
— A Triparametric Family of Cardinality-based Fuzzy Similarity Measures —

Definition:

MΓ
ϕ1,ϕ2

(A,B) =
ϕ1(||A ♦ΓA||, ||B ♦ΓB||, ||A ♦ΓB||)
ϕ2(||A ♦ΓA||, ||B ♦ΓB||, ||A ♦ΓB||)

for all A,B ∈ F(X), with ϕ1 and ϕ2 two [0, 1]3 → R mappings that are increasing in their first and second argument,
and ♦Γ an infix notation for the pointwise extension of a binary aggregation operator Γ.

Potential properties:

MΓ
ϕ1,ϕ2

is [0, 1]-valued ⇐⇒ (∀A,B ∈ F(X))(0 ≤MΓ
ϕ1,ϕ2

(A,B) ≤ 1)

MΓ
ϕ1,ϕ2

is reflexive ⇐⇒ (∀A,B ∈ F(X))(MΓ
ϕ1,ϕ2

(A,B) = 1 ⇐ A = B)

MΓ
ϕ1,ϕ2

is coreflexive ⇐⇒ (∀A,B ∈ F(X))(MΓ
ϕ1,ϕ2

(A,B) = 1 ⇒ A = B)

MΓ
ϕ1,ϕ2

is strong reflexive ⇐⇒ (∀A,B ∈ F(X))(MΓ
ϕ1,ϕ2

(A,B) = 1 ⇐ A ⊆ B ∨B ⊆ A)

MΓ
ϕ1,ϕ2

is weak coreflexive ⇐⇒ (∀A,B ∈ F(X))(MΓ
ϕ1,ϕ2

(A,B) = 1 ⇒ A ⊆ B ∨B ⊆ A)

MΓ
ϕ1,ϕ2

is inclusive ⇐⇒ (∀A,B ∈ F(X))(MΓ
ϕ1,ϕ2

(A,B) = 1 ⇐ A ⊆ B)

MΓ
ϕ1,ϕ2

is coinclusive ⇐⇒ (∀A,B ∈ F(X))(MΓ
ϕ1,ϕ2

(A,B) = 1 ⇒ A ⊆ B)

MΓ
ϕ1,ϕ2

is ∩T -exclusive ⇐⇒ (∀A,B ∈ F(X))(MΓ
ϕ1,ϕ2

(A,B) = 0 ⇐ A ∩T B = ∅)
MΓ

ϕ1,ϕ2
is ∩T -coexclusive ⇐⇒ (∀A,B ∈ F(X))(MΓ

ϕ1,ϕ2
(A,B) = 0 ⇒ A ∩T B = ∅)

MΓ
ϕ1,ϕ2

is symmetric ⇐⇒ (∀A,B ∈ F(X))(MΓ
ϕ1,ϕ2

(A,B) = MΓ
ϕ1,ϕ2

(B,A)

MΓ
ϕ1,ϕ2

is left-restrictable ⇐⇒ (∀A,B ∈ F(X))(MΓ
ϕ1,ϕ2

(A,B) = MΓ
ϕ1,ϕ2

(A/supp A, B/supp A))

MΓ
ϕ1,ϕ2

is right-restrictable ⇐⇒ (∀A,B ∈ F(X))(MΓ
ϕ1,ϕ2

(A,B) = MΓ
ϕ1,ϕ2

(A/supp B , B/supp B))

MΓ
ϕ1,ϕ2

is weak left-restrictable ⇐⇒ (∀A,B ∈ F(X))(MΓ
ϕ1,ϕ2

(A,B) ≤MΓ
ϕ1,ϕ2

(A/supp A, B/supp A))

MΓ
ϕ1,ϕ2

is weak right-restrictable ⇐⇒ (∀A,B ∈ F(X))(MΓ
ϕ1,ϕ2

(A,B) ≤MΓ
ϕ1,ϕ2

(A/supp B , B/supp B))

General constraints:

MΓ
ϕ1,ϕ2

is [0, 1]-valued ⇐ (∀x, y, z ∈ [0, 1])(0 ≤ ϕ1(x, y, z) ≤ ϕ2(x, y, z))

MΓ
ϕ1,ϕ2

is reflexive ⇐ (∀x ∈ [0, 1])(ϕ1(x, x, x) = ϕ2(x, x, x))

Constraints for the case Γ = T , with T an arbitrary t-norm:

MT
ϕ1,ϕ2

is strong reflexive ⇐ (∀x, y, z ∈ [0, 1])(min(x, y) ≤ z ≤ max(x, y) ⇒ ϕ1(x, y, z) = ϕ2(x, y, z))

MT
ϕ1,ϕ2

is inclusive ⇐ (∀x, y, z ∈ [0, 1])(x ≤ z ≤ y ⇒ ϕ1(x, y, z) = ϕ2(x, y, z))

MT
ϕ1,ϕ2

is ∩T -exclusive ⇐ (∀x, y ∈ [0, 1])(ϕ1(x, y, 0) = 0)

MT
ϕ1,ϕ2

is symmetric ⇐ (∀x, y, z ∈ [0, 1])(ϕ1(x, y, z) = ϕ1(y, x, z) ∧ ϕ2(x, y, z) = ϕ2(y, x, z))

MT
ϕ1,ϕ2

is left-restrictable ⇐ (∀x, z ∈ [0, 1])(∀u, v ∈ [0, 1])(ϕ1(x, u, z) = ϕ1(x, v, z) ∧ ϕ2(x, u, z) = ϕ2(x, v, z))

MT
ϕ1,ϕ2

is right-restrictable ⇐ (∀ y, z ∈ [0, 1])(∀u, v ∈ [0, 1])(ϕ1(u, y, z) = ϕ1(v, y, z) ∧ ϕ2(u, y, z) = ϕ2(v, y, z))

MT
ϕ1,ϕ2

is weak left-restr. ⇐ (∀x, z ∈ [0, 1])(∀u, v ∈ [0, 1])(ϕ1(x, u, z) = ϕ1(x, v, z))

MT
ϕ1,ϕ2

is weak right-restr. ⇐ (∀ y, z ∈ [0, 1])(∀u, v ∈ [0, 1])(ϕ1(u, y, z) = ϕ1(v, y, z))

Constraints for the case Γ = TP, with TP the product:

MTP
ϕ1,ϕ2 is [0, 1]-valued ⇐ (∀x, y, z ∈ [0, 1])(z ≤ √x · y ⇒ 0 ≤ ϕ1(x, y, z) ≤ ϕ2(x, y, z))

MTP
ϕ1,ϕ2 is ∩TP -coexclusive ⇐ (∀x, y, z ∈ ]0, 1])(z ≤ √x · y ⇒ ϕ1(x, y, z) > 0)

Constraints for the case Γ = TM, with TM the minimum:

MTM
ϕ1,ϕ2 is [0, 1]-valued ⇐ (∀x, y, z ∈ [0, 1])(z ≤ min(x, y) ⇒ 0 ≤ ϕ1(x, y, z) ≤ ϕ2(x, y, z))

MTM
ϕ1,ϕ2 is coreflexive ⇐ (∀x, y, z ∈ [0, 1])(z < max(x, y) ∧ z ≤ min(x, y) ⇒ ϕ1(x, y, z) < ϕ2(x, y, z))

MTM
ϕ1,ϕ2 is strong reflexive ⇐ (∀x, y ∈ [0, 1])(ϕ1(x, y, min(x, y)) = ϕ2(x, y, min(x, y)))

MTM
ϕ1,ϕ2 is weak coreflexive ⇐ (∀x, y, z ∈ [0, 1])(z < min(x, y) ⇒ ϕ1(x, y, z) < ϕ2(x, y, z))

MTM
ϕ1,ϕ2 is inclusive ⇐ (∀x, y ∈ [0, 1])(x ≤ y ⇒ ϕ1(x, y, x) = ϕ2(x, y, x))

MTM
ϕ1,ϕ2 is coinclusive ⇐ (∀x, y, z ∈ [0, 1])(z < x ∧ z ≤ y ⇒ ϕ1(x, y, z) < ϕ2(x, y, z))

MTM
ϕ1,ϕ2 is ∩TM -coexclusive ⇐ (∀x, y, z ∈ ]0, 1])(z ≤ min(x, y) ⇒ ϕ1(x, y, z) > 0)
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