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Abstract Hotelling’s 72 statistic is an important tool for inference about
the center of a multivariate normal population. However, hypothesis tests
and confidence intervals based on this statistic can be adversely affected by
outliers. Therefore, we construct an alternative inference technique based
on a statistic which uses the highly robust MCD estimator [9] instead of
the classical mean and covariance matrix. Recently, a fast algorithm was
constructed to compute the MCD [10]. In our test statistic we use the re-
weighted MCD, which has a higher efficiency. The distribution of this new
statistic differs from the classical one. Therefore, the key problem is to find
a good approximation for this distribution. Similarly to the classical T2 dis-
tribution, we obtain a multiple of a certain F-distribution. A Monte Carlo
study shows that this distribution is an accurate approximation of the true
distribution. Finally, the power and the robustness of the one-sample test
based on our robust 72 are investigated through simulation.

1 Introduction

Hotelling’s T? statistic is the standard tool for inference about the center
of a multivariate normal distribution. An example is the one-sample T2
hypothesis test for a sample X,, = {®1,...,2,} from Np(u,X) where p
and X' are unknown. The hypothesis Hy : p = o is rejected at the level o
if

(n—1)p

T2 = n(i - /"'O)Is_l(i - /J-'O) > (TL — p)

pn—pl—a (1)

where X = L " @; and S = L5 3" | (zi — X)(w; — X)' are the mean
and covariance of the sample (see e.g. [4, page 227]). Other applications of
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the T? statistic include simultaneous confidence intervals and two-sample
hypothesis tests.

However, these tests and confidence intervals are based on the classical
mean and covariance, hence the results can be heavily influenced by out-
liers. Therefore, we propose to use robust estimators of location and scatter
instead of the classical mean and covariance in the expression for T2 given
by (1). In this paper we propose to use the Minimum Covariance Determi-
nant (MCD) estimator of Rousseeuw [9] which is a highly robust estimator
of location and scatter. The MCD estimator will be summarized in Section
2.

The distribution of the test statistic based on MCD differs from the clas-
sical one. Therefore, the key problem is to find a good approximation for
this distribution. In Section 3 we construct an approximate distribution us-
ing ideas that are similar to the construction of the classical 72 distribution.
Based on a Monte Carlo study, in Section 4 we construct functions which
yield values for the constants that are necessary to obtain the approximate
distribution of the robust 72 statistic. The resulting method gives an accu-
rate approximation as will be shown in Section 5. In Section 6 we compare
this approximation for the distribution of the robust T2 statistic with two
approximations that are more intuitively appealing. We show that the latter
approximations are much worse than the approximation obtained in Section
4. The power of the resulting one-sample test is investigated in Section 7,
and we study its robustness in Section 8 by simulations with contaminated
data. Section 9 gives an example of robust inference, and Section 10 con-
cludes.

2 The Minimum Covariance Determinant Estimator

Given n data points in R? the MCD is determined by the subset of size
h = |yn| (where 0.5 < v < 1) whose covariance matrix has the small-
est determinant. The MCD location estimate T is defined as the mean of
that subset, and the MCD scatter estimate C is a multiple of its covari-
ance matrix. The multiplication factor consists of a consistency factor c,
and a finite-sample correction factor. The consistency factor, given in [2],
makes the MCD scatter estimator Fisher-consistent at the normal model
and equals ¢y = 7/Fx§+2 (¢y) where ¢, = x2 ., The correction factor makes
the MCD unbiased at small samples (see [8]).

To increase the efficiency of the MCD we compute the reweighted MCD.
The reweighted estimates are the weighted mean

Tl — Doim1 Wis 9
i Wi @
and weighted covariance
2icg wi@i —TY)(xs = T7)'
Z?:1 w;

1
C" =csdnyp
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with weights based on the robust distances of the observations. Based on the
initial MCD estimates (T, C) the robust distance [11] of an observation ;
is defined as d;(T,C) := /(z; — T)'C~'(z; — T). Observations with robust
distance d;(T, C) below the cutoff value g obtain weight 1, while the other

observations obtain weight 0. The factor ¢5 equals ¢ = (1 — §) /Fx§+2 (gs)

where g5 = X?),k s, and makes the reweighted MCD consistent at the normal
model. Here, § is the fraction of observations that obtained weight 0 and
have a robust distance smaller than 2q (observations that have a robust
distance larger than 2q¢ are considered to be far outliers). The constant d,, ,
is a finite-sample correction factor given in [8].

The MCD is an affine equivariant estimator of location and scatter and
has a positive breakdown value which depends on . The choice v = 0.5
yields the maximal breakdown value of 50%. We prefer to use v = 0.75
which gives a better efficiency and a breakdown value of 25%, which is more
realistic. Moreover, the MCD has a bounded influence function [2] and is
asymptotically normal [1]. The reweighted MCD estimators [5,2,6] inherit
the breakdown value, bounded influence and asymptotic normality of the
initial MCD estimators while achieving a higher efficiency. To compute the
reweighted MCD we use the FAST-MCD algorithm [10] which makes the
MCD available for routine use, even for large data sets.

3 The robust T2 statistic

To obtain robust inference techniques for the mean of a multivariate normal
distribution we construct a new statistic by replacing the classical estimators
in Hotelling’s T2 by the reweighted MCD estimators. For a sample of size
n from N,(u, X), the distribution of the classical Hotelling 72 is given by

(n—=1)p

T2 = 'I’L(i - l‘l‘)ls_l(i - H‘) ~ (TL — p)

p,n—p*

This distribution follows from three properties of X and S (see [7]):
o X ~ Ny(u, %2 )
o (n—1)S ~ W,(X,n—1) (the Wishart distribution)
e X and S are independent.

Similarly, based on the reweighted MCD estimates (7!, C') we now define
the robust test statistic

Th=n(T" = w)'(C)"|(T" - ). (4)

The finite-sample distributions of the reweighted MCD location and scatter
are unknown, but it turns out that they have properties similar to the classi-
cal estimators. That is, for a sample of size n from Np(u, X) the reweighted
MCD estimators approximately satisfy the properties:

1. There exists some & such that 7' ~ Np(u, k2 3).
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2. There exist m and ¢ such that mc™1C! ~ W, (X, m) and E[C'] = cX.
3. T' and C" are independent.

Property 2 was formulated in [3]. These properties allow us to obtain an
approximate F-distribution for TI%, analogous to the F-distribution of the
classical T?2. From [7, Theorem 3.5.2] we obtain that

., mp
! me,m—p+l (5)

T2 ~ ke
Instead of determining values for the constants k, ¢ and m (see also [3]) we
will use a more direct approach. First we rewrite (5) as

T: ~ dF,, (6)

which has the advantage that only two constants, d and ¢, have to be de-
termined. The multiplication factor d and ¢, the degrees of freedom for
the denominator of the F-distribution, will be obtained by matching the
mean and variance of the distribution given by (6) such that we obtain a
very close approximation to the exact distribution of 7. Since the MCD is
affine equivariant, it follows that the T3 statistic is affine invariant. There-
fore it suffices to determine values of d and ¢ for samples from the standard
Gaussian distibution N, (0, I,).

From the definition of the F'-distribution it follows that
q

E[T}] = d——

(73] = a5

_p2+a-2)

p(g —4)(g - 2)?
By rewriting the two previous equations we obtain the following expressions
for the constants d and g¢:

Var[TZ]

d= E[T,%]% (7)

9 ~1
_ (‘g‘[rT[gg]g _ 1) (p+2) +4 B

Since the mean and variance of the T3 distribution can not be obtained ana-
lytically, they will be approximated by simulation. It will be shown that this
approach results in a very accurate approximation of the true distribution
of T%. Moreover, we will construct functions which yield values for E[T3]
and Var[T3] for all n and p, so there will be no need for further simulation
in practice.

Note that we do know the exact asymptotic distribution of T3. The
asymptotic normality of T implies that

VAT = ) — Ny(0,5)
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Table 1 Asymptotic variance of 7} for the standard Gaussian model

p 1 2 3 5 10 20 50
K 1.258 1.145 1.112 1.085 1.063 1.050 1.040

where x is the asymptotic variance of a component of T!. This asymptotic
variance can be derived from the influence function of the reweighted MCD
location given in [5]. Table 1 lists values of & for several dimensions p. It
can now easily be shown that

Tp=n(T" —p)'(CHT" —p) — rx; 9)

n—oo

from which it follows that

2 2 2

E[T§] =2 kP and Var[Tg] K 2p (10)
These results will be incorporated in the functions that determine finite-
sample values of d and ¢. The simulation study will show that the difference
between finite sample values of d and ¢ and their asymptotic counterparts
can be quite large.

4 Monte Carlo simulations

From the previous section we know that we need Monte Carlo simulations
to obtain values for the constants d and ¢. For several sample sizes n and
dimensions p, we generated m = 3000 samples X;;j = 1,...,m from a stan-
dard Gaussian distribution. For each sample X; we computed the reweigh-
ted MCD location and scatter estimates (T(lj),C(lj)), and the corresponding

value T}%(j ). The mean and variance of these T}%(j ) values are then given by
T2 1 - 72 d s2(T2) = 1 & 72 _ L (72))2
m(R)'_mZR an S(R)-—m (Tg m(Ty))
=1

Figure 1 shows some values of m(T'2) versus the sample size n for (a) p =5
and (b) p = 10 dimensions. The corresponding values of s*(T3) are shown
in Figure 2. These plots show a smooth pattern, hence we determine smooth
functions to fit these points. On the plots we also added a horizontal line
indicating the asymptotic value which can be obtained from (10) by using
the values of k given in Table 1. For p fixed (p=1,2,3,4,5,6,7,8 and 10) we
fitted the values of m(T%) using the following regression model:

Qp

nPr

fp(n) = Kkp+

The functions obtained in this way are superimposed in Figure 1. Hence,
once we have determined the parameter values a;, and 3, for a given dimen-
sion p, then for any sample size n the value f,(n) is an approximation of
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Fig. 1 Simulated values m(T3). (a) p=5; (b) p=10
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Fig. 2 Simulated values s*(T3). (a) p=5; (b) p=10.
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Fig. 3 Regression fit for f,(qp®) — kp. (a) q=T7; (b) q=10.

E[T%]. However, this would require simulations for all dimensions p to de-
termine the corresponding parameter values o, and 8. Therefore, for p > 3
we fitted the values f,(gp?) — kp for ¢ = 7 and ¢ = 10 as a function of the
dimension p. Figure 3 shows the values f,(gp?) — kp versus the dimension p
for (a) ¢ = 7 and (b) ¢ = 10. We fitted the smooth pattern shown in Figure

3 by using the model

9q (p)

_ T

pe
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which yields values for v, and 6, for ¢ = 7 and ¢ = 10. Finally we obtain
the following procedure to determine the value of E[T2] for any sample size
n and dimension p:

— If p=1 or p = 2 then the value of E[T3] is approximated by fi(n) and
f2(n) respectively.

— If p > 2, then we first solve th/e\ following system of equations to obtain
the parameter values &, and fp:

ap M

(1) P

55; _ Y10
(10p2)P  p0

Note that this can be rewritten into a linear system of equations by
taking logarithms:

In(a,) — B;ln('?pQ) =In (%)

In(a,) — B;ln(IOpQ) =In (;/10 )

310

The value of E[T#] is now approximated by f;,(n) where ﬁ,(n) = Kkp+

Qp

nfp’

Similarly a function that yields values of Var[T3] is derived, now starting
by fitting the s*(T2) values for fixed p by using the model

— k2 £r
hp(n) = k“2p+ e

The functions obtained in this way are superimposed in Figure 2. Then the
values of h,(gp?) — k22p have been fitted for p > 3 such that we obtain
a procedure similar to the previous one to determine approximations of
Var[T2] for all sample sizes n and dimensions p.

Using these procedures we obtain the functions shown in Figures 4 and
5 for the dimensions p = 5 and p = 10. We see that these curves are
nearly the same as the original ones, which were shown in Figures 1 and 2.
Furthermore it is clear that these functions yield good approximations for
the actual simulated values of E[T2] and Var[T2].
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Fig. 4 Simulated values m(T3). (a) p=>5; (b) p=10.
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Fig. 5 Simulated values s?(T3). (a) p=>5; (b) p=10.

5 Approximate distribution of T3

In the previous section we performed a simulation study to obtain estimates
for E[TA] and Var[TZ]. They are to be used in equations (7) and (8) which
in turn yield the appropriate parameter values for the approximate distri-
bution given by (6). Now we verify the accuracy of this approximation. For
this purpose, for several sample sizes n and dimensions p we performed sim-
ulations with m = 3000 data sets Z;;j = 1,...,3000 generated from the
standard Gaussian distribution N,(0,I,). For each data set Z; we com-
puted the T3 statistic. To compare the empirical distribution of these 3000
T3 statistics with the approximate T3 distribution given by (6), we plot-
ted the square root of the ordered T3 values versus the square root of the
quantiles of this approximate distribution. Some of the QQ-plots are shown
in Figure 6. The vertical lines in the plots indicate the 95%, 97.5% and
99% quantiles (which are popular choices for the cutoff value of a test) of
the approximate T3 distribution. Figures 6a and 6b show that the approx-
imate T3 distribution is excellent for large sample sizes (n > 100). Also for
small samples the approximation is accurate, even in high dimension. For
example, for p = 5 Figure 6d shows that the approximate T3 distribution
is already very accurate for n = 30. Hence, we conclude that the approx-
imate T2 distribution obtained by using the values d and g given by the
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Fig. 6 QQ-plots for T%; (a) p=2, n=100; (b) p=10, n=100; (c) p=2, n=20; (d)
p=>5, n=30.

functions that we constructed in the previous section, in all cases yields a
good approximation to the true finite-sample distribution of T5.

Our aim is to construct robust inference tools based on the T3 statistic.
We mainly focus on the one-sample hypothesis test for the center based
on the robust statistic T3. To further investigate the accuracy of the ap-
proximate T3 distribution, we check in our simulations whether the actual
percentage of T3 values above the cutoff, given by a quantile of the approxi-
mate TI% distribution, corresponds well to the nominal value of the quantile.

For several values of n and p Table 2 shows the actual percentage of T%
values above the 95% quantile of the approximate T3 distribution, while
Table 3 contains the results for the 99% quantile.

We clearly see that in all cases the difference between the actual cutoff
and the nominal value is very small. Hence, by using this approximate T
distribution the hypothesis test based on T3 will give good Type I-error
probabilities.
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Table 2 Percent above the 5% cutoff (F-distribution)

n
P 10 20 30 50 70 100 140 200 1000
2 6.6 5.8 5.1 5.2 5.4 5.0 4.9 4.8 4.5
3 7.3 4.7 4.5 4.9 5.0 4.8 5.0 5.0 4.6
5 6.4 4.9 4.8 5.1 5.1 5.1 5.3 5.2
7 3.8 6.5 5.5 5.3 4.9 5.2 5.3 4.5
10 4.8 5.5 4.5 4.4 4.8 5.1 4.8

Table 3 Percent above the 1% cutoff (F-distribution)

n
p 10 20 30 50 70 100 140 200 1000
2 1.8 0.9 0.8 1.1 1.0 1.0 0.9 0.8 1.0
3 2.2 1.1 0.9 0.9 1.1 0.9 1.2 1.1 0.9
5 1.8 1.0 0.7 1.1 0.8 1.1 1.0 1.0
7 0.8 1.6 1.0 1.2 0.9 1.1 0.9 0.9
10 0.8 1.0 0.8 0.8 1.1 1.1 0.8

Table 4 Percent above the 5% cutoff (x’-distribution)

n
P 10 20 30 50 70 100 140 200 1000
2 199 139 102 89 7.6 6.3 6.2 5.4 4.6
3 29.6 17.6 149 105 8.7 6.8 6.6 5.8 4.8
5 32.2 219 147 114 84 7.1 6.7 5.4
7 38.3 364 208 16.0 10.7 8.5 8.0 4.5
10 51.7 373 236 165 9.2 9.2 5.2

6 Comparison with other approximations

We now compare our approximation of the true finite-sample T3 distribu-
tion with two other possible approximations that are more intuitively ap-
pealing but will be shown to be less acurate. First, we investigate whether
the asymptotic distribution of T4 given by (9) can also be used in the finite-
sample case. Table 4 lists the actual percentages of T4 values above the 95%
quantile of the x;") distribution multiplied by k. We see that indeed the ac-
tual percentages converge to the nominal values when n increases. However,
for small sample sizes the actual percentages are much larger than the per-
centages corresponding to the approximate T% distribution in Table 2.
Another intuitively appealing approach to obtain an approximation for
the distribution of the T3 statistic consists of using the classical T? dis-
tribution that corresponds to the number of observations with weight 1 in
the reweighted MCD estimates (2) and (3). Hence, this approach uses the
distribution given in (1) but with n replaced by the number of observations
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Table 5 Percent above the 5% cutoff (classical approach using the number of
observations with weight 1)

n
p 10 20 30 50 70 100 140 200 1000
2 11.7 11.7 9.8 9.5 8.9 8.5 8.2 7.7 6.7
3 119 119 11.8 101 9.2 7.8 7.8 7.5 6.4
5 152 133 114 99 8.1 7.6 8.0 6.8
7 11.0 179 134 115 9.1 8.1 8.4 5.9
10 173 173 143 104 9.1 7.8 5.7

with weight 1. We included this approach in the simulations of Section 5
and the results for the 95% quantile are shown in Table 5. We again see that
these percentages are quite different from the ideal value 5.0. Although the
results are better than in Table 4, these results are still quite different from
the nominal value and much worse than the results in Table 2. Therefore, we
conclude that our approximate T distribution outperforms both intuitive
approaches.

We implemented an S-Plus function that determines for every n and p
the approximate T2 distribution given by (6) and which uses the functions
derived in Section 4. The function returns a desired quantile of the ap-
proximate T3 distribution or the p-value corresponding to the value of the
T?% statistic. The S-Plus function is available from our website http://win-
www.uia.ac.be/u/statis/.

7 Power of the resulting one-sample test

In the previous section we showed that a one-sample test for the center p
based on the T% statistic yields reliable significance levels. Moreover, tests
based on T% have the advantage of being robust against outliers in the data.
On the other hand it is well known that the classical Hotelling T2 test is
equivalent to the likelihood ratio test for the center in the normal model,
and therefore has maximal asymptotic power. To investigate the power of
the one-sample hypothesis test based on T3 we simulated m = 3000 data
sets from the distribution Np(u, Ip) with g = (g1, ..., 4p)" = (b,...,b)" and
computed the classical T? and the T2 statistics. At the 5% significance level
we tested the hypothesis Hg : u = 0 against the alternative u # 0. Table
6 shows the percentage of tests which rejected the null hypothesis in the
simulations for the case b = 0.2. We see that the loss in power is acceptable,
even for small sample sizes.

8 The T}zZ statistic in the presence of outliers

We now investigate the robustness of the one-sample hypothesis test for the
center based on the T3 test statistic. Therefore, we performed simulations
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Table 6 Power for b=0.2 in percent, for the 5% cutoff

n
10 20 30 50 70 100 140 200

2 T 89 112 164 303 446 61.6 78.4 91.4
T2 86 16.7 23.8 328 529 66.6 844 94.5

5 T3 14.3 194 435 679 88.7 974  99.8
T2 19.2 349 622 785 942 99.1  100.0
10 T2 180 413 745 969 99.8  100.0
T2 43.8 79.6 948 99.6 100.0 100.0

Table 7 10% far outliers: Percentage of erroneous rejections of Hy

n
10 20 30 50 70 100 140 200

2 T2 47 50 44 51 54 59 54 50
T2 24 54 111 400 788 99.2 100.0 100.0

5 T3 39 36 47 50 59 63 6.7
T2 6.1 12.0 233 42.2 883 100.0 100.0

10 T3 1.3 28 39 53 7.2 6.8
T2 106 192 282 57.1 914 1000

with contaminated data sets. For these data sets 90% of the observations
were generated from the standard Gaussian distribution N,(0, I,,) and the
other 10% were taken from N,(p,X) with p = (5+p,...,5+ p)’ and
X =diag(0.1,...,0.1). Table 7 lists the percentage of tests in the simulations
that rejected the hypothesis Hy : u = 0 at the 5% level. We see that the
actual percentages based on T3 are still close to the nominal values, and
are a big improvement compared to the results of the classical T2.

9 Example

For an application of robust inference techniques based on T, we consider
the Philips data (see [10]). The data set consists of 677 diaphragm parts for
TV sets, produced by Philips Mecoma, of which nine characteristics were
measured. We use six of these characteristics such that we have a data set
with n = 677 observations and p = 6 variables. Earlier analysis of this data
([10]) showed a strongly deviating group of outliers, ranging from index 491
to index 565. Let us denote po the mean of the majority of the data without
the outliers. We performed a one-sample hypothesis test for the hypothesis
Hy : p = py. The classical Hotelling test statistic for this data set yields
T? = 62.8 with corresponding p-value smaller than 0.00001. Hence, based
on the classical T2 the null hypothesis is rejected, although we know that
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Table 8 95% T2 and T3 intervals for the components of the mean

Variable T*-interval TZ-interval Lo
lower upper lower upper
1 -0.04693 -0.01429  -0.05678 -0.01831  -0.03502
2 -0.05178 -0.02876  -0.05761 -0.03109  -0.04355
3 0.43933 0.44739 0.43456 0.44358 0.44008
4 2.09858 2.11733 2.11713 2.13375 2.12338
5 0.43410 0.44057 0.43167 0.43846 0.43412
6 -0.07718 -0.06817 -0.06916 -0.06240 -0.06589

13

the center of the majority of the data equals po. On the other hand, the
robust sz statistic yields T2 = 5.2 with corresponding p-value 0.426 hence
we accept the null hypothesis in this case, as would be expected from the
majority of the data. This clearly illustrates that the T3 statistic based
on reweighted MCD inherits the robustness of MCD while the classical
Hotelling test statistic based on the mean and covariance is distorted by
the outliers.

We now illustrate other robust inference techniques based on the T3
statistic. For example, robust simultaneous confidence intervals for linear
combinations of the center can be derived. Similarly to the classical case
(see e.g. [4, page 239]) we obtain that

n(l'TY —1'p)?
T ren
Therefore, robust 100(1 — «)% simultaneous confidence intervals for the
linear combinations I’y are given by

U'T' + \/ng,q,l,al’Cll

We computed 95% simultaneous confidence intervals for the center of the
Philips data. Table 8 shows the classical and robust simultaneous confidence
intervals (denoted as T2 intervals and T3 intervals) for the components
of the center of the data as well as the mean p, of the majority of the
data. We see that the 4th and the 6th component of p do not lie in their
respective T2 intervals, while on the other hand every T3 interval contains
the corresponding component of p,. We also consider classical and robust
Bonferroni simultaneous confidence intervals corresponding to the T2 and
T statistics (see [4, page 249]). Table 9 shows the 95% classical and robust
Bonferroni intervals for the components of the center of the Philips data.
Note that the Bonferroni intervals in Table 9 are shorter than the confidence
intervals of Table 8. Moreover, we see that now only the first and second
component of p, fall inside the classical Bonferroni interval. On the other
hand, the robust Bonferroni intervals do contain the respective components
of py. This clearly illustrates that simultaneous confidence intervals based
on the T statistic yield robust intervals for the center of a data set.

=T}
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Table 9 95% Bonferroni intervals for the components of the mean

Variable Classical Bonf. Robust Bonf. o
lower upper lower upper
1 -0.04269 -0.01852  -0.05426 -0.02083 -0.03502
2 -0.04879 -0.03175 -0.05588 -0.03283  -0.04355
3 0.44037 0.44635 0.43515 0.44299 0.44008
4 2.10102 2.11490 2.11822 2.13267 2.12338
5 0.43494 0.43973 0.43212 0.43802 0.43412
6 -0.07601 -0.06934 -0.06872 -0.06285 -0.06589

10 Conclusion

In this paper we constructed the T% statistic as a robust alternative for
the classical Hotelling T statistic. The T3 statistic is obtained by replac-
ing the classical mean and covariance in the T2 statistic by the reweighted
MCD location and scatter. We proposed an approximation for the finite-
sample distribution of the T statistic which allows us to construct robust
multivariate tests and confidence intervals for the center of a data set. The
approximation is based on matching the mean and variance of a multiple of
an F-distribution. Using the results of a Monte Carlo study functions were
constructed that, for all sample sizes n and dimensions p, return values for
the constants necessary to determine the approximate TI% distribution. Sim-
ulations showed that the robust T}% statistic has good power compared to
the classical T2 statistic, and performs much better in the case of contami-
nated data sets. Finally, an example illustrated how the T3 statistic can be
used in practice.
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