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Exponentially fitted methods

In the past 15 years, our research group has constructed modified
versions of well-known

® linear multistep methods
® Runge-Kutta methods

Aim : build methods which perform very good when the solution has a
known exponential of trigonometric behaviour.
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Linear multistep methods

Well known methods to solve

' =fly)  ya)=y. y'(a)=1y,
are

® Stormer-Verlet method (order 2)
Unt1 = 2Yn + Yn—1 = h° f(yn)

® Numerov method (order 4)

h2
Ynt1 = 2Yn + Y1 = 75 (f (Yn—1) + 10 f(yn) + f(Yn+1))
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Numerov method : construction

several ways to obtain

]’L2
Yn+1 — 2yn + UYn—1 = 1_2 (f(yn—l) + 10 f(yn) =+ f(yn—i—l))
® starting from the identity

LTn+1

Y(@ni1)=2y(@n)+y(Tn-1) = / (Tnt1=7) [y (7)+y" (22 —7)] dr

Replacey”(x) = f(y(zx)) by the interpolating polynomial
p(t) =ag+ a1z +asx? atz,_1, Tp, Tpii.

® imposeLl|z(z);h] = 0for z(x) = 1, x, 22, 23, 2* where

Llz(x);h]:=z(x+h)+apz(x) + a_12z(x — h)
—h* (812" (x + h) + Bo 2" (x) + -1 2" (z — 1))
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Exponential fitting
Consider the initial value problem
V' +wly=9g@)  y@) =y  yla) =y,
If 19(y)| < |w?y| then
y(z) ~ o cos(wz + ¢)

To mimic this oscillatory behaviour, one could replace polynomials by
trigonometric (in the complex case . exponential) functions.
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EF Numerov method

® starting from the identity

LTn+1

Y(Ens1) =2y (n) Fy(@n) = / (1 —7) [y (1) 1y (20 —7)] dr

In

Replacey’(x) = f(y(x)) by the interpolating function

p(r) =a coswx+bsinwx +cyatr,_1, Tn, Tpii :

® imposel[z(x);h] = 0for z(x) = 1, z, 22, sin(w ), cos(w x)
Llz(x);h] :==2(x+ h) + apz(x) + a_1 z(x — h)
—h? (B1 2" (x + h) + Bo 2" (z) + B-1 2" (. — h))

Ynt1 — 2Yn + Un-1=h> Af(Un-1) + (1 =2X) F(yn) + A f(Ynt1))

1 1 11 1
)\ = _ S/ L L SR 0=wh
( in? ¢ 92> 12 T 240" T0as” T t
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Choice ofw

1. local optimization
based on local truncation error (Ite)

Y@ns1) = st = o (50 (@) + 62y O(20)) + ...
(6) (z)
9(4) (xn)

w IS step-dependent
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Choice ofw

2. global optimization
Preservation of geometric properties (periodicity, energy, ...)

® Dbackward error analysis

® linearisation : rewrite/” = f(y) asy” + w?y = g(y) with |g(y)|
small

® Hamiltonian : minimize the leading term K, . — H,

w IS constant over the interval of integration
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Obrechkoff methods

Nikola Obrechkoff (1896-1963)
Obrechkoff methods (OM)©1940 for quadrature
Milne : OM for solving diff. eq. :1949
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Obrechkoff methodsfor i = f(x, y)

k l k
> ynrs =D WY By,
j=0 i=1  §=0

[ k

k
L|z(x); h) ::Z z(x+jh)— ZhZZﬁwz (x+jh)

j=0
orderp < L[x%; h] = 0, qu, L ...,p
p<(k+1)(I+1)—2
LlzPTL: 1]
_ +1, (p+1) +2 _ )
Ite = Cpa APy () + O (RP) o1 = (p+ ! hpt!

The error constart’, ; decreases more rapidly
with increasing than with increasing.

NUMDIFF11 —p. 11/43



Obrechkoff methodsfor v = f(x,v)

® k=1,1=2 p=4,C5 = 720

Yntl — Yn = h (yg—gl + y&”) s (y”(ﬁl B yg))

> 12
® k=1,1=3 p=6,C7r=—15050
ho( <>) h2(<2> <>) W’ (<3> <3>)
Yn+1—"Yn — 9 (yn+1 T Yn 10 Yn+1 — Un +120 Yy Yn
® k=21=2 p=60Cr=gk
h
Ytz —Unit = g0 (10190 + 12830, +11y0)
h? 2) 2) 2)
oo (P30 + 4092 + 33 )

Lambert and Mitchell (1962)
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Expon. fitted OM for i = f(z,y)

The coefficients are determined B8Yz(x); h] = 0

k
L|z(x); h) ::Z 2(x+jh)— Zh’ZﬁZ] (x4 j h)

7=0

Polynomial methods M = p + 1 functions
2(x)=2%,¢q=0,1,2,...,p

Exponentially fitted methods? = K + 2 (P + 1) + 1 functions

z(x) = x? exp(Fux) = a:q{ WL g =0,1,..., P
sinw «

W =1/
andz(x) =2%,¢=0,1,2,..., K
example : ifM = 5 then(K, P) = (4, —1), (2, 0), or (0, 1)
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Expon. fitted OM for i = f(z,y)

L|z(x);h] =0for M = K +2 (P + 1) + 1 functions

z(a:):a:q{ COSWE g =0,1,..., P

SInw x
andz(x) =2%,¢q=0,1,2,..., K

L*[zB T ]

lte = (K 1 D2

pM DKH(D2 + w2)P+1y(xn) + 0O (hMH)

1
q.

—hqﬁ[x ;b

L. Ixaru and G. Vanden Berghe

where L£*[x?; h] =
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EFOM for y = f(z,y)with k =1,[=2

® {1,z 2% 23 2%} (M =5P=-1,K =4)
hiew oo Pr@ e
® {1,z 2% coswz, sinwx} (M =5P=0,K=2)
h
Ynil = Un = 3 (yffll + yff))
0+ 6 cosf — 2 sinb
_ 52 2) _ @)
h 262 sin 0 (yn+1 I )
® {1 coswx,sinwz, xcoswz,  sinwz} (M =5P=1,K =0)
2 (1 — cosb) (1) ]
n — Yn — h( ())

2 (5001 0) " @m4+%1)
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EFOM for y = f(z,y)with k =1,[=2

® {1,z 2% 23, 2%} (P=-1,K =4)

1
Ite = —h° y®) (z,) + O (n°)

® {1, z,2°% coswz, sinwx} (P=0,K =2)

o — 660 cosd —660 —sinfH2 + 12 si]f16’h5><
© 12 6% sin

(19 ) + 5D @) + 0 (1)

® {1 coswz,sinwz, rcoswz, r sinwz} (P=1, K =0)

1 4(cosf—1)\ -
_ h
e (94 T (sin g + 9)) s

(y(5) () + 2 w? y(3) () + w? y(l)(:pn)) + O (h6)
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EFOM for y = f(z,y)with k =1,[=2

1 1
® {1,z 2% 2° z} B0 = P11 = = Bo1 = =20 = — ==
2

12
® {1, z,2°% coswz, sinwx}
1
510251125
2sinf —0 —6cosb 1 62 64
b1 = =P 262 sin 6 12~ 720 30200 )
® {1 coswx,sinwz, xrcoswz, rsinwzr}
2(1 —cosf) 1 04 6
bro = fu G(sinf16) 2 1440 T (")
0 — sin 1 62 04
= — By = - — — O (9°
P21 = D20 2 (smf+60) 12 360 60480 © (")
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EFOM for y = f(z,y)with k =1,[=2

® {1,z 2% 23, 2%} (P=-1,K =4)

1
Ite = —h° y®) (z,) + O (n°)

® {1, z,2°% coswz, sinwx} (P=0,K =2)

1 1 1
e (720 * 30107 * 12006000 9 (@) ) i

(O 24906 + 0.9

® {1, coswz,sinwz, rcoswzx, xrsinwz} (P=1,K =0)
(1 1 o 1 4 6 5
e = (720 * 51207+ 1814400 T O )) o

(y(5) (xp) + 2 w? y(g) () + w? y(l)(:vn)) + O (h6)
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EFOM for y = f(z,y)with k =1,[=2
1 1

> {17 X, $2, xS’ $4} 610 — 611 — 5 621 — _620 = —1—2

® {1, z,2°% coswuz, sinwx}

0.5 ‘ ‘ ‘ 1 | | |
[ea R
., 0.25¢ | — ]
o \\
° | | ‘ - 10 . 20 ‘

0 10 20 30 0 30
0

10

By= s

® {1, coswz,sinwz, r coswzx, xrsinwz}

0.5 -0.005f
o
m_a ‘lﬂ-N

I, 0.25/ 1 Il —0.055}
— —
Q m_N

0 : — -0.105 :
0 10 20 30 0 10 20 30
0 0
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Obrechkoff methodsfor v = #(z, )

Two-step methods

1 7 21
Yn+1 — 2yn + Yn—1 = Z h2 (/B’L yn_|_1 + 2 ﬂz (2 ) + 6i0 yf,(’),—)l)
1=1

Llz(x);h]:=2z(x+h) —2z(x) + 2(x — h)

_th(@ ) (@ +h) +2 6 2 (iU)Jrﬁz'oZ(%)(iU—h))

symmetric method L[z(z); h] = 0if z(x) is odd

L[1;h] =0
orderp <= L[z%;h] =0,¢=0,1,...,p+1
p+2.p
Ite = Cp2 hp+29(p+2)( )+ O (hp+3) Cpi2 = Lzl h]

(p + 2)! hpt2
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Two-step OM for ¢ =

> mzl:p:4106

® m=2:p=38CCip=

Yn+1

15120

Yn—+1

fla

1
— —— (Numerov method
240 ( )

T 2yn + Yn—1 =
h2
(yéll

12
59
76204800

Y)

+1052 + 2, )

o 2yn + Yn—1 =

h2

252
h4

(1ly£l1

(139231“

n—1

+230y? + 11y )

n

626" + 139", )
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Two-step OM for v = f(x, )

45469
1697361329664000

Yn+1 — 2Un + Yn—1 =

2
s (22092, + 733042 + 229y

n—1

® m=3.p=12,C14 = —

h (4) (4)
11 1422y + 11 )

h? (6) (6)
+ 127 + 4846 46 1 127 )
39251520 ( Yni1 Yn In—1
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2-Step EFOM for o = f(x,y),m =2
Ynt+1 — 2Yn + Yn—1 =

h? (ﬁm yfﬁl + 2 611 yq(f) + Bio yq(f—)1)

+h* (620 yfﬂl +2 821 ) + Bao yr,(»,,4—)1)
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2-Step EFOM for " = f(x,y),m =2

1 5
(2%, 2%} = Bio = i 2 P20 — 2 P21, 811 = T + 2 P20 + 2 Bo1
313 13

> 6 8 _ 013 I

{z°, 2%} = B 151207@0 TET90
® {2° coswzl —

By = — 458
21 = 0 20

120 — 4 cos (0) 8% — 56 0% — 120 cos (#) + 3 64
12062 (12 cos () — 12 + cos (6) 62 + 5 62)
13 59

- . 2 4
15120 38102409 +0(¢)

Bao = —

0

continuous coefficients &

-0.007

10 20 30
0
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2—Step EFOM for " = f(x,y),m =2

1 5}
{2, 2%} = Big = — — 2820 — 2021, P11 = — + 2 P20 + 2 fo1
12 12

® {coswrz, rsinwz}

0°sin@ + 2 (cos O + 5) 0 + 48 (cos @ — 1) 62 + 48 (cos O — 1)?
12604 (63 sin@ — 4 (1 — cos 0)?)
560°sind — 2 cos (cosO +5)0* — 48 cosf (cos — 1) 62 — 48 (cos § — 1)?
1264 (63 sin — 4 (1 — cos 6)?)

LU

-0.03

B2o =

B21 =

discontinuous coefficients

B20
)
J

10 20 30

2

X {$2, CoOsw T, T sinw, r° cosw x}

discontinuous coefficients
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Stablllty of OM for y" = f(z,y)

Yn+1 — 2UYp + Yn—1 = Z hQZ (52 n2—|7:)1 + 26’5 y(QZ) + 6730 ngQj)l)
1=1

applied toy” = —\? y gives
Yn+1 — 2Rmm(V2) Yn + Yn—1 =10

1"‘2 ﬁle

Rmm(uz) —
1 _|_ Z(_l)i+1ﬁi0 V2
i—1
11— Buv+ Bt 1= B vt 4 B vt — B 1f
Ray = 2 4 R33 = 2 4 6
14 Birov* — Bao v 1 4 Brov= — Pao v* + B3 v

A method has theterval of periodicity(0, v3) if
| R (V)] < 1for 0 < v* < 1.
The method isP-stableif | R, (v*)| < 1 for all realv # O



Two-step O|\/| for o = f(z,y)

® m=1:p=4,Cs= _ﬂ (Numerov method) v =6
Yn+1 — 2Yn + Yn—1 = o O
h? 2
= (v + 1052 + 92 )
59 !

® m=2.p=8§,Cip= V8:25.2

76204800

Yn+1 — 2Un + Yn—1 =
h2

252 (

ha (4) 4
_ | — 626y + 13 ”) ,
15120 ( 3Ynt1 — 020y, + 13,14 0

N
[Q\ O,

1y + 15y@ +11y2))

25.2

V2
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Two-step OM for v = f(x, )

45469

o =3:p=12 ==
m=3:p =12 Cu = 290664000

Vg — 55.60...

Yn+1 — zyn T Yn—1 =
h2

7788

h4

25960 (
h6

(6) (6) ())
19 184 19
+39251520( 799+ 4846y + 127y

(229 %)+ 733092 + 22947 )1)

+ 1y, + 142250 — 1190))

n+1 n—1

1

0 55.6062
V2
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Two-step EFOM for v = f(x, )

m = 2, {22, 24, 2%, coswz}
50

R(v,10)

0

40

30

20

10

R(v,12)

10 20

3‘0 4‘0 50 0 10 20 30

40

50
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2—Step EFOM for y" = f(x,y)

m = 2,

0

{22, 2%, coswz, z sinwx}
50
X
X
40 =
I S
30 X
)
20 -
-
ol 5
O 10 20 30 40 50
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P-stable 2-step OMror y' = f(z,y)

Simos : use one parameter to integrate the test equation exactly

3
_ 21 2 (27,)
Yn+1 — Qyn + Yn—1 = g h [6@ yn_|_1 -+ 26@ y( ) + 5’&'0 yn_l}
1=1

_ 89 15120 425 | 15120
P10 = 1878 ~ 313 fB31 P11 = 939 T 313 P31

_ 1907, 660 30257 6900
B0 = — 1577520 1 313 B31 P21 = 1577520 + 313 P31

_ 59
B30 = 3155040 313531

1
_ 190816819200[1 — cos )] — 95408409600 2
Fs1 3568320 12 | V)| g

+7950700800 v* — 265023360 11° + 4732560 % — 52584 10 + 1727012 + ...

2923 59
Ite = | — h12 (12) O h13
‘ ( 209898501120 1577520 31) b O (W)
{22, 24, 25, 2%, 210, cos Az} v=2MAh
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P-stable 2-step OMror y' = f(z,y)

Ananthakrishnaiah (1987)
Idea : introduce extra parameters to obtain P-stabillity.
m=3andm =4
e.gm=3
Yn+1 — 2Yn + Yn—1 =
h? (510 y,,(izl +2 6811 9% + Bio 3/7(»,,2_)1)

—I—h4 (ﬁzo y,,(ﬁl + 2 691 yffl) + 20 yﬁf—)l)
+h° (ﬁ:so Yty +2 85199 + Bao %@1)

imposep = 6 : {z?, z*, 2%},
then 3 parameter${,, 530 andFs1) remain

1= puvi+pa vt — B et sy = 3
— 31 — M30
1+ 610 V2 — 620 A + 630 /0 NUMDIFF11 — p. 32/43
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P-stable 2-step OMror y' = f(z,y)

Choose these 2 remaining parametexs 339 such that the method
becomes P-stable

\R]:‘ <l<= (D-—N)(D+N)>0

B20

—0.008
0 0.001
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P-stable 2-step OMror y' = f(z,y)

Find the solution for which the phase-lag,

13 N 13
604800 30

1
v — arccos R = ( B30 + 10 520> v+ O (Vg)

becomes minimal.

0.004

|320

~0.008; 0.001
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P-stable 2-step OMror y' = f(z,y)

Find the solution for which the phase-lag,

13 N 13
604800 30

1
v — arccos R = ( B30 + 10 520> v+ O (Vg)

becomes minimal.

0.004

B20

~0.008; 0.001

B30

L 1 1
This gives(330, B20) = (144007 _600>'
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P-stable 2-step OMror y' = f(z,y)

1

Ananthakrishnaialm = 3 : p = 6, P-stable(Cs 50400

h2
20 (ylel +18y2) +y2,)

h4
7600 (yle - 2249+, >

h6

N O+ 20 + )

m (yn—i—l
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P-stable 2-step OMfor ¢ = f(z,

1
R = L +600V 14400 ¥V~ 0 °
4 1 6
1+2O Jr600 + 11400 Y
B
° 20 40 60 80 100

\)

v — arccos R =

7 9
ooso0 Y O )

N .
and|R| = ‘D| < 1 since
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P-stable 2-step EFOMoor v = f(x, y)

R

11— puv+ Bavt — B 10

Following the ideas of Ananthakrishnaiah
m=3
Yn+1 — 2yn + Yn—1 =

h? (ﬁm yﬁzl +2 811y + Buo %(12—)1)
0 (B0 u' s+ 2821 42 + B0 ')

+h° (ﬁ3o )y 2 63190 + Bao yﬁgl)

imposep = 6 : {z?, z*, coswz},
then 3 parameters${,, 530 andFs1) remain

14 Brov? = Bag vt 4 Bao 1S

let 531 = (B30
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P-stable 2-step EFOMoor v = f(x, y)

The two remaining parametefls,, 53¢ are chosen in such a way that
the method becomes P-stable

\R]:‘ <l<= (D-—N)(D+N)>0

Within this set, we choose a coufl8x, 330) such that
(D — N) (D + N) is a perfect square.
Then
B30 = a linear function of5y
G20 = the root of a quadratic equation
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P-stable 2-step EFOMor

o
N
Q

0.01

0.005}
0,
—-0.005¢

-0.01
0

v,

10 15

o
™
Q

0.01

0.005¢

0

—0.0057

-0.01
0

J

10

15
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P-stable 2-step EFOMor = £z, y)

S
> 0
g
-1
0
1 1
o @
> 0 2 0
o0 @
- -1 ‘
10 0 10 20 30 40 50
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P-stable 2-step EFOMoor v = f(x, y)

m = 3, approach of Ananthakrishnaiah
® {22 2% 20):
P-stable method of Ananthakrishnaiah
® [2? 2% coswaz}:
P-stable method with coefficients that can be computed
analytically for a giverd
® {2? coswz, x sinwax}:
P-stable method with coefficients that have to be computed
numerically for a giverd

B30 = a rational function of3y
320 = the root of a fourth-order equation
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Conclusion

Exponentially fitted Obrechkoff methods :

methods of any order can be constructed
the coefficients depend on a parameéter

the coefficients may become discontinuous functions of

© o o @

stability can be increased by increasing the number of
parameters, but it may become difficult to compute the
coefficients : a numerical procedure may be needed.
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