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Introduction

Introduction

In the past 15 years, our research group has constructed
modified versions of well-known

e linear multistep methods

¢ Runge-Kutta methods

Aim : build methods which perform very good when the solution
has a known exponential of trigonometric behaviour.
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A model problem

Consider the initial value problem

y' +w?y =g(y) y@=ya y(@)=Vs.
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A model problem

Consider the initial value problem

y' +w?y =g(y) y@=ya y(@)=Vs.

If [g(y)| < |v?y]| then

y(t) = a cos(wt + ¢)

Conclusions
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A model problem

Consider the initial value problem
y'+w?y =g(y) y@=va Y@=V
If[g(y)| < [w?y] then
y(t) = a cos(wt + ¢)

To mimic this oscillatory behaviour, we construct methods
which yield exact results when the solution is of trigonometric
(in the complex case : exponential) type.
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A model problem

Consider the initial value problem
y'+w?y =g(y) y@=va Y@=V
If[g(y)| < [w?y] then
y(t) = a cos(wt + ¢)

To mimic this oscillatory behaviour, we construct methods
which yield exact results when the solution is of trigonometric
(in the complex case : exponential) type.

These methods are called Exponentially-fitted methods.
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EF methods

To determine the coefficients of a method, we impose
conditions on a linear functional. These conditions are related
to the fitting space S which contains

e polynomials :
{t99 =0, ...,K}

e exponential or trigonometric functions, multiplied with
powers of t :

{19 exp(pt)lg =0, ...,P}
or, with w =i p,

{t9 cos(wt), t9 sin(wt)|g =0, ...,P}
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{t99 =0, ...,K}

e exponential or trigonometric functions, multiplied with
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{t% exp(t)lg =0, ...,P}
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To determine the coefficients of a method, we impose
conditions on a linear functional. These conditions are related
to the fitting space S which contains

e polynomials :
{t99 =0, ...,K}

e exponential or trigonometric functions, multiplied with
powers of t :

{t% exp(t)lg =0, ...,P}
or, with w =i p,
{t9 cos(wt), t9 sin(wt)|g =0, ...,P}

EF method can be characterized by the couple (K, P)
Classical method : P = —1
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EF methods

To determine the coefficients of a method, we impose
conditions on a linear functional. These conditions are related
to the fitting space S which contains

e polynomials :
{t99 =0, ...,K}

e exponential or trigonometric functions, multiplied with
powers of t :

{t% exp(t)lg =0, ...,P}
or, with w =i p,
{t9 cos(wt), t9 sin(wt)|g =0, ...,P}

EF method can be characterized by the couple (K, P)
Classical method : P = —1
number of basis functions : M
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EF methods

To determine the coefficients of a method, we impose
conditions on a linear functional. These conditions are related
to the fitting space S which contains

e polynomials :
{t99 =0, ...,K}

e exponential or trigonometric functions, multiplied with
powers of t :

{t% exp(t)lg =0, ...,P}
or, with w =i p,
{t9 cos(wt), t9 sin(wt)|g =0, ...,P}

EF method can be characterized by the couple (K, P)
Classical method : P = —1
number of basis functions: M=2P + K +3
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M=2P+K+3

(K,P)

M=2| M=4| M=6| M= M =10
(1,-1) [ (8,-1) | (5,-1) | (7,-1) | (9,-1)
(—1,1) 1,0) | (3,0) (5,0) (7,0)
(-1,1) | (1,1) (3,1) (5,1)

(-1,2) (1,2) (3,2)

(-1,3) (1,3)

(*174)

(1,2) = S = {1. t, exp(£ut), t exp(+ut), t2 exp(i/zt)}
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Exponential Fitting

¥ L. Ixaru and G. Vanden Berghe
Exponential fitting

Kluwer Academic Publishers, Dordrecht, 2004

Conclusions
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Exponential Fitting
¥ L. Ixaru and G. Vanden Berghe
Exponential fitting
Kluwer Academic Publishers, Dordrecht, 2004

[ cos(|z|*?) ifz <0
n-1(2) = { cosh(z1/2) itz >0

sin(1z|/2)/|z[V2 ifz <0  Z=(uh)*=—(wh)?

mw(Z)={ 1 ifZ=0
sinh(z/2)/zY? itz >0
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Exponential Fitting

¥ L. Ixaru and G. Vanden Berghe
Exponential fitting
Kluwer Academic Publishers, Dordrecht, 2004

[ cos(|z|*?) ifz <0
n-1(2) = { cosh(z/?) ifz >0
sin(1z|/2)/|z[V2 ifz <0  Z=(uh)*=—(wh)?
m(Z)=4 1 ifZ=0
sinh(z/2)/zY? itz >0

Un(z) = %[nn—Z(Z) - (2n - 1)77n_1(Z)], n=123,...
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Exponential Fitting

¥ L. Ixaru and G. Vanden Berghe
Exponential fitting
Kluwer Academic Publishers, Dordrecht, 2004

[ cos(|z|*?) ifz <0
n-1(2) = { cosh(z1/2) ifz >0

sin(1z|/2)/|z[V2 ifz <0  Z=(uh)*=—(wh)?
m(Z)=4 1 ifz=0
sinh(z/2)/zY? itz >0

Un(z) = %[nn—Z(Z) - (Zn - 1)77n_1(Z)], n=123,...

1
m(Z)=5m(2), n=1,2,3, ...
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Choice of w

e |ocal optimization
based on local truncation error (lte)
w is step-dependent

Conclusions
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Choice of w

e |ocal optimization
based on local truncation error (lte)
w is step-dependent

¢ global optimization
Preservation of geometric properties (periodicity, energy,

)

w is constant over the interval of integration
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Fourth-order boundary value problem

y(@=Ar y"(a)=A:
y(b) = Bl y//(b) = Bz
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Fourth-order boundary value problem

y® =F(t,y) a<t<b

y@=A; y"a)=~A;
y(b)=B1 y"(b)=B>

o special case : y*) +f(t)y = g(t)
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o special case : y*) +f(t)y = g(t)
e mathematical modeling of viscoelastic and inelastic flows,
deformation of beams, plate deflection theory, ...
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Fourth-order boundary value problem

o special case : y*) +f(t)y = g(t)
e mathematical modeling of viscoelastic and inelastic flows,
deformation of beams, plate deflection theory, ...

e work by Doedel, Usmani, Agarwal, Cherruault et al., Van
Daeleetal, ...
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Fourth-order boundary value problem

special case : y* +1f(t)y = g(t)
mathematical modeling of viscoelastic and inelastic flows,
deformation of beams, plate deflection theory, ...

work by Doedel, Usmani, Agarwal, Cherruault et al., Van
Daeleetal, ...

finite differences, B-splines, ...
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The formulae

b—-a

L= ih,j=0,1,...N+1 N > = —
t=a+jh,j=0,1, + >5 N1
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The formulae
t=a+jh,j=01,...N+1 N>5 h:=
e central formulaforj=2,...,N -1

Yi—2 +aryj-1 +agyj +a1yj+1 +VYj+2 =

h* (b Fj_p + b1 Fj_1 + bo Fj + by Fj1 + by Fj12)

Conclusions

whereby y; is approximate value of y(tj) and F; := F (t;, y;).
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The formulae

t=a+jh,j=01,...N+1 N>5 h:=

N-+1
e central formulaforj=2,...,N -1

Yi—2 +aiyj-1 +aoyj +aryj+1+Yjr2 =
h* (bz Fj,2 + by Fj,]_ + bg Fj + by I:jJrl + by Fj+2)

whereby y; is approximate value of y(tj) and F; := F (t;, y;).
e begin formula

C1Yo+C2y1+C3¥Y2+Y3=
dy h?yg + h* (dz Fo + d3 Fy + dg F2 + ds Fs + dg Fy + d7 Fs)
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The formulae

t=a+jh,j=01,...N+1 N>5 h:=

e central formulaforj=2,...,N -1

Yi—2 +aiyj-1 +aoyj +aryj+1+Yjr2 =
h* (bz Fj,2 + by Fj,]_ + bg Fj + by I:jJrl + by Fj+2)

whereby y; is approximate value of y(tj) and F; := F (t;, y;).
e begin formula

CiYo+C2Y1+C3Y2+Y3=
d1h2y6’+h4 (d2F0+d3F1+d4F2+d5F3+d6F4+d7F5)

e end formula
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Central formula

Llyl:=y(t—2h)+a;y(t—h)+agy(t) +a;y(t+h)+y(t+2h)
—h* (b y@(t = 2h) + by @ (t = h) + boy @ (1) + by yW(t + h) + by (t + 2h))

P—_1: 5:{1,t,t2,...,t“"—1}
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Central formula

Lly] ==yt —2h)+ary(t—h)+agy(t) +ary(t+h)+y(t+2h)
—h* <b2 y@(t —2h) + b y@(t —h) +boy®(t) + by y@(t + h) + by @ (t + 2h)>

Pe—1:8= {1,t,t2, ...,tM—l}
case M = 10 : order 6

Yp-2—4Yp-1+6Yp —4Ypi1+VYpi2=
h4

4 4
o (vs + 124y, + a7y 1 124y, - y(Y,)

LI = 552 M0y (1) + O(h'?)
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Central formula

Lly] ==yt —2h)+ary(t—h)+agy(t) +ary(t+h)+y(t+2h)
—h* <b2 y@(t —2h) + b y@(t —h) +boy®(t) + by y@(t + h) + by @ (t + 2h)>

P—_1: 5:{1,t,t2,...,t“"—1}

case M =8 and b, =0 : order 4

h* / 4 4 4
Vo-2—4Yp-1+6Yp—4¥pra+¥piz = & (vi2h + 48 + i)

LII(1) = —555 WY@ (1) + O(h)
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Conclusions

Central formula

Lly] ==yt —2h)+ary(t—h)+agy(t) +ary(t+h)+y(t+2h)
—h* <b2 y@(t —2h) + b y@(t —h) +boy®(t) + by y@(t + h) + by @ (t + 2h)>

Pe—1:8= {1,t,t2, ...,tM—l}
case M =6 and by =by, =0: order 2
—4 + 6y, —4 + — htyW
Yp—2 Yp-1 Yp Yp+1 + Yp+2 Yp

£ly)(t) = & Py O ) + O(n?)
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EF Central formula

Llyl:=y(t—2h)+a;y(t—h)+agy(t) +a;y(t+h)+y(t+2h)
—h* (b y@(t = 2h) + by @ (t = h) + boy @ (1) + by yW(t + h) + by (t + 2h))

P=0:S= {cos(wt), sin(wt), 1, t, t2, ...,tM‘S}
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EF Central formula

Lly] :==y(t—2h)+a1y(t—h)+agy(t)+a;y(t+h)+y(t+2h)
—h? <b2 y@(t —2h) + by y@(t —h) + ooy (t) + by y @ (t + h) + b y@(t + 2h)>

P=0:S= {cos(wt), sin(wt), 1, t, t2, ...,t'\"‘3}
case M =10

Yp-2—4Yp-1+6Yp —4Ypi1+VYpi2=
h4 <b y() +b1y(4) +b Yé4)+b1y(4) +b2y(4)>

p+ p+2
_4cos?0—2—11cosf 6 _ cos?0+5 4 by — — cosf + 2 +i
T 6 (coso—1) 9 ' 6 (cos_1)2 04 °  12(coso—1)7 ¢4

LI = 59550 (y000) + 2y (1)) +O(n*)
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EF Central formula

Lly] :==y(t—2h)+a1y(t—h)+agy(t)+a;y(t+h)+y(t+2h)
—h? <b2 y@(t —2h) + by y@(t —h) + ooy (t) + by y @ (t + h) + b y@(t + 2h)>

P=0:S= {cos(wt), sin(wt), 1, t, t2, ...,t'\"‘3}
caseM =8andb, =0

Yp-2—4Yp-1+6Yp—4Ypi1+Yypi2 = h* (bl y . 4y + by y )

p—1 p p+1
cos 4 (1 —cosb) 1 2 (cosf —1)
o= by =
cosf —1 04 2(1 —cos®) 04

LW = —75 h° (YO0) + 2y O ) + Oh™)
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Conclusions

EF Central formula

Lly] :==y(t—2h)+a1y(t—h)+agy(t)+a;y(t+h)+y(t+2h)
—h? <b2 y@(t —2h) + by y@(t —h) + ooy (t) + by y @ (t + h) + b y@(t + 2h)>

P=0:S= {cos(wt), sin(wt), 1, t, t2, ...,t'\"‘3}

caseM =6andby =b, =0:

sin®(6/2
Ypo-2 = 4Yp-1+6Yp —4Ypi1+Ypi2 = (9/(2)/) " (4)

£)(E) = £h O(0) + 2y (0) + O(h?)
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EF Central formula

Llyl:=y(t—2h)+a;y(t—h)+agy(t) +a;y(t+h)+y(t+2h)
—h* (b y@(t = 2h) + by @ (t = h) + boy @ (1) + by yW(t + h) + by (t + 2h))

P=1:8= {cos(wt),sin(wt),t cos(wt), t sin(wt),1,t,t2,... ,tM‘5}
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EF Central formula

Lly] :==y(t—2h)+a1y(t—h)+agy(t)+a;y(t+h)+y(t+2h)
—h? <b2 y@(t —2h) + by y@(t —h) + ooy (t) + by y @ (t + h) + b y@(t + 2h)>

P=1:8= {cos(wt),sin(wt),t cos(wt), t sin(wt),1,t,t2,... ,t'\"‘5}
caseM =6andby =b, =0:

Yp—2+aiYp-1+aYp+aiYps1 + Ypr2 = bo h* yF(,4)

a _2785in29+0(4cosefl)sin974coso+4 o sinf (0 cosf — 2 sin6)
o 6 sin® +4cosf — 4 1 6 sind +4 cosf — 4

sing (sin2 6—2+2 0059)

by =4
0 03 (0 sinf + 4 cos — 4)
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Coefficients of central formula
e.g.caseM =6:

Vo2 +81Yp_1+ 80 Yp + 81 Yps1 + Ypsz = bo h* y (Y

16

P=-1 P=0

P=-1 P=0
o< &1
: P:O
:z
-1 -0.5
10 —%O -10 0 10 =20 -10 0 10
z z
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Coefficients of central formula
e.g.caseM =6

e P=-1:
bo=1
.P:O 5
(cosf — 1)
bp =4 0
[ ) P:l
sinf (cosf — 1)?
bo = —4 .
63 (4 cosf — 4+ 6 sin0)
[ ) P:2

3
sin” ¢
bo = —2
0 62 (6 cos — 3 sind)

[m] = =




Introduction

Fourth-order boundary value problems Numerical lllustrations Conclusions
o [e]e] 0000000
0000 00000e [e]e]e}
00000 00000000

Central formula : coefficients
e.g.caseM =6

e P=-1:
by =1
[ ] P:O
b :1—592+i94+0(96)
0 6 80
cP=1 1., 37
—1_ g2 20 ph 6
bo 36 +7200 + 0(6%)
[ ] P:2

. 12 7 4 6
bo =1 — 20° + 50" + O(¢°)

[m] = =
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Central formula : local truncation error

Ite = L[y](t)
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Central formula : local truncation error

lte = L[y](t)
As an inifinite series :

lte = h™ Cyy DX*1 (D2 + w?)P 1y (1) + O(hM+2)
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Conclusions

Central formula : local truncation error

lte = L[y](t)
As an inifinite series :

lte = hM Cy, DX (D? 4 w?)PHly (1) + O(hM+2)
In closed form : (Coleman and Ixaru)
lte = ™ & p(Z) DK+ (D? + w?)PHly ()
Z € some interval Pk p(0) #0 Ee(t—2h,t+2h)
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Local truncation error

lte = h™ Cy DX (D? + w?)P Ty (t) + O(hM+2)
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Local truncation error

lte = h™ Cy DX (D? + w?)P Ty (t) + O(hM+2)

Aty : D(K+1) (D2 —I—wjz)(PH)y(t) L 0 ji=2,...
=t
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Local truncation error

lte = h™ Cy DX (D? + w?)P Ty (t) + O(hM+2)
Aty : DK+ (D2 4 wj2)(P+1)y(t) L 0 j=2,...,.N—-1
=4

e P=0:
y(K+3)(tj) +y(K+1)(tj)wj2 -0
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Local truncation error

lte = h™ Cy DX (D? + w?)P Ty (t) + O(hM+2)
Aty : D(K+1) (D2 —|—wj2)(P+l)y(t) L 0 j=2,...,.N—-1
-
e P=0:
y(K+3)(tj) +y(K+l)(tj)wj2 -0
e P=1:
y®9) () + 2y K () w? + y D (g) wf = 0
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Local truncation error

lte = h™ Cy DX (D? + w?)P Ty (t) + O(hM+2)

Aty : D(K+1) (D2 +wj2)(P+l)y(t) L 0 j=2,...,.N—-1
=t

e P=0:
y(K+3)(tj) +y(K+l)(tj)wj2 -0
e P=1:
y®9) () + 2y K () w? + y D (g) wf = 0

e P=2:
y D) +3yE () i +3y K3 () wi+y* () wf = 0
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Local truncation error

lte = h™ Cyy DX*1 (D? + w?)P 1y (1) + O(hM+2),

Att; : DHD (D2 4 w2) Py (1) =0
=4

j=2,...,N—-1

wjz is solution of equation of degree P + 1.
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Local truncation error

lte = h™ Cyy DX*1 (D? + w?)P 1y (1) + O(hM+2),

Att; : DHD (D2 4 w2) Py (1) =0 j=2...N-1
=4

wjz is solution of equation of degree P + 1.

e Which value of P should be chosen ?
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Local truncation error

[ee] Tele]

lte = h™ Cyy DX*1 (D? + w?)P 1y (1) + O(hM+2),

At : DK (D2 +w2)PHy()| =0  j=2,...,N-1
t:tj
wjz is solution of equation of degree P + 1.

e Which value of P should be chosen ?
e Which root wj; should be chosen ?
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Suppose y(t) takes the form tPo grot

Then Ite= 0 for any EF rule with P > Py and pj = pg

Conclusions
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Parameter selection

lte = hM CM DK+1 (D2 o MZ)P+1y(t) + O(hM+2)
Suppose y (t) takes the form tPo grot

Then Ite= 0 for any EF rule with P > Py and pj = pg

Theorem
If y(t) = tPoerot then v = 3 is a root of multiplicity P — Pg + 1
of DK*1(D? — v)P+ly(t) = 0.
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Parameter selection

lte = hM CM DK+1 (D2 o MZ)P—Fly(t) + O(hM+2)
Suppose y (t) takes the form tPo grot
Then Ite= 0 for any EF rule with P > Py and pj = pg

Theorem
If y(t) = tPoerot then v = 3 is a root of multiplicity P — Pg + 1
of DK*1(D? — v)P+ly(t) = 0.

if P = Pg, then u = o will be a single root
if P = Pg + 1, then u = g will be a double root
if P = Pg + 2, then u = o will be a triple root



Introduction Fourth-order boundary value problems Numerical lllustrations

o [e]e] 0000000
[e]e]e]e] 000000 [e]e]e}
[e]eJele] ) 00000000

Parameter selection

lte = hM Cwm DK+1 (D2 _ MZ)P+1y(t) + O(hM+2)

Suppose y(t) does not take the form tPo grot,

Conclusions



Introduction Fourth-order boundary value problems Numerical lllustrations

o [e]e] 0000000
[e]e]e]e] 000000 [e]e]e}
[e]eJele] ) 00000000

Parameter selection

lte = hM Cwm DK+1 (D2 _ MZ)P+1y(t) + O(hM+2)
Suppose y(t) does not take the form tPo erot,

Theny(t) € S for any P.

Conclusions
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Parameter selection

lte = hM Cwm DK+1 (D2 _ [J,Z)PJrly(t) + O(hM+2)
Suppose y(t) does not take the form tPo erot,
Theny(t) € S for any P.

For a given value of P :

D(K+l) (D2 . HJZ)(P+1)Y(t) . -0
-

At each point t;, this gives P + 1 values for ujz.

Conclusions
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Parameter selection

lte = hM Cwm DK+1 (D2 _ [J,Z)PJrly(t) + O(hM+2)
Suppose y(t) does not take the form tPo erot,
Theny(t) € S for any P.

For a given value of P :

D(K+l) (D2 . HJZ)(P+1)Y(t) . -0
-

At each point t;, this gives P + 1 values for ujz.

Idea : keep |y h| as small as possible.

Conclusions
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Parameter selection

lte = hM Cwm DK+1 (D2 _ [J,Z)PJrly(t) + O(hM+2)
Suppose y(t) does not take the form tPo erot,
Theny(t) € S for any P.

For a given value of P :

D(K+l) (D2 . HJZ)(P+1)Y(t) . -0
-
At each point t;, this gives P + 1 values for ujz.

Idea : keep |y h| as small as possible.
If possible, choose P > 1 to avoid too large values for |;].
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Problem 1
@ 384t - 2-11t?
Crf T 2Ty
1 1
y(-1) = 3 y(1) = 3
2 2
y'(-1) = >7 y'(1) = >7

Conclusions

Since y(t) does not to belong to the fitting space of a EF-rule,

the parameter p will not be constant over the interval of

integration.
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Solution obtained by a fourth-order EF method
Computation of y; with M = 8 :

P=0:y®(t) -y () =0
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Solution obtained by a fourth-order EF method
Computation of y; withM = 8 :

P =0:y®() -y () uf =0

e re-express higher order
derivatives in terms of y,
y/ y/I and yI/I
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Solution obtained by a fourth-order EF method
Computation of y; withM = 8 :

P =0:y®() -y () uf =0

e re-express higher order
derivatives in terms of y,
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e approximate y’, y” and
y”"in terms of y
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Solution obtained by a fourth-order EF method
Computation of y; withM = 8 :

P =0:y®() -y () uf =0

e re-express higher order
derivatives in terms of y,
y/ y/I and yI//

e approximate y’, y” and
y”"in terms of y

e an initial approximation
for y can be computed
with the classical,
polynomial rule
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Solution obtained by a fourth-order EF method
Computation of y; withM = 8 :

P =0:y®() -y () uf =0

e re-express higher order
derivatives in terms of y,
y/’ y/I and yI//

e approximate y’, y” and
y”"in terms of y

e an initial approximation
for y can be computed
with the classical,
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Solution obtained by a fourth-order EF method
Computation of y; with M = 8 :

P=1:y® () —2y® () u? +y@ ()t =0

1 0,5 0 05 1
10
5

g -6
el ;e
4 \ / o,
o oot el
C
‘ouo 4

-1 -0,5 0 05 1

Real and imag. part of u1j and py
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Solution obtained by a fourth-order EF method
Computation of y; with M = 8 :

P=1:y® () —2y® () u? +y@ ()t =0

[] [
5 ¥ 10

K 8|
0| 6|

4 /,""\\ ',-‘n‘ ,,"‘~.\
1 05 0 05 1 z u—“u
T e A o |
IRV Real and imaginary
" part of y; with smallest

21 -05 0 05 1 nOI'm

Real and imag. part of u1j and py
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Solution obtained by a fourth-order EF method
Computation of y; withM = 8 :

P=1:y0(t)-2y®)p? +y@D () =0

10° F
107 F
w

10° F

10° F e

107% . ,

10" 107 10°
h

error obtained with i1 j, 12 and ;. with smallest norm
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Global error

= (5,—-1) : second-order method

M S 6 . (K7 P)
- " (K,P)=(1,1) : fourth-order method
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Global error

M—_g: (K.P)=(7.-1) :fourth-order method
- (K,P) = (3 1)  : sixth-order method

10°

Conclusions
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Global error

M—10: (K:P)=(9,-1) :sixth-order method
~ 7" (K,P)=(5,1) : eighth-order method

10

Conclusions
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10

cond(A)
5

10 10 10~
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Condition number of the coefficient matrix

The (classical) discretisation of yF(,4) gives rise to the coefficient
matrix
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Condition number of the coefficient matrix
The (classical) discretisation of yF(,4) gives rise to the coefficient

matrix
5 —4 1
-4 6 -4 1
1 -4 6 -4 1
1 -4 6 -4 1
1 -4 6 -4
1 -4 5
1010
<
E 5
510
10°
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Condition number of the coefficient matrix
The (classical) discretisation of yF(,4) gives rise to the coefficient

matrix
5 4 1
4 6 -4 1 —2 1 2
1 -4 6 -4 1 1 -2 1
1 -4 6 -4 1 1 -2 1
1 -4 6 -4 1 -2
1 -4 5
1010
<
2
8 10
10°
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Condition number of the coefficient matrix
The (classical) discretisation of yF(,4) gives rise to the coefficient

matrix
5 —4 1
4 6 -4 1 —2 1 2
1 -4 6 -4 1 1 -2 1
1 —4 6 —4 1 1 -2 1
1 -4 6 -4 1 -2
1 -4 5
10 100
< g
2 2
- " 0/
10° . 10 . .
-10° -10" -107 -10° -10° -10™ -107 -107
h
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Factorisation of the coefficient matrix

C, C3 1 ap—1 ap 1

a; ap ag 1 ajg as ajp 1

1 a; ap ajg 1 1 ajg as ajp 1

ap ap a; 1

a & a

1 C3 Cy 1 a; ay—1
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Factorisation of the coefficient matrix

1
ay

a

1

ag

ap

a

ap

ap
a

C3

ap

C2

ap —1
ap

1

ap
a

ap

1
a 1

a 1

1 a; ay—1

Conclusions
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Factorisation of the coefficient matrix

1 ap—1 ap 1
ag 1 ajg as ajp 1
ap ajg 1 1 ajg as ajp 1
1 ajp ag ag 1 1 ap ap a; 1
1 ajp a; a 1 a; ap a;
1 C3 Cy 1 a; ay—1
Jé] 1
1 [E] 1
1 a 1 1 8 1
1 « 1 B
P ‘ « 1]
1 ‘ 2 2

Conclusions
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Conclusions

Factorisation of the coefficient matrix

C3
a

a

1

-1 a 1
ag 1 ajg as ajp 1
ap ajg 1 1 ajg as ajp 1
1 ajp ag ag 1 1 ap ap a; 1
1 ajp a; a 1 a; ap a;
1 C3 Cy 1 a; ay—1
B
1
1 e 1 el
1 a
P ‘ « 1]
1 ‘ 2 2
-2 —2
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Factorisation of the coefficient matrix

C3
a

a

1 ap—1 ap 1
a1 a; ap, a 1
aa a1 1 a; a a 1
1 ajp ag ag 1 1 ap ap a; 1
1 a; a a 1 a5 a ap
1 ¢ ¢ 1 a ay-—1
B8 1
1 8 1
1 a 1 1 B
1 a B
P ‘ o B
1 ‘ 2 2
0 ‘ —2 -2
1 ‘ 2 _ 48N 6(2 cos 6§ —2+6 sin 0) 2

4 sin 6 — 0 (1+cos 6))

Conclusions
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y® —t =4e!

y(-1)=-1/e y(1)=e
y'(-1)=1/e  y"(1)=3e

Conclusions
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Problem 2
y® —t =4e!

y(-1)=-1/e y(1)=e
y'(-1)=1/e  y"(1)=3e

Solution : y(t) = e't

In theory, this problem is solved up to machine accuracy by any
EF-rule with P > 1 and y; = 1.
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M=06

P=1:yOt)—2y®()p? +y@ ()t =0
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M=26

P=1:yO®()-2y@ () +y® () ' =0
differentiating the differential equation :

(yOt) +4e%) —2(y; + 460 +yD(t) i =0

Conclusions
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approximating y ) (t) by O(h?) finite difference scheme
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y@ Ly @

° y(°) is obtained from classical, second order method
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y@ Ly @

° y(o) is obtained from classical, second order method

o compute (1) from y(©) with classical second order
schemes to approximate the derivatives that appear in the
lte
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° y(o) is obtained from classical, second order method

o compute (1) from y(©) with classical second order

schemes to approximate the derivatives that appear in the
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o y(1) is obtained from EF method with P = 1 and p = )
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compute 1) from y(© with classical second order
schemes to approximate the derivatives that appear in the
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y(@) is obtained from EF method with P = 1 and p = p(V)

compute 12 from y(1) with EF schemes (P = 1) to
approximate the derivatives that appear in the Ite
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How to improve the accuracy ?

y@ Ly @

y(o) is obtained from classical, second order method

compute 1) from y(© with classical second order
schemes to approximate the derivatives that appear in the
lte

y(@) is obtained from EF method with P = 1 and p = p(V)

compute 12 from y(1) with EF schemes (P = 1) to
approximate the derivatives that appear in the Ite

y @) is obtained from EF method with P = 1 and p = p(®
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How to improve the accuracy ?
caseM =6,h=1/4

Abs. error in approx. of y, h=1/4

- 0 i
4O
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Computed values of , h=1/4
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How to improve the accuracy ?
caseM =6,h=1/8

Abs. error in approx. of y, h=1/8

log10(rel. error)

1.007

1.006

1.005

1.004

1.003

1.002

1.001

0 0.5

Computed values of , h=1/8
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How to improve the accuracy ?
caseM =6,h=1/16

Abs. error in approx. of y, h=1/16
T

y
y(1) 7
2 W |
o '_'—T_O—o—._._‘\‘\
0 0.5 1

Computed values of i, h=1/16

1.0015 T
el

1.001— *

1.0005— *
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How to improve the accuracy ?

caseM =6

Max. abs. error in y for h=1/4, 1/8, h=1/16
-1 :

log10(abs. error)

3
~log2(h)
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case M =8

Max. abs. error in y for h=1/4, 1/8, h=1/16

3
~log2(h)

Conclusions
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Conclusions

e Fourth-order boundary value problems are solved by
means of parameterized exponentially-fitted methods.

¢ A suitable value for the parameter can be found from the
roots of the leading term of the local truncation error.

e If a constant value is found, then a very accurate solution
can be obtained.

e However, the methods strongly suffer from the fact that the

system to be solved is ill-conditioned for small values of the
mesh size.
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Fourth-order boundary value problems are solved by
means of parameterized exponentially-fitted methods.

A suitable value for the parameter can be found from the
roots of the leading term of the local truncation error.

If a constant value is found, then a very accurate solution
can be obtained.

However, the methods strongly suffer from the fact that the
system to be solved is ill-conditioned for small values of the
mesh size.
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