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It is known that the defining relations of the orthosymplectic Lie superalgebra
osp(1]2n) are equivalent to the defining (triple) relations of n pairs of paraboson
operators bii. In particular, the “parabosons of order p” correspond to a unitary ir-
reducible (infinite-dimensional) lowest weight representation V' (p) of osp(1|2n). Re-
cently we constructed these representations V(p) giving the explicit actions of the
osp(1]2n) generators. We apply these results for the n = 2 case in order to obtain

“coherent state” representations of the paraboson operators.

PACS numbers: 02.20.-a, 02.20.Sv, 03.65.Fd,

I. INTRODUCTION

In 1953 Green [1] generalized Fermi-Dirac and Bose-Einstein statistics to parafermi and
parabose statistics. Parafermions and parabosons satisfy certain triple relations and the
generalization of usual fermion and boson Fock spaces is characterized by a parameter p,
the order of the statistics. The parafermion and paraboson Fock spaces of order p can be in
principle constructed by means of the so-called Green ansatz [1]. This approach is related
to finding a proper basis of an irreducible constituent of a p-fold tensor product [2]. The
computational difficulties however are very hard, and did not lead to an explicit solution
of the problem. In [3, 4] it was proved that the triple relations for n pairs of parafermions
give a set of defining relations for the orthogonal Lie algebra so(2n + 1). In a similar way it
was shown [5] that the triple relations of n pairs of parabosons are defining relations of the
orthosymplectic Lie superalgebra osp(1|2n) [6]. These two important observations imply
that the parafermion Fock space of order p is a unitary irreducible representation (unir-

rep) of s0(2n + 1), more precisely the finite-dimensional unirrep W (p) with lowest weight



(=£,—%,...,—%), whereas the paraboson Fock space of order p is the infinite-dimensional

unirrep V(p) of osp(1]2n) with lowest weight (5,%,...,%). The construction of these rep-
resentations, for n > 1 and arbitrary p, also turned out to be difficult and was established
only quite recently in [7] (for the paraboson Fock spaces) and in [8] (for the parafermion
Fock spaces).

In the present paper we apply the results of [7] for the n = 2 case in order to obtain
“coherent state” representations of two pairs of paraboson operators bf, bzi. In section II,
we describe the paraboson Fock representations V' (p) introducing an orthonormal basis and
giving the explicit action of the paraboson operators on the basis vectors following [7].
Section III is devoted to the b -coherent states. Common eigenstates of b; and (b )? are

constructed in section IV. In section V we compute the b, -matrix elements thus obtaining

coherent state representations of two pairs of paraboson operators.

II. THE PARABOSON FOCK SPACE AND osp(1/2n) REPRESENTATIONS

Consider a system of n parabosons bjt (J,k,l=1,2,...,n; n,e,& = %) [1]:
[{b§= bz}a byl = (e — §>6jlbz + (e — n)aklb? (2.1)

The paraboson Fock space V' (p) is a Hilbert space with a vacuum |0), defined by means
of (0[0) = 1, b;]0) = 0, (bjﬂ)T = bl, {b;,bf}0) = p 6;x]0), where p is a parameter,
called the order of the statistics. V' (p) was constructed using the relations between n pairs
of parabosons and the defining relations of the Lie superalgebra osp(1|2n) [6], discovered
by Ganchev and Palev [5]. As a basis in the Cartan subalgebra b of osp(1]|2n) consider
h; = €j; — entjntj, 7 = 1,...,n. In terms of the dual basis d; of h*, the root vectors and

the corresponding roots of osp(1]2n) are given by:

€0,k — En+k,0 _5k7 €0,n+k + €k0 < (Skv k= 17 N (2 Odd7
Cintk T Chmts < 05 + 0ky  Cnyjk + Cnyry < —0; — 0k, J < k=1,...,n, even,
€k — Cntkntj <7 5] - 6167 .] # k= 17 .-, I, evel,
where e;5, i,j = 0,1,---,2n is a matrix with zeros everywhere except a 1 on position (i, j).

If we introduce the following multiples of the odd root vectors b} = V2 (€0n+k + €ro), by =

V2(eor — entro), k=1,...,n the following holds [5]



Theorem 1 As a Lie superalgebra defined by generators and relations, osp(1|2n) is gener-

ated by 2n odd elements b subject to the relations (2.1).

Since {b;

Iz J =2hj,7 =1,...,n we have:

Corollary 2 The paraboson Fock space V(p) is the unitary irreducible representation of

osp(1]2n) with lowest weight (5,%5,...,%).

Following group theoretical techniques and in particular the chain of subalgebras

osp(1]2n) D sp(2n) D u(n) and the known u(n) Gelfand-Zetlin basis (GZ) [9]:

min ot Mp—1n Mpn
7""1/17 _1 DY ... m _17 _1

m)=|m"=| " o , (2.2)
mi1

where the top line of the pattern is any partition A and all m;; satisfy the betweenness

conditions m; j+1 > my; > Myt 41,1 <1 <j <mn—1, one obtains [7]:

Theorem 3 Ifp > n — 1 an orthonormal basis for the paraboson Fock space V (p) is given
by all vectors |m), see (2.2); if p € {1,2,...,n — 1} the basis consists of all vectors |m) of
the form (2.2) with myi1, = Mpron = ... = My, = 0. The explicit action of the osp(1]2n)

generators in V(p) is given by

hi|lm) = ( +ijk—zm]k 1) Im); (2.3)

n n—1 J i:ll(lkj_l—li.j—l) 1/2
bim)=>" Y ...Zsun,@'n_l)...sum,ij)( = A ) )

in=14p_1=1 i;=1 k;si]-:1(lkj - lij,j

n—r+1
Ilezin oot Ukt = b inrs) Iz o1 (Benmr = li e — 1)

n—r+1 1/2
% H < k;ﬁzn r_1( kn—r — lin r1,n—r+1 T 1) Hk;ﬁin 7»+1—1(l1€,nﬂ“+1 - lin_r,nr))

X En (mlrm Mop, ... 7mnn) ‘m>+in,n;+in_1,nfl;...;+ij,j; (24)



n J ijl(lk e ) 1/2
bilm) = .. S(inyin-1)S(in-1,in-2) ... S(ij1,i;) ( e zz.jji 1))

in=1 ij=1 k:;éz‘jzl(lkj -

Z;é::1r+1:1(lk,”—r+1 - lin,rﬂ,n—r—&—l + )Hk;&zn T71<lk n—r lin,r,n—r)

n—r+1 1/2
k;ézn r=1 (lk: n—r lin,,»+1,nfr+1) Hk;ézj 1= 1(lk n—r+1 — lzn ryn—r + 1)
X H .

X En (mlna ] 7min,n - 1 mnn) ’m) —lip My —lp—1,N— 1,...;7ij,j; (25)

Fr(min, Mo, oy Mpy) = (—1)™ttnttmon (g dvn+1—k+ &, (p— n))l/2

. 1/2
X : (2.6)
.7791 (m]n Mkn — .] + k Om]n—mkn

Herein l;; = my; —i. An index Lig, k attached as a subscript to |m) indicates a replacement

M, — My, £ 1. The function S(k,1) is equal to 1 for k <1 and —1 for k > 1. Finally, £

and O are the even and odd functions defined by £ = 1 if j is even and 0 otherwise, O; =1
if 7 is odd and O otherwise.

Because of the computational difficulties in the construction of the paraboson Fock spaces
the paraboson coherent states (eigenstates of paraboson operators) were constructed only
for one pair of paraboson operators [10]. In the rest of the paper we use the results of 7] for
the n = 2 case in order to obtain “coherent state” representations of two pairs of paraboson

operators bf, bf.

III. b, -COHERENT STATES

First we will construct coherent states of the operator b; as eigenstates in V' (p)

b = ap, (3.1)

where « is a complex eigenvalue. Let |() € V(p) be a weight vector annihilated by by, i.e.
hilQ) = GIC), halC) = Gl¢), br|C) = 0. (3-2)
Lemma 4 Let [() € V(p) be a weight vector annihilated by by and let Ty = by b{ €

U(osp(1]4)). Then:

o by (bf)"|¢) = (n + On(2G — 1))(b1)""IC) (3-3)
o Ti(by)"[¢) = (n+ 1+ &a(2G = 1)(6)"[C) (3.4)



For vectors v in V (p) which are T} -eigenvectors with non-zero eigenvalue, i.e. Tiv = \v, we
define Ty *v = A™'v. Then:
o Ty(b)"IC) = (n+14+E(2¢G — 1)) (7)"IC) (3.5)
o (BITTH)"C) =H (k + Ox(2¢ — 1)) (67)"¢) (3.6)
Proof. Equation (3.3) can be proved by induction on n. Formula (3.4) follows directly
from (3.3). Because of the diagonal action of T} on weight vectors (b;)"|¢) of V(p) and the

fact that n + 1 + O, (2¢; — 1) > 0 one concludes that (3.5) holds. Note that 7, is not

an element of the enveloping algebra; nevertheless its action on such vectors of V' (p) is well

defined. The proof of (3.6) uses (3.5) and again induction. O
Formula (3.6) allows us to define a “vertex operator” x(a):
e -
— 1 —abf Tt

on vectors |¢) of the form (3.2). Then we have:

Lemma 5 Let |[() € V(p) be a weight vector annihilated by by that is normalized (i.e.
(CI¢) = 1), and x(«) a vertex operator of the form (3.7). Then:

x(a)[€) € V(p)

e The norm of x(«)|C) is given by

(@i =o (2 (5) ) +oeon (G0 (5)). 69

where oF} (g,x) 15 the classical hypergeometric series

0F1< ;x) :Z(a)kk!’ (a)p=ala+1)---(a+k—1) (3.9)

a
k=0

o x()|C) is an eigenvector of by with eigenvalue «:
by x(a)[€) = ax(@)|¢)- (3.10)

Proof. The first assertion follows from (3.8), since it is sufficient to show that the norm of

the vector is finite. Vectors of different weights are orthogonal, therefore

{(x(@)[0), x Z‘” B T)MC), (BT TT)C) )



It is not difficult to see that

(BT, (0T )™ HC) )
bf Ty (b T )™(C), b T (6T T H)C) )

S T)IC), (0 T)IC) )

{

(T T )"0, br by Ty (b T )" IC) )

=(h

= (n+14+E(20 — 1) COITT)C), (07T )"6) ).

Now by induction it follows that
(@FTH™MC), (0T = [tk + 026 — 1)) (3.11)
k=1

Therefore

CE AR CEN e

— [ao\? oo — oo\ 2
() st ()
A (i (3)) i o (0 (3
Since the classical hypergeometric series (3.9) is convergent for any x one concludes x(«)|¢) €

V(p).

The last part follows from the following computation:

@_a(l L&) (%) )

brx(@)[C)
= b (1+ab{ T+ 2OP T 0T TY) 4+ 10)
= (b7 + oI+ AT BT + )0

= b, 1C) + a(l4+ b Ty 1) + 2 (O T ) + ) [C) = ax(@)[C).

O
Lemma 5 shows that in order to construct b;-coherent states we must find a complete
basis of the subspace of weight vectors of V' (p), annihilated by b;. The weight of the vector

Im) is given by (£, £) 4 (ma1, m12 + maa — myy) (see (2.3)). Now if we consider the weights,



one could construct vectors

L k- ,

|<]k>:ZCZ(]7k> ) 7k:0717“'7 j:0717"'7k7 (312)
i=0 J

of weight (5,2) + (j, k) with by |(jx) = 0 and ((jx|Cjx) = 1. This construction is given by:

Proposition 6 An orthonormal basis of the subspace of weight vectors of V(p), annihilated

by by is given by (3.12), where

—j+z H r+1+0.(p—2+2j)
il k k+1—7r+ Ok (p—2)

XH \/ (G+1—s+& (p—2)(k—j+25+ Opji) (3.13)

k+14s4Esalp—2))k—7+2s— Opij1)

Proof. The action of b] on the GZ basis vectors gives

—_

j_

b 1) = D (oG R+ LAk +i,j =i = 1) = e k)VE+i = +1

ki j—i—1
X folk+ij—i—1))|" 1‘7 >
i

S
Il
o

Therefore

() = (k+ti—J+1D)0—i+&-imalp—2)(k—j+20+2+ Opyy1)
s i+ (k+i+24+Erilp—2)(k—7+2i+2— Oryj)

x (=17 ey, k).

Clearly, the coefficients ¢;(j, k) (see (3.13)) satisfy the last equation. The norm condition
Zg:o ci(j,k)? = 1 is equivalent to the following identity:

I k- jti GA1=r+&(p=2)k=Jj+2r + Oryj)
(7L

— i E+1+4+71+ Eppre 1(p—2))(k—j+2r—(9k+j_1)

_H (k+1—7r+ 0 .(p—2)) (3.14)

(r+14+0.(p—2+2j))°
which can be proved using hypergeometric summations.
In order to show that vectors of the form (3.12) form a basis of the space annihilated by

by, one uses a weight argument and the explicit action of b, given by (2.5). Note that in



V(p), the multiplicity of the weight (%,%) + (j, k) is given by min(j + 1,k + 1). For k = 0,

it follows from (2.5) that there is only one vector annihilated by b;. For k£ = 1, (2.5) and
the above multiplicity allow the construction of only two vectors annihilated by b;. More
generally, the multiplicity argument and (2.5) yield at most k + 1 vectors annihilated by b,
for a given k-value. Since all vectors (3.12) are linearly independent, the statement follows.

O

Combination of Proposition 6 and the previous lemma now yields the following result:
Proposition 7 A complete set of by -coherent states by () = apji(a) is defined by
%k(@) :X<a)|C]k>7 kzoala ; J:()?L 7k7 (315)
where x(«) and (i) are given by (3.7) and (3.12)-(3.13) resp. and
— a2 oo — a2
(@) () = oF (%) F (%) 3.16
(ot =0 (o L5 (5) )+ 25500 (o400 (5 (3.16)

Proof. The only part left to be proved is (3.16). It follows directly from the fact that
Ty|Cin) = 2h1|Cik) = (p +25)|¢x) and (3.8). 0

IV. b;- AND (b;)>-COHERENT STATES

In the previous section we have so far constructed only the b]-coherent states. Since
we are dealing with two pairs of parabosons b7, b3, the question is if one can construct

“bicoherent states”. The problem however, is that b; and b, do not commute, so they

2

cannot have common eigenstates. However, by and (by)* commute. In this section we

2

construct common eigenstates of the operators b; and (by)°. Using the defining triple

2 commutes with

paraboson relations (2.1) it is straightforward to see that the operator (by)
by . Hence, the action of (b;)? also commutes with 7} and T, '. Therefore one concludes

that (by)? commutes with x(«):

(by ) () = x(a) (b )*[Gn)- (4.1)

Note that (b7 )?|k) is a vector of weight (£,2) + (j,k — 2) and that by (b5)%|Ck) =

(b3 )?b1 |¢k) = 0. Because of the fact that there is only one vector of weight (5 + 7,5 +k—2)
annihilated by b; one concludes that (by)?|(x) = ¢|(jr—2). We could find the constant ¢ by



computing (b3 )?|(;x) on one of the GZ basis vectors of |(;x) and compare the result with the

same GZ vector in |(j,_2). The result is as follows

(b2)*1¢k) = \/Uf — 1=+ &) +kE =247+ Ocy)lGr—2)- (4.2)

Therefore

(03 05e(@) = \/(k =1 —j + & )0+ k— 24 + Oupucsla).  (43)
Now it is not difficult to construct common b; - and (b, )?>-coherent states
by Wi(a, B) = aWj(a, B), (b)) Wl ) = B¥p(e, B), (4.4)

where

00 ﬁk+ L
Zo\/2k Mo 000D praranon) @ @9

j=01,...; l=7,§+1.

The index jl in Uj; refers to the weight of the lowest weight vector in the expansion of ¥
in the GZ-basis (just as this was the case for v;;). The states 1, can be considered as

bicoherent states.

V. b, -MATRIX ELEMENTS

As we mentioned earlier, b; does not commute with b;, and so the b -coherent states
¥;i(a) constructed in section III are no eigenvectors of b, . It turns out however, that the
matrix elements of b, acting on these coherent states 15 () can still be computed explicitly.
This is performed in the current section. Let us consider the operator y(«) acting on a weight

vector |¢) annihilated by b;, and apply formula (3.6). Then one could write

=D " (T
n=0

= 3G T ) + 30t T )
n=0 n=0

o0

B 1 bl abl 1 aby | 2n
_Ezm@)(2)|5+2 Z&MQ+D(2w <)

n=0

—or (i () Yo+ g an (L () )0 s
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Note that, by a weight argument, (¢ /(a’)|by |¢;1(r)) can be nonzero only if &' = k — 1.
First, use (5.1) and the fact that b, commutes with (b])?:

(s (@) )

et (o) )
~ wran@lon (, 7 (%)) el

Fan@loh (5 (O8)) 22 i,

P+i+1 p+2j

Now, use the action of b} to the left and the action by 1, x_1(a/) = @/th;_1(a’). This yields:
(rr-1(a")[b [hje(a))
_ ad\ 2 B
~of (5 (5F)) Wt

— ad’\ 2
3 ; / )by b7 |-
o (o0 (5)) g e @)liabi i

Therefore the computation is reduced to computing the above two matrix elements. Using

the explicit form of |(;x), the action of bf and b; on GZ-basis vectors, and the expansion of

Yy —1(a’) in terms of GZ-basis vectors one finds:

)
p—2 ) ) e
(Wit (@) 1Gx) = § o1y tg VTP =24 DR ER 4T =1 8g) 4oy
(p+2j —2)%2
\ 0 otherwise
( . . .
_ap+2]\/k_]+okj( — 1+ 29) if 7/ =7
(W a-1() b3 bF |¢ji) = < 2(—1)j\/(ﬂ+1>@— 1(;j)2(j’?>—J — Okj) if ' =j+1
[ 0 otherwise



11

Hence (1 k—1(/)|bg [9jk()) is O for j" # j — 1, j, 7+ 1. For the other three cases it follows

from the above formulas. For example if j/ = j — 1 it is given by:

(j—1k—1(a")|bg [jk(a))

T .(ao/>2 A1y NI =2+ )Pkt -1 &)
Ti\eg 0\ (p+2j —2)3/? '

2

VI. CONCLUSION

We constructed coherent state representations of the osp(1]4) superalgebra generated by
two pairs of paraboson operators b?, b;t. The interesting and important problem of the
decomposition of unity will be given in a future publication. We also hope to generalize the

present results to the n-mode paraboson superalgebra osp(1|2n).
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