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Abstract In this paper we introduce weighted estimators of the location and disper-
sion of a multivariate data set with weights based on the ranks of the Mahalanobis
distances. We discuss some properties of the estimators like the breakdown point, in-
fluence function and asymptotic variance. The outlier detection capacities of different
weight functions are compared. A simulation study is given to investigate the finite-
sample behavior of the estimators.
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1 Introduction

The classical estimators of the location and scatter of a multivariate data set with n
observations and p variables are the sample mean and sample covariance matrix. How-
ever, these estimators are not resistent to the presence of outliers in the data set, so
robust alternatives that yield reliable estimates even in the presence of contamination
are desirable. Since shape or covariance matrices form a cornerstone in multivariate
statistical analysis, robust estimators of shape/scatter can be used to construct robust
multivariate methods. Such methods have been studied for principal component analy-
sis (Croux and Haesbroeck 2000; Salibian-Barrera et al. 2006), canonical correlation
(Croux and Dehon 2002; Taskinen et al. 2006), multivariate regression (Rousseeuw et
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al. 2004) and factor analysis (Pison et al. 2003). Pison and Van Aelst (2004) used ro-
bust location and scatter estimators to construct diagnostic procedures for multivariate
methods.

M-estimators (Maronna 1976) are robust in the sense that they have a bounded
influence function but their breakdown point is low. A well-known robust, high-break-
down estimator for location and scatter is the minimum covariance determinant (MCD)
estimator, where the estimates are given by the mean and covariance matrix of that
half of the data where the smallest determinant of the covariance matrix is attained
(Rousseeuw 1984). Butler et al. (1993) studied the asymptotics of the MCD loca-
tion estimator and Croux and Haesbroeck (1999) discussed the influence function and
asymptotic efficiency of the MCD scatter estimator. S-estimators of multivariate loca-
tion and scatter as studied by Davies (1987) and Lopuhad (1989) are more efficient,
positive breakdown estimators, but their bias can be considerably high. Very efficient,
high-breakdown estimators are the classes of constrained M-estimators (Kent and Tyler
1996), T-estimators (Lopuhda 1991) and MM-estimators (Tatsuoka and Tyler 2000).

The MCD uses a zero-one weight function. That is, at least half the observations
get weight one and the remaining data points get weight zero and thus can be outliers.
However, this weight function can make it difficult to identify intermediate outliers
which are outliers that are relatively close to the bulk of the data. If such intermediate
outliers are not downweighted, then they get the same weight as all other regular
points and therefore can attract the estimates such that they become masked. To
reveal this masking effect, a more general weight function would be more appropriate.
In the regression context, Hossjer (1994) considered robust estimators with weights
based on the ranks of the absolute value of the residuals. Moreover, Visek (2001) and
Masicek (2004) introduced the least weighted squares estimator as a generalization
of the least trimmed squares estimator by using a weight function based on the rank
of the squared residuals. In a more general context these estimators can be seen as
Weighted Trimmed Likelihood Estimators as discussed by Hadi and Lucefio (1997)
and Vandev and Neykov (1998). In the same spirit, we consider a generalization of the
MCD estimator using weights based on the ranks of the Mahalanobis distances. We
specify two types of weight functions (increasing vs non-increasing) which enables us
to identify intermediate outliers.

The outline of the paper is as follows. Section 2 defines the estimator. Section 3
describes the algorithm to approximately calculate the estimates. Section 4 discusses
the robustness properties of the estimator. We investigate the breakdown point and the
influence function at elliptical distributions. Section 5 studies the asymptotic efficiency
of the estimates while Section 6 shows results of simulations to investigate the finite-
sample behavior of the estimator. Section 7 contains some real data illustrations.

2 The estimator

Let X;, = {xh . ,acn} be a data set of p-variate observations. We estimate the center p
by minimizing a weighted sum of the squared Mahalanobis distances where the weights
depend on the ranks of these distances. We are mainly interested in weight functions
an(i) = ht(i/(n+1)),i=1,...,n where h™ : (0,1) — [0, 00) such that

sup{u; At (u) >0} =1—q,



with 0 < o < § and h*(u) > 0 for u € (0,1 — a]. Hence, a proportion a of the
observations x; are given weight 0, which ensures that we obtain a robust estimator
(see also Hossjer 1994).

Definition 1 The minimum weighted covariance determinant estimator (MWCD) is
any solution

(intwep(Xn), Vuwep(Xn)) = argmin  Dy(m, C)
m,C;det C=1

among all (m,C) € R x PDS(p) where PDS(p) is the class of positive definite sym-
metric matrices of size p. The objective function D), is defined as

n

Dn(m, C) = E Z an(Rz)d?(m7 C)
=1

—_

with d?(m,C) = (z; — m)TC71(z; — m) and R; is the rank of d?(m,C) among
d2(m,C),...,d%(m,C).

If there are several solutions to the minimization problem we will arbitrarily choose
one as the MWCD estimator. The condition det C = 1 implies that Viswop is an
estimator of shape.

In Agull$ et al. (2008) it is shown that the MCD can be written as above using
the weight function an (i) = I(¢ < k) with n/2 < k < n which explains that the
MWCD estimator actually generalizes the MCD estimator by allowing more general
weight functions. We expect that the use of different weight functions will give us
more insight in the outliers. Both MCD and MWCD have a proportion of the data not
contributing to the estimate. In this way, we can accommodate ‘strong’ outliers. But
in contrast to the MCD where each contributing observation has an equal influence,
using the MWCD weights allows the influence of these observations to be different.
A decreasing weight function puts more weight on points close to the center, while a
weight function that is increasing on its support gives higher weight to points further
away from the center. Hence, depending on the weight function MWCD treats possible
intermediate outliers differently, which enables us to detect them.

An equivalent formulation of the MWCD estimator is obtained as follows.

Proposition 1 For any data set Xn we have that
{(i(Xn),V(Xn)) € argmin Dn(m,C)}
m,Cidet C=1

= LX), (det ZC6) PSR, ZC)) € argmin_det O

for any fized constant ¢}.

The scatter estimator Xy cp := %(Xp) can be made a consistent estimator for
the covariance matrix of elliptical distributions by selecting the constant ¢ appropriately
(see Section 4).



3 Algorithm

We now develop a fast algorithm to calculate an approximate MWCD solution which
is similar to the MCD algorithm of Rousseeuw and Van Driessen (1999). We first
consider non-increasing weight functions and then propose some modifications for the
case of functions that are increasing on their support. The basis of our algorithm is
the following proposition which is a generalization of the C-step in Rousseeuw and Van
Driessen (1999):

Proposition 2 Consider a data set Xn = {x1,...,2n} C RP and a non-increasing
weight function an. Denote Q1 := > 1 q an(R1;3)d3(i). Here Ry = (R11,...,Rip) is
the rank vector of d3(i) = (x; — ﬂl)T\A/fl(mi —f1),i=1,...,n where i1 € RP and
Vi € RPXP with det V) = 1. Now compute the weighted mean and covariance matriz

o= i) = Sl T )

S an(Rag)(z — f(R1)) (z — a(Ra))T
Z?=1 an(Ry;)

where ¢j+ is a consistency factor (see Section 4). Denote Vo = (det £3)~ /PS5 and
d2(i) = (z; — ﬂg)T‘A/{l(xi —fi2), i =1,...,n with corresponding rank vector Ro. With
Q=31 an(R2;)d3(i) we then have Qy < Q1 with equality if and only if iz = fi1
and VQ = Vl.

EAIQ = ZA'(Rl) = Cp+ (2)

We plug this generalized C-step in the algorithm of Rousseeuw and Van Driessen
(1999) which can be summarized as follows:

1. Start by drawing 1000 random (p + 1) subsets Jm of Xn.

2. Compute the corresponding sample mean [i,, and sample shape matrix Vin. (If
det(Vin) = 0 for some subset Jy,, then add points to Jm, until det(Vi,) > 0 or
#Jm =n.)

3. For each subset compute the objective function @1 based on (fim, Vm)

Apply some C-steps (e.g. two) lowering each time the value of the objective function.

5. Select the 10 subsets which yield the lowest values of the objective function and
carry out further C-steps until convergence.

6. The final solution reported by the algorithm is the £ and V that correspond to the
lowest value of the objective function among these 10.

~

Note that since there are only a finite number of permutations of the rank vector
R, there can only be a finite number of weighted means and covariances as in (1)-(2).
Therefore, the uniqueness part of Proposition 2 guarantees that the C-step procedure
in Step 5 of the algorithm must converge in a finite number of steps.

If the algorithm finds more than one solution, we arbitrarily choose one of the
reported solutions of the algorithm as final solution. Note that there is no guarantee
that the algorithm finds all possible solutions for the MWCD estimator.

In the case of an increasing weight function it is not assured anymore that the
C-step each time lowers the value of the objective function. Hence, we incorporated in
the algorithm that if the C-step does not lower the value of the objective function, then
we keep the earlier result as the final solution for that subset (and thus stop applying
C-steps). For the 10 best subsets, we set a maximum of 30 C-steps in Step 5 to make
sure that the algorithm stops by a given time.



Note that there is no guarantee that the solution reported by the algorithm is
an MWCD solution or even a local minimum of the objective function but in our
experience the algorithm gives a good approximation of the MWCD solution in most
cases.

4 Breakdown point and influence function

We now investigate the robustness properties of the MWCD estimator. The global
robustness is investigated by means of the breakdown point while the local robustness
is investigated through the influence function.

The breakdown point €, of an estimator is the smallest fraction of observations
from X, that needs to be replaced by arbitrary values to carry the estimate beyond all
bounds (Donoho and Huber 1983). Intuitively, it is clear that for the MWCD this will
be approximately a because a proportion a of the observations with largest distances
does not affect the estimator. Denote k = [ (1 — a)(n + 1)], then k is the number of
observations that get a non-zero weight in the MWCD estimator. We assume that the
data set X, satisfies the following condition:

Condition A: No k points of X, are lying on the same hyperplane of R”.

Formally, this means that for all 3 € RP and v € R, it holds that #{z;|3%z; + v =
0} < k unless 8 and v are both zero.
We then have the following proposition.

Proposition 3 For any data set Xy, satisfying condition A it holds that

min(n —k+ 1,k — k(Xn))
n

en(iwep, Xn) = en(Epwep, Xn) =

with k(Xn) the mazimal number of observations of Xy lying on the same hyperplane
of RP.

Since k = [(1 — a)(n + 1)], for data sets in general position (i.e. k(Xn) = p), the
breakdown point tends to min(1 — a, a).

The MWCD functional MWCD: ‘H — (R? x PDS(p)) is defined as any solution
MWCD (H) = (upywep(H), Virwep (H)) to the problem of minimizing

D(m,C) = Ex[h*(G(dZ(m, C)))dz (m, C)]

subject to

detC =1

with d2(m,C) = (x — m)TC™ Yz — m) and G(t) = Py (d2(m,C) < t) among all
(m,C) € R? x PDS(p). Note that for general distributions H there is no guarantee
that there is a unique solution or even that the number of solutions is finite. If the
solution is not unique we arbitrarily select one of the possible solutions. The functional
Vumwop corresponds to a shape functional, because its determinant equals 1. It can
be easily seen that the resulting MWCD-functional is affine equivariant.



Let us define for any m € RP and C' € PDS(p) the weighted mean and covariance
matrix as
(G (m, O))adH (@)
J hH(G(dZ(m, C)))dH (x)
J hH(G(dZ (m, O)) (& = pm,) (@ = pm,0) " dH ()
J hH(G(dZ(m, C)))dH (x)

3)

Mm,C(H)

Em,c(H) = cp+ (4)
where ¢j,+ is a constant defined below.
We then have the following result

Proposition 4

(V)€ argmin D(m,C)}
m,C;det C=1

C {(u, (det 2)71/;)2)'(#7 X)e argmin det C'}.

Mm=pm,c;C=Xm, c

From Proposition 4 it follows that for every MWCD solution (uywep, Vawen)s
the location pprywop can be written as a weighted mean as in (3), and for the shape
Vumrw e p there is a corresponding scatter functional X'y o p that can be written as a
weighted covariance matrix as in (4). The constant ¢j,+ in (4) can be chosen to make the
MWCD scatter functional X'y p Fisher-consistent at elliptical model distributions
(see Proposition 5).

We now consider estimating the parameters 1 and X' of a model distribution F}, »
with density
9((z — )" £ @ — )

det(X)

with ¢ € RP and X' € PDS(p). The function g is assumed to be known and to have
a strictly negative derivative ¢’ so F u,x is an elliptically symmetric, unimodal distri-
bution. At this model distribution, the MWCD scatter functional X'y;y7cp becomes
Fisher-consistent by setting ¢+ = ¢1/c3 where

me(I) =

onP/2 /00 A2 9 o1 onP/2

€1 = ——— KT (G(r*)g(r*)rP" dr and c3 = ——— /
I'(p/2) Jo I'(p/2) Jo

with G(t) = PFU,I(XTX < t). This follows immediately by substituting Fy ; for H

in (4). We now obtain the following consistency result.

5 (G @) g(r?)rPt dr

Proposition 5 The functionals pprwop and Xpyrweop are Fisher-consistent for the
parameters p and X at elliptical model distributions:

prwep(Fu, ) = p and ywep (Fl s) = 2.

Note that Proposition 5 implies that the resulting functionals ppswop and Xprwep
are unique at elliptical model distributions.

The influence function of a functional 7" at the distribution H measures the effect
on T of an infinitesimal contamination at a single point = (Hampel et al. 1986). If



we denote the point mass at x by Az and consider the contaminated distribution
H: . = (1—¢)H + A, then the influence function is given by

. i LHew) = T(H) _ 8
IF(z;T,H) = 16%1 . = 5e L (Hez)|e=0-

We will consider the influence function at an elliptical distribution F), 5. Due to affine
equivariance of T'(H) it suffices to look at spherical distributions Fyy ; with density

fo,r(z) = g(z" ).

Proposition 6 Denote go = C:’*l(l —a) andw="h"o G, then

2
w || T xT
1P o, For) = "L (o) < o)

with

p/2 Ve
co = 7}_‘(;;2 ) /0 P wr?) g (r?)dr.

The influence function of the scatter matriz part Xarwop (for p > 1) is given by
. _ 1 T 2 2
IF(z; Xvwep, Fo,r) = “55, " w(||lz[M) ()" < ga) + R(|z]))Ip

where
aP/2

AT 2l p/2+1)

Ve
/ rp+3w(r2)g/(r2)dr.
0

The term for R(||z||) is rather elaborate and can be found in the Appendix (29).
The gross error sensitivity of a functional T" at a distribution H is defined as

GES(T,H) := sup||IF(z; T, H)|.
x

The gross error sensitivity is a measure of the maximal bias caused by an infinitesimal
contamination and hence is preferred to be low. In Table 1 we computed the gross-error
sensitivity for ppsweop at the normal model. Throughout the paper we will use the
following weight functions: a weight function that is decreasing on its support (MWCD |
estimator), a weight function that is increasing on its support (MWCD1 estimator) and
the zero-one weight function which corresponds to the MCD estimator. These functions
become zero when u > 1 — a. For v < 1 — a we have h&wCDl(U) = Fx_ﬁl (1-1%)

and h&WCDT(u) = FX_%1 (1%%). We use the notation MWCD|50 for a = 0.50 and

MWCD|25 for a« = 0.25. From Table 1 we see that the MWCD | estimators have the
lowest gross error sensitivities.



Table 1 Gross-error sensitivity at the normal model for the location estimators pyweop and
uyep for different dimensions p and 50% and 25% breakdown point

P 1 2 3 5 10 30

MWCD |50 6.96 5.75 580 6.42 8.18 13.51
MWCD7T50 11.95 9.44 9.11 9.36 10.60 14.73
MCD50 9.46 7.67 7.56 7.98 9.36 13.61

MWCD|25 2.74 286 3.14 3.73 5.02 8.65
MWCD1T25 594 571 587 6.30 7.31  10.20
MCD25 4.16 4.13 435 4.85 5.93 8.89

5 Efficiency

If an estimator is Fréchet-differentiable, then its asymptotic variance at the model
distribution Fj ; can be calculated through its influence function. Neither Fréchet-
differentiability nor asymptotic normality have been formally proven for the MWCD
estimators. However, we conjecture that the MWCD is Fréchet-differentiable and use
this assumption to calculate asymptotic variances through the influence function. For
the location estimator upsyw o p we then obtain that the asymptotic variance-covariance
matrix equals

T
ASV(uymwep, For) = Er,  [TF(x; pprweps Fo,r) X TF(z; pyprweps For)' ]

(see e.g. Hampel et al. 1986) which yields

itz <qo wUlzl?) 2 el dFo 1 (x)
ASV(uarwep, Fo,r) = RSt 2 .
2

Similarly, we can calculate the asymptotic variances of the diagonal and off-diagonal
elements of the shape matrix Vasweop:

ASV(Vis, Fog) = (2— %) o1 and ASV(Vij, Fop) = o1

with
1

o1=———=E
ERCEP R

The asymptotic variances of the diagonal and off-diagonal elements of X;ycp be-
come:

1 2021 .14
ezl el

ASV(Z‘“,FO’[) =201 + 02 and ASV(EU,FO’I) =01

with
2 2 —1 2 ||33H2
o2 = ——01+Ep [y (lz)] and ~(lzl)) = 5-w(ll[") == + R(l|z[])-
p C4 p

To gain more insight in the MWCD estimators and how the weighting concept
affects their performance, we compare their efficiencies with that of the MCD estimator
at the multivariate standard normal distribution Ny (0,) and multivariate spherical
t-distributions ¢, where v is the degrees of freedom.



For a = 0.25, Figure la shows the asymptotic relative efficiency (ARE) of the
MWCD location estimators, relative to the MCD given by ARE(uywep, kvcp) =
ASV(upep)/ASV(uprwep) at the multivariate normal distribution. Note that the
ARE increases with the dimension p. Moreover, the efficiency of the MWCD125 location
estimator is comparable to the MCD25 location estimator. Figures 1b and lc show
the ARE at t-distributions with 3 and 8 degrees of freedom, respectively. Figure 1b
shows that MWCD |25 now is more efficient than the MCD25. At the tg-distribution
the MWCD|25 has the highest ARE and from p = 5 on it outperforms the MCD25.
Figure 1d shows the ARE of the MWCD |50 estimator at Np(0, I), t3 and tg. We clearly
see that the MWCD |50 is comparable or better than the MCD50 at ¢-distributions.
For the ARE of the MWCD shape estimators we obtained similar conclusions as for
the MWCD location estimators.

Ll —MwCD! ||
---MWCD1

ARE

ARE

092 —wMweDL|] | aaaemee -
0.91 H oo o-mm===="" ]
y --- MWCD1 o-"""
.-

5 10 15 20 25 30 . 5 10 15 20 25 30

Dimension Dimension

—MWCD!
N --- MWCD1 ||

ARE
ARE

5 10 R 15 . 20 25 30 5 10 . 15 . 20 25 30
Dimension Dimension

Fig. 1 ARE of the MWCD25 location estimators at (a) normal distribution Ny (0,1); (b)
t3-distribution; and (c) tg-distribution. (d) ARE of the MWCD |50 at N, (0, I), t3 and tg

Finally, we consider the ARE of the diagonal elements of the MWCD scatter esti-
mators with o = 0.25 which are shown in Figure 2 for respectively Ny (0, I), t3 and tg.
Note that the ARE of the off-diagonal elements of the scatter is the same as for the
shape matrix. From Figure 2a we see that the MWCD7125 is the most efficient at the
normal distribution and comparable to the MCD25 estimator. For ¢t3 we have the same
conclusions as before. For tg the MWCD |25 estimator has the highest ARE (p > 2).

Tables 2 and 3 show asymptotic efficiencies for the location, shape and scatter of
the MWCD and MCD estimators relative to the sample location, shape and scatter
estimators. As is well-known, the efficiencies of the MCD at the normal distribution are
low and are directly related to the breakdown point in the sense that a higher break-
down point results in a loss of efficiency. These properties also hold for the MWCD
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Fig. 2 ARE of the diagonal elements of the MWCD25 scatter estimators at (a) normal dis-
tribution Ny (0, I); (b) t3-distribution; and (c) tg-distribution

estimators as can be seen from Tables 2 and 3. Note that the efficiencies for the el-
ements of the scatter and shape matrices at the normal distribution would be even
lower than those reported in Table 3 for the ts-distribution. There also exist robust
estimators, e.g. MM-estimators (Tatsuoka and Tyler 2000) and 7-estimators (Lopuhad
1991) that control breakdown point and efficiency at the same time and hence do not
suffer from this problem. However, such estimators are typically less appropriate for
outlier detection.

We performed a simulation study to investigate the finite-sample performance of
the MWCD estimators. The results of this study (not shown) showed that the finite-
sample relative efficiencies agree with the asymptotic relative efficiencies.

Table 2 Asymptotic relative efficiencies for the location estimators at the normal distribution
Np(0,I) and t3-distribution

Np(O,I) t3

« 0.50 0.25 0.50 0.25

MWCD| 0.193 0.429 1.117 1.822
MWCDT  0.200 0.447 1.034 1.442
MCD 0.203 0.466 1.096 1.685
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Table 3 Asymptotic relative efficiencies for the diagonal elements of the scatter estimators
and off-diagonal elements of the shape estimators at the t5-distribution

diagonal off-diagonal

« 0.50 0.25 0.50 0.25

MWCD| 0.509 1.311 0.298 0.918
MWCD?T 0.513 1.251 0.290 0.836
MCD 0.524 1.358 0.298 0.899

6 Simulations
6.1 Finite-sample robustness

To study the finite-sample robustness of the MWCD estimators, we performed simu-
lations with contaminated data sets. In each simulation we generated 1000 data sets
of Np(0,1) with p = 3 and sample sizes n = 50, 100, 300 and 500. We considered
two typical choices for k, namely k = |[(n + p + 2)/2] (corresponding to o = 0.50)
and k = 0.75n (corresponding to a = 0.25). To generate contaminated data sets we
started with the normally distributed data and then replaced 20% or 40% of the data
points x; by observations with components generated according to N(s,/ X12770.997 1.5)
with s = 5,3, 1. For each simulation we computed the mean squared error and bias of

the vectors ﬂg\l/I)WCD’ given by

; _ N ()12
MSE(amwep) = n e ave[{(Anrwep); ]

. (D2
 ave Have(avwen); ¥

bias(inwep) = \/
The MSE and bias of diagonal and off-diagonal elements of the shape and scatter
matrix were calculated in a similar way.

Tables 4, 5 and 6 show the MSE and the bias for 40% outliers from N (4 /X%O.QQ’ 1.5)
of the estimators MWCD |50, MWCD150 and MCD50. Table 4 shows that for larger
sample sizes the bias of all estimators is close to zero. For n = 50 and 100, the MWCD |
location estimator yields the best results. For the estimates of the shape, we see from
Table 5 that for small data sets it is better to use the MWCD] estimator. For the
diagonal elements of the scatter estimate (Table 6) the MWCD| estimator overall
shows the best behavior, although all estimates have been considerably affected by the
outliers (resulting in large bias and MSE).

Tables 7, 8 and 9 show the MSE and the bias for the MWCD | and MCD estimator
for 20% outliers distributed according to N (4 /Xl%,O.QQ’ 0.1). For n = 50 and 100 we see
that the bias of the MWCD| location estimator is smaller than the bias of the MCD
location estimator. For n = 500 this is no longer true. For the off-diagonal elements of
the shape we see the same results. For the diagonal elements of the scatter the MWCD |
has the smallest bias for each n.

Although the MWCD estimators do not improve the efficiency of the MCD for
normal data, depending on the type of contamination they can give lower bias.
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Table 4 Location estimator: 40% outliers from N (4 /X§,0.997 1.5)

n 50 100 300 500

MSE bias MSE bias MSE bias MSE bias

MWCD|50 5.777 0.066 2.667 0.005 2.857 0.002 2.981 0.0010
MWCDT50 8.720 0.109 3.802 0.014 2.688 0.003 2.758 0.0010
MCD50 7.249 0.088 2.844 0.007 2.621 0.003 2.752 0.0014

Table 5 Off-diagonal elements of the shape matrix: 40% outliers from N (4 /Xg,o‘g()v 1.5)

n 50 100 300 500

MSE bias MSE bias MSE bias MSE bias

MWCD|50 33.521 0.184 4.828 0.005 4.943 0.002 4.848 0.004
MWCDT50 43.787 0.261 10.164 0.028 4.880 0.006 4.744 0.002
MCD50 38.692  0.224 6.576 0.016 4.842 0.005 4.729 0.003

Table 6 Diagonal elements of the scatter matrix: 40% outliers from N, /X§,0,997 1.5)

n 50 100 300 500

MSE bias MSE bias MSE bias MSE bias

MWCD|50 185.043 1.227 92.245 0.832 194.007 0.755 291.939 0.734
MWCD1T50 299.255 1.659 148520 1.019 236.958 0.841 358.110 0.817
MCD50 227.103  1.400 109.344 0.900 212.955 0.795 327.176  0.780

Table 7 Location estimator: 20% outliers from N (/X3 ¢ 99,0-1)

n 50 100 300 500

MSE bias MSE bias MSE bias MSE bias

MWCD|50 7.840 0.075 4.860 0.010 3.836 0.0051 3.870 0.0018
MCD50 7.817 0.082 5.063 0.016 3.565 0.0059 3.666 0.0012

MWCDJ25 2.521 0.020 1.914 0.006 1.522 0.0026 1.722 0.0017
MCD25 3.975 0.049 3.206 0.018 1.419 0.0023 1.584 0.0012

Table 8 Off-diagonal elements of the shape estimator: 20% outliers from N (4 /X§,0,99,0~1)

n 50 100 300 500

MSE bias MSE bias MSE bias MSE bias

MWCD|50 109.075 0.331 39.593 0.044 10.715 0.0071 10.470 0.0024
MCD50 102.312 0.338 39.659 0.053 10.215 0.0075 10.009 0.0037

MWCD|25 12.687  0.066 5.119  0.010 2.244  0.0036 2.256  0.0036
MCD25 24.864 0.149 16.952 0.051 2.169  0.0026 2.153  0.0033

To illustrate this further we plot in Figure 3 the bias at the different contamination
situations for the location estimators versus s where N (s, /X;% 0.99,0) is the distribu-
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Table 9 Diagonal elements of the scatter estimator: 20% outliers from N (4 /x§ 0.9950-1)

n 50 100 300 500

MSE bias MSE bias MSE bias MSE bias

MWCD|50 179.150 0.851 79.430 0.419 47.360 0.288 60.192 0.273
MCD50 175.446  0.904 81.854 0.449 49.427 0.302 62.661 0.284

MWCD|25 24.412 0.358 20.239 0.329 40.867 0.337 64.735 0.341
MCD25 46.137  0.548 42995 0.442 50.529 0.381 79.022 0.380

tion of the contaminated components. Figure 3a shows that for 20% less concentrated
outliers (¢ = 1.5) the MWCD| estimator has the lowest bias and the MWCD?T the
highest bias. The decreasing weight function gives a lower weight to points further
away, in this case the well spread outliers, so this results in a smaller bias. This bias is
also small compared to the MCD which does not make a distinction in weight between
the observations in the subset. In case of highly concentrated outliers (6 = 0.1) not far
away, the situation is reversed, as seen in Figure 3b. The MWCD | estimator now gives
the outliers (that is, the most concentrated points) the highest weights and the good
observations are given a low weight which results in a high bias. The increasing weight
function has the opposite effect and results in a lower bias. If the outliers are further
away we get the same relations as with the less concentrated points. For 40% outliers
the same conclusions can be made and the effect is even more clear-cut.

(a) (b)
07
— MWCD\
o6 === MCD
0s A L MWCD?1
7S
%2} »n 04 (S “-,:
@ .© O
S 9 o3 e '
& &°
S '
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oarf v
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o5 1 15 H 25
(c) (d)
035 6
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o3 . ---MCD s ---MCD
025 e [ MwcDt || | [®N\ MWCD1
2 4
\4
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@ . @ 3
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Fig. 3 Bias for the location estimators at ¢% outliers from N (s, /X§’0.99,9), (a) (6,0,a) =

(20%,1.5,0.25) (b) (€,6,0) = (20%,0.1,0.25) (c) (¢,0,a) = (40%,1.5,0.50) (d) (¢, 6, )
(40%, 0.1, 0.50)
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7 Examples
7.1 Generated data

To illustrate the use of the two different weight functions in detecting intermediate
outliers, we generated a data set with n = 500 observations from a multivariate normal
distribution Np(0, ) with p = 8. We then replaced 50 of the data points by observa-

tions with components generated according to N (2, /X§A0.997 0.1) and 50 according to

N(0.5, /X§,0.9970'1)~ Hence we have a group of strong outliers and a group of inter-
mediate outliers in our data. Figure 4 shows the robust distances of the MWCD125
estimator versus those of the MWCD |25 estimator. The lines correspond to the usual
cutoff value 1/X§,().975 = 4.1874. Both estimators clearly detect the strong outliers
lying far away from the majority of the data. However, there are several points that lie
above the cutoff for the MWCD |25 estimator but under the cutoff for the MWCD125
estimator. These points correspond exactly to the intermediate outliers in the data.
The treatment of the intermediate outliers clearly differs between both estimators. The
MWCD|25 reveals these points because the weight decreases with the distance from
the center. On the other hand the MWCD125 gives a high weight to these intermedi-
ate outliers so that they become masked. Note that a comparable plot is found if we
plot the robust distance of the MWCD125 versus those of the MCD25 estimator (not
shown).

Robust distance with MWCD1

AN 4

25 0 ) T

1‘0 1‘5 2‘0 25
Robust distance with MWCD1

Fig. 4 Generated data: Plot of the robust distances of the MWCD125 estimator versus those
of the MWCD |25 estimator

7.2 Ionospheric data

This data set from the Johns Hopkins University lonosphere database was taken from
the “Data Repository” of Hettich and Bay (1999) and has 351 radar measurements
on 34 continuous characteristics: real and imaginary parts of the complex responses
corresponding to each of 17 pulse numbers. We only look at n = 225 ‘good’ radar
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returns showing some type of structure in the ionosphere. As in Maronna and Zamar
(2002) variables 1, 2 and 27 are omitted so we are left with p = 31 variables. Figure 5
shows a plot of the robust distances of the MWCD125 estimator versus the robust
distances of the MWCD |25 estimator. The lines correspond again with the cutoff value

A /X§1,0_975 = 6.9449. In Figure 5, 87 observations lie in the upper right corner, meaning
that they are detected by both methods as outliers. The critical difference between
the weight functions is again in the way that intermediate points are considered. 9
observations lie in the lower right rectangle, which means that they are identified as
outliers by MWCD |25, but not anymore by MWCD125. These 9 observations can be
considered intermediate outliers, which can be motivated by looking at the sequence
of coordinates as done by Maronna and Zamar (2002). They plotted the sequence of
coordinates and were able to find 4 characteristic forms to describe the data. These 4
forms can be seen in Figure 6. The outliers detected by both estimators have a much
noisier form as shown in Figure 7. We also display in Figure 8 a few typical forms
for the intermediate points. We notice that these observations deviate from the pure
specimens but are not as aberrant as the outliers. This can explain why these points
differ between both estimators. Hence, comparing the outliers that are detected by a
decreasing weight function with the outliers detected by an increasing weight function,
allows us to identify intermediate outliers.

When comparing both MWCD estimators to MCD25, MWCD125 identifies 87
outliers, MCD25 yields 90 outliers (not shown) and MWCD |25 detects 96 outliers.
Hence, the result of the MCD25 estimator, which uses a weight function that is constant
on its support, lies in between the two MWCD results, so the MCD25 detects some of
the intermediate outliers but not all of them.

45

401 P

35+ .

301 L )

251 o...o

20} o’q® °

s & &
L)

10+

Robust distance with MWCD1

10 20 30 40 50
Robust distance with MWCD

Fig. 5 Ionospheric data: Plot of the robust distances of the MWCDT estimator versus those
of the MWCD| estimator for o = 0.25
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Fig. 6 Ionospheric data: “Pure specimens”. Observation 4, observation 32, observation 58 and
observation 79 (from left to right).

Fig. 7 Ionospheric data: “Outliers”. Observation 95, observation 96, observation 41 and ob-
servation 27 (from left to right).

Fig. 8 Ionospheric data: “Intermediate outliers”. Observation 67, observation 73, observation
186 and observation 168 (from left to right).

8 Conclusion

We developed a generalization of MCD using weights based on the ranks of the Maha-
lanobis distances. Similarly to MCD, we used a C-step procedure to construct a fast
algorithm to calculate an approximate solution of the MWCD estimators. We showed
that the MWCD estimators have the same breakdown point as MCD. We derived in-
fluence functions and gave expressions for the asymptotic variances. Comparing the
efficiency at several elliptical distributions makes clear that at ¢-distributions MWCD
can give an improvement over MCD, but the efficiencies remain quite low. We also
compared the finite-sample robustness in different types of contaminated data sets.
For small sample sizes, weighing the observations results in a smaller MSE and bias.
For larger sample sizes the situation is less straightforward, but depending on the type
of contamination the MWCD has a better bias. Some examples illustrate that using
the different weight functions offers possibilities to identify intermediate outliers in the
data.

Appendix

The derivations in this appendix are mainly based on the proofs of Van Aelst and
Willems (2005) and Agullé et al. (2008).
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Proof of Proposition 1 Let (fin, Vi) = (4(Xn), V(Xy)) minimize
LS L an(R;) (v — m)TC~Y(x; —m) with det C = 1. Let M = Dy (fin, Vin). We have

then ) }
; — fin)" (%VTD (zi — fin)-

§\>—‘

Then, suppose (fin such that Dy (fin, Z‘n) = ¢ and det X, is minimal. This implies

 5n)
det f}n < det (%V ) or det (—En) < 1. Hence there exists a constant 0 < ¢ < 1
such that det(% d f] = 1. This implies

n ~ . 16 -~ —1
- Zan(Rz)(xl — ﬂn) <EMEW,) (xl — [Ln) =cM < M

with R the rank vector of d2(ﬂn, i'n) but this contradicts the fact that M corresponds
to the minimum of Dy,.

Let (fin, Xn) minimize det C such that £ 37 | an(R; V(@i —fin) T 2n Y — fin) = ¢
Put Vp, = (det Z‘n) /P 5, Then suppose Vy, such that det V;, = 1 and

1o A T X
P Z an(R)(z; — Mn)TVn l(mi — fin)
i=1
<23 an(Ri) i — i) (et S0) M7 E0) " i~ fin) = (det )7
i=1

with R rank vector of d2(ﬂn, Vn) and R rank vector of d? (fin, f/'n) This implies
% i an(Ri)(w; — in) " ((det Zn) PV) ™ (@i — jin) < @
i=1
Hence there exists a constant 0 < ¢ < 1 such that
- Z an(Ri) (= jin) " ((det £0) '/ PeVn) ™ (@; — fin) =

But det((det £,)'/PcVy,) < det £, which contradicts that £, has minimal determi-
nant. O

Proof of Proposition 2. We first give the following equations similar to those in
Agullf et al. (2008) which will be used in the proof. Using properties of traces yields
(with R€ R and N = Z?:l an(Rj)/cp+)

% S an(R)EG(R), SR) = + 3 an(Ry)(a; — (R 57 (R)(x; — i R))
Jj=1 j=1
— trace (ﬁ—l(R)ﬁ(R)) =p (5)
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Combining (6) with (5) results in
an Ry)d3(i(R), V(R)) = Np(det S(R))"/7. (7)

We have
Q2 = Zan RQz d2 < Zan Ry; d2( )

=1 i=1

because Ry; is the rank vector based on d%(z) and an is a non-increasing function.
Hence it gives the highest weights to the smallest distances, which will result in a
smaller sum than any other combination of the weights and the distances would result

in. Furthermore,
n
Zan Ry;)d3 (i Z (R1:)di(i) = Q1

because fip and Va minimize > an (Rli)d%(m7 C). Indeed, suppose that there exist
some m € RP and C € PDS(p) with det C' = 1 such that

n
Z (Rh)d (m C < Zan Rh d (ﬂg,VQ).
=1 =1

Using (7) this implies that
1 n
DD an(Ry1;)d2 (m, (det $5)/PC) < p

Hence, there exists a constant 0 < ¢ < 1 such that = ~ iy an(R1i)d; 2(m, c(det Eg)l/pC)
= p. This can be rewritten as

trace <c1(det 22)71/;”071% Zan(Rli)(m —m)(x — m)T) =p.

i=1

If we then use the following maximum determinant result: if one maximizes det A over
all positive semi-definite symmetric matrices of size p with trace(A) = p, then the
solution is A = I. We then have

det (]if Zan(Rli)(l‘ —m)(z — m)T> < det(c(det £2)/PC) = P det .
Hence,

det (]17 Z an(R1i)(z — fi2)(x — ﬂ2)T> = det £'2

i=1

1 — R
< det (N Zl an(R1;)(x — m)(z — m)T) < cPdet 3y
1=
which is a contradiction so we have that

n n
> an(Rui)d; (m, C) > an(Ru)d; (ji, Va).-
i=1 =1
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We have equality if and only if

n

Z R2z d2 Zan Rlz d2 Zan Rlz dl

i=1

Using (7) on the last equality this implies that
Zan Ryi)d2 (fur, (det £2)'/PV7) =
This can be rewritten as
trace ((det 3) 1/pV7 Zan Ry)(z — i)z — )T) =p.

Using the maximum determinant result we get
1 n
det 55 < det (N > an(Rig) (@ — fun)(z — ﬂl)T) < det((det 2)"/PV1) = det 5.
i=1
This implies that fig = fi1. Using trace ((det 22)—1/1)‘717122) = p and
det ((det 22)—1/”71—122) = 1 the maximum determinant result implies Vo=Vi. O
Proof of Proposition 3 We first prove that

min(n —k+ 1,k — k(Xn))
- .

en(fimwep, Xn) >

We will show that there exist M and « which only depend on X, such that for every X},
obtained by replacing at most s = min(n—k+1, k—k(Xn))—1 observations from Xn we
have that ||fiarwep(Xn)|l < M, M(Eywep(Xn)) < a and Ap(Zywep(Xr)) > 0.
The norm we use here is the Lo norm. Let us denote

ELC)={z:(z-tTC N z—1t)<plam}

with ¢t € RP, C € PDS(p) and am = (nén)l an(R;). Consider the ellipsoids £(0, cI)
An >0

Zan )T Tre= Ti=0p

with R; the rank vector of |lz;||2. Choose a ranking R* € R such that the largest
distances x;fxl get the highest weights and denote cmax the corresponding constant
such that 31" | an(R})z! Tembxi = p.

With R’ the rank vector of ||z}||2, it holds that

n
li
§ an l‘, zg § Izmz

because n — s > k implies that X, still contains k data points of the original X,. For
the ellipsoid £(0, ¢m ) such that

such that

n
> an(R)(25) Ten'al =p

i=1
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it then holds that det(cmI) < det(cmaxI). It follows that for the optimal solution
E(ppmwep(Xn), Evwep(Xy)) that satisfies

S an(R) (@ — fiewe (X)) Evwen (X)) — inwep(Xn) =p  (8)
=1

with R the rank vector corresponding to the distances di(fiarwep (Xn), Zuwon (X))
we must have that det(Zywep(Xh)) < chax = V. Condition (8) implies that the
ellipsoid &(fprweop (Xn), 2MWCD(X7Q)) contains a subcollection of at least k& points
of X7,. Because s < k — k(Xp) — 1 this subcollection contains at least k(X,) + 1
data points of the original X, in general position. Using lemma 3.1 of Lopuhaéd and
Rousseeuw (1991) if ||i@arwep (Xn)|| > M we obtain that det(f]MWCD(X;L)) >V,
yielding a contradiction. We have thus shown that ||aywep(Xp)|| < M. More-
over, since £(fiyrwep(Xn), Suweb (X7,)) contains at least k(X,) + 1 original data
points in general position we know that there exists a constant § > 0 such that
N (Evwep(X})) > B for all j = 1,...,p and det(Zpywep(X;)) < V othen im-
plies that there exists a constant 0 < « < oo (depending on 8 and V) such that
M(Zywep(Xn)) < a.

Let us now prove that &}, (finrwen, Xn), eh(Evwep, Xn) < min(n — k + 1,k —
k(Xn))/n. Suppose we contaminate s = min(n — k + 1,k — k(X)) points of X, to
obtain X;,. Suppose first that s = n — k 4 1. Let £(¢, ¢) be an ellipsoid that satisfies

Y an(Ri) (@i — )T C @i —t) =p
=1

with R; rank of (z — t)TC~Y(al —t) for i = 1,...,n. Because n — s = k — 1 there
exists at least one contaminated point that belongs to £(t,C). By letting ||z|| — oo
for the replaced points we can make sure that at least one of the eigenvalues of C goes
to infinity. (If £(t, C) contains only replaced points, then letting ||x|| — oo in different
directions assures that det(C) — oo). Therefore both fi317cp(X7,) and Suwep (X7)
break down in this case.

Suppose s = k — k(Xn). Denote JcC {1,...,n} the set of indices corresponding
to the k(X ) observations from X, lying on a hyperplane of RP. Then there exist an
a € RP and v € R such that oszj —~ =0 for all j € J. There exists a m € RP such
that m” a = ~ which implies aT(xj —m) = 0 for j € J. Therefore for j € J we have
that ; —m € S where S is a (p — 1)dimensional subspace of R”. Now take a d € RP
with ||d|| = 1 such that d € S. Now replace s = k — k(Xy) observations of Xy, not
lying on S by (m + Ad) for some arbitrarily chosen A € R. Denote Jy the set of indices
corresponding to the outliers. It follows that for the s outliers x; — m — Ad = 0 and
for the k(Xn) points on S we have that x; — m — Ad € S. Denote {ey,...,ep_1} an
orthonormal basis of S and e, a normed vector orthogonal to S. Denote P = [e; ... ep].
Consider C = PAPT with A = diag(\1,...,\p). For the k(X,) points we have that
xz; —m — Ad € S, thus there exist for each j € J coefficients (p, ... ,Cp—1 such that
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zj—m—A\d = Zfz_ll ¢;ie;. Therefore

(:c] (m + ) C™ (x; (m + Ad))

= ZCzez (ZA ejef) ZQQ
i=1

p—1 p—1 p—1
STanTel | S Gei=> A
=1 1=1 i=1

Now 37, an(Ri)(zi — (m+ M) T O™ z; — (m + M) =

>+ >+ X

s outliers k(Xy,) on S remainder

with R; the rank of (x; — (m + Ad))TC~Y(z; — (m + A\d)) for i = 1,...,n. Fix X and
choose (A1, ..., A\p—1) appropriately such that Ek(Xn) on § — P- For the remainder we
can write

p
Yo an(R)(@i— (m+2Ad) CT @i~ (m+Ad) = D an(Ri) (Zc?/xi).
remainder remainder i=1

If we let Ap — 0 then the corresponding distances — oo and will surely be the largest

distances getting weight 0. The constructed solution has det(C) = A1---Ap — 0. By

letting A — oo we thus obtain that both jiarwep(X,,) and ZAJMWCD(X{Q) break down.

O

Proof of Proposition 4 First, we consider a non-increasing weight function ht.

For any (m,C) denote V;;, ¢ = (det Zmyc)_l/pﬂmc such that detV}, ¢ = 1. Using
properties of traces yields with N = [ h™(G(d2(m, C)))dH (z)/cp+

S Bn [ (G (m, C) &t ¢ Zim, )]
= Bl (G0, O)) (& — ) Syl — i )]
= < Bulorace (h* (G(@(m, O) (@ — im,c) " Tl @ — fim. )]
= - Enltrace (b (G20, )@ — im.0)(& — pim,c) " Tl )]
= trace (Ex [ (G20, )@ — im. o) — i )" Tl
= trace(Zm,c o) = p. 9)

We also have that

En b (G(d2(m, )3 (1tm,cs Fm.0)]
= (det ¥pm.c) P B [T (G(d2(m, C))da (Hm,cs Vim,)]- (10)

Combining (10) with (9) results in

Ex[hH(G(d2(m, C)))d2 (ttm.cs Vin.0)] = Np(det 2y, ) /7. (11)
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We prove that for any ([l,f/) € argmin D(m,C) that i = p; & and y=2x 5
m,C;det C=1 Ko ’

and ([, f]) minimizes argmin det C. Because Proposition 1 also holds in the
Mm=pm, c;C=Xm c

functional form, (fi, 2) minimizes det X such that %D(/JJ, Y) = p. This implies

BRI (G 2N~ BT @ )] = p.

This can be rewritten as
- .1 o ~ ~
trace (571 L Eg 0 Gl S))(e — e — 7)) =

Using the maximum determinant result the determinant of this matrix is maximized
by 1. Or this can be written as

det (Bl (G5 E))e - (e - ")) < det 5.

It holds that

det X7 & = det (%EHW(G(dﬁ(ﬂ, I = py )z~ uﬂ,g)T]>
< det <%EH[h+(G(d§(Z§)))(w—ﬂ)(w—ﬂ)T]> (12)
< det 2. (13)

Because h is a non-increasing function it holds

%EH[hﬂG(di(uﬂ, o T s@ =, )T S (e =y o))

H,

)T -1

< S Eulh (G, £ — )57 5 — g ) =

%)
Thus there exists a constant 0 < ¢ < 1 such that

B Gy 5 5 )@ — i )T (€5 8) 7~ 5)] = .

This implies det X < det cE;1 5 < det 2,1 5. Hence together with (13) this results in
det ¥ = det Eﬂ,i and because (12) becomes an equality also i = P, 55 Because

trace (2‘1%&{ (W (Gd2 (7, D)) (@ = iy £) (@ — g)T]) = trace(X7 X, ¢) =p

and det(i’_lﬂﬂ 5) = 1 it follows from the maximum determinant result that 3=
Zps
For any m = pi, ¢ and C' = X, ¢ with V =V, ¢ = (det C)fl/pC

Ex[ht (G(d2(, V)))da (1, V)]
< Eglht (G(d3(m, 0))d2(m, V)] = Eg[h (G(d3(m, C)))ds (tm,cs Vin.C)]-

Using (11) the inequality can be rewritten as

Np(det £, )'/? < Np(det £, 0)'/"
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so we obtain det Eﬂ,f/ < det Xy, ¢ for all m = p,, ¢ and C' = ¥, ¢ hence we conclude
that (i, %) € argmin det C.
m=pm,c;C=Xm, c
For an increasing weight function we may argue as follows. From differentiating the
objective function D(m, C), we easily obtain that the minimizing m and C' can be rep-
resented as a weighted mean and covariance, on condition that D(m, C) is continuously
differentiable in this point. The latter condition will not always be satisfied. However,
if the distribution H is continuous, then it holds that D(m, C') is continuously differen-
tiable. Hence, we must have that the solution of minimizing D(m, C) does satisfy the
weighted mean and covariance representation. a
Proof of Proposition 5 First of all, due to equivariance, we may assume that
p=0and X = I We will denote F' = Fy ,. Hence, we are left to show that for any
MW(CD solution we have that pyrweop(F) =0and Xyywep(F) = Ip. pprwep is the
weighted mean based solely on the ellipse £ = {z € R?; (z — uMWCD)TEJT;WCD(x —
pmwep) < g} implying that

/g w(d(@) (@ — parwep) T dF (@) = 0 (14)

with d*(z) = (¢ — puwen)” Zyjwep @ — puwep) and w = bt o G. Suppose
that uprweop # 0. Let A1,..., Ap be the eigenvalues of Xyywop and v1,...,vp the
corresponding eigenvectors. There will be at least one 1 < 7 < p such that NﬂWCD“j #*
0. Fix this j. From (14) it follows that we should have

[ Fmasweould @)@ = mnwep) v;dF (@) = 0. (15)
Set d = (dy,..., dp)T ‘= upwop- Since x is spherically symmetrically distributed we
may assume w.l.o.g. that Xyrweop = diag(A1,..., Ap) as well as v; = (1,0,...,0). For
every di — v/cA1 < x1 < dy + /¢ denote
P 2 2
_ p-1) 5~ (&5 —dj) (1 —di)
E(x1) = { (x2,...,2p) ER IJZ; NS

where ¢ := go > 0. Then we have

I / w(d*(z))(x — parweop)’ vjdF ()
£

di++v/eAr a2
:/ /( )w ZM (;Cl—dl)g(x%+...—|—m12,)d1‘1...d$€p
Jd E(xq

1— C)\l B ]:1 )\]

Ve 2 p d 2
S Y BT E=R e B
—vcA g(d1+t) >\1 =2 A]

g((d1 +t)2+x§+-~-+x§) dzy . .. dxpdt.

Since E(dy +t) = E(dy —t) and w(d?(dy 4+ t,x2, ..., 2p)) = w(d?(d1 —t,z2,...,xp)) it
follows that

c 2 z:—di)2
L= [V foainw (5 + 50 G585 [g ((d+ 02 + 23+ + 22)

—9((d1—t)2+x§+---+x,2))]dxg...dxpdt.
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If d1 > 0 we have (d1+t)2+x%+~~~+x% > (dq —t)2+x%+~~~+m% and since g is
strictly decreasing this implies I < 0. Similarly, we can show that d; < 0 yields I > 0.
Therefore, we have shown that U]-TLLMWCD > 0 implies I < 0 and if UJ'THMWCD <0
then I > 0. Hence, we obtain [, vfuMWCDw(dQ(x))(m - ,uMWCD)ijdFM,E(x) <0
which contradicts (15) so we conclude that pywep = 0.

We now show the Fisher consistency of Xp;ywcop. The derivation is similar to
the proof of Lemma 3 in Butler et al. (1993). We have already shown that £ = {z €
R?; xTEX;WCDm < ga}. As before, we may assume that X'y, op is a diagonal matrix
A with diagonal elements A1,..., A\p. We have

A= [ wd @) g(od + -+ ad)ds,
£

for some A > 0. On writing y = /1_1/2307 it is sufficient to show that all solutions of

p
I =X /g w(llyl*)yy" g (Z Aw?) dy

i=1
for some A > 0 satisfy A\; = ... = )\p.
We have
2y 2 u 2 2\ 2 u 2
/ w(llyl*)yig (Z /\iyi) dy = / w(llyl®)y2g (Z /\iyi) dy (16)
£ i—1 € i=1
and hence
2 2 2 2 2 o 2 2 2 L 2
/Ew(lly\l )i — v2) [9 (x\lyl + Xy + Z/\z%) -9 (x\zyl +A\1y3 +Z>\iyi):| dy
h 1=3 =3
=0 (17)

as may be seen by interchanging the roles of y; and y2. Suppose A1 > Az. Then
if y? > y3 it follows that My} 4+ Aoys > Aoyt + A\1y3. Similarly, if y7 < y3 then
)qy% + /\2y§ < )\Qy% + Alyg. Thus if A1 > A2 the integral in (17) is always non-positive
and strictly negative at some yi,ys. This contradicts (16) showing A\; = A2 and in
general A\; = ... = \p.

Finally the consistency factor ¢j,4 then makes sure that Xyrywop(F) = Ip. O

Proof of Proposition 6. Consider the contaminated distribution Fr = (1—¢)Fp+
€Az, and denote pe := puprwop (Fe) and Xe := Xpyrwop(Fe). We have then that

Jw(dE, (x)zdFe(2)
Jw(d}, (x))dFe(z)

He =

is an MWCD solution. Differentiating w.r.t. € and evaluating at 0 yields

-1
1o nvon. 7o) = ( [k @im@) 5 [ @),

0

* o

(/ w(df., (w))dFe(x))_l] - / w(df, (z))zdFo(x).
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By symmetry of Fy
/ w(dy, (z))zdFo(z) = 0
and

[ wtdh @)k = [ (el 2)de =

/2 _ .
orcp = I%?Tpﬂ) [w(r?)g(r?)rP~1dr. Hence, we obtain

ITF(z0; pprweps Fo)
10 2

ag w(dp_(z))rdFe(z)
19
C1 Oe
1

- a(w(ngo)xo - / w(d¥, (z))edFy(z)|._,

r-ay [udh@)dre),.,)

|5:0

((1 — ) [ wiah, (@)adFo(z) + w(dh, (xo»mo)

‘5:0

- é(w(xoTﬂco)xo + % /w(di (m))xdFO(x)lszﬂ)' )

We now simplify the last term:

/ w(dy, (z))xdFy(z) = / w(df, ())zg(a’ z)d.

Using the transformation v = X 1/ 2(3& — pe) yields

Ii(e) == /w(d%e(x))xg(xTx)dx

= det(Eg)l/2 /w(UT’U)(E;/2’U + ug)g((ﬂgl/Qv + ug)T(E;/Qv + pe))dv.

If we rewrite this expression in polar coordinates v = re(6) then r € [0, y/qa/(g)]. This
is because the function w differs only from zero when d2(z) = (z — pe)? X2 (2 — pe) <
qa(e) where ga(e) = (D%.) "' (1 — a) with D%, (t) = Pp_(d2(z) < t). e(9) € SP~! and
0= (01,...,0p—1) € ©@=[0,m[x...x[0,7[x[0, 2], yields

Vaa (&)
11(5):det(26)1/2/0 ! /@J(9,r)w(re(Q)T're(G))(rﬂgl/ze(@)+us)><

g(rE2e(0) + )T (r S e(8) + pe))drds,

where J(r,0) is the Jacobian of the transformation into polar coordinates. Using Leib-
niz’ formula to this expression and the symmetry of Fy results in

1o}
&11(5)‘2:0
0
— [ o (w0 O ek g4 ) (),
lloll?<qa O¢

‘5:0
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because
1 . T T o
—trace({F(zo; Xprwep, Fo)) w(v” v)vg(v' v)dv =0
2 10]12<ga

and

8(+j(8)) / J(0, Vaa)w(qa)r/qale(0)g(qa)dl = 0.
le=o Jo

We obtain for the derivative on the right hand side
g 1/2 1/2 1/2
S {0 ) (220 + ) g (2P0 + o) (2P0 + pe))} .,
1/2
= w(o ) IF(20; 3y s Fovg(v” v) + w(@ v) IF (wo; parwen, Fo) 90" v)

1/2
+ 2w(v v)og (T 0) (T TF (20, 23} ¢ ps Fo)v + o TF (2o, parwens Fo) -

Since vaH2<qa w(vTv)vg(vTv)dv and
fHUHQ<qa wTv)vg’ (W) TF (x0; E}\/;IQ/VCD’ Fy)vdv are zero due to symmetry of Fy,

we see that the terms including IF(zo; EM?,VCD, Fy) give a zero contribution to the
integral. Therefore,
0

-T1(e))., = IF(330§MMWC'DaF0)/ wvv)g(w" v)dv
e 1] <ga

+ 2/ w(vTU)g'(vTv)vadvIF(mo;/LMWCD,Fo)
[[v]12<qa
= [e1 + 2¢2] I F(z0; prrw e ps Fo)

where co = fHUHQ<q w@Tv)g' (WTv)v?dv can be rewritten by using polar coordinates
(see end). We now have that

0

% w(dF, (x))zdFo(z) = [e1 + 2e2)[F(z0; parwop, Fo)- (19)
€ Jd2(2)<qa(e)

Substituting (19) in (18) yields

1 TF(z0; pirwen, Fo) = w(ah zo)zol(||zo|? < ga) + [e1 + 2¢2) [ F(x0; parwen, Fo)

which gives the final result

1 2 2
IF(z; pywep, Fo) = TQW(HHCH )zl (||]]” < qa)

co = / w(vTv)g/(vTv)v%dv
[v]?<ga

= 1/ w(vTU)g'(vTv)(vTv)dv
P JjvlI?<qa

1 (Ve 2nP/2
= 5/0 F(p/2)w(T )g (r)r? " Trtdr
xP/2

B Ve o ol prl
—m/o w(r®)g (r)rP dr.
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Similarly, the influence function of the scatter matrix part can be derived (see also
Croux and Haesbroeck 1999). We have that

[ w(dF, (2))(x — pe)(x — pe) " dFe(x)
Jw(dF, (x))dFe(z)

2{5 = Cp+ -

is an MWCD solution. Differentiating with respect to € and evaluating at 0 yields
IF(zo; Xmweps Fo)
2 1o 2 T
— ([ wtd@nar@) L [utdh @) - pee - o) R,

L0
Oe

([ wtat. (m))dﬂ(z))l] e [ wldh, (a))ea aFy (o) (20)

le=0

The second term in (20) is zero, so only the first term remains, for which we use:

/w(d%ro (x))dFp(z) = e1.
Therefore, we get:

IF(z0; Xvwep, Fo)

= 9 [ i, @)@ o) — o)A,
- [/ w(d, (2))(@ — pe) (@ — pe)T (1 = £)dFo () + cw(dF, <xo)>xom€] omo
- %% [/ w(dr () (x — pe)(z — pe) " dFy(x)

—€ / w(d, (2))(z — pe)(x — pe) " dFy(x) + 6w(d%0(xo))wowoﬂ

|a:0

= St (% /w(d%g (@))(x = pe) (@ — pe) " dFo (),

=8 (2 [ wiah @)as"ars(w),, - [ w(dh, (@)er" aFo(w) + wldk, (0ot

— = (& [tk s ar), ~ [ ol @) dRa) + wldh, (wo))eos] )
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We have that

1 1
o [ wih@aa" drs(e) = - [ ulllelP)es” oo )da
= <—ll /w(H:er)a;Ta:g(:va)dx) I
c3p.
11 27P/? /Oo 2.2 p—1 , 2
=|-——- w(r)rr r)dr | 1
( cspI'(p/2) Jo ") 9r)
11 27P/2 /°° 20 pHl 2
=|—-——- w(r)r r)dr | 1
( c3p I'(p/2) Jo (el
- I
Hence
190 w(||zol|?)zoxd
IF(w0; Snwep, Fo) = oo [ w(dr, @)ee" dFo(@))._, — 1+ %

We rewrite this as
/w(d%a (ﬂc)):c:erFo(x) = /w(d%:E (m))x:ch(:rTx)dx.

Using again the transformation v = 251/2(1' — pe) we obtain that

Io(e) = /w(di—‘s (:c))asng(me)dx
- det(EE)l/z/w(vTv)(Esl/Qv + ) (B0 4+ )T x
g(B %0+ pe)T (2220 + pie))dv.

As before we rewrite this expression in polar coordinates v = re(0) with r € [0, 1/qa/(€)],
e(0) € SP" L and 0 = (61,...,0p—1) € O = [0,7[x - -- x [0, 7[x[0, 27 which yields

vV o(€)
To(e) = det(5:)"/? / ! / [J(G,r)w(re(G)Tre(G))(TE§/26(9)—|—p5)><
0 e
(r52e(0) + o) g((r 22 2e(0) + pe) " (r 22 2e(0) + pie))| drdo.  (21)

Applying Leibniz formula to (21) and using the symmetry of Fy results in:

T 1
5(6) = strace(I F'(zo; Xnprweps Fo))H(qa) T
€ |e=o 2
0 €
+ %() qow(ga)9(ga)dr ]
€ |5:O

0
+ / P (w(vTv)(E;/zv + ,us)(Egl/2v + pe) T x
[vl2<qa O¢

(2 0+ ) (2P0 4+ o)) v (22)

|s:0
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with di = f@ J(0, /qa) 61 = % J(0, \/qa)dO and
H(qa) = fHUH2<‘1 w(||v])? ) ( T4)dv = ¢3. The last term of (22) can be worked out
as follows: -

0
o (w0 (220 4+ ) (BP0 + 1) (B2 P04 )T (2P0 4 e))) o

IE:O

1
= iw(vT'v) {IF(:EO; YMWCD, Fo)va + vaIF(xo; Xvweb, Fo)

T T T
+ 21 F(z0; ppywep, Fo)v™ + 201 F(zo; ppywep, Fo) }g(v v)
+w(v vy’ g (") {UTIF(on; Suwep, Fo)v + 20" IF(zo; upwep, Fo)} - (23)
Note that since f\|v|\2<f1 vw(wTv)g(vTv)dv and I\|UH2<¢I wlwwTv)g (W v)vdo are
zero, the terms in (23) including IF(zo, urpswo b, Fo) give a zero contribution to the

9a(e) f (

integral in (22). We still need to compute the term 8T| 0 22). Using

1 = [ w(dh @)dF-(z) = (1-2) [ w(dh (@) dFo(a) +ew(d, (20) I () < aa(e)
and differentiating both sides with respect to ¢ yields

0= o [wldh @)dr@).., - [ wldh @)dFo@) + (ol (lzol? < g)

0v/qa(€)
85 |a=0

1
5trace(IF(aco; Yuweb, Fo))er +

wlae)o(aa) [ T00. Vi)
+ / w(vTv)g/(vTv)vTIF(:ro; Yyvwep, Fo)vdv — c1
lv]1?<qa

+ w(l|zol*)I(|zo]1* < ga). (24)

The third term in (24) equals, using the symmetry of Fy, catrace(IF (zo; Xpwo b, Fo))-
This leads to

0Vaa(e)  c1—w(llzol®)I(||zol? < ga) — trace(I F(zo; Savrwen, Fo))(e2 + %)
e Jso w(ga)9(qa)pd '

(25)
So inserting (25) and (23) in (22) yields

IF(z0; Zvweps Fo)

= %traCe(IF(QUOSEMWCDaFO))I

1 c
+ gqf (01 —w(|lzo|*)I(|lzo]|? < ga) — trace(IF(zo; Carweps Fo)) (e + 51)) I
1
+ o= w(v’v) (IF(xO§2MWCD:FO)UU
2¢3 J|jv)|2<ga

+ v’ IF (z0; Sywen, Fo)) g(v"v)dv

+ 1 w(vTv)vag/(vTv)vTIF(:ro;EMWCD,Fo)vdv
lvl?<qa

1
-1+ gw(onHZ)Jfowg (26)
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In order to give elementwise expressions for the influence function we use results
from Croux and Haesbroeck (1999) to see:

1P
,Z IF(mO;Z“ﬁFO)/ w(vTv)vkng(vTv)dv
24 o2 <qa
. T T
+IF(w0,Ekj,F0)/ w(v” v)v;vEg(v v)dv}
Jvl?<qa

= H(qa)IF(z0; Xij, Fo)

for every 1 <1i,7 < p and

p P
Z Z IF(z0; Xy, FO)/ vivjvkvlw(vTv)g'(vTv)dv
k=11=1 lvlI*<qa

catrace(IF(zo; Xpywep, Fo)) + (e5 — ca) [ F(z0; Xii, Fo) i = j
{264IF xo,Elj,Fo) 1#£7

where ¢4 = va”QSQ ’U%’U?U)(’UT’U)QI(’UTU)d’U and ¢5 = vaHqua viw(wTv)g (vTv)dv.

From (26) the influence function for the off-diagonal elements is straightforwardly ob-
tained,

1
[F(z0; %35, Fo) = (204+H(Qa))-’F(ﬂfo,Ez],F0) o D805 w(||zo|*)I(zo]|* < ga)

hence

1
IF(z0; X5, Fo) = ——zoizojw(||zol*) I ([|zol* < ga)-

ijs 9%,

For the diagonal elements we get

IF(z0; X

j]7F0)

1
5tlrauce(IF(:co; Yuweb; Fo))

1 c
+ e = wlllrol )1 (oll® < ga) — trace(TF(wo; Sywep, Fo))e2 + 5) |

1 c
+ a{cs —cg + H(ga) H F(z0; X5, Fo) + étrace(-’F(%; Xuweb, Fo))

2 2
a0 (lleol?)
— Lt = = (o) < ga):

Using

leads to
blfF(xo,E_”, ) bgtrace(IF(xo,EMWCD,Fo))

w(||zo|? ) 2
c3

~14 8T (looll” < ao) + -2 {er = w(llzo )1 (ool® < qu) }

(27)
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Taking the sum of the diagonal terms in (27) yields an expression for the trace of the
influence function:

— 1
trace(I F(zo; Xprwep, Fo)) = (b1 — pb2) 1 {aHxOH2w(||550||2)1(||500||2 < )
1
+p;%m—mmmmmWs%»4ﬁ,
3 P

(28)
Using (28) in (27) yields

1J1 o 2 2
17 (o3 533, F) = - { b ullaol 1 leoll < o)

b2 1 2 2 2

P I <
s 52 Dol uleol (ol < ao)

bl 1Qa 2 2
s | e - I(lzol? < ga)) = 1) }.
it [ L2 ol Py (faol® < ) -1}

The function R(||z||) is defined as:

1 b 1
Rlel) = 5 {52 - lelPullal 1011 ? < o)

b1 |:1 Qo
_l’_ - P
b1 —pba |c3 p(

q—wmw%mmﬁs%»—@}. (20)

O
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