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Abstract

The spinor representations of the orthosymplectic Lie superalgebras osp(m|n) are consid-
ered and constructed. These are infinite-dimensional irreducible representations, of which the
superdimension coincides with the dimension of the spinor representation of so(m — n). Next,
we consider the self dual tensor representations of osp(m|n) and their generalizations: these
are also infinite-dimensional and correspond to the highest irreducible component of the p'”
power of the spinor representation. We determine the character of these representations, and
deduce a superdimension formula. From this, it follows that also for these representations the
osp(m|n) ~ so(m — n) correspondence holds.

1 Introduction

In space-time, space and time are not equivalent. The metric of s0(3, 1), ds? = dx?+dy*+dz> —dt?,
counts time as negative distance. From the point of view of the photon travelling at speed of light
between two distant galaxies, the proper time and distance are zero. This explains why the photon
only has two degrees of freedom. Although it is described classically by a 4-component vector
of s0(3,1), its two polarization states form an so(2) vector, defined in the two-dimensional space
transverse to the direction of propagation.

In order to avoid the mathematical difficulties in the rigorous formulation of quantum field
theory in Minkowski space-time, one may use the formulation in Euclidean space ds? = dx? + dy? +
dz® + dr?, obtained by performing a so-called Wick rotation 7 = it, which changes the signature
of the metric and effectively replaces s0(3,1) by s0(4). But this raises a problem, since the photon
would acquire 4 degrees of freedom. The solution, inspired by Feynman [15], De Witt [12], Faddeev
and Popov [14], and by so called BRST symmetry |2.|6] (see also [5] and the references therein), is
to add two anticommuting directions (6, 6) and use a Euclidean metric in (z,y, z, 7) space and anti-
symmetric symplectic metric in (6, 6) space: ds? = dz? 4 dy? + dz* + dr? + d9df — dOd, effectively
replacing s0(3, 1) by osp(4/2) thus, replacing Minkowski space-time R3! by the superspace R*? [13].

Further, one uses the fact that the two Grassmann variables 0,6 are compensating the extra
dimensions created by the Wick rotation, thus, recovering the s0(2) invariant transverse physical



space. In terms of representation theory, one could say that the 6-dimensional defining representa-
tion of osp(4]2), with 4 ordinary variables and 2 Grassmann variables, has superdimension 4 — 2,
coinciding with the dimension of the defining representation of so(2). This is a manifestation of
what is called the osp(4|2) ~ s0(2) correspondence. More generally, the coincidence of superdi-
mensions of osp(m|n) representations with dimensions of so(m — n) representations is called the
osp(m|n) ~ so(m — n) correspondence.

To quote other examples of this phenomenon for mass zero gauge fields, the g, graviton and
the anti-symmetric 3-tensors of s0(10, 1) supergravity follow the same pattern [9]. The number of
degrees of freedom are respectively 44 and 84, equal to the respective dimensions of the metric
and the 3-tensor of s0(9). Their so-called ghost spectra are given by the corresponding tensors of
osp(11|2) [4].

In the early days of Lie superalgebra representations, the osp(m|n) ~ so(m—n) ~ sp(n—m) cor-
respondence was established for various classes of representations [1,{18,25]. For finite-dimensional
tensors of osp(m|n) it was observed that they follow the same rule: their superdimension is equal
to the dimension of the corresponding tensor of so(m — n). For example, the superdimension of
the skew 3-tensor of 0sp(10[4) is 6-5-4/6 = 20, matching the skew 3-tensor of s0(6). For a precise
statement of when this correspondence holds, see [22, Theorem 3.3]. Note that also for affine Lie
superalgebras this correspondence was examined [23].

But the important case of chiral fermions and self dual tensors, which occurs for example
in 0sp(9|1) supergravity |19] remained unsolved. These representations have no simple covariant
quantization scheme, probably because they have no finite-dimensional osp(m|n) counter-part. The
aim of the present study is to address this problem.

We show that the chiral spinors and self dual tensors of osp(m|n) exist, that they are infinite-
dimensional, and that they also follow the osp(m|n) ~ so(m — n) correspondence, possibly paving
the way for a new covariant quantization scheme.

In terms of (the distinguished) Dynkin diagrams of osp(m|n), the spinor representation has
Dynkin labels [0,0,...,0,1] and the self dual tensor [0,0,...,0,2]. In this paper, we shall treat the
irreducible representations (irreps) with Dynkin labels [0,0,...,0,p], where p is a positive integer.
Such representations do not appear in Kac’s list of finite-dimensional irreps [21], so they are infinite-
dimensional highest weight representations (see also [39]). For infinite-dimensional irreps, one has
to be more careful with notions such as dimension and superdimension. It will be useful to view
(super)dimension as some infinite formal power series in a variable ¢, such that the coefficient of ¢*
keeps track of the finite (super)dimension “at level k” from the highest weight (according to some
gradation).

The technique used in this paper to compute superdimensions is as follows. We consider the
branching to the gl(m|n) subalgebra (i.e. osp(2m + 1|2n) — gl(m|n) and osp(2m|2n) — gl(mn)).
The decomposition of the infinite-dimensional irrep [0,0,...,0,p] according to this branching rule
is a (infinite) direct sum of covariant tensor representations of gl(m|n). For these tensor repre-
sentations of gl(m|n), labeled by a partition A, the superdimension is a very simple expression: it
actually reduces to the dimension of a gl(m —n) irrep. This explains why it is so useful to determine
the decomposition with respect to gl(m|n). Note that this is equivalent to expressing the character
of the osp(2m(+1)|2n) irrep [0,0,...,0,p] as an infinite sum of supersymmetric Schur functions
(since the characters of the covariant tensor representations of gl(m|n) are given by these Schur
functions).

So the main problem is then the determination of the character of the osp(2m(+1)|2n) ir-
rep [0,0,...,0,p] in an appropriate form. For this part of the problem, we are lucky. For



osp(2m + 1|2n), the character of [0,0,...,0,p] has been determined in [35]. In fact, the irrep
[0,0,...,0,p] is (equivalent to) the “irreducible parastatistics Fock space of order p”. A combined
system of m parafermions and n parabosons generate the algebra osp(2m + 1|2n), and the Fock
space V(p) of order p (constructed in [35]) corresponds exactly to the irrep [0,0,...,0,p|. For the
case of 0sp(2m|2n), the character of [0,0, ..., 0, p] can be obtained by considering the decomposition
osp(2m + 1|2n) D osp(2m|2n).

The structure of the paper is as follows. In section 2| we describe, as an introductory example,
the construction of asp(m|2n) spinors. The ideas of this construction appeared already in [36], but
are reviewed here because they open the way to the more general problem discussed in this paper.
In the following sections, we describe some of the mathematical notions needed here. In section
we recall the basic notation and terminology related to partitions, remind the reader of symmetric
and supersymmetric Schur functions and their relation to gl(n) and gl(m|n) irreps, and recall some
useful (super)dimension formulas for the gl case. Section |4 deals with (super)dimensions of some
infinite-dimensional representations of osp(1]2n), which is a special case among the orthosymplectic
Lie superalgebras. We shall see that the technique and results of this section will be crucial for the
remainder of the paper. The core of the paper is in sections[f] (osp(2m+ 1|2n)) and [6] (osp(2m|2n)).
The main results are as follows: the superdimension of the osp(2m + 1|2n) irrep [0,0,...,0,p] is
equal to the dimension of the so(2m+1—2n) irrep [0,0,...,0,p|. Herein, if 2m+1—2n is negative,
the algebra so(2m+ 1 — 2n) should be interpreted as osp(1]|2n —2m). Secondly, the superdimension
of the osp(2m|2n) irrep [0,0,...,0, p] is equal to the dimension of the so(2m—2n) irrep [0,0,...,0, p]
(or [0,0,...,p,0]). In this case, if 2m—2n is negative, the algebra so(2m—2n) should be interpreted
as sp(2n — 2m). At the end of the paper, we also include a section on D(2,1;«), in order to cover
all type II orthosymplectic Lie superalgebras, and we give a summary of the main results in terms
of Dynkin diagrams.

2 Construction of osp(m|2n) spinors

In his famous lectures on the theory of spinors [§], Cartan has shown that there is no finite-
dimensional spinor in curved space. But they exist as infinite-dimensional representations, analysed
much later by Ne’eman [32]. In the same way, Kac [21] has shown that the orthosymplectic Lie
superalgebras have no finite-dimensional spinors. Their infinite-dimensional counterpart, however,
can be constructed very simply as follows [36].

Consider the vector space P™ of polynomials in n formal variables z!,..., 2" with complex
coefficients. This space is naturally graded by the total degree in the variables

P = p, (1)
k=0

where each subspace P, has dimension (”+Il§_1). Its partition function, or ¢-dimension (see later for

a formal definition), is
1

im(P") = 3 im L —
dim;(P") ,;od (PO = (2)

The 2n operators of multiplication and partial derivation relative to z’

) 0 .
Y2i—1 = LEZ, Y2i = 2@, 1= 1,2, ...n (3)



form a Weyl algebra
Viv; — Vv = 2651 (4)

where [ is the identity and e is a 2n dimensional block diagonal matrix where each 2 x 2 diagonal
block is of the form

0 -1

1 0 |

In other words, € is the canonical skew symmetric metric fixed by the sp(2n) symplectic Lie algebra.
And indeed, the 2n(2n + 1)/2 symmetric bilinear operators

1 .
satisfy the sp(2n) commutation rules
[Jijs Juil = Jij e — Jadij = €ndu + € din + €adji + €inJji- (6)

The Chevalley generators e;, fi, hi, ¢ = 1,2...n of sp(2n), satisfying the standard Chevalley-Serre
relations [33|, are represented by the operators

) ) 1 O 0

L el - _
Oz’ fl_xami—‘rl’ e AW

1/ 0\ 1, . 1, , 0 o .
en_2<8$”> ) fn—_§(33)> hn—_*(ﬂf 5T T )

e; = 't

Since these operators map polynomials of even (resp. odd) degree in z into polynomials of even
(resp. odd) degree in = one obtains the two irreducible so-called metaplectic representations char-
acterized by their highest weight 1 and x,, the only monomial belonging to the kernel of all the e;.
By inspection, the Dynkin weights are:

0 0 0 -1/2
1 2 n-1 n
0 0 1 =3/2
1 2 n-1 n

In a similar way, the orthogonal Lie algebra so(2m) can be realized by means of operators acting
on polynomials of anti-commuting variables. For this purpose, consider the vector space @™ of
polynomials in m formal anti-commuting variables 6% (o = 1,2,...,m) with complex coefficients.
Since (0%)? = 0, this space is finite-dimensional

dim(Q™) = 2™. (7)
The following 2m operators
0
a—1=0%+ .
V201 + 90
(6« — i) a=1,2..m
V2o = 902 =44



represent the 2m dimensional Clifford algebra

YuYv + TV = 2_9”1/[, n, v = 1,2....2m (8)

where I is the identity and g,, is a 2m dimensional identity matrix. In other words, g,, is
the canonical symmetric metric fixed by the so(2m) orthogonal Lie algebra. And indeed, the
2m(2m — 1)/2 antisymmetric bilinear operators

1

S = Z(’Y#’YV — V)5 pv=1,2..2m (9)

satisfy the so(2m) commutation rules

[J/un Jpa] = Juw]pa - JpO'Jp,V = gl/pJuU - gl/ajup + g/LO'Jl/p - gule/U- (10)
In other words, using polynomials in anti-commuting variables, one obtains a simple construction
of the well known 2"-dimensional Dirac matrices in 2m dimensions.

Since the J,,,, operators are even in ¢, the representation space Q" splits into the even and
odd polynomials, which correspond to the left and right spinors, each of dimension 2™, The
s0(2m + 1) algebra is obtained by defining the operator I's and adding the operators J,5 = —Js,:

I's =172 vom, Ju5 = VMPS = _P57u = _J5/u Fg = (_1)m‘ (11)
Since I's5 is even in the 6’s, the J,;5 operators are odd and they connect the even and odd polynomials,
so the space Q™ is irreducible and the dimension of the spinors of so(2m + 1) is 2™.

The parallel between the so and sp construction is striking, but notice that the statistics is
counter-intuitive: in spinor space sp(2n) acts on “bosonic polynomials” and so(2m + 1) on Grass-
mann or “fermionic polynomials”.

The generalization to the orthosymplectic Lie superalgebra osp(2m|2n) is now immediate. One
considers the space P™I" of superpolynomials in m anti-commuting and n commuting variables.
As we will see later in general, this corresponds to the spinor representation of osp(2m|2n). Using
the same gradation by the total degree in x, the ¢t-dimension is

| 2m
dim(P™") = ———. 12
['he superdimension (difference between dimension of even and odd subspaces) is

sdim(P™") = dim_, (P™I") = 2™, (13)

So for m > n, the superdimension of the (infinite-dimensional) spinor representation of osp(2m|2n)
coincides with the (finite) dimension of the spinor representation of so(2m — 2n), fulfilling the
correspondence being studied in this paper.

To construct the osp(2m|2n) generators, one considers the m(2m — 1) antisymmetric J,,, the
n(2n + 1) symmetric J;; and adds the 4mn odd operators

Jﬂi = ’Y!/fryi) ,U' = ]-7 22m7 7’ = 1’ 27 2” (14)

Their anticommutators close on the previous even operators, completing the construction of the
0sp(2m|2n) superspinor representation:

{Jma JVj} = JmJVj + JVij = 46ijjuu + 4guljjij‘ (15)



The superspinor representation space P™" naturally splits in four components
pmi" = P @ PN @ By @ P, (16)

where P, ]‘ denotes the subspace of polynomials of total even (resp. odd) degree in the variables
0 for i = 0 (resp. i« = 1) and of total even (resp. odd) degree in the variables x for j = 0 (resp.
j = 1). Since the odd operators J,,; are of odd degree in z and 6, they map these subspaces onto
each other. On the other hand, these operators are of total even degree (in x and § combined), so
under the action of osp(2m|2n) the superspinor representation space PIn still splits into a “left

sector” Po min P ‘ and a “right sector” Pm|n POl‘ , each of superdimension 2™ "1

The case 05p(2m + 1|2n) follows by adding the so(2m + 1) operator I's as described above, and
in this case the space P™" is irreducible of superdimension 2™~™.

In the following sections we shall be dealing with the self dual tensors of the orthosymplectic Lie
superalgebras and their generalizations. These can be considered as the top irreducible component
of the p" symmetric tensor product of the superspinor. These self dual tensors are also infinite-
dimensional and follow the osp(m|n) ~ so(m—n) correspondence. Notice that we have given in this
section a construction of the superspinor, with the explicit action of all the generators of osp(m|n).
As far as we know, there is no such simple construction for the self dual tensors. In the remainder
of the paper, we only give the characters of the irreducible self dual tensors, and that is already
sufficient to establish the correspondence.

3 Preliminaries

3.1 Partitions, symmetric functions and supersymmetric functions

We need in this paper some basic notions on partitions and symmetric functions, see [30] as a
standard reference. A partition A = (A1, Ag, ..., \,) of weight |A| and length ¢(\) < n is a sequence
of non-negative integers satisfying the condition A\; > Ay > -+ > \,,, such that their sum is ||,
and \; > 0 if and only if 4 < £()\). To each such partition there corresponds a Young diagram F*
consisting of |A| boxes arranged in /() left-adjusted rows of lengths \; for i = 1,2,...,¢(\). For
example, the Young diagram of A = (5,4,4,2) is given by

The conjugate partition X’ corresponds to the Young diagram of \ reflected about the main diagonal.
In other words, )\;- is the length of column j of F*. For the above example, N = (4,4,3,3,1).

An important notion is the Frobenius notation [30] of a partition A. If F* has r = r(\) boxes
on the diagonal, r is said to be the rank of A. In the above example, r = 3, denoted by crosses in
the diagonal boxes:

x |




The arm lengths a, = A\, —k and leg lengths by, = A} —k (k= 1,...,7) refer to the remaining boxes
to the right or below the kth diagonal box, where a; > ag > --- > a, > 0and by > by > --- > b. > 0.
The Frobenius notation of A is then
ai ag - - Qp
A= .
< by by - b, )

Note that for our example we have A = (ggé)

Denote by A, the ring of symmetric polynomials with integer coefficients in the n independent
variables x = (x1,x9,...,2,). The Schur functions [30] or S-functions s)(x) form a Z-basis of A,,
where A runs over the set of all partitions of length at most n. There are various ways to define
Schur functions. For a partition A with ¢(\) < n, one has

Aj+n—j
det(2;” " i< j<n

det(z] 7 )1<ij<n

sx() (17)

If £(A\) > n, one puts s)(x) = 0. Clearly, for the zero partition A = (0) (which is the only partition
with Frobenius rank r = 0) one has sy (z) = 1.

In terms of two sets of variables x = (x1,...,zy,) and y = (y1,...,yn), one can define the ring
Ay of supersymmetric polynomials with integer coefficients [3]. This ring consists of all double
symmetric polynomials in = and y (elements of A,, ® A,) that satisfy the so-called cancellation
property (i.e. when the substitution x1 = ¢, y1 = —t is made in an element p of A,, ® A, the
resulting polynomial is independent of ¢). For a partition A, one can define supersymmetric Schur
functions sy(x|y) belonging to A, . One possible definition is [3,24]

sa(@ly) = epsu(@)su(y),
v

where the sum is over all partitions p (£() < m) and v (£(v') < n), and cf;vy are the Littlewood-
Richardson coefficients [30]. The polynomials sy(x|y) are identically zero when A, 4+1 > n. Denote
by Hm,n the set of all partitions with Ay,41 < n, i.e. the partitions (with their Young diagram)
inside the (m,n)-hook. The set of sy(z|y) with X € H,, , form a Z-basis of A, .

3.2 Dimension formulas for gl(n) and superdimensions for gl(m|n)

A finite-dimensional irreducible representation of the Lie algebra gl(n) is characterized by a par-
tition A with () < n. In terms of the standard basis €, ..., €, of the weight space of gl(n), the
highest weight of this representation is )" ; Aj¢;, and the representation space will be denoted by
Vg)[‘(n). Weyl’s character formula for such representations corresponds to the right hand side of ,
and thus

char Vg’}(n) = sa(x), (18)

where x; = e,

There are two useful formulas for the dimension of Vg)[‘(n), by specializing all x; = 1 in the Schur
function sy. One is Weyl’s dimension formula:

oA (A= Aj+7—14)
dim Vi) = H (j —1) '
1<i<j<n

(19)



The other expression uses hook-lengths:

) n+j—1 n+jg—1
dim VA = nTITr_ L (20)

Herein, the product runs over all boxes (4, j) of the Young diagram F*, and h;; = \; + )\; —i—7+1
is the number of boxes of the hook with hook box (i, j). For example, for the partition (5,4, 4, 2)
and n = 5, the numbers (n + j — i) and h;; read, respectively,

516/7[8]9] gl7]5[4]1]
4]5]6]7 6]/5[3]2
314]5]6 504]2]1
203 2]1

Note, if A is a partition with £(\) > n, gives automatically 0, whereas in one has to impose
that dim Vg)[‘(n) = 0.

Just as the functions sy(z) are characters of irreducible representations (or simple modules)
of the Lie algebra gl(n), the supersymmetric Schur functions are characters of a class of simple
modules of the Lie superalgebra gl(m|n), namely of the covariant representations [3]. For a partition
A € Hpmon, the corresponding covariant representation will be denoted by Vg’}(mm). In terms of the
standard basis €1,...,€n, d1,...,0, of the weight space of gl(m|n), the highest weight of this
representation is > i) Aie; + Y7 max(\; —m, 0)d;. The main result of [3] is

char V;z/}(mln) = sa(z|y), (21)

where x; = e and y; = %,

Any Lie superalgebra g is Zs-graded: g = g5 @ g7. A Lie superalgebra module or representation
V is also Zy-graded: V = V5 @ V4. In our convention, the highest weight vector v of V will always
be an even vector (v € V5). When V is finite-dimensional, one can speak of the dimension and
superdimension of V:

dimV = dim Vg + dim V7, sdimV = dim Vg — dim V7.

Dimension formulas for covariant representations of gl(m|n) are not particularly simple [31], but
there is a great simplification when it comes to superdimensions [24]. The result depends on whether
m is greater than, equal to, or less than n. It can be summarized as follows:

sdim Vi, gy = dim Vi, sdim Vg oy = (=1 dim V. (22)

In particular, when m = n, sdim V) is the

al(n|ny = 0 unless A is the zero partition (0) (then v

gl(n|n)

trivial module with sdim VE(IE(?M) = 1). Note that implies: when ¢(\) > k then sdim Vg’}(n ki) =
0.

0; when Ay > £ then sdim ‘/g)[\(m\erk) =

4 The Lie superalgebra osp(1]2n)

Although the main aim is to study superdimensions of certain infinite-dimensional representations
of the Lie superalgebras B(m,n) = osp(2m + 1|2n) and D(m,n) = osp(2m|2n), it will be useful to
start with the special case B(0,n) = osp(1]|2n). Let us first fix some notation [16,[20,[21]. In the



common basis d; for the weight space of osp(1|2n), the odd roots are given by £6; (j =1,...,n),
and the even roots are §; — d; (i # j) and £(6; + J;). The simple roots are

51 _527 (52 _537"'757’L—1 _577,7 577, (23>

It will be helpful to use the following Z-gradation of g = 0sp(1|2n): g =g 2P g_1Dgo D g+1 D 912,
where each g; is spanned by the root vectors corresponding to the following roots:

g-2 g-1 9o g4+1 g+2
—0; — 0 —0; 0; — 0; 0; 0i +0;

Note that go = gl(n).

We will consider some infinite-dimensional highest weight representations V' of g, so at first
sight it might be strange to speak of the dimension and superdimension of V. However, if the
action of gy = gl(n) on the highest weight vector v of V corresponds to a finite-dimensional g
module Vp, then the Z-gradation of g induces a Z-gradation of V:

V=VeV_ iV od---

in terms of finite-dimensional gg modules. Then one defines:
dimy (V) =) dimVo; ¢/, sdimy(V) = > dim V., (—t)". (24)
i=0 =0

Clearly sdim; (V') = dim_¢(V'), and dim;(V) is a formal power series in the variable ¢ such that the
coefficient of t* counts the dimension “at level k” according to the Z-gradation.

For reasons that will become clear, we will consider the irreducible highest weight representation
with highest weight given by (=%, —-%,...,=5) = >"" (=5)d;, where p is a non-negative integer.

This representation will be denoted by V = Vo(;p /2" Tt Dynkin labels according to the simple
p(1]2n)
roots system ([23]) are [0,0,...,0,—p]|. Clearly, with this choice of highest weight one has dim V =

1. Obviously, the structure of the irreducible highest weight representation with highest weight

(=5, -%,...,—=%) is completely the same as the irreducible lowest weight representation with lowest
weight (£,L2,...,5). This last representation is well known: it is the paraboson representation of
order p. Its structure and character have been determined in [29]. Using the notation z; = ™%,
the following character formula holds:

char Vi PO = (a1 P2 Y sa(a). (25)

A, L(N)<p

This is an infinite sum over all partitions of length at most p. Since s(x) = 0 if £(\) > n, the sum
is actually over all partitions satisfying ¢(\) < min(n, p).

In order to give a first expression of dimy ‘C(s;%% one should (apart from the factor (z1 - - xn)P/ 2)
specify x; =t in . Thus one finds:
: (=p/2)" _ : A4
dimy Voﬁpﬁpn) = Z dim Vg[(n)t| l (26)

A, £(A\)<min(n,p)

This is an infinite sum; it can be simplified using the alternative character formula also determined
in 29

(—=p/2)" _ /2 Enp(2)
h — (21 xn)P . p
b Vemtiian = (01 oS T L (0 i) 0




Herein,

Enp(z) = Z(—l)cﬁsn(x),
n
where the sum is over all partitions 1 of Frobenius form

B ( ai a9 Gy >
"T\ar+p atp o +p
and ¢, = a1 +---+a, +r = |a] + r. So the sum in E, ,(x) is over all self-conjugate partitions to

which 7 “legs” of p boxes are added. Note that E,, ,(z) =1 if p > n. In the following, this trivial
case will be left out and we shall deal only with p < n.

Specifying x; =t in (27]) now yields

L (ep/2) Enp(t, ... 1)
dimy Vosp(1j2n) = (1—t)n(1 — 2)n(n-1)/2" (28)

So, let us therefore consider E, ,(x) in more detail, starting with E,, o(x). Since sy(z) = 0 when
¢(X) > n, the expression E, o(x) has only a finite number of terms:

Eno(z) = > (DTS 01 030y @) (29)

r=0 n—1>a1>a2>->a,>0 a1 92
It is easy to see that this expression has 2" terms. Similarly, E,, ,(x) has 2"7P terms, and

n—p

Enpl@) = > (=D)leH*rs S, 2o )(w)- (30)

r=0 n—p—1>a1>a2>->ar>0 artp agtp ardp

Let us now turn to the dimension formula. In general, for a partition A\ given in Frobenius notation
\ = ap a2 - -Qar E(a)
b1 by by b

one can write

sat,... 1) =t H gy (1, 1) = ¢ dim v
Using , one finds
T r_ al'bz' ;-n<_ ai+b‘+1
dim V), = dlmV[(n H (nta) [l aitbitlli (o 0+ 1) (31)
s i1 (n—b; —1)! [li<icj<r(@i —a;)(bi — b)
And hence
— <ai ) 2 1
Enplt, ... t) = > (1)l dim Vot lal+(p+1)r, (32)

r=0n—p—1>a1>as>->a,>0

Let us complete this section by means of some examples:

Eiot,...,t)=1—1

Eapo(t,...,t)=1—2t+2t3 —t (1—1&)2(1—752)

Eso(t,...,t) =1—3t+ 8> —6t* —6t° +8t5 —3t° +1° = (1 —1)3(1 —?)3
Egﬁl(t,...,t):1—3t2+3t4 —(1—t2)3

E3a(t,... 1) =

Eyi(t,... t) = t2 + 15t — 20t% 4+ 15% — 6410 412 = (1 — ¢%)8

10



Of course, due to the general factorization of E, () [26], one has E,(t,...,t) = (1 —t)*(1 —
tz)”("_l)/ 2. Some other general expressions following from are:

Ena(t,... t)=(1—)nn=0/2
Eerl,P(t) ) t) =1- tp+1
Eprap(ty...,t) =1— (p+ 2P 4 (p 4 2)tPT3 — 24
2)p+3 3)(p + 4
Eprap(t,. 1) =1 - (p+)2(p+)tp+1 +(p+2)(p+ ) - (P+)2(P+)tp+5
— (p—f_?));p—'—él)t2p+4 + (p + 2)(p + 4)t2p+6 _ (p—+_2)2(p—|_3)t2p+8 . t3p+9

These were a few examples of E,, p(t,...,t). Including denominators according to one finds
the actual dimensions, e.g.:

. (0,00) _
dime Vogpags) = 1
(121212 1=3 3= 1 ) 5 .
dim, V& = T ~ = =1+ 3t+ 6t + 106> + 15¢* +
dim, VO LoLmD L1 =143t + 96+ 183 + 36¢4
M Voep(1l6)  — 1—t)3(1—2)3 o+ 97 + + +
. (—3/2,-3/2,-3/2) _ 1 _ 2 3 4
dimy Vo 08" = A a P =143t + 9%+ 19¢% + 394 +

5 The Lie superalgebra osp(2m + 1|2n)

We will now treat one of the two main cases, the Lie superalgebra B(m,n) = osp(2m + 1|2n). The
weight space of osp(2m + 1|2n) has basis €1, ..., €y, d1,. .., 0y, and the distinguished set of simple
roots is [16,20]

51 _527 "'76n—1 _677,5 571,_617 €1 — €2, ..., €m—-1 " €m, Em. (33)

Also in this case there exists a useful Z-gradation of g = osp(2m + 1|2n): g = g2 D g_1 D go P
g+1 @ g42, where each g; is spanned by the root vectors corresponding to the following roots:

g-2 g-1 do g+1 9+2
—; — (5j —0; 0; — 5j 0; 0; + (5j
—€; — € (1 #J) —€; € — €5 € €+ € (1 7)
—€; — 5] :E(Ei — 5]) €; + (5]'

So in this case gg = gl(m|n). Note that this Z-gradation is different from the more common
Z-gradation for which go = gg [16,/17].

Let us now consider the irreducible highest weight representation with highest weight given
by (5,...,8:—L,....=8) = Y% Be + >0 (—5)d;, where p is a non-negative integer. This
representation will be denoted by V = Vo(si/(;)m-s-(ﬂg’r{? " According to the simple roots system ,
its Dynkin labels are [0,0,...,0,p]. The action of gy = gl(m|n) on the highest weight vector v
is again trivial, so the Z-gradation of g induces a Z-gradation of V with dimVy = 1, and one

can again study dim(V') and sdim;(V'). In the current situation, the structure of the irreducible

highest weight representation with highest weight ( ..,27 ’2’, ..,—%) is completely the same
as the irreducible lowest weight representation with lowest weight (—%,..., =58 ... ). This

11



representation has been studied recently and its structure is well known: it is the parastatistics
representation of order p |35]. Using the notation z; = e™, y; = e~ %, the following character
formula holds:

Qm’ _ 2\n
char VIO = (yy gy a PPN si(aly). (34)
A, Ai<p

So here the sum is over all partitions A inside the (m,n)-hook (otherwise sy(z|y) is zero anyway)
with A\; < p, or equivalently £(\) < p. There is also an alternative character formula [35, Theo-
rem 7|, but we do not need it here.

v @™ (/"

osp(2m-+12n) + ON€ should (apart from the factor in front of the

In order to determine sdimy

above sum) specify x; =t and y; = —t in the above character, and so one finds
. 2)™ (—p/2)"
sdimy 1/0(5’;/(23%(”;{)) = 3 st t—t..., 1)
)‘7 Algp
= > sl =1, =1
>‘7 Algp
. A A
)‘7 AlSp

We can now make use of the expressions and properties of gl(m|n) superdimensions, given at the
end of section [3| and thus specify the following three cases.

Case 1: m =n, 0sp(2n + 1|2n).
This is the simplest case, since all superdimensions of covariant representations of gl(n|n) are zero,
except when A = (0). Hence:

: (p/2)",(=p/2)" _
sdimy ‘/0£§J(2n+1\2pn) =1. (36)

Case 2: m =n+k, osp(2n + 2k + 1|2n).
Now it follows directly from and that

: (p/2)™(=p/2)" _ . A A . A4
A, Ailp A, M <p, L(N<k

So the original infinite sum reduces to a finite sum, running over all partitions A with A\; < p and
¢(\) < k. In other words, the sum is over all partitions A whose Young diagrams fit inside the (kX p)
rectangle. However, such an expression is known, see [34] for a detailed investigation (although the
origin goes back to work of Bracken and Green [7]). Indeed, in the branching so(2k + 1) D gl(k),

k
the s0(2k + 1) highest weight representation Vs(op(/zi)ﬂ) with highest weight (£,...,5) decomposes

into the direct sum of covariant gl(k) representation Vg’}(k) with (X)) < p. Thus we find:

: (/2)™,(=p/2)" _ 3; (p/2)*
sdimy ‘/051;(2m+1|§n) = dimy Vgop(2k+1)7 (38)
or, in terms of Dynkin labels:
sdim¢[0,0, ..., 0, Plosp(2nt-2k+1]2n) = dim[0, ..., 0, Plso(2k+1)- (39)

Let us give a few examples. For k = 3 and p = 1, one finds

sdimy[0,0, ..., 0, Uosp(2nt7i2n) = dime[0,0, go(r) = 1 + 3t + 3¢ + 7.
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and thus sdim[0,0, ..., 0, 1]ssp(2n+7)2n) = dim[0,0, 1]55(7y = 8. For k = 3 and p = 2, one gets
sdimy[0,0, . .., 0, 2losp(2n+72n) = dimy[0,0,2]so(7) = 1+ 3t + 92 + 9¢* + 9¢* + 3¢° + 16,
and sdim[0,0, .., 0,2]oep(2n472n) = Aim[0, 0, 2]o(7) = 35.

Case 3: n=m + k, osp(2m + 1|2m + 2k).
Again following and , one finds

W VI S P = Y amv,

osp(2m+1|2n) ( )(_t)lul' (40)
A A<p, Mi<k , £()<min(p,k)

The right hand side is the same expression as (with ¢ — —t). Following one can write

m (__ n _ E - e ey
i A R v g kp(=th- 1) (41)

sdimy osp(2m-+1|2n) sp(1|2k) — (1+t)k(1 — ¢2)k(k=1)/2

Herein, a finite expression for Ej ,(—t,...,—t) can be found in . Note that in terms of Dynkin
labels one could write:

Sdimt[oa 0,... 70ﬂp]05p(2m+1|2m+2k) = dimft[ov s 0, _p]osp(lﬂk)- (42)
Let us again consider some examples. For £ = 3 and p = 1, one finds

. , 1
sdime[0,0, . .., 0, osp(2m+1/2m-+6) = dim_¢[0, 0, —1]ogp(1/6) = (i 1—-3t4+6t2—10t3+15t*— - - .

One could say that the actual superdimension (for ¢ = 1) is 1/8. More general, for arbitrary k,
. . 1
sdimg[0,0, ..., 0, Uogp@m+1j2m+2r) = dim—¢[0, ..., 0, =1 ogp(1j2x) = A+ oF
For k£ = 3 and p = 2, one gets

sdim¢[0,0, ..., 0, 2]osp(2mt1)2m+6) = dim—¢[0, 0, —2]ogp(1)6)

1+
- (1—|—t)3—zl_t2)3 =1-3t+9t> — 183 +36t* —--- .

6 The Lie superalgebra osp(2m|2n)

The second main case treated here is the Lie superalgebra D(m,n) = osp(2m|2n). The weight
space of 0sp(2m|2n) has the same basis €1,...,€n,01,...,0,, and the distinguished set of simple
roots is now

51 - 625 . '567171 - 5717 571 — €1, €1 — €2, ..., €Em—2 — €Em—1, €m—1 — €m; Em—1 T Em. (43)

It will be helpful to see D(m,n) as a subalgebra of B(m,n). In fact, using the Z-gradation g_o &
g-1Dgo D g+1 D g42 of g = 0sp(2m+ 1|2n) introduced in the previous section, it is easy to see that
0sp(2m|2n) = g_2 ® go ® g2, With root structure

g-2 90 942
—0; — (5j 0; — 5j o; + (5]‘
—ei—¢ (1#7) ea—¢ €+e (i#£7])
—€; — 5j i(ei — 53) € + 5j

13



So also in this case go = gl(m|n), and it will be useful to consider the representation of the previous
section according to osp(2m + 1|2n) D osp(2m|2n) D gl(m|n).

The purpose is to study the irreducible highest weight representation of osp(2m|2n) with highest
weight given by (5,..., 5 =5, ..., =8) =3"" Lei+ >0 (—5)d;, where p is a non-negative integer,
and denoted by V = Vo(sz;/égé(;)p ", According to the simple roots system , its Dynkin labels
are [0,0,...,0,p)].

Y@/ (/2" (/2™ (—p/2)"
osp(2m+1|2n) 7 osp(2m|2n)

tatistics. However, the techniques of [35] can also be used in the current case. In particular, let v
be the vector of highest weight (£,...,5;=5,..., =), then Cuv is a trivial one-dimensional module

of go @ g+2, and we consider the induced module

Contrary to has not (yet) been studied in the context of paras-

7 (/2)™ (=p/2)" _ osp(2m|2n)
Vosp(Zm\Qn) - Indgo®g+2 Cu.

% and the above root structure, the character is given by:

Hi,j(l + iy;)
i<i (1= i) [ 1< (1 — viy;)

Using the notation x; = e~ y; = e~

chap TP/ _

osp(2m|2n) = (Y1 Yn/m1- - xm)p/2 11 (44)

Cummins and King [10[11] obtained an expansion of the above product in terms of supersymmetric
Schur functions:

IL,; (1 + ziy;)) N
[Tic; (1 — i) TTic; (1 — wivy) ; s(xly)

=1+ s11(2ly) + s22(xly) + s11,11(2ly) + s33(xly) + s221,1(2ly) +s100,00(2)y) +--- )
(45)

i.e. the sum is over all partitions 8 such that each part of 5 appears twice. This can also be written
as:

Hij(l + x3y;)
[Tic; (1= x,ixJ') Hz‘éj](l ) - 26:55’ (zly), (46)

where the sum is now over all partitions § with even parts only. Let us denote by B the set of
partitions for which each part appears twice (including the zero partition), and by D the set of
partitions with even parts only. So

— 2 m’ — 2 n
char Vo b = (g1 w2 Y saaly). (47)
AeB

Now we return to the irreducible representation v @2 P O the one hand, y /2" Cp/2)"

0sp(2m|2n) 0sp(2m|2n)
is a quotient module of Vgéé)mé;f /2) with character . On the other hand, Voil;/é)n?;n_)p 2" i

a submodule of Vu(ﬁi/é)r;l(l_'%;)n in the decomposition osp(2m + 1|2n) D osp(2m|2n), with charac-

ter (34). From this observation, one can deduce:

char VPO PR = (g fa )Y sa(aly). (48)
AeB, M<p
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v @2 (/2"

To determine sdim; , one should (apart from the factor in front of the above sum)

osp(2m|2n)
specify again z; =t and y; = —t in the above character, and so one finds
. 2)™ (—p/2)"
sdimy Voi’;/@)m'z(n)p/ =N st =t )
AEB, A1<p
= Y s, =1,, -t
AEB, Ai<p
: A A
AEB, Ai<p

As in the previous section, we now make use of properties of gl(m|n) superdimensions.

Case 1: m = n, 0sp(2n|2n).

: (/)" (—p/2)" _
sdimy Vosp(2n|2n) =1. (50)
Case 2: m =n+k, osp(2n + 2k|2n).
It follows directly from and that
. 2)™m,(—p/2)" . :
sdimy V;g;@%;mp/ " = Z dlm\/;l)[‘(k) Al = Z d1ng)[‘(k)t‘)‘|. (51)
xeB, Mi<p xeB, A1 <p, L(N)<k

This is a finite sum. The summation is over all partitions A with each part appearing twice and
whose Young diagrams fit inside the (k x p) rectangle. Using a character formula for so(2k), it
is easy to see that this corresponds to the character of an irreducible so0(2k) representation (see
Appendix). There is a distinction between the cases k even and k odd. We find:

k
m (oo dimy v ®/2) for k even,
sdimy Vg(si/(;zn\é(n)p/z) = . 5&?5))1{71 —p/2 (52)
dimy Vw(%) ’ for k odd;
or, in terms of Dynkin labels:
. dimy[0,...,0,0,plseor) for k even.
sdimy [Oa 0,... 70>p]05p(2n+2k|2n) = { dimt[O, ...,0,p, 0]:E2k; for k odd. (53)

As an example, let k=5 and p = 1:
sdimy[0,0, ..., 0, Uosp(2nt10j20) = dimy[0,0,0,1, 050010y = 1 + 10£* 4 5¢,
and thus sdim[0,0, ..., 0, 1]ssp(2n+10j2n) = dim[0, 0,0, 1, 0]so(10) = 16. For k =5 and p = 2, one gets
sdimy[0,0, ..., 0, 2]ogp(2n+10j20) = dimy[0,0,0,2, 0]so(10y = 1 + 10¢> + 55t + 45¢% + 15¢°,
and sdim[0,0, ..., 0, 2]ssp(2n+10/2n) = dim[0, 0,0, 2, 0]54(10) = 126.

Case 3: n=m+ k, osp(2m|2m + 2k).
From and one obtains

: 2)™ (—p/2)" Y .Y
sdim, VAP = 3 dim Vg (—)P = > dim Vg ()
xeB, \i<p AEB, A1 <min(p,k)

= > dim Vi (). (54)
AeD, ¢(X)<min(p,k)
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This is an infinite sum, over all partitions A\ with even parts only and with ¢(\) < min(p, k).
Interestingly, this expression is known and follows from the character of the infinite-dimensional

irreducible sp(2k) module with highest weight (—£,...,—£) [28]. Thus we find:
: (p/2)"(=p/2)" _ g (=p/2)*
sdimg Voo = dim—e Ve 07, (55)

or, in terms of Dynkin labels:
Sdimt[oa 07 .. 707p]05p(2m\2m+2k) = dim—t[o') o 707 _p/Q]ﬁp(Qk) (56>

As an example, consider first p = 1. The series of partitions appearing in is
0)+(2)+ @) +(6)+(8) +---.
So, for k = 3, one finds

Sdimt[o, O, ey 0, 1]05p(2m\2m+6) = dim_t[O, 0, _1/2]5p(6)

1 1 1
=14+62+15t* + 286 + 4528 +... = =
+ 617 + 156" + 28t” + 45t° + 2((1+t)3+(1_t)

7)

Also in general, one has

1 N 1
1+t)F  (1-1)

. . 1
sdunt[O, 0, ce ,0, 1]osp(2m|2m+2k) = dlm_t[o, ey 0, _1/2]5p(2k) = 5(( k:)

For p = 2, the series of partitions is
(0)+(2) + (4) + (2,2) + (6) + (4,2) + (8) + (6,2) + (4,4) +--- .
For k = 3, one finds

sdimy[0,0, ..., 0, 2]osp(2mjam+6) = dim_¢[0,0, —1]spe) = 1 + 6% + 21¢" + 55¢% + 12065 + - - .

7 The Lie superalgebra D(2,1;«)

Among the families of simple orthosymplectic Lie superalgebras, there are besides B(m,n) =
0sp(2m + 1|2n) and D(m,n) = osp(2m|2n), still C(n + 1) = o0sp(2[2n) and D(2,1;«). Since
C(n+1) is a type 1 Lie superalgebra (in the sense of Kac [20]), there seem to be no representations
that one could describe as “spinor” or “self dual tensors”. So we shall not include C(n + 1) in this
paper. By the way, all finite-dimensional irreducible representations of C'(n + 1) are known |[3§].

For the exceptional family D(2,1; ) (where « is a real parameter that can be chosen positive),
there are representations that one could consider as spinors or self dual tensors. The weight space
of D(2,1;«) is usually expressed in the basis €1, €9, €3, with the distinguished set of simple roots
given by

2¢€9, €1 — €9 — €3, 2€3. (57)

The purpose of this section is to consider irreducible representations V (A) with highest weight A
given by the Dynkin labels [0,0, p] in the above simple root system. These are infinite-dimensional
representations. For p = 1 this is the “spinor” irrep of D(2,1;a), for p = 2 the “self dual tensor”.
In terms of the e-basis, the highest weight is given by A = (—Oj“—fl, 0,p). Such representations are
“doubly atypical”. All irreducible highest weight representations of D(2,1; «) have been described
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in [37]. For the irreps under consideration one can describe the structure by means of the decom-
position with respect to the even subalgebra su(1, 1) & su(2) @ su(2) (isomorphic to sp(2) & so(4)).
From [37], the following decompositions hold:

p=1:
ap ap
V(A —-——:0,1 — - 1;1,0 58
() = (=m0 @ (-2 - 11,0) (55)
p=>2
ap ap ap
V(A ————F;0 — —1L;1,p—1 — —2:0,p—2). 99
(M) = (2200 & (2L~ Ll p =) & (—2Lr = 2%0,p—2) (59)

The weights of such an su(1, 1) irrep with highest weight (1 < 0) are given by (p, u — 2, u —

4,...): this is a negative discrete series representation. So for the case p = 1, with p = —=E one

a+1?
has:

e at level u: the su(2) @ su(2) irrep (0, 1) of dimension 2

)

o at level y — 1: the su(2) @ su(2) irrep (1,0) of dimension 2

e at level  — 2: the su(2) @ su(2) irrep (0, 1) of dimension 2
(

e at level u — 3: the su(2) ® su(2) irrep (1,0) of dimension 2
e etc.

Thus one could say that the superdimension of V' (A) according to the above gradation (i.e. according
to the su(1,1) diagonal element) is given by

2—2t+22 —23 4ot — ... =
14+¢
In the limit ¢ — 1, this gives superdimension 1.

In the previous section, we always considered a gradation with respect to the subalgebra gl(m|n).
For the irrep under consideration, the decomposition with respect to D(2,1;a) — gl(2|1) consists
of

a gl(2|1) singlet with weight (u,0,1)

a gl(2|1) irrep with weights (x,0,—1), (. —1,-1,0), (x —1,1,0), (x — 2,0,1), of dimension 4
and superdimension 0

a gl(2|1) irrep with weights (u—2,0,—1), (u—3,—1,0), (z—3,1,0), (x—4,0, 1), of dimension 4
and superdimension 0

e ctc.

Hence also according to this gradation the superdimension is 1 + 0 + 0 + --- = 1, whereas the
dimensionis 1 +4+4+---.
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For the case p > 2, the decomposition is given by . The dimensions of the su(2) @ su(2)
irreps appearing here are, respectively, p + 1, 2p and p — 1. According to the gradation by the
su(1,1) diagonal element, one finds as superdimension:

(p+1)—t2p)+((p+ 1)+ (p— 1) —t*2p) +t((p+ D+ (p—1)) + -
:(p+1)—2pt+2pt2—2pt3+2pt4+---:1—p+12f:t.

In the limit ¢ — 1, this gives superdimension 1. Also according to the decomposition with respect to
gl(2|1) one finds a singlet followed by an infinite series of irreps of dimension 4 and superdimension 0,
thus the same result.

Conclusion: all D(2,1;«) irreps [0,0, p] have superdimension 1, which is the same as the di-
mension of the so(2) irrep [p].

8 Summary: Dynkin diagrams

The main results of sections [f] and [6] can be best summarized and illustrated by means of Dynkin
diagrams, carrying the Kac-Dynkin labels of the representations studied here.

For the case B(m,n) = o0sp(2m + 1|2n), one has, in an obvious notation, from and :

0 0 0 0 0 0 p
sdim { O——O0—---—O0——®—0O0—---—O—>=20 =
1 2 n-1 n n+1 mn-1 mn

0 0 0 p
dim [ O——O0—---—0O—>0 ifm>n

1 2 mn-1 mn

0 0 0 P
dim (| O——O0—---—CO—@ ifm<n

1 2 n-m1 nN-m
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For the case D(m,n) = osp(2m|2n), the result is, following and ([56)):

0

0 0 0 0 0 mrn—1
sdim | O—---—O——@®——O—--- =
1 n—1 n n+1 m+n—2 p

m-n

p
0 0 0 m n-1
dim | O—0O—--- if m >n and m —n odd
1 2 m n-2 0
mn
0
0 0 0 m n-1
dim | O—0O—--- if m > n and m — n even
1 2 m n-2 p
mn
0

0 0 -pi2
dim | O——O—---—O=<=—=0 if m < n
1 2 n-m1 n-m
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Appendix

In this appendix we give character formulas for the irreducible representations of so(2k) which
are relevant in the context of this paper. Following the notation of this paper, these are the
representations with Dynkin labels [0,0,...,0,0,p] and [0,0,...,0,p,0] (with p a positive integer),

or with highest weights (£,%,...,8,2) and (§,%,...,5, %) respectively. The modules will be
denoted as Vs(op éi))k and Vs(u%i))k_l’*p 2. 0of course, the characters of these representations could
be deduced from Weyl’s formula. Here, however, it is more useful to give these characters as an
expansion in Schur functions. This expression can actually be deduced from the so(2k) — gl(n)
branching rule, given in [27, Section IV]. Working out these branchings, there is a distinction

between k even and k odd. Explicitly, one finds:
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Case k even:

k
char(0, .. ., 0, pleo(ary = char VD" = (- ) 7P/2 3 sx(@). (60)
AEB: A1<p, L(N)<k

So the sum is over all partitions A for which each part appears twice, and such that the Young
diagram of A fits inside the rectangle of width p and height k.

k-1 _ _
char[0, .. .,p, 0]so(2x) = char VSEJZE/;C)) P2 (zy---ap) P2 Z spa (). (61)
AEB: A1<p, L(N)<k—2

Here the sum is again over all partitions A for which each part appears twice, but such that the
Young diagram of ;1 = (p, \) fits inside the rectangle of width p and height k.

Case k odd:

k
char[0, .. .,0, plso(2x) = char V;(o%i)) = (x1--- xk)*p/z Z Sp) (7). (62)
AEB: A\1<p, £L(N\)<k-1

k—1 _
char[0, ..., p,0]5o(2x) = char Vs(op(éi)) P2 (g ack)_p/z Z sx(z). (63)
AEB: A1 <p, 6(\)<k—1

Note that in , due to the fact that A has an even number of parts (since A € B), the
condition ¢(\) < k — 1 could just as well be replaced by ¢(\) < k since k is odd.

References

[1] Balantekin A B and Bars I 1981 Representations of supergroups J. Math. Phys. 22 1810-1818

[2] Becchi C, Rouet A and Stora A 1975 Renormalization of the abelian Higgs-Kibble model
Commun. Math. Phys. 42 127-162; 1976 Renormalization of gauge theories Ann. Phys. 287-
321; Tyutin I V 1975, Lebedev Institute Preprint: FIAN-39 (unpublished)

[3] Berele A and Regev A 1987 Hook Young diagrams with applications to combinatorics and to
representations of Lie superalgebras Adv. Math. 64 118-175

[4] Baulieu L and Thierry-Mieg J 1983 Covariant quantization of non-Abelian antisymmetric
tensor gauge theories Nucl. Phys. B 228 259-284

[5] Bonora L 2016 BRST and supermanifolds Nucl. Phys. B 912 103-118

[6] Bonora L and Tonin M 1981 Superfield formulation of extended BRS symmetry Phys. Lett. B
98 48-50

[7] Bracken A J and Green H S 1972 Algebraic Identities for Parafermi Statistics of Given Order
Nuovo Cim. 9 349-365

[8] Cartan E 1938 Lecgons sur la Théorie des Spineurs I, II Paris: Hermann; English translation
1966 The Theory of Spinors Paris: Hermann

20



[24]

[25]

[26]

[27]

Cremmer E, Julia B and Scherk J 1978 Supergravity Theory in Eleven-Dimensions Phys. Lett.
76B 409-412

Cummins C 1986 Application of S-function techniques to representations of Lie superalgebras
and symmetry breaking PhD Thesis University of Southampton

Cummins C J and King R C 1987 Some noteworthy S-function identities Preprint Centre des
Recherche Mathematiques Université de Montréal, Canada

De Witt B S 1965 Dynamical Theory of Groups and Fields (New York: Gordon and Breach)

Delbourgo R and Jarvis P D 1982 Extended BRS invariance and OSp(4/2) supersymmetry J.
Phys. A: Math. Gen. 15 611-625; Delbourgo R, Jarvis P D and Thompson G 1982 Extended
Becchi-Rouet-Stora invarience for gravity via local Osp(4/2) supersymmetry Phys. Rev. D 26
T775-786

Faddeev L D and Popov V N 1967 Feynman Diagrams for the Yang-Mills Field Phys. Lett. B
25 29-30

Feynman R P 1963 Quantum Theory of Gravitation Acta Phys. Polon. 24 697-722

Frappat L, Sciarrino A and Sorba P 2000 Dictionary on Lie Algebras and Superalgebras Lon-
don: Academic Press

Gould M D and Isaac P S 2015 Reduced matrix elements of the orthosymplectic Lie superal-
gebra J. Phys A: Math. Theor. 48 025201

Green H S and Jarvis P D 1983 Casimir invariants, characteristic identities, and Young dia-
grams for color algebras and superalgebras J. Math. Phys. 24 1681-1687

Green M B and Schwarz J H 1983 Extended Supergravity in 10 Dimensions Phys. Lett. B 122
143-147

Kac V G 1977 Lie superalgebras Adv. Math. 26 8-96
Kac V G 1978 Representations of Classical Lie Superalgebras Lect. Notes in Math. 626 597-626

Kac V G and Wakimoto M 1994 Integrable highest weight modules over affine superalgebras
and number theory Progress in Math. 123 415-456

Kac V G and Wakimoto M 2016 Representations of affine superalgebras and mock theta
functions. III Izv. Math 80 693-750

King R C 1983 Supersymmetric functions and the Lie supergroup U(m/n) Ars. Combin. 16 A
269-287

King R C 1983 Generalised Young tableaux for Lie algebras and superalgebras Lect. Notes in
Phys. 180 41-47

King R C 1990 S-functions and characters of Lie algebras and superalgebras IMA Volumes in
Mathematics and its Applications 19 226-261

King R C and Wybourne B G 2000 Analogies between finite-dimensional irreducible represen-
tations of SO(2n) and infinite-dimensional irreducible representations of Sp(2n,R) J. Math.
Phys. 41 5002-5019

21



[28]

[29]

[36]

[37]

[38]

[39]

King R C 2013 From Palev’s Study of Wigner Quantum Systems to New Results on Sums of
Schur Functions Springer Proceedings in Mathematics & Statistics 36 61-75

Lievens S, Stoilova N I and Van der Jeugt J 2008 The paraboson Fock space and unitary
irreducible representations of the Lie superalgebra osp(1|2n) Commun. Math. Phys. 281 805-
826

Macdonald I G 1995 Symmetric Functions and Hall Polynomaials. 2nd edition Oxford: Oxford
University Press

Moens E M and Van der Jeugt J 2004 On dimension formulas for gi(m|n) representations .J.
Lie Theory 14 523-535

Ne’eman Y 1978 Spinor type fields with linear, affine and general coordinate transformations
Ann. Inst. Henri Poincare A 28 369-378

Serre J 1987 Complex Semisimple Lie Algebras New York: Springer-Verlag, pp. 48-49 and
52-55

Stoilova N I and Van der Jeugt J 2008 The parafermion Fock space and explicit s0(2n + 1)
representations J. Phys A: Math. Theor. 41 075202

Stoilova N T and Van der Jeugt J 2015 A class of infinite-dimensional representations of the
Lie superalgebra osp(2m + 1|2n) and the parastatistics Fock space J. Phys A: Math. Theor.
48 155202

Thierry-Mieg J 1984 Superspin et dimension négative C. R. Acad. Sc. Paris, Série 11299 (19)
1309-1312

Van der Jeugt J 1985 Irreducible representations of the exceptional Lie superalgebras D(2, 1; «)
J. Math. Phys. 26 913-924

Van der Jeugt J 1991 Character formulae for the Lie superalgebra C(n) Commun. Algebra 19
199-222

Yamane H 2014 Exposition on classification of finite dimensional irreducible representations
of the Lie superalgebra B(m,n) J. Phys.: Conference Series 563 012035

22



	Introduction
	Construction of osp(m|2n) spinors
	Preliminaries
	Partitions, symmetric functions and supersymmetric functions
	Dimension formulas for gl(n) and superdimensions for gl(m|n)

	The Lie superalgebra osp(1|2n)
	The Lie superalgebra osp(2m+1|2n)
	The Lie superalgebra osp(2m|2n)
	The Lie superalgebra D(2,1;)
	Summary: Dynkin diagrams

