising the theory of imprecise continuous-time
Markov chains from finite to countably infinite state spaces.

2. Counting Processes in General

Recall from the Introduction that our subject is interested in
the occurrences of a Poisson-event. In this setting, it makes
sense to consider the number of Poisson-events that have
occurred from the initial time point #,; = 0 up to a time
point 7, where ¢ is a non-negative real number.

2.1. Counting Paths and the Sample Space

The temporal evolution of the number of occurred Poisson-
events is given by a counting path ®: R>¢ — Z>o; at any
time point # in R>g, ®(r) is the number of Poisson-events
that have occurred from #,; = 0 up to t.2 Since the actual
temporal evolution of the number of occurred Poisson-
events is unknown to the subject, we need a probabil-
istic model, more specifically a continuous-time stochastic
process. The sample space—the space of all possible
outcomes—of this process is a set of counting paths, de-
noted by Q. One popular choice for Q is the set of all
cadlag—right-continuous with left limits—counting paths,
in this set-up usually also assumed to be non-decreasing.
However, our results do not require such a strong assump-
tion. Before we state our assumptions on Q, we first intro-
duce some notation.

In the remainder, we frequently use increasing sequences
t1,...,t, of time points, that is, sequences ?1,...,#, in R>g
of arbitrary length—that is, with n in N—such that #; < ;1
forall iin {1,...,n— 1}. For the sake of brevity, we follow
[8, Section 2.1] in denoting such a sequence by u. We
collect all increasing—but possibly empty—sequences of
time points in %, and let % := % \ {0}. Observe that
as a sequence of time points u in %/ is just a finite and

2. We use Z>¢ and N to denote the non-negative integers and natural
numbers (or positive integers), respectively. Furthermore, the real
numbers, non-negative real numbers and positive real numbers are
denoted by R, R>q and R, respectively.

ordered set of non-negative real numbers, we can perform
common set-theoretic operations on them like unions. In
order to lighten our notation, we identify the single time
point ¢ with a sequence; as such, we can use uUt as a
notational shorthand for uU {t}. Also, a statement of the
form max u < ¢ is taken to be true if u = @; see for instance
Lemma 3. With this convention, for any ¢ in R>g, we let
U< ={u €% : maxu <t} be the set of all sequences of
time points of which the last time point precedes ¢. Note
that if # = 0, then there is no such non-empty sequence and
$0 U<, = {0}.

In order to better distinguish between general non-
negative integers and counts, we let 2" := Zx¢. For any
u=rty,...,ty in %y, we let Z, be the set of all n-tuples
Xy = (X4,...,%,) of non-negative integers that are non-
decreasing:

%::{(xtlvﬂthn)e'%n:xflSn.gxt”}' @

If u is the empty sequence 0, then we let Z;, = 2y denote
the singleton containing the empty tuple, denoted by xp.

With all this notation in place, we can now formally state
our requirements on €.

Al. (Yo € Q)(Vt,A € Rxp) 0(t) < 0t +A);

A2. (Vu € U)(Vxy € Zu)(B0 € Q)(Vt € u) 0(t) = x;.

Assumption (A1) ensures that all paths are non-decreasing,
which is essential if we interpret @(¢) as the number of
Poisson-events that have occurred up to time 7. Assump-
tion (A2) ensures that the set Q is sufficiently large, es-
sentially ensuring that the finitary events of Equation (2)
further on are non-empty.

2.2. Coherent Conditional Probabilities

We follow Krak et al. [8] in using the framework of coherent
conditional probabilities to model the beliefs of our subject.
What follows is a brief introduction to coherent conditional
probabilities; we refer to [10] and [8, Section 4.1] for a
more detailed exposition. For any sample space—that is, a
non-empty set—S, we let &(S) denote the set all events—
that is, subsets of S—and let &3(S) :== &(S) \ {0} denote the
set of all non-empty events. Before we introduce coherent
conditional probabilities, we first look at full conditional
probabilities.

Definition 1 Let S be a sample space. A full conditional
probability P is a real-valued map on &(S) x &p(S) such
that, for all A, B in &(S) and C, D in &y(S),

P1. P(A|C) > 0;
P2. P(A|C)=1if CCA;
P3. P

(AUB|C)=P(A|C)+P(B|C) if ANB=0;
P4. P(AND|C) = P(A|DNC)P(D|C) if DNC #0.
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Note that (P1)—(P3) just state that P(-|C) is a finitely-
additive probability measure, and that (P4) is a multiplicat-
ive version of Bayes’ rule. We use the adjective full because
the domain of P is &(S) x &p(S). Next, we move to domains
that are a subset of &(S) x &(S).

Definition 2 Let S be a sample space. A coherent condi-
tional probability is a real-valued map P on 9 C £(S) x
&p(S) that can be extended to a full conditional probability.

Important to emphasise here is that simply demanding that
(P1)—(P4) hold on the domain Z is in general not sufficient
to guarantee that P can be extended to a full conditional
probability. A necessary and sufficient condition for the
existence of such an extension can be found in [10, The-
orem 3] or [8, Corollary 4.3], but we refrain from stating it
here because of its technical nature. We here only mention
that this so-called coherence condition—hence explaining
the use of the adjective coherent—has an intuitive betting
interpretation, and that checking this condition is usually
feasible while explicitly constructing the full conditional
extension is typically not; this is extremely useful when
constructing proofs. Another strong argument for using co-
herent conditional probabilities is that they can always be
extended to a coherent conditional probability on a larger
domain [10, Theorem 4]. This too is an essential tool in the
proof of many of our main results, including Theorems 6,
15 and 19.

2.3. Events and Fields

For any v =1y,...,t, in % and B C Z,, we define the
finitary event

X, €B)={weQ: (o(ty),...,0(,)) €B}. (2)

Furthermore, we also let (Xp = x¢) = Q = (Xp € Zp).
Then for any u in %, we let .%, be the field of events—or
algebra of sets—generated by the finitary events for all
sequences with time points in or succeeding u:

Fu=({(X,€B):vEU ,BCZ,,
(Vt €v)t € uUmaxu,+)}). (3)

Lemma 3 Consider some u in % and A in %,. Then
there is some v in % with minv > maxu and some B C Z,,
with w := uUv such that A = (X,, € B).

2.4. Counting Processes as Coherent Conditional
Probabilities

From here on, we focus on coherent conditional probabilit-
ies with the domain

Dep ={(A, X, =x,): ue U A€ Fyx, € 24},

which essentially consists of future events conditional on
the number of occurred Poisson-events at specified past
time-points. The rationale behind this domain is twofold.
First and foremost, it is sufficiently large to make most
inferences that one is usually interested in. For example,
this domain allows us to compute—tight lower and upper
bounds on—the expectation of a real-valued function on the
number of occurred Poisson-events at a single future time
point, as we will see in Section 6. Second, it guarantees
that every rate corresponds to a unique Poisson process, as
we will see in Section 3.

Definition 4 A counting process is a coherent conditional
probability P on YDcp such that

CPl. P(Xo=0)=1;
CP2. forallt in R>q, u in <, and (x,,x) in Zuur,

P(XI+A 2x+2|Xu = Xy, X; = x)

lim =0
A—0T A

and, if t > 0,
lim P(Xt Zx+2|Xu:xu7Xt—A:x) —0.

A—0F A

The second requirement (CP2) is—our version of—the
orderliness property that we previously mentioned in the
Introduction. In essence, it ensures that the probability that
two or more Poisson-events occur at the same time is zero.
We collect all counting processes in the set P.

2.5. Conditional Expectation with Respect to a
Counting Process

For any counting process P, we let Ep denote the associated
(conditional) expectation, defined in the usual sense as an
integral with respect to the measure P—see for instance
[10, Theorem 6] or [13, Section 15.10.1].

Let J%,(Q) denote the set of all real-valued functions
on Q that are bounded below.? Fix some u in % . Then f
in J%,(Q) is #,-measurable if for all @ in [inf f,+o0), the
level set {f > a} :={w e Q: f(w) > o} is an element of
Z,. We collect all such .%,-measurable functions in ¥,.

The (conditional) expectation Ep has domain

G ={(f, Xy =x4) € H(Q) x 5(Q):
ueU,xy€ 2y, f €94,}.

For any (f,X, = x,) in 4, we have

3. Note that we could just as well consider arbitrary real-valued func-
tions instead of restricting ourselves to bounded-below functions.
Our main reason for doing so is that this facilitates a more eleg-
ant treatment. Furthermore, many functions of practical interest are
bounded-below.
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Ep(f|Xu = xu)

sup f
::inff+/ff P({f > a}| X, = x)da,
Jinf,

where the integral is a—possibly improper—Riemann
integral. Note that this integral always exists because
P({f > a}|X, = x,) is a non-increasing function of o.
This expression simplifies if f is an .Z,-simple function. To
define these, we let 4 : Q — R denote the indicator of an
event A C Q, defined forall @ in Qas Iy (@) :=1ifw € A
and 0 otherwise. We then say that f is .%,-simple if it can
be written as f = Yi' | a;l4,, with n in N and, for all i in
{1,...,n}, @; in R and A; in .%,. In this case, the integral
expression reduces to

Ep(f|Xu=x.) =Y aiP(Ai| X\ = xy). @)
i=1

For unconditional expectations, we have that
E(-) =Ep(-|Q) = Ep(-| Xo = x0) = Ep(-| Xo = 0),

where the final equality holds due to (CP1). Therefore, in
the remainder, we can restrict ourselves to expectations of
the form Ep(- | X, = x,,X; = x), as E(+) corresponds to the
caseu =0,t=0and x=0.

3. The Poisson Process in Particular

We now turn to the most well-known counting process,
namely the Poisson process. As explained in the Introduc-
tion, there are plenty of alternative characterisations of
the Poisson process. The following definition turns out to
capture all its essential properties in our framework.

Definition 5 A Poisson process P is a counting process
such that, for all t, A in R>o, uin U<y, (xy,x) in Zyue and y
in Z withy > x,

PP1. P(XI+A:y|Xu:xu,Xt:x):P(X,+A:y|Xt:x);
PP2. P(Xiian=Y|Xi =x) = P(X;1n =y—x| X, =0);
PP3 P(XI+A:y|Xt:x):P(XA:y|XO:x).

The first condition (PP1) states that the Poisson process is
Markovian, while conditions (PP2) and (PP3) state that the
Poisson process is homogeneous. Note that—unlike many
of the characterisations mentioned in the Introduction—we
do not impose that the transition probabilities are Poisson
distributed, nor do we impose some value for the “rate”.
It was already observed by Feller [4, Chapter XVII, Sec-
tion 2, Footnote 4] and Khintchine [6, Sections 1 and 2]
that assuming—their version of—(PP1)—(PP3) is sufficient
to obtain the Poisson process. Our results basically extend
these characterisations to our framework for counting pro-
cesses using coherent conditional probabilities.

First and foremost, we obtain that the transition probab-
ilities are Poisson distributed, hence explaining the name
of the process.

Theorem 6 Consider a Poisson process P. Then there is a
rate A in Rxq such that, for all t, A in R>o, u in U<y, (Xy,x)
in Zyyandyin &,

P(Xiia =y | Xy = x4, X = x)
_ {m(y—x) ify>x,

5
0 otherwise, )

where W 5 is the Poisson distribution with parameter AA,

defined for all k in Z>q as

aa (AA)
k!

Vialk) =e

Conversely, for every A in R, there is a unique coherent
conditional probability P on YDcp that satisfies (CP1) and
Equation (5), and this P is a Poisson process.

Theorem 6 might seem somewhat trivial, but its proof is
surprisingly lengthy. Note that it also establishes that any
rate A gives rise to a unique Poisson process, so in the
remainder we can talk of the Poisson process with rate A.
Finally, it has the following obvious corollary.

Corollary 7 Consider a Poisson process P. Then there
is a rate A in R>q such that, for all t in R>o, u in %
and (x,,x) in Zuor,

PXion=x+1|X, =x,,X =x)

li =A 6
Ag(r)l+ A ©)
and, if t >0,
lim P& =t X =xXia=x) _, )
A0t A

We end our discussion of Poisson processes with the fol-
lowing result, which actually is a—not entirely immediate—
consequence of Theorem 15 further on.

Theorem 8 Consider a counting process P. If there is a
rate A in R>q such that P satisfies Equations (6) and (7),
then P is the Poisson process with rate A.

4. Sets of Counting Processes

Instead of considering a single counting process, we now
study sets of counting processes. With any subset &2 of P,
we associate a lower expectation

Ex(-|") =inf{Ep(-|): P€ P} 8)
and, similarly, an upper expectation

Ex(-|-):=sup{Ep(-]-): P€ P}. 9
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Since the expectation Ep associated with any counting pro-
cess P in & has domain ¢4, E 5 and E & are well-defined
on the same domain ¢. Observe that for any (f,X, = x,)
in ¢ such that f is bounded, the lower and upper expect-
ations are conjugate in the sense that E 5 (f | X, = x,) =
—E »(—f| Xy = x,). Therefore, it suffices to study one of
the two if only considering bounded functions; we will
focus on lower expectations in the remainder.

4.1. The Obvious Imprecise Poisson Process

From here on, we consider a closed interval A := [A, 4] C
R>¢ of rates instead of a single value for the rate A. In
order not to unnecessarily repeat ourselves, we fix one rate
interval A that we use throughout the remainder. Due to
Theorem 6, there is one obvious set of counting processes
that is entirely characterised by this rate interval A: the set

PY = {P: A € A}

that consists of all Poisson processes with rate in this inter-
val, where P, denotes the Poisson process with rate A.

The lower and upper expectation associated with this
set P} according to Equations (8) and (9) are denoted by
E’\ and Ff\, respectively. It is clear that by construction,
determining E% (f| X, = x,) and/or E » (f | X, = x,) boils
down to solving a one-parameter optimisation problem:
one has to minimise and/or maximise Ep, (f | X, = x,)—
the conditional expectation of f with respect to the Poisson
process with rate A—with respect to all values of A in
the rate interval A. For some specific functions f, see for
example Proposition 16 further on, this one-parameter op-
timisation problem can be solved analytically. For more in-
volved functions, the optimisation problem has to be solved
numerically, for instance by evaluating Ep, (f | X, = xu)
over a (sufficiently fine) grid of values of A in the rate
interval A, where Ep, (f | X, = x,) might also have to be
numerically approximated.

4.2. A More Involved Imprecise Poisson Process

A second set of counting processes characterised by the rate
interval A is inspired by Theorem 8. This theorem suggests
that the dynamics of a counting process are captured by the
rate—that is, the limit expressions in Equations (6) and (7)
of Corollary 7. Essential to our second characterisation is
the notion of consistency.

Definition 9 A counting process P is consistent with the
rate interval A, denoted by P ~ A, if for all t in R>o, u
in %<, and (x,,x) in Zu,

& < limian(XtJrA =x+1 ‘Xu =xu, X :X)
A—0t A

(XZ+A :x—l—l |Xu :xu,X[ :x>

P i
< limsup <A (10)

A—0T A

and, if t >0,
4 < timing PO =X X =20, Xia =)
A0+ A
< limsup (X =x+1[Xy =xu, X4 x)gx. )
A—0T A
We let

Pp:={PeP: P~ A}

denote the set of all counting processes that are consistent
with the rate interval A. Observe that, as every Poisson
process is a counting process,

Pk C Py. (12)

It is essential to realise that I’} is not equal to [Py, at least
not in general. Indeed, the set P4 will contain counting pro-
cesses that have much more exotic dynamics than Poisson
processes, in the sense that they need not be Markovian
nor homogeneous. However, if A is equal to the degenerate
interval [A, A], then it follows from Theorem 8§ that

Py =Pxr={P}, (13)

where P, is the Poisson process with rate A, as before.
Therefore, both P and P} are proper generalisations of
the Poisson process.

We let E, and E 5 denote the lower and upper expecta-
tions associated with the set P4 according to Equations (8)
and (9). It is an immediate consequence of Equations (8),
(9) and (12) that

Ex(-|) SEAC]) SEACI) <EA(]).  (14)

The remainder of this contribution is concerned with com-
puting these lower and upper expectations for a specific
type of functions, with a particular focus on the outer ones.
We end this section by mentioning that I’} and P are
not the only two sets of counting processes that are of
potential interest, but they are—to some extent—the two
most extreme sets. One set of counting process that lies in
between the two is that of the time-inhomogeneous Pois-
son processes—see for instance [6, Section 5] or [11, Sec-
tion 2.4]—that are consistent with the rate interval A. In
order not to unnecessarily complicate our exposition, we
have chosen to limit ourselves to the two extreme cases.

5. The Poisson Generator and Its
Corresponding Semi-Group

Our method for computing lower expectations is based on
the method used in the theory of imprecise continuous-
time Markov chains [8]. Essential to this method of Krak
et al. [8] is a semi-group of “lower transition operators”
that is generated by a “lower transition rate operator”. In
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Section 5.2, we extend their method for generating this
semi-group to a countably infinite state space, be it only
for one specific type of lower transition rate operator. First,
however, we introduce some necessary concepts and ter-
minology.

5.1. Functions, Operators and Norms

Consider some non-empty ordered set % that is at most
countably infinite, and let £ (%) be the set of all bounded
real-valued functions on %/. Observe that £ (%) is clearly
a vector space. Even more, it is well-known that this vector
space is complete under the supremum norm

Il fIl =sup{|f(x)|: x€ Z} forall fe L(¥).

A transformation is any operator A: L (%) — L (¥).
Such a transformation A is non-negatively homogeneous
if, for all f in .£(#%) and v in R>p, A(Yf) = YAf. The su-
premum norm induces an operator norm for non-negatively
homogeneous transformations A:

[A]l = sup{[lAf]: f € L(@), IF] =1}

see [2] for a proof that this is indeed a norm. An important
non-negatively homogeneous transformation is the identity
map I that maps any f in .Z (%) to itself.

5.2. The Poisson Generator

A non-negatively homogeneous transformation that will
be essential in the remainder is the Poisson gener-
ator Q: L(X") — ZL(XZ) associated with the rate inter-
val A, defined for all f in £ (.2°) and x in 2 as

[0f](x) = min{Af(x+1) = Af(x): A € [A,A]}.

Fix any 7,5 in R>o with 7 <s. If 1 < s, then we let %;
denote the set of all non-empty and increasing sequences
of time points fy, . ..,#, that start with oy = ¢ and end with
1, = s. For any sequence u in this set %; 5, we let

n

@, = [JU+40), (15)

i=1

where for any i in {1,...,n}, we denote the difference
between the consecutive time points #; and #;_; by A; =
ti —ti—1. In the remainder, we let o (u) == max{A;: i €
{1,...,n}} be the largest of these time differences. If t = s,
then we let %, == {t}, o(t) :=0and &, :=I.

The Poisson generator Q generates a family of transform-
ations, as is evident from the following result. This result
is very similar to [8, Corollary 7.11], which establishes an
analoguous result for imprecise Markov chains with finite
state spaces; it should therefore not come as a surprise that
their proofs are largely similar as well.

Theorem 10 Fix any t,s in R>o with t <. For any se-
quence {u;}ien in %y such that lim;_, 1. 6 (u;) = 0, the
corresponding sequence {®,, }icn converges to a unique
non-negatively homogeneous transformation that does not
depend on the chosen sequence {u;}icn.

For any ¢,s in R>o with ¢t <5, Theorem 10 allows us to
define the non-negatively homogeneous transformation

T = lim {®,:uec .}, (16)

o(u)—0

where this unconventional notation for the limit denotes
the unique limit mentioned in Theorem 10. The family
of transformations thus defined has some very interesting
properties: in the Appendix, we prove that for any ¢,s in
R>o witht <s, f,gin Z(Z") and yin R,

SG1. T;(vf) =YL f;
SG2. T$(f+g) > Tif +1ig:;
SG3. T:f > inff.

We furthermore prove that this family forms a time-
homogeneous semi-group, in the sense that

SG4. Tt =1,
SGS5. I =T1;T; forall rin R>o witht <r <s;
SG6. T; = Zf)_t-

While the induced transformation 7' is interesting in
its own right, we will be mainly interested in (a single
component of) the image 7'} f of some bounded function f.
Therefore, for any x in 2" and ¢,s in R>¢ with t <5, we
define the operator P§(-|x): £ (%Z") — Ras

Pi(f|x)=[T;f](x)  forall f€ ZL(Z).
The following follows immediately from (SG1)—(SG3).

Corollary 11 For any x in Z and t,s in R>o witht <,
Pi(-|x) is a coherent lower prevision in the sense of [13,
Definition 4.10].

In the remainder, we let P, (- | x) :== —P$(—- | x) be the
conjugate coherent upper prevision of the coherent lower
prevision P§(-|x).

5.3. The Reduced Poisson Generator

Fix any x,X in 2 such that x <X, and let
x={xeZ:x<x<x}

We define the reduced Poisson generator Q*: Z(x) —
Z(x)forall gin Z(x) and x in  as

min (Ag(x+1)—Ag(x))
A€[AA]

0 ifx=x.

[Q%g](x) =
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In the Appendix, we verify that this reduced Poisson gener-
ator Q% is a lower transition rate operator in the sense of
[8, Definition 7.2]. As outlined in [8, Section 7], this lower
transition rate operator generates a family of transforma-
tions as well. For any ¢,s in R>¢ with # < s and any u in
U ) We let

n

% = +A0Q%).
i=1
Note the similarity between the equation above and Equa-
tion (15). Because Q* is a lower transition rate operator, it
follows from [8, Corollary 7.11]—a result similar to The-
orem 10—that the transformation

T, = lim {®*:uc U g} (17)

o(u)—0

is non-negatively homogeneous. The limit in this defini-
tion is to be interpreted as the limit in Equation (16): it
does not depend on the actual sequence {u;}icn as long
as lim;_, 1 0 (4;) = 0. Unsurprisingly, Krak et al. [8] show
that this family of transformations Lx‘ also satisfies (SG1)—
(SG6). Observe that Equation (17) Suggests a method to
evaluate L’f , for some g in £ (): choose a sufficiently fine
grid u, and compute ®F g via backwards recursion. There is
much more to this approximation method than we can cover
here; the interested reader is referred to [8, Section 8.2] and

[3].

5.4. The Essential Case of Eventually Constant
Functions

Our reason for introducing the restricted Poisson gener-
ator Q% and its induced transformation Iﬁ‘v is because the
latter can be used to compute PS(f | x). Essential to our
method are those functions f in £ (") that are eventually
constant, in the sense that

(e 2)(Vxe X x>3%) f(x) = f(F).

In this case, we say that f is constant starting from x. We
collect all real-valued bounded functions f on 2" that are
eventually constant in .£°(2").

Our next result establishes a link between P{(-|x) and
Lﬂ for eventually constant functions.

Proposition 12 Fix somet,s in R>o witht < s and some f
in (%) that is constant starting from X. Choose some x
in 2 withx <X andlet y = {x€ 2 : x <x <x} Then
for any x in " with x > x,

[TF f*](x) ifx <%,

Bi(f 1) = (L)) = { A

where f% is the restriction of f to J.

Note that we are free to choose x. If we are interested
in P{(f|x) for a specific value of x, then choosing x =
min{X,x} is the optimal choice. However, if we are inter-
ested in Pf(f|x) for a finite range R C £~ of different x
values, the obvious choice is x = min(RU {X}) because we
then only have to determine Lx‘s f* once!

A method to compute P{(-|x) for all bounded functions f
follows from combining Proposition 12 with the following
result.

Proposition 13 Foranyt,sin R>qwitht <s, fin L ()
and xin I,

P(f1) = lim P} (Leef + f(0)Tox | 9)

where l<x and I-3 are the indicators of {z € X : 7z <X}
and {z € X" : z > X}, respectively.

Observe that I<zf + f(X)I-x—with I<xf the point-wise
multiplication of <z and f—is constant starting from X.
Therefore, it follows from Proposition 12 that P;(I<xf +
S®Isx|x) = [I?fsfl](x), where f% is the restriction of
f to x. We can combine this observation and Propos-
ition 13 to obtain a method to compute P{(f |x) for
any bounded function f: (i) choose some sufficiently
large X and let ¥ = {y € 2": x <y <X}; (ii) compute
Pj(Lxf + f(%)Lox | x) = [T f%](x), using one of the ex-
isting approximation methods mentioned at the end of Sec-
tion 5.3; (iii) repeat (i)—(ii) for increasingly larger X until
convergence is empirically observed.

6. Computing Lower Expectations of
Functions on X;

Let 4 (2") denote the set of all real-valued bounded-
below functions on 2". With any f in J%4 (%) and s in
R>0, we associate the real-valued bounded-below function

fX:): Q=R 0= [f(X)|(0) = f(als))-

In other words, and as suggested by our notation, f(X;) is
the functional composition of f with the projector

X: Q= 20— X(w) = os).

The (conditional) expectation of f(X;) exists for any count-
ing process P, as is established by the following rather
obvious result.

Lemma 14 Consider some s in R>o and u in % with
maxu < s. Then for any f in J4(Z), f(X;) is an F,-
measurable function.

In the remainder, we provide several methods for com-
puting lower and upper expectations; first for those with
respect to the consistent Poisson processes and second for
those with respect to all consistent counting processes. For
the latter, we first limit ourselves to bounded functions and
subsequently move on to functions that are bounded-below.
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6.1. With Respect to the Consistent Poisson Processes

Fix some rate A in R>, and let P be the Poisson pro-
cess with rate A. It is essentially well-known—and a con-
sequence of Theorem 6—that for any #,s in R>o with ¢ <,
win Uy, (xy,x) in Zyye and f in J4,(27),

+oo
Ep(f(X)|Xu=xu, X =x) =Y fFO) W (5-0)(y—x). (18)
y=x

Because of this expression, £} (f(X;) | Xi = x4, X; = x) can
be computed using the straightforward method that we
already discussed in Section 4.1: (i) fix a finite grid of A’s
in A = [A, 2], (ii) (numerically) evaluate the infinite sum
in Equation (18) for each A in this grid, and (iii) compute
the minimum. In some specific cases, it is even possible
to know beforehand for which A this minimum will be
achieved. For example, if f is monotone and bounded, or
bounded below and non-decreasing, then as we will see
in Propositions 16 and 17, it suffices to consider A = 4 or
A=A

6.2. With Respect to the Consistent Counting
Processes

Computing E , (f(Xs) | Xu = x4, X; = x) is less straightfor-
ward, as in general this does not reduce to a one-parameter
optimisation problem. Nevertheless, as we are about to
show, the semi-group of Section 5 allows us to circumvent
this issue. Our first result establishes a method to com-
pute the lower—and hence also the upper—expectation of
bounded functions.

Theorem 15 For any t,s in Rxo witht <s, uin %U<, f
in Z(Z) and (xy,x) in Ly,

EA(f(X) [ Xu = x0, Xi = x) = Py (f [ %).

Indeed, because of this result, we can use the method that
was introduced at the end of Section 5.4 to compute the
lower expectation of f.

For the special case of monotone bounded functions, we
obtain an even stronger result.

Proposition 16 Fix any t,s in R>o witht <, uin U,
(xu,x) in Zyue and fin L(X). If f is monotone, then

EA(f(X)] X = 50.X; =)
= EX(f(X,) | Xy = %, X = x)
=Ep, (f (X5) | X = xu, X; = x),

where Py, is the Poisson process with rate A = A if f is
non-decreasing and rate A = A if f is non-increasing.

Almost everything has now been set up to consider a gen-
eral real-valued bounded below function of X. An essential
intermediary step is an extension of Proposition 16.

Proposition 17 Fix any t,s in R>o with t <'s, u in U
and (xy,x) in Zy. Then for any f in 74 (Z") that is non-
decreasing,

EN(f(Xo) [ Xy = xu, X, = x)
= EA(/(X) | Xy =% X =)
= Ep, (f(X,) [ Xy = x4, X = x)

EA(f(X?) |Xu :xuaXt :)C)
= F'/k\(f(xs) |Xu =Xy, Xy = x)

= Elﬁ(f(XS) | Xy = xu, X; = x),

where Py and Py are the Poisson processes with rates A

and A, respectively.

As an immediate corollary of Proposition 17, we obtain
an interpretation for the rate interval A: its bounds provide
tight lower and upper bounds on the expected number of
Poisson-events in any time period.

Corollary 18 Fix any t,s in Rso witht <, u in %
and (xy,x) in Zyu. Then

En(Xs| Xy =x0,Xr =x) =x+A(s—1)

and B
EAX| Xy =x0, X =x) =x+A(s—1),

and similarly for E\ and EL.

A more important consequence of Proposition 17 is the
following result, which can be regarded as an extension of
(the combination of) Proposition 13 and Theorem 15.

Theorem 19 Fix any t,s in R>o with t <, u in U,
(xu,x) in Zuur and f in J6,(X). If

~+oo

Z Smax (¥) V’I(sﬂ) (y—2x) < +oo,

y=x

where fuax in o (Z) is defined for all y in 2 as

fmax(v) == max{f(z): z€ Z,z<y},

then

EN(/06) X, =0 X =) = lim P} (Lesf + /(D))

EA(F06) | X = %0, X, =) = lim P (Leef + f(D)Lx] ),
where the two limits are finite.

Because of this result, we can compute the lower and upper
expectation using the same method as before. Note that
it makes no difference that f is no longer bounded; the
method still works because I<zf + f(X)I-5 is bounded.
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=0)

P(X; =0|Xo

0)

P(X;=1|Xo

Figure 1: Bounds on transition probabilities as a function
of ¢ for the rate interval A = [1,2].

6.3. A Numerical Example

We end this section with a basic numerical example. We
determine tight lower and upper bounds on

P(X, = x| Xo = 0) = Ep(I:(X;) | Xo = 0),

with x equal to O or 1. We use the methods outlined in Sec-
tions 6.1 and 6.2 to compute lower and upper bounds with
respect to the sets P} and P4 for A = [1,2]. The resulting
bounds are depicted in Figure 1. Observe that for x = 0,
the bounds with respect to P} and [P are equal, as is to be
expected due to Proposition 16 because I, is monotone for
x = 0. For x = 1, I is not monotone and the bounds with
respect to P} are clearly not equal to those with respect
to Pa.

7. Justification for the Term Imprecise
Poisson Process

Until now, we have provided little justification for why
we call both P} and P, imprecise Poisson processes. In
Section 4.2, we already briefly mentioned that the two sets
are proper generalisations of the Poisson process: if the rate
interval A is degenerate, meaning that A = A = A, then both
sets reduce to the singleton containing the Poisson process
with rate A. Another argument for referring to P} and P4 as
imprecise Poisson processes concerns the (tight lower and
upper bounds on the) expected number of Poisson events
in a time period of length A. For a Poisson process, it is
well-known that this expectation is equal to A4, and we
know from Corollary 18 that the corresponding lower and
upper expectations are equal to AA and AA, respectively.

We end this section with our strongest argument for using
the term imprecise Poisson process to refer to both P} and
[P\ . The following result establishes that the corresponding
lower expectations £} and E ,—and, due to conjugacy, also
the corresponding upper expectations E\ and E »—satisfy
imprecise generalisations of (CP1), (CP2) and (PP1)—(PP3),
which are the defining properties of a Poisson process.

Proposition 20 For all t,A in R>q, u in <y, (xy,x) in
Lo and fin L(X),

(i) EA(f(X0)) = £(0);

(ii)
E (I X, =x,X, =x
i EN(Iix,, y>x12) | = x) 0
A—0F A
and, if t >0,
lim En(Tix,>x12) | Xu = Xu, Xi—a = X) _o;

A—0+ A

(i) EA(f(Xva) | Xu =X, X = x) = EA(f(X4a) | X = x);
(V) EA(f(Xi+a) | X = x) = EA(fi(Xi1a) [ Xi = 0);
(V) EA(f(Xisa) | Xi = x) = EA(f(Xa) | Xo = x);

with fi: ' —R: z+ fi(z) = f(x+z2). The same equal-
ities also hold for E’\.

8. Conclusion

In this contribution, we proposed two generalisations of
the Poisson process in the form of two sets of counting
processes: the set P} of all Poisson processes with rate A
in the rate interval A, and the set P of all counting process
that are consistent with the rate interval A. We argued why
both of these sets can be seen as proper generalisations of
the Poisson process. First and foremost, for a degenerate
rate interval they both reduce to the singleton containing
the Poisson process with this rate. Second, the lower and
upper expectations with respect to both sets satisfy impre-
cise generalisations of (CP1), (CP2) and (PP1)—(PP3), the
defining properties of a Poisson process. We also presented
several methods for computing lower and upper expecta-
tions for functions that depend on the number of occurred
Poisson-events at a single time point.

We end with two suggestions for future research. An ob-
vious open question is whether we can efficiently compute
lower and upper expectations for functions that depend on
the number of occurred Poisson-events at multiple points
in time. Based on similar results of Krak et al. [8] for im-
precise continuous-time Markov chains with a finite state
space, we strongly believe that this will be the case for Py
but not for P}, whence providing a practical argument in
favour of the former. A perhaps slightly less obvious open
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question is whether Theorem 6 and Corollary 7 can be gen-
eralised to sets of counting processes, in the sense that we
can infer the existence of a rate interval rather than spe-
cify one, by imposing appropriate conditions on the set of
counting processes, including the imprecise generalisations
of (CP1), (CP2) and (PP1)—(PP3).
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Appendix

In this appendix, we will not entirely follow the same order as we did in the main text. Our reason for doing so is that to
prove the results in Section 3, we need some results that are very much related to the transformations that we introduce in
Section 5. Therefore, we have chosen to start off this appendix with some general results regarding transformations.

Appendix A. Some Preliminary Results Regarding Transformations

Throughout this appendix, and as mentioned in Section 5.1, we let # be any non-empty set that is at most countably finite;
furthermore, we assume that 2 is endowed with a total order “<”.

A.1. General Non-Negatively Homogeneous Transformations

We start of with some essential properties of non-negatively homogeneous transformations.
Lemma 21 Consider two non-negatively homogeneous transformations A and B on £(%). Then
NHI1. A+ B is non-negatively homogeneous;

NH2. UA is non-negatively homogeneous for any I in R;

NH3. AB is non-negatively homogeneous,

NH4. [Af]| < JAIllIf]| for any f in Z(@) ;

NHS. [AB] < [lA]]B]

Proof The proof of (NH1)—(INH3) is a matter of straightforward verification. We therefore move on to proving (NH4).
Observe first that if ||f|| = 0, then f = 0 and it follows from the non-negative homogeneity of A that Af = A(0f) =
0(Af) = 0. Therefore, ||Af|| = 0; hence the stated is true. Next, we assume that || f|| > 0. Then

_ ||f|f) B < f ) B ,
Af=A( M a2 ) = 1714

where we let /' := f/||f]|. Note that || /|| = || fI|/||f]] = 1. Consequently,

S = sup{[[Af](x)]: x € Z}
= sup{[|IfI[[Af(x)]: x € Z} = [|fllsup{|[Af|()|: x € #} = || F[Af
< [lAlll£1;

where the final inequality holds because || /|| = 1 implies that ||Af'|| < ||A]|.
Finally, we prove (NHS5). To that end, we observe that

|AB|| = sup{||ABgl|: ¢ € Z(#), gl = 1}
<sup{[A[l[|Bg|l: ¢ € Z(¥), llgll = 1}
= [[Allsup{|Bgl|: ¢ € Z(#),llgll = 1} = [|Al[[|B]I;

where the inequality follows from (NH4). |

Time and time again, we will consider transformations on % (%) that are constructed using a finite succession of the
operations (NH1)-(NH3). For instance, we will often be interested in the (norm of the) “difference” ||A; --- A — By -+~ By||
between the two transformations A := A;---A; and B := B --- By, where Ay, ...A; and By, ..., By are non-negatively
homogeneous transformations. That A is a non-negatively homogeneous transformation follows from repeated application
of (NH3), and similarly for B. Furthermore, A — B is a non-negatively homogeneous transformation due to (NH2) with
u = —1and (NH1), so the norm of A — B is indeed well-defined. In order not to needlessly repeat ourselves, we will usually
refrain from explicitly mentioning that the operator constructed by a finite succession of the operations (NH1)—(NH3) is a
non-negatively homogeneous transformation.

Next, we verify that our norm for non-negatively homogeneous transformations on . (%) satisfies the three conditions
of a norm: it should (i) be absolutely homogeneous, (ii) be sub-additive; and (iii) separate points. We here simply repeat the
arguments of De Bock [2], who restricted himself to finite sets %'.

11
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(i) Let A be some non-negatively homogeneous operator, and fix some real number p. Observe that (A is a non-negatively
homogeneous transformation by (NH2). Furthermore, some straightforward manipulations yield that

1Al = sup{[[pAS: f € Z(Z), I f| =1} = sup{[ullAf]l: f € Z(Z), |Ifll = 1}
= |ufsup{lAfll: f e Z(Z), If1l = 1} = [ullAll,

where the second equality holds due to the absolute homogeneity of the supremum norm.

(ii) LetA and B be two non-negatively homogeneous transformations. Recall from (NH1) that A + B is also a non-negatively
homogeneous transformation. It now follows from the sub-additivity of the supremum norm that

|4+ B[ = sup{[[(A+B)f||: f € Z(¥), If|| =1} = sup{[|[Af +BS|: f € Z(Z),[l/] =1}
<sup{llAfl+IBS: f € Z(2), 1] =1} < sup{[|A[[+IB: f € L(@),|If] =1} = [|All + Bl

where for the second inequality we have used (NH4).

(iii) Let A be a non-negatively homogeneous transformation. Recall from (NH4) that, for any f in £ (%),
0 < [lAfl < Al

Hence, if ||A]| = 0, then it follows from these inequalities that ||Af]| = 0 for all f in £ (#/). From this, we conclude
that Af =0 for all f in £ (%), and so A = 0, because the supremum norm separates points.

A.2. Lower Counting Transformations

The first two types of non-negatively homogeneous transformations that will be essential in the remainder are lower
transition transformations and lower counting transformations. The following definition is a straightforward generalisation
(or modification) of the existing concept of a lower transition operator on a finite state space, see for instance [8,
Definition 7.1].

Definition 22 A lower transition transformation T': £ (%) — £(%) is a transformation such that

LT1. T(yf) =yLf, forall fin L(¥) and 7y in R>o; [non-negative homogeneity]
LT2. T(f+g)>Tf+Tg forall f,gin L(¥); [super-additivity]
LT3. Tf >inff, forall f in L (¥). [bound]

A lower counting transformation T is a lower transition transformation with
LT4. [Tf](x) = [T(Isxf)](x), forall fin L (¥ ) and x in ¥ .
Lower transition transformations have many interesting properties. We start with some basic ones.
Lemma 23 Consider a lower transition transformation T : L(%) — L (¥ ). Then
LT5. inff <Tf < -T(—f)<supfforall fin Z(Z);
LT6. Tu = u forall uin R;
LT7. T(f+u)=Tf+puforall fin L(¥) and all i in R;
LT8. Tf <Tgjorall f,gin L(¥) suchthat f < g;
LTY. [T —Tg| < ~T(~|f —g) forall f,g in ().

Proof For any x in %, the operator component T, := [T-](x) is a coherent lower prevision with domain .£ (%), the
linear space of all bounded functions on ¢/. The properties therefore follow from their respective counterparts for lower
previsions, see for instance [13, Theorem 4.13]. |

De Bock [2] states some additional basic properties that follow from those of Lemma 23.

12
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Lemma 24 Consider a lower transition transformation T : L (%) — L(%). Then for all f,g in £ (%) and all non-
negatively homogeneous transformations A and B,

LT10. T <1;
LT11. |Tf—

LTI12. |TA—TB| < A~ B].

Proof (LT10) can be verified by combining the definition of the operator norm and (LT5). Next, (LT11) follows from the
definition of the (supremum) norm, (LT9) and (LT5). Finally, (LT12) follows from the definition of the operator norm and
(LT11). |

The following is an obvious extension/adaptation of [8, Proposition 7.1] to our setting.

Lemma 25 For any two lower transition (counting) transformations T | and T 5, their composition T T, is again a lower
transition (counting) transformation.

Proof To verify the four conditions of Definition 22, we fix some f, g in .Z (%), yin R>¢ and x in &’. The first condition
follows immediately from applying (LT1) twice:

T\ T (vf) =T,(YTof) = vy, T f.

Next, we move on to the second condition. As T, is a lower transition transformation, it follows from (LT2) that
T,(f+g) > T,f +T,g. Hence, it follows from (LT8) that

T\T)(f+8) 2T \(Iaf +T28) > T\ T, f + 1,158,
where for the final inequality we have again used (LT2). The third condition follows from (LT3), (LT8) and (LT6):
I,T,f >T,inff =inff.

Finally, we assume that T and T, are both lower counting transformations, and verify that their composition 7| T, satisfies
the fourth condition. To that end, we let h:= T, f and &' := T, (I>,f). Observe that, for all z in 2",

L e(2)h(2) = o2 (2)[T2£)(2) = Te(2) [T (I22)] 2)
_ {[Tz(]l>zf)](1) ifz>x {[T2<H>Z<H>xf>)1<z> ifz>x {[Tz(]l>xf)](1) if 2> x

0 otherwise 0 otherwise 0 otherwise
= T54(2) [T2(T2f)](2) = Ixx(2)H (),

where the second and fifth equality hold due to (LT4) because T, is a lower counting transformation. Hence, >k = I, 4.
As T is a lower counting transformation as well, it now follows that

[T T f](x) = [T, h](x) = [T (Loch))(x) = [T (Ixh')](x) = [T17](x) = [T, To (T2 )] (x).-

The following is an extension of [8, Lemma E.4] to our—slightly—more general setting.

Lemma 26 Consider some n in N and two sequences T y,...,T, and T',..., T}, of lower transition transformations

on L(¥). Then

n
~T1z
i=1

Proof Our proof is entirely the same as that of [8, Lemma E.4], and is one using induction. Observe that the stated clearly
holds for n = 1. Fix some m in N and assume that the stated holds for n = m. We now show that the stated then also holds

form+1.
m+1 m m m+1
HTi_<H 1) +1+<H > a7
i i i=1

n
<) IIT; - Tl
i=1

m+-1 m+1

[1z.-117
i=1 i=1

i=1

13
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< ”Ierl _Z:n+1 ” +

B

where the second inequality follows from Lemma 25, (LT12) and (NHY), the third inequality follows from (LT10) and the
penultimate inequality follows from the induction hypothesis. |

m m+1
<N i =Tt + YN T =T = Y || — T
i=1 i=1

Appendix B. Lower Transition Rate Transformations and the Corresponding Semi-Group of
Lower Transition Transformations

In this short section, we introduce lower transition rate transformations, a second type of non-negatively homogeneous
transformations. Additionally, we also briefly explain how these lower transition transformations generate a semi-group of
lower transition transformations. Rather than working with a non-empty, ordered and possibly countably infinite set %, in
this section we will consider a non-empty and finite set x.

Definition 27 (Definition 7.2 in [8]) A lower transition rate transformation is a transformation R* : £ (x) — £ (x) such
that

LR1. RX(yf) =yRXf, for all f in L (x) and yin Rx¢; [non-negative homogeneity]
LR2. RX(f+g) > RXf+RXg, forall f,gin £(x); [super-additivity]
LR3. R*u =0, forall p in R; [zero row-sums]
LR4. [RXI,|(x) > O, for all x,y € x with x #y. [non-negative off-diagonal elements]

B.1. The Corresponding Semi-Group

We first repeat two intermediate results that are essential to the construction method of the semi-group. We will see in
Appendix C further one that similar results hold in the setting of (generalised) Poisson generators.

Lemma 28 (Proposition 4 in [3]) If RX: L (x) — £ (x) is a lower transition rate transformation, then
IR¥|| = 2max{|[R¥L](x)|: x € x }.

Lemma 29 (Proposition 3 in [3]) Consider any lower transition rate transformation R* : £ (x) — £ (x) and A in R>o.
Then (14 AR%) is a lower transition transformation if and only if A||R*|| < 2.

Next, we repeat the two results that establish how a lower transition rate transformation generates a family of lower
transition transformations; they are our direct inspiration for Theorem 10, as well as for Theorems 44 and 45 further on.

Proposition 30 (Corollary 7.11 in [8]) Consider some lower transition rate transformation RX : £ (x) — £ (x), and fix
some t,s in R>q such that t < s. For every sequence {u;}icn in % with lim;_, 1 6 (u;) = 0, the corresponding sequence

{ﬁ(l +A§LR")}
ieN

k=1
converges to a lower transition transformation, where for every i in N, k; + 1 is the length of the sequence u; = té, . ,t,ii
and, for every kin {1,... 7k,-},Af,'€ is the difference between the consecutive time points t,’; and t,i_l of this sequence.

14
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Proposition 31 (Theorem 7.12 in [8]) Consider a lower transition rate transformation RX : £(x) — £ (x). Then for
anyt,s in R>o with t <, there is a unique lower transition transformation T : £ (x) — £ (x) such that

n
T—1]U+ARY)| <e.

i=1

(Ve € Ro0)(36 € Rog) (Yt € %, q,0(u) < 6)

Consider some lower transition rate transformation R* : Z(x) — -Z (), and fix some 7,5 in R>q such that 7 < s. As
explained by Krak et al. [8, Section 7.3], the two results above allow us to define the corresponding lower transition
transformation

TF = lim {H([+AiRl): ue%m}.

o(u)—0 | ;7

In this definition, the unconventional notation for the limit is used to indicate that the limit does not depend on the choice of
sequence {u; }ien in U 4> all that is required is that lim;; 1 6 (#;) = 0. We conclude this brief section by repeating the
result that establishes that the family of corresponding lower transition transformations forms a semi-group.

Proposition 32 (Propositions 7.13-14 in [8]) Consider any lower transition rate operator R* : £ (y) — £ (x). Then
foranyt,sin R>o witht <s,

(1) Zﬁfz =1
(i1) L){‘. = fo,[%s for any r in R>q such that t <r <s;

(iif) 77, =T,

Appendix C. The Generalised Poisson Generator

In this section, we essentially generalise the results of Appendix B to the setting of a countably infinite state space; however,
we limit ourselves to one specific type of (a generalisation of) lower transition rate transformations. Essential to our
exposition are sequences S := {(,,A) }re 2 in R%, such that A, < A, for all x € 2". Even more, we will usually demand

that A, and A are both contained in A = [A,4]. We collect all such sequences in the set
S\ = {{(&X,Ix)}xe% in[A,A)%: (Vxe 2) A, < L}.

With any S = {(1,,4,) }xc2 in .75, we associate the generalised Poisson generator Q.. defined for all fin .Z(2") and x
in Z as

[Quf](x) =min{Af(x+1) = Af(x): A € [A,,A,]}. (19)
Observe that the generalised Poisson generator is a generalisation of the Poisson generator, because clearly
0=0; withS={(A, )}z (20)

C.1. From Generalised Poisson Generators ...

We first establish that generalised Poisson generators can be seen as lower transition rate transformations with a countably
infinite state space; more precisely, we establish that they are transformations that furthermore satisfy properties that are
similar to conditions (LR1)—(LLR4) of Definition 27.

Proposition 33 Consider a sequence S = {(A,, Ay) }rca in .Zs. Then Q. is a transformation on £ (Z"). Furthermore,

GPL. Q.(vf) =vQf forall yin R>g and f in L(X"); [non-negative homogeneity]
GP2. Q(f+8) > Qsf +Qcgforall f,gin L (X); [super-additivity]
GP3. Q u=0forall pinRR; [zero row-sums]
GP4. [QSH},] (x) >0 forall x,y in Z withx #y; [non-negative off-diagonal elements]

GP5. [Q,f](x) = [Q(I=:f)](x) for all x in 2" and f in L (2);

15
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GP6. [Q.f](x) = [Q(I<x+1/)](x) forall x in 2" and f in L (2).
Proof We first verify that Q is a transformation on £’(2"). To that end, we fix any f in £ (2"). Observe that, for any x
in 2,

[Qsf1(x)] = [min{Af(x+1) = Af(x): A € (A, Ax)}| < Axlf(x+1) = f(x)] < 24| f]| <24 ]|

Hence, Qf is clearly bounded. Since f was arbitrary, this proves that Q. is a transformation, as required.
For the second part of the stated, we observe that properties (GP1)—(GP6) follow immediately from the definition of Q..
|

Next, we consider the norm of a generalised Poisson generator. Note that the following result is similar to—or an
extension of—Lemma 28 because

2sup{|[QL](x)]: x € 27} = 2sup{|—Ay: x€ 2} =2sup{A,: x€ 2}

Lemma 34 For any sequence S = {( &X’Ix)}xe o in Py,
Q] =2sup{A,: x€ 2}

Proof We first show that || Q|| > 2sup{A,: x € 2}. Forany y in 2, we let f; := I, — ;1. Fix any y in 2. Then for
any zin 2,

[Q£)(2) = min{Af(z+1) = A£,(2): A € [A. 2]}
= min{AL (24 1) — Ayt (24 1) — AL (2) + A1 (): A € (Ao, 4]}

A, ifz=y—lorz=y+1,
= 21, ifz=y,
0 otherwise.

Observe that for any y in 27, f is a bounded real-valued function on 2" and that

1951l = sup{lQsA1(2)]: 2 € 27} = max{A, 1,24y, },
where A, is not included in the set if y = 0. Therefore
sup{[|Qyfill: x € 27} = sup{max{A, .2k A,y }: xE€ 2} = 2sup{Ay: x€ 2.
Since || fx|| =1 for all x in 2", we observe that
1951l = sup{[|QyfIl: £ € L(2),IIfl = 1} = sup{[|Qgfill: x € 27} =2sup{A,: x € 27},

as we set out to prove. B
Next, we prove that || Q|| < 2sup{A,: x € Z'}. Fix any € in R~. Then by the definition of ||| and ||Q
an fin £ (2") with ||f|| = 1 and an y in .2 such that

1941l — € < |94 f]] —% <|[Q4f1)-
From the definition of Qs’ it now follows that
Q. /1) = [min{Af(y+1) = Af(y): A € [A,,A,]}]
<max{A|f(y+1) = fO)|: A €[4, 4,]}
=f+1) = f(y)] <24, <2sup{A,: x€ 27},

where the second inequality follows from the fact that || f|| = 1. Hence,
1941l — & < [Qg 1) < 2sup{As: x € 27}

As this holds for any arbitrary positive real number €, we conclude that || Q|| <2 sup{A,: x € 2}, as required. The stated
now follows because || Q| > 2sup{Ad,: x€ 2} and 191l < 2sup{d,:x€ 2} [ |

16
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C.2. ...to Lower Counting Transformations

The generalised Poisson generator naturally defines a family of lower transition (or, more precisely, counting) transforma-
tions. Crucial to our exposition are Theorems 44 and 45 further on. In essence, these two results extend Propositions 30
and 31 to the setting of generalised Poisson generators. Even more, our reasoning that uniquely defines this family of
transformations is largely analoguous to the line of reasoning followed in [8, Appendix E]. Our first step is the following
observation.

Lemma 35 Consider some S in .75 and some A in R>q. Then (I JrAgg) is a lower counting transformation if and only

if AllQgll <2.

Proof We first check the sufficiency of the condition AHQ || < 2. To that end, we fix any A in R>( that satisfies this
condition, and let T := I +AQ. That T satisfies (LT1) follows immediately from the non-negative homogeneity of 7 and
that of Q—that is, (GP1); s1m11arly, (LT2) follows immediately from the super-additivity of / and that of Q—that is, (GP2).
Next, we verify that (LT3) holds. To that, we fix any f in £ (2") and x in £, and observe that

[T £](x) = [1£](x) + [AQg f1(x) = £(x) + A[Qyf](x) = f(x) + Amin{Acf(x+ 1) = Aef(x): Ax € [A, AL]}
= min{f(x) + A f(x+ 1) — AAf(x): Ay € [A,,A4]}
= min{(1 — AL f(x) + AL F(x+1): Ay € [A, AL}, 1)

where the fourth equality holds because A > 0. Observe now that 0 < AA, because A and A, are non-negative by assumption,
and that furthermore A4, < 1 because A|Q|| <2 by assumption and A, < sup{A,: y € 2"} = || Q| /2 due to Lemma 34.
Consequently, the sum in the minimum in Equation (21) is a convex combination of f(x) and f(x+ 1). Because a convex
combination of two real numbers is always greater than or equal to the minimum of these two numbers, it now follows that

[T](x) = min{(1 - AL f(x) + A f(x+1): Ac € [A, A} > min{f(x), f(x+1)} > inf f.

Since this holds for all f in .£(Z2") and x in 2", this implies (LT3). Finally, (LT4) follows immediately from (GP5) and the
observation that [If](x) = [[(I>xf)](x) for all fin £ (%) and xin 2 .

That the condition A[| Q| <2 is necessary follows from a counterexample. Fix some A in R~ such that A Q| > 2,
and assume ex-absurdo that (1 +AQ,) is a lower counting transformation. Fix any € in R such that 2A¢ < A[|Q | —2.
Then there is an x in 2~ such that

QL] (x) = Ay < —sup{d,:ye X}+e= ,u +e& (22)

where the second equality follows from Lemma 34. Therefore

19

[(1+AQ )L (x) = Li(x) + AIQL](x) = 1 +A[Q(L] (x) < 1 — A™=S" + Ae = % (2 — A QI+ 2Ae) <0,

where the final inequality follows from our condition on €. Since infl, = 0, this is a clear contradiction with (LT3). Hence,
the condition A[|Q | < 2 is indeed necessary. |

For our second step, we construct a lower counting transformation as the composition of lower counting transformations
of the form of Lemma 35. More formally, we construct this transformation as follows. For any sequence S = {(4,,Ax) }xe 2
in A, any ¢, in R>o such that 7 < s and any u in %; 5, we let

I1+AQ ift <s,
@, = ,IJ( &) (23)

1 otherwise.
This notation is clearly reminiscent of the notation that was previously introduced in Section 5.2; in fact, the latter is a
special case of the former because—as was previously observed in Equation (20)—the Poisson generator Q is a special

case of the generalised Poisson generator. The following result establishes that the operator ®@,, thus defined is a lower
counting transformation.

Corollary 36 Fix a sequence S = {(&X,Ix)}xegg in Sy, somet,s in R>o witht < s and a sequence u =1y, ...ty in % y-
If o(u)||Qll <2, then @, as defined in Equation (23), is a lower counting transformation.

17
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Proof Follows immediately from Lemmas 25 and 35. |

Next, we establish some results that will allow us to determine the difference between @, and ®,,, where u and ' are
two sequences of time points in % ).

Lemma 37 Consider a sequence S = {(A,,A.) }xe 2 in .#x and a sequence Ay, ..., A, in Rsq with n in N. If Aif|Qg <2
Sforalliin{1,...,n}, then

[Tu+aQ,) - (1+A0Q)

i=1

<|| |22A Z Ah

i=1 j=i+l

where A=Y | A
In our proof of Lemma 37, we will make use of the following corollary.

Corollary 38 Consider a sequence S = {(A,, Ay) }rc 2 in .#s. Then for any two non-negatively homogeneous transform-
ations A and B on £ (%),

1244 — QB < [IQg]lllA - Bl
Proof Our proof is—almost—equal to that of [2, R12]. Since the stated is clearly true for ||Q || = 0, we may assume that

QI > 0 without loss of generality. If we let A := T :=I1+AQ is alower
counting transformation. Observe that

9 g B)H e

IIQSII IIQSH

Iyl Iyl
oA - 08l = |55 za-a)- 15

|| I HQSII

——IITA-TB|[+ ==[lA-B| < 1A =B+

|4 =Bl = [1Q4llllA - B,
where the final inequality follows from Lemma 24 (LT12) because T is a lower counting transformation by construction. l

Proof of Lemma 37 Our proof is one by induction, and is almost equivalent to the one that Krak et al. provide for [8,
Lemma E.5], although ours yields a (marginally) smaller upper bound. First, we observe that for n = 1, the stated is trivially
true. Next, we fix some n > 2 and assume that the stated holds for 1 < »n’ < n. We now show that this then implies that the
stated also holds for n. Some straightforward manipulations yield

n

[TU+a0,) - (1+AQ)

i=1

iI:]z(1+A,»gg)+A1gSg(1+A,gs) —I- (ZZEA,)QS—AIQSH
f!(HA —1- (ZA)

<12 IIZZA Z Aj+

IA

veflo+se-sg)
i=2

n

UJFAIQS)AI%H

i=2  j=i+l 1:

<1 YA Y Atalg H1+AQS)
i=2  j=i+l

<HQS||2‘ZA Z‘hA j+AQ IIZ;H(HAIQS)—IH
=2 Jj=i =

=119 IIZZA Z Aj A Q)17 Y A =10 HZZA Z Aj,

i=2  j=i+l i=2 i=1  j=i+l

where the first inequality is a consequence of the triangle inequality, the second inequality follows from the induction
hypothesis, the third inequality follows from Corollaries 36 and 38, and the fourth inequality follows from Lemma 26. H
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Lemma 39 Fix a sequence S in /) and some n in N. Furthermore, for all i in {1,...,n}, we fix some sequence A; 1, ... A;
in R>g and let A; := Z];.":l Ajj. Let A=Y/ | A and A" == max{A;: i € {1,....,n}}. If A*(| Q|| <2, then

n ki n
IT (H(l + Ai,st)> -TIu+a0,)

i=1 \Jj=1 =1

n
< N1Q I Y A7 < llQg2aa".
i=1

Proof Our proof is almost the same as that of [8, Lemma E.6]. Observe that

3

ki

ﬁ(n 1+A,Jﬁg> ﬁl—i—AQS

Jj=1

N

ki
H I+A;;Q,)— (I+A:Q,)
j=1

n ki

QP Y Y A < Qg HZZAA

i=1j=1

=2le O Y, Y A

i=1 j=1 (=j+1

| A

N

<NQl” Y A = llQg|"aa%,

where the first inequality follows from Corollary 36 and Lemma 26, and the second inequality follows from Lemma 37. l

Everything is now set up to establish the following two results regarding the difference between ®, and ®,,.

Corollary 40 Consider a sequence S in Zx, some t,s in R>o with t <s and some u in %y such that c(u) HQSH <2
Then for any u' in %, g such that u C u’,

104 — Dy || < & (u) (s — 1) |1 Q1.

Proof Follows almost immediately from Lemma 39 |

Lemma 41 Fix a sequence S in Sy, t,s in Rso witht <, 8 in R>¢ with 5||QS|| <2 and u,u' in @/[,73]. If o(u)<é
and o(u') < 8, then
[y — Dy || < 28(s—1)]1Qg]1*.

Proof Our proof is entirely similar to that of Krak et al. [8, Proposition 7.9]. Let u* be the sequence of time points in %
that contains all time points in « and «’. It then follows immediately from Corollary 40 that ||®, — D] < 6(s—1)]] %”2
and || @, — @, || < 8(s—1)]|Qg]|*, whence

1D = Dy || < [Pu = P | + (| P — P[] < 28(5 1) Q1.

Now that we have an upper bound on the measure of the distance between @, and ®,/, we can fix some sequence {u; }ien
in %[,_’S] and study the behaviour of the corresponding sequence {®,, };c in the limit for i — +oo.

Lemma 42 Fix a sequence S in ¥y and some t,s in R>o with t < s. Then for every sequence {u;}icN in U 5) such
that lim;_, , 6 (u;) = O, the corresponding sequence {®,, },_ is Cauchy.

Proof In order to prove the stated, we need to show that for every € in R, there exists an i* in N such that || ®,, —®,,[| < &
for all i, j in N with i > i* and j > 7*. Fix now any € in R. Because lim;_, ;.. 0 (u;) = 0, there is an i* in N such that (i)
o (u;)||Qll <2 foralli > i*, and (ii) 20 (u;) (s — t)HQSH2 < g for all i > i*. From this and Lemma 41, it now follows that,
for all , j in N with i > /* and j > i*,

1@, — Py, || < 2max{ o (u;), 0 (uj)} (s = 1) | Q> < e

Because € was an arbitrary positive real number, this proves the stated. |
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Lemma 43 Fix a sequence S in .S, some t,s in R>o with t < s and some f in L (Z"). For every sequence {u;}icn
in U, 5 such that lim;_, . 6 (u;) = 0, the corresponding sequence {®y, f}icn converges to a limit fiiy in £ (2") that does
not depend on the chosen sequence {u;}icn.

Proof Our proof consists of two parts. In the first part, we will prove that {®,, f },cn converges to a limit; in the second
part, we will prove that this limit does not depend on the chosen sequence {u;}en.

Fix some sequence {u; }ien in % 5 such that lim;_, .. 6(#;) = 0. The corresponding sequence {®,, f }icy converges to
a limit because (i) .Z(27) is a complete normed vector space, and (ii) {®,, f }ien is a Cauchy sequence in .Z(.27). We
now prove that {®,, f };cn is a Cauchy sequence. To that end, we fix some € in Rs. If || f|| =0, then f = 0. Hence, it
follows almost immediately from Equations (23) and (19) and (LT6) that ®,, f = ®,,0 = 0 for all i in N. Consequently,
[Py, f —Pu;l| =0 < & forall i, j in N, and so the veracity of the claim is immediate.

Next, we consider the alternative case that || f|| # 0. By Lemma 42, there is a i* in N such that

.o . U o €
(Vl,]gN,lZl*,]Zl ) HCIDMi—CI)ujH S m

Observe now that
€
£

where the first inequality holds due to (NH4) because—for reasons explained right after Lemma 21—A := @, — Py, is a
non-negatively homogeneous transformation. Since € was an arbitrary positive real number, we conclude from this that
{®y, f}ien is Cauchy.

Next, we prove that the limit does not depend on the chosen sequence. To that end, we fix two sequences {u; }ien
and {u]};cy such that lim;_, e 6 (#;) = 0 and lim;_, 1. 6 (}) = 0. Furthermore, we let fii and f}; denote the limits of
{®,, f}ien and {<I>u§ f}ien, respectively. In order to prove the stated, we need to verify that fiim = ff;,. To that end, we
observe that, for all i in N,

i — Sl = i = o + @ f — B f + Do~ Fnll < [ iin — Puf |+ @S — Bl f+ | — DS, 24)

(Vi,j€N,i 2", j 2 07) [ Puf = Puy fI| < [[Pu = P, £l < 7 1F 1 = &,

where the inequality follows from the triangle inequality. Fix now any € in R+, and choose any &’ in R~ such that 3¢’ < ¢,
and additionally choose any & in R~ such that 26 (s —7)[|Q I?1|£]l < €. Due to the first part of the statement, and because
lim;_; o 6 (1;) = 0 = lim;_, ... 0 (u}), there is some j in N such that

1Py, — fiml <€ and [y — fin| <& (25)
and
o(u;)<é and o) <8é. (26)

Fix any such j. Observe furthermore that
1Pu, £ = fll < N1, = Pl F1] < 28(s = DI |71 f1l < €, @7

where the first inequality holds due to (NH4) because—for reasons mentioned right after Lemma 21—®,, — CIDM;_ isa
non-negatively homogeneous transformation, the second inequality follows from Equation (26) and Corollary 40 and the
final inequality is precisely our condition on 8. We now use Equations (25) and (27) to bound the terms in Equation (24)
for i = j, to yield

”flim 7fll1mH < ||flim 7¢uj|| + Hq)btj 7q)uff|| + Hflllm 7(‘1)149” <3¢’ < &,

where the final inequality is precisely our condition on &’. Because € was an arbitrary positive real number, we infer from
this inequality that || fiim — f{;,,|| = O, which in turn implies that fiim = f{. |

We now have all the necessary intermediary results to establish the two main results regarding the limit behaviour of the
sequences { Py, }icn. Our first result establishes that the sequence always converges to a lower counting transformation. In
this sense, it is similar to Proposition 30—that is, [8, Corollary 7.11].

Theorem 44 Consider a sequence S in /5, and fix some t,s in R>o with t <s. For any sequence {u;}ien in % 5 such
that lim;_, 1., 6 (u;) = 0, the corresponding sequence {®,, }icy converges to a lower counting transformation.

20



FIRST STEPS TOWARDS AN IMPRECISE POISSON PROCESS

Proof Recall from Lemma 43 that, for all f in £ (%), the sequence {®,, f };cny converges to the bounded function fiiy,.
Let T be the transformation that maps any f in £ (Z") to the corresponding limit fjy,:

I:L(2) = L(Z): [ If = Jim @y f = fiim. (28)

We now first verify that T is a lower counting transformation—and therefore also a non-negatively homogeneous
transformation. Because lim;, . 6 (1;) = 0, there is an i* in N such that o (u;)[|Q,|| < 2 for all i > i*. From this and
Corollary 36, it follows that ®,, is a lower counting transformation for all i > i*. This implies that T, as defined in
Equation (28), is a lower counting transformation as well because the (in)equalities in the conditions (LT1)—(LT4) are
preserved under taking limits.

Next, we verify that {®,, },cn converges to 7. To that end, we fix any € in R, and choose some € in R~ such that
3¢’ < €. Recall from Lemma 42 that {®,, }ien is a Cauchy sequence. Hence, there is an i in N such that, for all i, j in N
with i > i and j > i,

@y, — Py, || < €. (29)

Fix now any i in N such that i > i;. From the definition of the norm for non-negatively homogeneous transformations, it
follows that there is some fj in .Z(Z") with || fi|| = 1 such that
1T = @y || < ITfi = Pu fill + €. (30)

Furthermore, due to Equation (28), there is a j in N such that j > i, and ||Tf; — @y fi | < €. We now use this and
Equation (30), to yield
|7 — @y, || < T fi = Py fil| + € = ITfi = Pujf1 + Py f1 — Py fi]] + €
< HHl _q)ujfl || + ”q)ujf] _qDMif] H +£/
< ||Pu; f1 = P fi]| +2€.

Finally, we use (NH4) and the fact that || f{ || = 1, to yield
IT =@yl < B, — Bl fil] + 26" = |y, — By | +26' <3¢’ <,

where the penultimate inequality follows from Equation (29) because i > i and j > i, and where the final inequality is
precisely our condition on &'. Because this inequality holds for any i > ie, and because € was an arbitrary positive real
number, we infer from this that lim;_, 1. ®,, = T, as required. |

Our second result establishes that the limit of {®,, };cn is unique, in the sense that it does not depend on the choice of
{u;}ien-. Note the similarity with Proposition 31—that is, [8, Theorem 7.12].

Theorem 45 Consider a sequence Sin Sp. For anyt,s in R>o witht <s, there is a unique lower counting transformation T
such that
(Ve € R>0)(36 € Roo)(Vu € %y 5),0(u) <0) [T — Pyl <e.

Proof Consider any sequence {u; };cny such that lim; . 0(1;) = 0. Let T := lim; , ., Py, where this limit exists and is a
lower counting transformation due to Theorem 44. We now verify that this lower counting transformation 7 satisfies the
condition of the statement. To that end, we fix any € in R, and choose any €’ in R~ such that 3¢’ < €. Additionally,
we choose any 6 in R such that 25 (s —1¢)|| anz < €’. We now proceed in a similar fashion as in the second part of the
proof of Theorem 44. Fix any u in %, ; such that o(u) < 8. By definition of the norm for non-negatively homogeneous
transformations, there is some f; in .Z(2") with || f|| = 1 such that

1T —®ull < [IZi—Pufi +€.

Because lim;_, 4o ®,; = T and lim;_, 1. 0(1;) = 0, there is an i in N such that 6(;) < & and ||T — ®,,|| < €. Observe now
that

1T — @, || < | Tf1—Pufill +&1 T fi = Pufill + 1P, f1 — Pufi]| + €
<L — @y, || + [|Py; — Dl +¢' < [Py, — Dyl +2¢'
<28(s—1)[|Qg)* +2¢' <3¢’ <,
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where the second inequality follows from the triangle inequality, the third inequality follows from (NH4) and|| f1|| = 1, the
fourth inequality holds because i was fixed in such a way that |7 — ®,, || < €', the fifth inequality follows from Lemma 41
because o(u) < 6 and 6 (u;) < 6 and the penultimate inequality follows from our condition on §. Because this inequality
holds for any u in %, 5 such that o(u) < 8, and because € was an arbitrary positive real number, this verifies the condition
of the stated.

Finally, we verify that T is unique. To that end, we let 7/ be any lower counting transformation that (also) satisfies
the condition of the stated. For any € in R~, we then clearly have that there is a u in %, such that ||T — @, < ¢&/2
and ||T' — ®,|| < &/2. Hence, ||[T —T'|| < ||T — ®,|| +||T' — .|| < €. Since € is an arbitrary positive real number, we
conclude from this that |7 — T”|| = 0, which in turn implies that T = T”, as required. [ |

We end with two useful properties of the approximation ®,,.

Lemma 46 Consider a sequence S = {(A,,Ax)}xea in Sn. Fix an n in N and, for all i in {1,...,n}, a A; in R>g
with Ail| Q|| < 2. Then for any f in £ (27) and x in Z,

fl<1+A,~Qs>f] () =

i=1

H(I—l—AiQS)f;] (y—x)  forallye Z withy > x,
i=1

where fl: Z — R: z— fl(z) = f(x+2).

Proof Our proof is one by induction. First, we consider the case n = 1. Then clearly

[(T+A1Q)f1(y) = F() +A1[Qef1 ) = f(y) +A1 min_ A(f(y+1)—f(¥))

Aeldy )
=A—0)+A min A(A+1-x) - [i(y—x) = 0 —x) +A[Q ] (y—x)

A€ld, 4]
= [(I+M1Q0) ] (y—x).

Next, we fix some 7 in N with n > 2 and assume that the stated holds for all #»’ in N with 1 < n’ < n. We now show that
this implies that the stated holds for n as well. Let g := [T}, (I + AiQ,) f. Then

n

H(1+ AiQs)f

i=1

() = [T+ A1090)8](y) = [(1 +A1Q¢)g\] (v — %), 31)

where we let g.: 2~ — R: z— g\(z) := g(z+x) and where the second equality follows from the induction hypothesis for
n’ = 1. Observe now that, for any zin 2~,

n

(I+AiQ0)f

i=2

n

g.(2) = glz+x) = (z+x) =

I+ AiQS)f,Q] (2),

i=2

where the third equality follows from the induction hypothesis for n’ = n — 1. Since this holds for all z, this implies that
g =TI, I+ Aigg) f+. We now substitute this equality in Equation (31) to obtain the stated:

n

i=2

n

[Tt +A,-Qs>f;] (y—x).

i=1

fI<1+AI-QS>f] ) =

i=1

Lemma 47 Consider a sequence S = {(&X,Xx)}xegg in Sp. Fix some t,s in R>g with t <s, a sequence u=1ry,...,t,
in U 5 with o(u)|| Q|| <2 and an f in L (2°). Then for any x,y in 2" withy > x+n,

(@ f](x) = [Pu(l<yf + f(1)Isy)] (x).
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Proof In order to simplify our notation, for any y in 2" we let f; := I<, f + f(y)L,. Observe that f; is eventually constant
starting from y by construction, and that f,(x) = f(x) for all x in 2" such thatx <y.
We first consider the case r = s. In this case, we have n = 0 and ®, = I. Fix any y > x+ n = x. We immediately see that

(®uf](x) = [1F1(x) = f(x) = Ly (x).f () + L5y () f (v) = /(%) = (1] (x) = [PuAy) (x) = [Pu(l<yf + F () I5y)] (),

as required.
Next, we consider the case ¢ < s. We will prove the stated by induction. Assume first thatn = 1. Fixany y > x+n=x+1.
Observe that

[@uf](x) = [T+ A1Qg) f1(x) = f(x) + A1 [Q¢ f] (x)-
Recall from the beginning of this proof that f(x) = f,(x) by construction. Furthermore, because I<,;1f = I<,11f;, it
follows from Proposition 33 (GP6) that [Qf](x) = [Q(I<x+1/)](x) = [Q(I<xt1 /)] (x) = [Q¢ fy] (x). Hence,

[P f](x) = f(x) + A [Qsﬂ (x) = fy(x) + 4 [sty] (x) = [(I‘FAIQS)nyx) = [Py fy](x),

as required.
Fix now any n in N with n > 2, and assume that the stated holds for all 1 < n’ < n. We now show that this implies the
stated for n. Fix any y in 2" withy > x+n. Letv:=t,...,t,. Then

[@uf](x) = [(1+2:1Q0) Py f(x) = [(I+A1Q¢)g](x) = [(I + M Q) (T<r18 + Torrg(x+1))] (%), (32)

where we let g := @, f and where the final equality follows from the induction hypothesis with n’ = 1.

It now follows from the induction hypothesis with n’ = n — 1 that, for any z in 2~ such that y > z+n— 1 (or equivalently,
z<y—n+1), [®,f](z) = [P, f](z). As furthermore x <y —n by assumption, we conclude from this that, for any z in 2~
such that z <x+1 <y—n+1, [®,f](z) = [®yfy](z). Consequently,

Iorr1g+Isxr1g(x+ 1) =l 1 (P f) + Loppt [Ryf](x + 1) = Taxi 1 (o fy) + o1 [Pofy] (x +1).

We now substitute this equality in Equation (32), to yield

[®uf](x) = [+ 21 Q) (Tt 1 P fy + ot [Prfy] (x + 1))] (x).

We now invoke the induction hypothesis with n’ = 1 for the second time, to yield

[@uf](x) = [(1 + A1 Q) (T 1P fy + Towt [Pof] (e + 1)) () = [(I+ A1 Q) P 5] (x) = [Pufy] (x)-

C.3. The Corresponding Semi-Group of Lower Counting Transformations

Let S = {(A,,A) }xc 2~ be a sequence in .#,. Due to Theorems 44 and 45, for any 7, s in R>( with # < s, we can uniquely
define the corresponding lower counting transformation

TS = 6(1520{613,,: u€ Uy}

As explained right after Equation (16), this unconventional notation for the limit is used to emphasise that the limit does
not depend on the chosen sequence {u;}icn in % 5 so long as lim;, ;. & (1;) = 0.

This way, we have defined an entire family {T7: ¢,s € R0, < s} of lower counting transformations. The following
result establishes that this family is a time-homogeneous semi-group.

Proposition 48 Consider a sequence S in /. Then
(i) Tt =1 forallt in Rxy;
(i) T =T;T; forallt,r,s in R>o witht <r <s;

(i) IT$ =Ty " forallt,sin Rsq witht <s.
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Proof The proofs of these properties are almost entirely the same as their counterparts in [8].
(i) This is an immediate consequence of Theorem 45 because % = {t}, 6(t) =0 and &, =I.

(ii) Fix any arbitrary € in R~o. By Theorem 45, there are sequences u; in %, ;) and uy in %,y such that (i) |7 — Py, || <
/3 and o (u1)[| Q| < 2; (i) [|T7 — Pu, [| < €/3 and 6 (u2)|| Q| < 2; and (iid) || 77 — Pu|| < €/3 and o(u)[| Q[ < 2,
where u := uj Uuy is an element of % ;. Observe that

|73~ TIT3 = 115 — Dot By uy — T T < 17— ol + | Dy @y — T1T3
£
SILZE = Pull + 119w, = L7 + (190, — To| < 35 =,
where the first inequality follows from the triangle inequality and the second inequality follows from Lemma 26 and
Corollary 36. Because € was any arbitrary positive real number, we conclude from this inequality that the stated holds.

(iii) Fix any sequence {u; };cn in U, 5 such that lim;_ ;o o(u;) = 0. For any i in N, we define v :==1tg —t,t; —1,...,t, — 1,
with u; = 1y, ... ,t,. Observe that, by construction, ®,, — ®,, for all i in N. Because furthermore lim;_, ;.. ®,, = T} and
limj 40 ®, = Zf)*t due to Theorems 44 and 45, the stated now follows immediately.

We conclude this section of the Appendix with some technical results regarding the family {775: 7,5 € R>g,t < s} of
lower counting transformations.

Lemma 49 Consider a sequence S in /. Then for all t,s in R>o witht <,
D 1T = I+ (s =)@l < (s —1)*[1Qg
(i) |77 — 1] < (s =) [ Q-

Proof

2.

(i) Fix any arbitrary € in R¢. By Theorem 45, there is a sequence u = fo, ..., in %y such that |7i —®y,|| < € and
o(u)||Q,ll < 2. Observe that

n n
|75 = (I+ (s =) Q| < |IT5 = Pul| + |®u — I+ (s —1)Q ) < e+ QP Y A Y, Aj<e+(s—1)* Q7
=1  j=itl

where the first inequality follows from the triangle inequality and the second inequality follows from Lemma 37. The
stated now holds because this inequality holds for any arbitrary positive real number &.

(ii) Fix any nin N such that (s —1)[|Q[| < 27, and let A := (s — ) /n. Observe that

16 — 111 = 175 — (7 + AQ) +AQ(|| < [|T5 — (1 +AQ) | + Al Q]| < A%[|Qg]1* +All Qg

where the first inequality follows from the triangle inequality and the second inequality follows from (i). By repeatedly
applying Proposition 48 (ii) and Proposition 48 (iii), we obtain that T} = (Zé)”. We combine our findings, to yield

(s—1)?

n

Iz 1)) = ||z3) -

<nl|T5 11| < nd?|| Q> +nA|IQgll = 194117 + (s = )1l

where the first inequality follows from Lemma 26. The stated now follows if we take the limit for n going to +oo.

The second of these technical results establishes an upper bound on the error made by approximating T by ®,.

Lemma 50 Fix a sequence S in S, somet,s in R>g witht <'s and a sequence u in % 5. If o(u)||Qg|| <2, then
175 = Pull < o (u)(s —1)[| Q1%
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Proof Our proof is entirely similar to that of [8, Lemma E.8]. Fix any € in R~ (. By Theorem 45, there is a u¢ in @/[,73] such
that u C ue and ||T§ — ®,, || < €. From this, the triangle inequality and Corollary 40, it follows that

173 — @ull = |17 — Pup + Pup = Pull < |T7 — P || + [P — Pull < €+ 0 (u) (1 — ) Q1>

The stated now follows because € is an arbitrary positive real number. |

Our next technical result can be interpreted as dealing with the “time-derivative” of T§, as is explained by Krak et al. [8,
Right after Proposition 7.15].

Lemma 51 Consider a sequence S in ./a. Then for any t,s in R>o witht <,

(Ve € R50)(F0 € R>0)(VAER,0< |A] < 8,0<t+A<5) A

‘ TT+A L Q TS

and
s+A s
Zt - Zt s

(Ve €R=0)(38 € Rog)(VAER,0 < |A| < 8,1 <s5+A) QT

Proof The proof is just the proof of Krak et al. for [8, Proposition 7.15] with some obvious modifications. Fix any € in
R0, and fix any & in R~ such that Z(SHQSHZ < &. Consider now any Ain R such that 0 < |A] < dand 0 <t +A <s. If
we let t* := max{z,7 + A}, then
1730~ T3+ AQTS | = |75 — Ty + AIQTS | = |75 — T T + AQGTY T3]l
where the last equality follows Proposition 48 (ii) because < t* <'s. We now use (NH5) and (LT10), to yield
IT3op— T3 +AQTS | < 11— T+ |AIQTY T3 < 11— T+ 1AIQTY .

Further manipulations now yield

1T — T3+ AQUTS < I~ Ty + AIQ; — [AIQ, + AQTY |

< |1+ 18105~ ;* ol + 118105 — 1810 T |

<+ 1AIQg —Tfe |+ AN QlINITE —1]

< A Q1>+ ANIQINITY 11 < A% QI + (Al (* = 1)1 2l

<2070,
where the third inequality follows from Corollary 38, the fourth inequality follows from Lemma 49 (i), the fifth inequality
follows from Lemma 49 (ii) and the final inequality follows from the fact that 0 < #* —¢ < |A|. From this inequality, it now
follows that

H7$+A T

A +QST&

1 s s 2 2
ZWHI}JrA T+ AQ T < 2[All| Q1" < 28(1Q4lI" <&,

which proves the first part of the stated.
The second part of the stated follows from the first part. To see this, we fix any &,7 in R, and let ¢’ :== ¢ + 7 and
s' .= s+ 7. It follows from the first part of the stated that there is some 6’ in R~ such that

/!

TS,  —T5 :
(VA" € R0 < |A'| < §,0<1 +A <) *’*AAi,*’Jrgg;;, <e. (33)
We now let 6 := min{§’, 7}, and fix any A in R such that 0 < |A| < §. Observe that
A s s / o
E—&-A_I;v o - ZISIJF 1;, _0 S Zt/ ALy 0 S Itsl_A_Z;/ 40 S
A 22t T A 251 || T A 251" || T _A Zs=" ||
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where the first and second equality follow from Proposition 48 (iii). Since furthermore ¥’ —A=t+7—A >t >0 and
' —A=t+17—-A<s+1=17,it follows from Equation (33) with A’ = —A that

! J
E+A _E zf’fA _I;’ +0 s
—_A =gt

I

<€,

as required. |

We now use Proposition 51 to establish the limit behaviour of [T/™T>.5](x) and [T!_,I>.12](x) for A — 0%,

Lemma 52 Consider a sequence S in /. Then for any t in R>g and x in Z,

[T s0] (%)

lim =0
A—0F A
and, if t > 0,
lim N (GO 0
A0t A '

Proof Fix any € in R-g. From Lemma 51 (with s = r), we know that there is a 0 in R~ such that

1+A t
L B It

(VA € Ro0,A < 0) A

-QTi| <e. (34)

Fix any A in R~ such that A < 8, and observe that

TH_AH 21\X) — T'1 21X TH_AH 2—TI]I 2
[T L0 ( )A [T71>42](x) _ [QSE]IEX+2](X) < || = 2x+A Lgoxt _QgﬂHZH—Z
TH-A _T! Tt+A _Tt
= JTA — QT || Tzxi2]| = JTA —Q,T;
<eg

— )

where the first inequality follows from the definition of the supremum norm, the second inequality follows from (NH4), the
equality holds because ||I>,42|| = 1 and the final inequality follows from Equation (34) because 0 < A < . Next, we take
a closer look at the terms in the absolute value on the left hand side of the above inequality: (a) it follows from (LT3) that
[T, 1] (x) > infls, 4o = 0; (b) it follows from Proposition 48 (i) that [T11>12](x) = [[Tsx42](x) = I 12(x) = 0; and
(c) it follows from Proposition 48 (i) and Equation (19) that [Q T7I>12](x) = [Q(I>x+2](x) = 0. Consequently,

[T 2 Toas0] (1) |17 2o ar0] (6) = [ Lxr2) (6)

0< A = n — QT 10] (x) | < e.

Since this holds for all A in R~ such that A < §, and because € was an arbitrary positive real number, we have shown that

= 07
A—0+ A

which is the first limit of the stated. The second limit of the stated follows from the the first limit and Proposition 48 (iii). H

Finally, we conclude this section with a useful “translation-invariance” property.

Lemma 53 Consider a sequence S in #5. For anyt,s in Rso witht <s, fin £(Z") and x in Z,

(L3 A10) =T f](y—x) forally e 2 withy > x,

where fl: X = R: 2 fl(z) = f(x+2).
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Proof Fix any ¢ in R, and choose some €' in R such that 2’| f|| < &. By Theorem 45, there is a u in %/ ;) such that
|77 — @ul| < €.

Observe now that
T3 A1) = [@uf I < T7 f = Pufll < T3 — @ullll£1] < €11,
where the second inequality follows from (NH4). Similarly, we find that

(LA —x) = [@uf) v =) < 17— @l < €4 < €11£1,

where for the penultimate inequality we have used the obvious inequality || /|| < ||f]|. Using Lemma 46, we furthermore
find that [@, f](y) = [®,f1](y — x). We now combine our two previous findings, to yield

I3 A1) = (L f = x)| = [[T5£10) = [@uf] () + [@ufi) (v —x) — (T3] (v —x)|
<|IT3A10) = [@ufI)| + |[[@ufil (v —x) = [T 1] (v —x)|
<€|fl+€fl <e,

where the final inequality is precisely our condition on €’. Since € was an arbitrary positive real number, this proves the
stated. |

Appendix D. Linear Transformations

Another important type of transformations on .Z (%) are the linear ones. A transformation A on .Z (%) is linear if it
is (i) homogeneous, in the sense that A(uf) = yAf for all f in £(%') and p in R; and (ii) additive, in the sense that
A(f+g)=Af+Agforall f,gin Z(#). Observe that a linear transformation is always non-negatively homogeneous,
and conversely, that a non-negatively homogeneous transformation is linear if and only if it is additive.

The special case that % is finite deserves some additional attention. It is well-known that in this case, the linear
transformation A can be identified with a |#/| x || matrix, the (x,y)-component of which is equal to A(x,y) := [AL](x). If
convenient, we will sometimes prefer the matrix interpretation over the transformation interpretation. It is also well-known
that if % is finite,

||A||:max{ Z|A(x,y)|:x€@}. (35)

ye¥

D.1. Linear Transition Transformations

If a lower transition (counting) transformation 7 is linear and not just super-additive, in the sense that the inequality in
(LT2) is actually an equality, then we will call it a linear transition (counting) transformation. More formally, we have the
following definition.

Definition 54 A linear transition transformation is any transformation T: £ (%) — £(%') such that

T1. T(uf)=uTfforall fin L (%) and pin R; [homogeneity]
T2. T(f+g)=Tf+Tgforall f,gin L(¥); [additivity]
T3. Tf >inff forall f in L(¥). [bound]

A linear counting transformation is a linear transition transformation T with
T4. [T f](x) = [T(Isxf)](x) for all fin L(¥) and x in ¥

We now state some useful properties of linear counting transformations. The first result establishes some basic properties
of transition/counting transformations that follow almost immediately from (T1)—(T4).

Lemma 55 Consider a linear transition transformation T. Then

TS5. inf f < Tf <supfforal fin £(Z);
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T6. Tu = u forall uinR;

T7. Tf <Tgforall f,gin L(¥) such that f < g.
If T is a linear counting transformation, then

T8. [TL,](x) =0 for all x,y in 2" such that y < x.

Proof Properties (TS)—(T7) follow immediately from Lemma 24 (LT5)—(LTS). Property (T8) follows from (T4) with
f=1Iyand (T6), as I, f = I, = 0. -

The second result is a specialisation of Lemma 25

Lemma 56 For any two linear transition (counting) transformations T\ and T>, their composition T T, is again a linear
transition (counting) transformation.

Proof The linearity—that is, (T1) and (T2)—of 7} and 75 implies the linearity of their composition 7775, as one can easily
verify. Because 71 and 7, are lower transition transformations (as they are linear ones by assumption), it follows from

Lemma 25 that their composition 77 satisfies (LT3), which is equivalent to (T3). Similarly, the composition 777> of the
two linear counting transformations satisfies (LT4), which is equivalent to (T4). |

The final general result will play an important role in the proof of Lemma 78 further on.

Lemma 57 Consider two linear counting transformations Ty and Tp. Then for all x,y in Z,

Y [N ()[RL](2) ifx<y,
0 otherwise.

(ML) (x) = {
Proof We first consider the case y < x. By Lemma 56 and (T4),
(ML) (x) = [N T2 (L)) (x) = [1720](x) =0,

where the last equality follows from (T1).
Next, we consider the case y > x. By (T4),

[T 121 (x) = [Ti (Ixx(T1))] () (36)
Fix any z in 2", and consider I>,(z)[T>1,](z). If z < x, then I>,(z)[T>1,](z) = 0. If z > y, then
I:(2)[Ta1)(2) = [T (2) = [T (L)) (2) = [T20] (2) = O,

where the second equality follows from (T4) and the final equality follows from (T1). From this, we conclude that

Lo(BL) = Y [BLI)L.

=X

We now substitute this equality in Equation (36), to yield

=X

mnmwzwmammmmzV(immw@%m=immmwmmw:imM@MMw,

using (T2) and (T1) for the final two equalities. |
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D.2. Linear Generalised Poisson Generators And The Semi-Groups They Induce

We now follow the same pattern as we did in Appendix C, but the with linear transformations: we introduce linear
generalised Poisson generators and subsequently show that these transformations generate a family of linear counting

transformations. With any sequence S := {A, }xe 2" in A = [A,A], we associate the operator Qg defined by
[Osf](x) = Acf(x+1) = A f(x) forallxe 2, f e L(Z).

Observe that Qg is indeed a linear generalised Poisson generator. That it is linear follows immediately from its definition.
That is is a generalised Poisson generator follows from the fact that

Os = QS’ with § = {4, }xe 2 and §'= {(Ae; ) fxe 2 37

This relation allows us to immediately establish the following result.

Corollary 58 Consider a sequence S = {Ay}xea in A= [A,A]. Then
|0s|| = 2sup{As: x€ 27},

Proof This is a simple corollary of Equation (37) and Lemma 34. |

We now establish that the linear generalised Poisson generator Qg generates a family of linear counting transformations.
In essence, we simply combine the results of Appendix C.2 with Equation (37).

Corollary 59 Consider a sequence S = { A }xe 2 in A= [A,A]. Then for any A in R>o with A||Qs|| <2, (I+AQs) isa
linear counting transformation.

Proof It follows from Equation (37) and Lemma 35 that (I + AQy) is a lower counting transformation. That it is furthermore
linear follows directly from the linearity of 7 and Qs. |

Because the linear generalised Poisson generator Qg is a generalised Poisson generator, we can use here use the notation ®,,
as introduced in Equation (23) as well; we here simply replace Q. by Os = @, in the definition.
Corollary 60 Fix a sequence S = {A}xca in A, some t,s in R>o with t < s and a sequence u = ty,...,t, in Uy 5)-
If 6(u)||Qsl|| <2, then @, as defined in Equation (23), is a linear counting transformation.

Proof Follows immediately from Lemma 56 and Corollary 59. |

Corollary 61 Consider a sequence S = { A }rc - in A =[A,A), and fix some t,s in R>q with t < s. For any sequence
{titien in U, 5 such that lim;, 1 6 (u;) = 0, the corresponding sequence {®y, }ien converges to a linear counting
transformation.

Proof Recall from Equation (37) that Qs is equal to the generalised Poisson generator O, associated with the sequence S =
{(Ax; Ax) }re 2 - It therefore follows from Theorem 44 (with the sequence S’ = {(Ay,A+) }re2-) that the corresponding
sequence {®,, };ey converges to a lower counting transformation. Hence, what remains for us to verify is that this limit
is a linear counting transformation. To that end, we observe that, because lim;_, . 6 (1;) = 0, there is a /* in N such that
o (u;)||Qsl| < 2 for all i > i*. Hence, it follows from Corollary 60 that ®,, is a linear counting transformation for all i > 7*.
As (T1)—(T4) are preserved under taking the limit for i — +-co, this implies that the limit of the corresponding sequence is a
linear counting transformation, as required. |

Finally, we establish that the limit mentioned in Corollary 61 does not depend on the exact choice of the sequence {u;}cn-

Corollary 62 Consider a sequence S = {As}xca in A =[A,A]. Then for any t,s in R>o with t < s, there is a unique
linear counting transformation T such that

(Ve € Ro)(38 € Reg) (Vi € %y, 0(u) < 8) | T — @, <&
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Proof Recall from Equation (37) that Qg is equal to the generalised Poisson generator O associated with the sequence S =
{(Ax, Ax) }xe 2 - Tt therefore follows from Theorem 45 (with the sequence S’ = {(Ay, A+) }xc 2) that there is a unique lower
counting transformation T that satisfies the condition of the stated. All that remains for us is to verify that this unique
lower counting transformation T is linear. To that end, we fix any sequence {u; };cn such that lim;_, . & (u;) = 0. Because
lim;_; 1o 0 (;) = 0, it follows from the first part of the proof that

(Ve € Rug)(3i* e N)(Vie N,i> ) [T -, | <e.

Hence, lim;_, . ®,, = T. That T is a linear counting transformation now follows from this equality if we recall from
Corollary 61 that lim;_, ., ®,, is a linear counting transformation. |

Using Corollaries 61 and 62, we now define the unique family of linear counting transformations that is generated by
the linear generalised Poisson generator Qs. Consider any sequence S = {4, }xc 2 . Then for any 7,5 in R>( with r <, we
define the corresponding linear counting transformation

Ts:= lim {®,:u€ % }.

0 (u)—+oo

We collect all these transformations in the family J5 .= {T’;: 1,5 € R>0,t < 5}.

D.3. Counting Transformation Systems

We now provide a method to construct more intricate families of linear counting transformations. This construction method
is essential in the proof of Proposition 100, where we will construct a counting process with transition probabilities that are
derived from these linear counting transformations. Specifically, we are interested in families of the following type, the
definition of which is based on [8, Definition 3.3].

Definition 63 A counting transformation system is a family 7 = {T: t,s € R>o,t < s} of linear counting transformations
such that

S1. T} =1 forall t in R>y;

S2. TP =TT} forall t,r,s in R>o witht <r <s;
1+A t
S3. limp_o+ M =0and, if t >0, limp_,p+ M =0, foralltin R>pand xin Z.

One example of a counting transformation system is the family .75 of linear counting transformations generated by the
linear generalised Poisson generator Qg, as is established in the next result.

Corollary 64 Consider a sequence S := {Ay}re 2 in A= [A,A]. Then Ts = {T: t,s € R>o,t < s}, the corresponding
family of linear counting transformations, is a counting transformation system. Furthermore,

T's= TOS,EZ forallt,s € Rsg,t <. (38)

Proof This is a corollary of Equation (37), Proposition 48 (i)—(iii) and Lemma 52. |

These simple systems can be used to construct more intricate systems. First, we restrict these counting transformation
systems. Consider any counting transformation system .7 = {7, : t,s € R, < s} and any interval .# in R>o, here and in
the remainder assumed to be of the form [¢, s] or [t,+o0). With this system .7 and the interval .#, we associate the restricted
counting transformation system
T ={T e T:t,s€ 7,1 <s}.

Next, we concatenate two restricted transformation systems. Consider two counting transformation systems 7] =
{1 1,5 € Rxg,t < s} and P = {T"*: 1,5 € Rsg,¢ < s} and two intervals .#| and .% in Rsq such that .7 is closed
and max .| = min.%,. Then the associated concatenated transformation system ﬂl‘j' ® %Jz is defined as the family of
transformations {7,°: t,s € %1 U .%,t < s} such that for all z,s in .# U.% with7 <,

]}s’l ifs<r,
T = TV T? ifr<r<s, (39)
7 ifr<t,

where r := max .#; = min.#,. The following result establishes that the concatenated counting transformation system is
again a (restricted) counting transformation system.
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Lemma 65 Consider two counting transformation systems 7, = {T;"": 1,5 € Rso,t < s} and F = {T;**: 1,5 € Rsq,1 <

. . 0 4o00) . .
s} and fix some r in R~. Then the concatenated transformation system ﬂl[ y ® %[H ) is a restricted counting transform-
ation system.

Proof It follows from Equation (39) and Lemma 56 that every operator 7;° in the concatenation 91[0’4 ® %[Hm) is a linear

counting transformation. That Z[O’r] ® %[Hw) furthermore satisfies (S1)—(S3) follows immediately from Equation (39)
and the fact that 7] and .7 satisfy (S1)—(S3). [ |

Corollary 66 Consider some u=ty, ...,t, in % with ty = 0 and, for all i in {0, ...,n}, some sequence S; = {A; x }xcar

in [A,A]. Then
y = %E)O‘Il] ® %[fl-fZ] ® . ® t?g[t’i;l7t’l] ® (75[:","’00)

n

is a counting transformation system.

Proof This essentially follows from Corollary 64 and Lemma 65. Let ] :== 7, and .7 | = ys[ffl"] ® Z" ) Recall
from Corollary 64 that I |

D=2, Fh=27 andr=t, that 7 | = ys[ofl"] ® Z[t”7+°°> is a counting transformation system.

and ] = J, are counting transformation systems. Hence, it follows from Lemma 65 with

Next, we let 7, = ﬂs[ofz""] ® leja”’l’+m>. We have just proven that .7 is a counting transformation system, and

n

it follows from Corollary 64 that 5, , is a counting transformation system. Hence, it follows from Lemma 65 with

D=2, ,Fh=27 andr=t, ; that 7, , = %[sz""] ® Zl/_[ll"’l’+w) is a counting transformation system.
It is now clear that if we repeat the same argument an additional n — 2 times, we have verified the statement. |

D.4. From a Linear Counting Transformation System to the Poisson Distribution

We conclude this section of the Appendix with a study of the special case of constant sequences S = {A }yc 2 in R>¢. For
any A in R>q, we let

0, =0s=0, with S := {A},c o and 8’ := {(A,A) }xe 2 (40)

Similarly, we let T[S/l =Tigforallz,sinR>o with# <, and T, = s to simplify our notation.

Corollary 67 Consider any A in Rx>q. Then for any t,s in R>q witht <s, f in Z(Z") and x in 2,

s 0) = [Tk =) foraitye 2 withy > x,

where fi: & —R: z fl(z) = f(x+2).

Proof From Equation (40), we know that 7, = T}, where T is the lower counting transformation generated by the (linear)
generalised Poisson generator Q, = Q3. Therefore, it follows from Lemma 53 that

[T A1) = [ f10) = LA —x) = [T5 £ —x),

as required. ]

Corollary 68 Consider any A in Rxq. Then for any t,s in R>o witht <,

S s
Tr+A,A -1

(Ve ER-0)(IS €Rog)(VAER,0< |A| < 8,0<1+A<5) Yot <e

and A
TS+ _T5
1A A . Ql T;Sl

<eEe.
A >

(Ve € R=0)(38 € Rog)(VAER,0 < |A| < 8,1 <s5+A)
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Proof This is a specialisation of Lemma 51, as by Equation (40), TI‘;L = T7 where T is the lower counting transformation
generated by the (linear) generalised Poisson generator Qg, = Q; associated with §' = {(4,2) }re 2. |

Everything is now set up to state and prove the main result of this section, namely how the Poisson distribution is obtained
from a counting transformation system.
Proposition 69 Consider any A in R>q. Then for all t,A in R>g and x,y in 2,
A Viay—x) ify=x,
[Ttti— Hy](x) = {

0 otherwise.

Proof Let f =1, and consider the function f: 2" — R: z— f{(z) := f(x+z) = I(x+z). We first consider the case
that x > y. Observe that f, = 0 because x > y, whence it follows from Corollary 67 with f = I, that

[T72L](x) = (T34 1(x) = [T/ 2 ) (x—x) = [T, 40](0) = 0,
where for the final equality we have used Corollary 64 and (T6). This equality clearly agrees with the stated.
Second, we consider the case that x < y. Observe that f; =1I,_,. Hence, it follows from Corollary 67 with f =T, that
[5L]() = (134 f1() = [ 2 £ —x) = [T/ 5L, (0) = [T, L] (0).

where for the final equality we have used Equation (40) and Equation (38) of Corollary 64. Hence, to verify the stated we
need to show that

¢0:(A) = [THI](0) = waa(z)  forall A€ Rygandz e 2. (41)
Due to Equation (40), Corollary 64 and (S1), we already know that
1 ifz=0,
0 otherwise.

¢:(0) = [TO(?)LHZ](O) = [IL](0) = 1,(0) = {

To determine the other values, we start by fixing any A in R>g and z in 2. Fix an € in R+. By Corollary 68, there is a 6*
in R~ such that

A+6 TAA
(V8 €R,0<|8] < 8,0 < A+5) “fo ~OiTg, | <e.
Fix any real number 6 such that 0 < |§| < 6* and 0 < A+ §, and observe that
(T35 °1L)(0) — [T, 1] 0) To oL, — T I
: 5 — [T L)(0)| < || =——"— 2 Toa L
TA;‘S _ A)L A)—&L-ﬁ . A)L
0, 0, 0, 0,
0% 01 i) = ‘ A0 <

where for the second inequality we have used (NH4) and the equality holds because ||I;|| = 1. Note that
[ TGLE)(0) = AT T (1) = A[TG5 L] (0) = AT Te-1)(0) = AT T (0) = A1 (4) = 2.9:(4),

where for the second equality we have used Corollary 67 and where for ease of notation we let ¢_; := 0 because if z =0,
then I,_; = 0 and hence it follows from Equation (40), Corollary 64 and (T1) that [T;;", I.1](0) = [T, 0](0) = 0. We
substitute this equality in our previous inequality, to obtain '

¢Z(A+5) — ¢Z(A)
1)

Since this holds for any J in R such that 0 < |§| < §*, and because € was an arbitrary positive real number, it follows from
this inequality and the definition of the derivative that

D¢, (A) =A¢,—1(A) —A¢,(A) forallz€ 2 and A € R,

—Ap—1(A)+ A9 (A)| <e.

where D¢, (A) denotes the derivative of ¢, evaluated in A. It is well-known—see for instance [6, Section 3]—that together
with the initial condition ¢,(0) = I,(0), the resulting family of recursively defined initial value problems has a unique
solution, namely ¢.(A) = y;A(z) for all Ain R>¢ and z in 2. [ |
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Appendix E. Supplementary Material for Section 2
E.1. Coherent Conditional Probabilities

We start this section with establishing some well-known properties of coherent conditional probabilities. Our first result
establishes a necessary and sufficient condition for the real-valued map to be a coherent conditional probability. It is actually
the condition that Regazzini [10] uses to define coherent conditional probabilities, but it follows from [10, Theorems 3 and
4] that our definition—that is, Definition 2—is equivalent; see for instance also [8, Appendix B].

Proposition 70 Let S be a sample space. The real-valued map P on 9 C &(S) x &p(S) is a coherent conditional probability
ifand only if forallnin N, oy, ..., 0, in R and (A1,Cy),...,(An,Cy) in D,

n n
max{ 0i1c,(s)(P(A; | Ci) —Ta,(5)): s € | C,} >0. (42)
i=1 i=1
The next result allows us to always extend coherent conditional probabilities to a larger domain.

Proposition 71 (Theorem 4 in [10]) Consider a sample space S and a coherent conditional probability P on 9 C
E(S) x &p(S). Then for any D* with 9 C 2* C &(S) x &y(S), P can be extended to a coherent conditional probability P*
on D*.

Finally, we establish some well-known properties of coherent conditional probabilities. First, we here recall from [10,
Section 2] that any coherent conditional probability P satisfies (P1)—(P4) on its domain Zcp. Additionally, it satisfies the
following well-known properties; we refer to [8, Appendix B] for proofs.

Lemma 72 Consider a sample space S and a coherent conditional probability P on 9 C &(S) x p(S). Then for any (A,C)
in 9,

P5. 0<P(A|C) < 1;

P6. P(A|C)=P(ANC|C) if (ANC,C) € Z;
P7. P(0|C) =0 if (0,C) € 2

P8. P(S|C)=1if (S,C) € 2.

In the remainder, we will make frequent use of (P1)—(P8). As these are just the standard laws of probability, we will usually
do this without explicitly referring to them.

E.2. Counting Processes in Particular

We first establish two obvious properties of coherent conditional probabilities on Zcp that will be useful throughout the
remainder; see for example Lemma 79 or Proposition 82 further on.

Lemma 73 Let P be a coherent conditional probability on the domain 9 C & (Q) x &p(Q) that contains Dcp. Fix somet,s
in Rso witht <s, uin %<, and (x,,x) in Zy. Then forall y in 2,

Y P(Xy=2z|X, =x,,X; = ify >
P(Xs<y|Xu:)Cu7Xt:X):{ =X (5 Z‘ u = Xu, ¢ x) lfy—x’

0 otherwise.

Consequently, if y < x, then
PX; =y|Xy=x4,X, =x)=0.

Proof To prove the first part of the statement, we observe that
P(X; <y|Xy=x4,X =x) =P(Xy = x4, X =, X; <y| Xy = %, X; = ).
If y < x, then it follows from (A1) that (X, = x,,X; = x,X; <y) = 0. Hence,

P(Xs <x[Xy=xu,X; =x) = P(0| Xy = x4, X =x) =0,
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which agrees with the stated. Alternatively, if y > x, then it follows from (A1) and the finite additivity of P that

Y Y
PX <y|Xy=xu0, X =x) =Y P(Xy=x0, X =x, X, =2| Xy =x, X, =x) = Y P(X; = 2| Xy = x4, X; =),

=X =X

as required.
For the second part of the statement, we observe that (X; =y) C (X, < y). Together with the first part of the statement
and the monotonicity of P, this implies that

PX;=y|Xy=x,,X =x) <PX; <y| X, =x4,X, =x) =0.

As furthermore P(X; = y | X, = x,,X; = x) > 0 by (P1), this clearly implies the second part of the statement. [ |

Lemma 74 Let P be a coherent conditional probability on the domain 9 C & (Q) x &p(Q) that contains Dcp. Fix somet,s
inRxo witht <s, win %, and (x,,x,y) in 2,y 51 Then for all r in R>q such thatt <r <s,

R)
P(Xs =y| Xy = x4, X =x) = ZP(Xs:y|Xu:xu7Xt:xyxr:Z)P(Xr:Z|Xu:xuaXt:x)

=X
and
y—1
P(X; > y| Xy =x4,X =x) = ZP(XS >y Xy =xu,X =x,X, =2)P(Xr = 2| Xy = x4, X; = x)

7=x
+P(X, > y| Xy = x4, X; = x).
Proof Observe that
PXs =y|Xu=xu,X =x) =P(X, = x4, Xy = %, X; =y | Xu = x4, Xs = %)
due to (P6). As (X, = x,, X; = x,X; =) = U (Xu = x4, X; = x, X, = 7, X; = y) due to (Al), it follows from (P3) and (P6)

that

y
P(Xs :y|Xu = Xy, Xy :x) = ZP(Xu =Xxu, X; = x,Xr = 2, Xy :y|Xu = Xy, Xy :x)
=x
y
=Y P(X, =2, X, = y| Xy = x4, X; = x).
=X

Finally, we use (P4), to yield

Yy
P(X;=y|Xy =xu0, X =x) = Y P(X, = 2| Xy = %0, X, =X)P(X; = y| Xy = %0, X, = x,X, = 2),

=X

which is the first equality of the statement.

For the second equality of the stated, we observe that due to (A1), (X, = x,,X; = x,X; > y) is the union of the pairwise
disjoint events (X, = x,,X; = x,X, >y) and (X, = x,,X; = x,X, = z,X; > y) for all zin £ such that x < z < y. We now
again use (P3), (P6) and (P4) to yield the second equality of the statement:

y—1
PX;>y| Xy =xu0, Xi =x) = Y P(X, =2,X; > y| Xy = x, X; =)
=X
+P(X, > y| Xy =x4,X, = X)
y—1
=Y PX,=z|Xy=x0, X, =x)P(X; > y| Xy = x0, X, =x,X, = 2)
=x

+P(Xr Zleu:met :x)-
|

Next, we prove the first result that is given in the main text. In this proof, we will need the following—slightly
stronger—Ilemma.
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Lemma 75 Consider some u in % . Then the corresponding collection of finitary events
¢ ={(X, €B):ve%,BC Z,,(Vt €v) € ulU[maxu,+)}. (43)
is an algebra. Therefore, 7, = 6,.

Proof The second part of the stated—that is, that .%, = %,,—is an immediate consequence of the first part—that is, that
the collection of finitary events %, is an algebra—because .7, is defined in Equation (3) as the smallest algebra of sets that
contains %,. Hence, we only need to verify that the collection of finitary events %, is an algebra of sets (sometimes also
called a field of events), in the sense that

F1. 0 belongs to €;
F2. Q\ A belongs to €, for all A| in 6,;

F3. A; UA; belongs to %, for all A1,A; in 6.

Observe first that (F1) holds, as the empty set @ belongs to %,. For instance, take any ¢ in [maxu, 4o) and let B := 0.

Then clearly

X eB)=Xc0)={ocQ: o(t) 0} =0,
and (X, € B) = 0 belongs to %, due to Equation (43). Similarly, Q belongs to %, because Q = (X, € Z7) for any ¢ in
[max u, +0). Observe that (F2) and (F3) are trivially satisfied for Ay =0 and A| = Q.

Hence, we now fix any A = (X,, € By) and A, = (X,, = B>) in €, such that 0 # A; # Q and 0 # A, # Q, and verify
that (F2) and (F3) hold. To that end, we recall that (Xp € 2p) = (Xp = xp) = Q, so the condition @ # A # 2 implies
that v; # 0, and similarly v, # 0. Hence, we can enumerate the time points in v as t1,...,f, and the time points in v, as
SlyeeeySme

In order to verify (F2), we observe that

Q\A; =Q\A =Q\{w e Q: (o(t1), - ,0(t,)) € B1} ={w e Q: (0(t1), - ,0(t)) ¢ B1}
={0eQ: (o(n), -, 0n)) € Bi} = (X, €BY),
with B{ = %, \ B| and where the third equality follows from (A1) and Equation (1). As Bf C %,,, it follows from
Equation (43) that (X,, € Bf) belongs to €,. Hence, we may conclude that Q\ A; belongs to %, as required.
To verify (F3), we observe that
AlUA ={o e Q: (o(t1),...,0(t,)) € B} U{w € Q: (0(s1),...,0(sm)) € B2}

={weQ: (o(t),...,0,)) € By or (0(s1),...,0(sm)) € B>}
Let v be the ordered union of v{ =1q,...,t, and v, = s1,..., 5. We now furthermore enumerate the time-points in v as
ri,...,r, and let

B={(xp,...,xr) € Xy (X),...,X,) € By or (xg,,...,xg,) €Ba}. (44)
It then follows from (A1) and Equation (1) that

AjUA ={o < Q: (o(t),...,0(t,)) € By or (&(s1),...,D(sm)) € B2}
={weQ: (o(r),...,0(ry)) € B} = (X, €B).

Because v and B trivially satisfy the requirements of Equation (43), we may conclude from this equality that A UA;
belongs to %, as required. |

Proof of Lemma 3 It follows from Lemma 43 that A = (X, € B,), where v is some sequence of time points in % such
that ¢ belongs to u U [maxu, +oo) for all 7 in v, and where B, is a subset of 2.

Let w' :=v\ u. If w' = 0, then we fix any 7 in the open interval (maxu, +0), and we let w be the sequence containing .
Alternatively, if w' # 0, then we let w be the (ordered) sequence of time points in w.

In any case, if we enumerate the time points in uUw as tq,...,t, and those in v as s1,. .., s, then we can define the set

B={(xt,....x,) € Zuow: (Xs;,-.,Xs,,) € By} (45)
To obtain the stated, we observe that
A=(X,eB,)={oeQ: (0(s1),...,0(sm)) €EB,} ={we Q: (0(ty),...,0(t,)) € B} = (X,uw € B),
where for the third equality we have used Equation (45), Equation (1) and (A1). |
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E.3. Constructing Counting Processes

We end this section with a number of interesting technical results about the construction of counting processes. In the proof
of the first of these technical results, we need the following intermediary result.

Lemma 76 Consider some non-empty finite index set .% and, for all i in .%, some @; and p; in R. Let o* :=min{0;: i € ¥ }.
If pi>O0foralliin % and Yc s pi <1, then

Z o;p; > min{0, o }.
icd

Proof We distinguish two cases based on the sign of a*. If a* > 0, then ; > 0 for all { in .#. Since furthermore p; > 0
for all i in ., we observe that };c » @;p; > 0 = min{0, @*} as this is a sum of non-negative terms.

Next, we consider the case a* < 0. If Y;c » p; =0, then clearly ¥,;c » 0;p; =0 > min{0,a*}. If Y.,c » p; > 0, then we
observe that

Z a;pi = <Z pj> Z OC,'L > (Z pj> a*ga*:min{&a*},

ics jes ey LjesPj jes

where the first inequality holds because a convex combination of real numbers is greater than or equal to the minimum of
these real numbers, and the second inequality holds because a* <0and 0 <Y jc » p; < 1. ]

Everything is now set up to prove the following technical lemma, which is crucial when constructing counting processes in
general and Poisson processes in particular.

Lemma 77 Let w = wy,...,wy be an element of %y. Let P,, be a real-valued function on
Dy ={Xw; =9, X,,i =%,) € Dcp: j € {0,...,03,w)i={wo,...,wj_1},x,; € Zoj,y € X} (46)

such that, for any j in {0,...,0} and x,,; in Z,,; with w/ = {wy,...,w;_1 }—and specifically w°® = 0—(i) if j > 0, then
Pw(ij =y|X, i =x,;)=0forallyin Z withy <Xy 5 (1) 0 < PW(XW/. =y|X,i =x,) <1forallyin Z withy > X,y
and (iii) 0 < Y\ ep Py (Xw; = y[X,,i = x,,;) < 1 for all finite subsets B of 2. Then P, is a coherent conditional probability.

Proof Our proof by induction is inspired by that of Krak et al. [8, Lemma C.1]: we verify that P, satisfies the necessary
and sufficient condition for coherence of Proposition 70. First, we observe that this is the case if £ = 0. To verify this, we
fix any nin N and, for any i in {1,...,n}, some (4;,C;) = (X,,, =i, Q) in Z,, and o; in R. Observe that

max{i ai]ICl-((l))(Pw(Ai ‘ C,) —HA,-((O))I [ONSS OCI} = max{i ai(Pw(XwO =Yy | Q.) —HAI.((I)))I [OXS Q.} (C9))
i=1 i=1 i=1

LetB:={ye % : (Jie{l,...,n}) y; =y}, and observe that B is non-empty and has a finite number of elements. We now
partition {1,...,n} according to the events A; = (X,,, = y;): for any y in B, we let

Fy={ie{l,....n}:yi=y}.
Furthermore, we let a* := min{} ¢, 7,061y € B}, and let y* be the element of B that reaches this minimum. Observe that
£ arc, ~ula) - ¥ ¥ arx, 510~ L[ E a)ro, -0
i=1 YEBic. 7y YEB \ie 9y
> min{0, o}, (48)

where the inequality follows from Lemma 76 and the conditions (ii) and (iii) on P,, of the stated. If a* > 0, we let ®* be
any path such that ®*(wp) ¢ B; note that this path exists by (A2) because B is a finite subset of 2 . This way,

) ( ) a,-) I(x,,=y) (@") = 0 =min{0, "} (49)

YEB \ic.dy,

36



FIRST STEPS TOWARDS AN IMPRECISE POISSON PROCESS

because Iy, —) (@*) = 0 for all y in B. Otherwise, that is if &* < 0, we let ®* be any path such that @*(wg) = y*; again,
this path exists due to (A2). This way,

Y ( Y a,~> I(x,,=y) (@") = a* = min{0,a"} (50)

YEB \ic.%y

because, for all y in B, ]I<XwO:y) (0*) =0if y # y* and H(Xw():y) (w*) = 1 if y = y*. Our choice of @* guarantees that

-

n n
O‘i(P(XWo =i| Q) _]IAi(w*)) = Z aiP(XWo =yi| Q) — Z ai]IAi(w
i i=1

i=1

oGP(Xy =i 1Q) = Y Y aily, (@

™= 1

i=1 YEBi€ s,
n

=Y aP(X,=y|Q) - Y ( Y ai) Lix,,=y) (@)
i=1 YEB \i€.%)

n
= Y 6P(X,, = ¥ Q) — min{0, 0"}
i—1
> min{0, ¢*} — min{0, ¢*} =0, (51)

where the fourth equality follows from Equations (49) and (50), and the inequality holds due to Equation (48). From this
we infer that Equation (47) holds, which by Proposition 70 implies that P,, is a coherent conditional probability.

Next, we fix any £ in N with £ > 1 and assume assume that the stated holds for any ¢ in N with 0 < ¢/ < £. We will now
show that the stated then follows for ¢. To verify the coherence of P, we fix any nin N, (A;,C)),...,(As,Cy) in 9, and
ai,..., 0, in R. We need to show that

n

max{z 0ilc (@) (Py(Ai|C) — 14, (w)): @ € C} >0, (52)
i=1

where C := UleCi.

Forany i in {1,...,n}, there is some j; in {0,...,£}, some y; in 2" and x'; in 2, with u’ := {wy, ..., wj, 1}, such that

u ui

Ai= (X, =yi) and C= (X =x,).

Let Ip:={ie{l,...,n}: j; <{L}.If Iy # 0, then it follows from the induction hypothesis that

i6j</‘

max{ Z oilc (@) (Py(Ai | G) — Iy, (w)): @ € C<[} >0,

with Cy := Ujc s_,C;. From this, it follows that there is some @* in C~¢ C C such that

Y, olle,(@*)(Py(Ai|Ci) — T, (%)) > 0. (53)

i€eﬂ<[

If .#_y =0, then we let @* be an arbitrary element of C. In any case, we have chosen a ®* in C that satisfies Equation (53).

Let C* := ﬂ?;})(ij = 0*(w;)) and I = {i € {1,...,n}: C; = C*}. Observe that, by construction, j; = ¢ for all
iin Zc+. We now execute the same trick as we did before. Since by construction ¢+ is clearly finite, the sets B} :=
e Z:y<w*(wey), (i€ Iex)yi=ytand By :={y € Z: y> 0*(w;_1),(3i € #+) yi =y} have (at most) a finite
number of elements. We now partition .+ according to the events A; = (X,,, = y;): for any y in B} UBj, we let

jy = {i € Iex: A = (Xw :y)}'

If we furthermore let o* := min{};c. 7,001y € B} }—where we follow the convention that the minimum of the empty set is
zero—then

Y, ar(Ai|C) =) aP,AlC)=Y Y aP.(A|C)+ Y ) oPu(Ai[C)

i€ Icx i€ Icx YEBY i€y YEB3 i€y
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-y (Z oci)PW(XW =ylch)+ Y (Z ai>Pw( w =[C")

yeB] \i€9y YEB; \i€J)

= Z (Z (Xi>PW(XW1y|C*)

yEB; \i€)y

— Z ( Z a,)PW(XW =y Xy = 0 (W0),-- ., Xw, , = 0 (We_1))

yEB; \i€dy
> min{0, *}, (54)

where for the fourth equality we use that P, (X,,, = y|C*) = 0 for all y in Bj—which follows from condition (i) on P,, of
the statement because, by definition of B, y < w*(w,_;) for all y in Bf—and where the inequality follows from Lemma 76
due to the conditions (ii) and (iii) on P, of the statement.

If B3 is non-empty and o* < 0, then we let y* be any element of B that reaches the minimum in the definition of o/*; if
B} is non-empty and o* > 0, then we let y* be any element of 2" such that y* > @*(wy_;) and y* ¢ Bj; and finally, if Bj is
empty, then we set y* := @*(wy_ ). Because @* belongs to C* by definition and y* > @*(wy_;) by construction, it follows
from (A2) that there is at least one path @ in C* with @(wy) = y*. Let @** be any such path. We have chosen ®** such that

Z Z OCiHAI.((D**) =0 (55)

YEBY i€y

because Iy, (0*) = ]I(XW:},I.)((D**) =0 for all i in Uyepr#y as 0™ (wg) = y* = 0*(wg—1) > y;. Similarly,

i o ifB5#0and o, <0
)y ZaiHA;(w**):{Zlejy* MO OMIA S0 inf0,0) (56)

yEBS i€ Fy 0 otherwise

because, for all 7 in Uyeps 4y, we have that I, (0*) = H(Xw —y) (@) =0if y; #y* and 1 if y; = y*—where the latter only
occurs if Bj is non-empty and o* < 0. Furthermore, ]IC[.(C)**) =1 for all i in Z¢+ because ®** is an element of C* by
construction. Hence,

Y, ol (0™)(Pu(Ai|C) —Ta(@07) = )}, i(Pu(Ai|C) —Ta(0™)) = Y, aPu(Ai|C)— ), ails(0™)

I'Efc* iEfC* ieﬂc* iE]C*
= Z A ‘C Z Z(Xl]IA )—Z Zai]IA,.(a)
icIcx YEB €Sy yEB}ic.dy
= Y 0P(Ai|C)—0—-min{0,a"}
ieﬂc*
> min{0, «*} —min{0, "} =0, (57)

where for the fourth equality we have used Equations (55) and (56) and for the inequality we have used Equation (54).
We now summarise our findings. Recall that, by construction, ®@** belongs to C* and that C* is a subset of C if the
latter is non-empty. Therefore, it follows from Equation (53) that

Y ol (™) (Pu(Ar| G) L (@) 2 0.

i€y

Similarly, it follows from Equation (57) that
Y ail(0™)(P(Ai|C) = Tx,(@™)) > 0.

iEfc*
Finally, if we let . == {1,...,n}\ (S<,U ), then clearly I¢, (0**) = O for all i in .. Therefore,
Y aille, (™) (Py(Ai | Ci) —Ia,(0™)) = 0.

i€y

From the three previous (in)equalities, we infer that

¥ o (o) BIC) T (o) = T algo”) (Rl €)= Ty (0™) 20
i€(IUIexUT)
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If the path @** belongs to C, then we may conclude from this that Equation (52) holds, which is what we set out to prove.
Recall that this inequality holds for any path @** as long as (i) it belongs to C*, in the sense that it coincides with @* on
the time points wy, ..., w,_1; and (ii) it satisfies @ (wy) = y* > ©@**(w;—1) = ©*(wy_1). Furthermore, we recall that ©*
belongs to C, and that the paths in C are only “specified” on (a subset of) the time points wo, ..., w,_|, because

with u’ = {wy,...,w;, — 1} and j; < £. Consequently, it follows from (A1) and (A2) that there is a path @** in C that
satisfies the two requirements. |

We continue with a second construction lemma, this time using a counting transformation system.
Lemma 78 Consider a non-empty and ordered sequence of time points w = {wy,...,w¢} in % and a counting transform-
ation system . ={T: t,s € R>¢,t < s}. Let P}, be any coherent conditional probability on &(Q) x &y(Q) such that, for
all jin {1,...,0}, x,; in Z,,; withw’/ :={wo,...,w;_1} and x in X,

W

P;(X | wi = Xy ) - [TW_,L]IX] (‘ij—l)'
Then for any t inw and u in U<; with0 £ u Cw, x, in 2, and x in Z,
Py(X; = x| Xu = xu) = [Taxulx] (¥maxau) -

Proof Our proof of follows that of [8, Lemma C.2] very closely. By assumption, there is some j in {1,...,£} such that
t=wjand u C {wo,...,w;_1}. We prove the stated using induction. First, we observe that if = wy, then u = {wo} and
the stated is trivially satisfied. Next, we assume that the stated holds for r = w;_; with 1 < j </, and prove that the stated
then also holds for # = w;. In the remainder, we distinguish between two cases: maxu = w; 1 and maxu < w;_i.

Let us first consider the case that maxu = w;_1. Observe that, due to the laws of probability,

Pi(X =x|Xy=x0) =Py(X, =x) N (Xy = x) | Xy = x4). (58)

Note that, due to (A1) and Equation (1),
(Xu :xu) = (ij € B)a (59)

with
B:= {yw/ € %Wj: (VS € M) Vs :Xs}.

Note that B is clearly a finite set, as by construction the last component y,,. , of any y,.; in B is equal to x,,. ,. Substituting
. . . . . J J
this equality in the previous, we now obtain that

Po(Xe = x| Xy = xu) = Fy((Xe = %) N (X,,; € B) [ Xy = xu) = By((Xe = x) N (Uyen(Xi = yi)) | Xu = xu)
=Py s (X =) N (X =yi) [ Xe=x) = ), Pol(X =x) 0 (X, = y,i) [ Xu = 1)

w,’EB
Z P:v((Xf :x‘ (ij :yw/)m(x ))P*(Xw/ _ywl |X —X”)
‘WjEB
Z P* Xl _x‘ wi _wa)l)vt(xwf = Ywi |XM :Xu)
Y, ]EB
= Y 1T L Oy )P (X = Y | Xu =)
y ,‘EB

_[TW/ 1 'ij 1 Z P Wf_ny|X —.Xu)

n 1

where for the penultimate equality we have used the equality = w; and the condition on P}, of the stated, and where the
last equality holds because, by construction, Ywj = Xw; forall y,; in B. If x < X 1 then because .7 is a counting

transformation system, it follows from (T8) that [Tfj’f L (ijfl) = 0. This agrees with the stated, since

[Taxle (maxa) = T3, el () =0,
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where the second equality follows from (T8) because x < Xy - In case x > Xw;_y» We observe that

P;;(x,:x|xuzxu):[TW]l (0w, Z Pi(X,i =y, | Xy =x,)
MEB

= v:v,j 1] (o wi_1 Py (Uyw_/EB(Xw.f = Vi) | Xu =xu) = [T"r}j—]ﬂx]('ij—l)[);(ij € B[ Xy =x4)
= vtvjj L] oy )P (X = 0 | X = xu) = [Tvtvj,IHX](Xqu)a

where for the penultimate equality we have used Equation (59). This proves the induction step in case maxu = w;_j.
Next, we consider the case maxu < w;_;. We execute exactly the same trick, but now we consider the—clearly finite—set

Bi={y,; € Zyit yw;_; <x, (Vs €u)ys =x} (60)
and, for any y in 2" such that xpax, <y < x, the—again clearly finite—set

By = {yw.f*1 € ‘%'w.ffl : (yw.i*hy) GB} = {yw.f*I € Z, wi=l- yw, 2 =y (\V/S € M) Vs _x‘}' (6D

Note that these two sets are connected, as

X
U {Gwi1:2): i1 €By}. (62)
Y=Xmaxu
Observe that
Xy =x,)N(X; =x) = (X,,; € B)N(X; =x).
Therefore

Pi(Xe = x| Xy = xu) :P;((Xt =x) N (Xy = x) | Xu = xu) :Pvt((xt =x) N (X, € B) [ Xy = xu).
If x < Xmaxu, then it follows from Equations (60) and (1) that B = 0. Therefore
Py(X: = x| Xy = x4) = Py(0| Xy = xu) = 0= [T, L] (Xmaxu)

where the final equality holds due to (T8). This case therefore agrees with the stated.
Next, we consider the case x > Xpax,. Then

P:V((Xt:xIXu:xu = Z P* w,—x (Xw.i:yw.i)IXu:xu)
Y,,i€B

= Z P‘:(ij :Xl (wa :wa)m(xu :xu))Pv:(wa = Ywi |Xu :xu)
ijEB

Z P* W/_x| Wl_wa) (ij:wa|Xl4:xu)
Y, €B

Z Z w] X‘ijfl :ywj*IaXWj,l :y)

Y=Xmaxuy, j— 1EBy

P;(X j—1 :yw.fflvxw_/_| :y|XM :xu)-

Wi

where for the third equality we have used Equation (60) and for the final equality we have used Equation (62). We now use
the condition on P, of the stated to substitute the terms of the form Py (X, = x| X,,j-1 = y,,j-1,Xy;_, =y) with [ijg L)),
to yield

P(X=x|X,=x,) = Z vy/’,]l Z Pr(Xyi1t = Yyi-t: X, = | Xu = x4)
Y=Xmaxu Vi~ 163‘
X
= Z [TV‘ZLlHX](Y)R:(XwF' €By, Xy, , =y|Xu=xu)
Y=Xmaxu
X

= Y [T LJO)Py (X = xu, X1 € By Xy, = | Xy =x).

w
Y=Xmaxu

40



FIRST STEPS TOWARDS AN IMPRECISE POISSON PROCESS

Observe now that, for all y in 2~ with xpax, <y < X,

Xy =xu,Xw,_, =y) ={0 € Q: ®(wj_1) =y, (Vs €u) O(s) = x;}
C{oeQ: o(wj—z) <y (Vscu) o(s) =x} = (X,j-1 €B,y),
where the inclusion follows from (A1) and the final equality follows from Equation (61). We infer from this that (X, =
X, X1 €EBy Xy =y) =Xy = Xuy Xowj_ = y). We now use this equality to yield

Jj—1

X

Pr(X = x| Xy =x,) = Z [n3;£1HX](y)P;(Xu = X, Xy = | Xu = xu)

Y=Xmaxu
X
= Z [7}:';/71]1)6] (y)Pv:(XWj—l =y|Xu=xu)
Y=Xmaxu
s wi wi_1 W
= Z [iji/,l]lx] (y) [Tma{x_uﬂy](xmaxu) = [Tma{xuﬂy] (xmaxu) = [Tr;axu]ly] (xmaxu),
Y=Xmaxu

where the third equality follows from the induction hypothesis and the penultimate equality follows from Lemma 57. W

Lemma 79 Consider a counting transformation system 7. Let P be the real-valued map with domain
D ={(Xpsrn=y,(Xy =%, X =x)) € Dcp: t,A € R0, uu € Uy, (Xu,%) € X,y € Z I U{(Xo=x,Q) € Dep: x€ X},
that is defined for all t, A in R>q, u in U<, (xy,x) in Ly and y in 2~ as

P(Xisn =] Xy = x4, X; = x) = [TtHAﬂy](x)

and for all x in 2~ as
1 ifx=0,
0 otherwise.

P(Xo=x|Q) = {
Then P is coherent, and any coherent extension of P to Dcp is a counting process.

Proof Our proof follows that of Krak et al. [8, Therorem 5.2] closely. We first verify that P is coherent using Proposition 70.
To that end, we fix any arbitrary » in N and, for all i in {1,...,n}, some (4;,C;) = (X;, = x,X,;, = x,;) in Z and o; in R. We
need to show that

max{zn: ai]ICi(w)(ﬁ<A[ |Ci)— HAi(w)) ONS OC,} > 0. (63)
: i=1

i=1
Clearly, there is some non-empty, finite and increasing sequence w = wy, . .., wy of time points with wy = 0 such that u; Cw
and t; € wforalliin {1,...,/}. Let B, be the restriction of P to %, with 9,, as defined in Equation (46) of Lemma 77.
In order to verify that P, satisfies the three conditions of Lemma 77, we fix some j in {0,...,¢} and x,; in &2, ;, with
Wj =Wo,.e. Wi
(1) Assume that j > 0, and fix some y in 2" such that y < Xw;_,. Observe that
PW(XWJ- =y X =X,) = P(ij- =y X =X,) = [ny;ll]ly](ijq) =0,
where the last equality holds due to (TS8) because y < X -
(i) Fix some yin 2" such thaty > x,; ,. Observe that

Pu(Xo; =y | X, = 2,5) = P(Xo; = | X, = 25) = [T L] (o).

The second condition is now satisfied because 0 = infI, < [TX/{ 1] (e, ) < suply =1 due to (TS).
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(iii) Fix some finite subset B of 2", and observe that

P(XW]€B| v/*xw/):P(XWjGB‘XWJI: w/ ZP wi = y|wa:xwf)

YEB

Z W, Iy () { Wi 1(ZH)] Xwj1) [Tvr'lj'j;l]IB](ijq)v
yEB yEB
where for the fourth equality we have used the additivity (T2) of the linear counting transformation TJV/’_ ,- The third
condition is now satisfied because 0 = inflg < [TXJ.’;IJIB] (ij—l ) <suplp =1 due to (T5).
Consequently, it follows from Lemma 77 that B, is a coherent conditional probability. By Proposition 71, we can therefore

extend P, to a coherent conditional probability on &(Q) x &(Q). Let P* be any such extension. It then follows from
Proposition 70 that

n k
max{ZOci]ICi(a)) (Py(A 1 C) —1p(0)): @ € Uc,} >0. (64)
i=1 i=1

We now claim that P5(A; | C;) = P(A;|C;) for all i in {1,...,n}. To verify this claim, we fix any such i. If u; = 0, then
t; =0 and so (A;,C;) is an element of %,,; therefore, P (A; |C P (A;|C;) = P(A; | C)). If u; # 0, then u; Cwand t; € w.
In this case, since P satisfies the conditions of Lemma 78, it follows from this lemma that P%(A; | C;) = P(A;|C;). Since
P5(A;1C) = P(A;|C;) foralliin {1,...,n}, Equation (63) now follows from Equation (64).

Now that we have verified that P is coherent, it follows from Proposition 71 that it can be extended to a coherent
conditional probability P* on Zcp. Let P* be any such coherent extension.

We need to verify that P* is a counting process. That (CP1) is satisfied is immediate:

P Xo=0)=PXo=0|Q)=P(Xy=0|Q) =
To check (CP2), we fix any #,A in R>g, u in Z<; and (x,,x) in 2. Observe that
P (Xia > x+2| Xy =x0,X =x) =1 = P*(X;1a < x+2| Xy = x4, X; = X)
= l—ﬁ*(XI+A §x+ 1 |Xu :xu,Xt :x)
=1-P"(Xa=x| Xy =%, X =x) = P*(Xp1a = x+ 1] X, = x4, X; =)
=1-P(X;ip =x| Xy =x0, X =x) = P(Xs1a = x+ 1| Xy = x,, X; =)
= 1= [T/ (x) — [+ 4] (),

where we have used Lemma 73 for the third equality. Observe that 1 = [T} "2T-,](x) because 7 ™21 = 1 due to (T6) and
[T7F21)(x) = [T 21,](x) due to (T4). Therefore,

P*(Xoa = X+ 2] Xy = %0, X = x) = [T 1] (x) — [TAL) (x) — [T 2L ] ()
= [/ (Izx — L = L1 )] (x) = [T T2 Tox12] (x),

where for the second equality we have used the additivity (T2) of the linear counting transformation 7}’+A. Similarly, in
case maxu <t —A,
P*(Xt >x+2 | Xy =xu, Xip = x) = [Ttt—AHZerZ](x)'

That (CP2) is satisfied now follows if we combine these two equalities with (S3). |

Appendix F. Supplementary Material for Section 3

Our proof of Theorem 6 is rather lengthy, and therefore we split it into two parts. For the first part, we first establish some
convenient properties of a Poisson process.

Lemma 80 Consider a Poisson process P. Then

(1) 0<PX,=x|Xo=0)<1foralltinRspand xin Z;
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(ii) P(Xp =x|Xo =0) = 1if x =0 and 0 otherwise for all x in Z';
(iii) P(Xy+1, =x|Xo=0)= V=0 P(X;, =y|Xo=0)P(X,, =x—y|Xo=0) forall 11,1 in R>p and x in Z';
@iv) lim,_g+ P(Xr =x|Xo=0) =P(Xo =x|Xo =0) forall x in Z.
Proof
(i) Follows immediately from (P1).
(i) Follows almost immediately from (CP1) and (P2).
(iii) If#; or 1, is zero, then this follows almost immediately from (ii). Hence, we now consider the case that #; £ 0 #£ 1. It
follows from Lemma 74 witht =0, r = #; and s = #; + 1, that
x
P(Xy 41, =x[ X0 =0) :y;)P(Xz]thz =x|Xo=0,X, =y)P(X;, =y|Xo=0).

We now use (PP1), (PP3) and (PP2), to yield

X
P(Xy 11, =x|Xo=0) =Y P(X; 11, = x| X;, =y)P(X;, = y|Xo =0)

y=0
X
=Y P(X,, =x|Xo =y)P(X; =y|Xo=0)
y=0

I
AMR =
]
2

-
I
o

=y|Xo=0)P(X;, =x—y[Xo =)

(iv) Observe that if x > 2, then it follows from (P5) and the monotonicity of P that for all # in R+,
0<PX,=x|Xo=0)<P(X, >2|Xo=0).

The stated now follows from this inequality because lim,_,¢+ P(X; > 2|Xp = 0) = 0 due to (CP2).

Next, we consider the case x = 0. Recall from (i) that P(X; = x| Xp = 0) is bounded. Furthermore, as (X;;o = 0) C
(X; = 0) due to (Al), it follows from the monotonicity of P that P(X; = x| Xy = 0) > P(X;1a = x| Xp = 0) for all
t,A in R>g. In other words, P(X; = x| Xo = 0) is a bounded and non-increasing function of ¢. It is a standard result
from analysis that the left limit of a bounded and non-increasing function on R exists everywhere. Consequently,
lim,_,q+ P(X; = 0| Xp = 0) exists, and we denote this limit by £.

We need to show that £ = P(Xy = 0| X = 0) = 1, where the final equality holds due to (ii). Observe that 0 < ¢ < 1
due to (i). Our proof is one by contradiction: we assume ex-absurdo that ¢ < 1. Fix any 7 in R+ and n in N, and let
A :=t/n. It then follows from (iii) that

P(X; = 1]Xo=0) = P(Xa = 0[Xo = 0)P(X; o = 1|Xo = 0) + P(Xs = 1| Xo = 0)P(X; -2 = 0] Xp = 0).
We now apply (iii) (n — 1) additional times, to yield
P(X;, =1]Xo=0)=nP(Xp = 1]|Xo =0)P(Xy =0|Xo = 0)""".

Observe that P(Xa = 1]Xp =0) < 1 due to (P5), and that P(Xs = 0|Xp =0) < £ as P(X; = 0|Xp = 0) is non-increasing
in s and has / as its right limit in s = 0. Hence,

P(X;=1|Xo=0)<nl" '
It is clear that if we take n sufficiently large, then this upper bound is arbitrarily close to 0. From this and (i), it follows
that P(X, = 1|Xo = 0) = 0 for all ¢ in R~. Consequently, lim,_,o+ P(X; = 1| Xo = 0) = 0. To obtain our contradiction,
we observe that it follows from (P3) and (P2) that, for all # in R,

PX,=0[Xo=0)=1-P(X, =1|Xo=0)—P(X; >2|Xo =0). (65)
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Taking the limit for  — 0" on both sides of the equality yields our contradiction, as

lim P(X, =0|Xo=0)=1— lim P(X, = 1|Xo=0)— lim P(X;, >2|Xp=0) =1,
t—+0t t—0t+ t—0t

where for the final equality we have also used that lim,_,o+ P(X; > 2| Xy = 0) = 0, a consequence of (CP2).

For the remaining case that x = 1, we use Equation (65) to yield the stated:

lim P(X; =1|Xp=0)=1— lim P(X; =0|Xp = 0)— lim P(X, >2|Xo=0)=0=P(Xo = 1| Xo = 0),
t—0+ t—0t t—0t

where the second equality follows from the previous and the final equality follows from (ii).

Next, we establish the main result of the first part.

Proposition 81 Consider a Poisson process P. Then there is a rate A in R>q such that, for all t,A in Rxo, u in U<y, (xy,%)
in Zyu andyin Z,
viay—x) ify=x,

P(X =y|Xu=x aX =X)=
(Xiya =y [ Xy = x4, X = x) {0 otherwise,

Proof The stated for the case y < x follows immediately from Lemma 73. Hence, we immediately move on to the case that
y > x. In this case,

PXiir=y|Xu=x0,X =x) =P(Xsya=y|X =x) =P(Xya=y—x|X, =0) = P(Xp =y —x|Xo =0),

where the first equality follows from (PP1), the second from (PP2) and the third from (PP3). To verify the stated, we now
need to show that there is a A in R>q such that

(VA€ R>0)(Vz € Z7) P(Xa = 2| X0 = 0) = y4(2). (66)

What follows is a standard argument; see for instance [4, Chapter X VII, Section 6] or [6, Section 2]. We start with the
case z = 0. For notational simplicity, we let 6 :== P(X; = 0| Xy = 0). Recall from Lemma 80 (i) that 0 < 6 < 1. Furthermore,
we observe that, for any n in N,

P(X; =0|Xo=0)=P(X; =0|Xo =0)",

1
n

where the equality follows from applying Lemma 80 (iii) n times. Clearly, this implies that, for any n in N,
P(X: =0|Xy=0) = . 67)

Recall from before that 0 < 6 < 1. We infer from these inequalities and Equation (67) that 0 < 6 < 1. Indeed, in case
0 = 0, then it follows from Equation (67) that lim,,_, ;. P(X1 = 0] Xy = 0) = 0, which is not correct because this limit is
equal to 1 due to Lemma 80 (ii) and (iv). !

Next, we observe that, for any n and k in N,

P(Xi =0|Xo=0)=P(X1 =0|Xo=0)k =01, (68)

1
where for the first equality we have applied Lemma 80 (iii) k£ times and for the second equality we have used Equation (67).
Next, we fix any A in R+ (. Choose any 7 in N, and let k be the non-negative integer such that
k—1 k

<AL=
n n

Because P(X; = 0]Xp = 0) is a non-increasing function of s—as we have argued in the proof of Lemma 80 (iv)—it follows
from these inequalities and Equation (68) that



FIRST STEPS TOWARDS AN IMPRECISE POISSON PROCESS

It is now clear that in the limit for n — 4-o0, the lower and upper bound both converge to 2. We now let A := —1n(8),
which yields a non-negative real number as 0 < 6 < 1. Observe furthermore that y;((0) = 1 = P(Xo = 0|Xo = 0), where
the final equality is precisely Lemma 80 (ii). In conclusion,

(VA € Rs) P(Xp =0 X = 0) = 0% = 42, (69)

so Equation (66) is satisfied for the case z = 0.
Next, we verify Equation (66) for z > 0. First, we introduce some additional notation. For any z in 2", we let

0. Rog — R: A ¢,(A) = P(Xp = z| X = 0).
Additionally, we also let ¢_; := 0. Observe that y,(0) = I,(0) due to Lemma 80 (ii). We now claim that
Do.(A) = A¢._1(A) —A¢.(A)  forallze 2 and A € Ry, (70)

where—as in the proof of Lemma 69—D¢,(A) denotes the derivative of ¢, evaluated in A. It is well-known—see for
instance [6, Section 3]—that together with the initial condition ¢,(0) = I,(0), the resulting family of recursively defined
initial value problems has a unique solution, namely ¢,(A) = y;A(z) for all A in R>¢ and z in 2. Hence, our claim
Equation (70) implies Equation (66).

In order to verify our claim, we first study the derivative of ¢, in 0. It follows immediately from Equation (69) that

(71)

Next, we use that ¢; (0) = 0, execute some straightforward manipulations, use Equation (69) and also (CP2), to yield

0(8)-0(0) _ . 9i(8)

PXs=1|Xy=
lim _ (X5 =1]Xo=0)

= lim

S0+ 5 550+ O 550+ 0
. 1—-P(X5=0]Xo=0)—P(Xs >2|Xo=0)
= lim
50t 6
1-P(Xs=0|Xy=0 P(Xs>2|Xyo=0
— Lm X =0[X0=0) . P(Xs=22]X=0)
50+ 1) 50+ 1)
1—e A9 P(Xs>2|Xo =
~gim 12 iy P 221%0=0)
5—01 o §—0t 1)
S (72)

Finally, we observe that, for any z in .2 such that z > 2 and any & in R,
0<¢.(8) =P(Xs =2|Xo=0) <P(X5 >2[Xo=0),

where the second inequality follows from the monotonicity of P. From these inequalities, from the equality ¢,(0) = I.(0)
and from (CP2), we infer that, for all zin .2~ such that z > 2,

i 9:(8)=0.(0)

50+t 9 0 73)

We are now finally ready to study the derivative of ¢, in a general time point—that is, to verify our claim Equation (70).
First, we observe that it is an immediate consequence of Equation (69) that, for all A in R>g,

Po(A+65)—o(4)
1)

Dgy(4) = lim — 200(8) = ~29-1(8) + Ado(A),

where the limit is a right limit if A = 0. Hence, we move on to the case z > 1. We will only consider the right limit, the left
limit can be verified using a similar—but slightly more involved— argument. To that end, we fix any A in R>p and z in .2
with z > 1. We use Lemma 80 (iii) and Equations (71)—(73), to yield

08 08) | E 0 c(8)0:(8) ~ 0:(4)

§—0t o) 5—0t )
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_ z—1 . ¢Z/(5) . ¢0(6>—1
- zgo ¢2(4) t3lg(r)1+ o) +¢.(A) 513& 5
= —A6-1(8)+29:(4),

as required. .

For the second part of the proof of Theorem 6, we construct a Poisson process using only the transition probabilities.
Proposition 82 Fix any A in R>¢. Consider the real-valued map P with domain
D ={(Xia=y,(Xu = %0, Xs =X)) € Dep: t,A € R, u € Uy, (X4, X) € X,y € X YU{(Xo=x,Q) € Dep: x€ X},
that is defined for all t,A in R>o, u in U<, (xy,x) in Ly and y in 2" as

via(y—x) ify>x,

P(Xpsp =y | Xy =xu,X; = x) = {0 otherwise
)

and for all x in 2" as
1 ifx=0,
0 otherwise.

p(X0:0|Q)I:{ 1

Then P is a coherent conditional probability that has a unique extension P* to 9Dcp. Even more, this extension P* is a
Poisson process.

Proof Observe that for all #,A in R>q, u in %<4, (x,,x) in 2, and y in 2,

Vialy—x) ify>x

PXiin=y|Xy=x,,X =x) = {0 otherwise = [THA]Iy] (x), (74)

A

where the final equality follows from Proposition 69. Therefore, it follows from Corollary 64 and Lemma 79 that the map P
is indeed coherent, and any coherent extension 2* of this map to Zcp is a counting process.

We now set out to prove that this coherent extension P* is unique. To that end, we fix any (A, X, = x,) in Zcp. We
distinguish two cases: u = 0 and u # 0. For the first case, we let P’ be any coherent extension of P* to &(Q) x &(Q).
Observe that

P(A| Xg =x9) = P'(A|Xp = x0) = P'(A|Q) = P'(AN((Xo =0) U (Xp > 0)) | Q)
P(AN(Xy=0)|Q)+P(AN(Xo > 0)|Q)

p/(A ‘XO ZO)F’/(XO = 0|Q) +F’/(A |X() > O)F’/(Xo > 0|Q)
P*(A|Xo=0)P"(Xo=0|Q)+P(A| Xy > 0)P*(Xy > 0| Q)
P*(A|Xo=0)P*(Xo=0|Q)+P'(A]| Xo > 0)(1—P*(Xo =0|Q))

P*(A|Xp =0), (75)

*
*

where the third equality follows from (P6) and the obvious fact that (Xp = 0) and (X, > 0) partition Q, the fourth equality
follows from (P3), the fifth equality follows from (P4) and the last equality holds because P*(Xp =0|Q) = P(X) =0|Q) = 1
by the conditions of the statement. Hence, P*(A | Xy = xg) is uniquely defined if P*(A | Xy = 0) is.

We therefore immediately move on to the case u # 0. From Lemma 3, we know that there is a v in %7 with minv > maxu
and a subset B of 2, with w := uUv such that A = (X,, € B). It follows from (P6) that

P*A|X, =x,) =P (AN (X, = x,) | Xy = x,) = P*(X,, = x4, X, € B' | X, = x,),

where we let B' := {y, € Z,: (x,yy) € B}.
If B’ = 0, then it immediately follows from (P7) that

P*(A|X,=x,) =P"(X, =x,,X, € B'| X, = x,) = P*(0| X, = x,) = 0.
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We therefore assume that B’ # (. Fix any arbitrary € in R+, and let A := maxw — maxu. As the Poisson distribution y; 5
is sigma-additive and normed, it follows that there is a z¢ in 2~ such that for all z in 2" with z > z¢ > Xmaxu»

Z
I—e< Y WAy —%maxa) < 1. (76)
Y=Xmaxu
Fix now any such z. Observe that
Z

ﬁ*(Xmaxw > Z|Xu :xu) =1 _p*(Xmaxlﬁ»A < Z|Xu :xu) =1- Z P*(Xmaxtﬁ»A :y‘Xu :xu)

Y=Xmaxu

z z
Z P(Xmaxu+A :)7|Xu :xu) =1- Z WAA(y_xmaxu)a

Y=Xmaxu Y=Xmaxu

where for the second equality we have used Lemma 73. We combine this equality with Equation (76), to yield
0 < P*(Xmaxw > 2| Xy = x,) < €. (77)
Let B, :={y, € B': ymaxv < z}, and observe that
(Xu =xu,X, € B.) C (X = x4, X, € B') C (X, = x4, X € B,) U (Xmaxw > 2)-

Note that (X, = x,,X, € B) and (Xmaxw > 2) are clearly disjoint. Therefore, it follows from the monotonicity and additivity
of P* that

P*(Xy = xy, Xy € BL| Xy = x,) < P*(Xy = x4, Xy € B'| Xy = x) < P*(Xy = x4, Xy € B | Xy = x,) + €, (78)

where for the last inequality we have also used the upper bound on P (Xmaxw > 2| Xy = x,) of Equation (77).
We now consider the communal term in Equation (78). Since B!, is finite by construction, it follows from (P3) that

P*(XMZXM,XVEBHXMZXM):p* U (Xu:xmxv:yv) X, =xy Z P* Xy = x4, Xy yv|Xu:xu)-
vaB/Z yVGB/
If we enumerate the time points in v as t1, .. .,#,, then for any y, in B’Z, we find that

P*(Xy = xu, Xy = yy | X = x4)
= P*(X, =X, Xt =V, | Xu = 20) - P*(X, =X, Xty = Vi, | Xu = X0, Xty = Veys-- Xy, =V10,)
=P (X =y [ Xu=xu) (th = Vi | Xu = xu, Xty = V5 Xy | =Yy )
IS(XH =Yy | Xy = xu) -+ P(th =Yy | Xu =Xu; Xty = Vi Xy :y’é—l)ﬂ

where the last equality holds because all arguments of P* in the factors of this product are elements of . Hence,
P* Xy = x4, X, € B’Z | X, = x,) is uniquely defined by P. Because of this, and also because Equation (78) holds for any
positive real number €, we infer from this that P*(A | X,, = x,,) is completely defined by the values of P on its domain. As
(A, X, = x,,) was an arbitrary element of ZYcp, we conclude that there is a unique extension of P to Zcp, and so A indeed
uniquely characterises a coherent conditional probability on Zcp.

Finally, we verify that the unique extension P* is a Poisson process. To that end, we first verify that the coherent
conditional probability P* is a counting process. That P* satisfies (CP1) follows immediately from the definition of P.
Furthermore, (CP2) is also satisfied due to the definition of P. In order to verify this, we fix any ¢ in R>q, u in %, and
(xu,x) in 2y, Observe that, for any A in R,

P (Xiia > x+2| Xy =x0,X =x) =1 = P*(X;1a < x+ 1] X, = x,,X; =)
=1-P" X p=x|Xy=x,,X =x) —P*(X;1p = x+ 1| X, = x,,, X; =)
=1-P(X;ip =x| Xy =x0, X =x) = P(Xy1n = x+ 1] X, = x,, X; =)
=1=v4(0) —yaa(1),
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where we have used Lemma 73 for the second equality. Consequently,

fm D Kia2x 2 X =xXi =) o 1ot —AAett
A—0F A A—0F A

as required. If ¢ > 0, then similar reasoning can be used to verify this equality for the limit from the left. Hence, P* is a
counting process. That P* furthermore satisfies (PP1)—(PP3) follows immediately from the definition of P. |

Proof of Theorem 6 The first part of the stated follows from Proposition 81. The second part essentially follows from
Proposition 82. The requirement of Proposition 82 regarding P(Xy = x| Q) seems to be more restrictive, but it is not. To see
this, we observe that any coherent conditional probability on Zcp that satisfies (CP1), will also satisfy P(Xo =x|Q) =0
for all x > 0, as

0<PXo=x]Q)=1-P(Xo€e 2\ {x}|Q) <1-P(Xo=0|Q)=0.

|
Proof of Corollary 7 Let P be a Poisson process, and let A be the rate mentioned in Theorem 6. Then
P(Xpin =x+1]X, = x4, X; = 1 Ae™A
lim ( t+A X+ ‘ u Xy, At x) — lim WA,A( ) — lim A‘ e — A
A—0t A A—0t A A—0t A
and, if t > 0,
P(X; = 11X, = X, A= 1 A —AA
hm ( 1 X+ | u Xuy Kt —A x) _ llm W},A( ) — llm A‘ € _ )‘
A—0F A A=0t A A—0t A
|

Proof of Theorem 8 To prove this result, we make use of the terminology and results of Sections 4-6. Observe that, by
assumption, P is consistent with the degenerate rate interval A = [A, A]. Fix some #,A in R>q, u in Z<;, (x,,x) in £, and
yin £ . Observe that

P(XH-A :y‘Xu :mel :X) = EP(H( ) |Xu :xuaXt :)C) :EP(]I)'(XH—A) |Xu :xuaXt :)C)

> Ep ) (L(Xi1a) | X = %0, X; = %) = [T 21, (%),

Xi+a=y

where for the first equality we have used Equation (4), for the inequality we have used Equation (8) and for the final
equality we have used Theorem 15. Similarly, we also find that

P(Xiia =y | Xy = xu, X = x) <Epp)(IL(Xi4a) [ Xy = %0, X = x) = —Ep ) (—L(Xi1a) | Xu = x4, X; = x)
=[] (-1))(x) = [[7°L] (x),

where for the first equality we have used conjugacy and for the final equality we have used (T1). Therefore,

Vialy—x) ify>x,

P(Xia=y| Xy =x0,X = x) = [T'T°L] (x) =
(Xrra =y | Xy = x4, X = x) [t,/l ¥ () 0 otherwise,

where the last equality follows from Proposition 69. This implies the stated due to Theorem 6. |

Appendix G. Supplementary Material for Section 5

Most of the results in this section are specialisations of results in Appendices A, B and C.
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G.1. The Poisson Generator

All of the properties mentioned in the main text concerning the Poisson generator and the semi-group it induces, follow
from results in Appendix C. Indeed, as we have previously mentioned—see Equation (20)—the Poisson generator Q as

defined in Section 5.2 is precisely the generalised Poisson generator Q corresponding to the sequence § = {(4 ,I) e
Hence, we obtain Theorem 10 as a corollary of Theorems 44 and 45.

Proof of Theorem 10 Recall from Theorem 44 that the corresponding sequence {®,, };ciy converges to a lower counting
transformation, which is a special type of non-negatively homogeneous transformation. Furthermore, it follows from
Theorem 45 that this limit does not depend on the chosen sequence {u; }icn. |

The properties (SG1)—(SG3) of the family of transformations of the form T just state that T is a lower counting
transformation, as is established in Theorem 45. Furthermore, the properties (SG4)—(SG6) are stated in Proposition 48.

In the remainder, more specifically in the proof of Proposition 100 further on, we will need the following intermediary
result.

Lemma 83 Fix some t,s in R>o witht < s and f in DZ(%) Then for any € in R, there is a sequence u = 1y, ...t
in % and, for all iin {1,...,n}, a sequence S; = {A;}xe 2 in [A,A] such that

<e.

n
AR | L)
i=1

In our proof of Lemma 83, we need the following obvious observation.
Lemma 84 Forany f in L (Z°), there is a sequence S = { Ay} e 9~ in A = [, A] such that Of = Osf.

Proof This is immediate from the definition of Q and Qs. |

Proof of Lemma 83 Fix any € in R. such that 2¢/||f|| < €/2 and & in R such that §(s —1)Q|%(|f]| < €/2. By
Theorem 45, there is a sequence u =to, ..., in %; 4 such that o (u) <6, o(u)||Q|| <2 and

T3 —®,| <€ (79)

Let gi :==II}_;; (I +A4;Q)f foralliin {1,...,n}, Yhere gn = If = f. It now follows from Lemma 84 that for any i in
{1,...,n}, there is a sequence S; = {4/ }c 2~ in [A,A] such that Qg; = QOs,g;. By construction,

O, f =[[U+420)f =] +AQs)f (80)
i=1 i=1
Furthermore, we use Lemma 34, to yield
(Vie{l,...,n}) [|Qs,]| = 2sup{A}: x e 27} <22 = || 81
Observe now that
Iif - HTzf’ v H T =1+ a0s)f+[JU+28:05)f =17 5./ |
i=1 i=1 i=1

n

Tif = [T+ AQs)f|| +

i=1

H(1+A,Qs f- H oS

i=1

H(1+AQS /- HTrf' 1S

=T7f - Pufll+

<z~ uu||f||+H1+AQs HT:IS 1£1,
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where for the final equality we have used Equation (80) and for the final inequality we have used (NH4). We use
Equation (79), to yield
<e|fl+ IA1-

Iff—HT,f’lsf H1+AQS HT,f'l,
i=1 i=

Next, we use Lemma 26 to rewrite the second term on the right hand side of the inequality, to yield

<e Hf||+ZH 1+4,05) -1 o [[171]

s ti
Z;f_l_[];z |Sf
i=1

Finally, we use Lemma 49 (i) and Equation (81), to yield

Ef—HT,f’]sf
l—

<é[lfll+ ZA?IIQS,»HszII < €'[lfll+ ZA?IIQIIZIIJ‘II <€[lfl+ Y asllQl* I A1l
i i i=1

€

=£|fll+(s—n)s| QI ||fH< +5=¢

[\)

as required. |

G.2. The Reduced Poisson Generator
The claims in Section 5.3 of the main text are essentially a consequence of the following simple result.

Lemma 85 Consider some x,X in 2" withx <X. Ifwelet y :={x€ 2 : x <x <X}, then Qx—as defined in Section 5.3—is
a lower transition rate transformation.

Proof The four conditions of Definition 27 are trivially satisfied. |

That the limit in Equation (17) exists and is independent of the chosen sequence {u; };cy now immediately follows from
Lemma 85 and Propositions 30 and 31. Furthermore, these three results also imply that the transformations of the form L’fs
are lower transition transformations, and hence satisfy (LT1)—(LT3)—or equivalently, (SG1)—(SG3). Furthermore, we
additionally use Proposition 32 to yield that the family also satisfies—properties similar to—(SG4)—(SG6). Finally, we end
this section on the reduced Poisson generator Q¥ with some technical results.

Lemma 86 Consider some x,% in 2" with x <X, and let )y .= {x € 2 : x < x <X}. Then the set of dominating transition
rate matrices

2% ={0* € #(x): (Vg€ Z(x)) Q*s < Q%g},
where Z()) denotes the set of all transition rate matrices—that is, linear lower transition rate transformations—on £ (x),

is non-empty, bounded, closed and convex. Furthermore, Q% is an element of 2% if and only if there is a sequence

{Achrey\ ) in [A,A] such that

[0%g](x) = {AX(g()H— 1)—g(x) ifx<x<Xx

i B Sforallge L(x) and x € ¥.
0 ifx=Xx

Proof The first part of the stated follows immediately from [8, Proposition 7.8]. The second part is a matter of straightfor-

ward verification. u
Corollary 87 Consider some x,x in Z withx <X, and let ¥ :={x € 2 : x <x <X}. Then for any Q% in 2%, with 2%
as defined in Lemma 86,

1o*|| < Q% II.

Proof This is an immediate corollary of Lemmas 28 and 86:

|0¥|| = 2max{A:: x € x,x <T}U{0} <24 = [|Q¥|.
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Corollary 88 Consider some x,% in 2" with x <X, and let } = {x € 2" : x <x <X}. Fix some n in N and, for every i
in {1,...,n}, some A; in Rxq with A;||Q*|| < 2 and some QF in 2%. Then for all f* in £ (),

n n
[T +4:0%) /% <[] +AQF)f*.

i=1 =1

Proof This is an immediate corollary of Lemma 86 and [8, Lemma F.4].

G.3. The Essential Case of Eventually Constant Functions

Before we can prove our two results concerning eventually constant functions, we first need to establish two technical
lemmas.

Lemma 89 Forany Ain R>q and any f in £°(Z°) that is constant after X, (I +AQ) f is constant after X. Furthermore, if
we fixany x in & withx <Xandlet y :={y € Z : x <x <X}, then

[(1+AQ%)f*](x) ifx<

£3) > forallx € Z withx > x,
X if x>

=l =l

[(1+AQ)f](x) = {

where f% is the restriction of f to J.

Proof That (/+AQ)f is constant after ¥ is obvious: for any y in 2~ with y > X,

[(T+AQ)f1(y) = f(») +AQf](y) = f(¥) + Amin{A f(y+1) = Af(y): & € [A,A]} = f(X) + A0 = f(%),

where for the penultimate equality we use that f is constant after X.
To verify the second part of the statement, we fix any x in 2~ with x > x. Observe first that if x > X, then

[(T+AQ)f1(x) = £(%) = f*(X) = f* (%) + A[Q* f*] (%) = [(I + AQ¥) f*] (%),

where the first equality follows from the first part of our proof. If x < X, then

[(1+AQ)f](x) = f(x) +A[Qf](x) = f(x) + Amin{Af(x+1) = Af(x): A € [A,A]}

= () + Amin{A f¥ (x+1) = A f*(x): A € [A,A]} = [(I+AQ¥) f*](x).
|

Lemma 90 Fix some n in N and, for all i in {1,...,n}, a A; in R>q. Then for any f in £° that is constant after X,
(I +A;Q)f is constant after X. Furthermore, if we fix any x in 2" with x <X and let § := {y € Z": x <x <X}, then

n

H(”AiQ")f"} (x) ifx<x

i=1

f(®) ifx>x

n

[Te+a0r

i=1

(x) =

Sforallx € Z withx > x,

where f% is the restriction of f to J.

Proof We provide a proof by induction. First, observe that for n = 1, the stated follows immediately from Lemma 8§9.
Second, fix some 7 in N with n > 2 and assume that the stated holds for 1 < n’ < n. We show that in this case, the stated
then follows for n as well. Let g := /L, (I 4+ A;Q) f. Then by the induction hypothesis for n’ = n — 1, g is constant after X,

and
n

H(H—A,Ql)f"] (x) ifx<x,

n

glx) = H(1+AiQ)f] (x) =14 |ix2 for all x € 2" with x > x.

f(x) ifx>x

i=
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So clearly, g%, the restriction of g to y, is equal to [T, (/ + A; Q%) f%. Observe now that

g =Ju+a9Q)f=(I+AQ)g.

i=1

From the induction hypothesis for n’ = 1, we know that g’ is constant after X and that, for all x in 2" with x > x,

n
X)) oX ifx<x 0% X ifx<x
() [(7+4:10%)g"](x) ifx<%, _ iIJl(1+AzQ )f 1()6) ifx <X,
g(x) ifx>x
1) ifx > 7,
where the second equality holds because g% = [T\, (I + A;Q%) f* and g(X) = f(X). |

Proof of Proposition 12 Fix any x in 2~ with x > x. First, observe that if x > X, then

[T £1(x) = [T £1(0) = [T7 (f()))(0) = f (%),

where we let f,: 2" — R: z+— f(x+z), and where the first equality follows from Lemma 53, the second equality holds
because clearly f, = f(x) and the third equality follows from (LT6). The obtained equality clearly agrees with the stated.

Next, we consider the case that x < X. Fix any € in R~, and choose any &’ in R~ such that 2||f||€’ < €. Then by
Theorem 45—in combination with Equation (20)—and Proposition 31—in combination with Lemma 85—there is a
sequence u in % ) such that

I -, )l<e’  and |IF -®F| <€ (82)

Observe now that

| L7 f1(x) = [TE 41 ()] = [[Z51(x) — [ ]( )+ [@uf](x) = [LE ¥ ()]
ST A1) = [P )|+| @,.f](x) — [TE ()|
= [[T7£1(x) = [@uf] ()] + | [@F £7]( )—[Z?‘,sf"](x)\
<|ZVf = Pufll + H‘Pfff" = TE N < IT3 = @ullLf] + 19—
<€+ N <26 f] <e,

where the second equality follows from Lemma 90, the third inequality follows from (NH4), the fourth inequality follows
from Equation (82), the penultimate inequality holds because clearly || f%|| < ||f|| and the final inequality is precisely our
condition on €’. Since € was any arbitrary positive real number, we conclude from this inequality that [T f](x) = [T¥, f¥] (x),
as required. |

Proof of Proposition 13 Fix any € in R+ . To prove the stated, we need to verify that
(I e 2)(Vxe 27,3 2 x") [P (f[x) — P{(I<zf + Loxf (%) [ x)] = [[T7f](x) — [T} (I<xf + f () Lo3) ] ()| < €.

To that end, we fix any &’ in R~ with 2¢&’||f|| < & and we recall from Theorem 45 that there is a sequence u = to, . .. ,t, in
U ) such that o(u)||Q|| <2 and

|77 — @ul| < €.
Let x* := x+n, fix any X in £ such that ¥ > x* and let f := I<zf + f(X)[>z. Then
(77 £1(x0) = [T} (Ix f + f(X) L)) (0) | = [[T7£](x) = [T7 fel ()] = |[Z2f1(x) = [Puf](x) + [P f](x) — [T7 f] ()]
ST f1(x) = [®uf ()| + 17 £l () — [Puf](x)

|
= |[Z7f1(x) = [@uf] )+ [[T7 f5] (x) — [Puf5] (1)
<|NTif = @ufl| +1IT7 f5 — Pufsll
<NT7 = Pullll A+ 177 — PulllI<zf + f () Loz
< fll+€|[Ixf + fF@ ]| < 2€| fI <&,

as required. In this expression, the third equality follows from Lemma 47, the third inequality follows from (NH4) and the
fifth inequality follows from the obvious inequality ||T<xf + f(X) [ |
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Appendix H. Supplementary Material for Section 6

In this section of the Appendix, we will focus on expectations of the form Ep(f(X;) | X, = x,,X; = x). Therefore, we first
establish that (f(X;),X, = x,,X; = x) belongs to the domain ¢ of Ep. By definition of ¥, this is true if f(X) is bounded
below and .%,; measurable—that is, belongs to ¥,,.

Proof of Lemma 14 Fix any o in [inf f, +o). Then

{f(X) > a} = {0 cQ: f(als)) > a} = (X; € Ba),

where By = {y € 2": f(y) > a}. As By C 2, it follows from Equation (3), the fundamental event (X; € By) is an

element of the field .%,. Because o was an arbitrary real number in [inf f, 4+0), we infer from this that f(X;) is .Z,
measurable. |

H.1. With Respect to the Consistent Poisson Processes

Section 6.1 of the main text contains only one (implicit) result: Equation (18). We will here formally establish this—not
exactly immediate—consequence of Theorem 6 in Proposition 92. First, however, we state a helpful—and essentially
well-known—technical lemma.

Lemma 91 Consider the Poisson process P with rate A in R>q. For any t,s in R>q with t <s, uin U<, (x4,x) in Ly,
the measure
u:E(Z)=>R: A= u(A) =P(X; €A | X, = x4, X; =X). (83)

is the o-additive probability measure corresponding to the probability mass function

Ya(s—r) (Y —X l“fyzx’
. 2 ->Riy—nly)= {0 o1 ! otherwise

Proof That u is a probability measure on &(Z") follows immediately from the fact that P is a coherent conditional
probability. Therefore, we only need to verify that p is o-additive and corresponds to the probability mass function 7. To
that end, we observe that, for any y in 2",

Vas—n(y—x) ify>x
0 otherwise

—
NS
N

.u({y}):P(Xs:y|Xu:xu7Xt:x):{ (84)

where the second equality follows from Theorem 6. Therefore, the stated holds if we can prove that, for any subset A of 2",

pa) =y (). (85)

YEA

To verify this, we fix any subset A of 2", and distinguish two cases: A is finite and A is infinite. In the first case, it follows
from the finite additivity of P and Equation (84) that

W(A) =P(X; €A[Xy = xu, X, =x) = ZP(XS =AlXy=xu, X =x) = Z/.L({y}) = Z n(y), (36)
YEA yEA yEA

as required.
The case that A is infinite is slightly more involved. Observe first that, for any 7 in 2~ with 7 > x,

P(X; > 72+ 11Xy =2, X =x) = 1 = P(X; <Z| Xy = x4, X; = x)

Z Z
=1- ZP(XS =y Xy =%, X =x)=1— Z ‘I/l(s—t)(y_x)a
y=x y=x

where for the penultimate equality we have used Lemma 73 and for the last equality we have used Theorem 6. Fix any € in
R-0. As the Poisson distribution ) (;_;) is normed, there is some Z in 2 such that 7 > x and

Z
1—e<Y) yin—x <1
y=x
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Fix any such 7 such that there is at least one y in A with y <Z. Then from the left inequality and the previous equality, it
now follows that
PX;>7+1|X, =x,,X =x) <Ee. 87)

LetA''={ycA:y<z}. AsACACA'U{ye Z:y>z+1}and A'N{ye Z: y>7+ 1} =0, it follows from the
monotonicity and finite additivity of P that

P(Xs 6A1|Xu:xuaxr:x) SP(XS 6A|Xu:xuaXr:x) SP(XS EA/|X,,,:XM,X;=X)—|—8,

where we have also used Equation (87) for the right inequality. As A’ is finite, it follows from these two inequalities and
Equation (86) that

Y 7(y) SpA)=PX; €AXy=x, X =x) < ) 7w(y)+e.

yeA! yeA!

Because € was an arbitrary positive real number, we conclude from these inequalities that 1(A) = Y. c4 7(y), as required. B

Proposition 92 Consider the Poisson process P with rate A in R>o. Then for any t,s in R>q witht <s, u in U<y, (X4,x)
in Zyu and fin (2,

Ep(f(Xs) [ Xu = x4, X = x) = Zf Wi (s—n) (v —X).
Proof Recall from Section 2.5 that
Er(f(X)| X 7xu,X,7x)*1nff+/ PU{f(X,) > &} | X = 30, X, = %) dar.
Observe now that { f(X;) > a} = (X; € Ag) withAg ={y € Z": f(y > a)} C 2. Consequently,
Ep(f(X) | Xu = X, Xs = x) = 1nff+/ ({f > a})da

with {f > a} :={ye€ 2": f(y) > a} and where u is the o-additive measure defined as in Lemma 91:
W: E(ZX) >R A u(A) =P(X; €A | X, = x4, Xy = X). (88)
Let /' := f —inf f. It then follows from Levi’s Monotone Convergence Theorem—with the sequence { f'I<;};en—that

~+o0

e+ [ u(l > o)) da—inty + [ wtr > apydo=intr + Zf a(ih) = ¥ F0In(h),
y=0
where for the final equality we have also used that 1 = ;“E) 1({y}). The stated now follows from this equality and
Lemma 91. |

H.2. With Respect to the Consistent Counting Processes
H.2.1. SOME NOTATION AND INTERMEDIARY TECHNICAL RESULTS

Before we can prove our main results, we introduce some additional notation and establish some useful technical results.
Consider a counting process P. Fix some ¢,s in R> with # < s, some u in %Z,, some x, in Z, and some x,¥ in 2" such
that xmaxy < x <X, and let y .= {x € 2 : x <x <X}. We now consider the operator 7}2’5‘,_"\‘: ZL(x) = Z(x), defined for
all f%in Z(yx) by '

[TX, F( Zf% Xy =y| X, =x,X = x)+ fX(X)P(Xy > %| X, = x,,X, =x) forallx € g, (89)
where for notational simplicity we let the empty sum equal zero.
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Lemma 93 Consider a counting process P. Fix some t,s in R>q witht <5, some u in %<, some x, in &, and some x,%
in Z with xmaxy <x <X Ifwelet y ={xe 2 : x <x <X}, then Txfm: Z(x) — Z(x) is a linear counting transform-
ation and

[TE, f¥)(x) = fX(X) forall f¥ € Z(x).

Proof We first verify that Txf 1.5 15 a linear counting transformation. To that end, we just check the four conditions of
Definition 54. That 7;)5_,‘8 is linear transformation—that is, (T1) and (T2)—follows immediately from Equation (89). To

verify (T3), we fix some f% in Z()) and some x in ¥, and observe that

x—1
[T7L 1 fF1(x) = Y FFO)P(Xs =y | Xu = xu, X = 2) + [ R)PX, 23| Xu = 20, X = %)

7 ~=
—_ =

%
> Y (inf fA)P(Xs = y| Xy = x4, Xy = x) + (inf fX)P(X; > X | X,y = x4, X; = X),
y

X
where the inequality holds because we replace each term by a lower term. From this, it now follows that
[Efﬂ,’s,fx](x) = (inf f*)P(X; > x| Xy = x4, X; = x) = (inf %) P(Xy = 20, X = %, Xy > x| Xy = X, Xy = X)
=inf fAP(X, = x,, X, = x| X, = x4, X; = x) = inf %,

where for the first equality we have used the additivity of P and for the second equality we have used (A1). The final
condition (T4) again follows immediately from Equation (89).
To verify the second part of the statement, we fix some f% in £ () and observe that

[Tx),f,r,sfx](j) :fx(x)P(Xs > X|Xu :xuvxt :X) = fx(x)P(Xu :met :f,XS ZX‘XM :met :f)
:fx(j)P(XM :xLl)XI :X|Xu :xu7X[ :)?) == fx(f),

where for the third equality we have again used (A1). |

The following result is heavily inspired by [8, Proposition 4.7], and is essential to the proof of Lemma 95.

Lemma 94 Consider a counting process P that is consistent with the rate interval A. Fix some t in R>q, u in %<, xy
in Z, and x,X in & with xymaxy <x <X andlet y = {xe€ X : x <x <Xx}. Then

T* 1
(Ve € Ro0)(38 € Rug) (VA € Rug, A < 8)(3Q% € 2%)|| 22— ol <¢
and, if t > 0,
7jct—At —1
(Ve € R50)(38 € Rop) (VA € Ry, A < 8)(IQ* € 2%) T —Q%|| <e.

Proof Observe that if x =X, then y is the singleton containing x = X. In this case, 2% ({x}) because 0 is the only linear
transformation on .Z () = -Z({x}) that can satisfy all four conditions of Definition 27—and specifically (LR3). Observe
now that for any A in R+,

4
T:cu,tAH-A -1 —0

A

X X 4
_ L@ D) D@D 1 @ L@ -1
A == A A A

0,

where for the second equality we have used Equation (35) and for the penultimate equality we have used Lemma 93. Hence,
the first part of the stated is trivially verified. Similar reasoning yields that the first part is trivially satisfies for all A in R
such that A <t —maxu.

Next, we consider the alternative case that x < X. We here only prove the first inequality of the stated, the proof of
the second inequality is entirely analoguous. Fix any arbitrary € in R, and choose some & and & in R~ such that
2¢; + | x|€2 < €. Because P is consistent with A, it follows from Equation (10) that for any x in }" := x \ {X}, there is a Jj ,
in R+ such that for all A in R, there is a A, A in A such that

P(Xpn=x+1|Xy = x40, X, =
(Ki-a ”'A k=2 5 <. (90)
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Additionally, as P is a counting process it follows from (CP2) that for all x in ¥’ there is a 02 x in R+ such that

P(XI+A ZX-’-Z‘XM :x,,”Xl:x)
A

(VAER-0,A< 8 x) 0 < <&. 91)

Observe that clearly (X;, =) C (X;1, > x+2) if x+2 <y, whence it follows from Equation (91) and the monotonicity
of P that, for all x and y in ¥ withx+2 <y,

P(XH'A :y|Xu :x”,Xt :x)
A

(VAER-0,A < &) 0 < <e. 92)

Similarly, it is clear that (X;, > X) C (X;4, > x+2) if x4+ 2 <X, whence it follows that for all x in ¥ with x+2 <X,

P(Xiy . >%| Xy = xu, X =
Kepy 2X| X =20 Xy =) _ (93)

(VA€R50,A< 8,)0< A <

Additionally, we use the finite additivity of P and Equations (90) and (91) with x =X — 1, to yield

P(XZ+A 2f|Xu = Xu, X; :f_l)

(VA€ R50,A < 01 3-1,A< 62%-1) A

+ 14| S &1+ 8. (94)

To bound P(X; 1o = x| X, = x4,X; = x), we recall from Lemma 73 that
PXiia=x|Xy=x0,X, =x) =1 —PXpya=x+1|X, =x,,X; =x) — P(Xj1a > x+2| X = x4, X; = x).
We now combine this equality and Equations (90) and (91), to yield that for all x in x’,

P(XtJrA :x‘Xu =Xy, X; :)C) -1

(VA ERyp, AL 517X,A < 52,x) A

+Aen| < &1+ 8. 95)

Let 6 := minU,c,/{61.x, 821}, and fix any Ain R.o with A < §. Let Qi be the element of 2% that is characterised by
the sequence {A,}yc, in A, as explained in Lemma 86. To verify the stated, we now set out to bound

X _
Xyt 1A

T 1

where the equality follows from Equation (35). To that end, we take a closer look at the expression on the right for all x in
x. Observe first that

T al6y) —1(x,)

A _Qi('xmy)

:maXZ

xex yex

9

]:v)i,z,tJrA(xvy) —1(x,y)
A

Y;f,tJJrA(xvy) - I('xvy)
A

- Qi(‘xuy)

.

y=x

)

Yex

_Qg(xay)

b

because, by construction, Txift a(X,y) =0=Q%(x,y) and, by definition, I(x,y) = 0 for all y in ¥ with y < x. We now use

the definitions of 7;75 r1aa and Qg to rewrite the expression on the right hand side. If x 42 <Y, then this yields

T* x,y) —I(x,y PX,op=x|X,=x,, % =x)—1
Z xu.,t,t+A( A) ( )—Qi(x,y) :‘ (Xipa = x| uA Xy, Xt = X) A
YEX
N ‘P(XZ+A =x+ 1|AXM =x,X; =x) “Aea
LN P(Xa =y Xy =%, X =x
+ Z (Xita=Y| us At )
4 A
y=x+2
P(XI+AZX|XL¢:xuaXt:x)
* A

<g+gtea+E—x-2)+e<2e+|xler<es,
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where for the first inequality we have used Equations (90), (92), (93) and (95). If x+ 1 =X, then this yields

T* x,y)—1I(x,y PXp=x|X,=x,,% =x)—1
Z Xu,t,l+A( ) ( ) Qﬁ (x’y) ’ ( t+A X | u Xy, At X) A«x,A
YEX
PXjia2>X X, =x,,X; =
( t+A Z X | u = Xu, At x) lx,A

<egt+ete+e <2 +xler<e,

where for the first inequality we have used Equations (94) and (95). Finally, if x =X, then it follows from Lemma 93 that

T*, alxy) —1(x,y) [TF, AH® -1 LE) -1
Z Xy bt n . Qﬁ(x,y) _ ERNES X _ x( ) ‘ — 0 S €.
yex
From these three cases, we infer that
TY a1 TY  axy) —1(x,y)
Xyt A _oXll = Xyt fAHANT ’ X <
s -0k I)Icleaf(yg;{ A X (x,y)| <e,
as required. |

We now use Lemma 94 to establish a result—heavily inspired by [8, Lemma F.1]—that will be essential in the proof of
Proposition 98.

Lemma 95 Consider a counting process P that is consistent with A = [A, 1], some t,s in Rxq with t < s, some u in U,
and some x, in Z. Fix some x,X in Z with Xxmaxy <x <X, and let y '={x € Z : x <x <X}. Then for all €, in R,
there is a v =1y, ...ty in %; 5 such that 6(v) < 6 and

(Vie{l,....n})(3QF € 2) |1, — I+ A0F)|| < Aie.

Proof Our proof is almost entirely equivalent to the proof of [8, Lemma F.1]; the only difference is that we invoke
Lemma 94 instead of [8, Proposition 4.7]. Therefore, and also because it is rather lengthy, we have chosen to omit the
proof. |

H.2.2. EVENTUALLY CONSTANT FUNCTIONS

Before we consider general bounded functions, we first limit ourselves to eventually constant functions. We first establish
the following useful intermediary result.

Lemma 96 Consider an f in £°(Z") that is constant from X, some s in R> and some u in 7 such that maxu < s. Then

x—1
f(Xs) = Z f(x)H(Xs:x) +f(j)]1(x.r27c)
x=0

such that f(X;) is an F,-simple function.

Proof It is easy to see that

x—1 -1
f(Xs) = Z;Jf(Y)Hy(Xs) + (D) I>x(X;) = Z:,)f(Y)H(xx:w + () (x,>x)-
y= y=

As all events in the indicators are clearly contained in .%#,, it furthermore follows that f(X;) is an .%,-simple function. W

The following result is inspired by [8, Lemma F.2], and one of our main reasons for introducing the notation 7}75 Lo
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Lemma 97 Consider a counting process P. Fix some f in £°(Z") that is constant from X, some t,s in R>o witht <,
some u in U, and some (xy,%;) in Zyor. If X <X, then for any v =to,t1,... .ty in Uy,

n
Ep(f(Xy) | Xy = xu, X = x;) = [Eﬁ,t,n Eﬁu;,t;_l,t,-fx‘| (x:),
i=2
where ¥ :={x € Z : x, <x <X}, and f* is the restriction of f to J.
Proof Fix some X in 2" such that f is constant starting from X. Our proof is one by induction. First, it is an immediate
consequence of Lemma 96 and Equation (4) that

EP(f(Xs)|XL¢:xuaXt:xt Zf y|X —xuvxt—xt)"_f( ) (XS 2i|Xu:xu;Xt:xt)~

We use Lemma 73, that f is the restriction of f to x and Equation (89), to yield

Ep(f(Xy) | Xy = xu,% = x;) = Zf =YXy = x0, X = x;) + f(X)P(Xs > X[ Xy = x4, X; = X;)
=Xt
= Z f% :)’IXU = Xy, X; :)C[)—fo(f)P(Xs 22|Xu =Xy, Xy :xt)
y=x;
= [T, f¥)(x0),

as required.

For the induction step, we fix some n in N with n > 2 and assume that the stated holds for any sequence v of length n’ + 1,
with n’ in N such that 1 < »’ < n. The stated then follows for any sequence v of length n + 1, as we will now prove. We
start with applying the induction hypothesis to the sequence #y, 1, .. .,t,, to yield

n
EP(f(Xs) ‘Xu = Xu, X th) = [Eﬁrtz HTﬁﬁu,,z,-l,z,-fx} (x,)

i=3

x—1
Y P(X, =2 | Xy =xu, X = x;) lH i nf* 1@2)

Y2=Xt

n
+ P(th Z X ‘ XLt = met = xf) lH Eﬁu;,[[l,t,’fX‘| (f) (96)
i=3

We now substitute the probabilities in this sum with an expanded expression From Lemma 74, it follows that, for any y,

in ¢\ {x},

Y2
P(Xt2 :)’2 |Xu :xtht :xt) = Z P(Xl‘l :yl ‘Xu :xu7XI :X[)P(th :yz |Xu :xM;Xt :-xhXZ‘l :y1)7 (97)

Y1=Xt
and

x—1
P(Xt2 ZX‘XL! :met :xl) = Z P(th :yl |Xu :xl,UXt :-xt)P(th Z%‘Xu :mel :xhXt] :)’1)
Y1=X

+P(Xt1 ZX|XMZXM,X,=)C,). (98)
We substitute Equations (97) and (98) in Equation (96), to yield

(f (Xs) | X = xu, X = 1)

X— n

Z Z P(Xi, = y1 | Xu = %, X; = ) P(Xs, = y2 | Xus = %0, X; = X0, X, =y1)lHTXiEU,J,.I,t,.f"1 (2)

V2=X1 Y1=X i=3
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x—1 n
+ Z P(th =¥V ‘Xu :.XI,HXI :xt)P(Xzz Z X|Xu :met :.XI,XZI :yl) [anurvtil~tifll (f)

Y1=Xt i=3

n
+P(th Zj‘Xu :xuvxt :xl) lHnﬁu[,til7tifX‘| (‘Y)

i=3

Recall from Lemma 93 that [[T/_, T

XuUt sli—1ti
and change the summation order, to yield

FX](®) = T3 TX ., +/¥] (%). We substitute this in the previous equality

EP(f(Xs) |Xu = Xy, X; :xt)

—1 n

x—1
=Y Y P, =y1|X=x0,X =x)P(X, = y2 | Xy = X0, X; = x0,.X;, = y1) l]‘[ Tx’,fu,,t,.l,,,.f’f] (y2)
Y1=X1 Y2=)1 i=3

n

i=3

Y1=Xt

x—1
+ Z P(Xll =J1 |XIA :xlhxl :X[)P(th ZX|XM :xqul :xlaxﬂ :)’l) [ ’Iﬁgu;,til,lifx‘| (x)

n
+P(X[1 2 X|XM :xu)X[ = xl) [HEfUt,li_l,ljfx] (x)'
i=2

Finally, we use the definition of T.* and ]}fm to yield the stated:

XuUt>I1 502

x—1

n
EP(f(Xs) |Xu = Xu, Xt :xt) = Z P(th =V |Xu = Xy, X :Xt) [ Z}fu,,t,-l,tifx‘| (}’2)
2

Y1=Xt i=

n

+P(Xt1 Z X | Xu = met = xt) [H Efut,til,tifx‘| (f)
i=2

n

_ X V4

- |:I;Cu-,tatl HY;uUtatilJifx‘| (x,).
i=2

The following two propositions are essential to the proof of Theorem 101.

Proposition 98 Consider any counting process P that is consistent with the rate interval A. Fix any f in L°(Z"), any t,s
in R>o witht < s and any u in %<;. Then for any (x,,x) in Zu.s,

Pi(f|x) <Ep(f(Xs) | Xu = xu, X; = x).

Proof Our proof is for a large part similar to that of [8, Proposition 8.1]. Let X be in 2~ such that f is constant after x.
From Lemma 96 and Equation (4), it then follows that

x—1
Ep(f(Xs) | Xu = xu, X = x) = Zf()’)P(XS = [ Xy = x4, X; = x) + f(X)P(Xs > X| Xy = xu, X; = X),
y=0
where we let the empty sum equal zero. Recall from Lemma 73 that P(X; = y | X, = x,,X; =x) =0 for all y in 2" with
y < x. Therefore,
x—1
Ep(f(Xo) | Xy =%, X, =x) = Y fFO)P(Xy = y| Xu = %0, X; = %) + f(X)P(Xs > %| X, = x4, X, = x). (99)
y=x
We distinguish two cases. First, we consider the case x > X. In this case, (X, = x,,X; = x) C (X; > X) due to (A1), such

that P(X; > x| X, = x,,X; = x) = 1 due to (P2). We substitute this equality in Equation (99), to yield

EP(f(Xs) |Xu :met :x) :f(j)
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As furthermore P} (f | x) = f(x) due to Proposition 12, this verifies the inequality of the statement in this case.
Next, we consider the case x <X, and distinguish two additional cases. If s =7, then the equality of the statement follows
immediately from Equation (99), some obvious properties of counting processes and Proposition 48 (i):

Ep(f(X,) | Xu = xu,X; = x) = f(x) = [If](x) = [T1f](x) = P} (f | x)-

Hence, from now on we furthermore assume that r < s. Let y := {y € 2": x <y <X}, and recall from Proposition 12
that P{(f|x) = [L’f_‘. f*](x). Thus, the equality of the statement is verified if we can show that

[TF %] (x) < Ep(f(X,) | Xu = Xu Xe = x). (100)

To that end, we fix any € in R~ ¢, and choose any €1, &, in R~ such that &1]| f*|| < &/2 and & (s —1)||f*|| < €/2. It follows
from Lemma 85 and Proposition 31 that there is some & in R~ such that §[|Q*|| <2 and

(Vv € U q,0(v) < 8) || T, —DF| <& (101)

As P is consistent with [&,I], it follows from Lemma 94 that there is some A; in R with A; < max{J,s —¢} and some
le‘ in 2% such that
ITY,a—T+MOD)| < Arer, (102)

Furthermore, since ¢ := ¢ + A < s by construction, it follows from Lemma 95 that there is a sequence v/ =t1,12,...,t, in
Uy, 5 with (V') < 6 and some Qg, ..., OF in 2% such that

(Vie{2,....n}) ITE . . — T+A00)] < A, (103)

Letzy :=t and v* :=1g,1y,...,t,. Recall from Lemma 97 that

E ( ( )|X _‘xu’Xt _'x [ Xyt 1 HT;CMUMU ltl ‘| )’
such that

EP(f(XS) |Xu = Xy, X :x) —

i=1 i=1

ﬁ(1+A Qx)fxl

- ‘ [ Xyt I I XuUtolisti41 ‘| )C) -

We now use (NH4), Lemma 26 and Equations (102) and (103), to yield

ﬁ(umg?‘)ﬂ] )].

EP(f(XS) ‘Xu = Xu, X; :X) -

ﬁ(HAiQf-C)f"] ()

i=1

XuttIH];‘uUt li—15ti H(1+A1Q1)C) ||fx||

i=1

n
ijﬁ,m Hyguz-f;fntifx H(1+A Qx)
l‘f

i=1

<NTEy — I+ 0007) |\||f”||+2|| i — I AOD) LA

n
Z &2l fA]| = (s — )& f4]| < 5
Furthermore, it follows from (NH4) and Equation (101), which holds because 6(v*) < 8 by construction, that
[TF f9)(x) = [@F f*] ()] < || TE % — || < ||TF — L | I1/#]] < &l 7] < < 5

Combining the two previous inequalities, we find that

f[(1+A,~Q,’»‘)fl

i=1

[0+ A0 %

i=1

[T f*](x) <

(x>+§§

€
(x) + 5 < EP(f(Xs) |Xu =Xy, Xy :x) +é&,

where the second inequality holds due to Corollary 88. Since € was an arbitrary positive real number, this implies
Equation (100), as required. |
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Lemma 99 Consider a counting transformation system 7 of the form of Corollary 66. Let P be the real-valued map with
domain

D ={(Xpsn=y,(Xy =%, X =x)) € Dcp: t,AE R0, € Uy, (Xu,%) € X,y € Z I U{(Xo=x,Q) € Dep: x€ X},
that is defined for all t, A in R>q, u in U<, (xy,x) in Ly and y in Z as
P(Xia =Xy = x4, X, = x) = [T/ 721, ](x)

and for all x in 2" as
1 ifx=0,
0 otherwise.

P(Xo=x|Q) = {
Then P is coherent, and any extension of P to Pcp is a counting process that is consistent with A.

Proof Fix some u =1,...,t, in % with fo = 0 and, for all i in {0, ...,n}, some sequence S; := {A;}re 2 in [&,I}. Due
to Corollary 66,

. 0, , n—1sln n, 1o
y':%E)ll]®%[1tl12]®'“®‘7S[j,llt]®j§g )

is a counting transformation system. Therefore, it follows from Lemma 79 that P is coherent, and that any coherent
extension P* of P to Ycp > is a counting process. Hence, all that remains for us is to prove that any such coherent extension
P~ is consistent with [1,1]. We will only verify Equation (10), Equation (11) can be verified in a similar fashion. To that
end, we fix any ¢ in R>q, u in %<, A in Ro¢ and (x,,x) in £, . Observe that

PXra=x+11Xy =20, X =x) _ [ es1] ()

A A

We let i be the greatest element of {0,...,n} such that ; < ¢. We now claim that

TH—AH
lim [ ! )H—l](x) — )vi’,\“
A—0* A

If this were true, then

lim ﬁ*(Xt+A =x+1 |Xu :x,,“X[ :x)

= Ai X
A—0F A ’

which implies Equation (10) because A < 4;, < A.
We now set out to verify our claim. By construction, 7/ ™4 = Tt’;A for any A in R>o with t; + A < ;41 if i < n, such that

(1 L] (x)
A

(75 L] (%)
A

—)Li,x = —;Li,x .

We use the two obvious equalities [/T,,](x) and [Qg,I,11](x) = A;» and (NH4), to yield

THALL ] (x (75 L] (x) = [t (x)
BTl || B L — [O5 L] (¥)
A A
TI+A]I —1I A -
Nas x+1 Si =
<||7 5 skl < | =2~ Os el = | =S 5— — 0|

Fix any € in R. Because, by definition, .7, is the family of (linear) lower counting transformations induced by the
generalised Poisson generator Qs; = Q, characterised by the sequence St = {(Aix,Aix) }xe 2, it follows from Lemma 51

that there is a 6 in R such that for an>; Ain Ry with A < 8,
+A

T -1
A

Tt+A _ 7t
t,S, t,S; t
A - QSiT;,S,‘

S; <eg, (104)
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where the equality follows from Proposition 48 (i). For any A in R~ such that A < § and ; + A < 1;1; if i < n, it follows
from the previous two inequalities that
[’I;t+A]IX+1](x) — A

A x| <E.

Since € was any positive real number, we infer from this inequality that

llm [EI+AHX+1](x) — l
A0+ A B

as required. |

Proposition 100 Consider any t,s in R>o witht <, any u in U<, any (xy,x) in Zy and any f in L°(Z"). Then for
any € in R<, there is a counting process P that is consistent with the rate interval A such that

1P (f %) = Ep(f(Xo) [ Xy = 20, X = x)[ < .

Proof By Lemma 83, there is a sequence v =g, ...,t, in %, ; and, for all i in {1,...,n}, a sequence S; = {A{}c 2 in

[A,A] such that
[H " 1S ]

Furthermore, we fix any arbitrary sequence S = {4, }.c 2~ in [A, 4]. It now follows from Corollary 66 that

Tif - HT,f' s | <€ (105)

T ={Tf: rq e Rso,r < g} = ZP @ G @ g8 ... g1 g glint=)

is a counting transformation system. Furthermore, it follows from Lemma 99 that there is a counting process P that is
consistent with [A, A] and that satisfies

PXs=y|Xy=x4,,X, =x) = [Hth‘ls ] X) forally e 2. (106)
Observe furthermore that for any y in 2~ withy > 1,
y—1
PXs>y|Xu=x0,X=x)=1-PX, <y—1|X,=x,, X, =x)=1— ZP(XS =z| X, = x4, X; = x)
z=0
y—1 y—1
=1- ) [PL(x) = |T¢ <1 -) Hz) (x) = [II2y] (x), (107)
z=0 z=0

where for the third equality we have used Equation (106) and for the fourth equality we have used the linearity of the linear
counting transformation 7°.
Fix some ¥ in 2 such that f is constant starting from X. By Lemma 96 and Equation (4),

Ep(f(X) | Xy = x4, X =x) = Zf(y)P(XS =y Xy =%, X =x)+ f(X)P(X; > %| X, = x4, X = X).

We now substitute Equations (106) and (107) and again use the linearity of the linear counting transformation 7;°, to yield

x—1

Ep(f(X) | Xu = xu, X = x) = Z FOIT L] (x) + f () [T 1>z] (x)

y=0
x—1
= le<Zf(y)Hy+f(X)HZX>]( )= [H i1S: 1
y=0

where the final equality holds due to the construction of 7. The stated now follows if we substitute this equality in
Equation (105). |

Everything is now set up to prove our main result regarding the expectation of eventually constant functions.
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Theorem 101 Foranyt,sin Rsq witht <s, uin U<, fin L(2) and (x,,x) in Ly,
EA(f(Xs) | Xy = xu, X = x) = P} (f | x).
Proof On the one hand, it follows from Proposition 98 and Equation (8) that
Py (f(Xs) | %) < EA(f(X5) [ X = xu, Xp = x) = inf{Ep(f(Xy) | Xu = X0, Xi = x): P € Pp}.
On the other hand, it follows from Proposition 100 that
(Ve € Ruo) (TP € PA) |PI(f | x) —Ep(f(Xs) | Xy = x4, X = x)| < €.
From these two inequalities, it follows that for any € in R,
EN(FX) [ Xu = 20, X; = x) = By (f(Xs) | %) = Epe (f(Xo) [ X = %, X = X) — & 2 EA(F(Xs) [ X = %0, X = x) — €.

The equality of the statement follows from these inequalities because € is an arbitrary positive real number. |

H.2.3. BOUNDED FUNCTIONS

Next, we move from eventually constant functions to general bounded functions. Essential to our proof of Theorem 15 are
the following two observations.

Lemma 102 For any s,t in R>q witht <,
lim P (I>x|x) =0,
X—>+-o0 -
where 1>z is the indicator of the set {z € 2" z > X}.
Proof Fix any € in R~ (. To prove the stated, we need to verify that
(B¢ € ) (Ve 2,72 4) 0 < Py (lux |2) = —Pi (x| 2) = —[T3(~ L)) () < &.
To that end, we recall from Theorem 45 that there is a sequence u in %, such that o (u)||Q| <2 and

117 — @l < €.

Let n be the number of time points in u. Furthermore, we let x* := x+n+ 1 and fix any X in 2~ such that X > x*. It then
follows from Lemma 47 that

[Py (—155)](x) = [Pu(—T<rinlsz — Lox(x +n)Lsrin)](x) = [@,0](x) =0,

where for the final equality we have used (LT6), which holds because @, is a lower counting transformation due to
Corollary 36. We combine these two observations, to yield

0 < Py (Ixx | %) = =[5 (~T2x)](x) + [@u(~To5)] (x) < T7(~T5)] (x) = [@u(~T25)] (4)]
ST (Iox) = Pu(=Lx) | < (127 = Pull =Tzl = 177 — Pull <e,

where for the first equality we have used that P, (- | x) is a coherent upper prevision, for the third inequality we have used
(NH4) and for the final equality we have used that ||—I.x| = 1. [ |
Lemma 103 Let P be any counting process that is consistent with the rate interval A. Then for any t,s in R>o witht <s, u
in Uy, (xy,x) in Zuur, fin L(X) and € in Ry,

(3" € Z)(VF e 23> x) (VP € Pa) |Ep(F(Xs) | Xu = xu, Xy = x) — Ep([Iexf + (@) ox) (Xs) | Xy = x4, X, = x)| < €.
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Proof Fix any X in 2, and let f; := fI<x+ f(X)I>x. Observe that
=2/ fIlx < f < fr+2( fILs

Let P be any counting process that is consistent with A. Due to the previous inequalities and the monotonicity of Ep,

Ep([fz — 2l fIT>x](Xs) | Xu = xu, X = x) < Ep(f(Xo) [ Xu = %u, X; = x)
S Ep([fx+ I/ IT>2) (X5) [ Xy = X0, X; = x). (108)
Because f5—2||f||I>x and f are both constant starting from X+ 1, it follows from Lemma 96 and Equation (4) that
Ep([fz — 2/ FIT>x] (Xo) | X = Xu, Xi = x) = Ep(f5(Xs) | Xu = xu, Xi = %) = 2| f|| Ep(Is(Xy) [ Xu = %0, Xe = x). (109)
Similarly,
Ep([f+2[ FI1T>x] (Xo) [ Xu = xu, Xi = x) = Ep(fx(Xs) | Xu = X0, X; = x) +2[| f|Ep(Tox(Xs) | Xu = xu, X; = x). (110)
We now combine Equations (108)—(110), to yield
|Ep(f(Xs) [ Xu = xu, X = x) — Ep(fe(Xy) | Xu = xu, Xe = %) | < 2|/ fI|Ep(L>2(Xs) [ Xu = xu, X, = ). (111

It now follows from Proposition 98, the conjugacy of P{(-|x) and P;(- | x) and the obvious equality Ep(I-z(X;) | X, =
xu’X[ = x) = _EP(_H>X(XS) |XM = xu,X[ = x) that

Ep(Iox(X,) | Xy = xu, X, = x) < P; (Isx | x). (112)

Fix any € in R~¢, and choose any €’ in R~ such that 2| f||€’ < €. It now follows from and Lemma 102 that there is an x*
in Z such that if X > x*, then
P(Lox|x) < €. (113)

Finally, we now combine Equations (111)—(113) and recall that f; = fI<x + f(X)I-%, to yield

(V€ 2% > x)(WP € Pa) [Ep(F(X,) | Xy = xX =) — Ep([flex + FOLr] () | X, = x X = x)| <2l|f]l¢’ <e.

|
Proof of Theorem 15 Our proof is similar to the proof of Theorem 101 In the first part, we will show that
Pi(f[x) SEA(f(Xs) [ Xu = x4, Xi = x) = inf{Ep(f (Xs) [ Xy = 24, X; = x): P € Py} (114)
In the second part, we will subsequently show that
(Ve € Ruo) (3P € PA) |P(f %) — Ep (f(X,) | Xu = 3, X = x)| < &. (115)

The stated follows from Equations (114) and (115). Indeed, from these equations it follows that, for all € in R+,
EA(fX) | Xu = xu, X; = x) 2 Py (f [x) 2 Ep(f(Xs) [ Xu = %0, Xs = x) — € 2 EA(f(X,) | Xu = xu, X; = x) — €.

The equality of the statement now follows from these inequalities because € is an arbitrary positive real number.
We now set out to prove Equations (114) and (115). To that end, we fix any € in R~ ¢, and choose some &1, &, &3 in R+
such that £, + & + &3 < €. Recall from Proposition 13 that there is an x such that

(Vxe 2,%>x7) [P (f [x) — P{(I<sf + f(¥) Loz [ x)] < &1 (116)
Due to Lemma 103, there is an x5 such that
(VX € 2°,% > x3) (VP € Pp) [Ep(F(X,) | Xu = Xus Xo = %) — Ep([les f + F® ] (%) | Xu = X0 X =) < &, (117)

Let x* := max{x},x}}, and fix any X in 2" such that ¥ > x*. It now follows from Equations (116) and (117) that, for any P
in HDA,
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Pi(flx) —e <P(f]x) — &1 — & < Pi(l<xf + f(R) Lo | x) — &
< EP([HSXf+f(X)H>X} (XS) |Xu = Xu, X; :x) —& < EP(f(XS) |Xu =X, X = )C),
where the third inequality follows from Proposition 98. Since € was an arbitrary positive real number, we infer from this

inequality that
(VP € Pa) Pi(f|x) < Ep(f(Xs) | Xu = xu, X = x).

We combine this with Equation (8) and use that non-strict inequalities are preserved when taking infima, to yield
Equation (114).
Next, we prove Equation (115). Due to Proposition 100, there is a P* in P4 such that

|P} (I f + () Loz f | %) — Ep ([I<s f + F () Lox] (Xs) [ Xu = xu, X; = x)| < &5.
We now use this inequality and Equations (116) and (117), to yield

[P2(f [x) = Ep (f (Xo) | Xu = xu, X = x))|
<P/ (f | x) = P (L f 4 f(57) Lo | 1))
+ B (T f + f () Do | ) = Epe ([T f + f () Lo ] (Xs) | X = 30, Xp = X))
+ |EP*([HSX*f+f(X*)HM*](Xs) |Xu =Xy, X; = x) — Ep» (f(XS) |Xu =Xy, Xy = x)|
<&g+&+8&<E¢E,

as required by Equation (115). |

Next, we consider the special case of monotone bounded functions.

Lemma 104 Fixany f in £(Z°), ninNand, foralliin {1,...,n}, some A; in R>q with A;||Q|| < 2. If f is non-decreasing,
then

n

[[0+a0) = IHTI(1+Ain)f

i=1
is non-decreasing. Similarly, if f is non-increasing, then

[10+a0)7 =] +a00)7
i=1

i=1
is non-increasing.

Proof We only prove the stated for a non-decreasing f, the proof for non-increasing f is entirely similar. Our proof is one
by induction. In case n = 1, the equality of the stated follows trivially from the definition of Q: for any x in .2,

[(I+M1Q)1(x) = F(0) +M[QF](x) = f(x) + Armin{Af(x+1) = Af(x): A € [A,A]}

= f)+AMAf(x+1) = Af(x)) = f(x) + A1[04f] (%)
= [ +4103)/1(x).

That (I+A;Q)f is non-decreasing as well is easily verified in a similar fashion:

[(T+210) f1(x+ 1) = [T+ A1Q) f](x) = [T+ A1) fl(x + 1) = [(I +A102) f1(x)
= f+D+MA(f(x+2) = fx+1)) = f(x) —MA(f(x+1) = f(x))
=(1=AA)(fx+1) = f(x) +AIA(f(x+2) = flx+1))

>0,

where the inequality follows from the inequality 1 — AjA > 0, which holds because A < A and A|24 = A, 0]l <2, where
the first inequality follows from Equation (20) and Lemma 34. a

For the induction step, we fix any m in N with m > 2 and assume that the stated then holds for all 7 in N with n < m. We
now show that the stated then follows for m as well. Let

m

(I+AQ)f and  g=[JU+AQ)f=(I+AQ)¢

i=1

:s

g:

||
Y

i
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By the induction hypothesis, g’ is non-decreasing and equal to

s

(I+AQ,)f

I|
N}

HIt follows from this and the induction hypothesis for n = 1 that

m

g=({I+M10)g =I+A0))g =[]U+AQy)f

i=1

is non-decreasing, as required. |

Proof of Proposition 16 We only prove the stated for a non-decreasing function f, the proof for a non-increasing f is
entirely similar. We first set out to prove that

[T7f1(x) = [T F1(%)- (118)

To that end, we fix any € in R+, and choose any €’ in R+ such that 2¢’|| f|| < €. By Theorem 45 and Corollary 62, there
is a uin % 5 with 6 (u)||Q|| < 2—and, due to Lemma 34 and Corollary 58, therefore also o' (u)[|@, || < 2—such that

n

75 — 10 +2:04)

i=1

n

T -T]+49)

i=1

<¢e. (119)

< and

Observe now that

IT21100) = [T A1@)| S WTEf =T | = | T =TT+ AQ)f + TTU+AQ)f ~ T f
i=1 i=1

S — H(H-AiQ)L)fH
=1

=

=L -T]U+AMQ f + [ [U+MQ)f—T, f
i=1

i=1

IN

T -TJU+aQ)f| +
i=1

n

7% — 10 +A:04)

i=1

11

i=1
<2¢||fl <e,

< T;‘—H(1+A,~Q)H||f||+

where the second equality follows from Lemma 104, the second inequality follows from (NH4) and the penultimate inequal-
ity follows from Equation (119). Since € was an arbitrary positive real number, these inequalities imply Equation (118).

The stated basically follows from Equation (118). To see this, we let P, be a Poisson process with rate A in the rate
interval A. Then clearly

EN(f(X) | Xu = xu, Xs = x) < E/*\(f(xv) | Xy = x4, X = x) < Ep, (f (Xs) | Xu = xu, X = x). (120)

Recall from Theorem 15 that
EA(f(Xs) | Xu = xu, X, = x) = [T} f](). (121)

Similarly, it follows from Equation (13) and Theorem 15 that

EPA (f(Xy) ‘Xu =X, X = Xx) = E[&M (f(Xe) | Xy = xu, Xy = x) = [Tlf&.ﬂ (x). (122)

It now follows from Equation (118), Equation (120) with A = A and Equations (121) and (122) that
Ep, (f(Xs) | Xy = xu, X, = x) = [T, f1(x) = [T f1(x) = EA(f (X)) | Xy = %0, X; = x) < Ep, (f(X,) [ Xu = xu, X = x),

which clearly implies the equality of the statement for non-decreasing functions f. |
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H.2.4. NON-BOUNDED FUNCTIONS

Finally, we are ready to make the transition towards bounded-below functions.
Proof of Proposition 17 Observe that if f is non-decreasing and bounded, then the stated follows immediately from
Proposition 16. We therefore only have to prove the stated for a non-decreasing f that is not bounded but bounded below.
Observe that in this case, inf f = £(0).

We now first set out to prove that

(VP € Po)Ep, (f(Xs) | Xu = x X, = x) < Ep(f(X,) | Xy = X, X = ). (123)

To that end, we fix any P in P5. Recall that
sup 400
Ep(f(Xs)IXu:Xu,Xz:x):/, P({f(X;) > o} [ Xy = x,, X; =x)da = o P({f(Xs) > a} [ Xy = x4, X; = x)da.

inf f

We now fix any f8 in R with 8 > f(x), and let yg be an element of 2" such that f(yg) < B < f(yg + 1)—this is possible
because f is non-decreasing and unbounded. Observe that

/f PUFX) > o} | Xu = xa, X = x) dax

—/ P{f(Xs) > a} | Xy = x4, X = x) dOH—/ P{f(Xs) > a} | Xy = x4, X =x)da

oo +/ X,) > a} | Xu = xu, X, = x) dat.
As a consequence of our assumptions on f, it follows that
(vye 2)(Vee [f(y), [+ 1) {f(X) > a} = (X; > y). (124)
Hence
yp—1
[ PR > 0 X, =X, =) da = L (1) = FODPOX > 51K, =5k, =)

+(B = fp))P(Xs > yp | Xu = xu, Xy = x)

For any y in 2, it follows from Equation (4)—with the .%, ,-simple function I, (Xy)—and Proposition 16—with the
non-decreasing function I.,—that

P(X;>y| Xy =x4,X =x) = Ep(I5,(X) | Xy = X0, X; = x)
> EPL(H>y(X\‘) |Xu =X, X = x) = P&(Xs > y|Xu = Xy, Xs :x),
where P) is the Poisson process with rate 4. We combine this inequality with the previous equality, to yield
yp—1
/ P({f(Xs) > a} Xy = x4, X, =x)da > Z FO+1) = fONPLXs > y[ Xy = x4, Xs = X)
y=0

+(B *f(y/i»PL(Xs >¥B | X = xu, X = )

:/ﬁ PA({f(XS) > a}|Xu:xu,XtZX)da.
o) —

We take the limit for 3 going to 4o on both sides of the inequality, to yield Equation (123):

Ep(f(Xs) | Xy = x4, X =x) = lim ({f( 5) > al | X, =x,X =x)da

B—teo
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B
> lim Py ({f(Xs) > a} | Xy = x4, X; = x)da = Ep, (f(X;) | Xu = Xu, X; = X).
B+ Jf(0) -

Finally, we verify that the stated. On the one hand, we recall from Equation (14) that
EA(f(Xs) ‘Xu = Xy, X; :x) < Ej\(f(xs) |Xu = Xu, X; ZX) < EPi(f(Xs) |Xu =Xy, X = x)7

where the final equality holds because Py belongs to I’} . On the other hand, because non-strict inequalities are preserved
when taking the infimum, it follows from Equations (8) and (123) that

EA(f(Xs) [ X = 20, X = x) > EP&(f(XQ | Xu = x4, X; = x).
The stated equality now follows immediately from these two observations |
Proof of Corollary 18 As f(X;) = X; is non-decreasing, it follows from Proposition 17 that
ENXs| Xy = x40, X, =x) = EA(Xs | Xy = X0, Xy = x) = EPL(Xs | X, = x4, X; = X)

and
EnXs | Xy = x40, X = x) = Ex(X | Xy = %0, X; =x) = Ep_(X; | Xy = x4, X; = X)

The stated now immediately follows if we recall that

oo
EPA(XA‘ ‘Xu = Xu, Xz :X) = Zyll/&(sft)(y_x) :X—F&(S—l),

y=x
and
e _
E%(XS | Xy =x, X =x) = ZXyWI(s—t)(y —x)=x+A(s—1),
y=
where both times the first equality follows from Proposition 92. |

Lemma 105 Consider any counting process P. Fix any t,s in R>q witht <, u in %<; and (x,,x) in Zy. Then for any f
in (%),
Ep(f(Xs) | Xy = x4, X, = x) = inff+EP(f/(XV) | Xy = x4, X; = x),

with f' == f —inf f.
Proof Follows immediately from the definition of Ep. ]

Proof of Theorem 19 First, we observe that
inff < f < fmax-

Therefore, for any P in Py,
inff < EP(f(XA) |Xu =Xy, X = x) < EP(fmax(Xx) ‘Xu =X, Xs :x) (125)

due to the monotonicity of Ep. Since fiayx is clearly a non-decreasing bounded-below function, it follows from Proposition 17
and Proposition 92 that, for any P in Py,

oo
EP(fmax(Xs) |Xu = Xu, Xt :x) < E%(fmax(xs) ‘Xu = Xu, Xt :X) = meax(y)Vﬁ(s_t)(yfx) < oo,
y=x

where the final inequality is precisely the condition on f of the statement. Because non-strict inequalities are preserved
when taking infima and suprema, we infer from this that

oo
lIlff < EA(f(XY) |Xu =Xy, X :x) < E/\(f(XY) |Xu =X, X = x) < meax(y)llfz(s,,) (y_x) < oo,
y=x
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This already settles the second part of the stated, namely that the lower and upper expectations are finite.
Next, we set out to prove the equalities of the statement. For any X in 2", we let fz := fl<z + f(¥)I>z. By definition of
the limit, we need to prove that

(Ve € Roo) (3 € 2)(VE€ 2% 2 x*) [EA(F(X) | Xu = 1 Xy = ) — P3| x)| < & (126)
and
(Ve € Rog) (I € 2)(Vx € 27,3 > x*) [EA(F(Xy) | Xu = xu, Xs =) — P (fx | x)| < €. (127)

To that end, we fix any € in R+, and choose any € and & in R- such that &, + & < €.
Our first step is to obtain a bound on

|Ep(f(Xs) | Xu = xu, X = x) — Ep(f2(Xs) | Xu = x4, X = x),

with P in Py and X in 2. To that end, we let f' := f —inf f, f} .« = fmax —inff and f = f'I<x+ f'(¥)[>x for any X in
Z . Due to the condition on f of the statement and the properties of the Poisson distribution,

+o0 +oo
Zfr/nax(y)%(s_,)()’*x) = Z(fmax(y) *inff)‘lfz(s meax ‘V)L (s—1) (y x) —inf f < -oo.
y=x y=x
Hence, there is an x* in .2~ with x* > x such that
(VXE‘%’XEX Z fmax ‘V;Ls 1) (y x = meax meax ‘l’;” 1) (y x) <é&. (128)
y=x+1 y=x
Fix any X in 2~ with X > x*, and observe that
Ixf' < f < Taaf’ + frandor. (129)
and
Iaxf < fr <Taef + Fruanlor- (130)

Fix any P in PA. Then due to Equation (129) and the monotonicity of Ep,
Ep([T<<f")(Xs) [ Xu = xu, Xe = x) < Ep(f'(Xy) | Xu = %0, Xs = %) < Ep([Ief' + Ioxfman) (%) | Xu = 20, X, = x). - (131)
Similarly,
Ep([T<xf")(Xs) | Xu = xu, Xs = x) < Ep(f2(Xs) | Xu = %0, Xy = x) < Ep([T<xf’ + Toxfinax) (Xs) [ Xy = x4, X = x). (132)

Furthermore, it follows from the linearity of Ep that
EP([HSXJC/"’]Iﬁfx/nax](XS) | Xy = xu, Xy = x) = EP([H<xf 1(Xs) | X = xu, X = x) +EP([H>Xfmdx]( ) | Xy = xu, Xs = x). (133)
Alternatively, we obtain Equation (133) as follows. Recall that
/ / sup /!
Ep([l<xf 4+ Loz finax)(Xs) [ Xu = x4, Xo = x) :/0 ({[I[<xf +]I>Xfmdx]( 5) > o} | Xy = xu, X; = x)dax.

Observe now that for all ¢ in R>g,

{[]I<Xf +]I>xfmdx]( ) > OC} {(D € ‘Q‘ ]I<X

/\

0(5))f'((5)) + Lx(0(s)) fnax (@(5)) > a}

= (@€ Q: (0(s) TS (0(s)) > ) or (0(s) > X, fr (0(s) > @)
— {0 Q: 0(s) <%, F(0(s) > A} U{0 € Q: 0(s) > X, o (0(s)) > a}
— {[Lef)(X) > 0} U{[Lonfn) () > a1},

where the union is one of two disjoint sets. Furthermore, the first set of this union is clearly empty if &t > fiax (X). We use
our decomposition of the level sets, to yield

Ep([I<xf" + Loz fmax) (Xo) | Xu = xu, X; = x)
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_ /(;supf P({{I<=f"1(Xs) > a} | Xu = xu, X = x) + P({[Isxfmax) (Xs5) > @} | X = x4, X, = x) det

supl<zf’ sup f!
= [ P10 > 0 X =x X =)+ [ P () > 0} X, =5, X, =) do
= EP([HSX]CI}(XS) |Xu =x, X = x) +EP([]I>Xfr/nax](XS) |XL¢ =X, X = )C),

where the for the second equality we have furthermore used the linearity of the (improper) Riemann integral.
In any case, it now follows from Equations (131)—(133) that

|Ep(f' (X5) | X = x5, Xy = x) = Ep(f(Xs) | X = x50, Xy = )| < Ep([Iofinan] (X5) | Xu = 50, X, = ).

Observe now that I f7 . is a non-decreasing and bounded below function. Therefore, it follows from Proposition 17 and
Proposition 92 that

—+o0
‘EP(f/(XS) | X = xu, X; = x) — Ep(fi(Xs) | Xu = %0, X, :x)| < Z fr%ax‘/’%(ﬁ;)(y_x)'

y=x+1
From this, Lemma 105 and Equation (128), we now infer that
(VX € 27,3 > x*)(VP € Pa) [Ep(f(Xs) | Xu = xu, Xe = x) — Ep(f(Xs) | Xu = %0, Xs = )| < &1 (134)
Next, we recall from Proposition 100 that
(V% € 27) (3R € Pa) |Py(fe|x) = B (fe(Xe) [ Xu = 0, X; = x)| < & (135)
and, due to conjugacy, that
(Vx € 2)(3Py € Pa) [P (fr|x) — Er, (fe(Xs) | Xu = %0, Xe = x)| < &2. (136)

Everything is now set up for us to verify Equations (126) and (127). We here only verify the former, the latter follows
from entirely similar reasoning. Fix any X in .2~ such that X > x*. On the one hand, we observe that

EA(f(Xs) |Xu =Xy, X; = x) < EP] (f(Xs) |Xu =X, Xp = )C) < EP] (fX(Xs) |Xu = Xu, X; :x) + &
SP(fxlx)+e+& <P/(felx)+e
where the first equality holds because B belongs to P4, and where for the subsequent inequalities we have used Equa-
tion (134), Equation (135) and our condition on & and &. On the other hand, we observe that
EN(f(Xs) | Xy = x4, X =x) =inf{Ep(f(X;) | Xy = x4, X; =x): P EPp}

> lnf{Ep(fy(Xg) |Xu =X, X = x) —&:Pe PA}
= inf{Ep(f;(Xs) | Xy = x4, X, =x): P€ ]P)A} — &
= EA(fE(XS) ‘Xu =Xy, X; :x) —&
=P (fx|x) —& = P(fx|x) — &,

where the first two equalities follow from Equation (8), the first inequality follows from Equation (134) and the final equality

follows from Theorem 15 because f5 is clearly bounded. It is now clear that these two observations imply Equation (126),
as required. |

Appendix I. Supplementary Material for Section 7

Proof of Proposition 20 We first consider the five properties for £} . Properties (i) and (iii)—(v) follow almost immediately
from Equation (8) and Proposition 92. To verify (ii), we observe that, for all A in R+,

EX(Tix,, y>x42) | Xu = %0, Xe = x) = inf{Ep, (I, , >x42) | Xu = %0, Xe = x): A € A}
=inf{Py (Xs12 > x+2| Xy =x,Xr = x): A €A}
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—inf{1 - 34(0) — yaa(1): A € A}
=1- ‘I’IA(O) — WM(I).
where we have used Equation (8) for the first equality, Equation (4) for the second equality and Proposition 81 for the third
equality. Similarly, if # > 0, then
E7(Tx>xr2) [ Xu = X0, X —a = )1 = 9, (0) =y, (1).
Therefore,

E* (I Xy =x,,X, =x 1—we (0)—us (1 | — oA _ T Ap—AA
lim 7A( (Xt+A2x+2> | ! ot ) = lim WAA( ) IVAA( ) = lim ¢ ¢ = 07
A0+ A Pare! A Jim, A

and similarly for the limit from the left if # > 0.

Next, we consider the five properties for E . Properties (i), (iii) and (v) follow almost immediately from Theorem 15.
Property (i) follows immediately from Theorem 15, Equation (20) and Lemma 52. Finally, property (iv) follows immedi-
ately from Theorem 15, Equation (20) and Lemma 53. |
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