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Exponentially fitted methods

In the past 15 years, our research group has constructed modified
versions of well-known

linear multistep methods
Runge-Kutta methods

Aim : build methods which perform very good when the solution has a
known exponential of trigonometric behaviour.
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Linear multistep methods

Well known methods to solve

G=rfqt)  qla) =g  4(a) = qa
are

Stormer-Verlet method (order 2)

n+1 — 2qn + Qn—1 = h2 f(Qn)

Numerov method (order 4)

h2
ni+1 — 2GQn + @n-1 = E (f(Qn—l) + 10 f(Qn) + f(C_In—I—l))
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Construction

tn—{—l

q(tns1) = 2q(tn) +q(tn-1) = / (tnr1 = 1) [G(7) + G(2tn — 7)] d7

Stormer-Verlet
Replacej(t) = f(q(t)) by the interpolating polynomial
p(t) =ag+artatt,, thyi:

n+1 — 2qn + Qn—1 = h2 f(Qn)

Numerov
Replacej(t) = f(q(t)) by the interpolating polynomial
p(t) =ag+art+agt?att, 1,t,, thit:

h2

Int+1 — 2qn + Gn-1 = 12 (f(Qn—l) + 10 f(Qn) —+ f(Qn—I—l))

Scicade 2005 — p. 4/42



Exponential fitting

Consider the initial value problem
j+wqg=9g(@ ql@)=q  §(a)=4da-
If |9(¢)| < |w” q] then
alt) ~ o cos(wt + ¢)

To mimic this oscillatory behaviour, one could replace polynomial
Interpolation by trigonometric interpolation
(in the complex case : exponential interpolation).

n n—2

Replacep(t) = Z c;it' by p(t) =a coswt+bsinwt + Z it
1=0 i=0
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Stormer-Verlet method
d(tus)=2q(tn) +altus) = [ " e — 1) ) (260 —7)] dr
Replacej(t) = f(¢(t)) by an i;terpolating functiop() att,, ti1.
classical p(t) = ag + ay t
p(t) = =l Pt g )

h h
dn+1 — 2qn +qpn—1 = h2 fn
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Stormer-Verlet method
d(tus)=2q(tn) +altus) = [ T b =) () + (20— 7))
Replacej(t) = f(¢(t)) by an i;terpolating functiop() att,, ti1.
classical p(t) = ag + ay t
p(t) = P T ()

dn+1 — 2qn +qpn—1 = h2 fn

sinw(tp11 —t) sinw(t — t,)

exponentially fitted p(t) = a coswt + b sinwt
f(Qn—i—l)

p(t) — Jn +
w h

dn+1 — 2 dn +qn—1 = h2 SinCQV f(qn) v = 7

sinw h sinw h
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Stormer-Verlet method
d(tus)=2q(tn) +altus) = [ " e — 1) ) (260 —7)] dr
Replacej(t) = f(¢(t)) by an i;terpolating functiop() att,, ti1.
classical p(t) = ag + ay t
p(t) = =l Pt g )

h h
dn+1 — 2qn +qpn—1 = h2 fn

exponentially fitted p(t) = a coswt + b sinwt

sinw(tp11 —t) sinw(t — t,)

t) =
. w
Qn+1 — 2 4n + dn—1 — h2 SlnCQV f(qn) 1 7
(s ( ta
| sz £ nw ° 20
SINC T = < X tancx = < €T
\ 1 r=20 \ 1 T =stiddHe 2005 - p. 6/42




Numerov method
A(tns1) — 2 q(tn) + q(tnr) = / " ter = 1) [§(F) (2t — 7]

Replacej(t) = f(q(t)) by an interpolating functiop(t) att,_1, t,,
tntd.

classical ipp(t) = ag + a1t + as t?

dn+1 — 2qn + qn—1 = h2 ()\f(Qn—l) + (1 — 2 >‘) f(Qn) + )\f(Qn—l—l))

1
A= —
12
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Numerov method
A(tns1) — 2 q(tn) + q(tnr) = / " (ter —7) [d(7) + G214, — 7)) dr

Replacej(t) = f(q(t)) by an interpolating functiop(t) att,_1, t,,
tntd.

classical ipp(t) = ag + a1t + as t?

dn+1 — 2qn + qn—1 = h2 ()\f(Qn—l) + (1 — 2 >‘) f(Qn) + )\f(Qn—l—l))

1
12
exponentially fitted p(t) = a coswt + b sinwt + ¢y

A

n+1—2qntqn—1 = h? ()‘f(Qn—l) + (1 — 2 )\) f(Qn) + )‘f(Qn—l—l))

N 1 L1, 1y, wh
= — — | = —=+—=v'+—=rv+... V= ——
4 \ sin? 1260 ' 378 2

sin“v V2
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Choice of w

based on local truncation error

Stormer-Verlet

y(wn+1) — Yn+1 — h—4 (9(4) (CCn) + w2 y(Q) (:c )) + ...
12 "
(4)
— w,,% _ Y (zn)
y(2) (g;n)
Numerov
h6
Y(Tnt1) — Ynt1 = 940 (9(6) (Tn) + w? y(4) (ZEn)) T+ ...
(6)
N w,,% __ Y (zn)

y(z,)

local optimization
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The Stor mer-Verlet method

Geometric numerical integration
llustrated by the Stormer Verlet method

E. Hairer, C. Lubich, G. Wanner

Acta Numerica (2003) 1-51
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The Stor mer-Verlet method

construction
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S/V : Qn+1_QQn+Qn—1 :h2f(Qn)

Interpolateg(t) by p(t) = at® + bt + c att, 1, t, andt,_1.

_ Q4n+41 — 2qn + Gn-1
— 2

Approximateq(t,) = f(q(tn)) By p(tn)

q(n+1)

q(n-1)
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gv EF: Qn+1 — 2 Gn T Qn—1 = h? SiHCQV fn

Interpolateg(t) by p(t) = a coswt+0b sinwt+ catt,_1, t, andt,_1.

) _ 4n+1 — 2qn + Qn—1

h2 sinc?y

Approximateg(t,) = f(q(tn)) bY p(tn

q(n+1)

t(n-l) t(n) t(nl+1) Scicade 2005 — p. 12/42



The Stor mer-Verlet method

construction

one-step formulation
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n+1 — QQn + n—1 = h2 fn

¢g=v 0= f(q)
_ dn+1 — 4n—1
2 h
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n+1 — QQn + n—1 = h2 fn

¢g=v U= f(q)
_ dn+1 — 4n—1
2 h

- Gn+1 — 4n
h

, 4n+1 + qn
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n+1 — QQn + n—1 = h2 fn

¢g=v U= f(q)
_ dn+1 — 4n—1
2 h
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gv EF: Qn+1 — 2 Gn T Qn—1 = h? SiHCQV fn

¢g=v U= f(q)
I gn+1 — gn—1
sinc 2v 2 h
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An+1 — 2 Gn T Qn—1 = h? SiHCQV fn

¢=v V= f(q)
1 Gn+1 — 4n-1
sinc 2v 2 h

v(n+1/2) 9(n+1)

1 dn+1 — 4n
v(t”‘L% "~ sincv h
1 dn+1 + dn
Q(t””L% "~ cosv 9

t(n+1) Scicade 2005 — p. 18/42



An+1 — 2 Gn T Qn—-1 = h? SiHCQV fn

¢g=v U= f(q)
I gn+1 — gn—1
sinc 2v 2

v(n+1/2) q(n+1) 1 g 1 —q
n n

sinc v h

1 dn+1 + dn
COS I/ 2

I gn — qn-1
Sinc v h
1 qn+qn-1
COS VV 2
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S/VEE: one-step formulation

¢g=v U= f(q)
(1) ¢na1 — 2qn + qu_1 = h%sinc®v f(q,)
1 n - Yn— 1 n — YUn
(2) v = T @) yy =
2

sinc 2 v 2 h sinc v h
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S/VEE: one-step formulation

¢g=v U= f(q)

(1) ¢na1 — 2qn + qu_1 = h%sinc®v f(q,)
1 dn+1 — gn—1 I gn+1 — qn
2 n — 3 p—
(2) v sinc 2 v 2h (3) Unt3 sinc v h
1 n — Yn h .
(1) and (2) : , Intl 7 An _ oo Vo, + =sincv f(qp)
SINnc v h 2
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S/VEE: one-step formulation

g=v 0= f(q)
(1) Guy1 — 2Gn + gn_1 = h%sinc®v f(qn)
I gni1— gn-1 I Gni1— qn
2 — 3 =
(2) vn sinc 2 v 2h (3) Unt3 sinc v h
1 dn+1 — {4n h

() and (2) v, 1 = = cosv v + sincv f(qn)

1 5
2 sinc v h
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S/VEE: one-step formulation

¢=v V= f(q)
(1) n+1 — ZC_In + dn—1 = h2 SinCQVf(Qn)
I Gn+1 — qn-1 I gnt1— @n
2 — 3 p—
(2) v sinc 2 v 2 h (3) Ynts T Sine v h
1 — h
(1) and (2) Uyl = — anh I _ cos VU, + 5 sincv f(qn)

h

ntl = COSVUn + §sinc v f(qn) Gni1=qn+h Sincuvn+%

U
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S/VEE: one-step formulation

¢g=v U= f(q)
(1) Qn+1 — ZQn + n—1 = h2 SinCQVf(Qn)
1 Gn+1 — gn—1 I Gni1— qn
2 — 3 p—
(2) vn sinc 2 v 2 h (3) “nt3 T Sincw h
1 n+1 — 4n h

1) and (2) : — = n + = Sl n
(1) (2) Uy L sinCZ ; COS V Uy, + 281ncyf(q )

Upgl = COSV Uy + §sinc v f(qn) Gni1=qn+h Sincuvn+%

Gnt1 — 2qn + gn_1 = h*sinc?v f(qn)
T Gn+2 — 2 dn+1 + Qn = h2 SiIlC2V f(Qn—i—l)
Gni2 — Gnil — Gn + quo1 = h7sincv (f(gn) + f(gni1))
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S/VEE: one-step formulation

g=v 0= f(q)
(1) Guy1 — 2Gn + gn_1 = h%sinc®v f(qn)
I gni1— gn-1 I Gni1— qn
2 — 3 =
(2) vn sinc 2 v 2h (3) Unt3 sinc v h
1 dn+1 — {4n h

1) and (2) : = — n 1 5 S n
(1) (2) Uy L sinCZ ; COS U Uy, + 281ncyf(q )

Upgl = COSV Uy + §sinc v f(qn) Gni1=qn+h Sincuvn+%

n+1 — 2qn + Qn—1 = h2 SiIlC2V f(Qn)

h? sincv f(an+1)
h?sinc®v (f(gn) + f(gne1))

dn+2 — dn Gn+1 — 4n-—1 h
= _ _
2 hsinc2v 2 hsinc2 v 2 anc v (f(gn) + f(qn+1))

+  Qny2 — 26]n—|—1 + qn
dn+2 — qn+1 — QGn T qn-1
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S/VEE: one-step formulation

g=v 0= f(q)
(1) Guy1 — 2Gn + gn_1 = h%sinc®v f(qn)
I gni1— gn-1 I Gni1— qn
2 — 3 =
(2) vn sinc 2 v 2h (3) Unt3 sinc v h
1 dn+1 — {4n h

1) and (2) : = — n 1 5 S n
(1) (2) Uy L sinCZ ; COS U Uy, + 281ncyf(q )

Upgl = COSV Uy + §sinc v f(qn) Gni1=qn+h Sincuvn+%

n+1 — 2qn + Qn—1 = h2 SiIlC2V f(Qn)

T Gn+2 — 2 dn+1 + Qn = h2 SiIlC2V f(Qn—i—l)
Qn+2 — qn+l1 — Gn T qn-1 = h? sinc®v (f(Qn) + f(Qn+1))
4n+2 — Q4n dn+1 — Gn—1 h
— — — _t
Ohsinc2y  2hsinc2v 5 tancv (fgn) + f(n+1))

h
< Up4+1 — Un = 5 tanc v (f(Qn) + f(Qn—l-l))
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S/VEE: one-step formulation

g=v 0= f(q)
(1) Guy1 — 2Gn + gn_1 = h%sinc®v f(qn)
I gni1— gn-1 I Gni1— qn
2 — 3 =
(2) vn sinc 2 v 2h (3) Unt3 sinc v h
1 dn+1 — {4n h

1) and (2) : = — n 1 5 S n
(1) (2) Uy L sinCZ ; COS U Uy, + 281ncyf(q )

Upgl = COSV Uy + §sinc v f(qn) Gni1=qn+h Sincuvn+%

n+1 — 2qn + Qn—1 = h2 SiIlC2V f(Qn)

T Gn+2 — 2 dn+1 + Qn = h2 SiIlC2V f(Qn—i—l)
Qn+2 — qn+l1 — Gn T qn-1 = h? sinc®v (f(Qn) + f(Qn+1))
4n+2 — Q4n dn+1 — Gn—1 h
— — — _t
Ohsinc2y  2hsinc2v 5 tancv (fgn) + f(n+1))

h
< Up4+1 — Un = 5 tanc v (f(Qn) + f(Qn—l-l))

1
Uit + 5 tancy f(gnsa)

COSV

Un+1 =
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S/VEE: one-step formulation

¢g=v U= f(q)
v(n+1)
v(n+1/2) q(n+1)
g(n+1/2) ey h

/ Uppl = cosyvn+§sincyf(qn)

EF expl. Euler,h/2

an) 4 2
/ EF expl. midpoint,h
1 h

Un+l = o Untd + §tanCV S(gn+1)

EFimpl. Euler,h/2
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S/VEE: one-step formulation

g=v  v=[f(q)
(I);? : (C.Znavn) = (Qn—l—lyvn—l—l)

v(n+1)
v(n+1/2) q(n+1) (AEp)
g(n+1/2) ey h

/ Uppl = cosyvn+§sincyf(qn)

EF expl. Euler,h/2

an) 4 2
/ EF expl. midpoint,h
1 h

Un+l = o Untd + §tanCV S(gn+1)

EFimpl. Euler,h/2
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S/VEE: one-step formulation

g=v 0= f(q)
v(n+1/2)
g(n+1/2)
h .
qn = COS an_% -+ gsmc an_%
/
w S EFexpl. Euler,h/2

an) 4
s / Unyg = Upog ot hsiner flgn)
__‘_—/ EF expl. midpoint,h

1 h
qn+% — @qn + §tancyvn+%

EFimpl. Euler,h/2
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S/VEE: one-step formulation

¢g=v o= f(q)
(I)E : <qn—%7vn—%) — (qn+%7?jn—|—%)

+1/2 B
piers (BEp)
h .
Jn = COSV qn_% + gsmc 1% vn_%
/
w S EFexpl. Euler,h/2

an) 4
s / Unyg = Upog ot hsiner flgn)
__‘_—/ EF expl. midpoint,h

1 h
qn+% — @qn + §tancyvn+%

EFimpl. Euler,h/2
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S/VEE: one-step formulation

g=v o= f(q)
( Upg L =COSV U, + Lsincv f(qn)

(AEp) : ¢ Qn+1=Gn + hsincvu, 1

2

1 h
\ /Un+1 COS UV n—|—1 _|_ ta'ncyf(qn+1)

gn =COSVq, _ 1—|— smcyv 1
2

(BEF) : { vpp1=v,_1 +hsincv f(gn)

_ h
\ qn—l—%_cosyqn+ tancyv -|-2
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S/VEE: one-step formulation

g=v o= f(q)
( Upg L =COSV U, + Lsincv f(qn)

(AEp) : ¢ Qn+1=Gn + hsincvu, 1

2

1 h
/Un+1 COS UV n—|—1 _|_ ta'ncyf(qn+1)

2

\

; QH—H:C]n—FhSiHCVUn_'_%

Uppl =Vp_1 + hsincv f(qn)

\

gn =COSVq, _ 1—|— smcyv 1
2

(BEF) : { vpp1=v,_1 +hsincv f(gn)

_ h
\ qn—l—%_cosyqn+ tancyv -|-§
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The Stor mer-Verlet method

construction
one-step formulation

composition method
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S/VEgE: composition method

(AEF) :

_/\

¢g=v 0= f(q)

ntl =COSV Up + Lsincv f(qn)

p
(V)

Gn+1 = Qn +hsincyvn+%

_ 1 h
\ Un+1 = Cosz/vn—l—% + gtancy f(q”‘|'1)
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S/VEgE: composition method

(AEF) :

N\

q.:’U ’U:

( h

nTy

f(q)

VU1 =COSV Uy + gsincv f(qn)

;
_ 1

qn—l—% COoS V

h
gn + 5 tancv vn+%

_ h .
\ qn+1—cosyqn+% T 5 SlIlCVU?H_%

_ 1 h
| Unt1 = Cosv Uni-t + ytancy flan+1)
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S/VEgE: composition method

G=v 0= f(q)
( B
Upyl =COSV 0y + §smcyf(fqn)
1 h
. qn—l—% — Cospdn + tancyv —I—2
(AEF): $ qn+1:qn—|—hsmcyvn+% X ,
1 ) \qn+1:(:osyqn+%+§smcyvn+%

| Unt1 = Cosv Uni-t + ytancy flan+1)

)
_ h o

< vn+%—cosyvn—|—§smcyf(qn)
_ 1 ht

qn—k%_cosuq”_'_ allCly v, —I—2

N

; qn+1—cosyqn+1—|— sinc v v,, ntl

1 h
Un+1= Cosv Un+- L + tancv f(gn+1)
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S/VEgE: composition method

(AEF) :

(SEXp)

(SEZF)

y

N

G=v 0= f(q)
( B
Upyl =COSV 0y + §smcyf(fqn)
_ 1 h
. qn—k%_cosuq”_'_ tancyv —I—2
< qn+1:qn—|—hsmcyvn+% X
_ h .
1 ) \qn+1—cosyqn+%+281ncyvn+%
| Unt1 = Cosv Uni-t + ytancy flan+1)

Upq L = COSV U, + hsincv f(qn)

_ 1 h
qn—l—% — Cospdn + tancyv —I—2

qn+1—cosyqn+1 —|— sinc v v,, ntl

1 h
Un+1= Cosv Un+- L + tancv f(gn+1)
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S/VEgE: composition method

g=v 0= f(q)
)
Upyl =COSV 0y + %sincyf(fqn)
1 h
n+l = Gspdn T 3 taNCY U, 1

(AEF) :

N\

_ h oo
1 ) \qn+1—cosyqn+%+281ncyvn+%
| Unt1 = Cosv Uni-t + ytancy flan+1)

y

V1 =COSV Uy + hsincv f(qn)

(SEEp) S : 1

qn—l—% CoS V

h
gn + 5 tancr vn+%

Qnt1=COSV G 1 + %Sincyanr%

(SEZEp) o

_ 1 h
| Unt1 = osv Untd + tancv f(gn+1)

(AEP) = (SEZF)o(SEIEF)
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S/VEgE: composition method

¢=v 0= f(q)
)
Upyl =COSV 0y + %sincyf(fqn)

__1 h
qn—I—% = cosvIn T tancuv —I—2

N\

(AEF) : | dnt1=¢n + hsincvu, 1 <

_ h .
1 ) \qn+1—cosyqn+%+281ncyvn+%
| Un+1 = GosvUnt + gtancy f(gn+1)

y

h

Upq L = COSV Uy + gsincv f(qn)

(SEp) <

_ 1 h
qn+%— cospdn T 3 tancr v, 1

CcCos v

\ 2

qn+1—cosyqn+1 —|— Sinc v v ntl

(SEZF) :

1 h
Un+1= Cosv Un+- L + tancv f(gn+1)

\

(AEF) = (SEZEF)o(SEIER) (BEF) = (SEXEEF)°(SEZEF)
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The Stor mer-Verlet method

construction
one-step formulation
composition method

splitting method

Scicade 2005 — p. 26/42



SVEE: splitting method

G = f(q)
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SVEE: splitting method

= f(q) =9(q) —w?q<= j+w?q=yg(q)
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SVEE: splitting method

q=v

§=f(a) =9(q)—w’q = j+w*q=g(q) = )
v=g(q) —w"q
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SVEE: splitting method

q=v

i=[f(q) =g(q)—w’q=j+w’q=yg(q) <=
bv=g(q) — w’q

Split the vector field
(v,9(q) —w?q) = (v,—w?q¢) +  (0,9(q))
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SVEE: splitting method

j=v

§=f(a) =9(q)—w’q = j+w*q=g(q) = )
v=g(q) —w"q

\

Split the vector field

(v,9() —w’q) = (v,—w’q¢ +  (0,9(q))
Example :§ = —sing

(v,—sing) = (v,—¢) +  (0,q—sing)

BB T_T B b e i o~ b A A A e~ N N\ ! [ Pt
R P B i e e TN L W ! [ to
s v W R A T b p —y ~y S S e s — /Q’/“////v/»%\\\\\\&\d ! VL [ .
T A 7 e~ N N e s — A A ~ NN N\ vil‘ tot
N A SN N )N vj,ll ot
B NN A vV )Y A A vt
ror o Vv oy oy s [ O Lol rot
vO—- - ottt s e oy Tt ‘iliiVO*vii‘ tot
SN (o4 LT T T T S " A ool ot

- NN NN N N e e e - LT T U S N AN vl,l‘ ot
N N N N N e e e S S e e N N N N N v 4L viil rot
N N N N e e N N N N N A AV, A A vt
e R R R T e e o a o e e N N N N N S A A vt
R R e P P NANNN SN e ) IR vt
I T P b 4—sa s b G G— \V\V\V\V\"\“\‘H"/“/ﬁ///// v ‘L Lo vt

\

—5 —> —b> —b> —b> —b> —> —> —b —b —b> —b> —b> —b> —b

0 o
q q
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SVEE: splitting method

g=v  v=g(q) ~w'q=f(q)
(U7 g(Q) R w2 Q) — (Ua _w2 Q) + (07 g(Q))
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SVEE: splitting method

g=v  v=g(q) ~w'q=f(q)
(U7 g(Q) R w2 Q) — (Ua _w2 Q) + (07 g(Q))

The exact flowso,[f” andgp?] of these two vector fields are

4 /UO . (
1] g1 = Qo COSwt + — sinwt 2] q1 = qo
P - \ W V2V <
L V1= —WwWqo sinwt+ vgcoswt \ v1 = v +tg(qo)
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SVEE: splitting method
Gg=v v=g9(q) —w’q= f(q)
(U7Q(Q) o w2 Q) — (Ua _w2 Q) + (079(Q))

The exact flowso,[f” andgp?] of these two vector fields are

f

vo . (
1] q1 = Qo coswt + 2 sinwt 2] q1 = qo
P - \ W V2V <
L V1= —WwWqo sinwt+ vgcoswt \ v1 = v +tg(qo)
_ 2 1] _ S 2
(SEaEF) - SOgtamcl/ © SO% (SEIEF) - 90% © SOgtamcl/
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SVEE: splitting method
Gg=v v=g9(q) —w’q= f(q)
(U7Q(Q) o w2 Q) — (Ua _w2 Q) + (079(Q))

The exact flowso,[f” andgp?] of these two vector fields are

f

(L (
1] q1 = Qo coswt + 2 sinwt 2] q1 = qo
P - \ W V2V <
L V1= —WwWqo sinwt + vgcoswt \ Ulzvo—l-?fg(QO)
2 1 1 2
(SEaEF) - SO[QLaLnCI/ © SO[@] (SEIEF) - SO[@] © SO[QLaLnCI/
2 2 2 2
90[1]
A 5
/
/ 2] 2] /Y1
// K%tancu SO%tancy/'\ //
Yo /
1 ’
P ¢
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SVEE: splitting method

Gg=v v=g(q) —wq=f(q)

(AEF) = (SEZEF)o(SEIER) (BEF) = (SEXEF)°(SEZEF)
1]

‘\Sph
2

// yl
2 A 7

gphtamc U /
//
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The Stor mer-Verlet method

construction
one-step formulation
composition method
splitting method

variational integrator
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The pendulum

q = —sing, q(0) =0, ¢0)=15
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The pendulum

g = —sing, q(0) =0, ¢0)=1.5
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The pendulum

g = —sing, q(0) =0, ¢0)=1.5
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The pendulum

g = —sing, q(0) =0, ¢0)=1.5

SEIEF
w=1.4
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The pendulum

g = —sing, q(0) =0, ¢0)=1.5

SEIEF SElEF
w=1.4 wn =14+ n/50
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The Stor mer-Verlet method

construction
one-step formulation
composition method
splitting method

variational integrator

Example :w must be held constant
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The Stor mer-Verlet method

construction
one-step formulation
composition method
splitting method

variational integrator
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geometric properties
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The Stor mer-Verlet method

construction
one-step formulation
composition method
splitting method

variational integrator

Example :w must be held constant

geometric properties
symmetry and reversibility
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The Stor mer-Verlet method

construction
one-step formulation
composition method
splitting method

variational integrator

Example :w must be held constant

geometric properties
symmetry and reversibility
symplecticity
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The pendulum : symplecticity

g = —sing
h = 0.25, 50 steps
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The pendulum : symplecticity

g = —sing
h = 0.25, 50 steps
E
SE1 SEEF

w=1
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The pendulum : symplecticity

g = —sing
h = 0.25, 50 steps
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The pendulum : symplecticity

g = —sing
h = 0.25, 50 steps
SElrg  w,=1+n/50
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Conclusion

The exponential fitted versions
of the SE and the S/V

give periodicsolutions are obtained as longw@ass fixed.

are symplectic, even ib varies from step to step.
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Problem

How to obtain a good fixed choice far?
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Problem

How to obtain a good fixed choice far?

study of modified equation : backward error analysis

study of error inH
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Thependulum : modified egn.

q = —sing, q(0) =0, ¢(0)=1.5

h = 0.25, 50 steps
SE
SE1 EF

w=1

¢ = v+ - (wPqg—sin(q)) + O(h?)

h
v = —sing+ 5 (cos g—w?) + O(h?)
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Thependulum : error in H

q(0) =
0.5, 50 steps

w=1
) ® Q )
® \
0.3} S R 0.3}
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0.25F ® . 0.25F
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0.2H o | O 0.2}
Q)
Q)
0.15 ? A 015}
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l0( ® o®
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Hn—l—l - Hn"‘ o Sl Qn(w (n — SIl Qn) + ~Pn (COS dn— ) h +O(h )

g = —singq,

h =

SE1

SEIEF

2
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Thependulum : error in H

q = —sing, q(0) = §(0) = 1.5
h = 0.5, 50 steps

(AEP)
w=1

(A)

0.3f 1 0.3r
0.25F 1 0.25¢
0.2r 1 0.2r
0.151 1 0.15f
0.1r 1 0.1r
0.05f 0.05r

o
~0.05

-0.1 0.1
-0.15 -0.15

02, 5 10 15 20 25 02 5 10 15 20 25

1
Hp1 = Hy + 75 singn pn (3 (w? = cosqn) — py) h° + O(h")
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Conclusion

The exponential fitted versions
of the SE and the S/V withxed w have the same properties as their
classical counterparts.
Fixing w means global optimization.
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