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Exponentially fitted methods

Since about 1990, the research group of Guido Vanden Berghe at
Ghent University did a lot of work on EF methods.

n—2

#® interpolation g coswx + b sinwx + Z ¢; !
i=0

® quadrature (Newton-Cotes, Gauss)

® differentiation

#® integration (linear multistep methods, Runge-Kutta(-Nystrom)
methods for IVP and BVP, eigenvalue problems, ...)

#® integral equations (Fredholm, Volterra)

K

Aim : build methods which perform very good when the solution has a
known exponential of trigonometric behaviour.
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Exponentially fitted methods

® researchers involved at Ghent University:
Guido Vanden BerghdHans De Meyer, Jan Vanthournout,
Marnix Van Daele Philippe Bocher, Hans Vande Vyvafeerle
LedouxandDavy Hollevoet

® collaboration with L. Ixaru
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Linear multistep methods

A well known method to solve

/

v'=fly)  y@)=y. Y(a) =y,
Is theNumerov methodorder 4)

h2
Yt = 2Yn + Yn-1 = 35 (f (Yn—1) + 10 f(yn) + f(Yn+1))
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Linear multistep methods

A well known method to solve

/

v'=fly)  y@)=y. Y(a) =y,
Is theNumerov methodorder 4)

h2
Yt = 2Yn + Yn-1 = 35 (f (Yn—1) + 10 f(yn) + f(Yn+1))

Construction : impos&€|z(z); h] = 0 for z(z) = 1, z, 22, =3, z*
where
Llz(x);h] :==2(x+h) +apz(x) + a_1 z(x — h)
—1* (B1 2" (x + h) + Bo 2" (z) + B-1 2" (. — h))
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Exponential fitting

Consider the initial value problem
y' +wty=9@)  y@)=v. yla) =y,
If 19(y)| < |w* y| then
y(r) =~ a cos(wx + @)

To mimic this oscillatory behaviour, one could replace polynomials by
trigonometric (in the complex case : exponential) functions.
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EF Numerov method

Construction : imposé&|z(z); h| = 0 for

z(z) =1, z, 22, sin(w ), cos(w x)

Llz(x);h] :==2z(x+h) +apz(x) + a_1z(x — h)
—h* (812" (x + h) + Bo 2" (x) + -1 2" (z — 1))
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EF Numerov method

Construction : imposé&|z(z); h| = 0 for

2

z2(x) =1, x, z°, sin(wz), cos(w x)

Llz(x);h] :==2z(x+h)+apz(x) + a_1z(x — h)
—h* (812" (x + h) + Bo 2" (x) + -1 2" (z — 1))

Ynt1 — 2Yn + Un—1 =h> Af(yn-1) + (1 =2X) F(yn) + A f(Ynt1))

1 1

\ — _ 0:=wh
. 20 2
4 sin” 5 0
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EF Numerov method

Construction : imposé&|z(z); h| = 0 for

2

z2(x) =1, x, z°, sin(wz), cos(w x)

Llz(x);h] :==2z(x+h)+apz(x) + a_1z(x — h)
—h* (812" (x + h) + Bo 2" (x) + -1 2" (z — 1))

Ynt1 — 2Yn + Un—1 =h> Af(yn-1) + (1 =2X) F(yn) + A f(Ynt1))

1 111 1
_ N 02 + — 0%+ ... 0:=wh
n?? 02 12 T 510" Teos’ T “
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EF methods

Generalisation : to determine the coefficients of a method, we impose
conditions on a linear functional. These conditions are related to

® polynomials:
{zq=0, ..., K}

® exponential or trigonometric functions, multiplied with powers of
T
{29 exp(xpz)|lg =0, ..., P}

or, withw =i p,

{z? cos(wx), ¢ sin(wx)|q =0, ..., P}
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EF methods

Generalisation : to determine the coefficients of a method, we impose
conditions on a linear functional. These conditions are related to

® polynomials:
{zq=0, ..., K}

® exponential or trigonometric functions, multiplied with powers of
T
{29 exp(xpz)|lg =0, ..., P}

or, withw =i p,
{z? cos(wx), ¢ sin(wx)|q =0, ..., P}

Classical method P = —1
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Choice ofw

® |ocal optimization : based on local truncation error (Ite)
e.g. for the EF Numerov method

_ _ v ((6) 2 (4)
Y(@nt1) = Yot =~ (¥ (@a) + 02y D () + ..
(6)
2__y (xn)

w IS step-dependent
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Choice ofw

® global optimization

Preservation of geometric properties (periodicity, energy, ...)

M. VAN DAELE, G. VANDEN BERGHE, GEOMETRIC
NUMERICAL INTEGRATION BY MEANS OF EXPONENTIALLY
FITTED METHODS, APNUM 57 (2007) 415-435

Several means to give a valuedua

o backward error analysis
s linearisation : rewrite/” = f(y) asy” + w?y = g(y) with
9(y)| small
o Hamiltonian : minimize the leading term H,, .1 — H,
w Is constant over the interval of integration
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Obrechkoff methods

S

Nikola Obrechkoff (1896-1963)
Obrechkoff methods (OM)©1940 for quadrature
Milne : OM for solving diff. eq. :1949
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Obrechkoff methodsfor v = #(z, )

Two-step methods

m
| N | N
Unt1l — 2n + Y1 = » _h*’ (ﬁio Yy + 2 81y + Bio yy(»b_z)1>
i1
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Obrechkoff methodsfor v = #(z, )

Two-step methods

m
| N | N
Unt1l — 2n + Y1 = » _h*’ (ﬁio Yy + 2 81y + Bio yy(»b_z)1>
i1

Llz(x);h|:=2z(x+h) —22(x)+ z(x — h)

- Z o (@'0 2P (@ + h) + 281 2% () + Bio 2% (2 — h))
i=1

symmetric method L[z(z); h] = 0 if z(x) is odd
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Obrechkoff methodsfor v = #(z, )

Two-step methods

m
| N | N
Unt1l — 2n + Y1 = » _h*’ (ﬁio Yy + 2 81y + Bio yy(»b_z)1>
i1

Llz(x);h|:=2z(x+h) —22(x)+ z(x — h)

- Z o (@'0 2P (@ + h) + 281 2% () + Bio 2% (2 — h))
i=1

symmetric method L[z(z); h] = 0 if z(x) is odd
L[1;h] =0
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Obrechkoff methodsfor v = #(z, )

Two-step methods

m

| N | N
Unt1l — 2n + Y1 = » _h*’ (ﬁio Yy + 2 81y + Bio yy(»b_z)1>
i1

Llz(x);h|:=2z(x+h) —22(x)+ z(x — h)

- Z o (@'0 2P (@ + h) + 281 2% () + Bio 2% (2 — h))
i=1

symmetric method L[z(z); h] = 0 if z(x) is odd

L[1;h] =0
orderp <—= L|z%;h] =0,¢q=0,1, ..., p+1
L[xPT2; h)
_ +2, (p+2) +3 L )
lte = Cp_|_2 h? Yy P (xn) + 0 (hp ) Cp+2 — (p 4+ 2)] hp+2
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Two-step OM

1
® m=1.p=4,C5= ~540 (Numerov method)

Yn+1 — 2yn + Yn—1 =

h2
D (97(12421 +10y + yq(f—)l)
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Two-step OM

1
® m=1.p=4,C5= ~540 (Numerov method)

Yn+1 — 2yn + Yn—1 =

h2
(v, + 1052 + 52, )

12
59
9 =2:p=28,Cip =
" b 107 76204800
Yn+1 — 2yn + Yn—1 =
h” (11y() +230y@ 4+ 114P )
252 n+1 n n—1
h4

B 4 (@) (4) )
s (13%+1 626y + 13y\Y,
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Two-step OM

45469
® m=3.p=12,C14y = —

1697361329664000

Yn+1 — 2yn + Yn—1 =
h2

(229y§21—F73303ﬁ2)+-229ycn )

n n—1

-—-—@i—-(113f4> — 1422y 4 11y )
25960 \" 7 " e
h° (6) 6
197 484616 1 197 4© )
* 39951520 ( YUn+1 Un' + 120

method of ordep = 4m
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EF 2-step OM : the casen = 2

Yn+1 — 2yn + Yn—1 =
o <510 uiy + 28y + Buo yg—)l)

+h (520 ?Jf,(ﬁ1 +2 Ba1 ) + a0 yg—)l)
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EF 2-step OM : the casen = 2

Yn+1 — 2yn + Yn—1 =
o <510 uiy + 28y + Buo yg—)l)

+h (520 ?Jf,(ﬁ1 +2 Ba1 ) + a0 yg—)l)

® P=—1:{z% 2 2% 28}

313 13 115 11

b= 15199 PO = 50 T om PT o5
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EF 2-step OM : the casen = 2

® P=0:{z* z* 2°% coswa}

1 1 7

B10 30 B20 B21 0 + 5 B2 B11 5 + 12 B9

120 — 4 cos (0) 8% — 56 0% — 120 cos (0) + 3 64

P20 = =50 (12 cos (A) — 12 + cos (A) 62 + 5 62)
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EF 2-step OM : the casen = 2

® P=0:{z* z* 2°% coswa}

1 1 7

B10 30 B20 B21 0 + 5 B2 B11 5 + 12 B9

120 — 4 cos (0) 8% — 56 0% — 120 cos (0) + 3 64
12062 (12 cos (6) — 12 + cos (0) 6% + 5 02)

B2 = —

continuous coefficients

BZO

-0.007

10 20 30
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EF 2-step OM : the casen = 2

® P=1:{z° z* coswz, z sinwz}

1

5
51021—2—2520—2521 511=ﬁ+2520+2521

0°sin@ + 2 (cos O + 5) 0* + 48 (cos @ — 1) 62 + 48 (cos O — 1)?
12604 (03 sinf — 4 (1 — cos 0)?)
50°sin@ — 2 cos O (cosf +5) 0% — 48 cos O (cos — 1) 62 — 48 (cos§ — 1)?
12604 (03 sin — 4 (1 — cos 6)?)

B2o =

B21 =

Zaragoza, November 2007 — p.18/60



EF 2-step OM : the casen = 2

® P=1:{z° z* coswz, z sinwz}

1 5!
Pro=-5—2P0—20n  Pu=-5+200+20n
12 12
By = 0°sin@ + 2 (cos O + 5) 0* + 48 (cos @ — 1) 62 + 48 (cos O — 1)?
20 12604 (03 sinf — 4 (1 — cos 0)?)
oy — 50°sin@ — 2 cos O (cosf +5) 0% — 48 cos O (cos — 1) 62 — 48 (cos§ — 1)?
S 12604 (03 sin — 4 (1 — cos 6)?)
0.03
discontinuous coefficients
2 L
Lo A
~0.03 ‘ ‘ ‘
10 20 30
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EF 2-step OM : the casen = 2

2

® P=2:{2% coswz, zsinwz, ° coswa}

® P=3:{coswz, zsinwz, z° coswz, z° sinw x}
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EF 2-step OM : the casen = 2

> cosw )

® P=2:{z% coswz, zsinwz, z
discontinuous coefficients

® P=3:{coswz, zsinwz, ° coswz, z° sinw x}

continuous coefficients
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Stability of two-step OM

Unt1 — 2Un + Yn—1 = Zh” (@ 0y +2 By + By )1)
1=1

applied toy” = —\? y gives
Yntl — 2Rmm(u2) Yn + Yn—1 =0 vi:=MAh

1+ Z 5@1 7
1+ Z(—l)iﬂﬁio v’
i=1

Rmm(yz)
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Stability of two-step OM

Ynt1 = 2Yn + Yn1 —Zh”(ﬁz Yy + 2 By + Bio )1)
1=1

applied toy” = —\? y gives
Yntl — 2Rmm(u2) Yn + Yn—1 =0 vi:=MAh

1+ Z 5@1 7
1+ Z(—l)iﬂﬁio v’
i=1

The stabilitity functionR,,,,,, uniquely determines the method.

Rmm(yz) =
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Stability of two-step OM

Ynt1 = 2Yn + Yn1 —Zh”(ﬁz Yy + 2 By + Bio )1)
1=1

applied toy” = —\? y gives
Yntl — 2Rmm(u2) Yn + Yn—1 =0 vi:=MAh

1+ Z 5@1 7
1+ Z(—l)iﬂﬁio v’
i=1

The stabilitity functionR,,,,,, uniquely determines the method.
A method has thenterval of periodicity(0, 3) if
| R (V?)|<1 for 0 < v? < 1.

Rmm(yz) =
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Stability of two-step OM

Ynt1 = 2Yn + Yn1 —Zh”(ﬁz Yy + 2 By + Bio )1)
1=1

applied toy” = —\? y gives
Yntl — 2Rmm(u2) Yn + Yn—1 =0 vi:=MAh

1+ Z 5@1 7
1+ Z(—l)iﬂﬁio v’
i=1

The stabilitity functionR,,,,,, uniquely determines the method.
A method has thenterval of periodicity(0, 3) if
| R (V?)|<1 for 0 < v? < 1.
The method isP-stableif |R,,,,(v?)|<1 for all realv # 0.

Rmm(yz) =
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Stability of two-step OM

1
o mzl:p:4,C6:—%(Numerov) v =6

Yn+1 — zyn + Yn—1 =

h2
D (?JSL + 10y + 97(7,2—)1)
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Stability of two-step OM

59
76204800

Yn+1 — 2yn + Yn—1 —
h? 2) 2 2)
h4
15120

® m=2:p=8§,Cip= Vg:25.2

(13 g~ 626y + 13 y,ffjl)

0 25.2
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Stability of two-step OM

45469
1697361329664000

Yn+1 — 2yn + Yn—1 =
h2

7788

h4

25960 (
h6

(6) (6) (6) )
oo (1270, + 4846y + 127y,

9 7nm:Z3:p::12,CH4::—-

V2 = 55.60. ..

(22052, + 733032 + 22947, )

n n—1

+ 11 142243 —114W )

n+1 n n—1

1

0 ) 55.6062 Zaragoza, November 2007 — p.23/60




P-stable 2-step OM

Ananthakrishnaiah (1987)
iIdea : use some parameters to obtain P-stability.
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P-stable 2-step OM

Ananthakrishnaiah (1987)
iIdea : use some parameters to obtain P-stability.
m=3andm =4
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P-stable 2-step OM

Ananthakrishnaiah (1987)
iIdea : use some parameters to obtain P-stability.
m=3andm =4
e.g.m=3

Yn+1 — Zyn + Yn—1 —
h? (510 yn+1 +2611 ¥ + Bio 9(2_) )

+h? (520 yn+1 +2 B YW + Bag y( ) )

+h° (530 yn+1 +2 8319 + Bsg yn6_1)
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P-stable 2-step OM

Ananthakrishnaiah (1987)
iIdea : use some parameters to obtain P-stability.
m=3andm =4
e.g.m=3

Yn+1 — Zyn + Yn—1 —
h? (510 yn+1 +2611 ¥ + Bio 9(2_) )

+h* (520 yn+1 +2 81y + Bag y( ) )
+h° (530 yn+1 +2 8319 + Bsg yn6_1)

imposep = 6 : {22, z*, 2%},
then 3 parametersi{y, 530 andFs1) remain
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P-stable 2-step OM

Ananthakrishnaiah (1987)
iIdea : use some parameters to obtain P-stability.
m=3andm =4
e.g.m=3

Yn+1 — Zyn + Yn—1 —
h? (510 yn+1 +2611 ¥ + Bio 9(2_) )
+h* (520 yn+1 +2 81y + Bag y( ) )

+h° (530 yn+1 +2 8319 + Bsg yn6_1)

imposep = 6 : {22, z*, 2%},
then 3 parametersi{,, 530 and(s;) remain
1 — B11 v + Bor v* — Ba1 1/F

Rs3 = let 831 = B30
2 _ 4 6
1 _I_ 610 v /620 v _|_ 630 4 Zaragoza, November 2007 — p.24/60




Ananthakrishnaiah’s idea

Choose these 2 remaining parametexs 339 such that the method
becomes P-stable

Y
Rz = | =

|
Dyl S
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Ananthakrishnaiah’s idea

Choose these 2 remaining parametexs 339 such that the method
becomes P-stable
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Ananthakrishnaiah’s idea

Choose these 2 remaining parametexs 339 such that the method
becomes P-stable

N
|R33‘= D—z <1<:>(D3—N3)(D3—|-N3>>0
0.004
O L
~0.008, 0.001
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Ananthakrishnaiah’s idea

Find the solution for which the phase-lag,

13 n 13
604800 30

1
v — arccos R33 = ( B30 + 10 52()) v+ 0O (1/9)

becomes minimal.
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Ananthakrishnaiah’s idea

Find the solution for which the phase-lag,

13 n 13
604800 30

1
v — arccos R33 = ( B30 + 10 52()) v+ 0O (1/9)

becomes minimal.

0.004

B20

—-0.008
0 0.001
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Ananthakrishnaiah’s idea

Find the solution for which the phase-lag,

13 n 13
604800 30

1
v — arccos R33 = ( B30 + 10 52()) v+ 0O (1/9)

becomes minimal.

0.004

Pao

—0.008
0 0.001

I330

.. 1 1
This gives(330, 820) = <1KMOO’ 600)

Zaragoza, November 2007 — p.27/60




Ananthakrishnaiah’s idea

. . 1
Ananthakrishnaialm = 3 : p = 6, P-stable(Cs = —

50400
Yn+1 — 2yn + Yn—1 =

h?
20 (ylel + 18y + . )1)

h? 4
—eo0 (yfw)l 22y + yfz_)l)
h6

+— ()-+2wa+ygh)

14400 (yn+
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Ananthakrishnaiah’s idea

1

_ 9,2 11 .4 1 6 |
R 1%V T ew0Y — Tl ¢ °
BT 1,2 Loay 1
20 600 14400
-1 s s s w
0 20 40 60 80 100
\Y
N3 .
|R33| = | =] < 1since
D3

v? (12 —10)? (v? — 60)?
360000

(D3 — N3) (D3 + N3) =
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P-stable 2-step OM

We were able to generalise Ananthakrishnaiah’s idea Iin
M. VAN DAELE AND G. VANDEN BERGHE,
P-STABLE OBRECHKOFF METHODS OF ARBITRARY ORDER

FOR SECONDORDER DIFFERENTIAL EQUATIONS NUMERICAL ALGORITHMS 44, 2007,
115-131
Algoritm to construct a P-stable OM for a given:

® Iimpose orde2 m

® D, — N, andD,, + N,, should both be halves of perfect
squares
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P-stable 2-step OM

We were able to generalise Ananthakrishnaiah’s idea Iin
M. VAN DAELE AND G. VANDEN BERGHE,
P-STABLE OBRECHKOFF METHODS OF ARBITRARY ORDER

FOR SECONDORDER DIFFERENTIAL EQUATIONS NUMERICAL ALGORITHMS 44, 2007,
115-131
Algoritm to construct a P-stable OM for a given:

® Iimpose orde2 m

® D, — N, andD,, + N,, should both be halves of perfect
squares

Theorem : the approximait,,,.,,(+*), obtained by generalising
Ananthakrishnaiah’s approach, is given by the real part of the
(m, m)-Padé approximant afkp(z v).
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P-stable 2-step OM

We were able to generalise Ananthakrishnaiah’s idea Iin
M. VAN DAELE AND G. VANDEN BERGHE,
P-STABLE OBRECHKOFF METHODS OF ARBITRARY ORDER

FOR SECONDORDER DIFFERENTIAL EQUATIONS NUMERICAL ALGORITHMS 44, 2007,
115-131
Algoritm to construct a P-stable OM for a given:

® Iimpose orde2 m

® D, — N, andD,, + N,, should both be halves of perfect
squares

This leads to a system obn-lineareqguations.

Theorem : the approximait,,,.,,(v*), obtained by generalising
Ananthakrishnaiah’s approach, is given by the real part of the
(m, m)-Padé approximant efkp( v).
This leads to a system @fearequatiorggoz November 2007 - p.30/60




9 A 16
1 ? + 600 14400
1 6
1+ 201’ + 600 '+'144001’
1., 1.2 1 3
P 1—|—2zy 10” 1202V

_ Ll 1 3
l—51v— v +’mozy
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_ 9 4 1.6
_ 1 T+ 600 14400

1 6
1 + 20 ? + 600 t+ 14400 v

1., 1.2 1 . 3

P 1—|—2zy 10” 1202V
_ Ll 1 3
l—51v— 1V —|—1202V

2 2
(-wv") —Gv—m")

_ 120
5 5
1-322)" + (37— 130v%)
1+ 5 V+ V +120 v’ 7
= +0O
l—lu—l— v? — 135 v exp() (+)
9 2
0= = G- |
2 2| =
(1_110V2) +(%”‘1§0V3)
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Conclusion

How does the P-stable Obrechkoff method

m

Yn+1 — 2Yn + Yn—1 = Z h? (ﬁz yn_|_1 +20i1y Z) + Bio y7(’),221>
1=1

of order2 m look like ?

ﬁz'() _ ( z—|—1 2 _|_ 2 Z ]—I—laj a2;j

6@'1 — CLZ2 + QZCL]' a2i—j
\ 7=0
( m
(2{,,2 for0 <7 <m
) g
wherea; = < j
\ 0 for j > m
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P-stable Expon. fitted OM

How to obtain P-stable exponentially-fitted Obrechkoff methods ?

m

2
Yn+1 — 2Yn + Yn—1 = Z h?! (ﬁz yn_|_1 +2061y ‘|‘ Bio yq(z Z)1)
1=1

applied toy” = —\? y gives
Yn+1 — 2Rmm (0, V2) Yn + Yn—1 =10

with @ ;.= wh andv := \h
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P-stable Expon. fitted OM

How to obtain P-stable exponentially-fitted Obrechkoff methods ?

m

2
Yn+1 — 2Yn + Yn—1 = Z h?! (ﬁz yn_|_1 +2061y ‘|‘ Bio yq(z Z)1)
1=1

applied toy” = —\? y gives
Yn+1 — 2Rmm (0, V2) Yn + Yn—1 =10

with 8 := wh andv := A\ h
Padé-approximants=- exponentially-fitted Padé approximants
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P-stable Expon. fitted OM

How to obtain P-stable exponentially-fitted Obrechkoff methods ?

m

2
Yn+1 — 2Yn + Yn—1 = Z h?! (ﬁz yn_|_1 +2061y ‘|‘ Bio yq(z Z)1)
1=1

applied toy” = —\? y gives
Yn+1 — 2Rmm (0, V2) Yn + Yn—1 =0
with 8 := wh andv := A\ h

Padé-approximants=- exponentially-fitted Padé approximants
Construction of Polynomially-fitte@m, m) Padé approximants :
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P-stable Expon. fitted OM

How to obtain P-stable exponentially-fitted Obrechkoff methods ?

m

2
Yn+1 — 2Yn + Yn—1 = Z h?! (ﬁz yn_|_1 +2061y ‘|‘ Bio yq(z Z)1)
1=1

applied toy” = —\? y gives
Yn+1 — 2Rmm (0, V2) Yn + Yn—1 =0
with 8 := wh andv := A\ h

Padé-approximants=- exponentially-fitted Padé approximants
Construction of Polynomially-fitte@m, m) Padé approximants :

P (x)

Py OP@) +O (™)
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P-stable Expon. fitted OM

How to obtain P-stable exponentially-fitted Obrechkoff methods ?

m

2
Yn+1 — 2Yn + Yn—1 = Z h?! (ﬁz yn_|_1 +2061y ‘|‘ Bio yq(z Z)1)
1=1

applied toy” = —\? y gives
Yn+1 — 2Rmm (0, V2) Yn + Yn—1 =0
with 8 := wh andv := A\ h

Padé-approximants=- exponentially-fitted Padé approximants
Construction of Polynomially-fitte@m, m) Padé approximants :

Pr(z)
P, (—x)
— exp(z) Pn(—z) — Pn(z) = O (2™

= exp(x) + O (562 m+1)
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P-stable Expon. fitted OM

How to obtain P-stable exponentially-fitted Obrechkoff methods ?

m

2
Yn+1 — 2Yn + Yn—1 = Z h?! (ﬁz yn_|_1 +2061y ‘|‘ Bio yq(z Z)1)
1=1

applied toy” = —\? y gives
Yn+1 — 2Rmm (0, V2) Yn + Yn—1 =0
with 8 := wh andv := A\ h

Padé-approximants=- exponentially-fitted Padé approximants
Construction of Polynomially-fitte@m, m) Padé approximants :

Pm<£C) m
Pr(—z) ~ OP@) + O (=)
> exp(z) Pn(—z) — Pp(x) = O (2*™T1)
d?4
@ dZUQq (exp(x) Pm(_x) B Pm (CC)) CBZOZ O Zarag)zz\loir’nb.er.zéo;—’)gf’)/(io




EF Padé approximants

F(x,t) =exp(tx) Vin(—tx)—Vi(tx) Vin(x) = 1—|—Z a; x’
j=1
(9
t =0 =1,..., K
a$2qf(x7 )(mt)z(O,H) q ) )

where0 < K <mandP + K +1=m.
This leads to a system ot linear equations in the unknowns,
7=1,...,m.
The EF(K, P) Padé approximant texp(v) is then given by
FPIPI () = Vi (1) Vi (=),
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EF Padé approximants :m = 1

F(x,t) =exp(tx) Vi(—tx) — Vi(tx) V() =14a1x
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EF Pade approximants :m = 1
F(x,t) =exp(tx) Vi(—tx) — Vi(tx) V() =14a1x

® (K=1,P=-1)

O? 1
Y Flet 0= 02 (1—2a) =0 e aq; — -
5227 0| 00 (1=2a) T3
TN 1+1z
L=DpL(v) — ix
2
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EF Pade approximants :m = 1
F(x,t) =exp(tx) Vi(—tx) — Vi(tx) V() =14a1x

® (K=1,P=-1)

o? 1
= F(x,t -~ 92 (1—2a;) = = =
6’x2]:(x >(a:,t)=(00) 0 <= 6°( a1) =0 <= a; 5

1

(1 —1)]511(V) l+g5z

®» (K=0,P=0) 1—%56

R(F(i,0) =0 <« 9%<ei9(1—7;a19)—(1+7;a19)) — 0

sin 6 ~ 1 tan(0/2)
0 (cosf+1) 2 6/2

1 tan(6/2)
It

tan(0/2
_% 9(/2/)55

< a1 =
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EF Padé approximants :
m =1
(K, P) aq
(1,-1) >
(0,0) tagg
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EF Padé approximants :m = 1

m=1
(K7 P) ai
(17_1) 1
(0,0) 1 + i + O(6%)
’ 2 24
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EF Padé approximants :m = 1

m=1

(K,P) ai

(17_1)

05
< 0
-0.5
-1
0 an 61 8m 10m
l/
(0,0
' )
< 0
-0.5 (
-1
4an 0 61 8m 10m

2n
2n
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EF Padé approximants :m = 2

m = 2
(K,P) ai a2
1 1
2,1 - il
(2,-1) 5 T
1 2tan ¢ — 0
1,0 - 2
(1,0 2 2602 tan 4
0.1) 2 (1 —cos?) 6 —sind
’ (6 + sinf) 6 (6 + sin 6) 62
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EF Padé approximants :m = 2

m = 2
(K7 P) ai a9
1 1
2, —1 = —
(2,-1) 5 T
1 1 02
1 - 4
(1,0) 2 PRI
(0,1) 1+O(04) L + - + O(6%)
’ 2 12 360
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EF Padé approximants :m = 2

(} ( , F ) ai an
1
0.1
(2,—1)
) < 0 < 0
~05 -0.05
-0.14
-1
0 2n 4an 6Tt 81 10m 0 2n an 61 81 10m
1 1
(1 O) 0.5 0.5
7 < (0] < 0| (/)
-0.5 -0.5
-1 -1
0 2n 4an 61 8m 10m 0 2n 4m 6T 81 10m
0.5
0.1
0.4
0,1
0.3,
Y - « 0.06
[ ©
0.2 0.04
0.1 0.02
0 0
0 2n 4 0 61t 81 101 0 2n 4an 0 611 8m 101
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(K, P) aq ao as
1
0.1
0.0%
05
( 3 1 ) 0.05 0.004
) < 0 o 0 <’ 0|
—0.005
08 -0.05
-0.0%
-0.1
-1 -0.015
0 2n 4an 611 8m 10m 0 21 4amn 61 8 101 0 2n an 61 8m 101
1 O.l"\_J 0.05
0.1
05
(2,0)
) < 0 N 0| <’ 0|
-0.05
-0.5
-0.3
-1 -0.05
0 2n 4n 611 8m 101 0 21 4T 61t 8m 10m 0 2n 41 6Tt 8m 10m
1 0.015
0.1
0.5 0.08
1 1 0.04
Y] - « 0.06 -
« 0 « cvs
0.04 0.005
-0.5
0.02
-1 0 0
0 2n 4m 6Tt 8m 10m 0 2n 4m 61t 8m 10m 0 2n an 6Tt 8mn 10m
1 0.15 0.05
/ 0.1
0.5
(0,2)
7 ~ oN o
o 0 o 0 r_‘ « 0 —
-0.05
-0.5
-0.1
-1 -0.05
0 2n an 0 61 8m 10m 0 2mn 4amn o 61 81 10m 0 2n an 0 6T 8m 10m
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EF Padé approximants :m = 1

2.5 exp(v)
(1,-1)pl
— 0 plw)
21| — ©9Pl(v), 6=1
©Oplw), 6=2
1 L
0.5
O | |
-1 -0.5 0.5 1

< Or
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EF Padeée approximants :m = 3

0=0
50 .
exp(v)
i 3
40 (2.0)p3
— 0P ()
30¢ SOPiw)
— 09Pw)
201
10+
O = I
-1 0 1 2 3 4
V
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EF Padeée approximants :m = 3

0=1
50 .
exp(v)
i 3
40 (2.0)p3
— 0P ()
30¢ SOPiw)
— 09Pw)
201
10+
O = I
-1 0 1 2 3 4
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EF Padeée approximants :m = 3

0=2
50 .
exp(v)
i 3
40 (2.0)p3
— 0P ()
30¢ SOPiw)
— 09Pw)
201
10+
O = I
-1 0 1 2 3 4
V
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EF Padeée approximants :m = 3

0=4
50 .
exp(v)
i 3
40 (2.0)p3
— 0P ()
30¢ SOPiw)
— O2Pi)
20+
10+
O =— I
-1 0 1 2 3 4

Zaragoza, November 2007 — p.47/60



EF Padeée approximants :m = 3

0=7
50 |
exp(v)
— 7 piw)
i 3

40 207

— @9p5w)
30+ (l’l)Pg(\))

— (0,2)P§(V)
201
10+

-1 0 : - 3 4
V
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EF Padeée approximants :m = 3

0=7
2 T
exp(v)
(3-1)p3
— & Dp¥)
15f —_(0)p3
P3(v)
(1’1)P§(V) /;;;; //
1l (0,2)P§ W)
0.5 / |
-1 -0.5 0 0.5 1
V
0=7
50 u
—exp(v)
i 3
40 (2'0)P3(v)
3
30} ¢Opiw)
— 2P
201
101
===
-1 0 1 2 3 4
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The Stiefel-Bettis problem

2"+ 2=0.001exp(iz) 2(0)=1 2'(0)=0.995; 0 <z <407

equivalent real form

(

u’ 4+ u = 0.001cos(zx), u(0)=1,
v" +v =0.001sin(xz), ©(0) =0, 2'(0)=

\

z(x) =u(x) +iv(x)

u(x) = cos(x)+ 0.0005x sin(x)
v(z) = sin(x)— 0.0005x cos(x)
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The Stiefel-Bettis problem

2"+ 2=0.001exp(iz) 2(0)=1 2'(0)=0.995; 0 <z <407

equivalent real form

(

u’ 4+ u = 0.001cos(zx), u(0)=1,
v" + v =0.001sin(x), v»(0) =0, 2'(0)=0.

\

u(x) = cos(x)+ 0.0005x sin(x)
v(z) = sin(x)— 0.0005x cos(x)

= u2(z) + v2(z) = /1 + (0.0005z)2

F := max Ti) — UY; h=92"rx w=1
ij[OAOW]Hy( i) y;H
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The Stiefel-Bettis problem

m =1
O T T T T T T T //I/
__e-~ " o© ©
_ -0~
_ e o
G// I
e -7
//Q/’
e -~
_5_ /Q/// .
o - -~

m)
o
—
(@)]
o

_lo_ .

_15 | | | | | | | |
-1.6 -1.4 -1.2 -1 -0.8 -0.6 -0.4 -0.2 0
log10(h)
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The Stiefel-Bettis problem

m = 2
O T T T T T T T T
_ ©
_2 - _ — .
- /O/
_4 - _ /O/ _ <> .
-7 o7
_6 - — _ — .
Lu — —
~ Q _ -
8 _8 B — A> T
)] _ -
9o -
-10F & 7 - .
_12 - .
- m|
~14¢ . D o -
O
_16 | | | | | | | |
-1.8 -1.6 -1.4 -1.2 -1 -0.8 -0.6 -0.4 -0.2 0
log10(h)

o: P=-1 o: P =0 [(1: P=1
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The Stiefel-Bettis problem

m =3
O
_ 0
_5— //6
/// /<>
m o
o - ~
E. 7 - ©
o //O -
L /// /<>/
_lo /6 ///
P /Q/
o~ -
% /ﬁ/ ® %
~ O
_15 J// | | | | | * | Q
-1.6 -14 -1.2 -1 -0.8 -0.6 -04 -0.2 0
log10(h)
o: P =-—1 o: P =0 [1: P=1 *x: P =2
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The Duffing problem

v (z) = —y(z) — y(x) + cos(Qx) 0 <ax <507
B = 0.002 (0 =1.01

y(x) = Z Koir1cos[(2¢ 4+ 1)Qx]
1=0

(K1, K3, K5, K7, Kg) =
(0.20017947753661502, 2.46946143255559 10~ %,
3.0401498519692437 10", 3.743490701609247 1010,
4.609682949622697 10~ '%)
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The Duffing problem

y® (z)
y D (2)
y®) (2)

y9) (2)

y(7 ()

—(1+ 3y () y'(z) — BQsin(Qx)

—(1+3y*(@)) y"(z) — 6y(z)y (z)* — BQ? cos(Qx)
—(1+3y%(x) y" (z) — 6y (z)* — 18y(x)y’ (z)y" (x)

+BQ3 sin(x)

—(1+439%(2) y™W (2) — 24y(2)y' (2)y®) (z) — 18y(2)y" (z)?
—36y’(x)2y”(:v) + B cos(Q2 x) 04

—(1+3y%(@) y® (x) - 30y(z) y' ()

—60 (¢'(z) + y(=)y" () y'"' (x) — B sin(Qz) 2° — 90y (z) v (x)*
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The Duffing problem

y®(z) = —(1+3y%@)y (z) — BQsin(Qa)

y M) = —(1+39%@)y" (2) - 6y(x)y' (z)* — BQ? cos(Qu)

yO®(z) = —(1+3y%@)y" () — 6y ()® — 18y(z)y (x)y" ()
+B Q7 sin(Qx)

y (@) = —(1+3y%@)y P (2) - 24y(2)y (2)y (x) — 18y(2)y" ()
—36y'(x)%y" (z) + B cos(Qx) Q*

y (@) = —(1+43y°(2)y®(z) - 30y(x) y™ (2)

—60 (v (z) + y(z) ¥ (z)) ¥ (z) — B sin(Qz) Q> — 90y'(z) y" (z)°

A — — Qj) , — —f CC, T
(y/) (g(@y)y/)) 9@, y.y) = - f(z,y())
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The Duffing problem

y®(z) = —(1+3y%@)y (z) — BQsin(Qa)

y M) = —(1+39%@)y" (2) - 6y(x)y' (z)* — BQ? cos(Qu)

yO®(z) = —(1+3y%@)y" () — 6y ()® — 18y(z)y (x)y" ()
+B Q7 sin(Qx)

y (@) = —(1+3y%@)y P (2) - 24y(2)y (2)y (x) — 18y(2)y" ()
—36y'(x)%y" (z) + B cos(Qx) Q*

y (@) = —(1+43y°(2)y®(z) - 30y(x) y™ (2)

—60 (v (z) + y(z) ¥ (z)) ¥ (z) — B sin(Qz) Q> — 90y'(z) y" (z)°

A — Qj) , — —f CC, T
(y/) (g(@y)y/)) 9@, y.y) = - f(z,y())

E = MaXgz . <0, 50 7] HZ(CL’J') - ZjH
h=m/2i=23,...,7 w =
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The Duffing problem

m =1
O T T T T T T T —
0~
— /O’ -
— /O’ B
e %
—_— - - ’<>/ -
_ - X
=1 T i
—_— - - /O/ -
- <&
=
(@)
—
(@)
9o
_lo_ ]
_15 1 1 1 1 1 1 1 1
-2 -1.8 -16 -14 -12 -1 -0.8 -0.6 -0.4
log10(h)
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The Duffing problem

m = 2
O T T T T T T T T
_ O
- @ - -
o _®
_5_ _ — _ — .
S -7 -7
g | o -8
e
-10+ & - _
_15 | | | | | | | |
-2 -1.8 -1.6 -1.4 -1.2 -1 -0.8 -0.6 -0.4
log10(h)

o: P=-1 o: P =0 [(1: P=1
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The Duffing problem

m =3
O T T T T T T
/@
_5_ _ -
—~~ /O// //Q
w 7 _
S - #
8 /@ -
P [ 2
-10( P -
PR
/Q -
S
&~ -
-15 -~ I I I I I I I I
-2 -1.8 -1.6 -1.4 -1.2 -1 -0.8 -0.6 -04
log10(h)
o: P =-—1 o: P =0 [1: P=1 *x: P =2
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The Duffing problem

m = 3, (K, P) = (2,0)

0
_ *
- - @
_5 _ /*/ _ : H
_ _ - s _ ~ P <>
w _* T Ty
9' P - - /<>/ -
S /*/ - _ -~ JQZ)/ : - g
) _ - P : _ - 9/
-10} * _ /g - = ~
A s e
- S e P -
* _ - E/ _ ~
g -~ "
_15 - /I | | | | | | |
-2 -1.8 -1.6 -1.4 -1.2 -1 -0.8 -0.6 -04
log10(h)
w = 0 (circles) w = 1.01 (diamonds) w = 0.7 (squares)

w = 2 (asterisks)
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Conclusion

Two-step P-stable exponentially fitted Obrechkoff methods :

#® for any givenm, P-stable ER K, P)-methods of orde2 m exist

#® the construction is based on EF Padé approximants to the
exponential function

® the coefficients depend on a parameéter

°

the coefficients are continous functionséaff P is odd
® numerical examples are given as an illustration
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