— A TRIPARAMETRIC FAMILY OF CARDINALITY-BASED FUZZY SIMILARITY MEASURES —

Definition:

p1(|lAOrAll [|B Or Bl|, [|A Or BlI)
pa2(|[AOrAll,||B OrBl|, [[AOrBl|)

for all A, B € F(X), with 7 and ¢ two [0,1]*> — R mappings that are increasing in their first and second argument,
and Or an infix notation for the pointwise extension of a binary aggregation operator I'.
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Potential properties:

ML, ., is [0,1]-valued <= (VA,B € F(X))(0 <M}, _ (A,B)<1)
M3, ,, is reflexive <= (VA, B € F(X))(M}, ,,(A,B)=1 < A=B)
r . r
M, o, is coreflexive <= (VA,B € F(X))(M,, ,,(A,B)=1= A=DB)
Mng is strong reflexive <= (VA,B € f(X))(Mghm(A,B) =1« ACBVBCA)
./\/lgw,2 is weak coreflexive <= (VA,B € f(X))(./\/lgl)w (A,B)=1= ACBVBCA)
Ml; 18 inclusive <= (VA, B € f(X))(Mghm(A,B) =1« ACB)
Mgl o, 18 coinclusive <= (VA, B € f(X))(./\/lgl)w (A,B)=1= ACB)
ME,WQ is Nr-exclusive <= (VA,B € .7-_(X))(/\/lg1 0 (A, B) =0 <= ANz B =10)
Msl:n,soz is Nz-coexclusive <= (VA, B € f(X))(./\/lgl)w (A,B)=0= AnyrB=10)
./\/lgma2 is symmetric <= (VA,B € f(X))(Mghm(A,B) = Mgl 0o (B;A)
M};hw is left-restrictable < (VA,B € f(X))(./\/lgl)w (A,B) = ¢17¢2(A/suppA, B/supp 4))
Msl;hsoz is right-restrictable <= (VA, B € f(X))(Mghm (A,B) = m 03 (A/supp B, B/supp B))
M};l o, 18 weak left-restrictable <= (VA,B € f(X))(./\/lgl,w (A,B) < /\/lwhw(A/suppA7 B/supp 4))
MG, ., is weak right-restrictable <= (VA, B € F(X))(My, ,,(A,B) <My, . (A/supp B> B/supp B))

General constraints:

Mgl oy 18 [0, 1]-valued < (Vx,y,z € [0,1])(0 < ¢1(z,y,2) < wa(z,y, 2))
MQ, ,, is reflexive < (Va € [0,1])(¢1(z, 2, 2) = pa(z, 2, 7))

Constraints for the case I' =7, with 7 an arbitrary t-norm:

Mgl o, 18 strong reflexive <= (V,y,z € [0,1])(min(z,y) < 2z < max(z,y) = ¢1(z,y,2) = p2(z,9, 2))
Mgl o, 18 inclusive < Vax,y,z€ [0, 1) (z < z<y = ¢1(z,y,2) = pa(z,y,2))
Mghm is Ny-exclusive < (Vz,y € [0,1])(¢1(z,y,0) =0)
Mgl o, 18 Symmetric < Va,y,z €10,1])(p1(x,y, 2) = p1(y,z,2) A pa(z,y, 2) = 02(y, x, 2))

Mgmoz is left-restrictable < (Vx,z € [0,1])(Vu,v € [0,1])(p1(z,u, 2) = @1(x, v, 2) A pa2(,u, 2) = pa(z,v, 2))
M:fhw is right-restrictable < (Vy,z € [0,1])(VYu,v € [0,1])(v1(u,y, 2) = ©1(v,y,2) A p2(u,y, 2) = 02(v,y, 2))

Mgbm is weak left-restr. < (Vz,z € [0,1])(Vu,v € [0,1])(¢1(z, u, 2) = p1(z,v, 2))
Mgl o, 18 weak right-restr. < (Vy,z € [0,1])(Vu,v € [0, 1])(p1(u, y, 2) = »1(v,y, 2))

Constraints for the case I' = T, with 7} the product:
M?};w is [0, 1]-valued <= (Vz,y,2 € [0,1))(z <z y = 0< p1(z,y,2) < @2(x,y, 2))
MZ};,W is Npp-coexclusive < (Vx,y,z € 10,1])(z < /Ty = ¢1(x,y,2) > 0)

Constraints for the case I' = T}, with 7}; the minimum:
Mg, is [0, -valued = (Va,y,z € [0, 1])(= < min(z,y) = 0 < ¢1(2,9.2) < ¢a(2,9,2))
Mgﬁ/{m is coreflexive < (Vx,y,2z € [0,1])(z < max(z,y) A z < min(z,y) = ¢1(x,y, 2) < p2(x,y, 2))

M, is strong reflexive < (Var,y € [0,1]) (i1 (, y min(z, y)) = p2(x, y, min(z, y)))

(
< (
(
Mﬁlﬂm is weak coreflexive (Va,y,z € 0,1])(z < min(z,y) = ¢1(z,y,2) < v2(z,9, 2))
(Vo,y € 0,1))(z <y = pi(z,y,2) = @2(x,y,2))

(

(

V%y,z € [07 1])(Z <zNz<y = 901(377?472) < 902(1:7?472))

=
=
Ty s .
MY o, is inclusive <=
/\/lgo1 o2 s coinclusive <

=

MQ{W is Npy,-coexclusive Va,y,z €10,1])(z < min(z,y) = ¢1(x,y,2) > 0)
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