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Exponentially fitted methods

In the past 15 years, our research group has constructed modified
versions of well-known

linear multistep methods
Runge-Kutta methods

Aim : build methods which perform very good when the solution has a
known exponential of trigonometric behaviour.
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Linear multistep methods

Well known methods to solve

G=fq(t))  qla) =d  q4(a) = da
are

Stormer-Verlet method (order 2)

n+1 — 2qn + qn—1 = h? f(Qn)
Numerov method (order 4)

h2
Qn+1 — QQn + gn-1 = E (f(C_In—l) + 10 f(Qn) + f(Qn—H))
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Construction

tn+1

q(tns1) = 24q(tn) +q(tn-1) = / (tnr1 = 1) 14(7) + G(2tn — 7)] d7

Stormer-Verlet
Replacej(t) = f(q(t)) by the interpolating polynomial
p(t) =ag +artatiy,, tyy1:

n+1 — 2 dn + qn—1 = h2 f<Qn)

Numerov
Replacej(t) = f(q(t)) by the interpolating polynomial
p(t) =ag+ a1t +ast? att,_1,tn, tnit :

h2

n+1 — 2Qn T Qn—1 = E (f(%z—l) + 10 f(QR) -+ f(Qn—I—l))
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Exponential fitting

Consider the initial value problem
j+wq=gla) q@)=q  §(a)=da-
If 19(¢)] < |w” q| then
q(t) = a cos(wt + @)

To mimic this oscillatory behaviour, one could replace polynomial
Interpolation by trigonometric interpolation
(in the complex case : exponential interpolation).

n n—2

Replacep(t) = Z cit' by p(t) =a coswt + b sinwt + Z it
1=0 i=0
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Stormer-Verlet method
d(tn)=2a(t0) Faltn) = [ s =) () +i200 7)) 0
Replacei(t) = f(q(t)) by an ir?terpolating functiop(t) att,, £+ 1.
classical p(t) = ag + ay t
p(t) = P o ()

n+1 — QQn + dn—1 — h2 fn
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Stormer-Verlet method
d(tn)=2a(t0) Faltn) = [ s =) () +i200 7)) 0
Replacei(t) = f(q(t)) by an ir?terpolating functiop(t) att,, £+ 1.
classical p(t) = ag + ay t
plt) = =ty P )

h h
n+1 — QQn + dn—1 — h2 fn

sinw(tyy1 — t) sinw(t — ty,)

exponentially fitted p(t) = a coswt + b sinwt
f(%ﬂ—l)

p(t) — fn"‘
w h

dn+1 — 2 Gn +Qqn—1 = h2 SinC2V f(Qn) V= 7

sinw h sinw h

ICCAM 2006 — p. 6/42



Stormer-Verlet method
d(tn)=2a(t0) Faltn) = [ s =) () +i200 7)) 0
Replacei(t) = f(q(t)) by an ir?terpolating functiop(t) att,, £+ 1.
classical p(t) = ag + ay t
p(t) = P o ()

n+1 — QQn + dn—1 — h2 fn

exponentially fitted p(t) = a coswt + b sinwt

sinw(tyy1 — t) sinw(t — ty,)

t) =
. w
dn+1 — 2 Gn +Qqn—1 = h2 SlnC2V f(Qn) V= 7
(sl ( ta
| sin & . nz ° 40
SINC L = { X tancx = ¢ x
L 1 x =10 \ 1 . =cch 2006 - p. 6/42




Numerov method
A(tns1) — 2 q(tn) + qltnr) = / " (ter — 1) [i(7) + G2t — 7)) dr

Replacej(t) = f(q(t)) by an interpolating functiop(t) att,_1, t,,
tntd.

classical p(t) = ag + a1 t + as t2

4n+1 — QQn + dn—1 = h2 ()\f(Qn—l) + (1 — 2 )‘) f(CIn) + )\f(Qn—H))

1
A= —
12
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Numerov method

A(tns1) — 2 q(tn) + qltnr) = / T bes =) [i(F) (2 6 — 7))

Replacej(t) = f(q(t)) by an interpolating functiop(t) att,_1, t,,
tntd.

classical p(t) = ag + a1 t + as t2

4n+1 — QQn + dn—1 = h2 ()\f(Qn—l) + (1 — 2 )‘) f(CIn) + )\f(Qn—H))

1
A= —
12

exponentially fitted p(t) = a coswt + b sinwt + ¢

n+1—2qntqn-1 = h? ()\f(Qn—l) + (1 — 2 )\) f(Qn) + )\f(Qn—H))

N 1 L1, 1 wh
= — — — — 4 — — V= ——
in2 2] = 12760 " 378 2

ICCAM 2006 — p. 7/42




Choice ofw

based on local truncation error

Stormer-Verlet
h4

y(@ar) = gt = 15 (49 @) + 02y (@) + ..

(4)

2 __ _y (xn)

Numerov
h6
Y(@ns1) = ynr1 = =550 (49 (@) + gD (@) + ..

(6)

2 _ _y (xn)

— Wy, = y(4) (mn)

local optimization
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The Stormer-Verlet method

Geometric numerical integration
llustrated by the Stérmer Verlet method

E. Hairer, C. Lubich, G. Wanner

Acta Numerica (2003) 1-51
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The Stormer-Verlet method

construction
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S/V : i1 — 2Gn + qu_1 = h* f(qn)

Interpolateg(t) by p(t) = at® + bt + c att, 1, t, andt,_1.

_ Gn+1 — 2 dn T dn—1
— 73

Approximateg(t,) = f(q(tn)) by p(tn)

q(n+1)

t(n-1) t(n) t(n+1) ICCAM 2006 — p. 11/42



S/VEF: n+1 — 2 Gn T Qn—1 = h2 SiIlC2V fn

Interpolateg(t) by p(t) = a coswt+b sinwt+ catt,_1,t, andt,_;.

) _ 4n+1 — ZQn + gn—1

2

Approximatej(t,) = f(q(tn)) by p(tn o
S1INC- v

q(n+1)

t(n-1) t(n) t(n+1) ICCAM 2006 — p. 12/42




The Stormer-Verlet method

construction

one-step formulation
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S/V : Qn+1_QQn+Qn—1:h2fn

g=v 0= f(q)
_ dn+1 — dn—1
2 h

t(n-1) t(n) t(n+1)
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S/V : Qn+1_QQn+Qn—1:h2fn

g=v 0= f(q)
_ dn+1 — dn—1
2h

t(n-1) t(n) t(n+1)
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S/V : Qn+1_QQn+Qn—1:h2fn

g=v = f(q)
_ dn+1 — dn—1

2h
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S/VEF: n+1 — 2 Gn T Qn—1 = h2 SiIlC2V fn

¢g=v 0= f(q)
1 dn+1 — gn—1
sinc 2v 2 h
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S/V : n+1 — 2 Gn T Qn—1 = h? SiIlCQan

g=v 0= f(q)
1 dn+1 — gn—1
sinc 2v 2 h

v(n+1/2) dn+1)

U(t L) A 1 Qn—|—1 T QR
nty sinc v h
" 1 dn+1 + qn
4 nt35/ "~ cosu 9

t(n-1) t(n) t(n+1) ICCAM 2006 — p. 18/42




S/V : n+1 — 2 Gn T Qn—1 = h? SiIlCQan

g=v 0= f(q)
1 dn+1 — gn—1
sinc 2v 2

v(n+1/2) dn+1)

1 n+1 — 4n
singc v h

1 dn+1 + dn
COS vV 2

1 dn — 4dn—1
sinc v h
1 qn+qn-1
COS IV 2
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S/VgE: one-step formulation
g=v 0= f(q)
(1) gnr1 — 20 +qn1 = h? SinC2Vf(Qn)

1 gn+1 — gn—1 I gn+1—qn
2 — 3 p—
(2) vn sinc 2 v 2h (3) Un+t sinc v h

N[
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S/VgE: one-step formulation
g=v 0= f(q)
(1) gnr1 — 20 +qn1 = h? SinC2Vf(Qn)

1 gny1 — gn L gnt1—gn
2 — 3 —
(2) on sinc 2 o 27 (3) “nt3 T Sincw h
1 — h
(1) and (2) : : ntl 7 An _ oo v, + = sincv f(qn)
sinc v h 2
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S/VgE: one-step formulation
g=v 0= f(q)
(1) gnr1 — 20 +qn1 = h? SinC2Vf(Qn)

1 gn+1 — gn—1 I gn+1—qn
2 — 3 p—
(2) vn sinc 2 v 2h (3) Un+t sinc v h

N[

1 dn+1 — (4n h .
= COS UV — sinc v
sinc v h n T 2 f(qn)

(1) and (2) w

1 =
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S/VgE: one-step formulation
g=v 0= f(q)
(1) gnr1 — 20 +qn1 = h? SinC2Vf(Qn)

1 Gn+1 — 4n-1 1 n+1 — 4n
2 — —
(2) on sinc 2 v 2 h (3) “nt3 T Sincw h
L gny1—q h .
(1) and (2) Uyl = mr }VL nt ; © = cosvu, + 5 sincv f(qn)

Upgl = COSV Uy + §sinc v f(qn) Gni1=qn+h sincz/fanr%
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S/VgE: one-step formulation
g=v 0= f(q)
(1) gnr1 — 20 +qn1 = h? SinC2Vf(Qn)

1 gn+1 — gn—1 I gn+1—qn
2 — 3 p—
(2) vn sinc 2 v 2h (3) Un+t sinc v h

1 — h
L= }qunﬂh n _ COS V Uy, + 5 sincv f(qn)

Upgl = COSV Uy + §sinc v f(qn) Gni1=qn+h sincz/fanr%

N[

(1) and (2) v,

dn+1 — 2 n + qn—1 = h2 SiIlC2V f(Qn)

+  QGni2 — 2 dn+1 T dn — h2 SinC2V f(%ﬂ-l)
dn+2 — QGn+l1 — Gn T qn-1 = h* sinc®v (f(%%) + f(Qn—l—l))
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S/VgE: one-step formulation

g=v = f(q)
(1) ¢ni1 — 2qn + qu_1 = h%sinc®v f(qy,)

1 dn+1 — gn—1 1 dn+1 — Q4n
2 — 3 p—
(2) on sinc 2 v 2h (3) “nt3 T Sincw h
I gni1—9q h .
(1) and (2) Uyl = mr— nt ; © = cosvu, + 5 sincv f(qn)

h

ntl = COSV Up + §sinc v f(qn) Gni1=qn+h sincz/anr%

(%

dn+1 — 2 n + qn—1 = h2 SiIlC2V f(Qn)

h? sincv f(an+1)
h=sincv (f(gn) + f(qni1))

Gnt2 —Gqn  Gntl — Gn-1 h

— 2 hsinc2v 2 hsinc2v - §tancu(f(qn) + f(qn+1))

+  Qn42 — QQn—H + qn
Gn+2 — d4n+1 — dn + dn—1

ICCAM 2006 — p. 20/42



S/VgE: one-step formulation
g=v 0= f(q)
(1) gnr1 — 20 +qn1 = h? SinC2Vf(Qn)

1 dn+1 — gn—1 1 dn+1 — {4n
2 — 3 p—
(2) vn sinc 2 v 2h (3) Ynt3 T Sincw h
I gn+1—9q h .
(1) and (2) Uyl = mr— - ; © = cosvu, + 5 sincv f(qn)
h . .
vn+%zcosuvn—|—§smc v f(qn) qn+1:qn—|—hsmcyvn+%
dn+1 — 2 dn + dn—1 — h2 SiIlC2V f(Qn)
+  Qn42 — 2 dn+1 + Qn — h2 SinC2V f(%ﬂ-l)
dn+2 — Qqn+1 — Qqn T qn—1 = h2 SinC2V (f(%%) + f(Qn—l—l))
n+2 — 4n dn+1 — dn—1 h
= - = —t
2hsinc2y 2 hsine2u 5 tancy (f(gn) + f(gn41))

< Up4+1 — Up = gtancu (f(Qn) =+ f(%%—i—l))
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S/VgE: one-step formulation
g=v 0= f(q)
(1) gnr1 — 20 +qn1 = h? SinC2Vf(Qn)

1 dn+1 — gn—1 1 dn+1 — Q4n
2 — 3 p—
(2) on sinc 2 v 2h (3) “nt3 T Sincw h
I gni1—9q h .
(1) and (2) Uyl = mr— nt ; © = cosvu, + 5 sincv f(qn)

h

Upgl = COSV Uy + §sinc v f(qn) Gni1=qn+h sincz/fanr%

dn+1 — 2 n + qn—1 = h2 SiIlC2V f(Qn)

+ Gny2 —2qn+1+ an — h?sinc’y flgni1)
dn+2 — Gn+1 — Gn tqn—-1 = h* sinc“v (f(qn) + f(gni1))
n+2 — 4n n+1 — 4n—1 h
= _ _
2 hsinc2v 2 hsinc2v 2 anc v (f(qn) + f(qn+1))

h
X < vn+}1b — Uy = 5 tanc v (f(Qn) =+ f(CIn+1))
Un+% + 9 tanc v f(qni1)

Un+1 =

COS VvV ICCAM 2006 — p. 20/42



S/Vgg: one-step formulation

v(n+1)
v(n+1/2) q(n+1)
g(n+1/2) e — h

/ Uppl = COSVU,+ §sincyf(qn)

EF expl. Euler,h/2

v(n) /// Qn+1 = qn—I—hSinCV’l}n+%
Q(n)/
/ EF expl. midpoint,h
= 1+ taney f(gn)
Un+1 = COSV’UH% 9 ancCl J{dn+1

EFimpl. Euler,h/2
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S/Vgg: one-step formulation

¢g=v  v=[f(q)
(I)I}? : (Qnavn) = (Qn+1avn—|—1)

v(n+1)
v(n+1/2) q(n+1) (AEp)
g(n+1/2) e — h

/ Uppl = COSVU, + §sincyf(qn)

EF expl. Euler,h/2

v(n) /// Qn+1 = qn—I—hSinCV’l}n_}_%
Q(n)/
/ EF expl. midpoint,h
= 1+ taney f(gu)
Un+1 = COSV’UH% 9 ancCl J{dn+1

EFimpl. Euler,h/2
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S/Vgg: one-step formulation

¢g=v 0= f(q)

v(n+1/2)
q(n+1/2)
B N h .
dn — COSV qn_% 9 S1NncC v Un_%
/
w EFexpl. Euler,h/2

an) 4 .
v ey = nep e Sa)
_/ EF expl. midpoint,h

1 h
qn+% = @qn—F §tancuvn+%

EFimpl. Euler,h/2
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S/Vgg: one-step formulation

g=v = f(q)
(I)E : (qn—%7vn—%) = (qn—l—%’vn-l-%)

+1/2 B
(\q/E2+1/2; ( EF)
h .
Jn = COSV qn_% + §smc 1Y vn_%
/
w EFexpl. Eulerh/2

an) 4 .
v ey = nep e Sa)
_/ EF expl. midpoint,h

1 h
qn+% = @qn—F §tancuvn+%

EFimpl. Euler,h/2
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S/VgE: one-step formulation

(AEF) :

(BEF) :

\

Ve

¢g=v 0= f(q)

1 :cosuvn—l—%

C sincv f(qn)

Gn+1 = Qn +hsincuvn+%

1 h
/Un+1 COS UV n—l—l —1_ tancyf(qn+1)

gn =COSVq,_ 1+ SlIlCI/U 1
2

Upgl =Vp_1 + hsincv f(qn)

_ h
anr%—COSan—l— stancrv v, n+l

ICCAM 2006 — p. 23/42



S/VgE: one-step formulation

¢g=v 0= f(q)

( h
V_,1=COSVUp + 5

nt L sinc v f(qn)

(AEp) : < Qn+1=Gn + hsincvu, 1

2

1 h
\ /Un+1 COS n—|—1 —1_ tanCVf(qn_|_1)

)
In+1=qn + hsincvo, 1

< 2
v, 1=0 _%—I—hsincuf(qn)

n

([ Tt

\
TSI

qn = COS an_% + FsIcrov,_1

2

(BER) : ¢ Upgdl = U1 + hsincv f(qgn)

— h
qn—i—% N cosuqn T tancuv n+ 3

Ve

2
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The Stormer-Verlet method

construction
one-step formulation

composition method
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S/Vgg: composition method

(AEP) : S

¢=v 0= f(q)

2

_ h o
Upql = COSVUp + ssincv f(qn)
Qn+1=(qn + hsincvo, 1

2

_ 1 h
X Un+1 = cosr/vn—i—% T §tancu f(gn—i—l)
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S/Vgg: composition method

g=v  v=f(q

_ h o
Upql = COSVUp + §smcyf(rqn)

_ 1
qn—l—% ~ cosvV

h
dn + 5 tancrv vn+%

(AER) :

_/\

Gn+1 = qn +hsincyvn+% 4

_ h o
\ qn+1—cosuqn+% T 5 SImMery, 1

2
_ 1 h
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S/Vgg: composition method

¢=v 0= f(q)

Upgl =COSVUn + %sincyf(rqn)

2

_ 1 h
qn+%— cospdn T 3 tancr v, 1

Cos vV 5

(AER) :

_/\

Gn+1 = qn +hsincyvn+% 4

_ h o
1 ) \qn+1—cosuqn+%+281ncyvn+%
| Un+1 = @‘Umr% + stancy f(Qn+1)

f

_ h o
< vn+%—cosvvn+§smcyf(qn)
qn+%: - qn+htancuv na L

COos Vv 5

N/

< qn+1:cosuqn+% + %sineume%

1 h
Un+4+1 = quﬁ_% T Etanc v f(Qn—H)
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S/Vgg: composition method

¢=v 0= f(q)

Upgl =COSVUn + %sincyf(rqn)

2

. qn—l—% — colsz/qn + 5 tancuv —|—2
(AER) : § Gnt+1=0qn + h81ncyvn+% 4
\ Qnt1=COSV G, 1 + %sinevar%
1 h
| Unt1 = 57 Unt L + stancy f(gn+1)
(
V1 = COSV Uy + sincv f(gn)
2
(SEXp) S

__ 1 h
qn—l—% ~ cosvdn T tancuv —|-2

N/

h
dn+1=COSV(Q, 1 + 58IMCVV, |1
(SEZp) < o o

1 h
Un+4+1 = mvn+% T Etanc v f(Qn—H)
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S/Vgg: composition method

¢=v 0= f(q)

)
V41 = COSV Up + %sincyf(rqn)

2

_ 1 h
qn+%— cospdn T 3 tancr v, 1

Cos vV 5

(AER) :

_/\

Gn+1 = qn +hsincyvn+% 4

_ h o
1 ) \qn+1—cosuqn+%+281ncyvn+%
| Un+1 = @‘Umr% + stancy f(Qn+1)

/

_ h
vn+;—cosvvn+ 5
1

(SEXp) S ;
= ——(Qn + h 5 tancr v, 1

qn—l— % COS V

sinc v f (¢n)

2

h
dn+1=COSV(Q, 1 + 58IMCVV, |1
(SEZp) < o o

1 h
Un+4+1 = mvn+% T Etanc v f(Qn—H)

\

(AEF) = (SEZEF)o(SEIEF)

ICCAM 2006 — p. 25/42



S/Vgg: composition method

¢=v 0= f(q)

Upgl =COSVUn + %sincyf(rqn)

2

1 h
qn—l—% = cosvn + tancuv —|—2

_/\

(AEp) : qn+1:qn—|—hsincyvn+% 4

_ h o
1 ) \qn+1—cosuqn+%+281ncyvn+%
| Un+1 = @‘Umr% + stancy f(Qn+1)

/

h

Upgl =COSV Up + gsinc v f(qn)

(SEp) <

_ 1 h
qn+%— cospdn T 3 tancr v, 1

Cos Vv

\ 2

h
dn+1=COSV(Q, 1 + 58IMCVV, |1
(SEZp) < o o

1 h
Un+4+1 = mvn+% T Etanc v f(Qn—H)

\

(AEF) = (SEZF)o(SEIEF) (BEF) = (SEIEF)o(SEZ:F)
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The Stormer-Verlet method

construction
one-step formulation
composition method

splitting method
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S/VgE: splitting method

G = f(q)




S/VgE: splitting method

= f(q) =9(q) —w?q<= j+w?q=yg(q)
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S/VgE: splitting method

i=f(q) =9(q)—w?q <= j+w?q=g(q) =
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S/VgE: splitting method

q=v

§=f(q) =9(q)—w’q = j+wq=g(q) <= )
v=g(q) —wq

Split the vector field
(v,9(¢) —w?q) = (v,—w?q¢) +  (0,9(q))
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S/VgE: splitting method

q=v

§=f(q) =9(q)—w’q = j+wq=g(q) <= )
v=g(q) —wq

\
Split the vector field

(Ua g(Q) o w2 Q) — (U, _w2 Q) T (07 g(Q))
Example :§ = —sing
(v, — sin q) = (v, —q) + (0,q —sinq)

—b Y _Y_V_Y_ P e T T b //V/v/v/v/?/‘?;&\s\s\\s\\\ | i Lo I
BT T T _p by~~~ s s — S e = = N N N I A rot
—> B T T T b s~y S S Se s — //’////v»ﬁ\,\\\\\&\d J i Lo Pt
— T T e N N N e e — VY A e T T T T TR vll‘ -
S Y A N /“/"/‘// \\\\\ \\\\1\, vill ot
B T W ) A A A N vy vil‘ tot
R S N (SN Pt s e T R VLL‘ tot
vO - o1 S vttt R A VA o I A A tot
AU U SR NN R LT T T T S ol vill rot

- N N NN N N - e e - Bib\'\'\\ \\\\\ /‘/‘/P/VZ v‘Lll Pl
N N N N N e e e e N S S N v L4 ool vt
PR N N N N N P P \'\"\“\\'\\Pv//k/n/p// vl,ll tot
e B R R Tl S o o o e NNNANN = e v ) ool vt
e e R R P s s s e e NNNN SN~ ) ¥ Lo vt
S A A R R N S I AN RS " S v s o o o o S A I ot

— — —> —> —> —b —> —> —b —> —b> —> —> —b —>
P T S S T S S S S T S S T G
> —b>—>—>—p>—>—b>—>—b>—b>—b>—D>—b

0 0 ‘
q q |CCA@ 2006 — p. 27/42




S/VgE: splitting method

g=v  v=g(q) —w’q=f(q)
(U,Q(Q) _w2 Q) — (Ua_WQ Q) + (Oag<Q))
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S/VgE: splitting method
Gg=v 0=g(q) —w’q= f(q)
(U,Q(Q) _w2 Q) — (Ua_WQ Q) -+ (Oag<Q))

The exact flowgz][f” andgp?] of these two vector fields are

2

vy . (
1] q1 = qp COSwt + — sinwt 2] q1 = qo
VPP w i S
| V1= —wWqo sinwt + vgcoswt \ ‘U1=Uo+t9(CI0)
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Gg=v 0=g(q) —w’q= f(q)
(U,Q(Q) _w2 Q) — (Ua_WQ Q) -+ (Oag<Q))

The exact flowgz][f” andgp?] of these two vector fields are

2

vy . (
1] q1 = qp COSwt + — sinwt 2] q1 = qo
VPP w i S
| V1= —wWqo sinwt+vocoswt \ ‘U1=Uo+t9(CI0)

(SEZp) = o) o so[h] (SEIgp) = soh o i
tancu tancu
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S/VgE: splitting method
Gg=v 0=g(q) —w’q= f(q)
(U,Q(Q) _w2 Q) — (Ua_WQ Q) -+ (Oag<Q))

The exact flowgz][f” andgp?] of these two vector fields are

2

vy . (
1] q1 = Qo COSwi + — sinwt 2] q1 = qo
Ot w Pt
| V1= —wWqo sinwt + vgcoswt \ ‘U1=Uo+t9(CI0)
_ [1] _ 2]
(SEaEF) SOhtauncu © Sﬁh (SEJEF) gpg © SOgtauncu
[1]
/’. Y1 \(ph
/
/ 2] 2] /Y1
// K%tancu SOhta“ncy/'\ //
Yo /
/
[1]
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S/VgE: splitting method

Gg=v v=g(q) —wq=f(q)

(AEF) = (SEZEF)o(SEIEF) (BEF) = (SEIEF)o(SEZF)
\i,:ﬂ
// Y1
2] /I\ //
Phtanc| 7
Yo
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The Stormer-Verlet method

construction
one-step formulation
composition method
splitting method

variational integrator
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The pendulum

j=—sing, ¢q(0)=0, ¢0)=15
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The pendulum
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The pendulum

j=—sing, ¢q(0)=0, ¢0)=15
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The pendulum

j=—sing, ¢q(0)=0, ¢0)=15
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The Stormer-Verlet method

construction
one-step formulation
composition method
splitting method

variational integrator

Example :w must be held constant
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The Stormer-Verlet method

construction
one-step formulation
composition method
splitting method

variational integrator

Example :w must be held constant

geometric properties
symmetry and reversibility
symplecticity
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The pendulum : symplecticity

g = —sing
h = 0.25, 50 steps
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The pendulum : symplecticity

g = —sing
h = 0.25, 50 steps
SE
SE1 EF

w=1
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The pendulum : symplecticity

g = —sing
h = 0.25, 50 steps
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The pendulum : symplecticity

g = —sing
h = 0.25, 50 steps
SEl g w,=1+n/50
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Conclusion

The exponential fitted versions
of the SE and the S/V

give periodicsolutions are obtained as longwass fixed.

are symplectic, even ib varies from step to step.
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Problem

How to obtain a good fixed choice far?
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Problem

How to obtain a good fixed choice far?

study of modified equation : backward error analysis

study of error iInH

ICCAM 2006 — p. 38/42



The pendulum : modified eqgn.

q = —sing, q(0) =0, ¢0)=1.5
h = 0.25, 50 steps

SE
SE1 EF
W =
57 @8@‘%\3}\%\% Pt %\'\%
o AN &

S ‘s? S )
%Cl\c\@; 5/ ’ %QQ /6g§
= S <<

. h .
j = v+ 5 (w2 q— Sm(q)) + O(hQ)
h
v = —sing+ = (cos q—w2) + O(h?)
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The pendulum : errorin H

q = —sing, q(0) = §(0) = 1.5
h = 0.5, 50 steps
SE
SE1 EF

w =1
Q ® ® )
0.3f f R s . 0.3f
® g
) ®
0.25) o 4 g 0.25}
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0.2 © O 0.2}
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)
003 \ (0
)
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® Q)
-0.1f 0 1 -01f
) 0
-0.15 ) Q P -0.15
¢ ¥
® ) V) V) )
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5 10 15 20 25 5 10 15 20 25

Hy1 = Hp+| 5 singn(w?qn —singy) + ip?z (cos Qn_WQ) h2+0(h3)
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The pendulum : errorin H

q = —sing, q(0) = §(0) = 1.5
h = 0.5, 50 steps

(AEP)
w=1

(A)

0.3 - 0.3}
0.25} : 0.25}
0.2¢ - 0.2t
015} 1 0451
0.1r - 0.1t
0.05} 0.05f

0%
-0.05
01 -0.1
-0.15 -0.15
02 -0.2

1
H,yi1 = H, + P sin gy, pr, (3 (w? — cos qn) — pi) h + O(h?)
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Conclusion

The exponential fitted versions
of the SE and the S/V withxed w have the same properties as their
classical counterparts.
Fixing w means global optimization.
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