Propagation of Outliers in Multivariate
Data

Fatemah Alqgallaf,

Department of Statistics and Operations Research
Kuwait University
Kuwait
e-mail: fatemah@kucO1.kuniv.edu.kw

Stefan Van Aelst*,

Department of Applied Mathematics and Computer Science
Krijgslaan 281 S9
B-9000 Gent
Belgium
e-mail: Stefan.VanAelst@UGent.be

Victor J. Yohai,

Department of Mathematics
Ciudad Universitaria, Pabellén 1
1426, Buenos Aires
Argentina
e-mail: vyohai@dm.uba.ar

and

Ruben H. Zamart

Department of Statistics
6356 Agricultural Road
Vancouwver, BC
Canada V6T 122
e-mail: ruben@stat.ubc.ca
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componentwise outliers (i.e. contamination in each variable is independent
from the other variables). This model brings up a possible new source of
statistical error that we call “propagation of outliers”. This source of error
is unusual in the sense that it is generated by the data processing itself
and takes place after the data has been collected. We define and derive
the influence function of robust multivariate location estimates under flex-
ible contamination models and use it to investigate the effect of propaga-
tion of outliers. Furthermore, we show that standard high-breakdown affine
equivariant estimators propagate outliers and therefore show poor break-
down behavior under componentwise contamination when the dimension d
is high.
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1. Introduction

Most statistical methods are built in the context of a given model and there-
fore are designed to perform well (e.g. be optimal) for this model. Models are
also natural “testing grounds” for statistical procedures and therefore have a
profound influence in the way data are processed and analyzed.

Classical models assume that data are affected by “normal” noise: small scale
fluctuations arising from measurement errors, item-to-item differences and other
sources of “well behaved” randomness, e.g. Gaussian random variables , Gamma
random variables, Poisson processes and other “nice” random disturbances. Con-
tamination models, on the other hand, assume that the data may also be affected
by abnormal noise: large scale fluctuations that arise from data contamination,
uneven data quality, mixed populations, gross errors, etc. Several contamina-
tion models have been proposed in the statistical literature. A nice discussion
can be found in Barnet and Lewis (1994).

The best known and most important contamination model is the Tukey-
Huber model (Tukey (1962) and Huber (1964)). This model assumes that, on
average, a large fraction (1 —¢) of the data is generated from a classical, normal-
error-only model. The remaining data, however, can be affected by abnormal
noise. In other words, the Tukey-Huber model assumes a mixture distribution
with a fully described dominant component and an unspecified minority com-
ponent. The mixture fraction e is a loosely specified nuisance parameter (e.g.
0 < e < 0.25). The goal of a robust statistical analysis is to conduct infer-
ence on the dominant part of the mixture, filtering out possible abnormal noise
generated by the minority component. The Tukey-Huber contamination model
had a profound influence in the general strategy underlying most robust sta-
tistical procedures: identify outlying cases — those coming from the minority
mixture component — and downweight their influence. This model also inspired
the definition of key robustness concepts such as influence function, gross-error-
sensitivity, maxbias and breakdown point.

The Tukey-Huber contamination model

X=(1-B)Y +BZ,

was first introduced in the univariate location-scale setup. The unobservable
variables Y, Z and B are independent, Y ~ F' (a well behaved location-scale
distribution such as N(u,a2)), 7Z ~ G (an unspecified outlier generating dis-
tribution) and B ~ Binomial(1,€) (a random contamination indicator). Conse-
quently, the observed variable X has the mixture distribution (1 —¢) F + ¢G.
The model was later extended and used in other settings including regression
and multivariate location-scatter models. See for example Martin et al. (1989)
and He et al. (1990).
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The rest of the paper is organized as follows. In Section 2 we introduce a fam-
ily of contamination models that includes the Tukey-Huber and componentwise
contamination models as particular cases. In Section 3 we define and derive the
influence function of robust multivariate location estimates under non-standard
contamination models. In Section 4 we discuss propagation of outliers and show
that standard high breakdown point (BP) robust estimates propagate outliers.
In Section 5 we investigate the breakdown properties under componentwise con-
tamination of robust estimates of multivariate location.

2. Alternative Contamination Frameworks

The multivariate Tukey-Huber model, where X, Y, Z are d-dimensional vectors,
may be appropriate for small dimensions but has serious limitations in higher
dimensions. A main criticism concerns the assumption that the majority of the
cases is free of contamination. Another criticism concerns the downweighting of
contaminated cases. When d is large, the fraction of perfectly observed cases can
be rather small and the downweighting of an entire case may be inconvenient in
the case of “fat and short” data tables where the number of variables (columns)
is much larger than the number of cases (rows).

We wish to investigate the robustness properties of classical robust estimates
of multivariate location under different contamination models. Suppose that the
random vector Y has density

@) =h((y—mo) S5 (y — 1o)) (1)

and we are interested in estimating the multivariate location vector ug. However,
we cannot observe Y directly but we observe the random vector

X =(I-B)Y + BZ 2)

where B = diag (Bi, Ba, ..., By) is a diagonal matrix, By, Bs, ..., Bq are Bernoulli
random variables with P (B; = 1) = ¢; and the vector Z has an arbitrary and
unspecified outlier generating distribution.

Note that in principle, the contamination indicator matriz, B, in model (2)
could depend on the vector of uncontaminated observations, Y. Likewise, the
contamination vector, Z, could depend on both, the contamination indicator
matrix, B, and the uncontaminated vector, Y. In this paper, however, we restrict
attention to the simpler case where Y, B and Z are independent.

Different assumptions regarding the joint distribution of By, Bs, ..., By give
rise to different contamination models. For example, if By, Bs, ..., By are fully
dependent, that is, P (By = By = -+ = By) = 1, then model (2) reduces to the
classical fully dependent contamination model (FDCM) which underlies most
of the existing robustness theory. An important feature of this model is that
the majority of the cases - rows in the data table - are assumed to be perfectly
observed and free of contamination. Therefore, it is natural that robust methods
designed to perform well under FDCM check for the possible existence of a
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minority of contaminated cases to downweight their influence. Downweighting
the influence of suspicious cases is a good strategy when d is relatively small but
becomes less attractive when d is large. For example, downweighting an entire
case may be unacceptably wasteful if d is very large and n is relatively small.

Another interesting case is the fully independent contamination model (FICM)
where Bj, Bs, ..., By are independent. Consider the case P(By=1) = -+ =
P (B;s=1) = ¢, then the probability that a case is perfectly observed under
this model is given by (1 — e)d. Clearly, this probability quickly decreases and
becomes less than the critical value 1/2 as d increases (d > 14 when e = .05 and
d > 69 when € = .01). Another feature of FICM is its lack of affine equivariance
and its “repulsion” for linear transformations of the original data because linear
transformations have the potential to propagate outliers. While each column in
the data table has on average (1 — €) 100% clean data values, the same cannot
be said of linear combinations of these columns. Outlier propagation will be
discussed further in Section 4.

An intermediate situation between FDCM and FICM can be obtained by
assuming that there is a certain probability 1 — « (e) that the case is free of
contamination (as in the FDCM), but otherwise the different cells are inde-
pendently contaminated with probability 5 (e). This model will be called the
partially clean independent contamination model (PCICM). That is,

By = ba) = 1*0(6)+?(6)(17B(e))d, d S b=0
o ’ ae)p (G)Zigl bi (1-p (6))d72i':1 bi , Z?:l b >0

where 0 < ar(€) < 1,0 < B(e) <1, and B (e) = 0 as e — 0 . To fix ideas we will
consider two possible choices for the functions « (e) and S (e): (i) « () = v and
B (€) = €/, for some 0 < vy < 1, and (ii) « (€) = B (e) = /€.

Similarly, the partially spoiled independent contamination model (PSICM)
can be defined by assuming that there is a certain probability « (e) that the
case is fully spoiled (as in the FDCM), but otherwise the cells are independently
contaminated with probability 5 (¢). That is,

P(By = by, ...

P(By = by, ...

In this case we assume that « (€) and 3 (e) are of order O (e) [ that is, « (¢) /e —
Ky > 0and B(e) /e > Ko > 0 as € — 0 ]. Again, to fix ideas we take a (€) =
€/ (2—¢€) and B () =¢/2.

In all the models described above the choices of the functions « (¢) and g (€) in
PCICM (i) and (ii) and PSICM are such that the probability of contamination of
asingle cell is P (B; = 1) = e for all 4. In the less obvious case of PSICM we have
PBi=1)=a(e)+(1—a(e)pfe) =€¢/(2—e)+(1—€/(2—¢€))(e/2) = .
Therefore, meaningful sensitivity analysis can be performed by letting ¢ — 0.
Another important simplifying feature of these contamination models is that
the probability that a case has exactly k& contaminated cells is the same for all
possible configurations. These probabilities - denoted &y, (¢) and summarized in

By by = 2O+ 1 -a@)BE", i bi =
T T 1 —a(@) BOE (1= B()TE Y v b <

d
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TABLE 1
Probability 6y, of exactly k contaminated cases for the different contamination models.
FDCM FICM PCICM (i) PCICM (ii) PSICM
d —
b0 | 1-e | a=9? | 1-9+9(1-25)" |1-vervei-vol | a-9(-5"
d—1
51 0 e(1—e)! e(1-= c(1—yo)“t (5)(1—e)(1-5)*?
2 d—2 _ _
52 0 | ea-972 | 4(5) (1-%) A=V | (5)a-90-9""
T—T : —
saa | 0 | eta-o | 2(9) (1-%) el/2 (1 - /e) (§) -9
d
54 e ed 7 (£) ((d+1)/2 = 1ra-9(5)"

Table 1 - have an important role in the derivation of the generalized influence
function defined below. Note that, for all the considered models except FDCM,
01 =0 (e) and 6; =0 (€) for 1 < i < d.

3. The Influence Function

The influence function (IF) is a key robustness tool. The IF of robust multi-
variate location estimates has only been defined under the classical FDCM. We
wish to extend the definition so that it can be derived under other contamination
models.

To fix ideas, we consider the class of M-estimates of multivariate location (see
e.g. Tatsuoka and Tyler, 2000) defined as

p(H)

arg min Ey {pld*(X,m,S(H))]} (3)

where
(X, m, %)= (X-—m) 27 (X —m)

and ¥(H) is a Fisher consistent, preliminary or simultaneous, estimating func-
tional of multivariate scatter. In Lemma 3 of the Appendix we show that when
X has an elliptical distribution, then p(H) is Fisher consistent under mild reg-
ularity conditions. Moreover it is easy to show that u(H) satisfies the first order

condition:
Ex {¢[(X, p(H), 2(H))] (X - p(H))} = 0 (4)

where 1) = p’. Note that equation (4) is satisfied by large classes of estimators
for multivariate location such as M-estimators (Maronna 1976), S-estimators
(Davies 1987, Lopuhaé 1989), CM-estimators (Kent and Tyler 1996), MM-
estimators (Tatsuoka and Tyler 2000, Tyler 2002), and 7-estimators (Lopuhad
1991).

Suppose that, when there is no outlier contamination, we observe a vector
Y with distribution Hy given by (1). Consider a family of distributions G, of
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(By,...Bg) such that P(B; = 1) = ¢, and let z = (z1,...,24) € R be fixed. The
distribution of the contaminated vector

X = (I- B)Y + Bz,

where (Bj, ...By) has distribution G, and Y has distribution Hy will be denoted
by H(e,z). Then the influence function of the estimating functional pu(H) given
in (3) for the contamination pattern G. is defined by

IF (1,7) = < p(H(e,7) N (5)

Observe that H(e,z) and IF(u,z) also depends on the family of distributions
G and on Hy but we do not make this dependence explicit in our notation.
Suppose now that under G, we have that P(By = j1,...Bq = ja) = 0x(e),

d
where k = > j;. Let us write
i=1

g(Hm,Y) = Ey {¢ (*(X,m,%)) (X -m)}. (6)
Following from (4) we have that
g(H(e,2), u(H (e,2)), S(H (e, 7)) = 0

or equivalently

do (€) g(Ho, u(H (€,2)), X(H (e, 2))) +

d

D k()Y g(H(I,2), p(H(e,2)),S(H (¢,2))) = O (7)
k=1 I€T,

where T, = {I = {i1,.,ix} : 41 < ... <ig, 1 <k <d} and where H(I,z) is

the distribution function of X =(X7,...X,) where X; = z; if t € [ and X; = Y;

if i ¢ I . In particular, Zg = {{1,2,...,d}} and H({1,2,...,d},z) =J,, a point

mass distribution at z.

To calculate the influence function (5) by differentiating (7) at e = 0, we
assume that the functional X(H) is Fisher Consistent at the core model Hy (so
Y(H (0,2z)) = Yo ) and that X(H(e, z)) is differentiable with respect to € at
e=0.

First, note that

9(Ho, p(H (e, 2)), X(H (€, 2)))| o = 9(Ho, pt0,¥0) = 0. (8)

In the Appendix we show that under elliptically symmetric distributions,

SeolHo,p(H(e.2)) S(H(e.2))| = ~AuTF(p.z) )
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where Ay is a constant which does not depend on p and Xy. The last three
equations set the stage for the derivation of the IF of p under the different
contamination frameworks considered in the previous section.

From Table 1, under the FDCM, we have ¢; (¢) = 9} () =0fori=1,...,d—1
04 (€) = € and 6/, (0) = 1. Therefore, using (8) and (9) we obtain

)

~-9[H(e,2), 1(H(e,2)), 2(H (e, 2))] = walF(,u, z) + 9(Agz, o, Xo) = 0,
e=0

where A, is a point mass distribution at z, and so
1 1
IF(M; Z) = Tg(sz Ko, ZO) = Tw (dz(za Ho, Z0)) (Z - MO) . (10)
p »

Also from Table 1 we have that under FICM, and PCICM (i) and (ii), do (0) =
01 (0) =1, 61 (0) =0, and ¢; (0) = d;(0) = 0 (for ¢ > 2). So, under FICM, and
PCICM (i) and (ii), we have

0

g [H(e.2), u(H (e, 2)), S(H (e, )

d
= _AlbIF(/J/a Z)+Z g(H (Ikvz) s 1O, 20)
e=0 k=1

where I, = {k}. Therefore, under these three contamination models

d
1
IF = — (1 >0). 11
w,z A kz ksZ) 5 1o, 0) ( )

In the case of the PSICM, &, (0) = 1, 67 (0) = 6, (0) = 1/2, and J; (¢) = o (e)
(for 2 <4 < d —1). Therefore, under this contamination model we obtain

29 H (e, 2), u(H (e, 2)), 5(H (e, 2))]| = —AyIF(u,2)+

e=0

d
1
5 [ZQ Ik» ,U/OaEO) +g(Aan’0720)‘| = Ov

which yields

161 2) = - (12

d
ZQ(H (Ik,Z) y KO, ZO) + g(sz,u07 ZJO)
k=1

Remark 1. It is worth noticing that under all the considered models the corre-
sponding influence functions can be interpreted as directional (Gateaux) deriva-
tives. It is well known that in the FDCM case the derivative is in the direction
of Az, a point mass distribution at z. In the case of FICM, and PCICM (i) and
(ii), the derivative is in the direction of

ISR
M&

IkH
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where H (I, z) is the distribution of the random vector Y ~ Hy but with its
kth component replaced by the constant z. Finally, in the case of PCICM, the
derivative is in the direction of the mizture

1 d
AerdZH(Ik,z)].

k=1

1
2

To illustrate the influence functions we consider the case where Y is bivariate
normal with mean zero, variance 1 and correlation r and use the M-estimator
based on Tukey’s bisquare loss function with ¢> = 6. From Figure 1 we see
that the influence functions are fully redescending for FDCM (panel a) as is
well-known. However, for FICM the influence functions are not redescending
(panels b and c). Therefore, a vanishingly small fraction of large coordinatewise
contamination may have a persistent influence on the location M-estimate. Since
FICM is not affine equivariant, as discussed further in the next sections, the
influence function changes with the amount of correlation as illustrated in panel
¢ where r = 0.9. Contrary to the classical contamination case, this change is
not just a linear transformation by Z(l)/ ?_ Note that if 7 = 0 the components are
almost solely influenced by contamination in the corresponding component while
in the correlated case they are influenced by contamination in both components.
To compare, we also consider the coordinatewise Tukey bisquare M-estimator.
Figure 2 shows the influence function of the coordinatewise M-estimator. This
influence function is the same under FDCM and FICM and does not change
with correlation. Note that the components of the coordinatewise M-estimator
are only influenced by contamination in the corresponding component as can be
expected. Moreover, the influence function of the coordinatewise M-estimator
resembles the influence function of the bivariate M-estimator under FICM with
r =0 (Figure 1b).

To investigate the combined effect of correlation and a small fraction of con-
tamination we calculated the gross-error sensitivity for FDCM and FICM for
several values of r. Figure 3 shows that the gross-error sensitivities for the
FICM coordinatewise contamination and the FDCM structural contamination
are similar for low correlation. However, for high correlation, structural outliers
have a high effect while coordinatewise contamination has a very small effect on
the bivariate location M-estimator. Note that the GES for the coordinatewise
estimator is independent of r.

Figure 4 shows the effect of the dimension d on the GES of multivariate
location estimators under FDCM and FICM (derived from (10) and (11) re-
spectively), when the core model is multivariate standard normal. We com-
pared the affine equivariant multivariate S-location estimator with Tukey loss
function and the corresponding coordinatewise S-estimator. Under FDCM the
truncation parameter in the Tukey bisquare loss function determines the break-
down point of the S-estimator (see e.g. Lopuhaéd 1989). For the multivariate
location S-estimator we have chosen the value of the truncation parameter that
yields a 50% breakdown point under FDCM. Similarly, for the coordinatewise
S-estimator we have selected the value of the truncation parameter that yields a
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50% breakdown point for each coordinate separately. Note that FDCM severely
underestimates the influence of a vanishingly small fraction of contamination
when d is large. The coordinatewise estimator has the same GES under FDCM
and FICM and considerably smaller GES than its multivariate counterpart un-
der FICM.

4. Propagation of Outliers

FDCM is translation-scale equivariant and affine equivariant. Therefore, if a ran-
dom vector X follows this model, then an affine transformation X =AX+b
will also follow the model, for any invertible matrix A and vector b. In par-
ticular, if X has a probability ¢ of contamination, the same probability holds
for X. On the other hand, the independent contamination model is not affine
equivariant. In fact, suppose that the random vector X follows the FICM and
A is an invertible d x d matrix, then the transformed vector

X =AX+b=AI1-B)Y + ABZ +b

is in general different from (I-B)AY + ABZ + b, unless AB = BA (i.e. A is
diagonal). Therefore, X does not follow the independent contamination model.

The lack of affine equivariance of FICM causes a phenomenon that we call
“outlier propagation”. FICM assumes that each column in the data table con-
tains an average fraction € of contamination. Since affine transformations linearly
combine the columns, the independent contamination property is lost.

To illustrate this, we generated a small two-dimensional data set of size n =
20. Both components come from a standard Gaussian distribution and we added
independent contamination to each component with a contamination probability
of 30%. The contaminated data come from a Gaussian distribution with mean
10 and variance 1. Histograms of the original components X; and X» are shown
in the top panels of Figure 5. Both histograms show a clear majority of clean
data with approximately 1/3 of outlying points on the right. The thick vertical
lines indicate the medians, 0.22 for X; and 0.95 for X5. The medians are slightly
affected by the heavy contamination but still summarize well the majority of
the data. Now, we consider an affine transformation: L; = 0.64X, +0.77X5 and
Lo = 0.78X; + 0.62X,. Histograms of the components L; and Ly are shown
in the bottom panels of Figure 5. From these histograms it is clear that both
components now contain a majority of contaminated cells and hence do not
satisfy FICM with 30% contamination anymore. In fact, we have three distinct
groups in each dimension consisting of 49%, 42% and 9% of the data. Note that
the medians of L1 and Ly no longer reflect the location of the clean data.

Data following FICM and other non-affine equivariant versions of model (2)
can severely upset standard, affine equivariant robust procedures. To illustrate
this, we consider the following example. We generated 100 observations from
a 15 dimensional standard Gaussian distribution and added independent con-
tamination to each column with a contamination probability of 15%. The con-
tamination is obtained by adding a constant value. Propagation of outliers can
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have a devastating effect on affine equivariant robust estimators as illustrated in
Figure 6. In this Figure we varied the size of the contamination constant from 0
to 100. We calculated the multivariate location of the data using (i) Minimum
Volume Ellipsoid (MVE), (ii) Minimum Covariance Determinant (MCD) both
proposed by Rousseeuw (1984), (iii) sample mean, (iv) coordinatewise median,
and (v) Stahel-Donoho estimator independently proposed by Stahel (1981) and
Donoho (1982). We plotted the maximum of the entries of the location esti-
mate against the size of the contamination. Note that both MVE and MCD
increase without bound. The Stahel-Donoho estimator as implemented in Splus
increases even faster and crashes when the contamination constant exceeds 7.
The behavior of the three affine equivariant robust estimates shows clear signs of
breaking down. Not surprisingly, so does the sample mean. On the other hand,
the coordinatewise median is hardly affected by the outliers in each component.
This example clearly shows that robust affine equivariant methods are not ro-
bust against propagation of outliers. (A more rigorous treatment of this claim
will be given in the next section.) Hence, these methods are not well suited
for situations where the contamination regime operates on individual variables
(columns) rather than individual cases (rows).

5. Affine equivariance and independent contamination

For simplicity we will keep the Section 3 assumption that the marginal proba-
bilities of a contaminated cell are equal for all components, that is P(B; = 1) =
-+« = P(Bg = 1) = e. However, with obvious modifications the results hold for
the general case as well.

For each distribution Gy on R with finite first moment, let Gy, (Go) be the
set of distribution functions G' on R? with marginal distributions which are all
stochastically larger than Go(z — h). For each § > 0 set

Fsn (Go) ={H = (1/2—8)Ho+ (1/2+ )G, G € Gy, (Go)}

Definition 1. Let T = (T1,...,Tq) be an equivariant multivariate location esti-
mating functional on R®. We say that T is 6—consistent at infinity, when the
central model is Hy, if for any distribution Gy

lim inf T;,(H) =400, 1<i<d.
h—oo HEFs 1(Go)

In other words, § -consistent estimates have the property that if at least 1/246
of the mass goes to infinity for all the coordinates, then all the coordinates of the
estimate go to infinity too. Note that d2 > §; implies Fs, n (Go) C Fs,,n (Go) ,
thus if T is 01— consistent, then it is also do— consistent.

Let us introduce the following notation. Given a distribution Hy on R? de-
note by F! its FICM contamination neighborhood of size € that contains all



Algallaf et al./Propagation of Outliers in Multivariate Data 11

the distributions of X = (I-B)Y 4 BZ where Y,B and Z are independent,
Y has distribution Hy, B is a diagonal matrix where the diagonal elements
Bi, ..., By are independent Bernoulli variables such that P(B; = 1) = € and Z
has an arbitrary distribution H*. We denote by FP its FDCM contamination
neighborhood that contains the distributions of the form

H=(1-¢Hy+eH"

where H* is arbitrary.

We can now define the breakdown point under FICM, ef;cr, of a multivariate
location estimator T (H) as the smallest probability € of contamination in each
of the components that is needed to make ||T (H) || arbitrary large. That is,

epiom (T, Ho) =inf{e > 0; sup ||T(H)|| = +oo}.
HeF!

Theorem 1 shows that the FICM breakdown point of any equivariant estimate
of location which is d—consistent at infinity under a FICM model is at most
1-—(1/2- 5)1/d. Hence, if ¢ is independent of d, the FICM breakdown point
tends to 0.

Theorem 1. Let T (H) be an affine equivariant multivariate location estimator
which is §-consistent at infinity for the central distribution Hy, with finite first
moments. If

e>e=1—(1/2—8",
then
sup ||T (H)|| = +oo.
HeF}
Hence,
eron(T, Ho) <1—(1/2 = 5)/7.

Proof. Consider the linear transformation U =AX with

A=
11 - 2

Note that A is invertible since its eigenvalues are 2 with multiplicity one and 1
with multiplicity (d —1).

Let Hy, € F! where € > ¢y and Z ~ 6}, with d;, the point mass at (h,...,h) €
R?. Tt follows that with probability (1 —€)¢ = 1/2 — §*, with §* > § the vector
X comes from Hp, and thus with probability 1/2 4 §* at least one component
of X is equal to h.

Let H, n and ]EIO be the distributions of U when X has distribution Hj; and
Hj respectively. Then

Hy = (1 —6%)Hoy + 6*Gy,
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where G}, is the distribution of U when X has distribution Hj, conditionally on
Zle B; > 0. Therefore all the marginals of G}, are stochastically larger than

Go(u— h) where Gy is the distribution of —2 Z?Zl |Y;| with Y ~Hy. Since T is
&*-consistent at infinity, we then have

lim ||T (ﬁh) || = +o0.
h—o0
Since A is invertible and T is affine equivariant,
lim ||T (Hp)| = lim HA*lT (Hh> H — 400,
h—o0 h—o0

proving the theorem. O

It is obvious that a scatter estimate breaks down whenever the multivariate
location estimate it is using to center the data breaks down. Therefore, although
Therorem 1 is stated for multivariate location, it has clear implications for the
companion scatter estimates. The following lemma will be used to show that
many of the well-known affine equivariant robust estimators of multivariate
location are d-consistent at infinity.

Lemma 1. Suppose that T(H) is location-scale equivariant and can be repre-
sented as a weighted average, that is, it can be written as

T(H) = Ep(Xw(H,X)). (13)

where the weight function w(H,x) satisfies: (i) w(H,x) > 0, (ii) there exists
K such that w(H,x) < K and (iii) there exists n > 0 such that Py (w(H,x) >
n) > 1/2 — § for some Jp > 0. Then T is d—consistent at infinity when the
central model distribution Hy has finite first moments, for all § > §g.

Proof. Suppose that T(H) is not d—consistent at infinity for some ¢ > dy. Then
there exists a distribution Gy on R, with finite first moment and a sequence
of distributions G}, with marginals Gp;(x;) < Go(z; — h), such that if we call
Hy = (1/2—-968)Ho + (1/2+ §)Gh, then T;(Hy) < c for some ¢, for all h > 0. Let

Hi (x) = H, (\/ﬁx) — (1/2 - §)H, (\/ﬁx) 4 (1/2 4+ 6)C (\/Ex) .
Then, by scale equivariance of T(H)
Ty(H;) < c¢/Vh =0, as h— oco. (14)

Observe that My, (x) = Hy (\/EX) converges weakly to the point mass distri-

bution at zero, as h — oo.
Moreover

T;(Hy) = (1/2 — 5)/miw(H,’i,x)th(x) + (1/2+5)/$iw(H,’:7x)dGZ(x),
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where G}, (x) = G}, (\/Ex) . Since w(H},x) < K and Eg, (|X;|) < oo, we have

<K/|$Z|th K/

On the other hand, if Ay = {x =(z1,...,2q) : ; > h, 1 <i < d} then

Ty

‘/x, w(Hy, x)dMp(x) dFy(x) - 0, as h— oo.

Jim Pe; (4,5) =1

and therefore
Py (Ay) 2 1/2+6.

Note that by assumptions (iii), Py (w(Hjy,x) >n) > 1/2 — dg. Set
B = A ;0 {x:w(H,,x) >n},
then
hhl& Pp+ (Br) > hm Ppr ({z :w(Hp,x) >n}) — hler;O Py (A%)

21/2—50—(1/2—5)

Since limy, o0 Py, (Bp) = 0, we have

0<d—06p < lim Pp- (Bh) = (1/2 — (5) lim PM} (Bh) + (1/2 + (5) lim Pg+ (Bh)
h—00 h h— 00 ' h—o00 n
h—o00 h

Therefore,
Jm Fe; (By) 25 = (5 —0)/(1/2+9).
Then
lim [ z;w(H},x)dGE(x) > Vhn lim dG7 (x) + lim x;w(Hy, x)dGr (x)
h— o0 h—o00 B h—o00 ;<0

= vhy hm Bth*( x) + hm <0f (Hh’\/ﬁ> dGp(x)

“LdG(x).
(15)

> .
Vhn ILH;O Bth n(x )+Khli>nolo <0f

Now, regarding the first term we have of the right hand side of (15) we get

n lim vVh [ dGi(x)=n lim VhPg: (By) > yn lim Vh = . (16)
h—o00 By, h—o00 h h—o00
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Regarding the second term, first note that the distribution of z; (x; < 0) under
Gj, (x) is also stochastically larger than the corresponding distribution under
Go (x — h) . Then, by the change of variable y = z —h, and using this stochastic
inequality we have

/wi<0xidGh(X)Z/ xidGo(xih)/yKh (yi + h) dGo ()

x; <0

:/ y;idGo (y;) + h/ dGo (i) - (17)
yi<—h

yi<—h

The first term is uniformly bounded as follows

/ yidGo (yi)
yi<—h

The second term tends to zero because G has finite first moments and so

< / il dGio (1) < / il dGo (i) < 00, (18)
Yi <—

— 00

h/ dGO (yz) = hPGo (yz < 7h) — 0. (19)
yi<—h

By (16) the first term in (15) tends to +o0o. By (17), (18) and (19) the second
term in (15) is uniformly bounded. Therefore,

lim T; (Hy) = lim [ z;w(Hj,x)dG},(x) = +oo,

h—o0 h—o0

contradicting (14). O

In the next section we will show that many well-known affine equivariant high-
breakdown estimators of multivariate location are d-consistent for any ¢ > 0.
Table 2 shows the fraction € of contamination that must independently affect
each of the variables to break down such estimators. We see that for higher
dimensions (d > 10) a small amount of contamination in each variable suffices
to make standard affine equivariant high-breakdown estimators useless.

TABLE 2
Minimal fraction of independent contamination that causes breakdown of d-consistent,
affine equivariant estimators.

dimension
1 2 3 4 5 10 15 20 100
e | 050 0.29 0.21 0.16 0.13 0.07 0.05 0.03 0.01

5.1. Examples of d-consistent at infinity estimators

Sample mean. A simple example is the sample mean which satisfies (13)
with weights w(H,x) = 1, hence the assumptions of Lemma 1 hold.
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Coordinatewise median. Another simple example is the coordinatewise
median. Although this estimator does not satisfy the assumptions of Lemma 1,
a simple argument shows that it is d-consistent at infinity for all 6 > 0. Using the
notation introduced in the proof of Lemma 1, we have that Pg, (X; < Vh) — 0
and so

Jim [(1/2 — 8)Hoi (V) 4 (1/2 4 8)Gri(Vh)] < 1/2.

Therefore, limy,_, o Med(F}p;) = co. Note, however, that the coordinatewise me-
dian is not affine equivariant and thus Theorem 1 does not apply in this case.
Next we show that several well-known affine equivariant high-breakdown
point estimators of multivariate location are d-consistent at infinity.
Minimum Covariance Determinant. The Minimum Covariance Determi-
nant estimator (MCD) of multivariate location introduced by Rousseeuw (1984)
is defined as a scaled weighted mean Ty cp(H) with weight w (x, H) equal to
1/2 if x belongs to a subset A* C R? and is zero elsewhere. Let us denote by

[, xdH (x)

HA)="~—--
the mean associated to any subset A C R%. Then, the subset A* is selected such
that its covariance matrix X(H, A*) = [,. (x — u(H, A*))(x — p(H, A*))' dH (x)
has smallest determinant among all subsets A such that Py (A) > 1/2. Therefore,

Tuep(H) = E(w (X, H) X),

where IPa(AY) it A
- 1/Pg(A*) if xecA*
“’(X’H){ 0 it x ¢A”.

Clearly, the weights are nonnegative and bounded. Moreover, since 1 < w (x, H) <
2 for all x € A*, we have that P(w(H,x) > n) > 1/2 — §, for any n < 1 and
6o > 0. Then T ;o p satisfies the assumptions of Lemma 1 and is d— consistent
at infinity for any 6 > 0

S-estimators. S-estimators of multivariate location and scatter (T(H), S(H))
are defined as follows. Consider a function p: R — R™ that satisfies the follow-
ing assumptions:

Al. pis even, bounded and nondecreasing on [0, 00) with p (0) = 0. Without
loss of generality we will take p (c0) = 1.

A2. p is differentiable, ¢ (t) = p’ (¢) is differentiable at 0, and u (t) = v (t) /t
is non-increasing on [0, 00). We will also assume that p(u) < 1 implies ¢ (u) > 0
Then (T(H),S(H)) is defined by the values (u, X) satisfying

(T(H),S(H)) = argmindet(X)

(7))

subject to
Eu(p(d(x, 1, 5)/50) = b.
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When the central model is multivariate normal, one often uses so = V/d,
b=F (p (\/V/so)) with V' ~ X?l' The asymptotic breakdown point of these
estimates is min {b,1 — b} .

It can be shown (see for example Davies (1987)) that if p is differentiable
with ¢ (t) = p’ (t), then T(H) satisfies the following equation

T(H) = By (w (X, H) X) (20)
with (d(x, T(H), S(H))
w % ) = (X, T(H), S(H))) ()
and
o) = LG T, 50 )

d(x,T(H),S(H))

Lemma 2. Suppose Al and A2 are satisfied. Then the weight function w (x, H)
associated with the S-location estimate T (H) with b = 1/2 satisfies assumptions
(i), (ii) and (iii) of Lemma 1, for any ¢ > 0.

Proof. The weights w (x, H) in (21) are clearly nonnegative. Moreover, u(t) is
bounded because by assumption (A2), u(t) < u(0) = ¥'(0) = k < co. By the
definition of the S-estimate, we have

5 = Bi (p(d(x, T (H) 8 () /50)). (23)

For any 0 <t < 1, let
By = {x: p(d(x, T (H) , S (H))/s0) < ¢}

Tt follows from (23) that

1
3 2/ p(d(x, T (H),S(H))/s0)) dH(x) = (1 — P (By))t
(Bt)e
and so 1
P(B)>1— —. 24
(B) 21— (24
Let tg be such that ) )
1—%25—507 (25)
that is,
to = 1
7 1428,

Note that 0 < §p < 1/2 implies that 1/2 < t5 < 1. Moreover, combining (24)
and (25) yields

P (By,) > 5 = do- (26)
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Let 79 = p~! (to), then we can write
By, = {x:d(x, T (H),S(H))/so <70}

Then, by the monotonicity of u () we have that for all x in By, u(d(x, T (H),S (H))/so) >
u(ro). Put ¢ = u(rg),since 1/2 < ¢y < 1, using the assumption that ¢(u) > 0
when p(u) < 1 we obtain that ¢ > 0. Then we can write

uw(d(x, T (H),S(H))/so) > ¢, forxe By,
and then
k> E(u(d(X, T (H),S (H))/s0)) = (P (Bt,) > (/4.

Therefore, w(x, H) < 4x/¢ for all x and w(x, H) > (/k for x € By,.Together
with (26) this means that assumptions (i)-(iii) of Lemma 1 are satisfied. O

Remark. Although the Minimum Volume Ellipsoid (MVE) is an S-estimator,
it doesn’t satisfy assumptions Al and A2. However, a simple reasoning shows
that MVE would break down under independent contamination. The multivari-
ate location MVE estimate minimizes the median of the Mahalanobis distances
using a scatter matrix that yields the ellipsoid of smallest volume containing
50% of the data. If the MVE scatter matrix diverges, the whole MVE procedure
breaks down. So, we can assume without loss of generality that the scatter ma-
trix remains bounded. Since the median Mahalanobis distance must be largest
than the smallest distance to points from G}, the MVE location must accom-
modate such points and therefore must tend to infinity when A tends to infinity.

T-estimates. Lopuhaé (1991) introduced 7-estimates of multivariate loca-
tion as follows. Given p and ¥ with det(X) = 1, find s(u, X) such that

Then, define

(1, ) = 5% (1, 2) Enr[p2(d(x, 11, 2) /(. 2))].
The T-estimates of location and scatter (T(H), S(H)) are defined by

(T(H),S(H)) = arg%liéldet(E) subject to 7%(u, X) = 72,

where 79 is chosen so that S(H) is consistent for some given function h, for
example the function A corresponding to the multivariate normal distribution.

We assume that both p; and po satisfy assumptions (A1) and (A2). Further-
more, we assume
A3. (a) ¢1(t) = p(t) > 0 implies that ¥ (t) = ph(t) > 0.

(b) p2 is continuously differentiable and 2p5(t) — 12(t)t > 0.

It can be shown that T-estimates satisfy (20) and (22) with

Y(t) = Wi (t)ab1(t) + a(t) (28)
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where Wy () > 0 and bounded for all H provided (A3)b is satisfied. Then as-
sumptions (i) and (ii) of Lemma 1 follow directly. Assumption (iii) holds as well
because the T-estimator of multivariate location satisfies equation (27) which
corresponds to equation (23) in the proof of Lemma 2. Similar arguments as in
Lemma 2 can then be used to show that there exists a bounded, closed set B
with P(x € B) > 1/2—06 and ¢4 (d(x, T(H), S(H))) > m for all x € B and some
71 > 0. It follows from assumption (A3)a, the compactness of B, and the conti-
nuity of 1 that also ¢2(d(x, T(H), S(H))) > 19 for all x € B and some 75 > 0.
Therefore, we obtain from (28) that for all x € B, ¥(d(x, T(H),S(H))) > n2.
Note that the set B is bounded and closed because it is of the form
B, ={p(d(x,T (H),S(H))/s0) <t} with 0 < ¢ < 1. If ||x|| = oo, then also
d(x, T(H),S(H)) — oo which implies that p(d(x,T(H),S (H))/so) — 1. The
set is closed because of the continuity of p;.

6. Concluding Remarks

FDCM assumes that the majority of the cases is clean and follows the under-
lying model. Robust methods developed for this model exploit the fact that
the fraction of clean cases remains constant under affine transformations and
concentrate on identifying and downweighting the minority of outlying cases. In
fact, the maximal breakdown point of any affine equivariant robust estimator
can not exceed 50% as shown by Lopuhaé and Rousseeuw (1991). On the other
hand, in Section 4 we have shown that the fraction of outlying cells in FICM
can drastically change under affine transformations. Consequently, data follow-
ing FICM and other non-affine equivariant versions of model (2) can severely
upset standard robust procedures, as demonstrated in Section 5.

Protection against outliers propagation can be achieved by using coordinate-
wise procedures such as the (coordinatewise) median that only operate on one
column at the time. However, a well-known weakness of coordinatewise meth-
ods is their lack of robustness against structural outliers. This type of outliers
can only be handled by robust affine equivariant methods. Therefore, we have a
trade-off between two robustness goals. One possible way to address this trade-
off is to apply robust affine equivariant methods to subsets of columns at the
time and combine the results. With larger subset size more protection against
structural outliers is assured, but less protection against outliers propagation is
obtained and vice versa.

Truly robust methods should be resistant against all kind of outliers, not only
rowwise (cases) contamination. A first attempt in this direction has been made
in the seminal paper of Croux et al. (2003) in the context of factor models. We
hope that a new generation of robust methods that are resistant against both
structural and independent outliers will emerge in the near future.
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Appendix A: APPENDIX
A.1. Derivation of (9)

Since g(Hy, 110, %) = 0 for all positive definite matrices ¥ and elliptically sym-
metric distributions Hy, we have that

0

EQ(HOMU'OaE) sos, = 0.
Hence,
O g(Hon(H(e,2), S(He.2)| = —g(HoS0)| o p(He2)
869 0, 1 €,2)), €,Z EZO_ a‘ug 05 My 240 o 56/1' €,Z o

We also have

= —2Eu, (¢ (@(y, o, £0)) (Y — p0)(Y = o)) S5 (30)

H=Ho0

- EHO (¢(d2(Ya Ho, Z0))]:

0
%Q(H07 s EO)

Let w = 281/2 (Y — p10). Then w has density given by (1) with ug = 0 and
Yo = L. Since w has a spherical distribution, it holds that

E@'([lwl*) ww') = éE(w'(HWH?) [[w][*)L. (31)
From (30) and (31) we get

0
7Q(H0,/.L720) = _A1/)I7
6’u H=Ho

where the constant Ay, = (2/d) E@ (|[w|[*) [|w]|*)+E (@ (||w][*)) is independent
of po and Xg. Finally, from (29) we get (9).

A.2. Fisher consistency of p(H)

The following lemma proves the Fisher Consistency of the multivariate location
estimate defined in equation (3).

Lemma 3. Suppose that (1) 3(H) is Fisher consistent, (2) p is non-decreasing,
continuous and strictly increasing at zero and (3) the function b in (1) is non-
increasing, continuous and strictly decreasing at zero. Then, u(H) is Fisher
consistent.
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Proof. We have to show that if Y has distribution given by (1) and p # uo,
then

E(p((Y — =g (Y = 1)) > E(p((Y — 10) 55 ' (Y — o).
It is enough to show this for the case p = 0 and Xy = I. Hence, we have to
show
E(p([Y = ull*)) > E(p([Y]]%)). (32)

Let Y be a random variable with density A(||y||?) (1o = 0, %0 = I). We start
by showing that for all z

P(IY =l <2) < P(|Y[]* < 2) (33)
and if pg # O there exists € > 0 so that for z < ¢ we have
P([Y = ul? < 2) < P(|Y]* < 2). (34)

Let Ay = {||]Y — p||? < 2}, A2 = {J[Y]|]? < 2}, B = A; N Ay.We have
vol(A;1) =vol(Asz) and vol(A; — B) =vol(As — B) where vol stands for volume.
To show (33) it is enough to prove that

[ e = [ i

2—B

Since h is non-increasing, this follows from the fact that A; — B C {||z]| < z}
and Ay — B C {||z|| > #}. Similarly using the fact that h is strictly decreasing
at 0 we obtain (34).

Inequalities (33) (34) and assumptions (2) and (3) imply that p(||Y — u||?)
is stochastically larger than p(||Y||?) and then (32) follows.
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Fic 1. Influence functions for Tukey bisquare M-estimator of bivariate location. Left panels
are for the first component, right panels are for the second component. Panel (a) FDCM;
Panel (b) FICM with r = 0; Panel (¢) FICM with r = 0.9.
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Fi1c 2. Influence functions for coordinatewise Tukey bisquare M-estimator of location. Left
panel is for the first component, right panel is for the second component.
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Fic 3. GES for Tukey bisquare M-estimator of bivariate location for different values of the
correlation.
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Fic 4. GES for Tukey bisquare M-estimator of multivariate location and corresponding coor-
dinatewise estimator.
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Numerical example:
Breakdown under 15% independent contamination

15

bias
10

contamination size

Fic 6. Affine equivariant, high breakdown point estimators try to identify outlying cases
and break down when more than 50% of the cases are contaminated which can easily occur
with small fractions of independent contamination in the variables when the dimension is
moderately large.



