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Exponentially fitted methods

In the past 15 years, our research group has constructed modified
versions of well-known

linear multistep methods
Runge-Kutta methods

Aim : build methods which perform very good when the solution has a
known exponential of trigonometric behaviour.
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Linear multistep methods

Well known methods to solve

G=fla(t)  dala)=d  4(a)=da
are

Stormer-Verlet method (order 2)
n+1 — 2qn + qn—1 = h2 f(Qn)

Numerov method (order 4)

h2
Int+1 — 2qn + Qn-1 = 12 (f(Qn—l) + 10 f(Qn) + f(Qn—I—l))
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Construction

tn—l—l

q(tn+1) = 2q(tn) +q(tn-1) = / (tnr1 = 7) [G(7) + 421, — 7)] dr

Stormer-Verlet
Replacej(t) = f(q(t)) by the interpolating polynomial
p(t) =ag+aitatt,, tyy1:

4n+1 — 2qn + qn—1 = h2 f(Qn)

Numerov
Replacej(t) = f(q(t)) by the interpolating polynomial
p(t) =ag+art+ast?att,_1,tn, thit :

h2

n+1 — 2qn + Gn—1 = E (f(Qn—l) + 1Of(Qn) + f(Qn—l—l))
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Exponential fitting

Consider the initial value problem
j+wqg=9g(q) qla)=q  §(a)=4da-
If 19(q)| < |w? gl then
q(t) = a cos(wt + @)

To mimic this oscillatory behaviour, one could replace polynomial
Interpolation by trigonometric interpolation
(in the complex case : exponential interpolation).

n n—2

Replacep(t) = Z c;it' by p(t) = a coswt + b sinwt + Z ¢t
i=0 i=0
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Stormer-Verlet method
d(tn)=2at)altn1) = [ (s =7) )+ (20— o
Replacej(t) = f(q(t)) by an ir?terpolating functiop(t) att,, t,.1.

classical p(t) = ag + a; t
p(t) = " o (g

dn+1 — 2%1 + gn—1 = h2 fn

exponentially fitted p(t) = a coswt + b sinwt

sinw(tp11 —t) sinw(t — t,)

t) =
. W
n+1 — 2 dn T+ qn—1 = h2 SlIlC2V f(qn) ) 7
(s ( tanx
| nz £0 .0
SINC T = < T tancxr = < €T
\ 1 €r = O \ 1 €T Sc@ide 2005 — p. 6/42




Numerov method
A(tne1) —2q(t) +atnr) = / (s =) [G(r) £ (2t — 7)) dr

Replacej(t) = f(q(t)) by an interpolating functiop(t) att,—1, tx,
trtd-

classical ip(t) = ag + a1t + as t

Int+1 — 2qn + qn-1 = h? ()\f(Qn—l) + (1 — 2 )‘) f(Qn) + )\f(Qn—l—l))

1
12
exponentially fitted p(t) = a coswt 4+ b sinwt + ¢

A

n+1—2qntqn—1 = h? ()‘f<Qn—1) + (1 — 2 )‘) f(Qn) + )‘f(Qn—i—l))

\ 1 1 1 1 1 >, 1 iy wh
— — — = —+—VvV'+—1v +... V= ——
sinfy  v? 12 60 378 2
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Choice of w

based on local truncation error

Stormer-Verlet
h4

y(xn—l—l) — Ynt+1 — E (y(4) (xn) + w2 y(2) (xn)) + ...
— w2 = _y(4) ()
n y(2(x,,)
Numerov
h6
Y(Tnt1) = Ynt1 = ~ 510 (y(6) (2) + w? y™ (xn)) + ...
= W = )
n y @ (x,,)

local optimization

Scicade 2005 — p. 8/42



The Stor mer-Verlet method

Geometric numerical integration
llustrated by the Stormer Verlet method

E. Hairer, C. Lubich, G. Wanner

Acta Numerica (2003) 1-51
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The Stor mer-Verlet method

construction



S/V : qn+1_2qn‘|‘Qn—1:h2f(an)

Interpolateg(t) by p(t) = at® + bt + c att,_1, t, andt,,_;.

_ Gn+1 — 2qn + qn—1
— 73

Approximateg(t,) = f(q(tn)) by p(tn)

q(n+1)

q(n-1)

t(n-l) t(n) t(n+1) Scicade 2005 —p. 11/42



gVEF: dn+1 — QQn T Qn—1 = h? SiHCQan

Interpolateg(t) by p(t) = a coswt+b sinwt+catt,_1,t, andt,_;.

) _ dn+1 — 2(]n + dn—1

2

Approximateg(t,) = f(q(t,)) by p(t, o
S1I1NC™ UV

q(n+1)
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The Stor mer-Verlet method

construction

one-step formulation
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SV :

Gn+1 — QQn + gn—1 = h2 fn

¢=v 0= f(q)
_ n+1 — dn—1

2h
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SV :

Gn+1 — QQn + gn—1 = h2 fn

¢g=v 0= f(q)

. n+1 — dn—1
vit,) ~»n(t,) =
( n) p( n) 2h
q(n+1)
v(n+1/2)
q(n+142)
- -~ dn+1 — Q4n
h
_Gn41 T qn
2
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SV :

Gn+1 — QQn + gn—1 = h2 fn

¢g=v 0= f(q)

. dn+1 — dn—1
v(t,) ~ p(t,) =
( n) p( n) 2h
q(n+1)
_ 4n+1 — G4n
V(n+1/2) oty g) & h
q(n+142)
yd - dn+1 + dn
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gVEF: dn+1 — QQn T Qn-1 = h? SiHCQan

¢g=v V= f(q
1 dn+1 — 4n—1
sinc 2v 2 h
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SV :

dn+1 — 2qn + Gn-1 = h? sinc’v fn

¢g=v 0= f(q)

1 n+1 — dn—1

sinc 2v 2 h

v(n+1/2) 9(n+1)

Q

1 n+1 — 4n

sinc v h

1 dn+1 + dn

t(n) t(n+1)

2 COS 2
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SV :

dn+1 — 2qn + Gn-1 = h? sinc’v fn

¢g=v 0= f(q)

1 n+1 — dn—1

sinc 2v 2

v(n+1/2) 9(n+1)

Q

1 n+1 — 4n

sinc v h

1 dn+1 + dn

COS UV 2

1 Gn — 4n—1

Q

sinc v h

1 dn + dn—1

COS 2
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S/VEE: one-step formulation
¢g=v = f(q)
(1) Qn+1 — 2 dn + Qn—1 = h2 SinCQVf(Qn)

L gny1— gn- 1 gni1— an
2 — 3 p—
(2) on sinc 2 v 2h (3) “nt3 T Gincw h
1 — h
(1) and (2) Uyl = — anh In _ og VU, + 5 sinc v f(qn)
h . .
vn+%zcosvvn+§smc v f(qn) qn+1:qn+hsmcuvn+%
Int1 —2Qn + qn-1 = h? sinc®v f(Qn)
+  gnt2 — 2 dn+1 T Qn — h2 SinC2V f(qn_|_1)

dn+2 — QGn+l — Gn T qn-1 = h*sinc v (f(Qn) + f(Qn—I—l))

n+2 — Q4n n+1 — dn—1 h
<> - N t
2 hsinc 2 v 2 hsinc 2 v }QL ancv (f(gn) + f(gn+1))

< Up+4+1 — Unp = 5 tanc v (f(qn) + f(Qn—H))

Upey + 5 taney f(guin)

1

COS V

/U’I’L—|— 1 p— _
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S/VEE: one-step formulation

g=v 0= f(q)
(I)ﬁ : (Qnavn) = (Qn—l—lavn—i—l)

v(n+1)
v(n+1/2) q(n+1) (AEp)
q(n+1/2) /—-lme- ..... h

/ Uppl = Cosuvn+§sincyf(qn)

EF expl. Euler,h/2

v(n) ¢ In+1 = qn + hsincvu, 1

a(n) // 2
/ EF expl. midpoint,h
1 h

Up4+1 = COSV/UTH_% T §tancuf(qn+1)

EFimpl. Euler,h /2
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S/VEE: one-step formulation

¢g=v 0= f(q)

v(n+1/2 B
q§2+1/2§ ( EF)
h .
qn = cosyqn_% + §SIHCV”Un_%
/
w EF expl. Euler,h/2

an) 4 .
w0 e = ey e f)
/ EF expl. midpoint,h

Lk
5 cosp it T ey

EFimpl. Euler,h/2
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S/VEE: one-step formulation

( h
V.1 =COSV Uy + 5

nt sinc v f(qn)

(AEF): $ qn+1:qn+hsincyvn+l

2

1 h
/Un+1 COS UV n—|—1 —l_ tancyf(Qﬂ"’l)

)
qn+1=(qn + hsincvo, 1

< 2

Upgpd =0, 1+ hsincv f(qn)

\

n =COSVq, _ 1—|— smcuv 1
2

= V1 + hsincv f(qn)

n

(BEP) : ¢ v,

1
2

__ 1 h
\ qn—l—%_cosz/qn+ ztancrv v n+z

2
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The Stor mer-Verlet method

construction
one-step formulation

composition method
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S/VEgE: composition method

(Agp) : 4

¢=v 0= f(q)

h

Upq L = COSV U, + §Sincuf(rqn)

1
qn+1:qn—|—hsincuvn+% $

| Gnt1=C0SV g1 + 2

1 h
L Un+1 = Gosw n+1 + stancy f(Qn+1)

y

V)41 =COSV Up + %Sincuf(qn)
2
(SEER) 1 \
qn—k% — cosvdn T3 tancuv —I—2
Qn+1 —cosuqn+1 —|— smcuv ntl
(SEZer) < S 2
| Ut = ospUng T stancv f(qn+1)

(AEF) = (SEZEF)o(SEXEF)

_ h
qn—k% — cosvdn T3 tancuv

SlIlC vu,

(BEF) = (SEIEF)o(SEZF)
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The Stor mer-Verlet method

construction
one-step formulation
composition method

splitting method
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S/VEF splitting method

i=f(q) =9(q)—w*q <= j+w?q=g(q) = «

vO- -

(v,9(q) —w?q)

(Uf_QHQ)
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\

Split the vector field

(v,-w?q)  +  (0,9(q))
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S/VEF splitting method

g=v  v=g(q)—w?q=f(q)
(Ua g(Q) o w2 Q) — (Uv _w2 Q) + (07 g(Q))

The exact flowm[f] andgp?] of these two vector fields are

4 ’UO . (
1] Q1 = Qo COSwi + — sinwt 2] q1 = qo
Py - \ W Py - \
| V1= —WwWqo sinwt+ vgcoswt \ U1:U0+t9((]O)

tanc v

1]

A \@Z
/
/

2] 2] /Y
/
/ K%tanou SOgtancy/'\ /

/

(SEZF) = ¢4\, 0%n  (SEEER) =) o))

SO h Scicade 2005 — p. 28/42
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SVEE: splitting method

G=v v=g(q) —wq=f(q)

(AEF) = (SEZEF)o(SEXEF) (BEF) = (SEIEF)o(SEZF)
~\¢[§]
Y1 /Y1
/
2] /'\ //
(2] SOhtamcy /
SOgtancu 1
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The Stor mer-Verlet method

construction
one-step formulation
composition method
splitting method

variational integrator
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The pendulum

0.5, 50 steps
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The pendulum

SEIEF
W

0.5, 50 steps
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The pendulum

q = —sing, q(0) = §(0) = 1.5
h = 0.5, 30 steps

SEIEF SEIEF
w=1.4 wn =14+n/50

25_ —~ - - T T~ ~ ~ 25_ —~ - - T T T - ~ ~
2t -7 /////— »\\\\'\ Toe 2t -7 _/'////— »\.\'\ RN Toe
- e ~ ~ ~ ~ ke e ~ '~ ~ N
7 P ST T ~ ~ S 7 s s e N ~ \.\
L5 /‘/ @'/@/'/QD/'”%'\_\'\_\\ \'\ - L5 /'/ /'/_/O/_/Oﬂe“'\.\'\ \'\ \'\ B
- DN '~ s ;2 0o - —--=0 COREEN N ~
-~ /O /. e \%\ \ ~ .~ : /. / o ~. \ .\ . >~
1' ) . / — T~ N 1' _/ / — T~ AN . \_
sos L s AR N g, N oo NN
70/ : : N\ o g ’ : <9 \
/ s ;7 // \\\__ \ AN \ / 00/ ; // \\\,, \ AN \
051 K ) i/ VAN \ ({% \ \ N 051 / / P/ /77NN Loy \ N
/ / | ': / { / N \\ \ "I | \\ \ / [/ Q_’ [’ [0 ( // N \\ \ \ "IO@ \\ h
\ VAN ST / \ Vo VNN S e /
N \ AT \ N s / S / Y. ’ \ g \ Q / / A / a
-05} R N N N 050 Y AN N AN NToT
N Vo N sy , N \ v\ O S y
NN~ Ty ) N / /0 o
NN A NN o} ;LY
. \ N . \,_ _‘/ . / / ./ \ \ \O . \ __/ . / ./ O_/
-1k NN o NS G < % -1k N N ~=.—=0 0
~. : N \Q)'\ -/ / - ~ h A NG /60/ )/ -
~ \A N .\ C— /. . @ P ~ N N ,\ C— P 06 VZ .
N N N '~ ~ s @ s N N N Q - O/‘ 7
-15~ N Ty e - -15f~ NN PR -
= ~ N N ~._ -7 e Ve - - \'\ N N ~._ .- e Ve s -
~ ~ ~ - e ~ '~ ~ ~ - e -
_2_\ ~ - ~ ~ - ~—_ = _ e P2 /»/" _2_\ \_\‘ N ~ - T— = _ e _ - /_/ -
_25 ~) ~ i~ 1 — - \~ ) _25 ~) o~ I L~ 1 — I - \~ )
- -2 -1 0 1 2 3 - -2 -1 0 1 2 3

Scicade 2005 —p. 33/42



The Stor mer-Verlet method

construction
one-step formulation
composition method
splitting method

variational integrator

Example :w must be held constant

geometric properties
symmetry and reversibility
symplecticity
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The pendulum : symplecticity

g = —singq
h = 0.25, 50 steps

SE
SE1 EF
w=1
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The pendulum : symplecticity

g = —singq
h = 0.25, 50 steps
SElgp  wp=1+n/50
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Conclusion

The exponential fitted versions
of the SE and the S/V

give periodicsolutions are obtained as longw@ass fixed.

are symplectic, even ib varies from step to step.
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Problem

How to obtain a good fixed choice far?

study of modified equation : backward error analysis

study of error inH
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Thependulum : modified egn.

g = —sing, q(0) =0, ¢(0)=1.5

h = 0.25, 50 steps

SE
SE1 EF
w=1

¢ = v+ (wq—sin(g)) + O(K?)

h
v = —sing -+ 5 (cos q—w2) + O(h?)
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Thependulum : error in H

q(0) =
h = 0.5, 50 steps

q = —sing, §(0) = 1.5

SE
SE1 EF

w=1
0.3 . o 0.3}
) ®
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H,+1 = H,+|( =sinq,(w”q, —singqy,) + =p;, (cos g,—w”) | h*+O(h?)
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Thependulum : error in H

q = —sing, q(0) = §(0) = 1.5
h = 0.5, 50 steps

(AEP)
w=1

(A)

0.3f - 0.3f
0.25F : 0.25F
021 - 0.2t
0.5} : 015}
01r . 0.1t

0.1 -0.1
-0.15 -0.15
_0 2 | | | | _0.2 | | | |
5 10 15 20 25 0 5 10 15 20 25

1
Hy,i1=H, + 5 sin gy, pp (3 (w? — cosqy) — p3) h* + O(R?)
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Conclusion

The exponential fitted versions
of the SE and the S/V withxed w have the same properties as their
classical counterparts.
Fixing w means global optimization.
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