Exponential fitting Multiparameter methods An example
000 000
00000 00000000

00000

Conclusions

Multiparameter exponentially-fitted methods
applied to second-order boundary value
problems

M. Van Daele, D. Hollevoet and G. Vanden Berghe

Department of Applied Mathematics and Computer Science
Ghent University

Seventh International Conference of Numerical Analysis
and Applied Mathematics, Crete, 2009



Expone
000
00000

ntial fitting Multiparameter methods An example

000
00000000
00000

Outline

Exponential fitting
Introduction
Exponentially-fitted methods

Multiparameter methods
Generalisations of EF methods
Derivation
Selecting values for parameters

An example

Conclusions

Conclusions



Exponential fitting
@00

Introduction

In the past years, our research group has constructed modified
versions of well-known

e linear multistep methods
e Runge-Kutta methods
e ..

Aim : build methods which perform very good when the solution
has a known exponential of trigonometric behaviour.
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A second-order BVP

y'=1y) vy@=ya yb)=w
Numerov method :

1
Yol — 2Yn +Yn-1 = 12 h? (f(Yng1) +210f(yn) +f(Yn-1))
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A second-order BVP

y'=1y) vy@=ya yb)=w
Numerov method :
1
Y1 — 2Yn +Yn-1 = 12 h? (f(Yn+1) +10f(yn) +f(yn-1))
b—-a
N+1

n=1,2....,N h=

Construction :
impose L[z(t);h] =0for z(t) € S = {1, t, t?, t3, t*} where
Llz(t);h] :=z(t+h)+agz(t)+a_1z(t —h)
—h2 (by 2”(t + h) + bo2"(t) + b_1 2"(t — h))
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A second-order BVP

y'=1y) vy@=ya yb)=w
Numerov method :

1
Yol — 2Yn +Yn-1 = 12 h? (f(Yng1) +210f(yn) +f(Yn-1))

n-12 . N h-D2—2

N+1
Construction :
impose L[z(t);h] =0for z(t) € S = {1, t, t?, t3, t*} where
L[z(t);h] :

z(t+h)+apz(t)+a_;z(t —h)
—h2 (by 2”(t + h) + bo2"(t) + b_1 2"(t — h))

L[z(t): h] = —ﬁlohez(e)(t) +OM®)  —s order 4
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A model problem

Consider
y'+w?ly=g(y) y@=va y(b)=Yp.
If |g(y)| < |w?y| (and if unique solution exists) then

y(t) ~ a cos(wt + @)
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A model problem

Consider

y'+w?ly=g(y) y@=va y(b)=Yp.

If |g(y)| < |w?y| (and if unique solution exists) then
y(t) ~ a cos(wt + ¢)

To mimic this oscillatory behaviour, one could replace
polynomials by trigonometric (in the complex case :
exponential) functions.
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A model problem

Consider

y'+w?ly=g(y) y@=va y(b)=Yp.

If |g(y)| < |w?y| (and if unique solution exists) then
y(t) ~ a cos(wt + ¢)

To mimic this oscillatory behaviour, one could replace
polynomials by trigonometric (in the complex case :
exponential) functions.

This leads to exponentially-fitted (EF) methods
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EF Numerov method
Construction : impose L[z(t); h] = 0 for z(t) € S with

S=1{1,t,1t2 sin(wt), cos(wt)}

Llz(t);h] :=z(t+h)+agz(t)+a_1z(t —h)
—h? (by 2 (t + h) + bo 2"(t) + b_1 2"(t — h))

Conclusions
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EF Numerov method
Construction : impose L[z(t); h] = 0 for z(t) € S with

S=1{1,t,1t2 sin(wt), cos(wt)}

Llz(t);h] :=z(t+h)+agz(t)+a_1z(t —h)
—h? (by 2 (t + h) + bo 2"(t) + b_1 2"(t — h))

Y1 — 2Yn +Yn1 = h? (M (Yn_1) + (L = 2A)f(yn) + A f(Yny1))
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EF Numerov method
Construction : impose L[z(t); h] = 0 for z(t) € S with

S=1{1,t,1t2 sin(wt), cos(wt)}

Llz(t);h] :=z(t+h)+agz(t)+a_1z(t —h)
—h? (by 2 (t + h) + bo 2"(t) + b_1 2"(t — h))

Y1 — 2Yn +Yn1 = h? (M (Yn_1) + (L = 2A)f(yn) + A f(Yny1))

A= LI S A
© 4sin?f 62 12 ' 240 ' 6048

0%+ ... 0:=wh
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EF Numerov method
Construction : impose L[z(t); h] = 0 for z(t) € S with
S=1{1,t,1t2 sin(wt), cos(wt)}

or S={1,t,t% exp(ut), exp(—ut)} pi=iw
Llz(t);h] :=z(t+h)+agz(t)+a_1z(t —h)
—h? (by 2 (t + h) + bo 2"(t) + b_1 2"(t — h))

Y1 — 2Yn +Yn1 = h? (M (Yn_1) + (L = 2A)f(yn) + A f(Yny1))

A= Lot L 1
© 4sin?f 62 12 ' 240 ' 6048

0%+ ... 0:=wh
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EF Numerov method
Construction : impose L[z(t); h] = 0 for z(t) € S with
S=1{1,t,1t2 sin(wt), cos(wt)}
or S={1,t,t% exp(ut), exp(—ut)} pi=iw

Llz(t);h] :=z(t+h)+agz(t)+a_1z(t —h)
—h? (by 2 (t + h) + bo 2"(t) + b_1 2"(t — h))

yn+1 - 2yn + yn—l - h2 (/\f(yn—l) + (1 - ZA)f(Yn) + Af()/n+1))

1 1 1 1 1
AN = - sty =2y = phy 0= wh
4sin?y 62 12 240" Teoas” T w

1 1 1 1, .
= - — - 4o == _ - . v=ph
4Smh2%+y2 12 240" T eoag” T ve=a



Exponential fitting Multiparameter methods An example
000 000
08000 00000000

00000

Conclusions

Exponential Fitting

¥ L. Ixaru and G. Vanden Berghe
Exponential fitting
Kluwer Academic Publishers, Dordrecht, 2004
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Exponential Fitting
¥ L. Ixaru and G. Vanden Berghe
Exponential fitting
Kluwer Academic Publishers, Dordrecht, 2004

[ cos(|z|?) ifz <0
§2)= { cosh(z/?) ifz >0

sin(|z|42)/|z|M? itz <0 Z = (ph)? = —(wh)?
n(z)={ 1 ifz =0
sinh(z1/2)/z1/2 itz >0
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Exponential Fitting

¥ L. Ixaru and G. Vanden Berghe
Exponential fitting

Kluwer Academic Publishers, Dordrecht, 2004

[ cos(|z|?) ifz <0
§2)= { cosh(z/?) ifz >0

1 ifZ=0
sinh(z1/2)/z1/2 itz >0

ExtensiontoZ € C:

sin(z|Y2)/|z|Y2 ifz <o Z:=(uh)?=—(wh)?
n(Z) = {

sin(ivz) .
£(Z)=cos(ivz) and n(z){ ——=  ifz#0
1 ifZ=0
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EF Numerov method
Construction : impose L[z(t); h] = 0 for z(t) € S with

S=1{1,t,1t2 sin(wt), cos(wt)}

or §={1,t,t% exp(ut), exp(—ut)} pi=iw
Llz(t);h] :=z(t+h)+apz(t)+a_1z(t —h)
—h? (b 2”(t + h) + bo 2"(t) + b_1 2"(t — h))
Ynt1 —2Yn + Yn-1 = h? (Af(yn-1) + (1 = 2A) F(yn) + Af(Ynt1))

1 1 1 1 1
A = - = 4= 2 0% + ... 0:=wh
asin?l 02 12 220" Teoas” T w
1 1 1 1., 1 ,
4 sinh? g t27 12 240" Teoag” T VTH

VT

1 1 11 1
S [ I iy A U
z( n2(§)> 12~ 240° " eoas” T



Exponential fitting Multiparameter methods An example Conclusions
000 000
[e]e]e] o] 00000000

00000

A\ as a function of Z

o' 0.084F e

-1.833 ‘ ‘
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Parameter selection

e |ocal optimization
based on local truncation error (lte)
Z is step-dependent

Conclusions
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Parameter selection

e |ocal optimization
based on local truncation error (lte)
Z is step-dependent

¢ global optimization
Preservation of geometric properties (periodicity, energy,

)

Z is constant over the interval of integration



00000

Generalisations

To determine the coefficients of a method, we impose
conditions on a linear functional. These conditions are related
to the fitting space S which contains {1, t, t?, ... ,t€} and
e possibility 1 (Calvo et al.) : trigonometric polynomials
{exp(£put), exp(+2ut), ..., exp(£(P + L)ut)}

e possibility 2 (Ixaru, Vanden Berghe, V.D., ...) :
exponential-fitting

{exp(£put), t exp(£put), ..., t¥ exp(£ut)}

A method can be characterized by the couple (K, P)
Classical method : P = —1

number of basis functions : M=2P + K +3

NumerovM =6: (K,P) = (5,-1), (3,0), (1,1) or (—1,2)
Here, we consider a generalisation of both classes :

e possibility 3 : {exp(+uot), exp(£pit), ..., exp(Lupt)}

«O>» «Fr «E>» «E>»

nae
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Generalisations

To determine the coefficients of a method, we impose
conditions on a linear functional. These conditions are related
to the fitting space S which contains {1, t, t?, ... ,tX} and
e possibility 1 (Calvo et al.) : trigonometric polynomials
{exp(ut), exp(+2ut), ..., exp((P + 1)ut)}
e possibility 2 (Ixaru, Vanden Berghe, V.D., ...) :
exponential-fitting
{exp(£put), t exp(£put), ..., t7 exp(+ut)}
A method can be characterized by the couple (K, P)
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Generalisations

To determine the coefficients of a method, we impose
conditions on a linear functional. These conditions are related
to the fitting space S which contains {1, t, t?, ... ,tX} and
e possibility 1 (Calvo et al.) : trigonometric polynomials
{exp(Lut), exp(£2ut), ..., exp(£(P + 1)ut)}
e possibility 2 (Ixaru, Vanden Berghe, V.D., ...) :
exponential-fitting
{exp(£put), t exp(£put), ..., t7 exp(+ut)}
A method can be characterized by the couple (K, P)
Classical method : P = —1
number of basis functions : M
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Generalisations

To determine the coefficients of a method, we impose
conditions on a linear functional. These conditions are related
to the fitting space S which contains {1, t, t?, ... ,tX} and
e possibility 1 (Calvo et al.) : trigonometric polynomials
{exp(xut), exp(£2ut), ..., exp(£(P + 1)ut)}
e possibility 2 (Ixaru, Vanden Berghe, V.D., ...) :
exponential-fitting
{exp(£put), t exp(£put), ..., t7 exp(+ut)}
A method can be characterized by the couple (K, P)
Classical method : P = —1
number of basis functions : M= 2P +K + 3
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conditions on a linear functional. These conditions are related
to the fitting space S which contains {1, t, t?, ... ,tX} and
e possibility 1 (Calvo et al.) : trigonometric polynomials
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conditions on a linear functional. These conditions are related
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Motivation

recent work by Hollevoet, V.D. and Vanden Berghe

e “On the leading error term of exponentially fitted Numerov
methods”, ICNAAM 2008

e “The optimal exponentially-fitted Numerov method for
solving two-point boundary value methods”, J. CAM 2009

EF-approach of Ixaru and Vanden Berghe :

Llz(t);h] :=z(t+h)+apz(t)+a_1z(t —h)
—h? (b 2”(t + h) + bo 2"(t) + b_1 2"(t — h))

z(t) € Sk p(n) =
{1,t,t2, .. tK} U {exp(£ut), t exp(£ut), ..., t7exp(£ut)}
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Motivation
w is determined from the Ite :

1

h® 6p(2) DN F (D22 1y (§)+0(h®)  6p(2) =~

526 10@)



Exponential fitting Multiparameter methods An example Conclusions

Motivation
w is determined from the Ite :

1

h® 6p(2) DN F (D22 1y (§)+0(h®)  6p(2) =~

——+0(Z
0 ()
Att =, u? u such that

Epj = DX (D2 — 12)PHly(t) = 0
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Motivation
1 is determined from the lte :

h® ¢p(Z) DHH (D212 Ly () +O(h®)  ¢p(Z) = -
Att =, u? M such that

Epj = DX (D2 — 12)PHly(t) = 0

e P=0:yO() - p2y®(t) =0 =y eR

1
24

526 10@)
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Motivation
1 is determined from the lte :

1

h® 6p(2) DN F (D22 1y (§)+0(h®)  6p(2) =~

Att =, u? M such that

Epj:= D *(D? — )" *ty(t) =0

e P=0: y(G)(tj) _M.Zy(4)( ) :0:>Mj2 cR

o P=1:y®(y) -2, y( () + 1*y®)(t) = 0 may only
have complex roots MJ , such thaty; € C

526 10@)



Multiparameter methods
ooe

Motivation
1 is determined from the lte :

1

h® 6p(2) DN F (D22 1y (§)+0(h®)  6p(2) =~

Att =, u? M such that

Epj:= D *(D? — )" *ty(t) =0

e P=0: y(G)(tj) _M.Zy(4)( ) :0:>Mj2 cR

o P=1:y®(y) -2, y( () + 1*y®)(t) = 0 may only
have complex roots MJ , such thaty; € C

To solve this problem, we propose a new type of EF
methods.

526 10@)
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Multiparameter exponentially-fitted methods

Replace

Sk.p(p) =
{1,t,t2, ... tX} U {exp(£ut), t exp(£ut), ..., t°Pexp(£ut)}

by
S\K’P(,LLO,,U/]_, ) /’LP) =

{la t, tza s )tK} U {eXp(iMOt)a exp(j:,ul t)a R exp(j:,up t)}

The parameters uq, g =0, ..., P are either real or appear as
complex conjugate pairs
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Coefficients

() P = —1: Classical Numerov method

5

apg= -2 b0:6

Conclusions
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Coefficients

() P = —1: Classical Numerov method
5 1
= —2 = — = —
ap bo 6 bl 12

(i) P =0: already known EF Numerov method

2 —2& +&Zo _ 28 —-20-2
Zo (& — 1) 1T 270(6% - 1)

Zo == (uo h)?, & = &(Zo) and ng := n(Zo)
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Coefficients

(i) P =1: anew 2-parameter method

b —1)Zo+&(1-6)Z
Z1Zo (&1 — &o)

(G -1)Zo+(1—-60)Z1
b1 = Z1Z4 (&1 — &) =1-2b

Zq = (uq h)?, &q = £(Zq) and 1q == 1(Zq)

a0:—2 bOZ

assuming Zp-Z; #0and Zg — Z; #0
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b, as a function of Zg and Z;

z 30 -30 z
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An example

Conclusions

b, as a function of sign(Z,) /22 + Z?2

o' 0.084

-0.833

0 -10 10
sign(Zl) sqrt(Z(2)+Zi)

30

_b1=1/12
—Z :ZO
—Z :220
4 =3ZO
Z =4Z0
—Z =0

1
1
3
4
0
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Coefficients

(iv) P = 2: anew 3-parameter method

a = 2 o (&1 — &) 212> + &1 (&2 — €0) ZoZo + &2 (€0 — &1) ZoZs

(b2 —&1)Z1Z2 + (&1 — $0) ZoZ1 + (0 — &2) ZoZ2
5 §1(&0 —&2)Z1 + & (=60 +&1) Zo + &0 (&2 — €1) Zo
(b2 —&1)Z2Z2 + (&1 — €0) ZoZ1 + (S0 — &2) ZoZ2
(&2 —&0)Z1 + (S0 — &1) Zo + (&1 — €2) Zo
(b2 = &) 2122 + (&4 — €0) ZoZ1 + (&0 — &2) ZoZ2

assuming Zg - Z; - Z, # 0 and
(Zo — 21)(Z1 — Z3)(Z2 — Zo) #£ O

by =

by =
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onential fitting

Special cases

(i) P =1: a new 2-parameter method

— 2 bg=—
% 0 Z1Zq (&1 — o)

(1—1)Zo+ (1 — &) 21
Z1Z¢ (&1 — o)

by =

b6 —1)Zo+&(1-6)Z

—1-2bg

Conclusions
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Special cases

(i) P =1: a new 2-parameter method
b6 —1)Zo+&(1-6)Z

ag = —2 by =
0 0 Z1Zq (&1 — o)
(1—1)Zo+ (1 — &) 21
b, = =1-2Db
! Z1Zg (&1 — o) °
. 4£0° —4& —2n0Z . Zo+2-2
Iln by = o 520 n0Zo Iln b, = o 0+2 o
VARSYA) Zo Mo Z1—Z, Zo Mo

same expressions as in the case
S11(po) = {1, t, exp(£uot), t exp(+uot)}
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Special cases

(i) P =1: a new 2-parameter method

o (G1—-1)Zo+&(1—-%)2Zy

ag = —2 by =
0 0 Z1Zq (&1 — o)
(1—1)Zo+ (1 — &) 21
b, = =1-2Db
! Z1Zg (&1 — o) °
im bO:4§02—4§o—2ﬁozo im br — oo +2 —2&
VARSYA) 202770 Z1—Z, Zo Mo

same expressions as in the case
S11(po) = {1, t, exp(£uot), t exp(+uot)}

ulllm Sk 1(po, p1) = Sk 1(k0)
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Special cases
(iv) P = 2: anew 3-parameter method

0 (61— €2) Z1Zo + &1 (§2 — o) ZoZo + &2 (S0 — €1) ZoZa
(62 —&1)Z1Z2 + (&1 — €0) Zo Z1 + (S0 — &2) ZoZ2
5660 —8)Z1 + & (b +&) 22 + & (& — &) Zo
(62 —€1)Z1Z2 + (&1 — &) Zo Z1 + (&0 — &2) ZoZ2
(62— &) Z1+ (S0 —€1) Zo + (&1 — &2) Zo
(§2 = €1)Z1Z2 + (&1 — &0) Zo Z1 + (&0 — &2) ZoZ2

ag =2

by =

by =
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Special cases

(iv) P = 2: anew 3-parameter method

ap =

by =

by =

lim by =

Z1 — 2y
Zy, — 2

lim b,

Z — Zo
Z; — 2

lim ag

Z; — 2
Z; — 2

5 &0 (& — &) Z1Z + & (&2 — &) ZoZ2 + & (S0 — &1) ZoZa
(62 —&1)Z1Z2 + (&1 — €0) Zo Z1 + (S0 — &2) ZoZ2
5660 —8)Z1 + & (b +&) 22 + & (& — &) Zo
(62 —€1)Z1Z2 + (&1 — &) Zo Z1 + (&0 — &2) ZoZ2
(62— &) Z1+ (S0 —€1) Zo + (&1 — &2) Zo
(§2 = €1)Z1Z2 + (&1 — &0) Zo Z1 + (&0 — &2) ZoZ2

?7050+502—2 same coefficients as in

Zo (& + 3m0) the case S_12(uo) =
50 — 10 {exp(iMO t)7 t EXp(iHO t),
= o a2y tZexp(+uot)}
Zo (§0 +3m0) P{=+o
_ £0? — 2 — 3m0&0
§o +3m0



Multiparameter methods

O000000e

Special cases
(iv) P = 2: anew 3-parameter method

5% (61— &) Z1Z5 + &1 (§2 — &0) ZoZo + &2 (S0 — &1) ZoZa

%0 = (§2 —&1) Z1Z2 + (&1 — $0) Zo Z1 + (0 — €2) ZoZ2
b — 28160 —&)Z1 + & (=8 + &) Zo + &0 (&2 — &) Zo
° (62 —&1)Z1Z2 + (&1 — 60) ZoZ1 + (§0 — &2) ZoZ2
b~ (E2—&)Zi+(fo—&1)Zo+ (&~ &) 2%
YT (&) 21z + (- €0) ZoZy + (S0 — £2) ZoZo
im be — nofo + &% —2 same coefficients as in
2 -2 °7 %7, (o +3m) the case S_i12(po) =
Z.H ’ &o — 70 {eXp(iMO t)7 t eXp(iHO t),
?“En? g (o t3m) U exp(Emot)
lim ap = 2 &° 2~ 3méo lim Sk 2(1o0, 11, 12) = Sk 2(410)
Z; — 2 50 +3 Mo Z; - j;g

Z; — 2



Exponential fitting Multiparameter methods An example
000

000
00000 00000000

0000

Selecting values for parameters

Ite = h®dp(Zo. ..., Zp)Ep; + O(h®)
Epj :=D*™(D? — 1§)(D? — i) --- (D? — 1)y (§)

~ 1
Op(Z0, ..., Zp) = 555+ O(Zo. 71, ... Zp)

Conclusions
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Selecting values for parameters

Ite = h®dp(Zo. ..., Zp)Ep; + O(h®)
Epj :=D*™(D? — 1§)(D? — i) --- (D? — 1)y (§)

~ 1
Op(Z0, ..., Zp) = 555+ O(Zo. 71, ... Zp)

(i) P=0:Eqj:==yO®(t) — 13y ®(y)

Conclusions
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Selecting values for parameters

Ite = h® ép(Zo. ..., Zp)Ep + O(h®)

Epj := D*}(D? — 45)(D? — 1) -~ (D* — 13 )y (8)

~ 1
Op(Z0, ..., Zp) = 555+ O(Zo. 71, ... Zp)

24

() P=0:Eqo; :=yO(t) - udy“(y)
(i) P=1:Eyj==yO(t) — (1§ + 1) y B () + g 12y ()
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Exponential fitting

Selecting values for parameters

Eé = hG CEP(ZOa s ZP)/E\P,j + O(hs)
Epj = D"}(D? — 4i5)(D? — 43) - (D? — 1B )y (t))

Op(Zo. - Zp) = — 545 + OZo, Z4, ... Zp)

() P=0:Eqo; :=yO(t) - udy“(y)
(i) P=1:Eyj==yO(t) — (1§ + 1) y B () + g 12y ()

(i) P =2
= yO) — (g + 12 +13)y D (1)

Ezj
H(pd 1id + 1 b+ 1 13) Yy A () — 1§ 12 13y ()
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V(1) = 5= (exp(31) - exp(a))
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Evj =yO) — (8 + 1)y W () + 1d 12y ()

V(1) = 5= (exp(31) - exp(a))

~ 1
By =0 = 5= (P ) (7~ ud) exw(3y)

-2 (0? - 1) (® - 1) explat) ) =0
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Example forP =1

Evj =yO) — (8 + 1)y W () + 1d 12y ()

V(1) = 5= (exp(31) - exp(a))

~ 1
By =0 = 5= (P ) (7~ ud) exw(3y)

-2 (0? - 1) (® - 1) explat) ) =0

{4, 12} = {a?, 32} = E1; =0



Exponential fitting Multiparameter methods An example
000 000
00000 00000000

Conclusions

Example forP =1

Evj =yO) — (8 + 1)y W () + 1d 12y ()

V(1) = 5= (exp(31) - exp(a))

ELj=0 e (52 (82 - 18) (8 - 13) exp(BY)

08—«
-2 (0? - 1) (® - 1) explat) ) =0

{N(2)7 /’L%} = {a27 /32} = El,j =0 # {,uga ,U'%} = {CyZ? 62}
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Example forP =1

Evj =yO) — (8 + 1)y W () + 1d 12y ()

V(1) = 5= (exp(31) - exp(a))

Elvj:O = =

(5 - ) (57 - D) e()

-2 (0? - 1) (® - 1) explat) ) =0

{N(2)7 /’L%} = {a27 /32} = El,j =0 # {,uga ,U'%} = {CyZ? 62}
Problem : 1 equation, 2 unknown parameters

In general : P + 1 equations are needed for P + 1 parameters
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Evj =yO) — (1 + 1)y W) + 13 uiyd(y)

V(D) = 5 (exp(31) — expla)
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Evj =yO) — (1 + 1)y W) + 13 uiyd(y)

V(D) = 5 (e(3) — expla)

6I)im y(t) =t exp(at)

Conclusions



Exponential fitting Multiparameter methods An example
000

000
00000 00000000

[e]e] lele]

Example forP =1

Evj =yO) — (1 + 1)y W) + 13 uiyd(y)

V(D) = 5 (exp(31) — expla)

6I)im y(t) =t exp(at)

lim Eq .
5—)& 17]

Conclusions
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Example forP =1

Evj =yO) — (1 + 1)y W) + 13 uiyd(y)

V(D) = 5 (exp(31) — expla)

SI)im y(t) =t exp(at)

B—a

lim El,j = 2« (3 ot —2(u3 + p2) a® + pd ui) exp(at)

(a4 — (up + 15) o + 1 uf) t exp(at)
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Example forP =1

Evj =yO) — (1 + 1)y W) + 13 uiyd(y)

V(D) = 5 (exp(31) — expla)

SI)im y(t) =t exp(at)

lim El,j = 2« (3 ot —2(u3 + p2) a® + pd ui) exp(at)

B—a

(a4 — (up + 15) o + 1 uf) t exp(at)

{ug, 1} = {a®} = lim Eqj =0
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Selecting values for parameters

In general : P + 1 equations are needed for P + 1 parameters
¢ variable parameters : local arguments
e P=0: /E\o’j :0:>,u(2),j

e P=1: El’j = El’j+1 =0= /J,%’]- and /Lij

e constant parameters : global arguments
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Selecting values for parameters

In general : P + 1 equations are needed for P + 1 parameters
¢ variable parameters : local arguments
e P=0: Eo,j :0:>,u(2)’j
e P=1: I/E\l’j = El,j+1 =0= u%’j and Mii
e P=2: EzJ_l = I/E\zd- = I/E\27j+1 =0= /‘(Z),j’ pi’j and ,u%j
e constant parameters : global arguments
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Selecting values for parameters

In general : P + 1 equations are needed for P + 1 parameters

¢ variable parameters : local arguments

e P=0: Eoﬁj :0:>,u(2)’j

e P=1: I/E\l’j = El,j+1 =0= u%’j and Mii

e P=2: EzJ_l = I/E\zd- = I/E\27j+1 =0= /ch)yj, pi’j and ,u%j
e constant parameters : global arguments

e P =0:e.g. u5 = average of (some of the) 1§ ;
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Selecting values for parameters

In general : P + 1 equations are needed for P + 1 parameters

¢ variable parameters : local arguments

e P=0: Eoﬁj :0:>,u(2)’j

e P=1: I/E\l’j = El,j+1 =0= u%’j and Mii

e P=2: Ez,j—l = I/E\zd- = I/E\27j+1 =0= /ch)yj, pi’j and ,u%j
e constant parameters : global arguments

e P =0:e.g. u5 = average of (some of the) 1§ ;

e P=1: E17O:I/E\1,N+1:O:>,ugand/¢%
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Selecting values for parameters

In general : P + 1 equations are needed for P + 1 parameters

¢ variable parameters : local arguments

e P=0: Eoﬁj :0:>,u(2)’j

e P=1: I/E\l’j = El,j+1 =0= u%’j and Mii

e P=2: Ez,j—l = I/E\zd- = I/E\27j+1 =0= /ch)yj, pi’j and ,u%j
e constant parameters : global arguments

e P =0:e.g. u5 = average of (some of the) 1§ ;

e P=1: E17O:I/E\1,N+1:O:>,ugand/¢%

e P=2: I/E\z’o = EZ,LNHJ = EZ,NH =0= ,ug, ,u% and u%
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e these can be expressed in terms of y and y’ by means of
the differential equation

e y’ can be reexpressed in terms of y by means of
(fourth-order accurate) finite difference schemes.
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Selecting values for parameters

Ep; contains y(®)(t;), y@(t), ...

e these can be expressed in terms of y and y’ by means of
the differential equation

e y’ can be reexpressed in terms of y by means of
(fourth-order accurate) finite difference schemes.

EPJ can be transformed into equations only involving some
unknown function values yy.

To cope with this problem, one could first solve the problem
with the classical Numerov method.
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Example

Y=gy —e'sin(t/2)  y(©)=1 y(x)=0

y(t) = e' cos(t/2)
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Example

y'=Jy-etsint/2)  y(O)=1 y()=0
y(t) = e' cos(t/2)
y(t) € Span 3‘171(1 +i/2,1—-1i/2)

but there exists no . € C such that

y(t) € S1a(p)
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" 3 t i
y'=gy-esinit/2)  y(0)=1 y(r)=0
~ _ 11 3 .
By = o (32 + 308+ i) - Bt ) sin/2

(a2 o)

+634 (412 —3) (442 — 3)y(Y)
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Example

y' =3y —elsint/2) () =1 y(r)=0

: 11 3 .
By = o (32 + 308+ i) - Bt ) sin/2
9
+ (484 3) costs/2)
3
g (41— 3)(44E - 3)y(t)

y(t) =€l cos(tj/2), po=1—i/2and 3 =1+i/2 = EL,- =0
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Example

y' =3y —elsint/2) () =1 y(r)=0

-~ : 11 3 .
By = o (32 + 308+ i) - Bt ) sin/2
9
+ (484 3) costs/2)

+634 (412 —3) (442 — 3)y(Y)

y(tj) =el COS(tj/Z), po=1—i/2andpu; =1+i/2 = E\l,j -0
Ero =0 =By — {2} = {5 —1.§ +1) =

{(1 - 5)2,(1+ £)?} = results that are accurate up to machine
accuracy.
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-8+

log10(abs. error in y)

10}

-12+

-14

5

2 3 4
-log2(h)
maXjeq1,...N} IY (§) — Y;l| for the classical method (black), the
2-parameter method with exact values for uiz (red) and the
2-parameter method with numerically computed values for Miz

(blue).
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-3 . . . .
—~ —4r 1
=1
£
5 -5 f
@
)
g 6 1
%
©
E -7} ]
S
8
ER ,
-9 L L L L
2 3 4 5
-log2(h)

max-norm of the error in #iz
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Conclusions

we constructed a new family of exponentially-fitted variants
of the well-known Numerov method

these methods contain P + 1 parameters pq, p1, -- -, tp
that can be determined either by local arguments of by
global arguments and this resp. leads to variable or
constant parameter values

special case g = p1 = ... = up = i gives a known family
of EF methods

methods can be constructed that give much more accurate
results than those obtained by the classical Numerov
method
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