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Abstract

We derive a new formula for the supersymmetric Schur polynomial sy(z/y). The ori-
gin of this formula goes back to representation theory of the Lie superalgebra gl(m/n). In
particular, we show how a character formula due to Kac and Wakimoto can be applied to
covariant representations, leading to a new expression for sy(z/y). This new expression
gives rise to a determinantal formula for s)(z/y). In particular, the denominator identity
for gl(m/n) corresponds to a determinantal identity combining Cauchy’s double alternant
with Vandermonde’s determinant. We provide a second and independent proof of the new
determinantal formula by showing that it satisfies the four characteristic properties of super-
symmetric Schur polynomials. A third and more direct proof ties up our formula with that
of Sergeev-Pragacz.

Keywords : supersymmetric Schur polynomials, Lie superalgebra gl(m/n), characters, covariant

tensor representations, determinantal identities.

1 Introduction

This paper deals with a new formula for supersymmetric Schur polynomials s)(z/y), parametrized
by a partition A, and symmetric in two sets of variables z = (z1,...,Zp) and y = (y1,...,Yn)-
Supersymmetric Schur polynomials, or S-functions, appeared for the first time in the work of
Berele and Regev [3], who also showed that these polynomials are closely related to charac-
ters of certain representations of the Lie superalgebra gl(m/n) or sl(m/n). More precisely,
the characters of irreducible covariant tensor representations of gl(m/n) are supersymmetric
S-functions (just as the characters of irreducible covariant tensor representations of gl(m) are
ordinary Schur functions). It is in the context of gl(m/n) representations that our new formula
for supersymmetric S-functions was discovered, as a consequence of a certain character formula
of Kac and Wakimoto [6]. In their general study of characters for classical Lie superalgebras
and affine superalgebras, Kac and Wakimoto [6] developed the idea of so-called tame represen-
tations. These tame representations allow for the construction of an explicit character formula.
Unfortunately, it is not easy to give a simple characterization of which representations are tame.
In this paper, we show that the covariant tensor representations of gli(m/n) are indeed tame.

As a consequence we can apply the character formula of Kac and Wakimoto, and obtain a new



expression for supersymmetric S-functions. This new expression is not particularly elegant, but
after certain manipulations we show that it is equivalent to a nice determinantal formula. Once
this determinantal formula for s)(z/y) was found, we realized that its validity could also be
proved independently. Indeed, in [10, §I.3, exercise 23] or [13] it is shown that the supersym-
metric S-functions are characterized by four properties. Using our determinantal expression, it
is possible to show that these four properties are indeed satisfied. Finally, one can also prove
the determinantal formula using a double Laplace expansion and a special case of the so-called

Sergeev-Pragacz formula [22].

The structure of this paper is as follows. In the first section, we fix the notation and recall
some known formulas for ordinary and supersymmetric Schur functions. The simplest form of
our new determinantal formula for s)(z/y) is already given in (1.17). Furthermore, we point
out that the case A = 0 gives rise to an interesting determinantal identity, which can be called
“the denominator identity for gl(m/n)”. Section 2 is devoted to showing that covariant tensor
representations of the Lie superalgebra gl(m/n) are tame, and to applying the Kac-Wakimoto
character formula. This section uses a lot of representation theory, and closes with a formula
for the character, i.e. a formula for sy(z/y). This formula is not in an optimal form, and in
Section 3 we use a number of intricate but elementary manipulations to derive from this form our
main result, Theorem 3.4, giving the determinantal expression for s (z/y). In Section 4, we show
that the determinantal expression satisfies the four characteristic properties of supersymmetric S-
functions, thus yielding an independent proof of the determinantal formula. Finally, in Section 5,
we provide a straightforward proof, without using representation theory, based on the formula of
Sergeev-Pragacz and Laplace’s theorem. So in fact we provide three proofs : one in the context
of representation theory of gl(m/n), one by means of the characteristic properties, and the last
one using the formula of Sergeev-Pragacz. A reader who is not so familiar with representation
theory can easily skip Section 2 (apart from Definition 2.2). In fact, we could have presented
our main result without any reference to representation theory. However, we did not want to
hide the natural background of this new formula, and therefore we have chosen to present also
its representation theoretic origin. This is also clear from the determinantal formula itself : in
this expression, the so-called (m,n)-index k of A is crucial; this definition of k¥ has a natural

interpretation in representation theory of gl(m/n) (in terms of atypicality).

Let A = (A1,...,25,0,0,...) be a partition of the nonnegative integer N, with A\; > ... >
Ap > 0and 32, \; = [A| = N. The number p = £(}) is the length of \. The Young diagram F*
of shape A is the set of left-adjusted rows of squares with \; squares (or boxes) in the ith row
(reading from top to bottom). For example, the Young diagram of (5,2,1,1) is given by :
[11]
FA = (1.1)

As usual, X' denotes the conjugate to \; e.g. if A = (5,2,1,1) then \' = (4,2,1,1,1). Denote
by S(z) the ring of symmetric functions in m independent variables z1, ..., Z;, [10]. The Schur



functions or S-functions s, form a Z-basis of S(z). There are various ways to define the S-
functions [10]. For a partition A with £(A) < m, there is the determinantal formula (as a
quotient of two alternants) :

B det(w?‘ﬁm_j

Ji<ij<m
sxa(z) ey el L (1.2)
det(z]" ™ )1<i,j<m

The numerator can be rewritten as

Nt
det(z,7 "™ ) 1cijam = det(@Mom) = 3 e(w)w(z o), (13)
wWESmH
where S, is the symmetric group acting on z = (x1,...,Zy), e(w) the signature of w, and
Om = (m—1,m—2,...,1,0). (1.4)

Thus (1.2) is essentially equivalent to Weyl’s character formula for the Lie algebra gl(m), where
an irreducible representation of gl(m) is characterized by a partition A and its character is given
by sa(z). The denominator on the right hand side of (1.2) is the Vandermonde determinant,

equal to the product [];; ;< (z; — z;); this is Weyl’s denominator formula for gi(m).

When A = (1), sa(x) is the complete symmetric function h,(z), and when A = (17), s)(z) is
the elementary symmetric function e, (z). The Jacobi-Trudi formula and the Néagelsbach-Kostka

formula give sy in terms of these [10] :

sx(z) = det (hAi_Hj(x)) — det (e)\; i (x)) . (1.5)

1<, <E(N) 1<i,j<O(N)

Other determinantal formulas for s, are Giambelli’s formula [10] and the ribbon formula [9].
Finally, recall there is a combinatorial formula for sy(z) as a sum of monomials summed over

all column-strict Young tableaux of shape A [10].

All these formulas, except (1.2), have their extensions to skew Schur functions sy, (z), where

A and y are two partitions with A\; > u; for all 5.

Let us now recall some notions of supersymmetric S-functions [3, 7, 17]. The ring of doubly
symmetric polynomials in z = (z1,...,2Z;) and ¥y = (y1,.--,¥n) 18 S(z,y) = S(z) ®z S(y)-
An element p € S(z,y) has the cancellation property if it satisfies the following : when the
substitution 1 = t, y; = —t is made in p, the resulting polynomial is independent of ¢. We denote
S(z/y) the subring of S(z,y) consisting of the elements satisfying the cancellation property. The

elements of S(z/y) are the supersymmetric polynomials [17].

The complete supersymmetric functions h,(z/y) belong to S(z/y), and are defined by
T
h,,-(fﬂ/y) = Zhrfk(x)ek(y)' (16)
k=0
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The following gives a first formula for the supersymmetric S-functions :

sx(@/y) = det(hy,irs(z/y)) (L.7)

1<,5<e(A)

The polynomials sy(z/y) are identically zero when A;,41 > n. Denote by #,,, the set of
partitions with A\, 11 < n, i.e. the partitions (with their Young diagram) inside the (m,n)-hook.
Stembridge [17] showed that the set of sy(z/y) with A € H,, , form a Z-basis of S(z/y).

There exist a number of other formulas for the supersymmetric S-functions. One is a combi-
natorial formula in terms of supertableaux of shape A, see [3]. From the combinatorial formula,

one finds expansions of sy(z/y) in terms of ordinary S-functions :
sx(z/y) = Zs” T)s(x/uy ( Zcuv z)s, (), (1.8)

where C;)i,u are the Littlewood-Richardson coefficients [10].

Just as the functions s)(z) are characters of simple modules of the Lie algebra gl(m), the
supersymmetric S-functions are characters of (a class of) simple modules of the Lie superalgebra
gl(m/n) [3]. In this context, a different formula for s)(z/y) was found by Sergeev (see [12]) and
in [19]; the first proof of this formula was given by Pragacz [12]. To describe the so-called
Sergeev-Pragacz formula, let A be a partition with A;,4+1; < n. Consider the Young diagram
F?, let F* be the part of F* that falls within the m x n rectangle, and let F7, resp. F", be
the remaining part to the right, resp. underneath this rectangle; i.e. A = (k + 7) Un. This is
illustrated, for m =5, n = 8 and A = (11,9,4,3,2,2,2,1), as follows :

[TTTTT1
e K = (8,8,4,3,2)
FA = hence 7 = (3,1) (1.9)
1 | n = (2727 1)

Then, the Sergeev-Pragacz formula for sy(z/y) is given by
a@)=D7" Y e@w(e iy T @ty). (1.10)
WESm XSn (i,4)€F"

where (i,7) € F* if and only if the box with row-index 7 (read from left to right) and column-

index j (read from top to bottom) belongs to F*, and
Do= [ Gi-=) J[ i-w) (1.11)
1<i<j<m 1<1<j<n

This formula is useful for the computation of s)(x/y), and even for the computation of Littlewood-
Richardson coefficients [2, 18]. Note that for the special case that A, > n, (1.10) becomes :

sa(@/y) = sr(@)sy (v) [ [ T] (i + w))- (1.12)

i=175=1



This is the case of factorization. This formula was first derived by Berele and Regev [3, Theo-
rem 6.20] and will referred to as the Berele-Regev formula. Furthermore, from (1.10) one easily

deduces duality :
sx(@/y) = sx(y/z). (1.13)

Observe that Dy in (1.10) is just Weyl’s denominator for gli(m)@®gl(n). So when A = 0, (1.10)
does not yield a new denominator identity related to gl(m/n); it only gives the denominator

identity for gl(m) and gl(n).

In this paper, we shall give a new formula for s)(z/y). In its simplest form, this yields a
new determinantal formula for supersymmetric S-functions. Furthermore, this formula yields a
genuine denominator identity related to gi(m/n). Let us briefly describe one of the forms of the
new formula. First, we introduce some new notations. Let

m n

D)= [] w-=) and By =][][[@-uw (114)

1<i<j<m i=1j=1
and define D by

D_ H1§i<j§m($i — acj) H1§i<j§n(yi - yj) _ D(:E)D(y) (1.15)

| H?:l(wi + ;) E(z,—y)

Let X be a partition with Ay, 11 < n, ie. A € Hy, ,, and put

kE=min{j|l\; + m+1—j <n} (1.16)
since A1 < n, we have that 1 < k < m + 1. Then the new formula reads

sx(@/y) = (=1)m == D=1 dey ( 112 )gA ) (1.17)

where the (rectangular) blocks of the determinant are given by

( ; )

- b

Ti T Yi ) 1<i<m, 1<j<n
Aj+m—n—j

X\ = (miﬁm i J)

N +n—m—i

N G |
1<i<m, 1<j<k—1 J 1<i<n—m+k—1,1<j<n

For example, let m =3, n =5 and A = (7,2,2,2,1). Then k = (5,2,2), 7 = (2), n = (2,1)
and k = 2. Thus, according to formula (1.17),

1 1 1 1 1 SL'4

zTi+y1  T1t+y2 T1+ys  T1+ys  T1+Ys 1

1 1 1 1 1 $4

wleryl wzfyg szys 582‘{314 .’EQ‘IHJS i

T

_ 3

S(72,221) = —D det w3y4éy1 wsgj%w zsgéya wsyt?m w;;éys 0 (1.18)

1 2 3 5

4 4 4 4 4 0
Y1 Yo Y3 Yy Ys
0 0 0 0 0

Yi Ya Ys Ya Ys 0
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When A = 0 it follows from (1.7) or (1.10) that sy(z/y) = 1. The new formula (1.17) gives
rise to a denominator identity for gi(m/n). Suppose m < n (m > n is similar); when A = 0, it
follows from (1.16) that £k = 1. So the X-block and 0-block disappear in (1.17). Changing the
order of the R-block and Y)-block, implies

( y?—m—l . yn—m—l
n
d y(f yg . H1§i<j§m(37i - xj) H1§z‘<j§n(yz' - yj)
et| 1 .. 1 = T (1.19)
T1+y1 T1+Yn i=1 Hj:1($z‘ + yj)
1
Tm+Y1 Tm~+Yn

Clearly, when m = n, this is simply Cauchy’s double alternant; when m = 0, it is just Van-
dermonde’s determinant. When 0 < m < m, it is a combination of the two. These type of
determinants have already been encountered in a different context [1] (we found this reference

in [8]); here they are for the first time related to a denominator identity.

2 Covariant modules for the Lie superalgebra gl(m/n)

For general theory on classical Lie superalgebras and their representations, we refer to [4, 5, 14];

for representations of the Lie superalgebra gl(m/n), see [19, 20, 21].

Let g = gl(m/n), b C g its Cartan subalgebra, and g = g_1 @ go ® g+1 the consistent Z-
grading. Note that go = gl(m) @ gl(n), and put g* = go ® g+1 and g~ = go ® g—1. The dual
space h* has a natural basis {1, ..., €mn,d1,...,0,}, and the roots of g can be expressed in terms
of this basis. Let A be the set of all roots, Ay the set of even roots, and A; the set of odd
roots. One can choose a set of simple roots (or, equivalently, a triangular decomposition), but
note that contrary to the case of simple Lie algebras not all such choices are equivalent. The
so-called distinguished choice [4] for a triangular decomposition g = n~ @ b @& n™ is such that
g1 CnTand g_; Cn~. Then h@®n™ is the corresponding distinguished Borel subalgebra, and

A the set of positive roots. For this choice we have explicitly :

Aoy = {ei—6j|1Si<j§m}U{(5i—5j|1§i<j§n},
Ay = {Bij=6—01<i<m, 1<j<n} (2.1)

and the corresponding set of simple roots (the distinguished set) is given by
II={e1 — €2, Em—1 — €my€m — 01,01 — 02, ...,0p—1 — On}. (2.2)

Thus in the distinguished basis there is only one simple root which is odd. As usual, we put

poz%( > ), pL=5( Yo oa),  p=p—p. (2.3)

a€lo,+ €Ay, 4



There is a symmetric form ( , ) on h* induced by the invariant symmetric form on g, and in the
natural basis it takes the form (e;,€;) = di5, (€,0;) = 0 and (d;,6;) = —d;;. The odd roots are
isotropic : (o, ) =0 if a € A;.

The Weyl group of g is the Weyl group W of g, hence it is the direct product of symmetric
groups S,, X S;,. For w € W, we denote by ¢(w) its signature.

Let A € b*; the atypicality of A, denoted by atyp(A), is the maximal number of linearly
independent roots f; such that (8;,5;) = 0 and (A, ;) = 0 for all ¢ and j [6]. Such a set {3;} is

called a A-maximal isotropic subset of A.

Given a set of positive roots A4 of A, and a simple odd root «, one may construct a new
set of positive roots [11, 6] by

Ay = Ay U{-a})\ {a). (2.4)

The set A/, is called a simple reflection of A ;. Since we use only simple reflections with respect

to simple odd roots, Ao 4 remains invariant, but A will change and the new p is given by :

o =p+a. (2.5)

Let V be a finite-dimensional irreducible g-module. Such modules are h-diagonalizable with
weight decomposition V' = @,V (1), and the character is defined to be chV =3 dimV (u) e,
where e* (u € b*) is the formal exponential. Consider such a module V. If we fix a set of
positive roots A, we may talk about the highest weight A of V' and about the corresponding p.
If A’ is obtained from A by a simple a-reflection, where « is odd, and A’ denotes the highest
weight of V' with respect to A!_, then [6]

AN=A-aif (Aa)£0; A =Aif (A,a) =0, (2.6)

If « is a simple odd root from Ay then (p,a) = %(a,a) = 0 [6, p. 421], and therefore, follow-
ing (2.5) and (2.6) :

N+p = A+p if (A+p,a)#0,
N+p = A+p+a if (A+p,a)=0. (2.7)

From this, one deduces that for the g-module V', atyp(A + p) is independent of the choice of
A, ; then atyp(A + p) is referred to as the atypicality of V' (if atyp(A + p) = 0, V is typical,
otherwise it is atypical). If one can choose a (A + p)-maximal isotropic subset Sj in A such
that Sy C II C A4 (IT is the set of simple roots with respect to A,), then the g-module V is

called tame, and a character formula is known due to Kac and Wakimoto [6]. It reads :

chV =ji'e’R™? Z s(w)w(eA+p H (1+ e_ﬂ)_l), (2.8)
weWw BESA



where

R= ][ (1—e—a)/ I a+e (2.9)

a€A0,+ a€A1,+

and j, is a normalization coefficient to make sure that the coefficient of e* on the right hand
side of (2.8) is 1.

The rest of this section is now devoted to a particular class of finite-dimensional irreducible
g-modules, the covariant modules, and to showing that these modules are tame. Berele and
Regev [3], and Sergeev [15], showed that the tensor product of N copies of the natural (m + n)-
dimensional representation of g = gl(m/n) is completely reducible, and that the irreducible
components V) can be labeled by a partition A of N such that X is inside the (m,n)-hook, i.e.
such that A, 11 < n. These representations V) are known as covariant modules. Let us first
consider V) in the distinguished basis fixed by (2.2). Then, the highest weight Ay of V) in the
standard e-d-basis is given by [19]

Ay =€ + -+ A + V01 + -+ + U6y, (2.10)

where 1/;- = max{0, /\3- —m} for 1 < j < n. Let us consider the atypicality of V), in the
distinguished basis. For this purpose, it is sufficient to compute the numbers (A + p, 8;;), with
Bij =€ — 0, for 1 <i <m and 1 <j <n, and count the number of zeros. It is convenient to
put the numbers (Ay + p, £;j) in a (m x n)-matrix (the atypicality matrix [19, 20]), and give the
matrix entries in the (m,n)-rectangle together with the Young frame of A. This is illustrated

here for example (1.9) :

18[16{13[12[11]10[ 9 [ 8 [ |
15[13[10[ o] 8] 7
o[7]4f3]2 1 0
0-1,-2,-3
5[3lo 12345

| (2.11)

So for this example, atyp(Ay + p) = 3, since the atypicality matrix contains three zeros. In the
following, we shall sometimes refer to (i, ) as the position of §;;; the position is also identified
by a box in the (m,n)-rectangle. The row-index k of the zero with smallest row index will play

an important role (see Definition 2.2).

The maximal isotropic subset Sy, consist now of those odd roots §;; with (Ay + p, 8;;) =0,
i.e. it corresponds to the zeros in the atypicality matrix. From the combinatorics of atypicality
matrices [20], it follows that

Say ={Binitmt1-i1 <i<m, 1< X +m+1—14<n}



That is to say, one finds the zeros in the atypicality matrix as follows : on row m in column

Am + 1; on row m — 1 in column A,,—; + 2; in general one has, see also (2.11) :

Proposition 2.1 The atypicality matriz has its zeros on row i and in column A\; +m —i + 1

(i=m,m—1,...) as long as these column indices are not exceeding n.

Clearly, Sy, is in general not a subset of the set of simple roots II (since IT contains only
one odd root, €, — d1). So formula (2.8) cannot be applied. The purpose is to show that there
exists a sequence of simple odd o-reflections such that for the new A!,, where the module V)

has highest weight A’, there exists a (A’ + p’)-maximal isotropic subset Sy, with Sy, C II' C A/,

Definition 2.2 For X\ € Hy,p, the (m,n)-index of X is the number

k=min{iAi+m+1—-i<n}, (1<k<m+1). (2.12)

In what follows, k£ will always denote this number; it will be a crucial entity for our developments.
By Proposition 2.1, m — k + 1 is the atypicality of V). If K = m + 1, then Sy, = 0 and V), is
typical and trivially tame. Thus in the following, we shall assume that & < m. To begin with,
A corresponds to the distinguished choice, and II is the distinguished set of simple roots (2.2).
The highest weight of V3 is given by Ay. Denote A() = Ay, p) = p and TV = 1. Now we
perform a sequence of simple odd a(V-reflections; each of these reflections preserve Ap + but
may change A® + p() and I, Denote the sequence of reflections by :

1 2
AD 4 ) ) o) A® 4 5@ 1@ o® ol N T (2.13)

where, at each stage, (¥ is an odd root from II(. For given ), consider the following sequence

of odd roots (with positions on row m, row m — 1, ..., row k) :
row m : Bm,1, Bm,2s - -+ » Bmg—k+m
rowm—1 : :ﬁm_1,1, Bm—1,2-+ s Bm—1,A,—k+m—1 (2.14)
row k : Br,15 Br,2s - -+ > Bae

in this particular order (i.e. starting with £, 1 and ending with S »,). Then we have :

Lemma 2.3 The sequence (2.14) is a proper sequence of simple odd reflections for Ay, i.e. al®

is a simple odd root from II). At the end of the sequence, one finds :

]
II' = {61—62,62—63,...,€k_2—6k_1,6k_1—61,61—52,52—(53,...,6)%_1—6)%,
0N, = €ks €k = Ongt1> ONg+1 — €kt 1y €ht1 — ONg+25- -+ > ONgtm—k — Ems Em — O +m+1—ks
(5)\k+m+1—lc - 5Ak+m+2—k); s ,5n,1 - 5n} (2-15)



Furthermore,
m  Ag—k+i

A'+p,=A,\+p+ Z Z ,Bi,j. (2.16)

i=k+1j=Xi+1

Proof. Let us consider, in the first stage, the reflections with respect to the roots in row m.
Clearly, o) = Bm,1 = €n — 01 is an odd root from o® = 1. Performing the reflection
with respect to (3,1 implies that I® contains €, 1 — 61,01 — €m, €m — 02 as simple odd roots.
Thus 112 contains a(?) = Bm,2- A reflection with respect to 3,,,—2 implies that 1I®) contains
€m—1 — 01,02 — €m, €, — 03 as simple odd roots. So this process continues, and after Ay, — k +m

such reflections (i.e. at the end of row m), we have

A —k 1
MO =k+mHl) — fe) 6o o em 2 — €m 1,€m1 — 01,01 — 025+, On, htm—1 — Orp kb

Orp—k+m — €ms €m — Org—ktm+1s Org+mt1—k — Org+m+2—ks - --0n—1 — On}- (2.17)

Observe that this process can continue since Ay — k +m < n by definition of the (m,n)-index k

of A. So after the first stage (i.e. after the reflections with respect to odd roots of row m) there

)‘k —k+m+1)

are three odd roots in II¢ , and the set is ready to continue the reflections with respect

to the elements of row m — 1, since 3,,—1,1 belongs to Ik —k+m+1) - Gince at each stage ol® is

a simple odd root, (2.7) implies

AGH) 4 56D = A 4 o0 i (AD) 4 p® o)) £,
AGH) ) A6 ) 4 o) g (A 4 5 o) g,

Examining this explicitly for the elements of row m yields

)\k—k—{—m
A()\k—kz—f—m—f—l) + p(/\k—k—f—m—f—l) = A+ p+ Z /ij- (2.18)
j:Am‘i‘l

If £ = m the lemma follows. If k¥ < m the process continues; suppose this is the case. But now
we are in a situation where the elements of row m — 1 play completely the same role as those of
row m in the first stage. This means that at the end of the second stage, the new set of simple

roots is given by
H(Z) == {61 —€2y..-,€6€m-3 — €En—2,€n—2 — 51, 51 — (52, ey 6>\k—k+m—2 - 6)\k—k+m—1’
ONp—ktm—1 — €m—1,€m—1 — Oxy—k+ms ONp—k+m — €m>€m — Orp—k+m+1,
Ong+m+1—k — Org+mt2—ks--+0n1 — On}, (2.19)

and the new A®) + p(i) by

)\k—k-i-m /\k—k+m—1
AD 4o =AMyt p+ D Bug+ D, Bmoiy (2.20)
J=Am 1 J=Am—141

(the last addition follows by inspecting the atypicality matrix). Continuing with the remaining
stages (i.e. rows in (2.14)) leads to (2.15) and (2.16). O
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Corollary 2.4 The covariant module V) is tame.

Proof. Having performed the simple odd reflections (2.14), one can compute the atypicality
matrix for A’ + p’ using (2.16). This gives :
(A" +p,Bij) =0 for all (4,5) withk <i<m,\+1<j< A +m+1—k. (2.21)
Therefore the set
Sar = {€k — Oxny+1, €k+1 — Org+25 -+ - s €m — Oxjpmt1—k ) (2.22)
is a (A’ + p’)-maximal isotropic subset. Furthermore, Sy C IT', see (2.15). 0

Let us illustrate some of these notions for example (1.9).

k [x[x]|x]|x]i k i
x[x[x]xixii iR (2.23)
X[X[XIX: XX * ok ke

In (2.23)(a) the positions marked with “i” refer to the (A’ + p')-maximal isotropic set (2.22).
The first element, with row index k, is simply the position of the box just to the right of the
Young diagram F?* in row k. For the remaining positions one continues in the direction of
the diagonal until one reaches row m. For convenience, let us refer to these positions as “the
isotropic diagonal.” The positions of the odd roots that have been used for the sequence of
reflections to go from Ay and IT to A’ and II' are marked by “x” in (2.23)(a). So, they are
simply all positions to the left of the isotropic diagonal. Finally, (2.23)(b) shows the positions
of those f3;; that appear on the right hand side of (2.16); they are marked by “*”. These are
all positions to the left of the isotropic diagonal that are not inside F*. One can see from these

examples that the (m,n)-index k determines all other necessary ingredients.

We are now in a position to evaluate the character formula (2.8),

chV) = j;,le_”'R'_1 Z 6(w)w(eA’+p’ H (1+ e_ﬁ)_l), (2.24)
weW BES

where R’ is given by (2.9) with A; , replaced by A} , (Ag remains unchanged). The mn
elements of A} , are £f3;;, where one must take the minus-sign if 3;; appears in the list (2.14)
(i.e. if its position is marked by “x” in (2.23)(a)) and the plus-sign otherwise. However, all this

information is not necessary here, since by definition of p and R
e’ Rt =e PR
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Putting, as usual in this context,
zi=e%  y;=e%  (1<i<m,1<j<n), (2.25)

one has

e_pR_l 1H (m—n— 1/2H (n m— 1)/2’

j=1
with D given in (1.15). Using (2.16) and (2.22), one finds

m n k—1 m
N+ H 1+eP)~ sz(l—m+n)/2 H y](_1+m—n)/2 H gitmion H gLk

BES s i=1 j=1 i=1 imk
Ak - ) A +m+1—k n m
j TRy —m n—Ag—m—1+k n—j
x ] v’ I 4™ || /H(wz + Ynptiti—k)-  (2.26)
j=1 =X+l J=Ae+m+2-k i=k

In order to rewrite this in a more appropriate form, let us introduce some further notation
related to the partition X € Hy, . Clearly, the (m,n)-index k defined in (2.12) plays again an

essential role. Related to this, let us also put

l=X+1, r=n—m+k—I. (2.27)
Now we have
ch Vi =i/ D71 > e(w)w(ty),
weWw

with

n

k-1 -1 om r
i+m—i— jHn—j—m Yiti—k —j
n= T2 T o [ g e
i=1 j=1

g T (%5 + Yiyik) imlmAl—k
This form also allows us to deduce jxr = ja,. Indeed, consider in W = S, x S;, the subgroup
H of elements w = 0, x 0y, where o, is a permutation of (zk, Zgx41,...,Zm) and oy is the same
permutation of (y;,yi11,---,Y+m—k). BEach element of H leaves t) invariant. Furthermore,

g(w) =1 for w € H. Since H is isomorphic to Sy, 11,
D e(wyw(ty) = (m—k+ 1) ¢y
weH
So, in order to have multiplicity one for the highest weight term, one must take jy» = (m—k+1)\.
We can now conclude this section by the following two alternative formulas for the compu-
tation of ch V) (i.e. of sx(z/y)) :
D—l
chVy, = ——— Z e(w)w(ty) (2.29)

_ !
(m k+ 1)' WESm XSn

= D! > e(w)w(ty), (2.30)

wE(SmXSn)/Sm_k+1

where the second sum is over the cosets of H = Sp,—k+1 in Spy X Sy

12



3 A determinantal formula for sy(z/y)

Let A € Hn; the important quantities related to A are given by the (m,n)-index k (see (2.12))
and the related numbers [ and r (see (2.27)). Since chVy = s)(z/y), (2.29) or (2.30), together
with the expression (2.28) for ¢, yield a (new) expression for the supersymmetric S-function.
In this section we shall rewrite (2.29) in a nicer form; in particular we shall show that it is

equivalent to a determinantal form for sy (z/y).

The first step in this process is the following :

Lemma 3.1 Let ty be given by (2.28). Then

1

m—k+1)! Y eww(ty) = (-1)EDED det(0), (3.1)

WESm, XSp

where C' is the following square matriz of order n +k —1 :

1

o v
c=| x, R® (3.2)

0o Ym

with
T
- Ai+m—n—j (r) _ ( yj )

X, = (g , R" = —— 3.3
A (’ )1gigm,1§jgkf1 zl (z; + ;) 1<i<m, 1<j<n (3:3)
vy Ajtn—m—i vy — (0 4
A (yj >15i3171,15j5n’ (yj )1957:1991 (3.4)

Proof. Applying Laplace’s theorem [16, Section 1.8] for the expansion of det(C) with respect to

columns 1,2,...,k — 1, one finds
k(k—1) 1 — 1Cz”l,...,z”k_lci’l,...,z”k_l

2 E : (1) Oy k-1 Y k-1 (3.5)
1< <<l <ntk—1

det(C) = (~1)

where ij_’_'_';,’:,f{l is a minor of C of order k—1 (i.e. the determinant of the submatrix of C obtained
by keeping only rows 4}, ...,4,_; and columns 1,...,k—1), and C_'j%_’_'_';,’cilff is the complementary
minor (i.e. the determinant of the submatrix of C' obtained by deleting rows 4},...,4,_, and
columns 1,...,k—1). Because of the zero blocks in C, the only row indices that yield a nonzero
minor are those with [ <4} < ... <, _;, <I+m —1. So it is convenient to put i, =i, — 1 +1
(1 <k <k-—1). Then,

det(C) = (-1) o > (=1)fFrFie-t (’H)(H)ij_’_'_',',;i'fglC‘fj_’_‘_',',flf;l, (3.6)
1<i1 < <ig—1<m

13



where

A+(m—1)—n )\k,1+(m—k+1)—n
i ! Tir T
Cll.’.. 1;511 = det )
Ait+(m-1)-n l_)\k_l—k(mfk—}—l)fn
Th—1 Th—1
A +H(n—1)— A +H(n—1)—
11 (n—1)—-m ynl (n—1)—m \
A _1+H(n—=l+1)—m /\;_1—|—(n'—l—|—1)—m
yl . PR yn
] (wip, +y1) i, (%if, +yn)
O :
Cl,...,k—ll = det - :
T (@i 91 T, @iy )
-1 -
Yl ... yr 1
yl e Yn
y? 5 Yn
The number of terms on the right hand side of (3.6) is (,"™. ) (k—1)!n! = m!n!/(m —k+1)!, so this
g k—1 ?
is the same as the number of distinct terms on the lhs of (3.1). For (i1,...,%k—1) = (1,...,k—1),

and the diagonal term in the minor and in the complementary minor, the contribution on the
right hand side of (3.6) is now easily seen to be (—1)¥k-DH+k-1)-1)¢, — (_1)(k=1)(~1)¢,  But
by definition of the determinant, every term on the right hand side of (3.6) is (up to the overall
sign factor (—1)*~DU=1) of the form e(w)w(ty) with w € S,,, x S,. Conversely, every term of
the form e(w)w(ty) appears as a term on the right hand side of (3.6). It follows that (3.1) holds.

Lemma 3.2 With k, | and r defined as in (2.12) and (2.27), one has

(i) Ag—1 — g > 1 >0,

(i) Nj_1p; =k—1for1<i<r.

Proof. By (227), r =n—m+k—1l=n—m+k — A — 1, so by definition of k it follows
that 7 > 0. Suppose that Ay_1 — A\ < r; this would imply that A\y_1 +m — (k. — 1) + 1 < n,
contradicting the definition of k£ as the minimal index for which A; +m —j+1 < n holds. So (i)
holds. To prove (ii), observe that by definition of the conjugate partition,

)\gzk—lfOTAk—i-lSjS)\k,l.

So in particular, using (i), N, =k —1for My + 1 <j< A+ rie for I <j<Il+r—1. O
8 j
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Lemma 3.3 Let C be defined as in Lemma 3.1. Then

det(C) = (—1)mn—m)+ik=1) det( R Xy ) (3.7)
Y, 0

where X has been defined in (3.8), and

A4n—m—i
Y\ = ("Jj ’

( ; ) )
= , . o
T +Y; 1<i<m, 1<j<n 1<i<n—m+k—1, 1<j<n

Proof. If r = 0 the result is easy; so suppose that » > 0. Consider C, and let R; denote its
row i. For 1 < i < m, multiply R;_14; by z] yielding the matrix C’ with rows R]. Clearly,

det(C) = [[;*, z; "det(C'), and the element on position (I — 1+ i,k —1+7) (1 < i < m;
1<j<n)inCis w;{:yj. Now consider the following row operations on C' (for all i with
1<i<m):
r—1
Ry — Ry~ Z(_1)8$5R;+m+s-
s=0

This means the matrix element z;{iyj at position (I — 144,k — 1+ j) becomes

r—1 -1
5 S ey Y B0 g
:c,--l—yj v

s—0 ity i + Yy, Ti+y;

Dividing these rows by (—1)"z! (and then the first ¥ — 1 columns by (—1)") finally leads to

2

0o v\! R X,
det(C) = (-1)™+EDdet | X, R | = (-1)rmHDIm=0ink- et |y g
0 Y v o

Using lemma 3.2 (ii), it follows that r —i = X}_, ; +n — (I —1414) —m, thus

(1)
Y
( o ) =Yy (3.8)

Simplifying the sign leads to (3.7). O

Combining lemmas 3.1 and 3.3 leads to the main result :

Theorem 3.4 Let A € Hyyp and k be the (m,n)-indez of \. Then

1 Aj+m—n—j
+k—17y-1 Tityj ) 1<i<m Ti 1<i<
= mEmTETE DT 1<5< 1<5<h—1
SA(:'E/y) - (_1) -D det ( )\;—I—n—m—z) SJsn O SIS
J 1<i<n—mtk—1
=G5

(3.9)
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In section 1 we have already pointed out that for A = 0 and m < n, (3.9) gives rise to
the determinantal identity (1.19) combining Cauchy’s double alternant with Vandermonde’s
determinant. It is easy to verify that for A = 0 and m > n we have that k = n —m + 1, and

then (3.9) gives rise to an identity equivalent to (1.19).

Finally, let us consider the case with & = m + 1 (corresponding to a typical representation
V) in terms of the previous section). Then the blocks X and Y) are square matrices, and one
finds :

A )J+
8,\(37/2/) = D~ det( jrmene ])1<z]<mdet( e Z)lﬁz’,jsn

= 37(3:)577’ (y) H H T + y] = s.(z )37)’ (v)E(z,—y), (3.10)

where 7 and 7 are the parts of A defined in (1.9). This is in agreement with (1.12).

4 Four characterizing properties of supersymmetric Schur poly-
nomials

In [10, §1.3, exercise 23], Macdonald shows that the supersymmetric S-polynomials satisfy four
properties (see also [13]) which also characterize these polynomials. ! Here we shall show that
the polynomials defined by means of the right hand side of (3.9) do indeed satisfy these four

properties. This gives an independent proof of the determinantal expression (3.9).

Solet (™ = (z1,...,2m), Y™ = (Y1, ,Yn); A € Hunn, denote by k the (m,n)-index of \,
and define :

_ 1 e R X
sx(z™ [y™M)) = s\ (z/y) = (—1)™n—mtk 'D;.}, det ( Y, 0’\ ) ) (4.1)
where
1 Aj+m—n—j X +n—m—i
B R IR S s I
(-731 + y;) 1<l<m A 12?&1 A Yj 15’51’;}2#71

and Dy, ,, is an obvious notation for (1.15). If A & Hyy, p, then sx(z(™ /y(™) is defined to be

Z€ero.

Before showing that (4.1) satisfies the four characteristic properties, we need some prelimi-

nary results. First of all, it will sometimes be convenient to use an alternative formula to (4.1) :

Our convention for the s, (x/y) is slightly different from that of Macdonald’s s¥ 2 (z/y) : sx(z/y) = sV (x/—
Y)-
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Lemma 4.1 Let A € Hy,p, k the (m,n)-indez of A, l =X+ 1, r=n—m+k—1, and

(Y
z] (@i +y;) ) 1<i<m
1<i<n

then

sx(z™ [y™)) = (_1)(m—lc+1)(l—1)+n(k—1)D;L’1n dot ( R X, ) _

v o (4.2)

Proof. The equivalence of the two determinants follows from (3.7). O

Lemma 4.2 Let A\ € Hy, 5, and k the (m,n)-indezx of \. Then N' € Hy, m and the (n,m)-index
of X' is given by n —m + k.

Proof. For any partition A and any two positive integers u and v, we have that
M <v= XNy <u-—1 (4.3)

Applying this for (u,v) = (m +1,n) implies that X' € H,, ,,,. Put &’ = n—m+ k. Since k is the
(m,n)-index of A\, one has by definition that A\ < k' — 1. Applying (4.3) gives X}, < k —1 =
m—n-+k'—1, implying that the (n,m)-index of X is less than or equal to £’. On the other hand,
suppose that the (n, m)-index of X is strictly less than k'. Then A}, _, <m—n+k -2=Fk—2.
But then (4.3) implies A\y_1 < k'—2 = n—m+k—2, contradicting the fact that & is (m,n)-index
of A. O

Corollary 4.3
sx(y™ /™)) = 53 (z™ [y ™). (4.4)

Proof. Using (4.1), Lemma 4.2, and the fact that transposing a matrix leaves the determinant

invariant, the result follows. g

Now we are in a position to prove the validity of the four characteristic properties.
Proposition 4.4 (Homogeneity) sy(z(™ /y(™) is a homogeneous polynomial of degree |)|.

Proof. The factor D, on the right hand side of (4.1) stands for the multiplication by all (z;+y;)
and for the division by all (z; — ;) and (y; —y;) (i < j). Clearly, the determinant on the right
hand side of (4.1) is divisible by all (z; — z;) and (y; — y;) (i < 7). Hence s)(z(™ /y™) is a
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polynomial, and by definition of the determinant it is also homogeneous. From this determinant,

one finds

k—1
deg sx(z™ /y™) = mn —m(m —1)/2—nn—1/2+<z j+m—n—j)
j=1
n—m+k—1
Y WAnem—i) - (m—k+1) =],
i=1
since Y01 A+ Y IN = N[+ (n—m+ k- 1)(k - 1). O

Proposition 4.5 (Factorization) If the partition \ satisfies Ay > 1 > Appy1, S0 that A can
be written in the form A = ((n™)+71)Un, with T (resp. n) a partition of length < m (resp. < n),
then

m n

53(@™ /y™) = 5,25y () [T [1 (@i +uy)-

i=1j=1

Proof. If n > Ap41, then £ = m + 1, and then the right hand side of (4.1) reduces to the right
hand side of (3.10). O

Proposition 4.6 (Cancellation) Let m,n > 1. The result of substituting x,, = t and y, = —t
in sx(z(™ [y(M) is the polynomial sy (x(™1) /y(n—1)),

Proof. If k, the (m,n)-index of A, is equal to m + 1, then it follows from Proposition 4.5 that
the result of this substitution is 0; but also sy(z(™~1) /y(»=1) = 0 since then A\ & Hp_15-1.

So let X be such that & < m. Then X\ € H;—1p—1 and the (m — 1,n — 1)-index of X is also
k. Consider the right hand side of (4.1); divide D}, by (zm + ¥») and multiply row m of the
matrix by (2, + y»). Now make the substitution z,, = ¢t and y,, = —t; one obtains D> Ln—1-
In the determinant, all entries of row m are zero except the entry in column 7, which is 1. So,
apart from introducing an extra factor (—1)™", we can delete row m and column n. But the
remaining determinant is exactly the one in the expression of sy (™1 /3(™=1)) and because of

the factor (—1)™*" also the sign works out correctly. O

The only property that is more tedious to prove is the last one :

Proposition 4.7 (Restriction) Let m > 1 (resp. n > 1). The result of setting x,,, = 0 (resp.
Yn = 0) in sy (z™ /(M) is the polynomial sx (™D /y(M) (resp. sy(z(™ [y™=1)).

Proof. By (4.4), it is sufficient to prove only the case y, = 0. For D,, ,,, we have

- | .
Dm,1n|yn:0 = %Dm’ln_l- (45)
Hj:l Yj
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There are now two cases to consider : the (m,n — 1)-index of X is k, or the (m,n — 1)-index of
A is k+ 1 (no other values are possible).

First case. We shall use expression (4.2). Suppose that the (m,n — 1)-index of X is also k. This
means that Ay + m+ 1 —k < n, or 7 > 0. By (3.8), this also means that the last row of the
matrix in (4.2) consists of n ones followed by k — 1 zeros. But substituting y, = 0 in the matrix
of (4.2), means that in column n all entries except the last one (which is 1) become zero. Now
expand the determinant with respect to column n. The result is a new determinant of order
(n—1)+k—1. But when going from (z(™,3™) to (™), y(™=1), k remains the same, n reduces
to n — 1 and r reduces to r — 1. So if we multiply row i (1 < ¢ < m) of this new determinant by
z;, and divide column j (1 < j < n—1) of this new determinant by y;, the resulting determinant
is exactly that of s(z(® /y(=1) in the form (4.2). Furthermore, the factors appearing in (4.5)
have been taken care of, and one can verify that also the sign is correct. So in this case the
lemma holds.

Second case. Suppose that the (m,n—1)-index of A is k+1. This means that A\ +m+1—k = n,

or r = 0. Consider the matrix in (4.1). It is easy to see that all powers of y; are strictly positive

(on the last row of the matrix, the power of y; is X}, ., | —k+1= )\')\k —k+1>1). So
substituting y, = 0 in (4.1) yields a matrix of which column n consists of (%, ey #, 0,...,0).

Let us push this column to the end, so that it becomes column n 4+ k — 1. Up to a sign, the
determinant remains the same. Next, we use the factors in (4.5) to multiply in the determinant
row ¢ by z; (1 <7 < m) and divide column j by y; (1 < j < n —1). The resulting matrix is of
the following type :

_ T I s S A1+m—n Ae+m—n—1 Ag—1+m—n—k
yi(@i+y1) Vi@t 21 3 T 1
__Tm cee —ZTm _ gMAmen plotmen—1 :EAk—l'f‘m_n_k 1
y1($m+y1) ynfl(mm‘kyn—l) m m m (4 6)
A +n—m—2 N +n—m—2 .
yl P yn_l 0 PR 0
A —k N —k

Now we can do the following : for every column j (1 < j < n — 1), subtract from this column

1/y; times the last column of the matrix, i.e.

1
Cj — Cj — —Cpypr.
Yj

This implies that the matrix element on position (7, ), where 1 < i <mand 1 < j <mn —1,

becomes
ZI; 1 -1

yilzi+y;) Yy Tity;
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After dealing with sign changes in rows and columns, we get, up to a sign :

1 Aj+m—n+1—j
1 Tty 1<i<m Z; 1<i<m
- 1<j<n-1 1<j<k
Dm,n—l det A 4+n+1—m—i 0 ’ (47)
7 1<i<n—m+k—1
i<j<n—1

where we have used again that Ay + m —n — 1 — k = 0 to see that the powers of z; agree in
the last column. But (4.7) is simply the same as the right hand side of (4.1) with n replaced by
n—1and k by k+ 1, so it is (up to a sign) sy (z(™) /y(®~1). To verify that also the sign agrees
is left as an exercise. O

Finally, we have

Theorem 4.8 The polynomials sy(z™ [y™), defined by (4.1), are the supersymmetric Schur

polynomials.

Proof. This follows immediately from Propositions 4.4-4.7, and the result that these four prop-

erties characterize the supersymmetric Schur polynomials [13, 10]. O

5 A proof of coincidence with the Sergeev-Pragacz formula

In this final section, we provide a direct proof [22], based on the Berele-Regev formula (1.12)
and Laplace’s theorem [16, Section 1.8], that our determinantal formula coincides with the

Sergeev-Pragacz formula.
Let us write z = z’ + z"” for a decomposition of z = (z1, T2, .., Zy) into two disjoint subsets

of fixed size, say |z'| = p and |z"| = g with p+¢ = m. Recall the definition of E(z',z") in (1.14).

Lemma 5.1 For m =p+q, let . = (p1,...,4p), v = (V1,...,14) be two partitions and A =
(B1senslbpyVise -, 1g). Then

where the sum is over all possible decompositions x = ' + z" with the size of x' equal to p and

the size of " equal to q.

Proof. We can rewrite the lhs of expression (5.1) using the determinantal formula for S-functions
(»+1)
and the equality D(z) = (—1)" 5 Tttt D(g")D(z") E(2', 2") with the elements of 2’ denoted

by z,,..., 2y, and those of 2" by z;,,..., x5, :
p(p+1)
S @) (D2 S gyttt e (5
E(x', z") D(z) i 5
wl_'_w” wl_i_wll
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The numerator of this sum is the Laplace expansion of the following determinant with respect

to columns 1,2,...,p:
| @)+ e | = ‘wwm‘ (5.3)

with A = (1, ..., fp, V1,-..,14) and & given in (1.4). The result follows. O

Remark 5.2 The previous lemma and its proof can easily be extended for an arbitrary p-tuple p
over Z and an arbitrary q-tuple v over Z. In this case, so(z) (o an arbitrary m-tuple) is defined

according to formula (1.5). We can extend this generalization to the supersymmetric case where

sa(z/y) is defined as

sa(z/y) = det(hai_iﬂ-(x/y)) \<ii<t(a) (a a t-tuple with o; € Z). (5.4)

Note that for a t-tuple over Z, a + §; must consist of nonnegative distinct integers for s, to be

nonzero.

Lemma 5.3 Suppose |y| =n, v = (y1,-..,yn—1) and n an arbitrary t-tuple, then

so(@/y) =Y sc(@/y) (yn)% (5.5)
¢
where the sum is taken over all 2 t-tuples ¢ such that (n — (); € {0,1} and d = | — (|.

Proof. First suppose that 7 is a partition. If we sum only over all ¢ such that (n—() is a vertical
strip, the summation follows from the expression of s,(z/y) by means of supertableaux [3]. All
the other terms vanish as there exists an index 4 such that ;41 = (; + 1.

Suppose now that 7 is not a partition. Consider n+ d;. If n+ §; has a negative component, then
sp(z/y) = 0; but then also each s¢(x/y’) is zero since every ¢ + d; has a negative component.
If n + 0; has two equal parts, then s,(z/y) = 0; then the right hand side of (5.5) consists of
zero terms and terms cancelling each other two by two. Finally, if n + §; consists of distinct
nonnegative parts, then s,(z/y) = £s,(z/y), with X a partition and o(n+d;) = A+ 6, for some
permutation o. Now apply (5.5) to sy(z/y); applying 0 ! to each t-tuple in both sides of this
equation yields the result. O

Lemma 5.4 Let m = p+q, p = (p1,---,1p) an arbitrary p-tuple and v = (vi,v2,...) an
arbitrary t-tuple. Denote A = (u1,. .., pp,vV1,v2,...). Then,

sx(z) —y) = Z S;H—(qp)(xl/ —y)su(z"/ —y) (5.6)

wl_‘_wll E((EI’ x”)

where the sum is over all possible decompositions © = x' + " with the size of ' equal to p and

the size of " equal to q.
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Proof. One can use, e.g., induction on 7, i.e. the number of variables y = (y1,...,y,). If
n = 0 then we are reduced to the symmetric case and the result follows from Lemma 5.1 and
Remark 5.2. Otherwise, one separates the variable y,. We can apply Lemma 5.3 twice on the
right hand side of (5.6); with (u — a); € {0,1}, a = |p — a| and (v — B); € {0,1}, b= |v — B|:

S )@/ ~vse"] —y)

ol? E(.’L'I, .’L'”)
1
= o | 2 Sat@) (@) =) (—yn)” sp(z"/ — ') (~yn)’
IEE("”:)(%: ) )(Eﬁ: 8 )
_ ZZ( > Sat(qr) (2 /sz:'yijlﬂ)(x /_y))(—yn)‘””
a B Nata!

Using induction, this expression reduces to 3 sy(z'/—¢')(—ys)¢ withc = a+b, v = (a1,..., ap, B1, B2, - -

and (a —7); € {0,1}. Now it is easy to see that this expression is equal to sy(z/ — y) applying
(5.5). O

We can now give a direct proof of the determinantal formula.

Theorem 5.5 Let A € Hyyp and k be the (m,n)-index of . Then

E(z,y) = X\ L
mdet( Y)\y O/\ ) = ZESA(:C/ _y)7 (57)

where the (rectangular) blocks of the determinant are given by

5 E)
=y i =Y ) 1<i<m, 1<j<n

X = (w/\” tmen—y

MNAn—m—i
i ) . . ’ Y\ = (y/
1<i<m, 1<j<k—-1

)1§i§n—m+k—1, 1<j<n

Proof. Suppose |z'| =k—1=pand |[y/| =n—m+k—1=q. We will indicate the indices of the
elements of 2’ by 4; (t = 1,...,p) and those of ¢ by j; (¢t =1,...,¢q). The determinant in (5.7) has
a double Laplace expansion, with partitions & = (A1,..., Az 1) —(¢P) and B = (A},..., A;) — (p9)
determined by X and Y), so the lhs of (5.7) equals :

E(:E,y) _1\P .TI /3 :BIS ! e 1
B X X (C0IDE)D0 sl det )

r=x'+a" y=y' +y" =Yy
P q
(withP:p(p;1)+Q(q2+1)+;it+§jt)
_ E(z,y) —“1’D(s N (2 sa(1/ z" " 2" "
= Dlnpw L, 2, D PPl DD B )
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o By B y")
= 2 2 ) B o)

.CC,+$” yl+yll
. Z ( Z sa(x')E'(m',y”)) sp(y')(=1)™E(Y, 5’7)
- [

yl+yll :c’—l—z” E(‘II" ",I" ) E(y y )

Now we can apply the Berele-Regev formula (1.12) twice. Putting n = a + ((m — k + 1)?) and
x =B+ (m9) = ( '1,___,)\;) + ((m — k + 1)7), there comes

= 2 () S = 22 e ) St

Y +y e yl+yll o' 4z (y Y )

Finally, we use Lemma 5.4, and duality (1.13); the last expression becomes :

4+ Z Sa :L‘/ y )SX( y/m) 1 _ |a| Z Sa Y /33) ( y/.’L‘)

1
i E(y.y") e’ E(y',y")

As o = (N1, Agy2,--+) and x = (A},..., Ag) + ((m — k + 1)9), this is equal to +sy(—y/z) =

+sx(z/ — y), using once more Lemma 5.4 and duality. O

Thus, the proof uses essentially a double Laplace expansion, twice the application of the
Berele-Regev formula, and twice Lemma 5.4. Finally, observe that the sign in Theorem 5.5

depends on the partition A, in particular it is equal to

( )En m+k— 1A1+m(m 1)+n(n 1) k(kz_l)_l
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