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Introduction on exponentially fitted (EF) methods
2-step Obrechkoff methods fgf = f(z, y)
P-stable Obrechkoff methods fgf = f(x, y)
P-stable EF Obrechkoff methods gt = f(x,y)

Conclusions
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Exponentially fitted methods

In the past 15 years, our research group has constructed modified
versions of well-known

#® linear multistep methods
® Runge-Kutta methods

Aim : build methods which perform very good when the solution has a
known exponential of trigonometric behaviour.
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Linear multistep methods

A well known method to solve

v ' =fy)  y@)=y.  Y(a) =y,
IS theNumerov methodorder 4)

h2
Y+l = 2Yn + Yn-1= 5 (f (Yn—1) + 10 f(yn) + f(Yn+1))
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Linear multistep methods

A well known method to solve

/

V' =fly)  ya)=y. Y(a)=y,
IS theNumerov methodorder 4)

h2
Y+l = 2Yn + Yn-1= 5 (f (Yn—1) + 10 f(yn) + f(Yn+1))

Construction : impos&€|z(z); h] = 0 for z(z) = 1, z, 22, 23, z*
where
Llz(x);h] :==2(x+h) +apz(x) + a_1z(x — h)
—h* (B1 2" (x + h) + Bo 2" (x) + B-1 2" (z — h))
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Exponential fitting

Consider the initial value problem
V' +wty=9@)  yl@)=v. yla) =y,
If 19(y)| < |w® y| then
y(r) ~ a cos(wx + @)

To mimic this oscillatory behaviour, one could replace polynomials by
trigonometric (in the complex case : exponential) functions.
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EF Numerov method

Construction : imposé€|z(x); h| = 0 for

z(z) =1, x, 2%, sin(w ), cos(w )

Llz(x);h] == 2z(x 4+ h) + ap2(z) + a—1 2(z — h)
—h* (812" (x + h) + Bo 2" (x) + -1 2" (z — 1))
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EF Numerov method

Construction : imposé€|z(x); h| = 0 for

z(z) =1, x, 2%, sin(w ), cos(w )

Llz(x);h] == 2z(x 4+ h) + ap2(z) + a—1 2(z — h)
—h* (812" (x + h) + Bo 2" (x) + -1 2" (z — 1))

Ynt1 — 2Yn + Un—1 =h> Af(Yn-1) + (1 =2X) F(yn) + A f(Ynt1))

1 1

\ = _ 0:=wh
. 20 2
4 sin” 5 0
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EF Numerov method

Construction : imposé€|z(x); h| = 0 for

2

2(x) =1, x, z°, sin(wz), cos(w x)

Llz(x);h] == 2z(x 4+ h) + ap2(z) + a—1 2(z — h)
—h* (812" (x + h) + Bo 2" (x) + -1 2" (z — 1))

Ynt1 — 2Yn + Un—1 =h> Af(Yn-1) + (1 =2X) F(yn) + A f(Ynt1))

1 111 1
= = P+ ——0 .. 0:=wh
tsn?? 62 12 2400 6048 “

SciCADE 07 —p. 6/40



EF methods

Generalisation : to determine the coefficients of a method, we impose
conditions on a linear functional. These conditions are related to

® polynomials:
{zq=0, ..., K}

® exponential or trigonometric functions, multiplied with powers of
T

{29 exp(xpx)|lg =0, ..., P}

or, withw =i p,

{x? cos(wx), ¢ sin(wx)|q =0, ..., P}
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EF methods

Generalisation : to determine the coefficients of a method, we impose
conditions on a linear functional. These conditions are related to

® polynomials:
{zq=0, ..., K}

® exponential or trigonometric functions, multiplied with powers of
T
{29 exp(xpx)|lg =0, ..., P}
or, withw =i p,

{x? cos(wx), ¢ sin(wx)|q =0, ..., P}

Classical method P = —1
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Choice ofw

® |ocal optimization
based on local truncation error (lte)
w IS step-dependent

® (global optimization
Preservation of geometric properties (periodicity, energy, ...)
w Is constant over the interval of integration
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Obrechkoff methods

S

Nikola Obrechkoff (1896-1963)
Obrechkoff methods (OM)©1940 for quadrature
Milne : OM for solving diff. eq. :1949
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Obrechkoff methodsfor v = #(z, )

Two-step methods

m

(2
Yn+1 — 2Yn + Yn—1 = Z h (ﬁz yn_|_1 +2081y ‘|' Bio Yy, Z>1)
1=1
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Obrechkoff methodsfor v = #(z, )

Two-step methods

(2
Yn+1 — 2Yn + Yn—1 = Z h (ﬁz yn_|_1 +2081y ‘|' Bio Yy, Z>1)
1=1

L|z(x); h] z(x+h)—2z(x)+ z(x — h)

_Zhh (6’ (x+h) + 281 2% (2) + Bio Z(%)(fc—h))

symmetric method L|z(z); h| = 0 if z(z) is odd
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Obrechkoff methodsfor v = #(z, )

Two-step methods

(2
Yn+1 — 2Yn + Yn—1 = Z h (ﬁz yn_|_1 +2081y ‘|' Bio Yy, Z>1)
1=1

L|z(x); h] z(x+h)—2z(x)+ z(x — h)

_Zhh (6’ (x+h) + 281 2% (2) + Bio Z(%)(fc—h))

symmetric method L|z(z); h| = 0 if z(z) is odd
L[1;h] =0

SCICADE 07 — p. 10/40



Obrechkoff methodsfor v = #(z, )

Two-step methods

m
(27)

Yn+1 — 2yn + Yn—1 = Z hQZ (ﬁz yn+1 T Qﬁz ‘|‘ 5@ 0Yn— 1)
1=1

L|z(x); h] =z2(x+h)—2z(x)+ z(x — h)

_Zhh (6’ (x+h) + 281 2% (2) + Bio Z(%)(fc—h))
symmetric method L|z(z); h| = 0 if z(z) is odd
L[1;h] =0
orderp <= L[z%;h] =0,¢q=0,1, ..., p+1
p+2.
Ite — Cp—|—2 hp+2y(p—|—2) <$n> 4 0 (hp—l—?)) Cp—|—2 _ E[ZU 7h]

(p + 2)! hPH2
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Two-step OM

1
® m=1.p=4,0C5= ~540 (Numerov method)
Yn+1 — 2:Un + Yn—1 =
h2

5 (yqﬁ)l +10yP + yff_)1)

SciCADE 07 — p. 11/40



Two-step OM

1
® m=1.p=4,0C5= ~540 (Numerov method)

Yn+1 — 2:Un + Yn—1 =

h2
(92, + 1052 + 52, )

12
59
9 =2:p=28,Cp =
m P 107 76204800
Yn+1 — 2yn + Yn—1 =—
h? (2) ) (2)
5 (11 @ +2305@ 4+ 11 yn_l)
h4

B (4 (1) (4) )
s (13yn+1 626y + 13y'Y,
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Two-step OM

45469
9 m:3:p:12,C14:—

1697361329664000
Yn+1 — Qyn + Yn—1 —

h2
(22052, + 73302 + 22947 )

n n—1

ht (4) 4
" (11 1422 4@ 1 114

hF (6) (6)
+ 127 + 4846 (6) + 127 )
39251520 ( Yn+1 n In—1

method of ordep = 4m
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Stability of two-step OM

9%
Yn+1 — 2yn + Yn—1 — Z h2z (ﬁz yn_|_1 + 262 (22 -+ 6z'0 y7(7,—z>1)
=1

applied toy” = —\? y gives
Ynt1 — 2Rmm (V?) Yn + Ypn_1 = 0 v:i=MAh

1+ Z ﬁzl V
1+ Z(—l)iﬂﬁio s
i—1

Rmm(VQ)
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Stability of two-step OM

7 7 21
Yn+1 — 2 YUn + Yn—1 — § h2 (ﬁz yn_|_1 + 2 ﬂz (2 ) + 62'0 yq(z—>1)
=1

applied toy” = —\? y gives
Ynt1 — 2Rmm (V?) Yn + Ypn_1 = 0 v:i=MAh

1+ Z 521 e
1 + Z(—l)i—l_lﬁio 1/2
1=1

The stabilitity functionR,,,,,, uniguely determines the method.

Rmm(VQ) =
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Stability of two-step OM

7 7 21
Yn+1 — 2 YUn + Yn—1 — § h2 (ﬁz yn_|_1 + 2 ﬂz (2 ) + 62'0 yq(z—>1)
=1

applied toy” = —\? y gives
Ynt1 — 2Rmm (V?) Yn + Ypn_1 = 0 v:i=MAh

1+ Z 521 e
1 + Z(—l)i—l_lﬁio 1/2
1=1

The stabilitity functionR,,,,,, uniguely determines the method.
A method has thenterval of periodicity(0, 3) if
| Ry (V)| < 1for 0 < v? < 1.

Rmm(VQ) =
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Stability of two-step OM

7 7 21
Yn+1 — 2 YUn + Yn—1 — § h2 (ﬁz yn_|_1 + 2 ﬂz (2 ) + 62'0 yq(z—>1)
=1

applied toy” = —\? y gives
Ynt1 — 2Rmm (V?) Yn + Ypn_1 = 0 v:i=MAh

1+ Z 521 e
1 + Z(—l)i—l_lﬁio 1/2
1=1

The stabilitity functionR,,,,,, uniguely determines the method.
A method has thenterval of periodicity(0, 3) if
| Ry (V)| < 1for 0 < v? < 1.
The method isP-stableif | R,,.,,(v?)| < 1 for all realv # 0.

Rmm(VQ) =
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Stability of two-step OM

1
o mzl:p:4,C6:—%(Numerov) v =6

Yn+1 — zyn + Yn—1 =

h? (@ (2)

o5 (w2 + 1042+ 2, )
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Stability of two-step OM

09

® m=2:p=28,C;= 3 = 25.2
m b 107 76204800 10
Yn+1 — 2yn + Yn—1 =—
h? (2) 2 2)
h4

v (4) (4) (4) )

0 25.2
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Stability of two-step OM

45469
1697361329664000

Yn+1 — 2yn + Yn—1 =
h2

7788

h4

25960 (
h6

(6) (6) (6) )
oo (1270, + 4846y + 127y,

9 m:31p212,014:—

V2 = 55.60. ..

(22052, + 733032 + 2294 )

n n—1

+ 11 14229@ —114W )

n+1 n n—1

1

0 , 55.6062 SCIiCADE 07 — p. 16/40




P-stable 2-step OM

Ananthakrishnaiah (1987)
Idea : use some parameters to obtain P-stability.
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P-stable 2-step OM

Ananthakrishnaiah (1987)
Idea : use some parameters to obtain P-stability.
m=3andm =14
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P-stable 2-step OM

Ananthakrishnaiah (1987)
Idea : use some parameters to obtain P-stability.
m=3andm =14
e.g.m=3

Yn+1 — Qyn + Yn—1 =
h? (ﬁlo y,,(izl + 2 611 yff) + 010 yf—)l)

+h* (ﬁQO yq(;i +2 82145V + Bag 97(14—)1)

+h° (530 97(721 +2 83195 + Bao 3/7(7,6—)1)
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P-stable 2-step OM

Ananthakrishnaiah (1987)
Idea : use some parameters to obtain P-stability.
m=3andm =14
e.g.m=3

Yn+1 = 2Yn + Yn-1 =
h? (ﬁlo y,,(f_gl +2 A1y + Buo yf—)l)
+h? (ﬁQO yq(;i + 2 B21 > + Bao 97(14—)1)
+h° (530 97(721 +2 83195 + B30 3/7(7,6—)1)
imposep = 6 : {2, z*, 2%},

then 3 parametersi{y, 530 andFs1) remain
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P-stable 2-step OM

Ananthakrishnaiah (1987)
Idea : use some parameters to obtain P-stability.
m=3andm =14
e.g.m=3

Yn+1 — 2Yn + Yn—1 =
h? (ﬁlo y,,(f_gl +2 A1y + Buo yf—)l)
+h? (ﬁQO yq(;i + 2 B21 > + Bao 97(14—)1)
+h° (530 97(721 +2 83195 + B30 3/7(7,6—)1)

imposep = 6 : {z%, z*, 25},
then 3 parametersi{y, 530 andFs1) remain

1 — G112 + Bor vt — B3 vF
let 531 = (B30

R33 =
2 4
1+ 610 ve — ﬁ20 2 630 1/ SCICADE 07 — p. 17/40




Ananthakrishnaiah’s idea

Choose these 2 remaining parametexs 339 such that the method
becomes P-stable

N.
Rz = | =

<1
Ds
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Ananthakrishnaiah’s idea

Choose these 2 remaining parametexs 339 such that the method
becomes P-stable
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Ananthakrishnaiah’s idea

Choose these 2 remaining parametexs 339 such that the method
becomes P-stable

.
[Ras| = D—i <1 <= (D3 — N3) (D3 + N3) >0
0.004
O L
~0-008, 0.001
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Ananthakrishnaiah’s idea

Find the solution for which the phase-lag,

13 +§
604800 30

1
v — arccos R33 = ( B30 + 10 ﬁgo) v 4+ O (V9)

becomes minimal.
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Ananthakrishnaiah’s idea

Find the solution for which the phase-lag,

13 +§
604800 30

1
v — arccos R33 = ( B30 + 10 ﬁgo) v 4+ O (V9)

becomes minimal.

0.004

B20

—0.008
0 0.001
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Ananthakrishnaiah’s idea

Find the solution for which the phase-lag,

13 +§
604800 30

1
v — arccos R33 = ( B30 + 10 ﬁgo) v 4+ O (V9)

becomes minimal.

0.004

B20

—0.008
0 0.001

[330

.. 1 1
This gives(330, B20) = (M400’ 600)

SCICADE 07 — p. 20/40



Ananthakrishnaiah’s idea

. . 1
Ananthakrishnaialm = 3 : p = 6, P-stable(Cs = —

50400
Yn+1 — 2Yn + Yn—1 =

h2
(yf@ll +18y2) + ), )1)

20
h4 4 4
h6

(6) (6) (6)
14400 (y”“ T2yt yn—l)
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Ananthakrishnaiah’s idea

1

_ 9 .2 a1 4 1 6 ,
1 — 550" + gog v 14400 ¥ % °

1.2, 1 .4 1 6
1+ 55 v° + 550 V" + 12400 V

R33 =

-1 s s w .
0 20 40 60 80 100
\Y)

N. .
|R33| = |3 < 1 since

Ds

v? (12 —10)? (v? — 60)?
Da — N2) (D+ + Na) =
(Ds = N3) (D3 + Na) 360000

SCICADE 07 — p. 22/40



P-stable 2-step OM

We were able to generalise Ananthakrishnaiah’s idea in

M. Van Daele and G. Vanden Berghe, P-stable Obrechkoff ndstbbarbitrary order
for second-order differential equations, Numerical Algons44, 2007, 115-131
Algoritm to construct a P-stable OM for a given:

® impose ordeRm

® D, — N, andD,, + N,, should both be halves of perfect
squares
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P-stable 2-step OM

We were able to generalise Ananthakrishnaiah’s idea in

M. Van Daele and G. Vanden Berghe, P-stable Obrechkoff nastbbarbitrary order
for second-order differential equations, Numerical Algons44, 2007, 115-131
Algoritm to construct a P-stable OM for a given:

® impose ordeRm

® D, — N, andD,, + N,, should both be halves of perfect
squares

Theorem : the approximai,,,,,(v?), obtained by generalising
Ananthakrishnaiah’s approach, is given by the real part of the
(m, m)-Padé approximant efkp(: v).
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P-stable 2-step OM

We were able to generalise Ananthakrishnaiah’s idea in

M. Van Daele and G. Vanden Berghe, P-stable Obrechkoff nastbbarbitrary order
for second-order differential equations, Numerical Algons44, 2007, 115-131
Algoritm to construct a P-stable OM for a given:

® impose ordeRm

® D, — N, andD,, + N,, should both be halves of perfect
squares

This leads to a system obn-lineareqguations.

Theorem : the approximam,,,,,(v?), obtained by generalising
Ananthakrishnaiah’s approach, is given by the real part of the
(m, m)-Padé approximant efkp(z v).
This leads to a system dhearequations.  scicabeo7-p. 2310




A 16
R 2 1__ +600 14400 ¥
33(V) T 1_|__ _|__ _|_ 1 6

20” 600” 14400 Y
1 . 1 .2 1 3
— R 1+§7”/_EV 1207’V
B _l,,_ 1 3
1 51V — 5V —|—120’LV
1+iv+ 224 L3
where —F—— 10— — exp(v) + O (V')
—§V—|_EV —my
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9 11 .4 1 .6
1 +600V 14400 ¥

1 1 1 6
1 + 20 2+ 600 4 14400 ¥

1 .9 1 3
3%<1+27JV 10” 1207’V>

1 _ 1, 3
1 2“/ 10 Y +1202V

2 2
~w57) —Gv-m V)

1
2 2
(1-%2) "+ Gv-—mv°)

20— — exp(v)+ O (V7)
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Conclusion

How does the P-stable Obrechkoff method

Yn+1 — 2yn + Yn—1 =— Z hQZ (ﬁz n—l—l + 25@ (22) + 6750 yq(f_?/)l)
1=1

of order2 m look like ?

,
1 2 1
Bio = (—1)** +2§ ﬁ 1Y aj agi
X i1 1 =1 ,m
2
Bi1 = a; + 2 E a5 A25—j
\ 7=0
( m
(7)

wherea; = <
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P-stable Expon. fitted OM

How to obtain P-stable exponentially-fitted Obrechkoff methods ?

i 2i i 2i
Unt1l — 2Yn + Yno1 = Y B (ﬁio )+ 281y + Bio .%(@—)1)
i=1
applied toy” = —\? y gives
Yn+1 — 2Rmm(‘97 VQ) Yn + Yn—1 = 0

with @ :=wh andv := \h
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P-stable Expon. fitted OM

How to obtain P-stable exponentially-fitted Obrechkoff methods ?

m

| o - %
Uni1l = 2Yn + Yno1 = Y _B*’ (ﬁz‘o )+ 281y + Bio .%(@_Z)1)
i=1

applied toy” = —\? y gives
Yn+1 — 2Rmm (0, VQ) Yn + Yn-1 =10

with 0 := wh andv := \h
Padé-approximants=- exponentially-fitted Padée approximants
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P-stable Expon. fitted OM

How to obtain P-stable exponentially-fitted Obrechkoff methods ?

m

| o - %
Uni1l = 2Yn + Yno1 = Y _B*’ (ﬁz‘o )+ 281y + Bio .%(@_Z)1)
i=1

applied toy” = —\? y gives
Yn+1 — 2Rmm (0, VQ) Yn + Yn—1 =0
with 0 := wh andv := \h

Padé-approximants=- exponentially-fitted Padée approximants
Construction of Polynomially-fitte(n, m) Padé approximants :

SCICADE 07 — p. 26/40



P-stable Expon. fitted OM

How to obtain P-stable exponentially-fitted Obrechkoff methods ?

m

| o - %
Uni1l = 2Yn + Yno1 = Y _B*’ (ﬁz‘o )+ 281y + Bio .%(@_Z)1)
i=1

applied toy” = —\? y gives
Yn+1 — 2Rmm (0, VQ) Yn + Yn—1 =0
with 0 := wh andv := \h

Padé-approximants=- exponentially-fitted Padée approximants
Construction of Polynomially-fitte(n, m) Padé approximants :

P (x)

Po(—z) P +0 (a*™ )
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P-stable Expon. fitted OM

How to obtain P-stable exponentially-fitted Obrechkoff methods ?

m

| o - %
Uni1l = 2Yn + Yno1 = Y _B*’ (ﬁz‘o )+ 281y + Bio .%(@_Z)1)
i=1

applied toy” = —\? y gives
Yn+1 — 2Rmm (0, VQ) Yn + Yn—1 =0
with 0 := wh andv := \h

Padé-approximants=- exponentially-fitted Padée approximants
Construction of Polynomially-fitte(n, m) Padé approximants :

P (x)
P (—)
— exp(z) Pn(—z) — Pn(z) = O (z°™)

= exp(x) + O (332 mH)
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P-stable Expon. fitted OM

How to obtain P-stable exponentially-fitted Obrechkoff methods ?

m

| o - %
Uni1l = 2Yn + Yno1 = Y _B*’ (ﬁz‘o )+ 281y + Bio .%(@_Z)1)
i=1

applied toy” = —\? y gives
Yn+1 — 2Rmm (0, VQ) Yn + Yn—1 =0
with 0 := wh andv := \h

Padé-approximants=- exponentially-fitted Padée approximants
Construction of Polynomially-fitte(n, m) Padé approximants :

P, (x .
P ((_a):) = exp(z) + O (™7
= exp(z) Pn(—2) — Pp(x) = O (2*™*1)
o
= 2a &) Pn(=2) = Pn(2))| =0 a=1....m




EF Padé approximants

F(x,t) =exp(tx) Vin(—tz)—Vip(tx) Vin(x) = 1—|—Z a; '
j=1
(9%
t =0 =1,..., K
a$2qf(x7 ) (2,)=(0,0) q ) )

P 07 r
t — - o o o P
\ (f%q (z,) (x,t)(i,@)) 0 9=0, ’

where0 < K <mandP + K +1 =m.
This leads to a system af linear equations in the unknowans,

1=1,...,m.
The EF(K, P) Padé approximant texp(v) is then given by
PP () = Vin (1) [ Vin(—0)
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EF Padé approximants :m = 1

F(x,t) =exp(tx) Vi(—tx) — Vi(tx) Vin(x) =14+ a1z
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EF Pade approximants :m = 1
F(x,t) =exp(tx) Vi(—tx) — Vi(tx) Vin(x) =14+ a1z

® (K=1,P=-1)

o? 1
——F(x,t =0 #?(1—2a1) =0 = =
oy F(x,t) (0.0 <~ 0~ ( ai) = aq
TN 1+1z
LR () = 3
2
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EF Pade approximants :m = 1
F(x,t) =exp(tx) Vi(—tx) — Vi(tx) Vin(x) =14+ a1z

® (K=1,P=-1)

0* 1
——F(x,t =0 #?(1—2a1) =0 = =
72 F(x,t) (2.0)=(0.6) — 0°( ai) <~ a1
1
(1 —1)p11(y) l+gz
® (K=0,P=0) 1—%3:

R(F(i,0) =0 %(ew(l—ialﬁ)—(l—i—ialé’)):O
sin 6 ~ 1 tan(0/2)

Ty (cosf+1) 2 6/2
) 1+ % targ(92/2)
CORL) =
— 3 a2
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EF Padé approximants :
m =1
(K, P) a;
(1,-1) >
(0,0) tagg
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EF Padé approximants :m = 1

m =1
(K,P) ai
1
(17_1) 5
e )
(0,0) | 5+5;+00"
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EF Padé approximants :m = 1

m =1
(K7 P) ai
(17 _1)
J
0,0) | .. (
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EF Padé approximants :m = 2

m = 2
(K,P) ai %)
1 1
2,1 - il
(2,-1) > T
1 2tan ¢ — 0
1,0 - 2
(1,0 2 2602 tan 4
0.1) 2 (1 —cos?) 6 —sind
’ (6 + sinf) 6 (6 + sin 6) 62
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EF Padé approximants :m = 2

m =2

(K7 P) ai ao

1 1

2, —1 - —

1 1 62

1 - = 7 4
(1,0) 2 PRI
(0,1) 1 + O(6%) 1 + O + O(6%)

’ 2 12~ 360

SCICADE 07 — p. 33/40



EF Padé approximants :m = 2

(} ( , F ) ai a9
1
0.1
(2,—1)
) < 0 o 0
—05 -0.05
-0.14
-1
0 2n an 6Tt 8m 10m 0 2n an 61 8m 10m
1 1
( 1 O ) 0.5 0.5
7 < (0] < 0| (/)
-0.5 -0.5
-1 -1
0 2n 4an 61 8m 10m 0 2n 4m 6T 8m 10m
0.5
0.1
0.4
O 1 0.08
0.3,
Y - « 0.06
[ ©
02 0.04
0.1 0.02
0 0
0 2mn 4 0 61t 81 101 0 2n 4an 0 611 81 101
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(K, P) ay ao as
1
0.1
0.0%
05
( 3 1 ) 0.05 0.004
) < 0 o 0 <’ 0|
—0.005
08 -0.05
-0.0%
-0.1
-1 -0.015
0 2n 4an 611 8m 10m 0 21 4amn 61 8 101 0 2n 4an 61 8m 101
1 OAl"\_J 0.05
0.1
05
(2,0)
) < 0 N 0| <’ 0|
-0.05
-0.5
-0.3
-1 -0.05
0 2n 4 61t 8m 101 0 21 4T 611 8m 10m 0 2n 41 6Tt 8m 10m
1 0.015
0.1
0.5 0.08
1 1 0.0Y
Y] - « 0.06 -
« 0 « m
0.04 0.005
-0.5
0.02
-1 0 0
0 2n 4t 6Tt 8m 101 0 2n 4 61 8m 10m 0 2n an 6Tt 8mn 10m
1 0.15 ' 0.05
/ 0.1
0.5
(0,2)
7 ~ oN o
o 0 o 0 r_‘ « 0 —
-0.05
-0.5
-0.1
-1 -0.05
0 2n 4an 0 61 8m 10m 0 2m 4amn 0 61 8m 10m 0 2n 4an 0 61T 8m 10m

SCICADE 07 — p. 35/40




The Stiefel-Bettis problem

2"+ 2=0.001exp(iz) 2(0)=1 2'(0)=0.995; 0 <z <407

equivalent real form

f

v’ 4+ u = 0.001 cos(x), u(0) =1,
v" + v =0.001sin(x), v(0)=0, »'(0)=0.

\

u(x) = cos(x)+ 0.0005x sin(x)
v(z) = sin(x)— 0.0005x cos(x)
= Ju2(z) + = /14 (0.0005x)2

v(40 7) h=2""x w=1
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The Stiefel-Bettis problem

m =1
O T T T T T T T _ I/ —
e e
__e- "
e
Chul o - -~ 7 ©
o -
= & -7
=
5
o)
O
L
=
r_g -10r .
_15 1 1 1 1 1 1 1 1
16 -14 -12 -1 08 -06 -04 -02 0
log10(h)
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The Stiefel-Bettis problem

log10(abs. err. iny(40m))

m = 2
0
o~
-7 0
€] /<>//
o
_O///
- O
O O O
16 -14 -12 -1 -08 -06 -04 -02
log10(h)
o: P =-—-1 o: P=0 (1:P=1
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The Stiefel-Bettis problem

m =3
_2 T T T T T T T T
_ O
_4 - _ - -
-
_0
~
. -6 P - B £ A
5 /d - -
N < ~
= - o
£ -8r - - T
o _ - ~ g
) ~ /<>/
o 10+ - _ —
S @) ~
= e -
@) - /<>/
(@] -
- -12¢ o Phd s
9 % - g
* -~ @ B
-14+}+ P - a _—
-
- *
*
_16 | | | | | | | |
-1.8 -1.6 -1.4 -1.2 -1 -0.8 -0.6 -0.4 -0.2 0
log10(h)

o: P=-1 o: P =0 (1. P=1 x: P =2

SCICADE 07 — p. 39/40




Conclusion

°

two-step P-stable exponentially fitted Obrechkoff methods :

for any givenm, P-stable ER K, P)-methods of orde? m exist

the construction is based on EF Padé approximants to the
exponential function

the coefficients depend on a parameéter
the coefficients are continous functionstaff P is odd

numerical example was given to illustrate the theory
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