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The Sturm-Liouvile problem
The Sturm-Liouville problem

~ax [P0+ aboy 0 = Ewey (0, x€ (ab)

@ The value of E is not specified. Finding the values of E for which there
exists a solution y # 0 satisfying some BCs is part of the so-called
Sturm-Liouville problem (SLP).

@ One-dimensional model of many important physical processes (quantum

physics, quantum chemistry, geophysical applications, vibration and heat
flow problems,...).

@ In many applications, the SLP problem describes the oscillation in the
physical system.
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The Sturm-Liouvile problem
The Sturm-Liouville problem

~ax PO a0 —Bwpay (). x € (ab)

The Liouville normal form
@ When p and w constant: divide by p and take t = \/w /px to
obtain
_d?y(t)
dt?

+Q(t)y(t) = Ey(t)
with Q(t) = q(x)/p.

@ = one-dimensional, time-independent form of the Schrddinger
equation

@ Any Sturm-Liouville problem can be put in this form.
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Introduction The Sturm-Liouville problem

The Schrodinger problem

The Schrodinger problem

2
4 — V() ~Ely(x)

@ Description of quantum mechanical
systems

@ V(x): potential function
@ E: energy level (eigenvalue)
@ y: wavefunction

N
Erwin Schrédinger (1887 - 1961)
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Introduction The Sturm-Liouville problem

Some examples

@ Hydrogen atom equation
aecton  The classical one-dimensional equation for quantum

hydrogen atom L i mode”'ng of the hydrogen atom:

, 2 1
//" / _y” + (XZ - X> y =Ey, x € (0,+o0)

(Interaction of the proton and the electron)
@ Coffey-Evans equation
Equation which arises in a model of the coupling between dipoles in
polarizable liquids such as liquid crystal displays (LCD):
v (—25 COS 2X + 32 sin? 2x) y =Ey, X €[-7/2,7/2]

@ Mathieu equation
The French mathematician E.L. Mathieu investigated this equation in
1868 while seeking a description of the vibrations of an elliptical
membrane (drumheads).

y” =[2cos(2x) — E]y, y(0) =y(m)=0.



The Sturm-Liouvile problem
The Sturm-Liouville boundary value problem

d {p(x)dy(X)

~ax PO |+ aboy 60 = Eweay (0, x < [aub]

@ Boundary conditions (BCs):

{aOY(a) + bop(a)y’(a)

=0, (y' = dy/dx)
a1y (b) +bip(b)y’(b) =0

@ Eigenvalue: E for which there exists a honzero solution y
satisfying the BCs.

@ Eigenfunction: corresponding solution y.

V. Ledoux (Ghent University)
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The Sturm-Liouvile problem
The Sturm-Liouville boundary value problem

d d
~ax [POOZ | a0 = Ewey(x). x < [a.b)
Example
2
3732’+Ey:o, 0<x<m,

Boundary value problem: y(0) =0, y(w)=0.

@ This equation represents the physics of a vibrating elastic string.
@ Eigenvalues: Ex = (k + 1), k=0,1,2,....

@ Eigenfunctions: yy(x) =sin((k + 1)x), k=0,1,2,...

@ k: eigenvalue index
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Elementary theory
Oscillatory character of the eigenfunctions

Fundamental theorem
For a regular Sturm-Liouville problem
@ The eigenvalues Ey are real and simple.
@ The Ey can be ordered as an increasing sequence tending to
infinity,
Eo <Ei1<Esx<...
@ The eigenfunction yi (x) corresponding to Ex has exactly k zeros
on (a,b).

@ A higher eigenfunction is oscillating ‘more rapidly’ than a lower
eigenfunction.

@ This oscillatory behaviour of the solutions forces a standard
(naive) integrator to take increasingly smaller steps.
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Introduction Elementary theory

Oscillatory character of the eigenfunctions
d?y
ax2 +Ey =0, y(O) =0, y(ﬂ-) =0.

Ex = (k +1)%, yx(x) = sin((k + 1)x), k=0,1,2,...

Yo=sin(x) /\ y,=sin(2x) /\ y,=sin(3x) /\
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Elementary theory
Oscillatory character of the eigenfunctions

Harmonic oscillator: Eigenfunctions + Potential function

Schroédinger problem:

Classically allowed region
@ E>V(x)

@ solution is oscillating

Classically forbidden region
@ E <V(x)

@ solution increases/decreases
exponentially

Harmonic oscillator
y! = (X2 _ E)y’ Ex =2k +1
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Outline

© Numerical computation of the eigenvalues
@ Some classical methods
@ Shooting methods
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Some classical methods
Matrix methods

@ Methods based on finite differences/finite elements.

@ Typically they lead to matrix eigenvalue problems Ay = Ey or
generalized matrix eigenvalue problems Ay = EBYy, with a matrix
of band structure.
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Some classical methods
Matrix methods

@ Methods based on finite differences/finite elements.

@ Typically they lead to matrix eigenvalue problems Ay = Ey or
generalized matrix eigenvalue problems Ay = EBYy, with a matrix
of band structure.

y"=[V(x)-Ely, y(@)=y(b)=0

Numerov for y” = f(x,y): )

Vic1 — 2Yi +Viq1 = —(fiog + 10 +fip1), fi =1(xi,yi)

12
AY =EBY | A and B are tridiagonal: A — h—le 4BV, B=1— 1—12M,
2 -1 V(Xl)
1 2 -1 V(%2)
M = V=
-1 2 V1)
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Some classical methods
Matrix methods

@ Methods based on finite differences/finite elements.

@ Typically they lead to matrix eigenvalue problems Ay = Ey or

generalized matrix eigenvalue problems Ay = EBYy, with a matrix
of band structure.

Pros
@ Simple to set up

Cons

@ The infinite-dimensional problem is replaced by a matrix problem
of dimension n — 1.

@ The use of a uniform mesh is not always a good idea.

@ Main disadvantage is the difficulty in providing high order
approximations with uniform error bounds.
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Some classical methods
Matrix methods

Table: Errors (x10%) obtained with n = 40 for V(x) = e*, y(0) = y(x) = 0.

k Ex  Numerov Exp. fitted Numerov
0 4.8966694 0.0028 0.0014
1 10.045190 0.0427 0.0127
2 16.019267 0.2272 0.0424
3 23.266271 0.8837 0.1040
4 32.263707 2.8802 0.1959
5 43.220020 8.0432 0.3132
6 56.181594 19.6872 0.4535
7 71.152998 43.2849 0.6197
8 88.132119 87.2765 0.8115
9 107.11668 164.0239 1.0373
O(k®h*) o(k3h*)

The error in Ey is typically of the form O(hPk?)

V. Ledoux (Ghent University)
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Numerical computation of the eigenvalues Shooting methods

Shooting methods

Ly
va
a b

Matching point

@ Reducing the solution of the boundary value problem (BVP) to the
solution of (one or) two initial value problems (IVPs).

@ The IVPs are solved for a succession of trial E values which are
adjusted till y,,y, and yr, y, match in the matching point Xp.
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Shooting methods
Shooting methods

The challenge
@ uniform approximation over the whole eigenvalue spectrum
@ large steps even for high eigenvalues
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Shooting methods
Shooting methods

The challenge
@ uniform approximation over the whole eigenvalue spectrum
@ large steps even for high eigenvalues

How to propagate y,,y, and yr,Yyg?

@ Shooting methods based on a standard initial-value library code?
Some typical difficulties occur.
> e.g. Runge Kutta (RK) method
> based on piecewise polynomial approximation of the exact solution.
> step-size restriction when solving for higher eigenvalues or when
the potential is particularly large
> not suited for computing a large set of eigenvalues
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Shooting methods
Shooting methods

The challenge
@ uniform approximation over the whole eigenvalue spectrum
@ large steps even for high eigenvalues

How to propagate y,.,y/ and ygr, yi?
@ Special techniques are needed which adequately take into
account the oscillatory character of the solution.

@ Coefficient Approximation: the given diff. eq. is replaced
(piecewisely) by a diff. eq. which can be solved exactly.

Approximation of Approximation of
the solution » the equation
(classical methods) (coefficient approximation)

V. Ledoux (Ghent University) 19/65



Shooting methods
Coefficient approximation methods

—(P(x)y'(x))" +a(x)y (x) = Ew(x)y (x)

=Py’ (x)) +a(x)y (x) = EW(x)y(x)

0.9

\

o o o o o o
w 'S w o N @

coefficient function

o
[N

=

(=]

_____

p,q,w are replaced
piecewisely by low
degree polynomials

Pruess methods

@ piecewise constant midpoint
approximation of the
coefficient functions

@ Fortran codes:

SLEDGE (Pruess/Fulton)
SLO2F (Marletta/Pryce)

V. Ledoux (Ghent University)
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Shooting methods
Coefficient approximation methods

Pruess method

@ Let p,q and w have constant values pj, gj, w; in the interval
(Xi—1,%i):
—(Pi(x)y’(x))" + ai(x)y (x) = Ewi(x)y(x)
@ The solution over [xj_1,X] is then advanced by the relation

( y(xi) )_( &(Zi) hmo(zi))< y(Xi-1)
p(xi)y’ (%) Zimo(Zi)/hi &(Zi) P(Xi—1)y’(Xi-1)

with Z; = [(gi — Ew;)/pi]h?:

sin(|2|*/?)/|1z|*? z <0
no(Z) = < sinh(z/2)/z*? z >0

1/2
§(Z):{COS(|Z| ) Z2<0
1 Z=0

cosh(z/?) z >0’

)

V. Ledoux (Ghent University)
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Shooting methods
Coefficient approximation methods

Advantages
w.r.t. matrix methods:

@ The approximating problem has, like the original, an infinite
spectrum.

@ The accuracy is maintained or even improves when k increases.
w.r.t. shooting methods based on a standard initial-value solver:
© The mesh is fixed and the coefficients are evaluated before the
start of the shooting process. (= big speed advantage).

@ relatively unaffected by instability (no stepsize restrictions when
solving for large eigenvalues).

V. Ledoux (Ghent University) 22 /65




Shooting methods
Coefficient approximation methods

Advantages
w.r.t. matrix methods:

@ The approximating problem has, like the original, an infinite
spectrum.

@ The accuracy is maintained or even improves when k increases.
w.r.t. shooting methods based on a standard initial-value solver:

© The mesh is fixed and the coefficients are evaluated before the
start of the shooting process. (= big speed advantage).

@ relatively unaffected by instability (no stepsize restrictions when
solving for large eigenvalues).

Drawback
Pruess methods are of low order
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Shooting methods
Coefficient approximation methods

How to construct higher order coefficient approximation
methods?

@ Piecewise Pertubation Methods (Neumann series methods)

©@ Magnus series methods
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Shooting methods
Coefficient approximation methods

How to construct higher order coefficient approximation
methods?

@ Piecewise Pertubation Methods (Neumann series methods)

©@ Magnus series methods

We consider the problem in its Liouville normal formy” = (V(x) — E)y
or

V)= (ypo_g o) YO YGOT =)y ()]

@ The eigenvalues are determined using a shooting procedure
@ Approximations to Y, and Yy are obtained using @

V. Ledoux (Ghent University) 23/65



Outline

e Piecewise Perturbation methods

@ Constant Perturbation Method (CPM)
@ Shooting for eigenvalues

=] = = E na
V. Ledoux (Ghent University)



Piecewise Perturbation methods

Mathematical physics — perturbation approximation

@ The given diff. eq. is replaced (piecewisely) by reference diff. eq.
which can be solved exactly
@ The deviation of the solution of the reference eq. from the solution

of the original eq. is estimated by means of the perturbation
theory (gives us some correction terms)
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Piecewise Perturbation methods

Piecewise Perturbation methods

Mathematical physics — perturbation approximation

@ The given diff. eq. is replaced (piecewisely) by reference diff. eq.
which can be solved exactly

@ The deviation of the solution of the reference eq. from the solution
of the original eq. is estimated by means of the perturbation
theory (gives us some correction terms)

@ CPM: potential function of the reference eq. is piecewise constant

> L.Gr. Ixaru, H. De Meyer, G.Vanden Berghe, JCAM 88 (1997).
> L.Gr. Ixaru, H. De Meyer, G. Vanden Berghe, CPC 118 (1999).
» V. L., M.Van Daele, G.Vanden Berghe, CPC 162 (2004).
>

@ LPM: potential function of the reference eq. is piecewise linear

> V.L., M. Rizea, L. Ixaru, G. Vanden Berghe, M. Van Daele, CPC 175 (2006).
> L. Ixaru, CPC 177 (2007).
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Constant Perturbation Method (CPM)
Solution of the Schrddinger problem using CPM

The Coffey-Evans potential function ($=20) P ise constant app
400f" '

400
300 300
200 200
100[ 100

0

The initial value problem

yOOI'_[ 0 1) [y(x) e
[y’(x)] B [V(x) —E 0| |y'(x)|’ y@)=ay'(a)=8

@ E: constant

@ Aim: construct a CPM for the calculation (propagation) of y,y’.

V. Ledoux (Ghent University)
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Piecewise Perturbation methods Constant Perturbation Method (CPM)

Solution of the Schrddinger problem using CPM

current interval [x;, X +1] with steplength h, introduce § = x — x; € [0, h]

<-->
Xo Xo Xz o X pp Xig1 e Xn
a i b
X

Propagators
u(d) and v(0) are the solutions of

y"(6) = (V(xi +6) —E)y(d)

with the initial values

u(0)=1,u’(0)=0 and v(0)=0,Vv'(0) =1.

V. Ledoux (Ghent University) 27165




Constant Perturbation Method (CPM)
Solution of the Schrédinger problem using CPM

Propagators
@ Forward propagation

@ Backward propagation

ol - Ly )

@ Knowledge of u, v, u’ and v’ is sufficient to advance the solution in

both directions.

v

V. Ledoux (Ghent University)
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Constant Perturbation Method (CPM)
Solution of the Schrédinger problem using CPM

How to compute the propagators?
u(d) and v(0) are constructed via perturbation:

y”(8) = (V(xi +3) —E)y(d) @)
is approximated over [x;, Xi+1] by
y"(6) = (V —E)y(s) @)

@ The 2 indep. solutions of (2) have known analytic forms: ug(d) and vo(6).

V. Ledoux (Ghent University) 29/65



Constant Perturbation Method (CPM)
Solution of the Schrédinger problem using CPM

How to compute the propagators?
u(d) and v(0) are constructed via perturbation:

y"(8) = (V(xi +0) — E)y(d)

is approximated over [x;, Xi+1] by

@ The 2 indep. solutions of (2) have known analytic forms: ug(d) and vo(6).
@ The desired u(d) and v () of (1) are generated by adding corrections to

Up(d) and vg(4):

u(8) = [uo(8) H-{ua(8) + uz(8) + ...le— AV (X + 6) = V(X + 8) — V

v (8) =No(8) +[Va(8) + v2(6) + - | correction terms

@)

)

V. Ledoux (Ghent University)
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Constant Perturbation Method (CPM)
Solution of the Schrodinger problem using CPM

Reference propagators

Up solution of y”(8) = (V — E) y(8) with up(0) = 1, ug(0) = 0.

—@)

Uo(Z(8)) = £(2)
cos(|z|*?) ifz<0

{ cosh(z¥/?) ifz >0

with Z(8) = (V — E) 62.

500 400 -300 200 100 0O
z
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Constant Perturbation Method (CPM)
Solution of the Schrodinger problem using CPM

Reference propagators

Vo solution of y”(8) = (V — E) y(8) with vo(0) = 0, v{(0) = 1.

0_4_. _TIO(Z) ..... ........... .......... ...... 1A
0.3 :
Vo(Z(9))/6 =no(Z)
0.2
sin(|z|2)/1Z|*? ifZ <0 01
={1 fz=0
sinh(z'/2)/zY?  ifZ >0 .01
with Z(8) = (V — E) 6. -0.2}
-0.3 : : :
-500 -400 -300 -200 -100 0
Z
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Constant Perturbation Method (CPM)
Solution of the Schrddinger problem using CPM

sl = om v Be)

u(h)  v(h)] _ uo(h) vo(m)] , [us(h) va(h)] , [ua(h) va(h)

[u'(h) v’(h)]‘ uy(h) Vé(h)]+[U1(h) v;(hﬁ*[ug(h) vg(m]*'“
[ oe@)  mo(@)/h] | Tus(h) va(h)] | [ua(h) va(h)

Zn(Z)/h  €(2) %[u;(h) v;(h)]*[ug(h) Vé(h)]+'
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Constant Perturbation Method (CPM)
Solution of the Schrédinger problem using CPM

sl = om v Be)

u(h)  v(h)] _ uo(h) vo(m)] , [us(h) va(h)] , [ua(h) va(h)

[ ] uy(h) va<h>]+[u1(h> v;(hﬁ*[u;(h) vg(m]*'“

[ oe@)  mo(@)/h] | Tus(h) va(h)] | [ua(h) va(h)

Zn(Z)/h  €(2) %[u;(h) v;(h)]*[u;(h) Vé(h)]+'
Pruess Method Higher order schemes

@ The accuracy increases with the number of correction terms

included.
: ug(h) v, (h)]
@ How to compute correction Py = | 4 4 ?
P q [ua(h) vj(h)

V. Ledoux (Ghent University) 31/65



Constant Perturbation Method (CPM)
Solution of the Schrodinger problem using CPM

Calculation of the corrections

_|ug(h) vq(h)
Pa= [uam) Vé(h)]

@ The correction matrix Py (9=1,2,...) satisfies the equation

F"/‘:[(\78E) é} Pq*[A\?(é) 8] Pg-1, Pq(0)=0

V. Ledoux (Ghent University)
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Constant Perturbation Method (CPM)
Solution of the Schrodinger problem using CPM

Calculation of the corrections

_|ug(h) vq(h)
Pa= [uam) Vé(h)]

@ The correction matrix Py (9=1,2,...) satisfies the equation

F"/‘:[(\78E) (ﬂ Pq*[A\?(é) 8] Pg-1, Pq(0)=0

@ If AV (¢) is a polynomial, the correction terms can be calculated
analytically.

@ Therefore V(x; + 0) is approximated by a polynomial of degree N:

V(xi +8) = S N_; Vah"P;(5/h) then V =V and
AV (8) = Yon_; Vah"Pi(6/h)

2n+1

h
@ Least squares: V, = W/ V(xi +90)Py(6/h)do
0

V. Ledoux (Ghent University)
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Constant Perturbation Method (CPM)
Solution of the Schrodinger problem using CPM

[> # construct uil(delta)
C[1,0]:=delta->integrate (DV¥(x) x=0. delta)f2:
for m from 1 to Hmaxf2+1 do
C[1,m]:=unapply(simplify({ -1f2fdeltam*int (deltal”(m-1)*
dif£(C[1,m-1] (deltal}, deltal§2}, deltal=0..delta)), delta):
od:
u:=unapply (s {delta)+sumi{C[1, k]l(delta)*delta~(2*k+1)*etalk],
k=0. . (Hmaxf2+1)) delta):
up :=unapply{Z*eta[01+C[1, 0] {delta) "+
sumi (simplify (diff(C[1, kl{delta) deltafl)+delta*C[1, k+1l{delta)) )™
delta(2*k+1)*etalk], k=0. . (Hmax/2)) delta):
[Calealationof the
> # carewtat The expressions of the corrections are computed
for i from . -
#+ —mn 1N &symbolic software package (Maple)
for m fx .
E[i m]:=unapply (BEDUCE (expand (DV¥{delta)*C[i-1 m]{delta)),
Mmax-2*m+3) delta):
od:
C[i, 0]:=delta->0:
for m from 1 to Mmax/2+1 do
CIi,m]:=unapply (simplify(1f2fdelta m*int (deltal”(m-1)*
(R[i m-1]({deltal)-diff(expand(C[i m-1](deltal)) deltalf2)),
deltal=0_ .delta)) delta):
od:
w:=unapply{ui{deltay+sum{C[i, k]l {delta)*delta{2*k+1)*etalk],
k=0. . (Hmaxf2+1)) delta):

X (Gh

University) 33/65



Szt el s
Solution of the Schrodinger problem using CPM

Calculation of the eigenvalues

Algorithm 1: The shooting procedure

1. Choose a meshpoint X, (0 < m < n) as the matching point.

2. Set up initial values for y,,y/ satisfying the BC at a and initial values for yr, y4
satisfying the BC at b. Choose a trial value for E.

3. repeat
4, fori=1tom
5. [yL(xi)} _ [U(é) V(5)] [yL(Xi—l)}
yi(%i) u’'(0) v'(9)] [yl (xi-1)
6. end for
7. fori=ndowntom+41
8. ’
yr(Xi—1)| _ [ V/(6)  —Vv(d)] [yr(Xi)
{yé(xifl)] B [fU’(5) u(5)] [yé(xi)]
9 end for

10.  Form mismatch function ¢(E) by comparing y.(Xm), Y/ (Xm) With Y& (Xm), Y& (Xm).
11. Adjust E to solve the eq. ¢(E) = 0. Newton iteration: E;,; = E; — ¢(E;)/¢'(Et)

12. until E sufficiently accurate

V. Ledoux (Ghent University) 34/65



Shooting for eigenvelues
Solution of the Schrédinger problem using CPM

MATSLISE

@ Matlab package for the numerical
solution of Sturm-Liouville and
Schradinger problems.

@ Based on high order CPM.

@ V. L., M. Van Daele and G. Vanden
Berghe, ACM Trans. on Math. Soft. 31
(2005).

) Coffey_Evans

File Options Help

=1oix|

£

— Ihput

1. Potential

V() = [ 2Bt cos(2 )+ B2 sin(2*) "2

2. Integrstion interval

3. Boundary Conditions
I 10 yiE)+ 0 yrE)=0
[T vl [ 0 vim=0

4. [ Parameter

parameter name(s) =E
parameter value(s) =E

5. Accuracy
tol= | 1e-12
Construct | Stap | Plot potertial Exit |
=l
[

V. Ledoux (Ghent University)
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Shooting for eigenvelues
Solution of the Schrédinger problem using CPM

) Coffey_Fvans: eigenvalues - IEI|5|
Flle Edit Help £
— Input — Results
Inclex Eigenvalue Estitnated Errar
: ] -0.000000000011807 -lle-1L 4
¥ Indices betvween 1 117.946307662044530 -z.da-11
z 231.664929237114250 -7.3a-12
| o and [ 10 3 731.664929312956250 1.7e-13
4 231.664929388782240 -2.3a-12
E 340, 8EE299505E85E540 -3.0a-11
5 445 ZE3089582387330 -4.7a-11
" Eigemvalues between 7 445 FE3172306628350 -4.4e-11
] 445 Z83255031283030 -z.7e-11
| and | 3 Edd.418385145309E530 -3.%e-12
10 £37.682249573982190 -5.2a-11
[
Caloulete sigenvalues == | Select &l | Plat | Eigenfunc‘tionl w:.rkspacel

I!Succeeded -- calculated 11 eigenvalues in 0.73 (s) time

Help |

Clase |

v (—26cos 2x + 32 sin? 2x) y = Ey, x € [-7/2,7/2], 8 = 30

Input tolerance = 10~12 (37 steps)

V. Ledoux (Ghent University)
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Shooting for eigenvelues
Solution of the Schrédinger problem using CPM

-} Coffey_Evans: eigenvalues _|EI|1|
- File Edit Help ~
— Inpat — Results
Index Eigenvalue Estirnated Error
. 100 10652, EEE4ZE2YER]1Z000 =1 3Za-11 ;I
¥ Inclices between T IoE e AT ET T ST 4353000 TITE T
102  11061.4282959500635000 -9.le-12
| 100 andl 110 102 1l26%.381520087212000 -1.le-11
104  11477.336662200288000 Z.5e-12
10E 1le88. 2927775481 02000 -7, 3e-1Z
106  11501.2E01181E3006000 -E5.Ge-1Z
F'E@envﬂuesbavveen 107 12116 208638223135000 -5_5e-17
108  12333.168295032476000 -5._Ge-12
| e | 109  1ZE55Z.179047408476000 -3.6e-12
110 12773.0908560Z6755000 -7.3e-12
[ |
Calculate eigenvalues ==| | Select All | Flat | Eigenfunctionl Works:pacel

I!Suc:c:eeded -- calculsted 11 eigenvalues in 0.56 (=) time

Help

Close |

—y" <—2ﬁcos 2% + 32 sin? 2x) y = Ey, x € [-7/2,7/2], § = 30
Input tolerance = 10~12 (37 steps)

V. Ledoux (Ghent University)
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Shooting for eigenvelues
Solution of the Schrédinger problem using CPM
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° Modified integral series methods
@ Neumann methods
@ Magnus methods
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Integral series methods for the Schrédinger problem

The Schrédinger problem y” = (V(x) — E)y is written as

Y/(x) = (V(X?_ - cl)) Y (x) = A(X, E)Y (%),

with Y (x)T = [y(x),y'(x)].

We consider two expansions to solve problems of the form
Y (x) =AX)Y (x):

© Neumann expansion

@ Magnus expansion

V. Ledoux (Ghent University) 39/65



Modified integral series methods

Integral series methods for the Schrédinger problem

y' =A(t)y, y(0)=
@ Neumann expansion

y(t) :y0(1+ / | A(T)dr + /0 t A(7) /0 " A(r)dndr

/ T)/ (11 / A(r)drdrdr + .. )

@ Magnus expansion (= Lie-group method)

y(t) = exp[Q(t)]yo
where

Q(t) = /o A . /0 t [ /0 ' A(Tl)dn,A(T)} dr
3 /0 t { /0 ' { /o b A(Tz)dTZ,A(Tl)] dTl,A(T)] dr

+ % t UOT A(r)dr, UOT A(Tz)dTZ,A(T)H dr+ ...

V. Ledoux (Ghent University)
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Using integral series directly ?

Apply Neumann or Magnus integrator directly on Y'(x) = A(x, E)Y (x)

where 0 1
Alx.B) = (V(x)—E o) !

V. Ledoux (Ghent University) 41/65



Using integral series directly ?

Apply Neumann or Magnus integrator directly on Y'(x) = A(x, E)Y (x)
where
0 1
A = ?
x.E) (V(x)—E O) '

Moan (1998) applied a Magnus method directly:

@ Poor approximations can be expected for large eigenvalues: the error in a
pth-order method grows as O(hP*1EP/271),

@ Truncations of Magnus series have poor convergence properties when A has
large norm and is non-oscillatory.

Moan/Niesen (2006): If fo‘ [|A(T)||dT < 7 then the Magnus series converges.

@ This finite radius of convergence implies that there is a relation between the
max. allowable stepsize and the magnitude of the eigenvalues we are seeking.

V. Ledoux (Ghent University) 41/65



Modified schemes

@ A.Iserles (2002) / I. Degani and J. Schiff (2006) suggested modified
schemes for highly oscillatory equations.

@ The coefficient matrix is decomposed into its constant and varying parts
A(X,E) = A(E) + AA(X):

(V(Xg)—E (%)%(ng é>+<AVO(x) 8) AV (x) =V (x) =V

The variables are changed locally:
Y(E,x,x) = e AU(x —x;), X € [Xi,Xi+1]
where U satisfies
U’(6) =B(5)U(8), UO)=Yi, d=x—x €]0,hi]
with

—6A 0 0\ oA
B(0)=¢ (AV(xi+5) o)e '

V. Ledoux (Ghent University) 42165



Modified Schemes

B(5) — e 0A ( 0

0) oA
AV(x+6) 0)° -
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Modified Schemes

B(5) = e~ (AV()Z +6) 8) e’

or
1—¢&(Z2s)
B(5) = —AV(x+6) [ , i 5(2;25) ng V)
Lz gz

where Z, = Z(vy) = (V — E)y? and £(Z) and 1o(Z ) defined as
sin(|2z|*?)/1z|*? itz <0,

mw(Z)=1{ 1 ifz=0,
sinh(z/2)/z¥? itz >0,

§z) = { cos(|z|*?) ifz <0,

cosh(z'/?) ifz >0,

V. Ledoux (Ghent University) 43 /65



Modified schemes
over the original system.

The new linear system U’($) = B(§)U(d) has some crucial advantages
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Modified schemes

The new linear system U’(4) = B(0)U(d) has some crucial advantages
over the original system.

1 —&(Z2s)
ono(Zas) ==y

_ 2(E -V
B(5) = —AV(4) 14 6(Za) _; ] )
— no(Z2s)

ForE >V (Z <0):
@ The entries of B are themselves rapidly oscillating functions.

@ Solving the transformed equation U’ = B(§)U by an integral series
method involves repeated integration of B.

@ Integration is a “smoothing” operator: the amplitude is decreased once
the integrand is integrated. Moreover the higher the oscillation, the faster
the convergence and the faster the decay in local error.

V. Ledoux (Ghent University) 44/ 65



Modified schemes

Over each interval [x;, X1 1]

© Apply integral series (Neumann or Magnus) on transformed equation
U’ = B(4§)U.

@ Solution Y in x = x;,1 is then obtained from
Y (E,x41) = e™U(h))

Note that e"? is the known solution of the system with constant potential

V:
o (n (% o)| = (zamacimm "oy )

V. Ledoux (Ghent University) 45/ 65
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° Modified integral series methods
@ Neumann methods
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Neumann methods
Neumann method

Over interval [x;, X;11] with step size h:

@ Apply Neumann integral series on transformed equation U’ = B(§)U :

Uth) = v, [hl +X1/0hz(x)dx+/oh /()XlB(xl)B(xz)dxzdxl
+/0 /0 /o B(xl)B(xz)B(x3)dX3dx2dx1+...}

V. Ledoux (Ghent University) 47165



Neumann methods
Neumann method

Over interval [x;, X;11] with step size h:

@ Apply Neumann integral series on transformed equation U’ = B(§)U :

Uth) = v, [hl +X1/0h:s:(x)o|x+/0h /(JXlB(xl)B(xz)dxzdxl
+/0 /0 /O B(x1)B (x2)B (Xs)ckacbeothis + ... |

@ Solution Y in x = x,1 is then obtained from
o £(Z(h)) hno(Z (h))
Yier = (zm)no(Z(h))/h ) )U(“)

@ Pruess method: U(h) =;.
@ Constant Perturbation Methods (CPM):
» Each extra Neumann term = CPM correction term

V. Ledoux (Ghent University)
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Neumann methods
CPM as modified Neumann method

Q@ unh) =Y, {1+/OhB(x)dx+/0h/0XlB(xl)B(xz)dxzdler...}

@) @)Y,
Q Yia= (Z(h)no(Z(h»/h £z () )U(h’ = PaU(h)

Each extra Neumann term = CPM correction term

@ CPM: Y41 = (Po(h) + Pl(h) + Pz(h) +... ) Yi

0o 1 0o 0
r_ | _ _
°Pq—(v—E 0>Pq+<AV(6) O)Pq_l, Py(8) = 0.

V. Ledoux (Ghent University) 48 /65



Neumann methods
CPM as modified Neumann method

Q@ unh) =Y, {1+/OhB(x)dx+/Oh/0XlB(xl)B(xz)dxzdler...}

(o ezt )
@ it = (zmme g ) U = PoU

Each extra Neumann term = CPM correction term
@ CPM: Y|+1 ( (h) + Py h) + Pz( ) )Y|
li —
° P, = (v E 0) <A V() 0) Pg-1, Pq(8)=0.
! 1 0 0
o (e0[-5(s%e o)]Pe) =ew[0(v e o] (aviny 0)Pe
0

@ Py(6) = P0(5)/0 Py(s) (AV(S) 8) Pq_1(s)ds.

V. Ledoux (Ghent University) 48 /65



Neumann methods
CPM as modified Neumann method

Q@ uh-vY, [1+/0h|3(x)dx+/0h/oxlB(xl)B(xz)dxzdler...}

(o EZm) () G
© Yiux= (2 nyiztiyn  Eiz ) ) U =PoL

Each extra Neumann term = CPM correction term
@ CPM: Y1 = (Po(h) + Pl(h) + Pz(h) + ... ) Yi

@ Pq(5) = Po(§) /0 Py(s) ( A\f’(s) 8) Pa_1(s)ds.

5
o P1(5) = Po((S)/O B(sl)dsl

o S1 Sq—1
Pq(é):Po(d)/o B(s1)/0 B(sz).../o B(Sq)dsq . .. ds, dsy,

V. Ledoux (Ghent University) 49/ 65



Neumann methods
CPM as modified Neumann method

Q@ u(h) =Y, [1+/0hB(x)dx+/0h/0X1B(x1)B(x2)dx2dx1+...}

0 Vi = (zmpuctoyn sy U
with

. 2(E - V)
*% —dm0(Z2s)

Quadrature of the (multivariate) integrals?

( 510(Zss) 15(225))
B(5) = —AV(6)

@ multivariate quadrature usually a hard problem
@ surprisingly effective and cheap quadrature can be used here:

» CPM: replacing AV by polynomial
» ~ Filon quadrature (see further) _
» consistent with oscillatory character ( for E > V)

V. Ledoux (Ghent University) 50/65
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° Modified integral series methods

@ Magnus methods
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Magrus methods
The modified Magnus scheme

Over interval [x;, X; 1] with step size h:
Q U(h) = exp[Q(h)]Y;

h h
9 Q(h):/o B(X)dX—%/O /0 [B(XZ),B(Xl)]dXdel
h o pxe X
* % /0 /0 /0 [[B(xs), B(x2)], B(xa)]dxadxathts

h o pxe %
+1_12/0/0 /0 [B(x3), [B(X2), B(x1)]]dxadxadxg + ...

o wzty) e
Q Yia= <Z(h>no(2(h)>/h &Z(h) )U(h’

@ Truncation of Magnus series
@ Replacement of integrals by quadrature

V. Ledoux (Ghent University)
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Magrus methods
The modified Magnus scheme

Over interval [x;, X;11] with step size h:
© U(h) = exp[Q(h)]Y;

The exponential can be evaluated explicitly:
@ A/B,Qesl(2)
@ =exp[Q(h)] can be written down explicitly, since

a b] _ [ﬁ(w) +ano(w)  bmno(w)

. [c —a Cio(w)  &(w)ano(w)]”

where
w=a%+bc

and a, b, ¢ functions of x and E.

V. Ledoux (Ghent University) 53/65



Modified integral series methods Magnus methods

Truncation of the Magnus series
A modlfled Magnus scheme Y; 1 = exp[hA] exp[Q(h)]Y; with

@ order 4: A
Q(h):/ B(x)dx
0

@ order 8

h 1 h X1

Q(h):/ B(x)dx—i/ / [B (%), B(x2)|dxadxs

0 0 0

@ order 10

Q(h) = /h (x)dx——// [B(x2), B(X1)]dx20xq
/ / / [[B(Xs). B(x2)], B(x2)]dkathachis
+E/o/o /0 [B(X3), [B(X2), B(x1)]]dxzdxodx,

V. Ledoux (Ghent University) 54 /65



Magnus methods
Replacement of the integrals by quadrature

Quadrature of the integrals: univariate case

h
@ Consider the computation of the integral/ B(x)dx
0

@ classical Gauss-Christoffel?

> Basic idea: B(x) is replaced by (interpolating) polynomial
> Leads to scheme of the form

/h B(x)dx ~ h Zu:b|B(c|h)
g I=1

with ¢y, Ca, ..., ¢, quadrature nodes (e.g. zeros of the vth Legendre
polynomial)

V. Ledoux (Ghent University) 55/65



Magnus methods
Replacement of the integrals by quadrature

Quadrature of the integrals: univariate case

h
@ Consider the computation of the integral/ B(x)dx
0

@ classical Gauss-Christoffel?

> Basic idea: B(x) is replaced by (interpolating) polynomial
> Leads to scheme of the form

h v
/ B(x)dx ~h bB(ch)
© I=1
with ¢y, Ca, ..., ¢, quadrature nodes (e.g. zeros of the vth Legendre

polynomial)
@ For E >> V the matrix function B is highly oscillatory

V. Ledoux (Ghent University) 55/65



Magnus methods
Replacement of the integrals by quadrature

Quadrature of the integrals: univariate case

5770(225) L(Z'i“;) _
/ B(x)d / AV (5 1+§(z ) 2(E =V) | ds, Zos =4V —E)&?
200 —ono(Zas)
@ Special quadrature methods for highly-oscillating integrands should be

used.

@ e.g. Filon quadrature delivers accuracy which improves with higher
oscillation. (A. Iserles, S. Ngrsett,...)

> Basic idea: AV (9) is replaced by (interpolating) polynomial
> Leads to scheme of the form

/ x~th| )AV (cih)
0

> b; depends howonw =V — E.
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Magnus methods
Replacement of the integrals by quadrature

Quadrature of the integrals: multivariate case
@ same idea: AV (9) is replaced by (interpolating) polynomial
@ leads to schemes of the form

h rép v v
| [ 1BG). Bnlasds = 03" 5" be(@)AV (ech)av (eh)

k=11=1

@ Note that the values of AV that have been already evaluated for
the quadrature of the univariate integral are reused and nothing
else.

Note that in the nonoscillatory region (E < V) a Filon-Legendre method is
just as good as a Gauss-Legendre method with the same nodes. And in the
oscillatory region (E > V) the error of the Filon-Legendre method is

O(1/VE —V).



Magnus methods
Example: method of order 10

Q(h)_/h B(x )dx—/ / [B(x2), B(x1)]dxo0dx1

/ / / [[B(X3), B(X2)], B(x1)]dx30xp0xy
// / [B(X3), [B(X2), B(X1)]]dxadx,0x

@ replace AV (9) by interpolating polynomial through v Legendre points
@ or CPM-like: V (x) ~ Y2"3 VshP(5/h) with

V, = (2s+1)

@ then V = Vg and AV (8) = V-] VshPz(5/h).

@ tenth-order Gauss-Legendre is used, requiring v = 5 function
evaluations of V

V. Ledoux (Ghent University)
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Magnus methods
Results: Coffey-Evans problem

1000

300} .
800} .
400t _

h = /32
2001 1

Vi)
Ys

. . . . . *  Mod Magnus
_20[-)2 -15 -1 05 0 05 1 15 2

Y+ <—Zﬁcos 2x + 32 sin? 2x) y =Ey, xe[-n/2,7/2], 3 =30



Magnus methods
Results: Coffey-Evans problem

800+ B
600 - B
A00+ i h= 71'/32
200+ B

Wi

ol b
Yig
*  Mod Magnus

200 1 1 1 1 1 T T

-2 -1.5 -1 0.5 a 05 1 15 2

-y"+ (—25cos 2x + (32 sin? 2x> y =Ey, x €[-7/2,7/2], 3 =30
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Magnus methods
Results: Coffey-Evans problem

3500

25001 .

Vi)
2000} y -
a0

*  Mod Magnus | |

1500+

h=r/32
1000 .

500} .

0F m

_5092 -1.5 -1 0.5 a 05 1 15 2

Yy (—Zﬁcos 2x + 32 sin? 2x) y =Ey, x¢[-n/2,7/2], 3 =30



Magnus methods
Shooting for eigenvalues

A Sturm-Liouville solver based on a modified Magnus method

. Use stepsize selection algorithm to construct mesha =xp < X3 < ... <Xn = b

.fori=1ton

Compute V and Vs,s = 1, ..., 4 for the ith interval.

. end for

. Choose a meshpoint xm (0 < m < n) as the matching point.

. Set up initial values for Y| satisfying the BC at a and initial values for Ygr satisfying
the BC at b. Choose a trial value for E.

7. repeat

8. fori=0tom—-1

9. Y|_(Xi+1) = eh'AeQ(h')YL(xi)

10. end for

11. fori=ndowntom+1

12. YR(Xi_l) = e*h'Ae*Q(h')YR (Xi)

13.  end for

14.  Adjust E by comparing Y (Xm) with Yr (Xm).

15. until E sufficiently accurate

OUAWN R
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Modified integral series methods Magnus methods

Results: Coffey-Evans problem

Coffey-Evans problem

k Ex n=128 n=256
0 0.0000000000000000 3.4E-10 2.2E-13
1 117.9463076620687587 1.5E-9 1.4E-12
2 231.6649292371271088 2.1E-9 1.1E-12
3 231.6649293129610125 1.1E-9 1.1E-12
4  231.6649293887949167 2.1E-9 7.9E-13
5 340.8882998096130157 4.5E-9 4.4E-12
6 445.2830895824354620 4.4E-9 3.6E-12
8 445.2832550313310036 4.4E-9 2.7E-12
10 637.6822498740469991 4.8E-9 4.2E-12
15 802.4787986926240517 2.8E-9 1.7E-12
20 951.8788067965913828 3.3E-9 3.7E-12

Table: Absolute value of (absolute) errors AEy for the Coffey-Evans. n is the
number of (equidistant) steps. aE-b means a.10~°.

V. Ledoux (Ghent University)
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Modified Neumann <> Modified Magnus
@ second order method )
» Pruess method, CPM(0): Y1 = eMY;

@ fourth order method
» Mod. Neumann, CPM(1):

o " |
Yijgi1=¢€ <I+/O B(x)dx) Y;

h
_ B(x)dx
Yij = e“Ae/O Yi

» Mod. Magnus:

» same accuracy is reached, evaluation of matrix evaluation requires
only very little extra time:

a b _[ew) +am(w)  bno(w) B
o [C —a] a [ Cno(a?;] £(wglgn0(w)] , where w = a* + be

V. Ledoux (Ghent University) 62 /65



Magrus methods
Modified Neumann <> Modified Magnus

@ eighth order method
» Mod. Neumann:

Yii1 = ehA <| + /Oh B(x)dx + /Oh /0X1 B(xl)B(xz)dxzdx1> Y;i

» Mod. Magnus: Y. = eMe2My; with

h h rxq
Q(h):/0 B(x)dx—%/o /0 [B(xo), B(xy)|dxatxs

» Again amount of work and accuracy very similar
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Magnus methods
Modified Neumann <> Modified Magnus

@ eighth order method
» Mod. Neumann:

Yipg = ehA <| + /h B(x)dx + /h /X1 B(xl)B(xz)dxzdx1> Y;i

» Mod. Magnus: Y. = eMe2My; with

h h rxq
Q(h):/0 B(x)dx—%/o /0 [B(xo), B(xy)|dxatxs

» Again amount of work and accuracy very similar

@ atruncated Neumann expansion does not respect Lie group
structure

@ For problems with higher dimension, the computation of the matrix
exponential e®(") may be fairly expensive.
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Summary

@ For high eigenvalues the solution is severly oscillatory and standard
numerical integrators have to advance in small steps.

@ However we want:

» uniform accuracy over the whole energy-range
» large step-sizes, even for high eigenvalues

@ This can be realized using coefficient approximation methods in a
shooting procedure.

@ Integral series integrators (Neumann, Magnus) allow the construction of
higher order methods.

» These integral series integrators are very effective when they are
applied on the “modified” equation (E >V as well as E < V).
» “Oscillation-proof” quadrature for E > V

V. Ledoux (Ghent University) 65/65
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