P-stable Exponentially fitted
Obrechkoff methods

Marnix Van Daele, G. Vanden Berghe
Mar ni X. VanDael e@JGent . be

Vakgroep Toegepaste Wiskunde en Informatica
Universiteit Gent

SciCADE 07 — p. 1/40



Outline

Introduction on exponentially fitted (EF) methods
2-step Obrechkoff methods fgf = f(x, y)
P-stable Obrechkoff methods fgf = f(z,y)
P-stable EF Obrechkoff methods fgft = f(z, v)

© o o o o

Conclusions
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Exponentially fitted methods

In the past 15 years, our research group has constructed modified
versions of well-known

® linear multistep methods
® Runge-Kutta methods

Aim : build methods which perform very good when the solution has a
known exponential of trigonometric behaviour.
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Linear multistep methods

A well known method to solve

/

V' =1  y@)=v. y(a) =1y,
Is theNumerov methodorder 4)

h2
%w1—2%r+%h1=15Qﬂ%hﬁ%ﬂﬂf@m+:ﬂ%wﬁ)

Construction : impos&|[z(z); h] = 0 for z(z) = 1, z, 22, 23, 2*
where

Llz(x);h] :=z(x+h)+apz(z) +a_1 z(x — h)
—h* (612" (x4 ) + Bo 2" (x) + B-1 2" (z — 1))
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Exponential fitting
Consider the initial value problem
V' +wly=9g@)  y@) =y  yla) =y,
If 19(y)| < |w?y| then
y(z) ~ o cos(wz + ¢)

To mimic this oscillatory behaviour, one could replace polynomials by
trigonometric (in the complex case . exponential) functions.
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EF Numerov method

Construction : imposé€|z(z); h| = 0 for

2

z(x) =1, z, z°, sin(wz), cos(w x)

Llz(x);h] :==2(x+h)+apz(x) +a_1z(x — h)
—h* (B1 2" (x + h) + Bo 2" (z) + B-1 2" (z — h))

Ynt1 — 2Yn + Un-1=h> Af(Yn-1) + (1 =2X) F(yn) + A f(Ynt1))

1 111 1
A= = P ——0 0:=wh
fsn? 2 12 2400 6048 “
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EF methods

Generalisation : to determine the coefficients of a method, we impose
conditions on a linear functional. These conditions are related to

® polynomials:
{z%qg=0, ..., K}

® exponential or trigonometric functions, multiplied with powers of
x .
{29 exp(+pz)lg =0, ..., P}

or, withw = 1 p,
{x? cos(wx), ¢ sin(wx)|q =0, ..., P}

Classical method P = —1
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Choice ofw

® |ocal optimization
based on local truncation error (lte)
w IS step-dependent

® global optimization
Preservation of geometric properties (periodicity, energy, ...)
w IS constant over the interval of integration
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Obrechkoff methods

Nikola Obrechkoff (1896-1963)
Obrechkoff methods (OM)©1940 for quadrature
Milne : OM for solving diff. eq. :1949
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Obrechkoff methodsfor v = #(z, )

Two-step methods

m

Ynt1 = 2Un +Yn-1 = » R’ (ﬁz 0y +2 8 42 + By )1)
1=1

Llz(x);h] :==2(x+h) —22(x) + z(x — h)

B Z e (5@'0 2P0 (2 + h) 42 B 2P (2) + Bio 22 (2 — h))

1=1

symmetric method L|z(z); h| = 0 if z(z) is odd

LI1;h] =0
orderp <= L[z%;h] =0,¢g=0,1,...,p+1
p+2.
e = Cpea HPF2y P40 (5,) 4 O (WH) Gy = o 3N

(p + 2)! hpt2
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Two-step OM

1
® m=1:p=4,0C5= ~540 (Numerov method)

Yn+1 — 2Un + Yn—1 =

h2
5 (ylel +10y2 + 4 )1)

59
" P 107 76204800
Yn+1 — 2yn + Yp—1 =
h? 2) ) 2)
5 (11 2+ 230y + 11 yn_l)

ht (4) (1) (4)
- (13 U — 626 yW 113 yn_1>
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Two-step OM

45469
® m=3.p=12,C14 = —

1697361329664000

Yn+1 — 2Un + Yn—1 =
h2

o (22092 + 73302 + 22047 )

n—1

h* .
" (1 1492 4@ 411 4W
25960( Y "+ A Yn— )

h? (6) (6)
+ 127 + 4846 46 1 127 )
39251520 ( Yni1 Yn In—1

method of ordep = 4m
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Stability of two-step OM

Yn+1 — 2Yn + Yn—1 = Z hQZ (ﬁz nQ—i)l + 2 61 y(QZ) + Bio yq(q,Q_Z)l)
1=1

applied toy” = —\? y gives
Yn+1 — 2Rmm(V2> Yn + Yn—1 =10 vi=Ah

1+ Z ﬁzl V
1+ Z(_I)H_lﬁio V2
1=1

The stabllitity functionR,,,,,, uniquely determines the method.
A method has thenterval of periodicity(0, 3) if
| Ry (V)] < 1for 0 < v? < 1.
The method isP-stableif |R,,,,(v?)| < 1 for all realv # 0.

R (V%) =
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Stability of two-step OM

1
- mzl:p:4,06:—%(Numerov) vE =6

Yn+1 — 2yn + Yn—1 =

h @ )

2
12 (yn—|—1 + 10y + yn—l)
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Stability of two-step OM

59
- =2:p=2S, = 2 = 25.
m P=8,Cho = 7501800 vy = 20.2
Yn+1 — 2yn + Yn—1 =
h2

(2) (2) (2)
5 (11yn+1+115yn +114@ )

ht (4) () (4)
- (13y — 626y + 13yn+1)

0 25.2

SciCADE 07 — p. 15/40



Stability of two-step OM

45469
1697361329664000

Yn+1 — 2Un + Yn—1 =
h2

7788

h4

25960 (
h6

| 7 (6) L 4846 (6) | 7 (6) )
39251520 ( yn+1 In In—1

® m=3.p=12,C14y = — 1/8255.60...

(229 @ 4+ 7330y + 229? )

n—1

+ ~11yS, + 14220 — 119

n—+1

1

R33
o

0 , 55.6062 SciCADE 07 — p. 16/40



P-stable 2-step OM

Ananthakrishnaiah (1987)
Idea : use some parameters to obtain P-stability.
m=3andm =4
e.gm=3
Yn+1 — 2Yn + Yn—1 =
h? (510 y,,(izl +2 611 y2) + Bio 3/7(»,,2_)1)

+h (ﬁzo y,,(ﬁl + 2 B2 yffl) + 020 yﬁf—)l)
+hF (ﬁ30 yn—i—l +2 831y + Bao Y )

imposep = 6 : {z?, z*, 2%},
then 3 parameter${,, 530 andFs1) remain

1 — By v + Bar v* — Ba1 1/F et sy = 3
31 — M30
1+ 610 V2 — 620 A + 630 /0 SCICADE 07 — p. 17/40
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Ananthakrishnaiah’s idea

Choose these 2 remaining parametexs 339 such that the method
becomes P-stable

N3
’Rgg’ = D—3 < 1@(D3—Ng)(D3—I—N3) > ()
0.004
O L
—0.008
0 0.001
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Ananthakrishnaiah’s idea

Find the solution for which the phase-lag,

13 N 13
604800 30

1
v — arccos K33 = ( B30 + 10 620) v 4+ O (V9>

becomes minimal.

0.004

|320

~0.008; 0.001

SciCADE 07 — p. 19/40



Ananthakrishnaiah’s idea

Find the solution for which the phase-lag,

13 N 13
604800 30

1
v — arccos K33 = ( B30 + 10 620) v 4+ O (V9>

becomes minimal.

0.004

B20

~0.008; 0.001

B30

L 1 1
This gives(330, B20) = (144007 _600>'
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Ananthakrishnaiah’s idea

. . 1
Ananthakrishnaialm = 3 : p = 6, P-stable(Cgs = —

50400
Yn+1 — 2Yn + Yn—1 =

h2
20 (yéll + 18y + )1)

h4
" 600 (yf%z - 22y +y,” >

h® 7 () ©) , (6
_I_m (yn—i—l T 2yn - yn—l)
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Ananthakrishnaiah’s idea

1

9.2, 11 4 _ 1 6 ,
1 — 550" + o5V 14400 ¥ % °

1.2, 1 4 1 6
L+ 55v" + 600 V" + 1200 ¥

R33 =

e T
0 20 40 60 80 100
\Y)

N. :
|R3s3| = |3 < 1since

Ds

v? (V2 —10)% (v? — 60)2
Da — Na) (Da 4+ Na) =
(Ds = N3) (Ds + N) 360000
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P-stable 2-step OM

We were able to generalise Ananthakrishnaiah’s idea in

M. Van Daele and G. Vanden Berghe, P-stable Obrechkoff nastbbarbitrary order
for second-order differential equations, Numerical Algons44, 2007, 115-131
Algoritm to construct a P-stable OM for a given:

® impose orde2m

® D, — N, andD,, + N,, should both be halves of perfect
squares

This leads to a system obn-linearequations.

Theorem : the approximait,,,,,,(v*), obtained by generalising
Ananthakrishnaiah’s approach, is given by the real part of the
(m, m)-Padé approximant afp(i ).
This leads to a system dhearequations.  scicabeo7-p. 230



9.2, 11 -4 1 6
333(7/2) R R RL 14400 ¥
- 1.2, 1 .4 1 .6

1+ 55v° + o5 V" + 12200 ¥

i, 1.2 1 - 3
%<1+27’V 10 Y 1207’V>

1, 1 _ 92, 1 -3
1 51V — 5V —|—1207,V

(-2 (v =)
1

2 2
(1-5v*)" +Gv—m"?)

1+ v+ 024 103
where 2 10 120
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Conclusion

How does the P-stable Obrechkoff method

m
L |
Yot1 = 200 + g1 = DB (Bt + 280y + Bio

1=1

of order2 m look like ?

wherea; = < (g) -

( i—1
Bio = (—1)"a? + 2 Z(—l)j+1aj a2;—j
\ - 7=
1—1
5@1 — a@2 + 2 Z A5 A25—j
\ 7=0
- (D)

yff_")l)
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P-stable Expon. fitted OM

How to obtain P-stable exponentially-fitted Obrechkoff methods ?
Yntl — 2Yn + Yn—1 = Z h*’ (57;0 y,,(ﬁ)l + 281 y2) + Bio yf_”l)
1=1
applied toy” = —\? y gives
Yn+1 — 2Rmm(97 VQ) Yn T Yn—1 = 0
with 6 :=wh andv := \ h

Padé-approximants=- exponentially-fitted Padé approximants
Construction of Polynomially-fitte¢n, m) Padé approximants :

P, (x -
P ((—:1):) = exp(x) + O (a2
= exp(x) Pp(—1) — Pp(z) = O (2*™1)
d?4
= ge @@ Palm2) = Pul@) | =0 q=1_...m




EF Padé approximants

F(x,t) =exp(tx) Vin(—tx)—Vpn(tz) Vin(x) = 1+ E a; x'
g=1
(9%
t = =1,..., K
05132(] ‘7:(377 ) (2,)=(0,0) 0 q ) )

04
aYI/E t =0 =0,..., P
\ R ( Ot f(afg ) (m,t)-(i,@)) q ) )

where0 < K <mandP + K +1=m.
This leads to a system af linear equations in the unknowas,

1=1,...,m.
The EF(K, P) Padé approximant texp(v) is then given by
HPIPR (V) = Vin (1) [ Vin (1),
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EF Padé approximants :m = 1
F(x,t) =exp(tx) Vi(—tx) — Vi(tx) V(@) =14+ a1 x

® (K=1,P=-1)

0* 1
— t — 0° (1 —2a1) = =
oy F(x,t) (0.0 0 <= 0“( a1) =0 <= ay 5
IR 1+1z
LB (1) = -2
9 (K:O,PZO) 1—§$
R(F(i, 0) =0 = m(ei9(1—m19)—(1+7;a19)) — 0
— g — sin ~ 1 tan(6/2)
P (cosf+1) 2 60/2
1+ 1 tan(0/2)
0,0)pH1 - 2 0/2
COPl(v) = 1 tan(0/2)
— 276/
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EF Padé approximants :
m =1
(K, P) ay
(1,-1) 5
(0,0) tagg
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EF Padé approximants :m = 1

m=1
(K7P) ai
1
1, —1 —
(7 ) 2
1 62 4
0,0) | 5+ 55 +06"

SciCADE 07 — p. 30/40



EF Padé approximants :m = 1

m=1

(K, P)

ai

(17 _1)

(0,0)

1
05
< 0
-0.5
-1
0 21 4amn 61t 8m 10m
1]
0.5
< 0
-0.5 (
-1
0 2n 4m 0 61 8m 10m
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EF Padé approximants :m = 2

m = 2
(K7P> ai a2
1 1
2,1 - il
(2,-1) 5 T
0
(1.0) 1 2tan g — 0
2 2602 tan §
0.1) 2 (1 —cos) 6 —sind
’ (0 +sinf) 6 (6 + sin 0) 62
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EF Padé approximants :m = 2

m = 2
(K7P> aq a9
1 1
2. —1 — —
(2,—1) 5 T
1 1 02
1 = 4
(1,0) 2 12+720+O<6)
(0,1) 1+(9(94) i+£+O(94)
’ 2 12 360
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EF Padé approximants :m = 2

(K, P) ay as
1
0.1
(2,—1)
Y < 0 I 0
-0.5 0.0
0.3
-1
0 21 4 6Tt 8 10m 0 2n 4an 6Tt 8m 10m
1 1
(1 0) 0.5 0.5
) o o (/) r)
-0.5 -0.5
-1 -1
0 2n 4m 61 8m 10m 0 2n 4m 61T 8m 101
05
0.1
0.4
0 1 0.08
0.3
Y] - « 0.06
< ©
02 0.04
0.1 0.02
0 0
0 2n 4an 0 61 81 10m 0 2n 4T 0 61 8m 10m
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ai

as

(2,0)

(1,1)

(0,2)

an 61 8m 10m

41 6T 81 101

41 6Tt 8 10m

an 61 8m 10m

aZ
o

0.15

0.1

0.05

0.01

0.00§

-0.005

-0.01

-0.015

0.05

an 61t 8mn 10m

-0.05

4an 61t 81 10m

0.015

0.0}

0.005

4 6Tt 8 101

0.05

-0.05

an 6Tt 8m 10m
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The Stiefel-Bettis problem

2"+ 2=0.001exp(iz) 2(0)=1 2'(0)=0.995; 0 <ax <407

equivalent real form

y

v +u =0.001cos(z), u(0)=1,
v" 4+ v =0.001sin(x), v(0)=0, v'(0)=

\

u(x) = cos(x)+ 0.0005z sin(x)
v(xr) = sin(z) — 0.0005x cos(x)

= Ju2(z) + v2(z) = /1 + (0.00052)2
(40 7T) h — 2 Z W = 1 SciCADE 07 — p. 36/40



The Stiefel-Bettis problem

m=1
O T T T T T T T _ I/ —
__e-— O
_o-~
e~
o— "~ N ©
& --S
= & -7
=
5
¥
o]
8
2
8 -10 .
_15 | | | | | | | |
-16 -14 -12 -1 -08 -06 -04 -0.2 0
log10(h)
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The Stiefel-Bettis problem

log10(abs. err. iny(401))

m = 2
_ o
e~
(©) - -
o
_O/ — -
- O
O O O
-1.6 -14 -1.2 -1 -0.8 -0.6 -0.4 -0.2
log10(h)
o: P=-—1 c: P =0 (1:P=1
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The Stiefel-Bettis problem

m=3
_2 T T T T T T T T
_ O
-4} P - |
7
_0
. £
. —6F ~ |
= 5 g _ 7
o - -
J - ~
e
E -8r _ - ~ o n
t‘ £ e -
(<) _ - ~
" p &
-C% _10_ - P n
g - -
(@) - /<>/
(@] e
- -12r o P .
9 % - g
* - @ '
-14+ P - a _—
7
~ *
*
_16 | | | | | | | |
-1.8 -1.6 -1.4 -1.2 -1 -0.8 -0.6 -0.4 -0.2 0
log10(h)

o: P=-1 o: P =0 [(1: P=1 *x: P =2
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Conclusion

°

two-step P-stable exponentially fitted Obrechkoff methods :

for any givenm, P-stable EK K, P)-methods of orde? m exist

the construction is based on EF Padé approximants to the
exponential function

the coefficients depend on a parameéter
the coefficients are continous functionstgaff P is odd

numerical example was given to illustrate the theory
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