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Oscillatory integrals
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submitted for publication in SINUM
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Gaussian quadrature rules
How to obtain

By replacing f(x) by the interpolating polynomial
f(x)=>_4(h)f(ch).
j=1
e nodescy,...,c, €[0,1]: ¢j = 26 — L with P,(¢;) =0
1
e weights by,...,b, : b :/ 4(t)dt
0

e order = 2v : the Gauss rule is exact if the integrand f(x) is
a polynomial of degree 2v — 1.
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Gaussian quadrature rules applied to I[f]

I[f] = /Ohf(x)eiwxdx

1]~ QS[f]=h>_bif(cih)e!o"
I=1
If the integrand oscillates rapidly, and unless we use a huge
number of function evaluations, the polynomial interpolation
underlying the classical Gauss rule is useless.
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Gauss rule applied to oscillatory integrands
Example : f(x) = exp(x) and h =1/10

/h exeindX B 14+ eh(1+iw)
0

1+iw
0.14
v=1
012 - _y=2H
v=3
0.1 / N 7T 7= v=a
P / \ / N / V=
- \ / \ =
0.08 J/ \ / < ‘ v ) V=5
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The absolute error in Gauss-Legendre quadrature for different
values of the characteristic frequency ¢ = wh.
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Asymptotic expansion

b

I[f] = f(x)e!“Xdx

S

= (1) —f(a)e=) — ]
( e“P _f(a) e“*’a)

iw)z (F'(b)el —1'(a) e2) +

E\HE\H

"

1
(iw)?

/-\

o0

i =-3 (—iw1)m+1 <P ()(b) — e'+2f(™)(a)]

m=0

Adaptive Filon rules

Conclusions
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Asymptotic rules

I[f] = /:f(x)e“"xdx

fn=-> (_iwl)m 11 €21 ™(b) — eaf (M) ()]

m=0

-1

QsA[f] _ Z m+1 |: iwa(m)(b) - eiwaf(m)(a)}

QA ~1[f] ~ O(w ™) w— +o

This asymptotic method is of asymptotic order s 4 1.

The asymptotic order gives us the rate at which the error
decreases with increasing w.
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Exponential fitting

M. VAN DAELE, G. VANDEN BERGHE AND H. VANDE VYVER,
Exponentially fitted quadrature rules of Gauss type for
oscillatory integrands, Appl. Numer. Math., 53 (2005),

pp. 509-526.

How to compute

/_11 F(t)dt

whereby F(x) has an oscillatory behaviour with frequency u?

I[f] = /Ohf(X)e“"de = ge”‘ /_tf(h(t +1)/2)edt  p= ‘%h
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Exponential fitting

x+h

E[F;x;h;a]:/

x—h

(put x = 0 and h = 1 to obtain ffl F(t)dt)

L[F;x;h;a] =0 for areference setof K + 2(P +1) +1 = 2v

functions
1,t,t%,..tK,

exp(Lipt), t exp(Lipt), t? exp(Lipt), ..., tP

In this talk we only consider the case P = v — 1.

Adaptive Filon rules
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exp(Liut)

Conclusions

F(z)dz —h> wF(x+8&h), & e[-11]
k=1
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1-node EF rule

/1 F(x)dx ~w; F(C;)

-1

1
/ exp(Fipux)dx —wq exp(+i€ipu) =0
1

wy = 2sin(u)/p €1 =0

I[f] = /Oh F(x)dx = /Ohf(x)exp(iwx)dx

uw=wh/2

iw

Conclusions
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2-node EF rule

1
/ Fx)dx ~ wy F(€1) +ws F(C3)
1

1
/ exp(Lipx)dx —wy exp(%i € pu) —woexp(£i € ) =0
-1

i
/ X exp(Lipx)dx —wy € exp(=£i €1 pu) — walpexp(+i € ) =0
1

Assuming w; = W, and €¢; = —C:

Wosi €0s(p€z) — sin(u) =0
W2Eop? sin(u€z) — sin(u) + pcos(u) = 0

QE°[1] = o [F (*‘(12+C2)> F (h(l;cz))] T
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2-node EF rule

W cos(uCz) —sin(u) =0
{ Wy Cop? sin(pu€y) — sin(u) + pcos(u) =0
If cos(u€z) # 0 then wy, = sin u/(ucos(uz))
G(€z) := (sinu — pcos pu)cos(uCy) — uty sin psin(ucy) =0

50

) 150
100
0 50
0 0
i -50
-100
-4 -150
0 05 1 % 05 1 200 05 1

% % %

Figure: G(xp) for u =5, n =50 and p = 200.
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Figure: The €,(u) and w(1) curve for the EF method with v = 2.
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3-node EF rule

61:1—C3 cC,=0 W1 = W3
T T T
0.8 %\
0.6 ) W3
|- 1 —
. | ---W,
04F i a
Al
02r ! .
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oF N T L e e e L =
‘\ I'
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n

rule

Figure: The €3(p), wi(p) = wa(u) and wa(1:) curves for the v = 3 EF

Conclusions



Exponentially fitted rules

[e]e]elele] ]

4-node EF rule

61:1—64 6221—63 W1 = Wy Wy = W3

l T T
0.8\/_/_/—’_’_'— |
L. —c
0.6F 77N, ‘1
\I C3
A}
e Wal
:\, - -W3
0.2 VTl 7
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Figure: Nodes and weights of the EF rule with v = 4 quadrature
nodes.
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Accuracy of EF rules

All EF rules reduce to the classical v-point Gauss(-Legendre)
method in the limiting case p = 0.

Thus for small ;2 : O(h?¥*1)

What about the accuracy for larger values of u = wh/2?

J. P. COLEMAN AND L. GR. IXARU, Truncation errors in
exponential fitting for oscillatory problems, SIAM. J. Numer.
Anal., 44 (2006), pp. 1441-1465.

for large p : O(u” ") with v = | (v — 1)/2]

v=1:0(w™? v=2,3:0(w?) v=45:0(w3)
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/_11 F(t)dt ~ /11 F (t)dt

F(t) € span{exp(=iut),t exp(Fiut), t? exp(xiut), . .., t7 exp(+iut)}

h ) h wh 1 h o
'[f]Z/ f(x)e"dx =e'2/ f(5(t +1))e' 2t
0 2 2
If 0 = i then I[f] = I[f] with f(x) € span{1,x,x?,...,x"" 1}

v(x) = F(x) — £(x) = 10(e00) T - )

j=1
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V() = F(x) — £(x) = 100 T )
j=1
|[f] _ /bf(x)eiwxdx _ i HUJW|_ [eiwa(m)(b) _ eiwaf(m)(a)}
a m=0

QT [f] —1[f] = 1[f] - I[f] = I[V]

— Z lw m+1 |: Iwbv(m)(b) _ eiwav(m)(a)}
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Suppose v is even

a<ec <cy<...<c,<b
Cj:a+)\j/w Cu—j—i—l:b_)\j/w jZl,...,I//Z

v/2

v ) =s()J[(x —b+A/w)  s(x)= MH(X —a—

vl
i=1

v/2

v(b) = s(b) [[(Ni/w) = O(w™/?)

i=1

Conclusions
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Proof

Cj:a+>\j/w Cl,,jJr]_:b—)\j/w jZl,...,I//Z

v/2 v v/2
v(x) =s(x)[J(x = b+ Xi/w) s(x):f(i(lx))H(x—a—)\j/w)
i=1 : j=1
v/2 v/2
V() =s(x) Y JJx=b+N/w)+s'(x) [J(x = b+ \/w)
k=1i#k i=1

v/2

V/(b) = S(b)w—l//Z—l-l Z H A+ O(w—zx/Z) _ O(W—V/Z—I-l)
K=1i4k
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Exponential fitting
v(b) = O(w™/?) v/(b) = O(w™/2*)
viW(b)=0(w™?*"), n=0,1,...,v/2 -1

viW@) =0(w /%), n=0,1,...,v/2—1

QU If] = 1 = 1[F] — 1[f] = 1[v]

= 1 iw iw
m=0
v/2—1 1

== X oM 0
m=0

_ O(w—u/Z—l) _ O(wL(V—l)/ZJ—u)

Conclusions
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Filon-type
L. N. G FILON, On a quadrature formula for trigonometric

integrals, Proc. Royal Soc. Edinburgh, 49 (1928), pp. 38-47.

Interpolate only the function f(x) at c;h, ... ,c,h by a
polynomial f(x)

v

I[f] ~ QF [f] = /Oh f(x)e"*dx = h > "by(ihw)f(cih)

=1

by (ihw) = /Olel (x)e!* dx

¢ is the Ith cardinal polynomial of Lagrangian interpolation.
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1-node Filon-type rule

I[f] = /Oh F(x)dx = /Ohf(x)exp(iwx)dx

Qff = PN

f(Cl h)

eihz,u -1

iw

QI [F]=1(h/2)

QEIf] = QEF ] iff ey =

Conclusions
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2-node Filon-type rule

I[f] = /Oh F(x)dx = /Ohf(x)exp(iwx)dx

If f is interpolated at ¢, h and ¢, h, then

i (e —1)cp —e) elv —1
( C-c)b  (@- cz>w2> fleuh)

i (e —1)cy —e') elv —1
’ ( )b (c- cl)w) flez h)]

QY [f] = Q5T [F] iff the same nodes are used

Q5[fl = h
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Accuracy of Filon-type rules

A. ISERLES, On the numerical quadrature of highly-oscillating
integrals. I. Fourier transforms, IMA J. Numer. Anal., 24 (2004),
pp. 365-391.

For small w, a Filon-type quadrature method has an order as if
w=0.

Legendre nodes : order 2v Lobatto nodes : order 2v — 2
For large w :

O(w™) ¢y >00rc, <1

F
QI =11~ {o(w—z) c1=0¢,=1
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Accuracy of Filon-type rules

Frer 111 O(w™) ¢;>00rc, <1
Q, [f] —I[f] {O(W—Z) ¢ —0.c, —1

Qf[f]—I[f]=I[f]—l[f]=|[v}
——Z oyt [V - vm()]

If (c1,¢,) = (0,1) then v(h) = v(0) =
= QU [f] - 1[f] = O(w7?).
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QF[f] = QEF[F] illustrated
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Figure: The errors in QT [f] = QEF[F] for f(x) =e*,h=1/10as a
function of ¢» = wh. The top graph shows the absolute error E, the
bottom graph shows the normalised error (wh)E.
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QF [f] and Q5F[F] illustrated

x10~° ‘ ‘

3k % |
25 U QZ:’) |

2 Q
15F R

ik i
osf S e e T

O e ‘ ‘ ‘ 7\‘ ‘ ‘ ‘ - ‘ - ‘ - “ E -

0 5 10 15 20 25 30 35 40 45 50

W=wh

Figure: The absolute error in some v = 2 Filon-type schemes for
f(x) = e*,h =1/10 and different values of wh.

Conclusions
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How to improve the accuracy of Filon-rules ?

e by using Hermite interpolation : asymptotic order p + 1 can
be reached where p is the number of derivatives at the
endpoints:

fO(h) =tO(h),fO©0) =fD(0),1 =0,...,p -1
QU If] —1[f] = O(w™™)

¢ by using adaptive Filon-type methods : allowing the
interpolation point to depend on w (is discussed later)

e by using nodes in the complex plane (=method of steepest
descent)
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Method of steepest descent

D. HUYBRECHS AND S. VANDEWALLE, On the evaluation of highly oscillatory integrals
by analytic continuation, SIAM J. Numer. Anal., 44 (2002) pp 1026-1048.

2.2

0.87

0.6
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Method of steepest descent

b .
/ f(x)e'“*dx
a
— e‘“’a/ f(a+ip)e‘“pdp—ei‘“b/ f(b +ip)e “Pdp
0 0

iwa poo iwb oo
_ / f(a+iq)e*qdq— © / f(b+iq)e*qdq
w 0 w 0

w w

This leads to the numerical evaluation of the two resulting
integrals with classical Gauss-Laguerre quadrature.

High asymptotic order is obtained : using v points for each
integral, the error behaves as O(w—2"1).
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Method of steepest descent

b .
/f(x)e"”xdx
a
iwa poo iwb 00
_ ¢ / fat+id)e9dg— & /f(b+iq)eqdq
w 0 w w 0 w

One ends up evaluating f at the points

- Xni Xni .

a+i—=, and b+i-2, j=1,..,n,
w w

where Xy, are the n roots of the Laguerre polynomial of degree

n

This approach is equivalent to using a Filon rule with the same
interpolation points.
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Adaptive Filon-type rules

Idea : combine best properties of EF and Filon quadrature

e EF

+ accurate for small w h since the method reduces to
Gauss-Legendre quadrature

+ good results for large w h since the nodes tend to the
endpoints (at a rate proportional to w=1)

- but : difficult to determine the nodes and weights for a given
w h (iteration needed and ill-conditioned)

e Filon
+ any set of nodes can be used
- there is no optimal set of nodes for all wh
e most accurate for small w h if the method is built on
Legendre nodes

e most accurate for large w h if the endpoints are included in
the set of nodes
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Adaptive Filon-type methods

091

0.8

0.7

0.6

051

04f

031

021

0.1r

S(y;rin) =

n_yn

1~ mrm

rn
1+ 1+4rn

Figure: S(x,r,1) and S(x,r,2) (dashed) forr =5 in [0, 20]

Conclusions
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Adaptlve Filon-type methods
cv=2:c1(¢Y) = Sh fsw 2m;1);c2(v) =1 —ca(v)

e v=3:c(¥) = mg“ﬁsw;sw; 1);c3() = 1 - ca(v))

- (Q;_A) 4
---c, (@)

0 5 10 15 20 c%l? 30 35 40 45 50

Figure: cy(¢) of the adaptive Filon method Q5 and c3(v) of the
adaptive Filon method Q5.
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Asymptotic analysis for Q5
¢1 =cth= 0'1(0.)) and ¢, =co,h=h+ O'z(w) with 0'1’2((4}) ~wl

Vi) = s —h—2)  sn0) = )

V/(X) = sp(Xx)+s(X)(x —h—o07)
Vi(x) = 2s3(x) +sp(X)(x —h —02)

v(h) = —sn(h)oz
Vi(h) = sn(h) —sh(h)o
v’(h) = 2s{(h)—s{(h)o>

Similar results for the other endpoint.
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Asymptotic analysis for Q5

Q51— 1111 = 1] ~ 3 sy [V ™) ~v(™(0)
m=0

Reordering for sp(h) = £ (¢4(x)), s,(h) = f (&, (x)), . ..
IV~ sn(h)e™ [Zj - wlz] +sp(h)e” [02 + 2] +...
+ 50(0) ﬁ; - wlz] +50(0) [Z;JFZ] +...

02 = —o1 With 01 5(w) ~ ™1 <= QF A[f] — I[f] ~ O(¢7?)
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A complex adaptive Filon-rule : Q5

Are there better options than choosing o, = —01?

Iv] ~ sn(h)e" ﬁj — wlz] + s (h)e' [Z; + Ijg] +...

+ s0(0) [f’l—wlz]+sg(0) [Z;+ 2]+...

iw iw3

Yes : Suppose o1 = 0z = i Jw = Q5 C[f] — I[f] ~ O(y3).

e _ [f(ih/y) — eiZf (o]

Conclusions
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Figure: The errors in some v = 2 Filon-type schemes for

f(x) = e*,h =1/10 and different values of w.

Conclusions
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Figure: The normalised errors in some v = 2 Filon-type schemes for
f(x) = e*,h =1/10 and different values of w.
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Error control for Q5

ih [f(ih/v) — et ((i + ¥)h/v)]
" )

Obtained by replacing f by interpolating polynomial f in nodes

ih/wandh+ih/w (for large ¥ : ~ 1)3)

Similarly : Qs',:‘C by replacing f by interpolating polynomial fin

nodesih/w, h/2 and h 4 ih/w (for large ¢ : also ~ 13 but

about 100 times more accurate)

QzF-C = 1 = wh.

(1 —e'¥)2h
W24+ u?)
(2-i)i) - @+t + D)+ @)

I[f] — I[f] =
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Figure: Error estimations for the Q5 and Q5 method applied on
the problem with f(x) = e*,h = 2.
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Figure: Error estimations for the Q5 and Q5 method applied on
the problem with f(x) = e*,h = 2.



Conclusions

Conclusions

Filon rules, EF rules, and steepest descent rules are built
up starting from different points op view, the basic
underlying idea is the same : f(x) is interpolated by a
polynomial.

Different choices can be made for the interpolation nodes.

A choice of the (complex) interpolation nodes can improve
the asymptotic behaviour of the quadrature rule.

Even better asymptotic behaviour is obtained if the nodes
are frequency dependent.

Cheap error estimation is possible.
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