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Runge-Kutta methods

Un+1 — Yn + h Z bzf(xn + Cz'h7 1/7,)
1=1

s
Y, = yn+h2aijf(xn+cjh,Yj) 1=1,...,s

j=1
Ci1|a11 a2 ... Qig
C2 | a21 Q22 ... A2
Cs | Qg1 Qg2 Ugs

by b bs
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Construction of RK methods
By introducing linear functionals :
Lily(z);hia] = y(a + cih) hZawy z + cjh)
7;:1,2,...,3

y(z +h) —y(z) —h Z bi y' (z + c;h)

Lly(x); h; b]

e

Li[x';h;al =0 j=1,...,M
\E[:L‘j;h;b]:O j=1,..., M
Consistency £;[1; h;a] =0 L[1;h;b] =0

Power functions X

M<s M = s : collocation methods (stage order)

s< M <2s M' = 2 s : Gauss methods (order)
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Construction of
Exponential Fitted RK methods

Lily@)ihial = yl@+eh) —y(@) —h ) ayy/ (@ +e;h)

1 =1,2,...,58
Lly(z);h;b] = ylz+h) —ylx) —h > by (x+ cih)
i=1
Consistency L;[1;h;a] =0 L[(1;h;b] =0
Exponential functions exp(+wz), x exp(fwz), 22 exp(fwz), . ..
‘ .
L;lx! exp(twz);h;al]=0 j=0,..., P
E[a:j exp(twzx);h;b]=0 5=0,..., P

\
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Construction of
Exponential Fitted RK methods

Lily@)ihial = yl@+eh) —y(@) —h ) ayy/ (@ +e;h)

1 =1,2,...,58
Lly(x);h;b] = y(@+h)—y(@) —h> by (z+ ch)
i=1
Consistency L;[1;h;a] =0 L[(1;h;b] =0
Exponential functions exp(+wz), x exp(fwz), 22 exp(fwz), . ..
‘ .
L;lx! exp(twz);h;al]=0 j=0,..., P
\ E[a:j exp(twzx);h;b] =0 5=0,..., P
w — iw : trigonometric functions 2’ sinw x andz’ cosw x

ICCAM2004 — Exponentially fitted Runge-Kutta methods — p. 4/31



Mixed-type RK methods

Lily(x);h;a] = y(z + cih) —y(x) —h > _aiy' (@ +ch) i=1,2,... s
j=1

Lly(z);h;b] =y(z +h) —y(x) —h Y by (z + c;h)

1=1

2

Li[x';h;al =0 j=1,..., K
Llz?;h;bl=0 j=1,..., K

\
L[z’ exp(fwzx);h;a] =0 j=0,..., P
Llz? exp(dwz);h;b]=0 j=0,..., P
Reference set :

(

\

{1, z, ..., o8 exp(Fwz), zexp(Fwz), ..., v" exp(fwz)}
K+2(P+1)=M M <s
K'+2(P+1)=M s< M <2s
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Two stage collocation methods

We discuss the construction of two stage methods of collocation type,
i.e. methods for whicl//’/ > M = s = 2.

classical methods
reference set for internal stage§l;, =, 2%}

exponential fitted methods
reference set for internal stages§l; exp(w z), exp(—wx)}

In both cases, the reference set for the final stage is a superset of the
reference set of the internal stages.
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Classical RK methods

M’ = 2 : arbitraryc;’s : order 2

c1(c1 — 2¢9) C%
C1
2((:12— c2)  2(c1 —c2)
c5 co(2¢1 — ¢2)
C2

2(co — 1) 2(c1 — ¢9)
(262 — 1) (261 — 1)

2(cg — c1) 2(cg — c1)
LobattolllA:c; =0andecy =1

(302 — 2)
3(262 — 1)

M' = 3 : addz? to reference set of final stage =

1
RadaullA :c; = 3 andecy, =1

M’ = 4 : also addz* to reference set of final stage

3 -3 3+3
6

andcy = c
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Gauss 1 =




Plte of classical RK methods

If a RK method has order and stage ordey

plte = 0 3" a@®ll - (OBBIFE

h3
plte(Lobattol ITA) = — Ey( )
h4
plte( RadaullA) = _ﬁ(y(@ _ 4fyy(3))
h5

plte(Gauss) = o= (4> =5 £,y +10(f] = (foy + fuu 1))

4320
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EFRK methods M’ = 2

{1, exp(wz), exp(—wx)}

cosh(ca—c1) v—coshca v coshep v—1
C1 v sinh(ci —ca) v v sinh(ci —ca) v
¢ 1.—cosh Co U cosh c1 y—cosh(cz—cl) v U —wh
v sinh(cy —ca) v v sinh(c; —ca) v
cosh(l—cg2)v—coshca v cosh ¢ v—cosh(l—c;) v
v sinh(c1—ca) v v sinh(c1—c2) v
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EFRK methods M’ = 2

{1, exp(wz), exp(—wx)}

c cosh(ca—c1) v—coshca v coshep v—1
1 v sinh(ci —ca) v v sinh(ci —ca) v
1—coshco v cosh ¢1 v—cosh(ca—c1) v _
€2 v sinh(cy —ca) v v sinh(c; —ca) v v wh
cosh(l—cg2)v—coshca v cosh ¢ v—cosh(l—c;) v
v sinh(c1—ca) v v sinh(c1—c2) v

0 0 0

1 coshv—1 coshv—1
v sinh v v sinh v

coshv—1 coshrv—1
v sinh v v sinh v
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EFRK methods M’ = 2

{1, exp(wz), exp(—wx)}

c cosh(ca—c1) v—coshca v coshep v—1
1 v sinh(ci —ca) v v sinh(ci —ca) v
1—coshco v cosh ¢1 v—cosh(ca—c1) v _
€2 v sinh(cy —ca) v v sinh(c; —ca) v v wh
cosh(l—cg2)v—coshca v cosh ¢ v—cosh(l—c;) v
v sinh(c1—ca) v v sinh(c1—c2) v

0 0 0

coshvy—1 coshv—1 coshv—1 1 1.2, 1 4 6
! v sinh v v sinh v v sinhv 2 24V + 240 Y T O(V )

coshv—1 coshrv—1
v sinh v v sinh v

ICCAM2004 — Exponentially fitted Runge-Kutta methods — p. 9/31



EFRK methods M’ = 2

{1, exp(wz), exp(—wx)}

cosh(ca—c1) v—coshca v coshep v—1
C1 v sinh(ci —ca) v v sinh(ci —ca) v
1—coshco v cosh ¢1 v—cosh(ca—c1) v _
€2 v sinh(cy —ca) v v sinh(c; —ca) v v=uwh
cosh(l—cg2)v—coshca v cosh ¢ v—cosh(l—c;) v
v sinh(c1—ca) v v sinh(c1—c2) v
0 0 0
coshvr—1 coshv—1 coshv—1 __ 1 1
1 v sinh v v sinh v v sinhvy — 2 4V + 240” + O( )
coshv—1 coshv—1
v sinh v v sinh v
h3
plte(Lobattol [T A, exp) = ——(—w?y’ + y(3))
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EFRK methods M’ = 2

{1, exp(wz), exp(—wx)}

cosh(ca—c1) v—coshca v coshey v—1
C1 v sinh(ci —ca) v v sinh(ci —ca) v
1—cosh co v cosh ¢y v—cosh(ca—cy) v -
€2 v sinh(cy —ca) v v sinh(c; —ca) v v=wh
cosh(l—cg2)v—coshca v cosh ¢ v—cosh(l—c;) v
v sinh(c1—ca) v v sinh(c1—c2) v
0 0 0
coshv—1 coshvr—1 coshv—1 _ 1 1.2 1 4 6
1 v sinh v v sinh v v sinhvy — 2 24V + 240” + O(V )
coshv—1 coshv—1
v sinh v v sinh v
h3
plte(Lobattol [T A, exp) = —ﬁ(—aJZy’ + y®)

{1, exp(wz), exp(—w x)} are the independent solutions of
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EFRK methods
How to obtain higher order methods ?

cosh(ca—cy) v—cosh ca v coshcy v—1
€1 v sinh(c1—c2) v v sinh(c1—c2) v
1—cosh co v cosh ¢; v—cosh(ca—c1) v
€2 v sinh(c1—c2) v v sinh(c1—c2) v
cosh(l—c2) v—coshca v cosh ¢y v—cosh(l—cy) v
v sinh(ci —c2) v v sinh(ci —c2) v

ICCAM2004 — Exponentially fitted Runge-Kutta methods — p. 10/31



EFRK methods
How to obtain higher order methods ?

cosh(ca—cy) v—cosh ca v coshey v—1
€1 v sinh(c1—c2) v v sinh(c1—c2) v
1—cosheco v cosh ¢; v—cosh(ca—c1) v
€2 v sinh(c1—c2) v v sinh(c1—c2) v
cosh(l—c2) v—coshca v cosh ¢y v—cosh(l—cy) v
v sinh(ci —c2) v v sinh(ci —c2) v

CASE 1 : choose the classical values of the Radau and
Gauss-methods

CASE2 : increaseV/’'to3 or4
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EFRK methods
How to obtain higher order methods ?

RadaullA methods

case 1 : fixed:-values

case 2 w-dependent-values
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Casel

1 | coshv—cosh % v 1—cosh % v

3 VSinh%I/ VSinh%I/

1 coshv—1 cosh % v—cosh % v
VSinh%I/ VSinh%I/
1—cosh % v cosh % v—cosh % v
VSinh%I/ VSinh%I/
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Casel

1 | coshv—cosh % v 1—cosh % v

3 VSinh%I/ VSinh%I/

1 coshv—1 cosh % v—cosh % v
VSinh%I/ VSinh%I/
1—cosh % v cosh % v—cosh % v
VSinh%I/ VSinh%I/

5, % 5 .
— - - - O
11 5 T 12067 ~ s TOW)

1 7, 3l

4 6}
T e O
412 5 T 12067 ~ 1ieea0” TOW)
3 1 13
21 =51 4" 141" S 38880 f+O0)
11 11
22 = 02 1 144" S 38880 f+O0)
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Casel

> bi= + vt + O(V9)
V + 58320”4 +0°)
+ 7_12V + 19440”4 +0°)

Zz‘,j biaj=

1 .4 6
— 2430 Y + O(v

++

1
2
1
2
1
3
_ 1 2 7 4 6
ki aij aik=3 + 153 V° + g + O
1
3
1
6
1
6

)

4 6
648” +58320V +O@°)
)

(
1 4 6
m” +58320V +O(v

g
<.
S
.
S|
S
QO
|

v =wh
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Casel

h S b= + v+ OW0)
4

V + 58320” +0°)

+ 7_12V + 19440”4 +0°)

h? Zzg biaj=

1 .4 6
— 2430 Y + O(v

++

1
2
1
2
1
3
_ 1 1 2 7 4 6
ke i ij aik=3 + 53V + mgp” + O(°)
1
3
1
6
1
6

)

4 6
648” +58320V +O@°)
)

(
1 4 6
m” +58320V +O(v

>
w
N
<.
S
~
S|
S
QO
|

v =wh
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= + v+ 00w’ R
o167 T sy +O0°) R
T 7_12V + g’ +OW°) A

)
)

1 .4 6
— 2430 Y + O(v

4 6
648” +58320V + O(v

(v°)
ﬁ” +58320V4+O(V6) h?

++

v =wh
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Casel

plte(Radaul I A, exp, case 1) =

_ (~wty® 4y = af, (-wy’ +y®))
216 WY Y yl—w'y TY
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Casel

plte(Radaul I A, exp, case 1) =

_ (~wty® 4y = af, (-wy’ +y®))
216 W'y Yy yl—w Yy TY

Internal stages :
{1,exp(wx),exp(—w x)} are the independent solutions of
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Casel

plte(Radaul I A, exp, case 1) =

_ (~wty® 4y = af, (-wy’ +y®))
216 W'y Yy yl—w Yy TY

Internal stages :
{1,exp(wx),exp(—w x)} are the independent solutions of
final stage :

{1,exp(wx),exp(—w x)} are independent solutions of
—w?y@ 4y = 0 and fory(z) = z there is an erro©®(1°)
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Case2: M'=3

cosh(cg—cy) v—cosh ca v coshey v—1
€1 v sinh(ci —c2) v v sinh(ci —ca) v
1—cosheo v cosh ¢; v—cosh(ca—c1) v
€2 v sinh(c; —co) v v sinh(c; —ca) v
cosh(1—cg)v—coshca v cosh ¢; v—cosh(l—cy) v
v sinh(c1—c2) v v sinh(c1—c2) v
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Case2: M'=3

cosh(cg—cy) v—cosh ca v coshey v—1
€1 v sinh(ci —c2) v v sinh(ci —ca) v
1—cosh ¢y v cosh ¢; v—cosh(ca—c1) v
€2 v sinh(c; —co) v v sinh(c; —ca) v
cosh(1—cg)v—coshca v cosh ¢; v—cosh(l—cy) v
v sinh(c1—c2) v v sinh(c1—c2) v

Add z to the reference sethy + b5 — 1 =0
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Case2: M'=3

cosh(cg—cy) v—cosh ca v coshey v—1
€1 v sinh(ci —c2) v v sinh(ci —ca) v
1—cosh ¢y v cosh ¢; v—cosh(ca—c1) v
€2 v sinh(c; —co) v v sinh(c; —ca) v
cosh(1—cg)v—coshca v cosh ¢; v—cosh(l—cy) v
v sinh(c1—c2) v v sinh(c1—c2) v

Add z to the reference sethy + b5 — 1 =0

cosh(1—co) v—cosh ¢o v4-cosh ¢; v—cosh(1—cy) v = v sinh(c;—co) v
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Case2: M'=3

c cosh(cg—cy) v—cosh ca v
1

coshec; vr—1
v sinh(ci —c2) v

v sinh(ci —ca) v

c 1—cosh co v cosh ¢; v—cosh(ca—c1) v
2 v sinh(c; —co) v v sinh(c; —ca) v
cosh(l—cg) v—coshca v cosh ¢y v—cosh(l—cy) v

v sinh(c1—c2) v v sinh(c1—c2) v

Add z to the reference sethy + b5 — 1 =0

cosh(1—co) v—cosh ¢o v4-cosh ¢; v—cosh(1—cy) v = v sinh(c;—co) v

case 2acy =

—_ Wl

case 2b oy =
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Case?a: by + by =

C1

C2

cosh(cag—cy) v—cosh ca v

v sinh(ci —ca) v

1—cosheo v
v sinh(c; —co) v

1 and ¢; =

o

coshec; v—1
v sinh(ci —c2) v

cosh c¢1 v—cosh(ca—c1) v
v sinh(c; —co) v

cosh(1—c2) v—cosh cg v
v sinh(c1—c2) v

cosh ¢y v—cosh(l—cy) v
v sinh(c1—c2) v

\

—100 -

20-
1 C
| | 2

7 = 1% = w?h?

/
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Case?2a: by +by=1and c¢; =

o

cosh(cag—cy) v—cosh ca v coshey v—1
v sinh(ci —ca) v v sinh(ci —c2) v
1—cosh co v cosh c¢1 v—cosh(ca—c1) v
v sinh(c; —co) v v sinh(c; —co) v

C1

C2

cosh(1—c2) v—cosh cg v cosh ¢; v—cosh(1—cy) v
v sinh(ci —c2) v v sinh(ci —c2) v

( L1y —Gy +1+VZGY?
N —1—|—G1—\/7G3/3

Z >0

Z=0
' —Go + 14 ivV=2Gy*?
’_ log 2 : 2= z<o
—1+ G2 —iv—-2ZG,

Cco = «

wlin 7 win

h

G1 = exp(V2) G2 = exp(ivV/—2)

1 19
— 14+ —Z4+ " _ 721073
2 =14 122+ 1550602 T9OZ)
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Case2b: by + by =1 and co = 1

- cosh(cag—cy) v—cosh ca v coshey v—1
1 v sinh(ci —ca) v v sinh(ci —c2) v
1—cosh ¢y v cosh c¢1 v—cosh(ca—c1) v
€2 v sinh(c; —co) v v sinh(c; —co) v
cosh(1—c2) v—cosh cg v cosh ¢; v—cosh(1—cy) v
v sinh(c1—c2) v v sinh(c1—c2) v
100
Z 50
7 = 1?

\ |
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Case2b: by + by =1 and co = 1

cosh(cag—cy) v—cosh ca v coshey v—1
C1 v sinh(ci —ca) v v sinh(ci —c2) v
1—cosh co v cosh c¢1 v—cosh(ca—c1) v
€2 v sinh(c; —co) v v sinh(c; —co) v
cosh(1—c2) v—cosh cg v cosh ¢; v—cosh(1—cy) v
v sinh(c1—c2) v v sinh(c1—c2) v
(1 ~G1 +1 ZG
— log 1 +14+V2ZG 70
VZ —14+G1 —VZ
C1 = 4 1 7 =
3
—1 —Go+1+1tv—2Goy
log . Z <0
\ V-7 —1+Gy —iv—2

G1 = exp(VZ) G2 = exp(iVvV—2)

1 1
— 74+ —— 7%+ 0(Z)

1
=37 2057 7 34020
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ThePLTE

plte(Radaul I A, exp, case 1) =

_ (~wty® 4y = af, (-wy’ +y®))
216 W'y Yy yl—w Yy TY
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ThePLTE

plte(Radaul I A, exp, case 1) =

—h—4(— 2y oy - af, (—wty +y))
o6\ YT ey

plte(Radaull A, exp, case 2) =

o (e @ —af (- 4y )
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ThePLTE

plte(Radaul I A, exp, case 1) =

_ (~wty® 4y = af, (-wy’ +y®))
216 W'y Yy yl—w Yy TY

plte(Radaull A, exp, case 2) =
216 (‘w2y(2> +y = 4fy (P + 9(3))>

Internal stages :
{1,exp(wx),exp(—w x)} are the independent solutions of
final stage :

{1, z,exp(wx),exp(—w )} are the independent solutions of
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EFRK methods
How to obtain higher order methods ?

Gauss methods

case 1 : fixed:-values

case 2 w-dependent-values
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Numerical examples

fixed stepsize
global errors in the endpoint= 1

w obtained by annihilating the plte
RadaullA methods
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Example 1
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Example 1

y =y y0)=1 y(x) = exp(x)
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Example 1

y=y y0)=1 y(z) = exp(z)
plte(Radaull A, exp) =
_h_4 (—wa(Q) + oy —4f, (—wy + y(a)))
216 y
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Example 1

y =y y0)=1 y(x) = exp(x)

plte(Radaull A, exp) =
h4

516 (—WQ?J(Q) +y W —4f,(—y + y(g)))

w=1
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Example 1

y =y y0)=1 y(x) = exp(x)

plte(Radaull A, exp) =

h4
o (@ 4y - afy(—w?y 4y @)
216
w=1
classical case 1 case 2a case 2b
5.16 1072 | 1.33 1071 | 0.00 1.78 10715

5.55 1072 | 44410710 | 8.88 10716 | 3.11 1071
6.33107% | 8.88 10716 | 1.78 10~ | 1.69 10~ 14
7.63107° | 0.00 4.44 10710 | 0.00

9.37107% | 1.331071° | 1.33 1071 | 4.44 10716

5|+—t 0'¢] [ET G O [N W W R,
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Example 2

( (

Yy, = —y2 +cosx +sin2x y1(0)
LY

/
1
/
2

=y +2cos2x —sinx y2(0)
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Example 2

Y] = —Y2 +COST +SIin22x y1(0) = y1(r) = sinx

Yo = Y1 +2 Ccos2x —sinx yz(O): yg(az):sin2x
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Example 2

Y] = —Y2 +COST +SIin22x y1(0) = y1(r) = sinx

Yo = Y1 +2 Ccos2x —sinx yz(O): yg(az):sin2x

2 _ 2 __
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Example 2

2

\

Y
Yo

~N =S

e

y1(x) = sinx

yo(x) =sin2x

= —y9 +cosx +sin2x y1(0) =0
—y1 +2cos2x —sinzx <\ y2(0) =0 <\
w% = —1 % = —4
h | classical case 1 case 2a | case?2b
1 | 8.251072 | 0.00 3.98 1073 | 4.59 1073
2.60 1072 | 1.11 10719 | 9.97 1073 | 3.07 1073
5 18911073 | 1.111071% | 2.57107% | 1.12 10~
1.831073 | 1.11 107 | 1.00 1073 | 6.61 10~*
;| 1111073 | 22210710 | 248107 | 5.76 10~
2.08 10~ | 0.00 1.21107% | 9.82107°
£ | 1.40 10~* | 0.00 2.77107° | 1.69 10~°
2.57107° | 1.11 1071 | 1.50107° | 1.33107°
75 | 1771077 | 11110710 1 8,20 1077 | 2,65 10,7,
A A4 4n—R - 4 4a~—1AR 4 ~a 14 n—RA T 4 a4~ — A

T methods — p. 24/31



What went wrong ?

How to choosev when an EFRK is applied to a system ?
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What went wrong ?

How to choosev when an EFRK is applied to a system ?
apply the same for each component

choose a separatefor each component
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What went wrong ?

How to choosev when an EFRK is applied to a system ?
apply the same for each component

choose a separatefor each componentpartitioned RK method

p
/

y = f(x,y,2)
"=g(z,y,2)

Z

The order of a PRK is determined by

order conditions for each of the RK methods in the PRK
method
coupling conditions

The order of our PRK methods is always the same as the order of
the RK methods.
However : there are coupling terms
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f(z, y) plte(Radaull A, exp,case 1) =

(_“’29(2) +y —af,(~wy + y(?’)))
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Case 2a

y = f(z, y) plte(Radaull A, exp, case 2a) =

_h_4 (—w2 (2) 4 ) —Af, (—wy + (3))>
216 Y Yy y y+y
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Case2b

y = f(z, y) plte(Radaul I A, exp, case 2b) =

_h_4 (—w2 (2) 4 ) —Af, (—wy + (3))>
216 Y Yy y y+y
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Example 2

( ( (

. y; = —Y2 + cosx +sin2x . y1(0) =0 ; y1(r) = sinx
\ Yy =Y1 + 2 cos2x —sinx \ y2(0) =0 \ yo(x) =sin2x
For case 2b :

o 128 sin® 2 — 60 sin® z — 63 sin x + 40
wi = —
] 7 32sin’y — 108 sin’ g — 15 sinx + 64
5 128 sin® x — 480 sin?  — 63 sin x + 280
Wy = —
. 32 sin® 2 — 108 sin? z — 15 sin z + 64

=
o
|

\

| | | |
o] (2] e N o N » [<2] @
1 1 I | | 1 | |
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Example 2

[ Y1 = —Y2 +cosx +sin2x
<\ Yy =Y1 + 2 cos2x —sinx
h case2a | case?2b
1 | 7.111073 | 4.06 10~*
1.7110~* | 8.30 10~3
5 | 3.53107* | 1.02 10*
5.07 107° | 3.93 104
T 1291107° | 1.72107°
7.92107% | 1.78 107°
s | 4451077 | 3.00 107°
2.881077 | 3.35 10~
7= | 8.73107% | 4.64 107®
4.01 1078 | 9.64 10~8

-log GE

y1(x) = sinx

<

[

VR
-

N———"
]

yo(x) =sin2x

<
N\
~~
-)
~—
|

14

12

101

1 1 1 1 1
0.5 1 15 2 25 3
—log h
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Conclusion

we constructed several EF versions of well-known 2-stage RK
methods

two classes : fixed knot points anddependent knot points

methods withv dependent knot points behave like partitioned

RK methods

An accurate computation of the frequencies is no longer possible
due to the presence of coupling terms

for systems of equations : methods with fixed knot points should
be preferred
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