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Exponential fitting

Aim : build methods which perform very good when the solution
has a known exponential of trigonometric behaviour.



Exponential fitting

Different ways to develop EF methods

e starting from interpolation function

n-2
pffi)z(x) =acoswX +b sinwx + Zci X

i=0
with

Iim0 pfl"i)z(x) = pn(x) = a polynomial of degree < n
w—

e starting from linear functional and imposing that for the set
of functions {coswx, sinwx, 1, t, t?, ... ,t"?} the
method produces exact results.

w which is either real (trigonometric case) or purely imaginary

(exponential case), is determined from the expression for the
local error.
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Example : Numerov method

y'=1f(y) vy@=ya y(b)=yw
classical Numerov method :
1
Y1 — 2Yn +Yn-1 = 12 h? (f(Yn+1) +10f(yn) +f(yn-1))
b—a

n=1,2,...,N h=
)y & ’ N—|—1

Construction :
impose L[z(t);h] =0for z(t) € S = {1, t, t?, t3, t*} where

Llz(t);h] :=z(t+h)+agz(t)+a_1z(t —h)
—h? (b 2”(t + h) + bo 2"(t) + b_1 2"(t — h))

Llz(t): h] = —ﬁlthZ(G)(t) +OM®)  — order 4
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EF Numerov method

Construction : impose L[z(t); h] = 0 for z(t) € S with
S ={1,t,t? sin(wt), cos(wt)}

or §={1,t,t% exp(ut), exp(—ut)} pi=iw
L[z(t);h] :=z(t+h)+apz(t) +a_1z(t —h)
—h? (b 2”(t + h) + bo 2"(t) + b_1 2"(t — h))

Ynt1 — 2¥n +Yn-1 = h? (Af(Yn—1) + (1 = 2X) f(yn) + Af(Yns1))
1 1 1 1 1

N = — = 4~ g2y~ gt =
asn’g 2 12 2400 ' 6048 fi=wh

1 1 1 1

1
- +72_7—7y2+71/4+... v:=uh
4sinh®y v 12 240 6048
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Exponential Fitting

¥ L. Ixaru and G. Vanden Berghe
Exponential fitting

Kluwer Academic Publishers, Dordrecht, 2004

_ [ cos(|z|*?) ifz <0
§2)= { cosh(z/?) ifz >0

sin(|Z[¥2)/1z|Y2 ifz <0 Z:=(ph)*=
nz)=1{ 1 ifZ =0
sinh(z1/?)/z/? ifz >0

Conclusions

—(wh)?
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EF Numerov method
Construction : impose L[z(t); h] = 0 for z(t) € S with

S=1{1,t,t2 sin(wt), cos(wt)}
or §={1t,t? exp(ut), exp(—pt)}  pi=iw

Llz(t);h] :=z(t+h) +agz(t) +a_1z(t —h)
—hZ (by 2"(t +h) + b 2”(t) + b_1 2"(t — h))

Y1 — 2¥n +Yn-1 = h? (Af(Yn-1) + (1 = 2X)f(yn) + Af(Yns1))

1 1 1 1 1
S A I 7 L L 6= wh
asin?? 62 12 " 240" Teoag” T “
1 1 1 1 1
= - — - 4+ = =" P+ —v4+ ... vi=uh

2 sinh2y 12 12 240 6048

1 1 11 1
S T A R £ N
z ( ,72(§)> 12~ 240° teoag” T E2mV =0
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EF Numerov method

S=1{1,t,t2 sin(wt), cos(wt)}

Ynt1 — 2¥n +Yn-1 = h? (AMf(Yn-1) + (1 = 2X)f(yn) + A (Yny1))

How to choose w ?

Llz(t);h] = —ﬁlohe (2(6)(t)+w2 2(4)) +0(h®) = order 4

A value for the parameter w can be obtained from the
expression for the lte :

(6)

Yn @ =0.

'HU% Yn' =
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Generalisations

To determine the coefficients of a method, we impose
conditions on a linear functional. These conditions are related
to the fitting space S which contains {1, t, t?, ..., tX} and
e possibility 1 (Calvo et al. ) : trigonometric polynomials
{exp(xut), exp(+2ut), ..., exp(£(P + 1)ut)}
e possibility 2 (Ixaru, Vanden Berghe, V.D., ...) :
exponential-fitting
{exp(+put), t exp(xput), ..., t7exp(£ut)}
A method can be characterized by the couple (K, P)
Here, we consider a generalisation of both classes :

e possibility 3 : {exp(£puot), exp(£uit), ..., exp(Lupt)}
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Motivation

work by Hollevoet, V.D. and Vanden Berghe

e “On the leading error term of exponentially fitted Numerov
methods”, ICNAAM 2008

e “The optimal exponentially-fitted Numerov method for
solving two-point boundary value methods”, J. CAM 2009

EF-approach of Ixaru and Vanden Berghe :

Llz(t);h] :=z(t+h)+agz(t)+a_1z(t—h)
—h? (b 2”(t + h) + bo 2"(t) + b_1 2"(t — h))

z(t) € Sk p(n) =
{1,t, 12, ... tK U {exp(£ut), t exp(£ut), ..., t7exp(£ut)}
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Motivation

1 is determined from the lte :
h®¢p(Z) D1 (D? — 12)" 1y (4)+O(h®)  ¢p(Z) = —5;5+0(Z)
Att =t, y? := p? such that

Ep, = DX (D? — 2)P 1y () = 0

e P=0:y®)(f) - ujzy(“)(tj) =0—=p?eR

o P=1:yOt)—22y® () + pu*y@() = 0 may only
have complex roots sz’ such thaty; € C.

To solve this problem, we propose the new type of EF
methods : EF multiparameter methods
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Aim

The construction of symmetric, symplectic EF multiparameter
Runge-Kutta methods Gauss-type methods

Previous work on
e EF symplectic RK-like methods by Van de Vyver (2006)

e EF symmetric, symplectic RK methods by Calvo et al.
(2008-2010)

e EF symmetric, symplectic RK-like methods by Vanden
Berghe - V.D. (2010)
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General approach

Assaciate linear functionals to the internal stages
Lily(x);h;a] =y(x +¢ih —h Za”y +¢ih

wherei =1, ..., s and the final stage

LIy (x); hib] = y(x + ) — *th'V Tah
_ Lily(x);h;a] =0 for y(x) € Siy
and impose { Lly(x);h;b] =0 for y(x) € Sfir:

also taking into account the symplecticity and symmetry
conditions.



Multiparameter EF methods

Van de Vyver’s approach
In order to construct a symplectic EF version of the Gauss
s = 2 method with fixed knots ¢; = 2= ‘f and ¢, 3+‘f and

Sint = {eXp(MX),eXp(—MX)} Sfin = {15 X, eXp(MX)ueXp(_

Van de Vyver considers modified RK-methods
Lily(x);h;a] = y(x +cih) — 5 y(x hza.,y +¢jh

wherei =1, ..., s and the final stage

S

Ly(x);hib] =y(x +h) —y(x) =h > biy'(x +cih)
=1

The concept of modified RK methods is also used by Vanden
Berghe and V.D.

LX)}
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Extra conditions

A modified Runge-Kutta method is called symplectic iff
b; b; -
—’aji+—'aij—bibj:0 1<i,j<s.
7 Vi

A modified Runge-Kutta method is called symmetric iff

Conclusions

Ci=1—Csi1-i bi = bsy1-i aij =7 b —asp1-iss1-j

Vi = Vs+1-i
forall1 <i,j <s.



Thecases = 2

The cases =2

We consider a 2-stage modified Runge-Kutta method

Ci|7|a11 ai2
Co| 72 |a2 a2
| [ b1 b
1 1
Symmetry:clzé—e 02:54-9 by =b,

ai +agxp =v1bp ay1 +app =72bp

b a a
71b1 2 21 _ g
2 "2

_ 72b2

Symplecticity : a;; = azo 2
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The cases =2

A symmetric, symplectic modified EF Runge-Kutta method has
the form

1 b b
70 |m| o B+
1

1 yby yby
2+9 71 5 A >

] b by
Four parameters: by, v1, A and 8
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The case s =2
We consider the construction of a method for which
Sint = {exp(ux), exp(—ux)}
and
Stin = {exp(ux), exp(—ux), exp(uzx), exp(—uz X)}

Special cases :

e 1o =2u (Calvo)

e 1o — u (Vanden Berghe)
First we impose

Sint = {€xp(ux), exp(—ux)}  Sqn = {€Xp(uXx), exp(—px)}



The cases = 2
...thecases =2...
Imposing

Sint = {exp(ux),exp(-px)}  Stin = {exp(ux),exp(—uX)}
leads to formula’s also obtained by Vanden Berghe et al.

1 sinh(z/2) b
17 2cosh(z0) (z/2) ~ 2
_ ., cosh(zd) 1 B
7172 cosh (z/2) cosh(z/2)cosh(z6) 72
__ _sinh(z6)
~ cosh(zf)z
Z:=puh
Following Ixaru :
_10Z/A) e

L7 2¢zor) 2
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...thecases=2...
Next we impose
Stin = {exp(px), exp(—px)} U {exp(uz X), exp(—pz X)}

1 sinh(z/2) 1 sinh(z/2)
'~ 2cosh(z20) (z2/2) ~ 2cosh(z0) (z/2)

This leads to a formula for 0 : F(z) = F(z,) where

~sinh(u/2)
(W) = Coshwo) (u/2)

In general, an iterative procedure is needed to determine 6.
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...thecases =2...

F(z) = F(z,) where F(u) = COSS:](Z(QL)I/(?/Z)

Special cases :

cosh(z/2) + \/8 + cosh?(z/2)
4

1
° 22:2229:EaCOSh

Forthisvalueof§: v =7, =1

This is the EFRK method of Calvo et al.
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...thecases =2...

F(z) = F(z,) where F(u) = cosS;n(:(el;/(i)/z)

Special cases :
ez;,=2z:F'(z)=0

_ 1lcosh(z0) cosh(z/2)
b= 7 sinn (z6) <sinh (z/2) /(z/2) 1)

This is the method of Vanden Berghe et al. with

Stin = {exp(ux), exp(—uX)} U {X exp(pnx),x exp(—pX)}

° 22 = 0 . F(Z) = 1 N 0 — %acosh (SIFEZ(/ZZ/)Z))

This is the method of Vanden Berghe et al. with

Siin = {€xp(ux), exp(—px)} U {1, x}
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...thecases=2...

What if
e zx~0
e 7, ~0
e zx~0andz, =0
e 2,2

Numerical results

Conclusions
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.thecases =2...

Ifz—0andz, —»0:

Vi V3
0 = G+ 310 (24 2)

\/§ 4 2. 2 4
\/§ 4 2., 2 4 2 2
* 435456000 (322 —342°2," + 32 ) (Z tz2 )

+...
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...thecases =2...

F(z2) = F(z)
If z, — z is very small :

1

F(z2) =F(@2)+ (22— 2)F'(2) + =(z2 — 2)?F"(2) + . ..

2

F'(z)+ (z2—2z)F"(z) =0

Conclusions
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Thecases =3

A symmetric, symplectic modified EF Runge-Kutta method has
the form

1 b b b
10w 7121 7122—0@ 7121—0(3

1 Y2b1 72 b2 Y2b1

2 72 2 &7} 2 5 Ty bla +b2a —0

— G — g4 —
1 b b b
0 | Bt tas B2 tay 0 B 71 V2
by b2 by

Parameters : by, by, 71, 72, as, az, 6
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The case s =3
We consider the construction of a method for which
Sint = {1, exp(ux), exp(—px)}
and
Stin = {1, exp(uX), exp(—px), exp(uz X), exp(—p2 X)}

Special cases :

e 1o =2u (Calvo)

e 1o — u (Vanden Berghe)
First we impose

Sint = {1, exp(ux), exp(—px)}  Spin = {1, exp(ux), exp(—pux)}



The cases = 3

...thecases =3 ...
Imposing

Sint = {17 eXp(MX)anp(_MX)} Sfin = {17 eXp(,u,X),eXp(—,uX)}
leads to formula’s also obtained by Calvo et al. since

m=1l=v

sinh(z)  sinh(z/2)
z z/2

by ==
172 cosh(2z ) — cosh(z 0)

b2:... Q) — ... a3 — ...
Following Ixaru :

1 n(Z2)—n(z/4)

by = 26(4202) — £(Z 09)
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...thecases=3...
Next we impose

Stin = {1, exp(ux), exp(—px)} U {exp(uzx), exp(—p2X)}

We then obtain
sinh(z,/2)  sinh(z/2)
by — = z,/2 z/2 b, —
172 cosh(z, ) — cosh(z 9) 2

which has exactly the same form as the expression we already

had : _ _
sinh(z) sinh(z/2)

b — = z z/2
1™ 2cosh(2z ) — cosh(z 6)
The first expression makes clear that the final stage by accident
also integrates {exp(2 ux),exp(—2 ux)} exactly :

Stin = {1, exp(dx), exp(£2 pux), exp(Lpuz X)}
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...thecases =3...

Combining both results, we obtain the relation from which 6 can
be determined :
sinh(z,/2) sinh(z/2) sinh(z) sinh(z/2)
L /2 z)2 - } z T z)2
2 cosh(z, 0) —cosh(z ) 2 cosh(2z6) — cosh(z )

G(z, z3) =G(z, 22)

sinh(a/2)  sinh(b/2)
a/2 b/2

cosh(a#) — cosh(b 6)
In general, an iterative procedure is needed to determine 6.

with G(a,b) :=



The cases = 3

...thecases =3...

Special case : z, = 3z : the method of Calvo et al.

0= gacosh(,b’l)

B :%\/15+6 cosh (z/2) + 3+/15 + 8 cosh (z/2) + 2 cosh (2)

V15 z2 31z% 8976
0=— 1+ — + + ...
10 150 240000 144000000
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...thecases =3...

Special case: z, =z/2:

0= gacosh(ﬁg)

B3 :‘11\/6+2\/9+8 (cosh (z/4))? + 8 cosh (z /4)

V15 <1 z2 253z4 1241 28

0= 10 400 ~ 11520000 ' 9216000000

)
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...thecases =3...

Specialcase : z, =z :

G(z,z) =G(z, 2z)
inh(a,/2 inh(b/2
Sma(/az/ ) - Smb(/z/ ) Gn(a,b)

G(a,b):= cosh(af) — cosh(bf)  Gp(a,b)

G(z,z) = lim G(z,z;) =

<0> B 250Nz 22) |, _,
0 55,00z, 22)|,,_,
cosh (z/2) — Si”';(/zz/z)

z 0 sinh (z0)

Zy—Z

Stin = {17 eXp(ZII,U,X), exp(izlu’x)7 X eXp(iMX)}
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...thecases =3...

Ifz—0andz, -+ 0:

V15 V15
=10 * 21000 (522 + 222>
V15
1058400000
+ V15 x
97796160000000
(1730250 25 _ 1653665 2%2,2 — 5765 2%2,* + 26974 zzﬁ)

+...

(229524—%85222224—131224)




The cases = 3

Some tests for the s = 3 case

We have considered three problems
e Kepler’'s problem
e a perturbed Kepler problem
e Euler’s problem
and four methods
e Classical Gauss method of order 6
e Calvo method with variable c;-values
e Calvo method with fixed c;-values
e my 2 parameter method



Numerical results

Problem 1 : Kepler’s problem

H(p.a) = 5 (02 +03) -

att =0: (q17 q27 plv p2) = (1 - e7 07 07 %jg)
whereby e = 0.001
Integrated in [0, 1000] withh=2"""m=1,...,4.

(qx(t), gz2(t), pa(t), p2(t)) = (cos(E)—e, v'1 —e?sin(E), ay(t), ga(t))

whereby t = E — e sin(E)



Exponential fitting

log10(error)

Multiparameter EF methods The case s

= The cases = 3 Numerical results

Problem 1 : Kepler’'s problem

Kepler problem

|
o
T

-7t

T
—&— classic
—<— Calvo
—&— Van Daele

#— Calvo fixed | |

3.4

3.6

.
3.8 4
log10(steps)

=—————h
(a7 + q3)3/2

Z3

4.4

=2z/2

Conclusions
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Problem 2 : a Perturbed Kepler problem

1 2¢e+ €2

\ai+a3  34/(92 +093)3
att =0: (g1, 92, P1, P2) = (1,0, 0,1 +¢)
whereby ¢ = 0.001

H(p.a) = 5 (% +p3) -

Integrated in [0, 1000] withh=2"""m=1,...,4.

(Ax(t), ga2(t), pa(t), P2(t)) = (cos((1+€)t),sin(1+e) 1), gy (t), aa(t))
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log10(error)

Problem 2 : a Perturbed Kepler problem

Perturbed Kepler problem

-2 T T T T T
—O©— classic
-3t —<— Calvo
—&— Van Daele
#— Calvo fixed
4
51 1
6t 1
7k 1
s 1
9l 1
—10} 1
~11 . . . . .
3.2 3.4 3.6 3.8 4 4.2 4.4

log10(steps)

z=ih z,=2/2

Conclusions
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Problem 2 : a Perturbed Kepler problem

Perturbed Kepler problem

-4 T T T T
—6&—fac=3
-45F~ —<— fac=0.5 |4
S —&—fac=1.5
-5 NS — — —fac=2.5 |4
—-— fac=4
551 1

log10(error)
&
ol
T

-9 I I I I I )
3.3 3.4 3.5 3.6 3.7 3.8 3.9 4

log10(steps)

z=1ih z, =facz



Numerical results

Problem 3 : Euler’s problem

4= ((a—B)d0s, (1 -a)diqs, (3—1)010z)"
att=20: (qlv d2, q3) = (0’ 171)

1 0.51
whereb =1+—andB=1-
ya v1.51 b v1.51

Integrated in [0, 1000 withh=2"""m=1,...,4.

(qs(t), gz2(t), gs(t)) = (vV1.51sn(t,0.51), cn(t,0.51), cn(d, 0.51))

Problem is periodic with T = 7.45056320933095.
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Problem 3 : Euler’s problem

Euler problem

-3 T T
—o— classic
—<%— Calvo
4l —&— Van Daele ||
N\ #— Calvo fixed
51 1
5
3
S 6f 1
-
j=2
o
7t 1
8 1
-9 . . . . e
3.2 3.4 3.6 3.8 4 4.2 4.4

log10(steps)



Conclusions

Conclusions

we constructed a new family of exponentially-fitted variants
of the Runge-Kutta methods of Gauss type

these methods contain parameters g, p1, - - -

Special case g = p1 = U2 ... and Ho = ,u1/2 = ,U,2/3 ..
gives known families of EF methods

open problem (needs more testing) : how to choose the
parameters
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